arXiv:0904.1122v2 [hep-th] 25 Nov 2009

KCL-MTH-09-03 0904.1122 [hep-th]

A Monoidal Category for Perturbed Defects in Conformal Field Theory

Dimitrios Manolopoulos^∗ and Ingo Runkel^†

Department of Mathematics, King’s College London Strand, London WC2R 2LS, United Kingdom

April 2009

Abstract

Starting from an abelian rigid braided monoidal category C we define an abelian rigid monoidal category C_F which captures some aspects of perturbed conformal defects in two-dimensional conformal field theory. Namely, for V a rational vertex operator algebra we consider the charge-conjugation CFT constructed from V (the Cardy case). Then C = Rep(V ) and an object in C_F corresponds to a conformal defect condition together with a direction of perturbation. We assign to each object in C_F an operator on the space of states of the CFT, the perturbed defect operator, and show that the assignment factors through the Grothendieck ring of C_F . This allows one to find functional relations between perturbed defect operators. Such relations are interesting because they contain information about the integrable structure of the CFT.

∗Email: dimitrios.manolopoulos@kcl.ac.uk
†Email: ingo.runkel@kcl.ac.uk

Contents

1 Introduction 2

2 Category theory for perturbed defects 5 2.1 The category C_F . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Monoidal structure on C_F . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Duality on C_F . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Relation to defect operators 10 3.1 Topological defect lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Correlators of chiral defect fields . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3 Perturbed topological defects . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Example: Lee-Yang model 17 4.1 Bulk theory and perturbed defects . . . . . . . . . . . . . . . . . . . . . . . 17 4.2 The category C_F for the Lee-Yang model . . . . . . . . . . . . . . . . . . . . 19 4.3 Some exact sequences in C_F . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.4 Some implications for defect flows . . . . . . . . . . . . . . . . . . . . . . . . 21

5 Conclusions 22

A Appendix 25 A.1 Relation to evaluation representations of quantum affine sl(2) . . . . . . . . . 25 A.2 Proof of Theorem 2.3 and Lemma 2.4 . . . . . . . . . . . . . . . . . . . . . . 26 A.3 Finite semi-simple monoidal categories . . . . . . . . . . . . . . . . . . . . . 29 A.4 T (f, g) and c(f) for the Lee-Yang model . . . . . . . . . . . . . . . . . . . . 34

1 Introduction

Conformal symmetry is a potent tool in the construction of two-dimensional conformal quantum field theories [BPZ]. Their infinite-dimensional symmetry algebra, the Virasoro algebra, is generated by the modes of two conserved currents: the holomorphic and anti-holomorphic part of the stress tensor. Besides such ‘chiral symmetries’ obtained from conserved currents, in many examples the CFT also has an integrable symmetry, that is, infinite families of commuting conserved charges [BLZ1]. Present approaches to CFT tend to favour either the conformal or the integrable symmetry, and it seems worthwhile to eventually combine these two symmetries into a single formalism.

In this paper we hope to take a step in this direction by continuing to develop the approach of [Ru] which allows one to identify integrable structures of a CFT by studying the representation category of the chiral algebra. It is worth remarking that the idea to find questions about CFT that can be formulated on a purely categorical level, and that can then be investigated independent of whether there is an underlying CFT or not, has proved useful already in [FuS, FRS1] (the interested reader could consult [KR] for a brief overview).

In [Ru] families of conserved charges are constructed as perturbations of certain conformal defects. A conformal defect is a line of inhomogeneity on the world sheet of the CFT, that is, a line where the fields can have discontinuities or singularities. By putting a circular defect line on a cylinder we obtain the defect operator, a linear operator on the space of states. If one considers a particular class of conformal defects (so-called topological defects) and perturbs such a defect by a particular type of relevant defect field, one obtains a family of defect operators which still commute with L_0 + L_0, the sum of the zero modes of the holomorphic and anti-holomorphic component of the stress tensor. Sometimes these perturbed defect operators obey functional relations. An example is provided by the non-unitary Lee-Yang CFT, the Virasoro minimal model of central charge c = −22/5. There, one obtains a family of operators D(λ), λ ∈ C , on the space of states of the model, which obey, for all λ, μ ∈ C ,

[L_0 + L_0, D(λ)] = 0 , [D(λ), D(μ)] = 0 , D(e^{2πi/5}λ) D(e^{−2πi/5}λ) = id +D(λ) . (1.1)

The last relation above is closely linked to the description of the Lee-Yang model via the massless limit of factorising scattering and the thermodynamic Bethe Ansatz, see e.g. the review [DDT]. This example illustrates that the functional relations obeyed by perturbed defect operators encode at least part of the integrable structure of the model. In fact, the defect operator in (1.1) (and more generally those for the M_{2,2m+1} minimal models) can be understood as certain linear combinations of the chiral operators which were constructed in [BLZ1] to capture the integrable structure of these models.

In this paper we present a categorical structure that captures some aspects of perturbed defect operators, and in particular allows one to find functional relations such as the one in (1.1). We work in rational conformal field theory, so that the holomorphic fields of the model form a rational^1 vertex operator algebra V . We consider the ‘Cardy case’ CFT constructed from V , namely the CFT with charge-conjugation modular invariant – the conclusions in Section 5 contain a brief comment on how to extend the formalism to general rational CFTs. In the Cardy case the defects are labelled by representations of V . Denote C = Rep(V ). The category describing the properties of perturbed defects is called C_F . It is an enlargement of C which depends on a choice of object F ∈ C. Roughly speaking, F is the representation of V from which the perturbing field is taken, and the objects of C_F are pairs of an unperturbed defect together with a direction of perturbation.

Concretely, the objects in C_F are pairs (R, f) where R ∈ C and f : F ⊗ R → R is a morphism in C. The morphisms in C_F are those morphisms in C which make the obvious diagram commute (see Definition 2.1 below). If in addition to being monoidal, the category C is also abelian rigid and braided (as it would be for C = Rep(V ) with V a rational vertex operator algebra), then C_F is an abelian rigid monoidal category (Theorem 2.11). In particular, the Grothendieck ring K_0(C_F ) is well-defined. However, C_F is typically not braided. We will see in the example of the Lee-Yang model that there can be simple objects (U, f) and (V, g) in C_F such that (U, f) ^⊗(V, g) ≇ (V, g) ^⊗(U, f), where ^⊗ denotes the tensor product in C_F .

If C = Rep(V ), we can assign a perturbed defect operator D[(R, f)] to an object (R, f) ∈ C_F , provided certain integrals and sums converge (see Section 3.3 below). Sup-

1 By ‘rational’ we mean that the vertex operator algebra satisfies the conditions in [Hu2, Sect. 1].

pose that for two objects (R, f), (S, g) ∈ C_F the perturbed defect operators exist. Then the tensor product in C_F is compatible with composition of defect operators, D[(R, f) ^⊗(S, g)] = D[(R, f)]D[(S, g)] (Theorem 3.2), and D[(R, f)] = D[(S, g)] if (R, f) and (S, g) represent the same class in the Grothendieck ring K_0(C_F ) (Corollary 3.3). Thus, identities of the form [(A, a)] · [(B, b)] = [(C_1, c_1)] + · · · + [(C_n, c_n)] in K_0(C_F ) will give rise to functional relations among the defect operators, such as the one quoted in (1.1) (see Section 4 for the Lee-Yang example).

The category C_F has similarities to categorical structures that appear in the treatment of defects in other contexts.

In B-twisted N = 2 supersymmetric Landau-Ginzburg models, boundary conditions [KL, BHLS, La] and defects [BRo] can be described by so-called matrix factorisations. There, one considers a category whose objects are pairs: a Z_2-graded free module M over a polynomial ring and an odd morphism f : M → M, so that f ∘ f takes a prescribed value. The morphisms of this category have to make the same diagram commute as those of C_F . And as in C_F , the module M can be interpreted as a defect in an unperturbed theory, and f as a perturbation. However, in the context of matrix factorisations one passes to a homotopy category, which is something we do not do for C_F .

A more direct link comes from integrable lattice models. In one approach to these models, one uses the representation theory of a quantum affine algebra to construct families of commuting transfer matrices. The decomposition of tensor products of representations of the quantum affine algebra gives rise to functional relations among the transfer matrices [KNS, RW, Ko]. The category of finite-dimensional representations of a quantum affine algebra [CP] shares a number of features with the category C_F . For example, the tensor product of simple objects tends to be simple itself, except at specific points in the parameter space, where the tensor product is the middle term in a non-split exact sequence. To make the similarity a little more concrete, in Appendix A.1 we point out that the evaluation representations of U_q(^sl(2)) can be thought of as a full subcategory of C_F for appropriate C and F .

This paper is organised as follows. In Section 2 we introduce the category C_F and study its properties. In this section we make no reference to conformal field theory or vertex operator algebras. The relation of C_F to defect operators in conformal field theory is described in Section 3. There, we also show that the assignment of defect operators to objects in C_F factors through the Grothendieck ring of C_F . In Section 4 we study the Lee-Yang Virasoro minimal model conformal field theory in some detail. Section 5 contains our conclusions.

Acknowledgements: We would like to thank Nils Carqueville, Jürgen Fuchs, Andrew Pressley, Christoph Schweigert, Carl Stigner, Gérard Watts, and Robert Weston for helpful discussions and useful comments on a draft of this paper. DM is supported by the STFC Studentship PPA/S/S/2007/04644 and IR is partially supported by the EPSRC First Grant EP/E005047/1 and the STFC Rolling Grant ST/G000395/1.

2 Category theory for perturbed defects

In this section we start from a monoidal category C and enlarge it to a new category C_F , depending on an object F ∈ C. We then investigate how properties of C carry over to C_F . In particular we will see that if C is braided and additive then we can define a monoidal structure on C_F . The relation to perturbed defects is discussed in more detail in Section 3. The basic idea is that an object in C_F gives an unperturbed defect together with a direction for the perturbation by a defect field in the representation F .

2.1 The category C_F

Definition 2.1. Let C be a monoidal category and let F ∈ C. The category C_F has as objects pairs U_f ≡ (U, f), where U ∈ C and f : F ⊗ U → U. The morphisms a : U_f → V_g are all morphisms a : U → V in C such that the following diagram commutes: F ⊗ U F ⊗ V

U V� a � id_F ⊗a

� f � g

The identity morphism id_{Uf} is id_U in C, and the composition of morphisms is that of C.

Remark 2.2. (i) The condition which singles out the subset of morphisms in C that belong to C_F is linear. Therefore, if C is an Ab-category (i.e. each Hom-set is an additive abelian group and composition is bilinear), then so is C_F . Similarly, if C is k-linear for some field k, then so is C_F .

(ii) There is an action of the monoid End(F )^{op} on C_F . Namely, for each φ ∈ End(F ) we define the endofunctor R_φ of C_F on objects as R_φ(U_f ) = (U, f ∘(φ⊗id_U )) and on morphisms U_f^a→ V_g as R_φ(a) = a. We have R_φ ∘R_ψ = R_{ψ∘φ} without the need for natural isomorphisms. This also shows that we have an action of End(F )^{op} instead of End(F ). If C is k-linear, in this way we in particular obtain an action of k via λ → R_{λ idF} .

(iii) If C is an Ab-category, we obtain an embedding I of C into C_F . The functor I : C → C_F is defined via I(U) = (U, 0) and I(f) = f; it is full and faithful. The forgetful functor C_F → C is a left inverse for I.

(iv) One way to think of C_F is as a category of ‘F -modules in C’, where the morphism f : F ⊗ U → U in U_f is the ‘action’, and the morphisms of C_F intertwine this action. But F is not required to carry any additional structure, and so there is no restriction on the ‘action’ morphisms f.

(v) The category C_F can also be obtained as a (non-full) subcategory of the comma category (F ⊗ (−) ↓ Id) (see [McL, Sect. II.6] for more on comma categories). The objects of (F ⊗ (−) ↓ Id) are triples (U, V, f) where U, V ∈ C and f : F ⊗ U → V . The morphisms (U, V, f) → (U^′, V^′, f^′) are pairs (x : U → U^′, y : V → V^′) so that y ∘ f = f^′ ∘ (id_F ⊗x). The subcategory in question consists of all objects of the form (U, U, f) and all morphisms of the form (x, x).

(vi) The category of evaluation representations of the quantum affine algebra U_q(^sl(2)) is a full subcategory of Rep(U_q(sl(2)))_F , where F is U_q(^sl(2)) understood as a U_q(sl(2))-module. The details can be found in Appendix A.1. As briefly mentioned in the introduction, short exact sequences of representations of U_q(^sl(2)) provide identities between transfer matrices for certain integrable lattice models. On the other hand, in Section 3 below we will see that short exact sequences in C_F give identities between certain defect operators in CFT. We hope that this similarity can be made more concrete in the future.

Recall that the Grothendieck group K_0(C) of an abelian category C is the free abelian group generated by isomorphism classes (U) of objects U in C, quotiented by the subgroup generated by the relations (U) = (K) + (C) for all short exact sequences 0 → K → U → C → 0. We denote the equivalence class of (U) in K_0(C) by [U]. The following theorem provides a sufficient condition for C_F to be abelian, so that it makes sense to talk about the Grothendieck group of C_F . The proof is given in Appendix A.2.

Theorem 2.3. If C is an abelian monoidal category with right-exact tensor product, then C_F is abelian.

Recall that a functor G : C → D is said to be right-exact if for U, V, W ∈ C, exactness of U → V → W → 0 implies exactness of G(U) → G(V ) → G(W ) → 0. A tensor product bifunctor is called right-exact if X ⊗ (−) and (−) ⊗ X are right-exact functors for all X ∈ C. The following lemma will be useful; it is also proved in Appendix A.2.

Lemma 2.4. Let C be as in Theorem 2.3 and U_f^a−→ V_g^b−→ W_h be a complex in C_F . Then U_f^a−→ V_g^b−→ W_h is exact at V_g in C_F iff U^a−→ V^b−→ W is exact at V in C.

2.2 Monoidal structure on C_F

Let C be a braided monoidal Ab-category. Following the conventions of [McL, Sect. VII.1] we denote the associator by α_{U,V,W} : U ⊗(V ⊗W )^∼→ (U ⊗V )⊗W and the unit isomorphisms by λ_U : 1 ⊗ U^∼→ U and ρ_U : U ⊗ 1^∼→ U. The braiding isomorphisms are c_{U,V} : U ⊗ V^∼→ V ⊗ U.

The braiding and the abelian group structure on Hom-spaces allows us to define a tensor product ^⊗ on C_F as follows. On objects U_f , V_g ∈ C_F we set

U_f ^⊗ V_g = (U ⊗ V, T (f, g)) , (2.1)

where T (f, g) : F ⊗ (U ⊗ V ) → U ⊗ V is defined as T (f, g) = (f ⊗ id_V ) ∘ α_{F,U,V} + (id_U ⊗g) ∘ α^{−1}_{U,F,V} ∘ (c_{F,U} ⊗ id_V ) ∘ α_{F,U,V} . (2.2) This definition, and some of the definitions and arguments below, are easier to understand upon replacing C by an equivalent strict category (which has trivial associators and unit isomorphisms) and using the graphical representation of morphisms in braided monoidal categories, cf. [BK, Sect. 2.3]. We use the conventions in [FRS1, Sect. 2]. For example, the graphical representation of (2.2) is

T (f, g) =

F f

U V

U V

+

F g

U V

U V

. (2.3)

We will write 1 for the object 1_0 ≡ (1, 0) in C_F . This will be the tensor unit for ^⊗.

