arXiv:0904.2544v5 [gr-qc] 8 Apr 2011

Diffeomorphisms of Gauss’ law in 4-D gravity

Eyo Eyo Ita III April 12, 2011

Department of Applied Mathematics and Theoretical Physics Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road Cambridge CB3 0WA, United Kingdom eei20@cam.ac.uk

Abstract In this paper we show under fairly general criteria that a nonvanishing Gauss’ law function can be transformed into zero using a suitably chosen spatial diffeomorphism.

1

1 Introduction

The Gauss’ law and diffeomorphism constraints (g_a, H_i) in the Ashtekar formulation of general relativity are given by [1]

G_a = D_i~σ^i_a; H_i = ϵ_{ijk} ~σ^j_aB^k_a . (1)

The quantity ~σ^i_a is known as the densitized triad, and plays the role of a Yang–Mills electric field, and B^i_a is the magnetic field of a SO(3, C) gauge connection A^a_i , given by^1

B^i_a = 1 2 ϵ^{ijk} ( ∂_iA^a_j − ∂_j A^a_i + f^{abc}A^b_j A^c_k ) . (2)

The purpose of the present paper is to show that given a nonvanishing Gauss’ law constraint g_a ≠ 0,^2 that it is possible to transform the Gauss’ law constraint g_a into zero using a suitably chosen diffeomorphism. The proof of this will be of use in future papers when one wishes to obtain a reduced phase space for gravity under SO(3, C) gauge transformations and diffeomorphisms. This puts into broader context the rationale for writing this paper, whose main results will constitute an intermediate step in this endeavor. For the present purposes, we will embark upon the construction of that diffeomorphism, given the appropriate caveats, which transforms g_a from a nonzero function into zero.

Consider an infinitesimal general coordinate transformation x → x^′ = ϕ_{⃗N} (x), where x^i are spatial coordinates in some chart of a 3-dimensional spatial manifold Σ. This transformation ϕ_{⃗N} induces an infinitesimal variation of the coordinates δx^i = N^j∂_j x^i = N^i, where N^i = N^i(x) ∈ C^∞(Σ) are smoothly varying parameters. This induces the following transformation of a SO(3, C) gauge connection and densitized triad

δ_{⃗N} ~σ^i_a = N^j∂_j ~σ^i_a − ~σ^j_a∂_jN^i; δ_{⃗N} A^a_i = N^j ∂_jA^a_i + A^a_j (∂_iN^j), (3)

which one recognizes as the Lie derivatives of a contravariant and a covariant 3-vector. From the fields A^a_i and ~σ^i_a can be constructed the Gauss’ law function

G_a = D_i~σ^i_a = ∂_i~σ^i_a + f_{abc}A^b_i ~σ^i_c, (4)

1For index conventions in this paper, symbols from the beginning part of the Latin alphabet denote internal SO(3, C) indices and take values 1, 2 and 3. Spatial indices take on the same values and are denoted by symbols from the middle of the Latin alphabet i, j, k . . . . 2Namely, given a phase space configuration (Ω_{Ash} = ~σ^i_a, A^a_i ) on which the Gauss’ law constraint is not satisfied

where f_{abc} = ϵ_{abc} are the structure constants of SO(3). The Ashtekar formulation of general relativity is invariant under SO(3, C), and one imposes on the starting phase space Ω_{Ash} the condition that G_a be zero. Let there exist a new phase space Ω_{Kin} where the Gauss’ law constraint is not satisfied, which defines a Gauss’ law function G_a ≠ 0. We would like to determine in this paper whether there exists a diffeomorphism ϕ_{⃗n} such that ϕ_{⃗n}(G_a) = 0 for some appropriately chosen 3-vector ⃗N. We will show that this is indeed the case, and we will provide the required ⃗n by explicit construction. The organization of this paper is as follows. Section 2 will demonstrate, at the linearized level, that such a ⃗N exists. The main purpose is to determine the kinetic operator O whose invertibility guarantees such an existence. The operator O^{−1} will be used in the construction of ⃗N to all orders by tree network expansion, which we will carry out in section 3. Section 4 delineates the conditions required for convergence of the tree network expansion, which entails appropriate restrictions on the starting configuration. Section 5 is a brief summary of our results.

