arXiv:0904.1936v3 [hep-th] 21 May 2009

Fermions in (Anti) de Sitter Gravity in Four Dimensions

Noriaki IKEDA^1and Takeshi FUKUYAMA^2

1 College of Science and Engineering, Ritsumeikan University Kusatsu, Shiga 525-8577, Japan 2 Department of Physics and R-GIRO, Ritsumeikan University, Kusatsu, Shiga, 525-8577 Japan

Abstract

Fermions in (anti) de Sitter gravity theory in four dimensions are considered. Especially we propose new fermion actions to derive a Weyl or Majorana fermion action if we break the AdS (dS) group to the Lorentz group in curved spacetime.

1E-mail: ikeda@yukawa.kyoto-u.ac.jp,^2 E-mail: fukuyama@se.ritsumei.ac.jp

1 Introduction

(Anti) de Sitter gravity is the gauge theory of gravitation whose gauge group G is SO(2, 3) for anti de Sitter or SO(1, 4) for de Sitter^2[1][2][3] [4]. In this theory, a spacetime metric is not assumed in advance. We construct a SO(2, 3) or SO(1, 4) (topological) gauge theory and breaking the AdS or dS symmetry to the Lorentz group spontaneously by a spacetime scaler Higgs field Z_A. This procedure derives a spacetime metric and the Einstein gravitational theory with the negative cosmological constant for SO(2, 3) and the positive cosmological constant for SO(1, 4). The remaining symmetry SO(1, 3) becomes the local Lorentz group in the gravitational theory. This naturally generates a metric and derives the gravity from gauge theoretical formulation of a field theory without a metric.

Weyl and Majorana spinors appear in realistic models. The standard model includes chiral matters and there are interesting predictions that neutrinos have Majorana nature[5]. However the groups SO(t, s)’s have different spinor representations depending on natural numbers t and s. SO(2, 3) and SO(1, 4) do not have any Weyl representation. A Majorana representation is not permitted in SO(1, 4). Moreover a fermion quadratic action similar to the Dirac action in a Majorana spinor generally contradicts the charge conjugations in SO(2, 3) or SO(1, 4) [7][8]. It is nontrivial and challenging to construct Weyl and Majorana spinor actions in the AdS (dS) gravity.

In this paper, we propose a new mechanism to derive a chiral fermion action from the nonchiral action. Our idea is that we construct a SO(2, 3)(SO(1, 4)) invariant action to derive Weyl or Majorana fermion action when we break the symmetries to SO(1, 3) spontaneously.

The paper is organized as follows. In section 2, we review the (anti) de Sitter gravity theory. In section 3, we explain Dirac fermion actions in the AdS(dS) gravity. In section 4, we construct SO(2, 3) and SO(1, 4) actions which derive Weyl fermion actions in the gravitational theory in four dimensions after breaking the symmetries. In section 5, we do the same process as in section 4 for Majorana fermions. Section 6 includes conclusion and discussion. In appendix, we summarize formulae of gamma matrices and charge conjugations in SO(1, 3), SO(2, 3) and SO(1, 4) groups.

2We call the ’anti de Sitter group’ for SO(2, 3) and the ’de Sitter group’ for SO(1, 4).

2 (Anti) de Sitter Gravity

We summarize preliminary results of the (anti) de Sitter gravity (AdS(dS) gravity).

The (anti) de Sitter gravity is the gauge theory of gravitation whose gauge group G is SO(2, 3) for anti de Sitter or SO(1, 4) for de Sitter. We consider four dimensional spacetime and a tangent vector space R^5 as the internal space. We define an special internal vector Z_A = Z_A(x) such that Z^2_1 + Z^2_2 + Z^2_3 + Z^2_4 + Z^2_5 = ∓l^2, (1) where the capital Latin letter A = 1, 2, 3, 4, 5 are internal indices and x^μ are spacetime coordinates. The signatures in the right hand side in the equation (1) are −l^2 for SO(2, 3) and +l^2 for SO(1, 4). SO(2, 3)(SO(1, 4)) acts to Z_A as a symmetry to make the equation (1) invariant.