Lemma 2.5. The associator and unit isomorphisms of C are isomorphisms in C_F as follows: α_{U,V,W} : U_f ^⊗(V_g ^⊗ W_h) → (U_f ^⊗ V_g) ^⊗ W_h, λ_{Uf} : 1 ^⊗ U_f → U_f and ρ_{Uf} : U_f ^⊗ 1 → U_f .

Proof. We have to show that α_{U,V,W} : ( U ⊗ (V ⊗ W ), T (f, T (g, h)) ) → ( (U ⊗ V ) ⊗ W, T (T (f, g), h) ) , λ_U : ( 1 ⊗ U, T (0, f) ) → (U, f) , ρ_U : ( U ⊗ 1, T (f, 0) ) → (U, f) (2.4)

make the diagram in Definition 2.1 commute. These are all straightforward calculations. For example, ρ_U ∘ T (f, 0) = ρ_U ∘ (f ⊗ id_1) ∘ α_{F,U,1} = f ∘ ρ_{F ⊗U} ∘ α_{F,U,1} = f ∘ (id_F ⊗ρ_U ).

Lemma 2.6. Let a : U_f → U^′_f ′ and b : V_g → V^′_g′ be morphisms in C_F . Then a ⊗ b : U ⊗ V → U^′ ⊗ V^′ is also a morphism U_f ^⊗ V_g → U^′_f ′ ^⊗ V^′_g′ in C_F .

Proof. We have to show that (a ⊗ b) ∘ T (f, g) = T (f^′, g^′) ∘ (id_F ⊗(a ⊗ b)). By (2.2), T (f, g) splits into two summands as T (f, g) = T (f, 0) + T (0, g) (same also holds for T (f^′, g^′)). We start by showing that (a ⊗ b) ∘ T (f, 0) = T (f^′, 0) ∘ (id_F ⊗(a ⊗ b)): (a ⊗ b) ∘ T (f, 0) = ((a ∘ f) ⊗ b) ∘ α_{F,U,V}^{(1)}= (f^′ ⊗ id_V ′ ) ∘ ((id_F ⊗a) ⊗ b) ∘ α_{F,U,V} (2) = (f^′ ⊗ id_V ′ ) ∘ α_{F,U} ′_{,V} ′ ∘ (id_F ⊗(a ⊗ b)) = T (f^′, 0) ∘ (id_F ⊗(a ⊗ b)) .

(2.5)

In step (1) we used the fact that a ∘ f = f^′ ∘ (id_F ⊗a), since a is a morphism in C_F , and step (2) amounts to naturality of α_{F,U,V} in U and V . The proof of (a ⊗ b) ∘ T (0, g) = T (0, g^′) ∘ (id_F ⊗(a ⊗ b)) goes along the same lines, using also that c_{F,U} is natural in U.

According to the previous lemma, on morphisms a, b we can define the tensor product to be the same as in C, a ^⊗ b = a ⊗ b . (2.6) One checks that ^⊗ is a bifunctor. Together with Lemma 2.5 this shows that C_F is a monoidal category.

Remark 2.7. (i) Even though C is braided, C_F is in general not. The reason is that c_{U,V} is typically not a morphism in C_F . Also, we actually demand too much when we require C to be braided, since all we use are the braiding isomorphisms where one of the arguments is given by F .

(ii) The functors R_φ defined in Remark 2.2 are strict monoidal functors. That is, R_φ(U_f ^⊗ V_g) = R_φ(U_f ) ^⊗ R_φ(V_g) for objects and R_φ(a ^⊗ b) = R_φ(a) ^⊗ R_φ(b) for morphisms. This follows from T (f ∘ (φ ⊗ id_U ), g ∘ (φ ⊗ id_V )) = T (f, g) ∘ (φ ⊗ id_{U⊗V} ).

Theorem 2.8. If C is an abelian braided monoidal category with right-exact tensor product, then C_F is an abelian monoidal category with right-exact tensor product. If the tensor product of C is exact, then so is that of C_F .

Proof. We have seen above that C_F is monoidal and in Theorem 2.3 that C_F is abelian. We will show that if ⊗ is right-exact, then the functor X_x ^⊗(−) is right-exact. The arguments for (−) ^⊗ X_x and for ‘exact’ in place of ‘right-exact’ are analogous. Let U_f^a−→ V_g^b−→ W_h → 0 be exact. Then X ⊗ U^{idX ⊗a}−−−−→ X ⊗ V^{idX ⊗b}−−−−→ X ⊗ W → 0 is exact in C. By Lemma 2.4, X_x ^⊗ U_f^{idX ⊗a}−−−−→ X_x ^⊗ V_g^{idX ⊗b}−−−−→ X_x ^⊗ W_h → 0 is exact in C_F . If C is monoidal with exact tensor product, then the Grothendieck group K_0(C) carries a ring structure defined via [U] · [V ] = [U ⊗ V ]. In this case, K_0(C) is called the Grothendieck ring.

Corollary 2.9. If C is an abelian braided monoidal category with exact tensor product, then C_F has a well-defined Grothendieck ring K_0(C_F ).

2.3 Duality on C_F

Let C be a monoidal category. We say that C has right-duals if for each object U there is an object U^∨ together with morphisms b_U : 1 → U ⊗ U^∨, d_U : U^∨ ⊗ U → 1 such that

ρ_U ∘ (id_U ⊗d_U ) ∘ α^{−1}_{U,U} ∨_{,U} ∘ (b_U ⊗ id_U ) ∘ λ^{−1}_U = id_U ,

λ_U ∨ ∘ (d_U ⊗ id_U ∨ ) ∘ α_U ∨_{,U,U} ∨ ∘ (id_U ∨ ⊗b_U ) ∘ ρ^{−1}_U ∨ = id_U ∨ ,

(2.7)

see e.g. [BK, Sect. 2.1]. A graphical representation of these identities can be found in [BK, Sect. 2.3] or [FRS1, Eqn. (2.10)]. We say that C has left duals if for each object U there is an object^∨U together with morphisms b̃_U : 1 →^∨U ⊗ U, d̃_U : U ⊗^∨U → 1 such that

λ_U ∘ (d̃_U ⊗ id_U ) ∘ α_{U,}∨_{U,U} ∘ (id_U ⊗b̃_U ) ∘ ρ^{−1}_U = id_U ,

ρ∨_U ∘ (id∨_U ⊗d̃_U ) ∘ α^{−1}∨_{U,U,}∨_U ∘ (b̃_U ⊗ id∨_U ) ∘ λ^{−1}∨_U = id∨_U .

(2.8)

Suppose now that C is a braided monoidal Ab-category which has right duals. To a given object U_f ∈ C_F we assign the object

(U_f )^∨ = (U^∨, c(f)) ; c(f) = −λ_U ∨ ∘ (d_U ⊗ id_U ∨ ) ∘ ((id_U ∨ ⊗f) ⊗ id_U ∨ ) ∘ (α^{−1}_U ∨_{,F,U} ⊗ id_U ∨ ) ∘α_U ∨_{⊗F,U,U} ∨ ∘ (c_{F,U} ∨ ⊗ b_U ) ∘ (ρ_{F ⊗U} ∨ )^{−1} . (2.9) If C has left duals, we define analogously

∨(U_f ) = (^∨U, c̃(f)) ; c̃(f) = −ρ∨_U ∘ (id∨_U ⊗d̃_U ) ∘ α^{−1}∨_{U,U,}∨_U ∘ ((id∨_U ⊗(f ∘ c^{−1}_{F,U} )) ⊗ id∨_U ) ∘(α^{−1}∨_{U,U,F} ⊗ id∨_U ) ∘ ((b̃_U ⊗ id_F ) ⊗ id∨_U ) ∘ (λ^{−1}_F ⊗ id∨_U ) . (2.10)

As for (2.2) it is helpful to pass to a strict category and write out the graphical representation of (2.9) and (2.10). This leads to the simple expressions

c(f) = −

F f

U^∨

U^∨

, c̃(f) = −

F f

∨U

∨U

. (2.11)

Lemma 2.10. (i) If C has right duals, then b_U : 1 → U_f ^⊗(U_f )^∨ and d_U : (U_f )^∨ ^⊗ U_f → 1 are morphisms in C_F . (ii) If C has left duals, then b̃_U : 1 →^∨(U_f ) ^⊗ U_f and d̃_U : U_f ^⊗^∨(U_f ) → 1 are morphisms in C_F .

Proof. The proof works similar in all four cases. Consider b_U as an example. The commuting diagram in Definition 2.1 boils down to the condition that the morphism T (f, c(f)) ∘ (id_F ⊗b_U ) : F ⊗ 1 → U ⊗ U^∨ has to be zero, i.e. that

T (f, 0) ∘ (id_F ⊗b_U ) = −T (0, c(f)) ∘ (id_F ⊗b_U ) . (2.12)

Let us suppose that C is strict. The non-strict case then follows by invoking coherence and verifying that the α, ρ and λ sit in the required places. The calculation is really best done using the graphical notation, but let us write out the individual steps in equations. The right hand side of the above equation then reads

−T (0, c(f)) ∘ (id_F ⊗b_U )

= (id_U ⊗d_U ⊗ id_U ∨ ) ∘ (id_{U⊗U} ∨ ⊗f ⊗ id_U ∨ ) ∘ (id_U ⊗c_{F,U} ∨ ⊗ b_U ) ∘ (c_{F,U} ⊗ id_U ∨ ) ∘ (id_F ⊗b_U ) (1) = (id_U ⊗d_U ⊗ id_U ∨ ) ∘ (id_{U⊗U} ∨ ⊗f ⊗ id_U ∨ ) ∘ (c_{F,U⊗U} ∨ ⊗ b_U ) ∘ (id_F ⊗b_U ) (2) = (id_U ⊗d_U ⊗ id_U ∨ ) ∘ (b_U ⊗ id_U ∨ ⊗ id_U ∨ ) ∘ (f ⊗ id_U ∨ ) ∘ (id_F ⊗b_U ) (3) = (f ⊗ id_U ∨ ) ∘ (id_F ⊗b_U ) = T (f, 0) ∘ (id_F ⊗b_U ) . (2.13) Step (1) amounts to one of the hexagon identities for the braiding, (2) uses naturality of the braiding to pull b_U through c_{F,U⊗U} ∨ and the fact that c_{F,1} = id_F . Step (3) is property (2.7) of the right duality.

A monoidal category is called rigid if every object has left and right duals [BK, Def. 2.1.2]. The above lemma immediately implies the following theorem.

Theorem 2.11. Let C be a braided monoidal Ab-category. If C has right and/or left duals, then so has C_F . In particular, if C is rigid, so is C_F .

Remark 2.12. (i) Suppose C has left and right duals. Even if in C we would have U^∨ =^∨U, the same need not be true in C_F due to the distinct definitions of c(f) and c̃(f). Also, even if in C we would have (U^∨)^∨ ∼= U, the same need not hold in C_F . We will see this explicitly in the Lee-Yang example in Section 4.3.

(ii) Let C be as in Corollary 2.9. If C has right duals, then the existence of a right duality for C_F tells us that in K_0(C_F ) we have [(U_f )^∨] · [U_f ] = [1] + [W_h] and [U_f ] · [(U_f )^∨] = [1] + [W^′_h′ ] for some W_h, W^′_h′ ∈ C_F . This will imply functional identities for perturbed defect operators via the relation described in Section 3. The same holds for left duals. (iii) The functors R_φ defined in Remark 2.2 are compatible with these dualities in the sense that R_φ((U_f )^∨) = (R_φ(U_f ))^∨ and R_φ(^∨(U_f )) =^∨(R_φ(U_f )). This follows from c(f ∘ (φ ⊗ id_U )) = c(f) ∘ (φ ⊗ id_U ∨ ) and c̃(f ∘ (φ ⊗ id_U )) = c̃(f) ∘ (φ ⊗ id∨_U ).

3 Relation to defect operators

3.1 Topological defect lines

Defects are lines on the world sheet where the fields can be discontinuous or even singular. Suppose we are given a CFT that is well-defined on surfaces with defect lines, that is, it satisfies the axioms in [RS, Sect. 3] (or at least a genus 0 version thereof). To a defect we can assign a linear operator D on the space of states H of the CFT. This operator can be extracted by wrapping the defect line around a short cylinder [−ε, ε] × S^1, where we place two states u and v on the two boundary circles. The resulting amplitude, in the limit ε → 0, is the pairing ⟨u, Dv⟩.

Working with fields rather than with states, the defect operator D is obtained as the correlator assigned to the Riemann sphere C ∪ {∞} with one in-going puncture at 0 and one out-going puncture at ∞, both with standard local coordinates, and a defect line placed on the unit circle S^1. By the state-field correspondence, the space of states H is at the same time the space of local bulk fields, so that again D : H → H.

We call the defect conformal if it is transparent to the field T − T̄ , the difference of the holomorphic and anti-holomorphic parts of the stress tensor. In terms of modes, this condition reads D conformal ⇔ [ L_m − L̄_{−m} , D ] = 0 . (3.1)

This includes totally transmitting defects, such as the invisible defect described by the identity operator D = id, and totally reflecting defects, such as the product of two boundary states D = |a⟩⟩⟨⟨b|. Here we are interested in the totally transmitting case, more precisely in defects which are transparent to both T and T̄ separately. Such defects were first investigated in the context of rational CFT in [PZ1] and were termed topological defects in [BG], D topological ⇔ [L_m, D] = 0 = [L̄_m, D] . (3.2)

We will be working in rational CFT, so that the chiral algebra of the CFT will be a rational vertex operator algebra V (recall footnote 1). Denote by C = Rep(V ) the category of (appropriate) representations of V . It is a semi-simple finite rigid braided monoidal category which is modular [HL, Hu2] (see [BK, Sect. 3.1] for more on modular categories). We will not need many details about modular categories, but we note that C satisfies the conditions of Theorems 2.8 and 2.11.

Let us pick a set of representatives^2 { R_i | i ∈ I } of the isomorphism classes of simple objects^3, so that 1 ≡ R_0 ≡ V is the monoidal unit. We restrict ourselves in this paper to the Cardy case constructed from V . The space of states of this model is H = ⨁ i∈I R_i ⊗_C R^∨_i , (3.3)

where R^∨_i denotes the contragredient representation to R_i. Also, we will only consider topological defects which are maximally symmetric in that they are compatible with the entire chiral symmetry V ⊗_C V , i.e. (3.2) holds for the modes of all fields in V ⊗_C V not just for those of the stress tensor. According to [PZ1, FRS1] the different maximally symmetric topological defects are labelled by representations of V , that is, objects R ∈ C. We denote the defect operator of the defect labelled by R ∈ C by D[R]. The defect operator assigned to a simple object R_i is [PZ2, Fr2]

D[R_i] = ∑ j∈I S_{ij} S_{0j} id_{Rj ⊗C R}∨_j , (3.4)

where by id_{Rj ⊗C R}∨_j we mean the projector to the direct summand R_j ⊗_C R^∨_j of H, and S is the modular matrix, i.e. the |I|×|I|-matrix which describes the modular transformation of characters. If R ∼= ⨁ i∈I (R_i)^{⊕ni} then D[R] = ∑ i∈I n_i D[R_i]. 3.2 Correlators of chiral defect fields

By a chiral defect field we mean a field that ‘lives on the defect’ and that has left/right conformal weight (h, 0). The notion of defect fields is described for example in [FRS3, Sect. 3.4] and [RS, Sect. 3.2]. The defect fields have well-defined weights with respect to L_0 and L̄_0 because we are considering topological defects, and those are transparent to the holomorphic and anti-holomorphic part of the stress tensor.

The space of chiral defect fields on a defect labelled by R ∈ C consists of all vectors v ⊗_C Ω ∈ (R ⊗ R^∨) ⊗_C V , where Ω ∈ V is the vacuum vector of V and the tensor product R ⊗ R^∨ is the fusion tensor product in C, see [FRS3, Eqn. (3.37)] and [PZ1, PZ2, FRS1]. Pick a representation F ∈ C. A chiral defect field in representation F is specified by a vector ϕ ∈ F and a morphism f̃ : F → R ⊗ R^∨ in C. Instead of f̃ we find it more convenient to give a morphism f : F ⊗ R → R.

We are going to define a defect operator for a defect labelled by a representation R with chiral defect fields ϕ inserted at mutually distinct points e^{iθ1} , . . . , e^{iθn} on the unit circle, where for each insertion we allow a different morphism f_1, . . . , f_n. We will denote this operator by

D[R; f_1, . . . , f_n; θ_1, . . . , θ_n] : H → H . (3.5)

2 The notation R_i, where i is an index of a simple object, should not be confused with the notation R_f for objects of C_F (for some F ), where f : F ⊗ R → R is a morphism. The meaning of the index should be clear from the context, and in any case we will mostly use i, j, k for indices of simple objects and f, g, h, as well as c and x, for morphisms.

3An object U is simple iff it does not have proper subobjects, that is, iff every monomorphism s : S → U is either zero or an isomorphism.

The operator D may have contributions in an infinite number of graded components of the target vector spaces. Hence we have to pass to a completion of H, namely to the direct product H of the graded components of H. We will later integrate over the variables θ_k, and the resulting operator commutes with the grading, so that we obtain an operator H → H.

Let us restrict D to the sector R_i ⊗_C R^∨_i of H and call the resulting operator D_i. Because the defect fields are all chiral, they do not affect the anti-holomorphic sector, and hence the image of D_i will lie entirely in the summand R_i ⊗_C R^∨_i of H. The operator D_i is an element of a suitable space of conformal blocks, namely of a tensor product (over C ) of two spaces of conformal blocks on the sphere, related to the two chiral halfs of the CFT. On the first sphere C ∪ {∞} we have insertions of R_i at 0 and ∞, and of F at e^{iθ1} , . . . , e^{iθn} . Insertions at ∞ will always be treated as out-going, the others as in-going. Because the defect fields are chiral, on the second sphere we just have insertions of R^∨_i at 0 and ∞. Altogether, the conformal block is an operator

C [R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i : R_i ⊗_C R^∨_i ⊗_C F ⊗_C · · · ⊗_C F −→ R_i ⊗_C R^∨_i . (3.6)

It determines the defect operator D_i on a vector u ⊗ v ∈ R_i ⊗_C R^∨_i ⊂ H via D_i(u ⊗ v) = C [R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i(u ⊗ v ⊗ ϕ ⊗ · · · ⊗ ϕ) . (3.7) The vector space of conformal blocks from which (3.6) is taken is finite-dimensional, as is always the case in rational CFT, but its dimension can be quite high and will grow with the number n of insertions. We thus need an efficient method to specify elements in the space of conformal blocks. Such a method is provided by using three-dimensional topological field theory to describe correlators of rational CFT, see [FFFS, FRS1] and also [FRS3, Fr1, Fr2], which treat defect lines and defect fields in detail.

The 3d TFT assigns to a three-manifold M with embedded framed Wilson graph (to be called a ribbon graph) an element in the space of conformal blocks on the boundary surface ∂M of M. If the 3d TFT is Chern-Simons theory for a gauge group G, the conformal blocks are those of the corresponding WZW model [Wi, FK]. There is also a general construction, whereby the 3d TFT is defined by a modular category C [Tu, BK], which in turn is obtained from the representations of a rational vertex operator algebra [MS, Hu2]. Let us denote this TFT as tft_C .

In the TFT approach to correlators of rational CFT, one starts from a world sheet X, possibly with boundary and defect lines, and with various field insertions, and constructs from this a three-manifold M_X with embedded ribbon graph. The boundary of M_X is the double X̂ of the surface X and the TFT assigns to M_X a conformal block in X̂, which we write as tft_C (M_X ). This is the correlator for the world sheet X.

Let us see how this works in the case at hand, where X is C ∪ {∞} with bulk fields in representation R_i ⊗_C R^∨_i inserted at 0 and ∞, and with a defect line labelled R placed on the unit circle on which defect fields in representation F are inserted at the points e^{iθ1} , . . . , e^{iθn} . As X is oriented and has empty boundary, the three-manifold is simply M_X = X × [−1, 1]. Note that ∂M_X does indeed consist of two Riemann spheres, so that the TFT will determine an element in the tensor product of two spaces of conformal blocks on the sphere, as discussed above. It remains to construct the ribbon graph embedded in M_X . To do this, we place a circular ribbon labelled by the representation R on the unit circle in the plane X ×{0}. This ribbon is connected to the marked points e^{iθk} on the boundary X × {1} of M_X with ribbons labelled by F . The junction of F and R is formed by the intertwiner f_k : F ⊗ R → R. For the bulk insertions at 0 and ∞ one places a vertical ribbon inside M_X connecting the marked points on the boundary components X × {1} and X × {−1}. The resulting ribbon graph is

M[R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i =

C ∪ {∞}

−1

0

1

1 2 3

1 2 z=0 z=∞

R_i R^∨_i f_{σ1} f_{σ2} f_{σn} θ_{σ1} θ_{σ2} θ_{σn}

F F

F

R

R R

R

(3.8) For the TFT conventions used here, see [FRS1, Sect. 2], and for more details on the construction of the ribbon graph consult [FRS3, Sect. 3 & 4]. The orientation of the ‘top’ plane of M is obtained from that of M by taking the inward pointing normal. The arrows at the ends of the ribbons refer to a particular choice of local coordinates around the F -insertions, namely the local coordinate at exp(iθ_{σk}) is given by ζ → −i(exp(−iθ_{σk} )ζ − 1), so that exp(iθ_{σk}) gets mapped to zero and the real axis of the local coordinate system is tangent to the defect circle. We do not demand that the θ_1, . . . , θ_n are ordered. Instead we define σ ∈ S_n to be the unique permutation of n elements for which 0 ≤ θ_{σ1} < θ_{σ2} · · · < θ_{σn} < 2π. Finally, the conformal block (3.6) is given by

C [R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i = tft_C ( M[R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i ) . (3.9)

One can work out this conformal block in terms of intertwiners as in [FRS3, Sect. 5], but we will not need such an explicit expression here. This conformal block in turn determines the defect operator (3.5) via D = ⨁ i D_i with D_i given in (3.7).

The strength of the representation (3.9) lies in the fact that we can now use identities that hold within the 3d TFT, i.e. manipulations which change the ribbon graph inside M without modifying the value of tft_C (M), to prove identities among conformal blocks. This will be used extensively in the proof of the next lemma. In fact, the manipulations below will only involve a neighbourhood of the circular ribbon in (3.8). For this reason, it is convenient to have a shorthand for (3.8) which only shows this region of M. We will write

M[R; f_1, . . . , f_n; θ_1, . . . , θ_n]_i = M f_{σ1 fσ2 fσn} θ_{σ1} θ_{σ2} θ_{σn} F F F

R R R R R . (3.10)

Lemma 3.1. (i) Let 0 → K_h → R_f → C_c → 0 be an exact sequence in C_F , and let θ_1, . . . , θ_m ∈ [0, 2π[ be mutually distinct. Then D[R; f, . . . , f; θ_1, . . . , θ_m] = D[K; h, . . . , h; θ_1, . . . , θ_m] + D[C; c, . . . , c; θ_1, . . . , θ_m] (3.11) (ii) Let R_f , S_g ∈ C_F , and let θ_1, . . . , θ_m, η_1, . . . , η_n ∈ [0, 2π[ be mutually distinct. Then lim_{ε→0+} D[R; f, . . . , f; θ_1, . . . , θ_m] e^{ε(L0+L̄0)} D[S; g, . . . , g; η_1, . . . , η_n] = D[R ⊗ S; T (f, 0), . . . , T (f, 0), T (0, g), . . . , T (0, g); θ_1, . . . , θ_m, η_1, . . . , η_n] (3.12)

Proof. (i) Denote the morphisms in the exact sequence by e_K : K_h → R_f and r_C : R_f → C_c. In the present situation, the category C = Rep(V ) is modular, and thus in particular semi-simple. Therefore, in C the exact sequence 0 → K^{eK}−→ R^{rC}−→ C → 0 splits, i.e. we can find r_K : R → K and e_C : C → R such that r_K ∘ e_K = id_K , r_C ∘ e_C = id_C , and e_K ∘ r_K + e_C ∘ r_C = id_R. Using the decomposition of id_R we can write C [R; f, . . . , f; θ_1, . . . , θ_n]_i = tft_C (M_K ) + tft_C (M_C ) (3.13) where

M_K = M r_{K eK f f} θ_{σ1} θ_{σn} F F R K R R R R ,

M_C = M r_{C eC f f} θ_{σ1} θ_{σn} F F R C R R R R . (3.14)

Since e_K : K_h → R_f is a morphism in C_F , it satisfies the identity e_K ∘ h = f ∘ (id_F ⊗e_K ). This can be used to move e_K past f, for example,

tft_C (M_K ) = tft_C M r_{K h eK f} θ_{σ1} θ_{σn} F F R K K R R R . (3.15)

If one repeats this procedure and in this way takes e_K around the loop, one arrives at

tft_C (M_K ) = tft_C M e_{K rK h h} θ_{σ1} θ_{σn} F F K R K K K K = C [K; h, . . . , h; θ_1, . . . , θ_n]_i . (3.16)

In the last step we used r_K ∘ e_K = id_K and Equation (3.9). For tft_C (M_C ) one proceeds similarly, only that here r_C : R_f → C_c is the morphism in C_F , and so one has to move r_C around the loop in the opposite sense. This results in

tft_C (M_C ) = C [C; c, . . . , c; θ_1, . . . , θ_n]_i . (3.17)

Combining (3.13), (3.16) and (3.17) establishes part (i) of the lemma. (ii) Because the conformal block in (3.9) is a map from R_i ⊗_C R^∨_i to the direct product R_i ⊗_C R^∨_i of the L_0,L_0-eigenspaces in R_i ⊗_C R^∨_i , we have to take care that the composition is well-defined. This is ensured by the exponential in (3.12). Since the insertion points e^{iθ} of the intertwining operators (of the vertex operator algebra representations) are distinct, the limit ε → 0 is well-defined. Let C_{lhs} and C_{rhs} be the conformal blocks obtained from the left and right hand side of (3.12), respectively. To see that C_{lhs} = C_{rhs} we again use the 3d TFT. Let us look at a particular example of the ordering of the θ_k and η_k, say θ_1 < η_1 < η_2 < θ_2 < · · · < η_n < θ_m. The general case works along the same lines. Substituting the definitions, one finds that the three-manifold and ribbon graph for C_{rhs} is

C_{lhs} = C_{rhs} = tft_C M g_{1 g2 gn} f_1 f_2 f_n η_1 η_2 η_n θ_1 θ_2 θ_m

F F F

F F F

S S S S S

R R R R R .

(3.18) To see that C_{lhs} leads to the same result, one has to translate the composition of conformal blocks into a gluing of three-manifolds as in [FFFS, Thm. 3.2]. Namely, one needs to cut out a cylinder around the R_i-ribbon at z = 0 of D[R; . . . ] and around the R^∨_i -ribbon at z = ∞ of D[S; . . . ], and identify the resulting cylindrical boundaries. The resulting ribbon graph can be deformed to give (3.18). This establishes part (ii) of the lemma.

3.3 Perturbed topological defects

The operator of the perturbed defect is defined via an exponentiated integral. That is, for an object R_f ∈ C_F we set^4

D[R_f ] = ∞∑ n=0 1 n! D[R_f ]^{(n)} , D[R_f ]^{(n)} = ∫_{2π} 0 D[R; f, . . . , f; θ_1, . . . , θ_n] dθ_1 · · · dθ_n . (3.19) Because of the permutation that orders the arguments in the definition (3.8), (3.9) and (3.7) of the defect operator, a path-ordering prescription is automatically imposed and does not need to be included explicitly in the integration regions for D[R_f ]^{(n)}. The integrals in D[R_f ]^{(n)} and the infinite sum in D[R_f ] may or may not converge. In lack of a direct way

4 Recall from below (3.9) that the local coordinate around the insertion of a defect field ϕ at e^{iθ} was chosen to be ζ → −i(e^{−iθ}ζ − 1). This choice makes (for example) D[R; f; θ] periodic under θ ⇝ θ + 2π. Had we instead chosen the standard local coordinates ζ → ζ − p on the complex plane around a point p, D[R; f; θ] would have picked up the phase e^{−2πihϕ} .

to ensure convergence, we say that an object R_f ∈ C_F has finite integrals if φ(D[R_f ]^{(n)}v) exists for each φ ∈ H^∗, v ∈ H, and n ≥ 0. Note that this is not a property of the category C_F alone, but instead also depends on the vertex operator algebra V and the vector ϕ ∈ F . Generically one expects that if the element ϕ ∈ F has conformal weight h_ϕ <^1_2 , then all R_f ∈ C_F have finite integrals (but we have no proof). Let R_f ∈ C_F have finite integrals. It is demonstrated in [Ru, Sect. 2.2] that

[L_0, D[R_f ]^{(n)}] = 0 and [L_m, D[R_f ]^{(n)}] = 0 for all m ∈ Z. (3.20)

We will not discuss the convergence of the infinite sum in (3.19). Instead we will treat it as a formal power series in the following way. For ζ ∈ C we have D[R_{ζf} ]^{(n)} = ζ^n D[R_f ]^{(n)}. Now take ζ to be a formal parameter and let us define, by slight abuse of notation,

D[R_{ζf} ] = ∞∑ n=0 ζ^n n! D[R_f ]^{(n)} ∈ End(H)[[ζ]] . (3.21)

Theorem 3.2. Let ζ be a formal parameter.

(i) Let 0 → K_h → R_f → C_c → 0 be an exact sequence in C_F , and let K_h, R_f , C_c have finite integrals. Then D[R_{ζf} ] = D[K_{ζh}] + D[C_{ζc}].

(ii) Let R_f , S_g ∈ C_F have finite integrals. Then D[R_{ζf} ]D[S_{ζg}] = D[(R ⊗ S, ζT (f, g))].