First we consider the SO(2, 3) case. We consider a connection field ω_{μAB} and define a covariant derivative D_μψ = ( ∂_μ − i 2 ω_{μAB} S_{AB} ) ψ, (2) where Greek letters are spacetime indices which runs from 1 to 4, μ = 1, 2, 3, 4, and ψ is a Dirac fermion. S_{AB} = 1 4i [γ^′_A, γ^′_B ], (3) is the generator of the SO(2, 3) Lie algebra, where the definition and formulae of gamma matrices γ^′_A appear in the appendix. The field strength is derived from the equation i[D_μ, D_ν ] = − 1 2 R_{μνAB} S_{AB} . (4) R_{μνAB} takes the form R_{μνAB} = ∂_μω_{νAB} − ∂_ν ω_{μAB} − ω_{μAC} ω_{νCB} + ω_{νAC} ω_{μCB} . (5) We construct a SO(2, 3) invariant action S_{grav} = ∫ d^4xL_{grav} = ∫ d^4xϵ^{ABCDE} ϵ^{μνρσ} ( Z_A il ) [( 1 16g^2 ) R_{μνBC} R_{λρDE}

+σ(x) {( Z_F il )_2 − 1 } D_μZ_BD_ν Z_C D_ρZ_DD_σZ_E ] , (6) where ϵ^{ABCDE} and ϵ^{μνρσ} are completely antisymmetric tensors with ϵ^{12345} = 1 and ϵ^{1234} = 1, respectively. It should be remarked that this action is topological in the gauge theoretical sense and that a metric is not introduced ad hoc. In contrast to the usual gauge theories, this action breaks the conformal invariance, which leads us to the nontrivial dynamics [6].

We break the SO(2, 3) group to the local Lorentz group SO(1, 3) as

Z_A = (0, 0, 0, 0, il). (7)

This breaking derives the vierbein e_{μa},

D_μZ_A = (∂_μδ_{AB} − ω_{μAB} )Z_B = −iω_{μa5}l ≡ e_{μa} ifA = a, 0 ifA = 5, (8)

where the small Latin letters are a = 1, 2, 3, 4. The field strength is R_{μνab} = R̊_{μνab} + 1 l^2 e_{[μa}e_{ν]b}, (9) where R̊_{μνab} = ∂_μω_{νab} − ∂_ν ω_{μab} − ω_{μac}ω_{νcb} + ω_{νac}ω_{μcb}, (10) is nothing but the gravitational Riemann tensor and e_{[μa}e_{ν]b} = e_{μa}e_{νb} − e_{νa}e_{μb}. L_{grav} takes the Einstein gravity form L_{grav} = ∂_μC^μ − e 16πG ( R̊ + 6 l^2 ) . (11)

Here ∂_μC^μ is the topological Gauss-Bonnet term. e = det(e_{μa}) and G is the gravitational constant derived from 16πG = g^2l^2.

In the SO(1, 4) case, we replace the gamma matrices γ^′_A by γ_A. We consider a connection field ω_{μAB} and define a covariant derivative D_μψ = ( ∂_μ − i 2 ω_{μAB}s_{AB} ) ψ, (12)

where s_{AB} = 1 4i [γ_A, γ_B], (13)

is the generator of the SO(1, 4) Lie algebra.

The field strength is derived from the equation i[D_μ, D_ν ] = − 1 2 R_{μνAB} s_{AB} . (14) R_{μνAB} takes the same form R_{μνAB} = ∂_μω_{νAB} − ∂_ν ω_{μAB} − ω_{μAC} ω_{νCB} + ω_{νAC} ω_{μCB} . (15) We construct a SO(1, 4) invariant action S_{grav} = − ∫ d^4xL_{grav} = − ∫ d^4xϵ^{ABCDE} ϵ^{μνρσ} ( Z_A l ) [( 1 16g^2 ) R_{μνBC} R_{λρDE}

+σ(x) {( Z_F l )_2 − 1 } D_μZ_BD_ν Z_C D_ρZ_DD_σZ_E ] , (16)

We break the SO(1, 4) group to the local Lorentz group SO(1, 3) as Z_A = (0, 0, 0, 0, l). (17) This breaking leads to

D_μZ_A = (∂_μδ_{AB} − ω_{μAB} )Z_B = −ω_{μa5}l ≡ e_{μa} ifA = a. 0 ifA = 5.