Proof. Part (i) holds because by Lemma 3.1 (i) it already holds before integration. For part (ii) first note that the exponential in (3.12) is not necessary to make the composition D[R_{ζf} ]D[S_{ζg}] well-defined, because D[R_{ζf} ] commutes with L_0 + L_0 and we can write D[R_{ζf} ]D[S_{ζg}] = lim_{ε→0} e^{−ε(L0+L̄0)}D[R_{ζf} ]e^{ε(L0+L̄0)}D[S_{ζg}]. We will therefore not write the limit in the equations below. Define operators A_n and B_n via D[R_{ζf} ]D[S_{ζg}] = ∞∑ n>0 1 n! ζ^nA_n and D[(R ⊗ S, ζT (f, g))] = ∞∑ n>0 1 n! ζ^nB_n . (3.22)

We have to show that A_n = B_n. Starting from A_n we find

A_n = n∑ m=0 ( n m ) D[R_{ζf} ]^{(m)}D[S_{ζg}]^{(n−m)} = n∑ m=0 ( n m ) ∫ D[R; f, . . . , f; θ_1, . . . , θ_m] D[S; g, . . . , g; η_1, . . . , η_{n−m}] = n∑ m=0 ( n m ) ∫ D[R ⊗ S; T (f, 0), . . . , T (f, 0), T (0, g), . . . , T (0, g); θ_1, . . . , θ_m, η_1, . . . , η_{n−m}] (3.23) where ∫ ≡ ∫_{2π} 0 dθ_1 · · · dθ_mdη_1 · · · dη_{n−m} and in the last step we used Lemma 3.1 (ii). For B_n we get B_n = ∫_{2π} 0 dα_1 · · · dα_n D[R ⊗ S; T (f, g), . . . , T (f, g); α_1, . . . , α_n] . (3.24) To see that this is equal to the right hand side of (3.23) one first writes T (f, g) = T (f, 0) + T (0, g), then expands out the integrand into 2^n summands and groups together those with the same number of T (f, 0) and T (0, g). The distinct ordering in each term can be absorbed into a change of integration variables as the angles α_k are all integrated from 0 to 2π.

Theorem 3.2 implies the following corollary.

Corollary 3.3. Let ζ be a formal parameter and let R_f , S_g ∈ C_F have finite integrals. (i) If [R_f ] = [S_g] in K_0(C_F ), then D[R_{ζf} ] = D[S_{ζg}]. (ii) If [R_f ] · [S_g] = [M_m] in K_0(C_F ) then D[R_{ζf} ]D[S_{ζg}] = D[M_{ζm}].

Remark 3.4. (i) If all R_f ∈ C_F have finite integrals, then Corollary 3.3 says that the map [R_f ] → D[R_{ζf} ] defines a ring homomorphism K_0(C_F ) → End(H)[[ζ]]. Since D[R_{ζf} ] commutes with L_0 and L_0 (and in fact with all modes of the anti-holomorphic copy of the chiral algebra) the ‘representation’ of K_0(C_F ) on H splits into an infinite direct sum of subrepresentations. One may then wonder why one should consider all of them together, rather than restricting one’s attention to a given eigenspace. One reason to do this is that one expects D[R_f ] to have the following appealing behaviour under modular transformations. Let Z[R_f ](τ) = tr_H q^{L0−c/24}(q^∗)^{L0−c/24}D[R_f ], where q = exp(2πiτ), and let us assume that the infinite sum in D[R_f ] converges, and that the trace over H converges for τ in the upper half plane. The resulting power series in q and q^∗ will typically not have integral coefficients. But when expressed in terms of q̃ = exp(−2πi/τ) and q̃^∗ we are counting the states that live on a circle intersected by the perturbed defect, and so we expect that

Z[R_f ](τ) = ∑ (x,y)∈C ×C n[R_f ]_{x,y} · q̃^x(q̃^∗)^y , n[R_f ]_{x,y} ∈ Z_{≥0} , (3.25)

and n[R_f ]_{x,y} ≠ 0 only for countably many pairs. The infinite direct sum of subrepresentations on H has to conspire in a precise way in order to give rise to non-negative integer coefficients in the crossed channel.

(ii) The construction of perturbed topological defects and their relation to C_F applies also to perturbations of conformal boundary conditions. Of course, in this case the composition in Theorem 3.2 (ii) does not make sense, but Theorem 3.2 (i) remains valid. In the Cardy case, the discussion of perturbed boundary conditions is however subsumed in that of perturbed topological defects because (in the Cardy case) the boundary state of a perturbed boundary condition can always be written as D[R_f ]|1⟩⟩ for |1⟩⟩ the Cardy boundary state [Ca] associated to the vacuum representation of V . This follows from the 3d TFT formulation of boundary and defect correlators [FFFS, FRS3]. So in the Cardy case, treating perturbed conformal boundaries instead of perturbed topological defects amounts to forgetting the monoidal structure on C_F .

4 Example: Lee-Yang model

4.1 Bulk theory and perturbed defects

The Lee-Yang model is the Virasoro minimal model M(2, 5) of central charge c = −22/5. The two irreducible highest weight representations of the Virasoro algebra that lie in the Kac table have highest weights h_{(1,1)} = h_{(1,4)} = 0 and h_{(1,2)} = h_{(1,3)} = −1/5. We will abbreviate 1 = (1, 1) and ϕ = (1, 2), and we will denote the corresponding representations by R_1 (for h = 0) and R_ϕ (for h = −1/5). As already remarked in footnote 2, the notation R_1 and R_ϕ should not be confused with objects R_f of C_F (for some C and F ); in any case we will never use 1 or ϕ to denote morphisms.

Let Rep(V_{2,5}) be the category of all Virasoro representations at c = −22/5 which are isomorphic to finite direct sums of R_1 and R_ϕ. On Rep(V_{2,5}) we have the fusion tensor product^5 with non-trivial fusion R_ϕ ⊗ R_ϕ ∼= R_1 ⊕ R_ϕ. The Grothendieck group of Rep(V_{2,5}) is therefore isomorphic to Z×Z with generators [R_1] and [R_ϕ]. The product on K_0(Rep(V_{2,5})) has [R_1] as multiplicative unit, and [R_ϕ] · [R_ϕ] = [R_1] + [R_ϕ].

The characters of R_1 and R_ϕ are (see e.g. [Na])

χ_1(τ) = tr_{R1} q^{L0−c/24} = q^{11/60} ∏ n≡2,3 mod 5

(1 − q^n)^{−1} = q^{11/60}(1 + q^2 + q^3 + q^4 + . . . ) ,

χ_ϕ(τ) = tr_{Rϕ} q^{L0−c/24} = q^{−1/60} ∏ n≡1,4 mod 5

(1 − q^n)^{−1}= q^{−1/60}(1 + q + q^2 + q^3 + 2q^4 + . . . ) ,

(4.1)

where q = e^{2πiτ} and the products are from n = 1 to infinity with the restriction mod 5 as shown. Under the modular transformation τ → −1/τ they transform as χ_a(−1/τ) = ∑ b∈{1,ϕ} Sab χb(τ) with S = ( S_{11} S_{1ϕ} S_{ϕ1} S_{ϕϕ} ) = −1 | √ d+2 | ( 1 d d −1 ) , where d = 1 − √ 5 2 = −0.618... . (4.2)

The space of states of the Lee-Yang model is

H = R_1 ⊗_C R_1 ⊕ R_ϕ ⊗_C R_ϕ . (4.3)

The partition function Z(τ) = tr_H(q^{L0−c/24}(q^∗)^{L0−c/24}) = |χ_1(τ)|^2 + |χ_ϕ(τ)|^2 is modular invariant, as it should be.

As described in Section 3.1, to each object in R ∈ Rep(V_{2,5}) we can associate a topological defect operator D[R] : H → H that commutes with the two copies of the Virasoro algebra. Since D[R] depends only on [R] ∈ K_0(Rep(V_{2,5})), it is enough to give D[R_1] and D[R_ϕ] as in (3.4), D[R_1] = id_H , D[R_ϕ] = d · id_{R1⊗C R1} − d^{−1} · id_{Rϕ⊗C Rϕ} , (4.4)

where d is as in (4.2). It is easy to check that indeed D[R_ϕ]D[R_ϕ] = id +D[R_ϕ], as required by the corresponding relation in K_0(Rep(V_{2,5})).

We can now perturb the defect labelled R_ϕ by a chiral defect field with left/right conformal weights (−^1_5 , 0) as described in Section 3.3. This amounts to considering the objects R_ϕ(μ) ≡ (R_ϕ, μ · λ_{(ϕϕ)ϕ}) in C_{Rϕ} , where μ ∈ C and λ_{(ϕϕ)ϕ} is a fixed non-zero morphism

5 More precisely, V_{2,5} is the Virasoro vertex operator algebra built on R_1. Rep(V_{2,5}) is the category of admissible modules of V_{2,5}; this category is finite and semi-simple [Wa, Def. 2.3 & Thm. 4.2] and forms a braided monoidal category [Hu1, Cor. 3.9].

R_ϕ ⊗ R_ϕ → R_ϕ. We then obtain a family of defect operators D[R_ϕ(λ)]. In [Ru] it was shown – assuming convergence – that these operators mutually commute, [ D[R_ϕ(λ)] , D[R_ϕ(μ)] ] = 0 for all λ, μ ∈ C , (4.5)

and that they satisfy the functional relation

D[R_ϕ(e^{2πi/5}λ)] D[R_ϕ(e^{−2πi/5}λ)] = id +D[R_ϕ(λ)] for all λ ∈ C . (4.6)

In the next section we recover this functional relation from studying the tensor product and exact sequences in the corresponding category C_F .

4.2 The category C_F for the Lee-Yang model

The category Rep(V_{2,5}) is equivalent (as a C -linear braided monoidal category) to a category V defined as follows. The objects A of V are pairs A = (A_1, A_ϕ) of finite-dimensional complex vector spaces indexed by the labels {1, ϕ} used for simple objects in Rep(V_{2,5}). A morphism f : A → B is a pair f = (f_1, f_ϕ) of linear maps, where f_1 : A_1 → B_1 and f_ϕ : A_ϕ → B_ϕ. This construction is described in more detail in Appendix A.3. The tensor product ⊛ of V is given on objects as A ⊛ B = ( A_1 ⊗_C B_1 ⊕ A_ϕ ⊗_C B_ϕ , A_1 ⊗_C B_ϕ ⊕ A_ϕ ⊗_C B_1 ⊕ A_ϕ ⊗_C B_ϕ ) . (4.7)

The tensor product on morphisms and the non-trivial associator are described in Appendix A.3. The dual of an object A ∈ V is A^∨ = (A^∗_1, A^∗_ϕ), where A^∗_1 and A^∗_ϕ are the dual vector spaces. The duality morphisms are given in Appendix A.3.

As representatives of the two isomorphism classes of simple objects we take 1 = (C , 0) and Φ = (0, C ). We are interested in the category V_F for F = Φ. Note that Φ⊛A = (A_ϕ, A_1⊕A_ϕ). Therefore, in an object A_f ∈ V_Φ, the morphism f : Φ⊛A → A has components f_1 : A_ϕ → A_1 and f_ϕ : A_1 ⊕ A_ϕ → A_ϕ. We will denote the two summands of f_ϕ as f_{ϕ1} : A_1 → A_ϕ and f_{ϕϕ} : A_ϕ → A_ϕ; for consistency of notation we will also denote f_1 ≡ f_{1ϕ}. It is convenient to collect these three linear maps into a matrix

f = A_1 A_ϕ A_1 A_ϕ ( 0 f_{1ϕ} f_{ϕ1} f_{ϕϕ} ) , (4.8)

where we have also indicated the source and target vector spaces. We can now compute the dual of an object A_f ∈ V_Φ according to (2.9). This is done in Appendix A.4 with the simple result

(A_f )^∨ = (A^∨, c(f)) with c(f) =

A^∗_1 A^∗_ϕ A^∗_1 A^∗_ϕ ( 0 −dζ^2 f^∗_{ϕ1} −d^{−1}f^∗_{1ϕ} −ζ f^∗_{ϕϕ} ) and ζ = e^{−πi/5} . (4.9)

The tensor product in V_Φ is more lengthy. We have A_f ^⊛B_g = (A ⊛ B, T (f, g)) where T (f, g) : Φ ⊛ (A ⊛ B) → A ⊛ B. The source vector spaces of T (f, g) are (we omit the ‘⊗_C ’)

Φ ⊛ (A ⊛ B) = (A_1B_ϕ ⊕ A_ϕB_1 ⊕ A_ϕB_ϕ, A_1B_1 ⊕ A_ϕB_ϕ ⊕ A_1B_ϕ ⊕ A_ϕB_1 ⊕ A_ϕB_ϕ) . (4.10)

In Appendix A.4 we evaluate equation (2.2) for T (f, g) in the category V_Φ. The result is best represented in a 5 × 5-matrix, again omitting ‘⊗_C ’,

A_1B_1 A_ϕB_ϕ A_1B_ϕ A_ϕB_1 A_ϕB_ϕ

A_1B_1 A_ϕB_ϕ A_1B_ϕ

A_ϕB_1 A_ϕB_ϕ

0 0 id_{A1} g_{1ϕ} f_{1ϕ} id_{B1} 0

0 0 f_{ϕ1} id_{Bϕ} ζ^2 id_{Aϕ} g_{ϕ1} f_{ϕϕ} + ζg_{ϕϕ}

id_{A1} g_{ϕ1}^1_d f_{1ϕ} id_{Bϕ} id_{A1} g_{ϕϕ} 0 wf_{ϕ1} id_{Bϕ}

f_{ϕ1} id_{B1}^1_{ζ2d} id_{Aϕ} g_{1ϕ} 0 f_{ϕϕ} id_{B1}^w_ζ id_{Aϕ} g_{1ϕ}

0^1_{wd} (f_{ϕϕ}+^1_ζ g_{ϕϕ}) f_{ϕ1} id_{Bϕ} ζ id_{Aϕ} g_{ϕ1} −^1_d (f_{ϕϕ}+g_{ϕϕ})

. (4.11)

Here ζ was given in (4.9), w ∈ C^× is a normalisation constant (see Appendix A.4), and in the entries with sums we have omitted the identity maps. For example, f_{ϕϕ} + ζg_{ϕϕ} stands for f_{ϕϕ} ⊗_C id_{Bϕ} +ζ id_{Aϕ} ⊗_C g_{ϕϕ}.

4.3 Some exact sequences in C_F

Two objects A_f and B_g in V_Φ are isomorphic if and only if there exist isomorphisms γ_1 : A_1^∼→ B_1 and γ_ϕ : A_ϕ^∼→ B_ϕ such that ( 0 g_{1ϕ} g_{ϕ1} g_{ϕϕ} ) = ( 0 γ_1 ∘ f_{1ϕ} ∘ γ^{−1}_ϕ γ_ϕ ∘ f_{ϕ1} ∘ γ^{−1}_1 γ_ϕ ∘ f_{ϕϕ} ∘ γ^{−1}_ϕ ) . (4.12)

For λ ∈ C write Φ(λ) ≡ (Φ, f(λ)) with f(λ)_1 = 0 and f(λ)_ϕ = λ · id_C . In other words, Φ(λ) = ( (0, C ), (λ) ) . Then Φ(λ) ∼= Φ(μ) if and only if λ = μ. As another example, ( (C , C ), ( 0 a b c )) ∼= ( (C , C ), ( 0 a^′ b^′ c^′ )) ⇔ { ab = a^′b^′ , c = c^′ and rk(a) = rk(a^′) , rk(b) = rk(b^′)

, (4.13)

where rk(a) ∈ {0, 1} denotes the rank of the linear map a · id_C .

For 1 and Φ(λ) there are no non-trivial exact sequences as the underlying objects in V are already simple. For ( (C , C ), (_{0 a} b c )) there are two exact sequences,

0 → Φ(λ) → ( (C , C ), (_{0 0} b λ )) → 1 → 0 , 0 → 1 → ( (C , C ), (_{0 a} 0 λ )) → Φ(λ) → 0 . (4.14)

Let us explain how one arrives at the first one. One checks that there is a surjective morphism ( (C , C ), (_{0 a} b c )) → 1 in V_Φ iff (1, 0)

(_{0 a} b c ) = 0, i.e. iff a = 0. To complete this to an exact sequence, we need an injective morphism Φ(λ) → ( (C , C ), (_{0 a} b c )) . This exists iff

(_{0 a} b c )(_0 1 ) = (_0 λ ) , i.e. iff a = 0 and λ = c. From (4.14) it follows that in K_0(V_Φ) we have [ ( (C , C ), (_{0 0} b λ )) ] = [1] + [Φ(λ)] = [ ( (C , C ), (_{0 a} 0 λ )) ] , (4.15)

even though ( (C , C ), (_{0 0} b λ )) and ( (C , C ), (_{0 a} 0 λ )) are not isomorphic unless a = b = 0.

Next let us look at the simplest non-trivial tensor product, Φ(λ) ^⊛Φ(μ). Formula (4.11) simplifies to

Φ(λ) ^⊛Φ(μ) = ( (C , C ), ( 0 λ + ζμ 1 wd (λ + ζ^{−1}μ) −d^{−1}(λ + μ) )) . (4.16)

By comparing to (4.13) we see that Φ(λ) ^⊛Φ(μ) ∼= Φ(μ) ^⊛Φ(λ) iff either λ = μ = 0 or (λ + ζμ)(λ + ζ^{−1}μ) ≠ 0. In particular, Φ(−ζμ) ^⊛Φ(μ) ≇ Φ(μ) ^⊛Φ(−ζμ) unless μ = 0. This shows that V_Φ cannot be braided. The reducibility of Φ(λ) ^⊛Φ(μ) is summarised in three cases:

(i) if λ /∈ {−ζμ, −ζ^{−1}μ} then Φ(λ) ^⊛Φ(μ) is irreducible, (ii) if λ = −ζμ we have 0 → Φ(ζ^{−2}μ) → Φ(−ζμ) ^⊛Φ(μ) → 1 → 0, (iii) if λ = −ζ^{−1}μ we have 0 → 1 → Φ(−ζ^{−1}μ) ^⊛Φ(μ) → Φ(ζ^2μ) → 0. In K_0(V_Φ) we therefore get the relations

[Φ(ζ^{−2}λ)] · [Φ(ζ^2λ)]^{(ii)}= [1] + [Φ(λ)]^{(iii)}= [Φ(ζ^2λ)] · [Φ(ζ^{−2}λ)] . (4.17)

Combining with the case when Φ(λ) ^⊛Φ(μ) is irreducible we find that in K_0(V_Φ) we have

[Φ(λ)] · [Φ(μ)] = [Φ(μ)] · [Φ(λ)] for all λ, μ ∈ C . (4.18)

In fact we could have obtained the reducibility in (ii) and (iii) above already from the existence of duals. Namely, by (4.9), (Φ(λ))^∨ = Φ(−ζλ) and by Lemma 2.10 we have nonzero morphisms b_Φ : 1 → Φ(λ)Φ(−ζλ) and d_Φ : Φ(−ζλ)Φ(λ) → 1. Also note that taking the dual n-times gives Φ(λ)^{∨···∨} = Φ((−ζ)^nλ), and since −ζ is a 10th root of unity, the 10-fold dual is the first one that is again isomorphic to Φ(λ) (for λ ≠ 0). This is different from e.g. fusion categories (which are by definition semi-simple [CE, Def. 1.9]) where V^{∨∨} ∼= V for all simple objects V , see [CE, Prop. 1.17].

To conclude our sample calculations in V_Φ we point out that for a given ( (C , C ), (_{0 a} b c )) at least one of the isomorphisms ( (C , C ), (_{0 a} b c )) ∼ = 1 ⊕ Φ(λ), ( (C , C ), (_{0 a} b c )) ∼ = Φ(λ) ^⊛Φ(μ) , (4.19)

holds for some λ, μ ∈ C . This is easy to check by comparing cases in (4.13) and (4.16).

4.4 Some implications for defect flows

The relation (4.17) in K_0(V_Φ) gives the functional relation (4.6) for the perturbed R_ϕ-defect in the Lee-Yang model. Let us point out one application of such functional relations, namely how they can give information about endpoints of renormalisation group flows. We use the notation for objects as in V_Φ, e.g. we write D[Φ(λ)] instead of D[R_ϕ(λ)].

We shall assume that D[Φ(λ)] is an operator valued meromorphic function on C , and that its asymptotics for λ → +∞ along the real axis is given by (compare to [BLZ1, Eqn. (62)] or [BLZ2, Eqn. (2.21)])

D[Φ(λ)] ∼ exp(fλ^{1/(1−hϕ)})D_∞ + less singular terms , (4.20) where λ^{1/(1−hϕ)} = λ^{5/6} has dimension of length, f > 0 is a free energy per unit length, and D_∞ is the operator describing the defect at the endpoint of the flow. We assume that this asymptotic behaviour remains valid in the direction λ = re^{iθ}, r → +∞, of the complex plane at least as long as the real part of (e^{iθ})^{5/6} remains positive, i.e. for |θ| < 3π/5. This is a subtle point as in analogy with integrable models the asymptotics will be subject to Stokes’ phenomenon, see e.g. [DDT, App. D.1].

With these assumptions, we can substitute the asymptotic behaviour (4.20) into the functional relation (4.6), which gives exp ( f(ζ^2λ)^{5/6} + f(ζ^{−2}λ)^{5/6} ) D_∞D_∞ = id + exp(fλ^{5/6})D_∞ . (4.21)

As f > 0, the identity operator will be subleading, and since (ζ^2)^{5/6} + (ζ^{−2})^{5/6} = 1 the leading asymptotics demands that

D_∞D_∞ = D_∞ . (4.22)

Since D_∞ is the endpoint of a renormalisation group flow, we expect it to be a conformal defect, i.e. [L_m + L̄_{−m}, D_∞] = 0. On the other hand for every value of λ we have [¯ L_m, D[Φ(λ)] ] = 0, so that D_∞ is again a topological defect. Thus D_∞ = m · id +n · D_ϕ for some m, n ∈ Z_{≥0}. This is consistent with (4.22) only for D_∞ = id. We thus obtain the asymptotic behaviour D[Φ(λ)]^{λ→+∞} −−−−−→ exp(fλ^{5/6}) id . (4.23)

This is the expected result, because via the relation of perturbed defects and perturbed boundaries mentioned in Remark 3.4 (ii), the above flow agrees with the corresponding boundary flow obtained in [DPTW, Sect. 3]. It also agrees with the corresponding free field expression [BLZ2, Eqn. (2.21)].

This result allows us to make some statements about perturbations of the superposition of the 1- and ϕ-defect, i.e. the topological defect labelled by R_1 ⊕ R_ϕ. We can either perturb it by a defect field on the topological defect labelled R_ϕ alone, in which case we would get the operator id +D[Φ(λ)] which flows to D_∞ = id as λ → +∞. Or we can in addition perturb by defect changing fields. In this case we can use the result (4.19), which tells us that we can write the perturbed defect as the composition D[Φ(λ)]D[Φ(μ)] for some λ, μ. Then, if the necessary λ, μ lie in the wedge of the complex plane where (4.23) is valid, we again have D [( (C , C ), (_{0 ra} rb rc ))]_{r→+∞} −−−−−→ exp(f^′r^{5/6}) id . (4.24)

5 Conclusions

In this paper we have proposed an abelian rigid monoidal category C_F , constructed from an abelian rigid braided monoidal category C and a choice of object F ∈ C, that captures some of the properties of perturbed topological defects. To make the connection to defects, we set C = Rep(V ), for V a rational vertex operator algebra, and choose a V -module F ∈ C together with a vector ϕ ∈ F . Then we consider the charge-conjugation CFT constructed from V (the Cardy case). An object U_f ∈ C_F corresponds to an unperturbed topological defect labelled U and a perturbing field given by the chiral defect field defined via ϕ ∈ F and the morphism f : F ⊗ U → U. Assuming convergence of the multiple integrals and the infinite sum in (3.19), to U_f we can assign an operator D[U_f ] on the space of states H = ⨁ i∈I R_i ⊗_C R^∨_i of the CFT. This operator describes the topological defect perturbed by the specified defect field. Again assuming convergence of all D[. . . ] involved, the main properties of the assignment U_f → D[U_f ] are

(i) D[1] = id_H, (ii) D[U_{f=0}] = ∑ i,j∈I dim Hom(Ri, U) Sij/S0j idRj ⊗C R^∨_j , (iii) [ L_0 , D[U_f ] ] = 0 and [ L_m , D[U_f ] ] = 0 for m ∈ Z, (iv) if 0 → K_h → U_f → C_g → 0 is an exact sequence, then D[U_f ] = D[K_h] + D[C_g], (iv^′) if [U_f ] = [V_g] in K_0(C_F ), then D[U_f ] = D[V_g], (v) D[U_f ^⊗ V_g] = D[U_f ]D[V_g].

There is an anti-holomorphic counterpart of the construction in this paper, where one perturbs the topological defect by a defect field of dimension (0, h). This generates another set of defect operators which commute with those introduced here.

The results of this paper also leave a large number of question unanswered, and we hope to come back to some of these in the future:

1. In the Lee-Yang example it should be possible to describe the category C_F and its Grothendieck ring more explicitly. For example it would be interesting to know if C_F is generated by the Φ(λ) in the sense that every object of C_F is obtained by taking direct sums, tensor products, subobjects and quotients starting from Φ(λ). Note that we do at this stage not even know whether or not C_F is commutative in the Lee-Yang example. 2. Consider the case C = Rep(V ) for a rational vertex operator algebra V and let U_f ∈ C_F have finite integrals. Suppose the infinite sum O(ζ) = D[U_{ζf} ] has a finite radius of convergence in ζ. One can then extend the domain of definition of O(ζ) by analytic continuation. To solve the functional relations it is most important to understand the global properties of O(ζ), in particular whether all functions φ(O(ζ)v) (for φ ∈ H^∗ and v ∈ H) are entire functions on C , and what their asymptotic behaviours are. It should be possible to address these questions with the methods reviewed and developed in [DDT] and [In]. 3. The category C_F is designed specifically for the Cardy case. The formalism developed in [FRS1, Fr2] allows one to extend this treatment to all rational CFTs with chiral symmetry V ⊗_C V . The different CFTs with this symmetry are in one-to-one correspondence with Morita-classes of special symmetric Frobenius algebras A in C = Rep(V ). Given such an algebra A, the category C_F has to be replaced by a category C(A)_F whose objects are pairs (B, f) where B is an A-A-bimodule and f : F ⊗^+ B → B is an intertwiner of bimodules (see [FRS3, Sect. 2.2] for the definition of ⊗^+). The details remain to be worked out. For A = 1 one recovers the Cardy case discussed in this paper.

4. It would be interesting to understand if the map K_0(C_F ) → End(H) from the Grothendieck ring to defect operators is injective. The map K_0(C) → End(H) taking the class [R] of a representation of the rational vertex operator algebra V to the topological defect D[R] is known to be injective, and in fact a corresponding statement holds for symmetry preserving topological defects in all rational CFTs with chiral symmetry V ⊗_C V [FRS4]. 5. It would be good to investigate the properties of C_F in more examples. The evident ones are the Virasoro minimal models, the SU(2)-WZW model, the rational free boson, etc. Or, coming from the opposite side, one could use the fact that modular categories with three or less simple objects (and unitary modular categories with four or less simple objects) have been classified [RSW], and study C_F for all C in that list and different choices of F . The proper treatment of supersymmetry in the present formalism also remains to be worked out. 6. One application of the perturbed defect operators is the investigation of boundary flows. As pointed out in Remark 3.4 (ii), in the Cardy case the boundary state of a perturbed conformal boundary condition can be written as D[U_f ]|1⟩⟩. However, for other modular invariants this need not be true. But, as in the unperturbed case [SFR, Sect. 2], the category of perturbed boundary conditions will form a module category over the category of chirally perturbed defect lines. It would be interesting to investigate this situation in cases where the two categories are distinct (as abelian categories).

7. In general an object U_f ∈ C_F describes a topological defect perturbed by defect changing fields. Placed in front of the conformal boundary labelled by the vacuum representation 1 ∈ C one obtains the boundary condition U perturbed by boundary changing fields. Such perturbations have been studied for unitary minimal models in [Gr]. While our method is not directly applicable to unitary minimal models (the multiple integrals diverge in this case as h_{1,3} ≥^1_2 ), one could still study if the functional relations predict a similar flow pattern for the non-unitary models.

8. The relation to finite-dimensional representations of quantum affine algebras should be worked out beyond the remarks in Appendix A.1.

9. Baxter’s Q-operator is a crucial tool in the solution of integrable lattice models. Such Q-operators have been obtained in chiral conformal field theory [FeS, BLZ2, BLZ3], and in lattice models via the representation theory of quantum affine algebras [KNS, RW, Ko]. Recently they have also been studied in certain (discretised) non-rational conformal and massive field theories [BT]. It would be good to translate these constructions and obtain Q-operators also in the present language.

A Appendix

A.1 Relation to evaluation representations of quantum affine sl(2)

In this appendix we collect some preliminary remarks on the relation of a category of the form C_F and evaluation representations of the quantum affine algebra U_q(^sl(2)). We follow the conventions of [CP]. Let q ∈ C^× be not a root of unity. The quantum group U_q(sl(2)) is generated by elements e^±, K^{±1} with relations

KK^{−1} = K^{−1}K = 1 , Ke^±K^{−1} = q^{±2}e^± , [e^+, e^−] = K − K^{−1} q − q^{−1} . (A.1)

The quantum group U_q(^sl(2)) is generated by elements e^±_i , K^{±1}_i , i = 0, 1, with relations

K_iK^{−1}_i = K^{−1}_i K_i = 1 , K_ie^±_i K^{−1}_i = q^{±2}e^±_i , [e^+_i , e^−_i ] = K_i − K^{−1}_i q − q^{−1} , (A.2)

as well as, for i ≠ j,

[K_0, K_1] = 0 , [e^±_0 , e^∓_1 ] = 0 , K_ie^±_j K^{−1}_i = q^{∓2}e^±_j

(e^±_i )^3e^±_j − e^±_j (e^±_i )^3 = q^3 − q^{−3} q − q^{−1} ( (e^±_i )^2e^±_j e^±_i − e^±_i e^±_j (e^±_i )^2 ) . (A.3)

Let us abbreviate U ≡ U_q(sl(2)) and Û ≡ U_q(^sl(2)). There are infinitely many ways in which U is a subalgebra of Û. We will make use of the injective algebra homomorphism ι_1 : U → Û given by (this is the case i = 0 in [CP, Sect. 2.4])

ι_1(K^{±1}) = K^{±1}_1 , ι_1(e^±) = e^±_1 . (A.4)

This turns Û into an infinite-dimensional representation of U. Let C be the category of (not necessarily finite-dimensional) representations of U. The coproduct of U gives rise to a tensor product on C and the R-matrix of U to a braiding.