(18)

Also the field strength becomes R_{μνab} = R̊_{μνab} − 1 l^2 e_{[μa}e_{ν]b}, (19) where R̊_{μνab} takes the same form as (10). L_{grav} takes the form L_{grav} = ∂_μC^μ − e 16πG ( R̊ − 6 l^2 ) . (20)

The cosmological constant is a negative term − ( +^6_{l2} ) in the action (11) for SO(2, 3), a positive term − ( −^6_{l2} ) = +^6_{l2} in the action (20) for SO(1, 4).

3 Dirac Fermion in AdS(dS) Gravity

In this section, we review the Dirac fermion actions in the AdS(dS) gravity theory [4].

Let ψ be a SO(2, 3)(SO(1, 4)) Dirac fermion. Note that a SO(2, 3)(SO(1, 4)) Dirac spinor ψ is a SO(1, 3) Dirac spinor because SO(2, 3)(SO(1, 4)) gamma matrices are the same form as SO(1, 3) gamma matrices if we add γ_5.

3.1 SO(2, 3)

First we consider the AdS (SO(2, 3)) gravity. A SO(2, 3) invariant Dirac spinor action is defined as [4] L_{Dirac} = ϵ^{ABCDE} ϵ^{μνρσ}ψ̄ ( iS_{AB} ←→ D_μ 3! − iλ Z_A il D_μZ_B 4! ) ψD_ν Z_C D_ρZ_DD_σZ_E, (21)

where ψ̄ = ψ^†γ^{′5}γ^{′4} and ψ̄S_{AB} ←→D_μψ = 1 2 (ψ̄S_{AB}D_μψ − ψ̄ ←− D_μS_{AB}ψ). (22)

Here ψ̄←−D_μ = ψ̄ ( ←− ∂_μ + i 2 ω^∗_{μAB} S_{AB} ) . (23)

We consider always the sum of L_{grav} and fermionic part but do not write L_{grav} explicitly hereafter. but we regard that the Lagrangian is always the sum of the gravitational part L_{grav} and the fermion part.

By the symmetry breaking (7) (Z^A = (0, 0, 0, 0, il)) from SO(2, 3) to SO(1, 3), L_{Dirac} reduces to the Dirac action in the four dimensional curved spacetime L_{Dirac} = −eψ̄ ( γ_ae^{μa} ←→ D_μ + λ ) ψ, = −eψ̄ ( 1 2 e^{μa} ( γ_a −→ D_μ − ←− D_μγ_a ) + λ ) ψ, (24)

where γ_a = iγ^′_5γ^′_a, γ_5 ≡ γ^′_5 and ψ̄ = ψ^†γ^4. (24) is hermitian L^†_{Dirac} = L_{Dirac}. The mass of the Dirac spinor is

m = λ. (25)

3.2 SO(1, 4)

In the dS SO(1, 4) gravity, we consider a SO(1, 4) invariant Dirac spinor action L_{Dirac} = −ϵ^{ABCDE} ϵ^{μνρσ}ψ̄ ( Z_A l γ_B ←→ D_μ 3! + λ Z_A l D_μZ_B 4! ) ψD_ν Z_C D_ρZ_DD_σZ_E , (26)

which is a slightly different form from the SO(2, 3) case. Here ψ̄ = ψ^†γ^4 and ψ̄γ_B ←→D_μψ = 1 2 (ψ̄γ_BD_μψ − ψ̄ ←− D_μγ_Bψ). (27)

By the symmetry breaking (17) from SO(1, 4) to SO(1, 3), L_{Dirac} reduces to the Dirac action in the four dimensional curved spacetime L_{Dirac} = −eψ̄ ( γ_ae^{μa} ←→ D_μ + λ ) ψ, = −eψ̄ ( 1 2 e^{μa} ( γ_a −→ D_μ − ←− D_μγ_a ) + λ ) ψ, (28)

where ψ̄ = ψ^†γ^4. (28) is hermitian L^†_{Dirac} = L_{Dirac}. In this case, we also have a mass

m = λ. (29)

4 Weyl Fermion

Since there exists no Weyl spinor in SO(2n + 1) representations, we cannot construct Weyl spinors in the SO(2, 3) and SO(1, 4) groups. In order to realize Weyl fermions in the AdS (dS) gravity, we consider a SO(2, 3) (SO(1, 4)) action to derive a Weyl fermion action in the curved spacetime if we break the SO(2, 3) (SO(1, 4)) symmetry to the SO(1, 3) symmetry.

4.1 SO(2, 3)

Let ψ be a SO(2, 3) Dirac spinor. We introduce a projection operator, P_± ≡ 1 2 ( 1 ± Z_Aγ^{′A} il ) , (30)

and define

ψ_± ≡ P_±ψ. (31)

Since P_± is SO(2, 3) covariant, ψ_± is a covariant spinor. We can construct a SO(2, 3) invariant action by modifying (21), L_{W eyl} = ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_+ ( iS_{AB} ←→ D_μ 3! − iλ Z_A il D_μZ_B 4! ) ψ_+D_ν Z_C D_ρZ_DD_σZ_E . (32)

If we break the SO(2, 3) symmetry

Z^A = (0, 0, 0, 0, il), (33)

P_± reduce to the chiral projections P̊_± P_± −→ P̊_± = 1 ± γ^′_5 2 = 1 ± γ_5 2 . (34)

Then ψ_+ becomes Weyl spinors ψ̊_±

ψ_± −→ ψ̊_± = P̊_±ψ, (35)

which have definite chirality respectively.

The action (32) becomes a SO(1, 3) massless Weyl fermion action L_{W eyl} = −e ¯ψ̊_+ ( γ_ae^{μa} ←→ D_μ + λ ) ψ̊_+ = −e ¯ψ̊_+ ( γ_ae^{μa} ←→ D̊_μ ) ψ̊_+, (36)

where

D̊_μ = ∂_μ − i 2 ω_{μab}S_{ab} = ∂_μ − i 2 ω_{μab}s_{ab}. (37) Since the chiral projections make the two components to zero among four components of Dirac spinors, the mass term automatically drops out.

4.2 SO(1, 4)

Let ψ be a SO(1, 4) Dirac spinor. In the SO(1, 4) case, we introduce P_± ≡ 1 2 ( 1 ± Z_Aγ^A l ) , (38)

and define

ψ_± ≡ P_±ψ. (39)

Since P_± is SO(1, 4) covariant, ψ_± is a covariant spinor. We can construct SO(1, 4) invariant action by modifying (26), L_{W eyl} = −ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_+ ( Z_A l γ_B ←→ D_μ 3! + λ Z_A l D_μZ_B 4! ) ψ_+D_ν Z_C D_ρZ_DD_σZ_E. (40)

If we break the SO(1, 4) symmetry as

Z^A = (0, 0, 0, 0, l), (41)

P_± reduce to chiral projections P̊_± P_± −→ P̊_± = 1 ± γ_5 2 . (42)

Then ψ_+ becomes Weyl fermions ψ̊_±,

ψ_± −→ ψ̊_± = P̊_±ψ, (43)

which have definite chirality respectively.

The action (40) becomes a SO(1, 3) massless Weyl fermion action L_{W eyl} = −e ¯ψ̊_+ ( γ_ae^{μa} ←→ D_μ + λ ) ψ̊_+ = −e ¯ψ̊_+ ( γ_ae^{μa} ←→ D̊_μ ) ψ̊_+. (44)

Again the mass term drops out.

5 Majorana Fermion

A Majorana fermion ψ_M in four dimensional spacetime with the local Lorentz symmetry is defined by

ψ_M = ψ^c_M ≡ Cψ̄^T_M , (45)

where C is the charge conjugation in four dimensional spacetime. If we take the Dirac (Pauli) basis, C is

C = γ_2γ_4. (46)

However C is not covariant under either SO(2, 3) or SO(1, 4). ψ_M is not consistent with the SO(2, 3) (SO(1, 4)) covariance.

In the following, we consider the consistent SO(2, 3) (SO(1, 4)) ’charge conjugation’ and an action to derive a Majorana fermion action by breaking the SO(2, 3) (SO(1, 4)) symmetry to the SO(1, 3) symmetry.