For each a ∈ C^× , there is a surjective algebra homomorphism ev_a : Û → U, described in [CP, Sect. 4]. It has the property that ev_a ∘ ι_1 = id_U . An evaluation representation of Û is a pull-back of a representation V of U via ev_a for some a ∈ C × . We denote this representation of Û by V (a). Let D be the category of (not-necessarily finite-dimensional) evaluation representations of Û.

Theorem A.1. D is a full subcategory of C_Û .

Proof. Define a map G from D to C_Û on objects by G(V (a)) = (V, ev_a ⊗_U id_V ), where we identified U ⊗_U V ≡ V . We will show that f : V (a) → W (b) is a morphism in D iff f is a morphism G(V (a)) → G(W (b)) in C_Û . Indeed, the condition for f to be an intertwiner f : V (a) → W (b) is that for all u ∈ Û and v ∈ V we have

ev_b(u).f(v) = f(ev_a(u).v) , (A.5) and the condition for f to be a morphism (V, ev_a ⊗_U id_V ) → (W, ev_b ⊗_U id_W ) is

(ev_b ⊗_U id_W ) ∘ (id_Û ⊗_U f) = f ∘ (ev_a ⊗_U id_V ) . (A.6)

If we evaluate this equality on u ⊗_U v for u ∈ Û, v ∈ V , we obtain exactly (A.5). Thus we can define G on morphisms as G(f) = f. It is clear that G is compatible with composition, and that it is full.

Since C is abelian braided monoidal with exact tensor product, C_Û is abelian and monoidal by Theorem 2.8. Let (C_Û )_f be the full subcategory of C_Û formed by all (V, g) where V is a finite-dimensional representation of U. Note that (C_Û )_f is again an abelian monoidal category. Let Rep_f (Û) be the abelian monoidal category of all finite-dimensional representations of Û of type (1,1) (as defined in [CP, Sect. 3.2]). It would be interesting to understand the precise relation between (C_Û )_f and Rep_f (Û). For example, one might expect that Rep_f (Û) is a full subcategory of (C_Û )_f .

As a first step towards this goal, one could use that all finite-dimensional irreducible representations of Û of type (1,1) are isomorphic to tensor products of evaluation representations [CP, Sect. 4.11]. However, to make use of this property one first has to establish that the tensor product of Û-representations is compatible with ^⊗ defined on (C_Û )_f via the tensor product and braiding on C. We do not attempt this in the present paper but hope to return to this point in future work.

A.2 Proof of Theorem 2.3 and Lemma 2.4

In this appendix, C satisfies the assumptions of Theorem 2.3. Namely, C is an abelian monoidal category with right-exact tensor product.

Lemma A.2. Let x : U_f → V_g and y : V_g → W_h be morphisms in C_F . (i) If x : U → V is a kernel of y in C, then x : U_f → V_g is a kernel of y in C_F . (ii) If y : V → W is a cokernel of x in C, then y : V_g → W_h is a cokernel of x in C_F .

Proof. (i) We need to show that x has the universal property of ker y in C_F , namely that for every U^′_f ′ ∈ C_F and every c : U^′_f ′ → V_g such that y ∘ c = 0 there exists a unique c̃ : U^′_f ′ → U_f such that c = x ∘ c̃. Since x = ker y in C we know that there exists a unique c̃ : U^′ → U such that c = x ∘ c̃. It remains to prove that c̃ is a morphism in C_F , i.e. that c̃ ∘ f^′ = f ∘ (id_F ⊗c̃). To this end consider the following diagram in C: F ⊗ U F ⊗ V F ⊗ W

U V W

U^′

F ⊗ U^′

� f � g � h � id_F ⊗x � id_F ⊗y

� x �y � c � f^′

� � � � � � � � c̃^{idF ⊗c}

�

id_F ⊗c̃

�

� � � � � � � � � � � � �

(A.7)

By assumption the two triangles commute, and all squares but the one with the two dashed arrows. To establish that also the latter commutes, since x is monic it is enough to show that x ∘ c̃ ∘ f^′ = x ∘ f ∘ (id_F ⊗c̃). Indeed,

x ∘ f ∘ (id_F ⊗c̃) = g ∘ (id_F ⊗x) ∘ (id_F ⊗c̃) = g ∘ (id_F ⊗c) = c ∘ f^′ = x ∘ c̃ ∘ f^′ . (A.8)

(ii) The proof works along the same lines as that of part (i), but, as opposed to part (i) here we need to use that the tensor product of C is right-exact. For this reason we spell out the details once more. We need to show that y has the universal property of cok x in C_F . Given a W^′_h′ and a morphism c : V_g → W^′_h′ such that c ∘ x = 0, since y = cok x in C we know there exists a unique morphism c̃ : W → W^′ in C such that c = c̃ ∘ y. It remains to show that c̃ : W_h → W^′_h′ is a morphism in C_F , i.e. that c̃ ∘ h = h^′ ∘ (id_F ⊗c̃). Consider the diagram: F ⊗ U F ⊗ V F ⊗ W

U V W

W^′

F ⊗ W^′

� f � g � h � id_F ⊗x � id_F ⊗y

� x �y

� c � h^′ � � � � � � � � c̃ id_F ⊗c

� id_F ⊗c̃ �

� � � � � � � � � � � � � (A.9)

Since y is an epimorphism and the tensor product is right-exact, also id_F ⊗y is an epimorphism. It is therefore enough to show that c̃ ∘ h ∘ (id_F ⊗y) = h^′ ∘ (id_F ⊗c̃) ∘ (id_F ⊗y). Indeed,

h^′ ∘ (id_F ⊗c̃) ∘ (id_F ⊗y) = h^′ ∘ (id_F ⊗c) = c ∘ g = c̃ ∘ y ∘ g = c̃ ∘ h ∘ (id_F ⊗y) . (A.10)

Lemma A.3. C_F has kernels.

Proof. We are given U_f , V_g ∈ C_F and a morphism x : U_f → V_g. Since C has kernels, there exists an object K ∈ C and a morphism ker : K → U such that ker is a kernel of x in C. We now wish to construct a morphism k : F ⊗ K → K such that ker : K_h → U_f is a morphism in C_F . Consider the following diagram: F ⊗ K F ⊗ U F ⊗ V

K U V � � � � ∃!h � f � g � id_F ⊗ ker � id_F ⊗x

� ker �x (A.11)

Note that x∘f ∘(id_F ⊗ ker) = g ∘(id_F ⊗(x∘ker)) = 0. By the universal property of kernels in C, there exists a unique morphism h : F ⊗K → K which makes the above diagram commute. Thus, ker : K_h → U_f is a morphism in C_F . Since ker is a kernel of x in C, by Lemma A.2 (i) ker is also a kernel of x in C_F .

Lemma A.4. C_F has cokernels.

Proof. The proof is similar to that for the existence of kernels, with the difference that for the existence of cokernels we need the tensor product of C to be right-exact. We are given a morphism x : U_f → V_g. The morphism x has a cokernel cok : V → C in C. Consider the following diagram: F ⊗ U F ⊗ V F ⊗ C

U V C � f � g � � � � ∃!c � id_F ⊗x � id_F ⊗ cok

� x � cok (A.12)

Since ⊗ is right-exact, id_F ⊗ cok is a cokernel of id_F ⊗x. Note that cok ∘g ∘ (id_F ⊗x) = cok ∘x ∘ f = 0. By the universal property of cokernels in C, there exists a unique morphism c : F ⊗C → C which makes the above diagram commute. Thus, cok : V_g → C_c is a morphism in C_F . Since cok is a cokernel of x in C, by Lemma A.2 (ii) it is also a cokernel of x in C_F .

The proof of Lemma A.3 shows that there exists a kernel for x : U_f → V_g of the form ker : K_h → U_f , with ker a kernel of x in C. The proof of Lemma A.4 implies a similar statement for cokernels. Since kernels and cokernels are unique up to unique isomorphism, we get as a corollary the converse statement to Lemma A.2.

Corollary A.5. Let x : U_f → V_g and y : V_g → W_h be morphisms in C_F . (i) If x : U_f → V_g is a kernel of y in C_F , then x : U → V is a kernel of y in C. (ii) If y : V_g → W_h is a cokernel of x in C_F , then y : V → W is a cokernel of x in C.

We have now gathered the ingredients to prove Lemma 2.4.

Proof of Lemma 2.4. By Lemmas A.3 and A.4, C_F has kernels and cokernels. Let χ : K_h → V_g be a kernel of b : V_g → W_h and let γ : V_g → C_c be a cokernel of a : U_f → V_g. By Corollary A.5, also in C we have that χ is a kernel of b : V → W and γ is a cokernel of a : U → V .

Suppose U_f^a−→ V_g^b−→ W_h is exact at V_g in C_F , i.e. χ is also a kernel for γ in C_F . By Corollary A.5, χ is a kernel for γ in C and so U^a−→ V^b−→ W is exact at V in C. Conversely, if χ is a kernel for γ in C, then by Lemma A.2 χ is also a kernel for γ in C_F . Thus U_f^a−→ V_g^b−→ W_h is exact at V_g in C_F . □

Corollary A.6. (to Lemma 2.4) Let x : U_f → V_g be a morphism in C_F . Then x is monic in C_F iff it is monic in C, and x is epi in C_F iff it is epi in C.

Lemma A.7. C_F has binary biproducts.

Proof. Let U_f , V_g ∈ C_F be given. Since C has binary biproducts, for U, V ∈ C, there exists a W ∈ C and morphisms U W V � e_U � e_V � r_U � r_V (A.13) where e_A is the embedding map and r_A is the restriction map, such that r_U ∘ e_U = id_U , r_V ∘ e_V = id_V , e_U ∘ r_U + e_V ∘ r_V = id_W . (A.14) This implies r_U ∘ e_V = 0 and r_V ∘ e_U = 0. Define a morphism h : F ⊗ W → W as h = e_U ∘ f ∘ (id_F ⊗r_U ) + e_V ∘ g ∘ (id_F ⊗r_V ) . (A.15) We claim that (A.13) with U, W and V replaced by U_f , W_h and V_g, respectively, defines a binary biproduct in C_F . To show these we need to check that the relevant four squares in F ⊗ U F ⊗ W F ⊗ V � id_F ⊗e_U � id_F ⊗e_V � id_F ⊗r_U � id_F ⊗r_V

U W V � e_U � e_V � r_U � r_V � f � h � g (A.16)

commute. For the first square one has h ∘ (id_F ⊗e_U ) = e_U ∘ f ∘ (id_F ⊗(r_U ∘ e_U =id_U )) + e_V ∘ g ∘ (id_F ⊗(r_V ∘ e_U =0 )) = e_U ∘ f , (A.17) and for the second one

r_U ∘ h = r_U ∘ e_U ∘ f ∘ (id_F ⊗r_U ) + r_U ∘ e_V ∘ g ∘ (id_F ⊗r_V ) = f ∘ (id_F ⊗r_U ) . (A.18) In a similar fashion one checks that also h∘(id_F ⊗e_V ) = e_V ∘g and r_V ∘h = g ∘(id_F ⊗r_V ). Lemma A.8. In C_F every monomorphism is a kernel and every epimorphism is a cokernel. Proof. First we show that every monomorphism is a kernel. We need to show that if x : U_f → V_g is mono in C_F , there exists a W_h and y : V_g → W_h such that x = ker y. Since C_F has cokernels we can choose W_h = C_c and y = cok x. Since by Corollary A.6 x is monic also in C, we have x = ker(cok x) in C. Finally, by Lemma A.2 we get that x = ker(cok x) also in C_F . The proof that every epimorphism is a cokernel goes along the same lines. Proof of Theorem 2.3. Since C is an Ab-category, so is C_F . As zero object in C_F we take (0, 0), where 0 is the zero object of C and 0 : F ⊗ 0 → 0 is the zero morphism. Furthermore, C_F has binary biproducts (Lemma A.7), has kernels and cokernels (Lemmas A.3 and A.4) and in C_F every monomorphism is a kernel and every epimorphism is a cokernel (Lemma A.8). Thus C_F is abelian. □

A.3 Finite semi-simple monoidal categories

Let k be a field. In this section we take C to be a k-linear abelian semi-simple finite braided monoidal category, such that 1 is simple, and End(U) = kid_U for all simple objects U. We also assume that C has right duals and that C is strict.

Note that if we would add to this the data/conditions that C has compatible left-duals and a twist (so that C is ribbon), we would arrive at the definition of a premodular category [Br]. Here we will content ourselves with right duals alone.

For explicit calculations in C_F it is useful to have a realisation of C in terms of vector spaces. One way to obtain such a realisation is as follows. Pick a set of representatives {U_i|i ∈ I} of the isomorphism classes of simple objects in C such that U_0 = 1. For each label a ∈ I define a label ā via U_ā ∼= U^∨_a . Define the fusion rule coefficients N^k_{ij} as

N^k_{ij} = dim_kHom(U_i ⊗ U_j , U_k) . (A.19)

We restrict ourselves to the situation that

N^k_{ij} ∈ {0, 1} . (A.20)

This is satisfied in the Lee-Yang model studied below, but also for other models such as the rational free boson or the ^su(2)_k-WZW model. Whenever N^k_{ij} = 1 we pick basis vectors

λ_{(ij)k} ∈ Hom(U_i ⊗ U_j , U_k) such that λ_{(0i)i} = λ_{(i0)i} = id_{Ui} . (A.21)

The fusing matrices F^{(ijk)l}pq ∈ k are defined to implement the change of basis between two bases of Hom(U_i ⊗ U_j ⊗ U_k, U_l) as follows,

λ_{(ip)l} ∘ (id_{Ui} ⊗λ_{(jk)p}) = ∑ q∈I F^{(ijk)l}_{pq} · λ_{(qk)l} ∘ (λ_{(ij)q} ⊗ id_{Uk} ) . (A.22)

The fusing matrices obey the pentagon relation. See e.g. [FRS1, Sect. 2.2] for a graphical representation and more details. The inverse matrices are denoted by G^{(ijk)l}pq , ∑ r∈I F^{(ijk)l}_{pr} G^{(ijk)l}_{rq} = δ_{p,q} . (A.23)

The braiding c_{U,V} gives rise to the braid matrices R^{(ij)k} ∈ k, λ_{(ji)k} ∘ c_{Ui,Uj} = R^{(ij)k} λ_{(ij)k} . (A.24) With these ingredients, we define a k-linear braided monoidal category V ≡ V[k, I, 0 ∈ I, N, F, R]. This definition will occupy the rest of this section. The objects of V are lists of finite-dimensional k-vector spaces indexed by I, A = (A_i, i ∈ I), and the morphisms f : A → B are lists of linear maps f = (f_i, i ∈ I) with f_i : A_i → B_i.