5.1 SO(2, 3)

The SO(2, 3) gamma matrices γ^′_A are constructed as γ^′_a ≡ −iγ_5γ_a, γ^′_5 ≡ γ_5, (47) which appear the action (21) of the SO(2, 3) Dirac spinor in section 3.

The SO(2, 3) charge conjugation C has to preserve SO(2, 3) covariance of spinors of ψ_M and Cψ̄^T_M , From this requirement and properties of SO(2, 3) gamma matrices γ^′_A in the appendix, we have two candidates^3 C_1 = γ^′_1γ^′_3γ^′_5, C_2 = γ^′_2γ^′_4. (48) Here C_2 = γ^′_2γ^′_4 = γ_2γ_4 is equal to the SO(1, 3) charge conjugation (46). Therefore we can take C = C_2 as the SO(2, 3) charge conjugation^4. C_2 satisfies C^T_2 = −C_2, C^∗_2 = C_2, C^2_2 = −1, C^{−1}_2 = −C_2, C^{−1}_2 γ^′_AC_2 = γ^{′T}_A, C^{−1}_2 S_{AB} C_2 = −S^T_{AB} . (49) AdS ’Majorana’ fermion ψ_M is defined by ψ_M = Cψ̄^T_M = C_2ψ̄^T_M . (50) We propose a SO(2, 3) invariant AdS ’Majorana’ fermion action by replacing a Dirac spinor to an AdS ’Majorana’ spinor in the action (21) L_{Majorana} = ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_M ( iS_{AB} ←→ D_μ 3! − iλ Z_A il D_μZ_B 4! ) ψ_M D_ν Z_C D_ρZ_DD_σZ_E. (51)

Let us investigate consistency of this action. Substituting (50) to the right hand of (51), we obtain ϵ^{ABCDE} ϵ^{μνρσ} ( ψ^T_M (C^T )^{−1} ) ( iS_{AB} ←→ D_μ 3! − iλ Z_A il D_μZ_B 4! ) ( Cψ̄^T_M ) D_ν Z_C D_ρZ_DD_σZ_E. (52)

We can easily check that (52) is equal to (51) as follows: = −ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_M −iC^T ( S_{AB} ←→ D_μ 3! )_T C^{−1} − iλC^T C^{−1} Z_A il D_μZ_B 4! ψ_M D_ν Z_C D_ρZ_DD_σZ_E

= ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_M ( iS_{AB} ←→ D_μ 3! − iλ Z_A il D_μZ_B 4! ) ψ_M D_ν Z_C D_ρZ_DD_σZ_E = L_{Majorana}. (53) 3 If the Dirac basis is taken, C_1 = C_2 since the formulae (75) is satisfied. However (75) is not assumed in the definition of SO(2, 3) group, We do not use (75) in order to define a charge conjugation under lesser assumptions. The same discussion is also made in the SO(1, 4) case.

4Note that C = C_2 is not the same as the charge conjugation in the SO(2, 3) spacetime symmetry in five dimensions.

Here we have used the Grassmann property of ψ_M , the identities of C_2 and the gamma matrices (49). Thus (52) is equal to (51) and the definition of the charge conjugation is consistent with the action^5.

If we break the SO(2, 3) symmetry by Z_A = (0, 0, 0, 0, il), (51) reduces to a SO(1, 3) Majorana fermion action in the Einstein gravitational theory in four dimensions L_{Majorana} = −eψ̄_M ( γ_ae^{μa} ←→ D_μ + λ ) ψ_M . (55) The Majorana mass is m = λ. (56)

5.2 SO(1, 4)

dS ’Majorana’ fermion ψ_M is also defined by ψ_M = Cψ̄^T_M , (57) where C is a SO(1, 4) ’charge conjugation’. Let us take two candidates for the ’charge conjugation’ from the SO(1, 4) covariance of ψ_M and Cψ̄^T_M , C_3 ≡ γ_1γ_3, C_4 ≡ γ_2γ_4γ_5. (58) B defined by Bψ^∗_M = Cψ̄^T_M , (59) must satisfy B^∗B = 1 since a charge conjugation has a Z_2 symmetry. If we define B_3 as B_3ψ^∗ = C_3ψ̄^T , (60) B_3 = γ_1γ_3γ_4, B^∗_3 = γ_1γ_3γ_4, B^∗_3 B_3 = −1. (61)

5In our notation, a SO(1, 3) Majorana fermion action in flat Minkowski spacetime in four dimensions is L_{Majorana} = −ψ̄_M (γ^μ∂_μ + λ)ψ_M , (54) where C = γ_2γ_4 is the SO(1, 3) charge conjugation.