There is an obvious functor H : C → V which acts on objects as H(V ) = (Hom(U_i, V ), i ∈ I). For a morphism f : V → W we set H(f) = (H(f)_i, i ∈ I), where H(f)_i : Hom(U_i, V ) → Hom(U_i, W ) is given by α → f ∘ α. Since H is fully faithful and surjective we have:

Lemma A.9. The functor H : C → V is an equivalence of k-linear categories.

We can now use H to transport the tensor product, braiding and duality from C to V. Let us start with the tensor product in V, which we denote by ⊛. For an object A ∈ V we denote by (A)_i (or just A_i) the i’th component of the list A. We set

(A ⊛ B)_i = ⨁ j∈I ⨁ k∈I,N^i_{jk}=1 A_j ⊗_kB_k . (A.25)

The direct summand A_j ⊗_k B_k can appear in several components (A ⊛ B)_i. To index one specific direct summand, we introduce the notation (A ⊛ B)_{i(jk)} to mean

(A ⊛ B)_{i(jk)} = A_j ⊗_kB_k ⊂ (A ⊛ B)_i . (A.26)

This notation can be iterated. For example (A ⊛ (B ⊛ C))_{i(jk(lm))} stands for the direct summand (we do not write out the associator and unit isomorphisms in the category of k-vector spaces)

A_j ⊗_kB_l ⊗_kC_m ⊂ A_j ⊗_k(B ⊛ C)_k ⊂ (A ⊛ (B ⊛ C))_i . (A.27)

while ((A ⊛ B) ⊛ C)_{i(j(kl)m)} stands for the direct summand

A_k ⊗_kB_l ⊗_kC_m ⊂ (A ⊛ B)_j ⊗_kC_m ⊂ ((A ⊛ B) ⊛ C)_i . (A.28)

If v ∈ A_j ⊗_k B_k, we denote by (v)_{i(jk)} the element v in the direct summand (A ⊛ B)_{i(jk)} ⊂ (A ⊛ B)_i, etc.

On morphisms f : A → X and g : B → Y the tensor product is defined to have components (f ⊛ g)_i : (A ⊛ B)_i → (X ⊛ Y )_i, where, for a ∈ A_j and b ∈ B_k, ( f ⊛ g ) i ( (a ⊗_kb)_{i(jk)} ) = ( f_j (a) ⊗_kg_k(b) ) i(jk) ∈ Xj ⊗kYk ⊂ (X ⊛ Y )i . (A.29) The tensor unit 1 ∈ V has components 1_0 = k and 1_i = 0 for i ≠ 0. The unit isomorphisms of V are identities, but we find it useful to write them out to keep track of the indices of the direct summands,

(λ_A)_i : (1 ⊛ A)_i −→ A_i (1 ⊗_ka)_{i(0i)} −→ (a)_i and

(ρ_A)_i : (A ⊛ 1)_i −→ A_i (a ⊗_k1)_{i(i0)} −→ (a)_i . (A.30)

Finally, the associator has components (α_{A,B,C} )_i : (A ⊛ (B ⊛ C))_i → ((A ⊛ B) ⊛ C)_i, where, for v ∈ A_j ⊗_kB_k ⊗_kC_l, (α_{A,B,C} )_i ( (v)_{i(jq(kl))} ) = ∑ p∈I ( G^{(jkl)i}_{pq} v ) i(p(jk)l) . (A.31) Its inverse is (α_{A,B,C} )^{−1}_i : ((A ⊛ B) ⊛ C)_i → (A ⊛ (B ⊛ C))_i, (α^{−1}_{A,B,C} )_i ( (v)_{i(q(jk)l)} ) = ∑ p∈I ( F^{(jkl)i}_{pq} v ) i(jp(kl)) . (A.32)

We can now turn H into a monoidal functor. To this end we need to specify natural isomorphisms H^2_{U,V} : H(U) ⊛ H(V ) → H(U ⊗ V ) and an isomorphism H^0 : 1_V → H(1_C ). To describe H^2_{U,V} we need the basis dual to λ_{(ij)k}, that is, elements y_{(ij)k} ∈ Hom(U_k, U_i ⊗ U_j ) such that λ_{(ij)k} ∘ y_{(ij)k} = id_{Uk} . Note that (H(U) ⊛ H(V ))_{i(jk)} = Hom(U_j , U) ⊗_kHom(U_k, V ) and H(U ⊗ V )_i = Hom(U_i, U ⊗ V ). We set, for u ∈ Hom(U_j , U) and v ∈ Hom(U_k, V ),

(H^2_{U,V} )_i((u ⊗_kv)_{i(jk)}) = ((u ⊗ v) ∘ y_{(jk)i})_i . (A.33)

Finally, (H^0)_i = 0 for i ≠ 0 and (H^0)_0(1) = id_{U0} ∈ Hom(U_0, U_0).

Theorem A.10. (H, H^2, H^0) : C → V is a monoidal functor.

Proof. We have to check that for all U, V, W ∈ C the following equalities of morphisms H(U) ⊛ (H(V ) ⊛ H(W )) → H(U ⊗ V ⊗ W ), 1_V ⊛ H(U) → H(U) and H(U) ⊛ 1_V → H(U), respectively, hold,

H^2_{U⊗V,W} ∘ (H^2_{U,V} ⊛ id_{H(W )}) ∘ α_{H(U),H(V ),H(W )} = H^2_{U,V ⊗W} ∘ (id_{H(U)} ⊛H^2_{V,W} ) ,

λ_{H(U)} = H^2_{H(1),H(U)} ∘ (H^0 ⊛ id_{H(U)}) , ρ_{H(U)} = H^2_{H(U),H(1)} ∘ (id_{H(U)} ⊛H^0) .

(A.34)

(Recall that C is strict.) The identities involving λ and ρ are most easy to check. For example, the ith component of two sides of the identity for λ are, for u ∈ Hom(U_i, U),

(λ_{H(U)})_i((1 ⊗_ku)_{i(0i)}) = (u)_i and

(H^2_{H(1),H(U)})_i ∘ (H^0 ⊛ id_{H(U)})_i((1 ⊗_ku)_{i(0i)}) = (H^2_{H(1),H(U)})_i((id_{U0} ⊗_ku)_{i(0i)}) = ((id_{U0} ⊗u) ∘ y_{(0i)i})_i = (u)_i .

(A.35)

To check the first condition in (A.34) we pick elements u ∈ Hom(U_j , U), v ∈ Hom(U_k, V ), w ∈ Hom(U_l, W ) and evaluate both sides on the element (u ⊗_k v ⊗_k w)_{i(jq(kl))}. For the left hand side this gives ( H^2_{U⊗V,W} ∘ (H^2_{U,V} ⊛ id_{H(W )}) ∘ α_{H(U),H(V ),H(W )} ) i ( (u ⊗_kv ⊗_kw)_{i(jq(kl))} )

= ∑ p∈I ( H^2_{U⊗V,W} ∘ (H^2_{U,V} ⊛ id_{H(W )}) ) i ( (G^{(jkl)i}_{pq} · u ⊗_kv ⊗_kw)_{i(p(jk)l)} )

= ∑ p∈I (H^2_{U⊗V,W} )_i ( (G^{(jkl)i}_{pq} · ((u ⊗ v) ∘ y_{(jk)p}) ⊗_kw)_{i(pl)} )

= ( ∑ p∈I G^{(jkl)i}_{pq} · (((u ⊗ v) ∘ y_{(jk)p}) ⊗ w) ∘ y_{(pl)i} ) i = ( (u ⊗ v ⊗ w) ∘ (id_{Uj} ⊗y_{(kl)q}) ∘ y_{(jq)i} ) i . (A.36) For the right hand side we find ( H^2_{U,V ⊗W} ∘ (id_{H(U)} ⊛H^2_{V,W} ) ) i ( (u ⊗_kv ⊗_kw)_{i(jq(kl))} ) = ( H^2_{U,V ⊗W} ) i ( (u ⊗_k[(v ⊗ w) ∘ y_{(kl)q}])_{i(jq)} ) = ( (u ⊗ [(v ⊗ w) ∘ y_{(kl)q}]) ∘ y_{(jq)i} ) i = ( (u ⊗ v ⊗ w) ∘ (id_{Uj} ⊗y_{(kl)q}) ∘ y_{(jq)i} ) i . (A.37)

Thus H is indeed a monoidal functor.

We define a braiding c_{A,B} : A ⊛ B → B ⊛ A on V by setting, for a ∈ A_j and b ∈ B_k,

(c_{A,B})_i((a ⊗ b)_{i(jk)}) = (R^{(jk)i}b ⊗ a)_{i(kj)} . (A.38)

One verifies that H(c_{U,V} ) ∘ H^2_{U,V} = H^2_{V,U} ∘ c_{H(U),H(V )} so that H provides a braided monoidal equivalence between C and V.

It remains to define the right duality on V. The components of the dual of an object are given by dual vector spaces, (A^∨)_k = A^∗_{k̄}. We identify k^∗ = k so that 1^∨ = 1. The duality morphisms b_A : 1 → A ⊛ A^∨ and d_A : A^∨ ⊛ A → 1 have components (b_A)_i = 0 = (d_A)_i for i ≠ 0. To describe the 0-component, we fix a basis {a_{i,α}} of each A_i, and denote by {a^∗_{i,α}} the dual basis of A^∗_i . Then

(b_A)_0 : (1)_0 −→ (A ⊛ A^∨)_0

(1)_0 −→ ∑ k∈I ( ∑ α a_{k,α} ⊗_ka^∗_{k,α} ) 0(kk̄) , (d_A)_0 : (A^∨ ⊛ A)_0 −→ (1)_0

(φ ⊗_ka)_{0(}¯_{kk)} −→ φ(a) F^{(kk̄k)k} 00 . (A.39)

As an exercise in the use of the nested index notation we demonstrate the second identity in (2.7). Let a_{i,α}, a^∗_{i,α} be as above. Then, for φ ∈ A^∗_{k̄}, ( ρ^{−1}_A∨ ) k ( (φ)_k ) = (φ ⊗_k1)_{k(k0)} = ⋆_1 ( id_A∨ ⊛b_A ) k(⋆_1) = ∑ l∈I ∑ α ( (φ)_k ⊗_k(a_{k,α} ⊗_ka^∗_{k,α})_{0(l}¯_{l)} ) k(k0) = ∑ l,α ( φ ⊗_ka_{k,α} ⊗_ka^∗_{k,α} ) k(k0(ll̄)) = ⋆2 ( α_A∨_{,A,A}∨ ) k(⋆_2) = ∑ p∈I ∑ l,α ( G^{(kll̄)k}_{p0} · φ ⊗_ka_{k,α} ⊗_ka^∗_{k,α} ) k(p(kl)l̄) = ⋆3 ( d_A ⊛ id_A∨ ) k(⋆_3) = ∑ p,l,α ( G^{(kll̄)k}_{p0} · (d_A)_p((φ ⊗_ka_{k,α})_{p(kl)}) ⊗_k(a^∗_{k,α})¯_l ) k(pl̄) (a) = ∑ α ( G^{(kk̄k)k} 00 (F^{(k̄kk̄)k̄}_{00} )^{−1} · φ(a_{k,α}) ⊗_ka^∗_{k,α} ) k(0k) (b) = ( 1 ⊗_kφ ) k(0k) = ⋆4 ( λ_A∨ ) k(⋆_4) = (φ)_k .

(A.40)

In step (a) we used that (d_A)_p is non-zero only for p = 0, and that in this case we are also forced to choose l = k̄ (otherwise the direct summand (· · · )_{0(kl)} is empty). In step (b) the equality F^{(k̄kk̄)k̄} 00 = G^{(kk̄k)k}_{00} (A.41)

is used. This equality can be derived by using either F or G to simplify (λ_(¯_{kk)0} ⊗ λ_(¯_{kk)0}) ∘ (id_{Uk̄} ⊗y_{(k}¯_{k)0} ⊗ id_{Uk} ) to λ_(¯_{kk)0} (which also shows that both are non-zero).

Remark A.11. (i) The above construction is a straightforward generalisation of the way one defines a (braided) monoidal category starting from a (abelian) group and a (abelian) three-cocycle, see [FRS2, Sect. 2] and references therein.

(ii) The construction is different from what one would do in Tannaka-Krein reconstruction for monoidal categories [Ha]. There one constructs a fibre-functor from C to a category of R-R-bimodules for a certain ring R (isomorphic to k^{⊕|I|}). However, this fibre-functor is typically neither an equivalence nor full.

Let f : F ⊛ A → A and g : F ⊛ B → B be morphisms in V. We can now substitute the explicit structure morphisms (A.31), (A.32), (A.38) into the definition of T (f, g) in Section 2.2. After a short calculation one finds, for u ∈ F_j , a ∈ A_l and b ∈ B_m, T (f, g)_i ( (u ⊗_ka ⊗_kb)_{i(jk(lm))} )

= ∑ x,y∈I ( δ_{y,m}G^{(jlm)i}_{xk} (f)_x ( (u ⊗_ka)_{x(jl)} ) ⊗_k(b)_y + δ_{x,l} R^{(jk)i} R^{(jm)y} F^{(lmj)i}_{yk} (a)_x ⊗_k(g)_y ( (u ⊗_kb)_{y(jm)} )) i(xy) . (A.42)

When verifying this one needs to use the following two equivalent expressions for the Bmatrix (see e.g. [FRS3, Eqn. (5.46)]), one of which is [FRS3, Eqn. (5.47)] and the other one appears in the calculation of T (0, g)_i ( (u ⊗_ka ⊗_kb)_{i(jk(lm))} ) , ∑ p F^{(ljm)i}_{yp} R^{(jl)p} G^{(jlm)i}_{pk} = B^{(jlm)i}_{yk} = R^{(jk)i} R^{(jm)y} F^{(lmj)i}_{yk} . (A.43)

For c(f) the calculation is slightly longer, and one finds, for u ∈ F_j and φ ∈ A^∗_{k̄}, and using (A.41) at an intermediate step, c(f)_i ( (u ⊗_kφ)_{i(jk)} )

= − F^{(īiī)ī}_{00} F^{(k̄kk̄)k̄} 00 R^{(jk)i} F^{(kjī)0}_{k̄i} ∑ α φ ( (f)¯_k((u ⊗ a_{ī,α})¯_{k(jī)}) ) · a^∗_{ī,α} ∈ (A^∨)_i = A^∗_ī .

(A.44)

A.4 T (f, g) and c(f) for the Lee-Yang model

The Lee-Yang model is the minimal model M(2, 5). The fusing matrices of minimal models are known from [DF, FGP]. We use the conventions of [Ru, App. A.3]. The index set is I = {1, ϕ} and the unit element is 1 ∈ I. The non-zero entries in the braiding matrix are, for x ∈ {1, ϕ} R^{(1x)x} = R^{(x1)x} = 1 , R^{(ϕϕ)1} = ζ^2 , R^{(ϕϕ)ϕ} = ζ , where ζ = e^{−πi/5} . (A.45)

The nonzero entries in the fusing matrices are, for x, y, z ∈ {1, ϕ} F^{(1xy)z} zx = F^{(x1y)z}_{yx} = F^{(xy1)z}_{yz} = F^{(xyz)1}_{xz} = 1 , F^{(ϕϕϕ)ϕ} 11 = 1 d , F^{(ϕϕϕ)ϕ} 1ϕ = w , F^{(ϕϕϕ)ϕ}_{ϕ1} = 1 wd , F^{(ϕϕϕ)ϕ} ϕϕ = −1 d where d = 1 − √ 5 2 . (A.46)

Here d is the quantum dimension of ϕ. The constant w ∈ C^× depends on the choice of normalisation of the basis vectors λ_{(ϕϕ)1} and λ_{(ϕϕ)ϕ}. Different choices of w yield equivalent braided monoidal categories. There is a preferred choice related to the normalisation of the vertex operators, for which w = Γ (_1 5 ) Γ (_6 5 ) Γ (_3 5 ) Γ (_4 5 ) = 2.431... , (A.47)

but one may as well set w to 1. The inverse matrix of F is simply G^{(ijk)l}_{pq} = F^{(kji)l}_{pq} . (A.48) Let us indicate how to obtain the explicit formulas quoted in Section 4.2. First of all, in terms of the notation (A.26) for the direct summands of A ⊛ B, the individual components in (4.7) are, in the same order, A ⊛ B = ( (A ⊛ B)_1, (A ⊛ B)_ϕ ) = ( (A ⊛ B)_{1(11)} ⊕ (A ⊛ B)_{1(ϕϕ)} , (A ⊛ B)_{ϕ(1ϕ)} ⊕ (A ⊛ B)_{ϕ(ϕ1)} ⊕ (A ⊛ B)_{ϕ(ϕϕ)} ) . (A.49)

Consider a morphism f : Φ ⊛ A → A. In terms of three linear maps in (4.8) the action of f on the individual summands of Φ ⊛ A is as follows. For 1 ∈ Φ_ϕ = C , a ∈ A_1 and b ∈ A_ϕ, (f)_1 ( (1 ⊗_C b)_{1(ϕϕ)} ) = f_{1ϕ}(b) , (f)_ϕ ( (1 ⊗_C a)_{ϕ(ϕ1)} ) = f_{ϕ1}(a) , (f)_ϕ ( (1 ⊗_C b)_{ϕ(ϕϕ)} ) = f_{ϕϕ}(b) . (A.50)

To obtain the expression (4.9) for the dual of an object in V_Φ we have to specialise (A.44) to the Lee-Yang model. For example, for f : Φ ⊛ A → A and φ ∈ A^∗_ϕ one gets

c(f)_1 ( (1 ⊗_C φ)_{1(ϕϕ)} ) = − F^{(111)1}_{11} F^{(ϕϕϕ)ϕ} 11 R^{(ϕϕ)1} F^{(ϕϕ1)1}_{ϕ1} ∑ α φ ( (f)_ϕ((u ⊗ a_{1,α})_{ϕ(ϕ1)}) ) · a^∗_{1,α} = −dζ^2 ∑ α φ ( f_{ϕ1}(a_{1,α}) ) · a^∗_{1,α} = −dζ^2f^∗_{ϕ1}(φ) ,

(A.51)

which is the top right corner in (4.9). Expression (4.11) for the tensor product of two morphisms in V_Φ is obtained from (A.42). Denote by T^{i(xy)}_{i(ϕk(lm))} the linear map T (f, g)_i restricted to (Φ ⊛ (A ⊛ B))_{i(ϕk(lm))} and projected to the summand (A ⊛ B)_{i(xy)}, T^{i(xy)}_{i(ϕk(lm))} = δ_{y,m}F^{(mlϕ)i}_{xk} f_{xl} ⊗_C id_{By} +δ_{x,l} R^{(ϕk)i} R^{(ϕm)y} F^{(lmϕ)i} yk id_{Ax} ⊗_C g_{ym} (A.52)

In terms of these, the elements of the matrix (4.11) are A_1B_1 A_ϕB_ϕ A_1B_ϕ A_ϕB_1 A_ϕB_ϕ

A_1B_1 A_ϕB_ϕ A_1B_ϕ

A_ϕB_1 A_ϕB_ϕ

0 0 T^{1(11)}_{1(ϕϕ(1ϕ))} T^{1(11)}_{1(ϕϕ(ϕ1))} T^{1(11)}_{1(ϕϕ(ϕϕ))}

0 0 T^{1(ϕϕ)}_{1(ϕϕ(1ϕ))} T^{1(ϕϕ)}_{1(ϕϕ(ϕ1))} T^{1(ϕϕ)}_{1(ϕϕ(ϕϕ))}

T^{ϕ(1ϕ)}_{ϕ(ϕ1(11))} T^{ϕ(1ϕ)}_{ϕ(ϕ1(ϕϕ))} T^{ϕ(1ϕ)}_{ϕ(ϕϕ(1ϕ))} T^{ϕ(1ϕ)}_{ϕ(ϕϕ(ϕ1))} T^{ϕ(1ϕ)}_{ϕ(ϕϕ(ϕϕ))}

T^{ϕ(ϕ1)}_{ϕ(ϕ1(11))} T^{ϕ(ϕ1)}_{ϕ(ϕ1(ϕϕ))} T^{ϕ(ϕ1)}_{ϕ(ϕϕ(1ϕ))} T^{ϕ(ϕ1)}_{ϕ(ϕϕ(ϕ1))} T^{ϕ(ϕ1)}_{ϕ(ϕϕ(ϕϕ))} T^{ϕ(ϕϕ)}_{ϕ(ϕ1(11))} T^{ϕ(ϕϕ)}_{ϕ(ϕ1(ϕϕ))} T^{ϕ(ϕϕ)}_{ϕ(ϕϕ(1ϕ))} T^{ϕ(ϕϕ)}_{ϕ(ϕϕ(ϕ1))} T^{ϕ(ϕϕ)}_{ϕ(ϕϕ(ϕϕ))}

(A.53)

For example, the underlined entries are

T^{1(ϕϕ)}_{1(ϕϕ(ϕ1))} = ζ^2 · id_{Aϕ} ⊗_C g_{ϕ1} ,

T^{1(ϕϕ)}_{1(ϕϕ(ϕϕ))} = f_{ϕϕ} ⊗_C id_{Bϕ} +ζ · id_{Aϕ} ⊗_C g_{ϕϕ} ,

T^{ϕ(ϕϕ)}_{ϕ(ϕ1(ϕϕ))} =^1_{wd} · f_{ϕϕ} ⊗_C id_{Bϕ} +^1_{ζwd} · id_{Aϕ} ⊗_C g_{ϕϕ} ,

(A.54)

in agreement with (4.11).

References

[BG] C. Bachas and M.R. Gaberdiel, Loop operators and the Kondo problem, JHEP 0411 (2004) 065 [hep-th/0411067].

[BHLS] I. Brunner, M. Herbst, W. Lerche and B. Scheuner, Landau-Ginzburg realization of open string TFT, JHEP 0611 (2006) 043 [hep-th/0305133].

[BK] B. Bakalov and A.A. Kirillov, Lectures on Tensor Categories and Modular Functors, American Mathematical Society, Providence, 2001.

[BLZ1] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory, quantum KdV theory and thermodynamic Bethe ansatz, Commun. Math. Phys. 177 (1996) 381–398 [hep-th/9412229].

[BLZ2] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory II. Q-operator and DDV equation, Commun. Math. Phys. 190 (1997) 247–278 [hep-th/9604044].

[BLZ3] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field theory. III: The Yang-Baxter relation, Commun. Math. Phys. 200 (1999) 297–324 [hep-th/9805008].

[BPZ] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in two-dimensional quantum field theory, Nucl. Phys. B 241 (1984) 333–380.

[Br] A. Bruguières, Catégories prémodulaires, modularisations et invariants des variétés de dimension 3, Math. Annal. 316 (2000) 215-236.

[BRo] I. Brunner and D. Roggenkamp, B-type defects in Landau-Ginzburg models, JHEP 0708 (2007) 093 [0707.0922 [hep-th]].

[BT] A. Bytsko and J. Teschner, The integrable structure of nonrational conformal field theory, 0902.4825 [hep-th].

[Ca] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324 (1989) 581–596.

[CE] D. Calaque, P. Etingof, Lectures on tensor categories, math.QA/0401246. [CP] V. Chari and A. Pressley, Quantum affine algebras, Commun. Math. Phys. 142 (1991) 261–283.

[DDT] P. Dorey, C. Dunning and R. Tateo, The ODE/IM Correspondence, J. Phys. A 40 (2007) R205 [hep-th/0703066].

[DF] V.S. Dotsenko and V.A. Fateev, Four-point correlation functions and the operator algebra in 2D conformal invariant theories with central charge c ≤ 1, Nucl. Phys. B 251 (1985) 691.

[DPTW] P. Dorey, A. Pocklington, R. Tateo and G. Watts, TBA and TCSA with boundaries and excited states, Nucl. Phys. B 525 (1998) 641–663 [hep-th/9712197].

[FeS] P. Fendley and H. Saleur, Exact perturbative solution of the Kondo problem, Phys. Rev.

Lett. 75 (1995) 4492–4495, [cond-mat/9506104].

[FFFS] G. Felder, J. Fröhlich, J. Fuchs and C. Schweigert, Correlation functions and boundary conditions in RCFT and three-dimensional topology, Compos. Math. 131 (2002) 189–238 [hep-th/9912239].

[FK] J. Fröhlich and C. King, The Chern-Simons Theory And Knot Polynomials, Commun.

Math. Phys. 126, 167–199 (1989).

[Fr1] J. Fröhlich, J. Fuchs, I. Runkel and C. Schweigert, Kramers-Wannier duality from conformal defects, Phys. Rev. Lett. 93 (2004) 070601 [cond-mat/0404051].

[Fr2] J. Fröhlich, J. Fuchs, I. Runkel and C. Schweigert, Duality and defects in rational conformal field theory, Nucl. Phys. B 763 (2007) 354–430 [hep-th/0607247].

[FRS1] J. Fuchs, I. Runkel and C. Schweigert, TFT construction of RCFT correlators. I: Partition functions, Nucl. Phys. B 646 (2002) 353–497 [hep-th/0204148].

[FRS2] J. Fuchs, I. Runkel and C. Schweigert, TFT construction of RCFT correlators. III: Simple currents, Nucl. Phys. B 694 (2004) 277–353 [hep-th/0403157].

[FRS3] J. Fuchs, I. Runkel and C. Schweigert, TFT construction of RCFT correlators. IV: Structure constants and correlation functions, Nucl. Phys. B 715 (2005) 539–638 [hep-th/0412290].

[FRS4] J. Fuchs, I. Runkel and C. Schweigert, The fusion algebra of bimodule categories, Appl.

Cat. Str. 16 (2008) 123–140 [math.CT/0701223].

[FuS] J. Fuchs and C. Schweigert, Category theory for conformal boundary conditions, Fields Inst.

Comm. 39 (2003) 25–70 [math.CT/0106050].

[Gr] K. Graham, On perturbations of unitary minimal models by boundary condition changing operators, JHEP 0203 (2002) 028 [hep-th/0111205].

[FGP] P. Furlan, A.C. Ganchev and V.B. Petkova, Fusion matrices and c < 1 (quasi)local conformal theories, Int. J. Mod. Phys. A 5 (1990) 2721–2735 [Erratum-ibid. A 5 (1990) 3641].

[Ha] T. Hayashi, A canonical Tannaka duality for finite semisimple tensor categories, math.QA/9904073.

[HL] Y.-Z. Huang and J. Lepowsky, Tensor products of modules for a vertex operator algebra and vertex tensor categories, in: Lie Theory and Geometry, in honor of Bertram Kostant, ed. R. Brylinski, J.-L. Brylinski, V. Guillemin, V. Kac, Birkhäuser, Boston, 1994, 349–383 [hep-th/9401119].

[Hu1] Y.-Z. Huang, Virasoro vertex operator algebras, the (nonmeromorphic) operator product expansion and the tensor product theory, J. Alg. 182 (1996) 201–234 [q-alg/9505020].

[Hu2] Y.-Z. Huang, Rigidity and modularity of vertex tensor categories, Commun. Contemp. Math.

10 (2008) 871–911 [math.QA/0502533].

[In] R. Inoue, O. Iyama, A. Kuniba, T. Nakanishi, J. Suzuki, Periodicities of T-systems and Y-systems, 0812.0667 [math.QA].

[KL] A. Kapustin and Y. Li, D-Branes in Landau-Ginzburg Models and Algebraic Geometry, JHEP 0312 (2003) 005 [hep-th/0210296].

[KNS] A. Kuniba, T. Nakanishi and J. Suzuki, Functional relations in solvable lattice models. 1:

Functional relations and representation theory, Int. J. Mod. Phys. A 9 (1994) 5215–5266 [hep-th/9309137] [Ko] C. Korff Auxiliary matrices for the six-vertex model at roots of 1 and a geometric interpretation of its symmetries, J. Phys. A 36 (2003) 5229–5266 [math-ph/0302002].

[KR] L. Kong and I. Runkel, Algebraic Structures in Euclidean and Minkowskian Two- Dimensional Conformal Field Theory, 0902.3829 [math-ph].

[La] C.I. Lazaroiu, On the boundary coupling of topological Landau-Ginzburg models, JHEP 0505 (2005) 037 [hep-th/0312286].

[McL] S. Mac Lane, Categories for the working mathematician, 2nd ed., Springer, 1998. [MS] G.W. Moore and N. Seiberg, Lectures On RCFT, in “Strings ’89”, proceedings of the Trieste Spring School on Superstrings, M. Green, et. al. Eds. (World Scientific, 1990).

[Na] W. Nahm, Conformal field theory and torsion elements of the Bloch group, hep-th/0404120. [PZ1] V.B. Petkova and J.B. Zuber, Generalised twisted partition functions, Phys. Lett. B 504 (2001) 157–164 [hep-th/0011021].

[PZ2] V.B. Petkova and J.B. Zuber, The many faces of Ocneanu cells, Nucl. Phys. B 603 (2001) 449–496 [hep-th/0101151].

[RS] I. Runkel and R.R. Suszek, Gerbe-holonomy for surfaces with defect networks, 0808.1419 [hep-th].

[RSW] E. Rowell, R. Stong and Z. Wang, On classification of modular tensor categories, Commun.

Math. Phys. 292 (2009) 343–389 [0712.1377 [math.QA]].

[Ru] I. Runkel, Perturbed defects and T-systems in conformal field theory, J. Phys. A 41 (2008) 105401 [0711.0102 [hep-th]].

[RW] M. Rossi and R. Weston, A Generalized Q-operator for U_q( ^sl_2) Vertex Models, J. Phys. A 35 (2002) 10015–10032 [math-ph/0207004].

[SFR] C. Schweigert, J. Fuchs and I. Runkel, Categorification and correlation functions in conformal field theory, math.CT/0602079.

[Tu] V.G. Turaev, Quantum Invariants of Knots and 3-manifolds, de Gruyter, 1994. [Wa] W. Wang, Rationality of Virasoro vertex operator algebras, Intern. Math. Res. Notices 7 (1993) 197–211.

[Wi] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) 351–399.