B_4 defined by B_4ψ^∗ = C_4ψ̄^T , (62) satisfies B_4 = −γ_2γ_5, B^∗_4 = −γ_2γ_5, B^∗_4 B_4 = −1. (63) Since B’s constructed from both C_3 and C_4 satisfy B^∗B = −1, neither C_3 nor C_4 can be defined as a consistent charge conjugation. We could also consider more general candidates covariant to SO(1, 4): C^′_3 ≡ e^{iθ3} γ_1γ_3, C^′_4 ≡ e^{iθ4} γ_2γ_4γ_5, (64) where θ_3 and θ_4 are phase factors. However B’s constructed from both C^′_3 and C^′_4 also satisfy B^∗B = −1 and we cannot define a consistent charge conjugation from C^′_3 or C^′_4.

Now we consider a third candidate: C_5 ≡ Z_Aγ^A l γ_2γ_4γ_5. (65) C_5 satisfies C^T_5 = −C_5, C^∗_5 = γ_5γ_4γ_2 Z^∗_Aγ^A l , C^{−1}_5 = γ_5γ_4γ_2 Z_Aγ^A l , C_5γ^T_AC^{−1}_5 = 2 Z_Bγ_B l Z_A l − γ_A, (66) ψ_M and C_5ψ̄^T_M are covariant under the SO(1, 4) group and if we define B_5ψ^∗_M = C_5ψ̄^T_M , (67) B_5 = −^{ZAγA}_l γ_2γ_5 and B^∗_5 = γ_2γ_5^{ZAγA}_l satisfy the Z_2 symmetry condition B^∗_5 B_5 = 1. Moreover if we break the SO(1, 4) symmetry to SO(1, 3) as (17), we obtain the SO(1, 3) charge conjugation^6as C_5 −→ γ_2γ_4 = C. (68)

6 Note that C = C_5 is not a charge conjugation in the SO(1, 4) spacetime symmetry in five dimensions.

Therefore the SO(1, 4) charge conjugation is

C = C_5 = Z_Aγ^A l γ_2γ_4γ_5. (69)

and a dS ’Majorana’ spinor

ψ_M = C_5ψ̄^T_M . (70)

We propose a SO(1, 4) invariant dS ’Majorana’ fermion action by replacing a Dirac spinor to a dS ’Majorana’ spinor in the action (26) L_{Majorana} = −ϵ^{ABCDE} ϵ^{μνρσ}ψ̄_M ( Z_A l γ_B ←→ D_μ 3! + λ Z_A l D_μZ_B 4! ) ψ_M D_ν Z_C D_ρZ_DD_σZ_E. (71)

We can prove the consistency of the action (71) for the charge conjugation C_5 similar to SO(2, 3) case.

If we break the SO(1, 4) symmetry by Z_A = (0, 0, 0, 0, l), (71) becomes the Majorana fermion action in the Einstein gravitational theory in four dimensions L_{Majorana} = −eψ̄_M ( γ_ae^{μa} ←→ D_μ + λ ) ψ_M , (72)

and a mass

m = λ (73)

is obtained in the SO(1, 4) case.

6 Conclusions and Discussions

We have constructed SO(2, 3) and SO(1, 4) invariant fermion actions which derive Weyl fermion actions or Majorana fermion actions with the AdS and dS gravity after breaking the symmetries to SO(1, 3).

The keys ingredients are chiral projection operators and charge conjugations. In Weyl fermion case, we have constructed SO(2, 3) and SO(1, 4) invariant operators P_± which reduce to and chiral projections if we break the symmetries to SO(1, 3) in Weyl fermions. In Majorana fermion case, we have constructed that SO(2, 3) and SO(1, 4) covariant ’charge conjugations’ C_2 and C_5 which becomes the SO(1, 3) charge conjugation if we break the symmetries to SO(1, 3).

The following remarks are in order. Our theory arrives finally at a SO(1, 3) invariant theory. However, it is not the same as the theory which is SO(1, 3) invariant from the start. For instance, the usual SO(1, 3) invariant gravity does not allow the metric as the gauge ingredient. The equations (11) and (20) are invariant under SO(1, 3) but with the special coefficients of three terms with topological term, only in which case some conserved quantities appear [9]. The same thing occurs for the case in the presence of the fermions. This becomes more explicit if we consider the fluctuations Z_A from (7) and (17) though it is beyond the scope of this article.

As is easily understood, there are clear differences between the original SO(2, 3) (or SO(1, 4)) action and a SO(1, 3) action from the start even after symmetry breaking of the former. The former includes more informations than the latter. Also equations of motion of the SO(2, 3) (or SO(1, 4)) action are different from those obtained by imposing (7) (or (17)) before Euler variation and put the constraints explicitly done in this paper and [10]. Our formulation makes it possible to check the gravitational chiral anomaly [11].

The anti de Sitter group and spacetime is important also in the context of the AdS/CFT correspondence. It is interesting to analyze relations of the AdS gravity to the AdS/CFT correspondence [6].

Acknowledgments

The work of T.F. is supported in part by the grant-in-Aid for Scientific Research from the Ministry of Education, Science and Culture of Japan (No. 20540282). We thank A.Randono for pointing out typos.

Appendix: Notation

We summarize formulae of gamma matrices and charge conjugations in SO(1, 3), SO(2, 3) and SO(1, 4) groups.

1.1 SO(1, 3) Metric

We take a local coordinate (x_1, x_2, x_3, t) in four dimensions and a SO(1, 3) invariant metric with the signature (+, +, +, −). We define an imaginary coordinate x_4 = it and we use a coordinate (x_1, x_2, x_3, x_4) with the signature (+, +, +, +).

1.2 SO(2, 3) Metric

We consider a five vector (Z_1, Z_2, Z_3, T_1, T_2) and SO(2, 3) is defined as the invariant group of the norm Z^2_1 + Z^2_2 + Z^2_3 − T^2_1 − T^2_2 with the signature (+, +, +, −, −).

We define Z_4 = iT_1, Z_5 = iT_2 and we use the notation (Z_1, Z_2, Z_3, Z_4, Z_5) with the signature (+, +, +, +, +). Z_5 = il is pure imaginary, where l is a real number.

1.3 SO(1, 4) Metric

We consider a five vector (Z_1, Z_2, Z_3, T, Z_5) and SO(1, 4) is defined as the invariant group of the norm Z^2_1 + Z^2_2 + Z^2_3 − T^2 + Z^2_5 with the signature (+, +, +, −, +)

We define Z_4 = iT and we use the notation (Z_1, Z_2, Z_3, Z_4, Z_5) with the signature (+, +, +, +, +). Z_5 = l is real, where l is a real number.

1.4 SO(1, 3) and SO(1, 4) Gamma Matrix

We take gamma matrices γ_a in the Lorentz group. where gamma matrices satisfy {γ_a, γ_b} = 2δ_{ab}, (74) where a = 1, 2, 3, 4. We call γ_a the SO(1, 3) gamma matrices. γ_5 is defined as

γ_5 = −γ_1γ_2γ_3γ_4. (75)

Then gamma matrices including γ_5 satisfy

{γ_A, γ_B} = 2δ_{AB} . (76)

where A = 1, 2, 3, 4, 5.

SO(1, 4) gamma matrices are defined as γ_A = (γ_a, γ_5).

The gamma matrices are hermitian γ^†_A = γ_A. (77) A useful formula is Z_Aγ_AZ_Bγ_B =Z̸Z̸ = Z_AZ_A = Z^2 = l^2. (78) The symmetry generators s_{AB} are given by s_{AB} = 1 4i [γ_A, γ_B]. (79) s_{AB} satisfies s^†_{AB} = s_{AB}. (80) We take the Dirac (Pauli) basis of gamma matrices in this paper,

γ_1 = i 0 −σ^1 σ_1 0 , γ_2 = i 0 −σ^2 σ_2 0 , γ_3 = i 0 −σ^3 σ_3 0 ,

γ_4 = I 0 0 −I , γ_5 = 0 I I 0 , (81) where σ_1, σ_2 and σ_3 are the Pauli matrices and I is the 2 × 2 unit matrix. This basis satisfies (76), (77) and

γ^T_A = γ_A if A = 2, 4, 5, −γ_A if A = 1, 3,

(82)

γ^∗_A = γ_A if A = 2, 4, 5, −γ_A if A = 1, 3.

(83)

Another basis, the Weyl (chiral) basis of gamma matrices, is

γ_1 = i 0 σ^1 −σ_1 0 , γ_2 = i 0 σ^2 −σ_2 0 , γ_3 = i 0 σ^3 −σ_3 0 ,

γ_4 = 0 I I 0 , γ_5 = I 0 0 −I . (84) This basis is useful to consider a Weyl fermion.

Let ψ be a Dirac spinor for SO(1, 3) or SO(1, 4). ψ̄ is defined as ψ̄ = ψ^†γ^4 for both SO(1, 3) and SO(1, 4).

1.5 SO(2, 3) Gamma Matrix

We define SO(2, 3) gamma matrices γ^′_A in the AdS gravity as follows: γ^′_a ≡ −iγ_5γ_a, γ^′_5 ≡ γ_5. (85) Then γ_a ≡ iγ^′_5γ^′_a, γ_5 ≡ γ^′_5. (86) γ^′_A satisfies {γ^′_A, γ^′_B } = 2δ_{AB}, γ^{′†}_A = γ^′_A. (87) We have taken the Dirac basis for SO(1, 3) gamma matrices γ_A. Then γ^′_A satisfy γ^{′T}_A = −γ^′_A if A = 2, 4, γ^′_A if A = 1, 3, 5,

(88)

γ^{′∗}_A = −γ^′_A if A = 2, 4, γ^′_A if A = 1, 3, 5.

(89) The symmetry generators given by S_{AB} = 1 4i [γ^′_A, γ^′_B ], (90) satisfy the following identities: S^T_{AB} = S_{AB} if (A, B) = (1, 2), (1, 4), (2, 3), (2, 5), (3, 4), (4, 5), −S_{AB} if (A, B) = (1, 3), (1, 5), (2, 4), (3, 5),

(91)

S^†_{AB} = S_{AB}. S_{ab} = s_{ab}. (92) There is a useful formula Z_Aγ_AZ_Bγ_B =Z̸Z̸ = Z^2 = −l^2. (93) Let ψ be a Dirac spinor for the SO(2, 3) group. We define ψ̄ as ψ̄ = ψ^†γ^{′5}γ^{′4}.

References

[1] S. W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38 (1977) 739 [Erratum-ibid. 38 (1977) 1376].

[2] P. C. West, Phys. Lett. B 76 (1978) 569.

[3] K. S. Stelle and P. C. West, Phys. Rev. D 21 (1980) 1466. [4] T. Fukuyama, Annals Phys. 157 (1984) 321.

[5] T. Yanagida, In Proceedings of the Workshop on the Baryon Number of the Universe and Unified Theories, Tsukuba, Japan, 13-14 Feb 1979; M. Gell-Mann, P. Ramond and R. Slansky, In Supergravity, edited by D. Freedman and P. van Nieuwenhuizen (North- Holland, Amsterdam, 1979); R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44 (1980) 912.

[6] T. Fukuyama, arXiv:0902.2820 [hep-th].

[7] T. Kugo and P. K. Townsend, Nucl. Phys. B 221 (1983) 357. [8] M. A. De Andrade, Mod. Phys. Lett. A 10 (1995) 961 [arXiv:hep-th/9411155]. [9] R. Aros, M. Contreras, R. Olea, R. Troncoso and J. Zanelli, Phys. Rev. D 62 (2000) 044002 [arXiv:hep-th/9912045].

[10] T. Fukuyama and K. Kamimura, Nuovo Cim. B 74 (1983) 93. [11] O. Chandia and J. Zanelli, Phys. Rev. D 55 (1997) 7580 [arXiv:hep-th/9702025].