2 Preliminary steps at the linearized level

To carry out the aim of this paper, we will first need to determine how the Gauss’ law function G_a in (4) transforms under a spatial diffeomorphism parametrized by a smooth 3-vector valued parameter N^i ∈ C^∞(Σ). The variation of (4) under diffeomorphism is given by

δ_{⃗N} G_a = D_i(δ_{⃗N} ~σ^i_a) + f_{abc}(δ_{⃗N} A^b_i )~σ^i_c, (5)

where we have used (3). We will now substitue (3) into (5), which yields D_i ( N^j∂_j ~σ^i_a − ~σ^j_a∂_j N^i ) + f_{abc} ( N^j∂_j A^b_i + A^b_j (∂_iN^j) ) ~σ^i_c = (∂_iN^j )(∂_j ~σ^i_a) + N^j ∂_i∂_j ~σ^i_a − (∂_i~σ^j_a)(∂_j N^i) − ~σ^j_a∂_i∂_j N^i +f_{abc}A^b_i ( N^j ∂_j ~σ^i_c − ~σ^j_c ∂_j N^i ) + f_{abc} ( N^j ∂_j A^b_i + A^b_j (∂_iN^j) ) ~σ^i_c. (6) The first and third terms on the right hand side of (6) cancel out and the sixth and eight term also cancel out, which can be seen by relabelling of indices. This leaves us with

δ_{⃗N} G_a = N^j∂_j (∂_i~σ^i_a) − ~σ^i_a∂_i∂_j N^i + N^j∂_j (f_{abc}A^b_i ~σ^i_c) = N^j ∂_j (D_i~σ^i_a) − ~σ^j_a∂_j ∂_iN^i, (7)

where we have used the Liebniz rule on the remaining f_{abc} terms in (6), in conjuction with the definition of the covariant divergence (4). The result is that the variation of the Gauss’ law constraint under an infinitesimal diffeomorphism is given by

δ_{⃗N} g_a = N^j ∂_j g_a − ~σ^j_a∂_j ∂_iN^i. (8)

Given that g_a ≠ 0, we would like to determine whether there exists a diffeomorphism ϕ_{⃗N} such that G_a = ϕ_{⃗N} (g_a) = 0. In this section we will find the required N^i at the linearized level, as a preliminary step for carrying out the construction to all orders in the next section. Hence we have G_a = g_a + δ_{⃗N} g_a = 0, which is given by the three equations

g_a + N^j∂_j g_a − ~σ^j_a∂_j ∂_iN^i = 0 (9)

for a = 1, 2, 3. We will assume that (det~σ) ≠ 0 so that its inverse exists. Then equation (9) is equivalent to

(∂_k∂_j − Q_{kj})N^j = q_k, (10)

where we have defined

q_k ≡ (~σ^{−1})^a_kg_a; Q_{kj} ≡ (~σ^{−1})^a_k∂_j g_a. (11)

Equation (10) can be written in the matrix form

∂_1∂_1 − Q_{11} ∂_1∂_2 − Q_{12} ∂_1∂_3 − Q_{13} ∂_2∂_1 − Q_{21} ∂_2∂_2 − Q_{22} ∂_2∂_3 − Q_{23} ∂_3∂_1 − Q_{31} ∂_3∂_2 − Q_{32} ∂_3∂_3 − Q_{33}

N^1 N^2 N^3 = q_1 q_2 q_3 .

A necessary and sufficient condition for the existence of a solution is that the operator-valued matrix ∂_i∂_j − Q_{ij} be invertible. We can rephrase this in terms of symbols for pseudodifferential operators, namely that the following determinant be nonvanishing

det(k_ik_j − Q_{ij} ) = 1 6 ϵ^{ijk}ϵ^{mnl} ( k_ik_mk_nk_kk_l − 3k_ik_mk_j k_nQ_{kl} +3k_ik_mQ_{jn}Q_{kl} − Q_{im}Q_{jn}Q_{kl} ) = 1 2 (detQ) ( (Q^{−1})^{ij} k_ik_j − 2 ) ≠ 0, (12)

where k_i is the momentum space version of the differential operator ∂_i. So we must require that

(Q^{−1})^{ij} = (∂_j g_a)^{−1}~σ^i_a (13)

exist, which is the requirement that (det~σ) and det(∂_j g_a) be nonzero.

One recognizes Δ ≡ (Q^{−1})^{ij} ∂_i∂_j as the Laplacian operator on a 3- Riemannian manifold Σ, Q^{−1} with metric Q^{−1}. Certainly for compact Σ, then the spectrum Spec(Δ) is discrete, exists and varies smoothly with Q_{ij}, and one should expect Δ to be invertible on the orthogonal complement of its null set m. So a necessary condition for the ability to transform G_a to zero at the lineairzed level is that N^i not be a zero mode of Δ.

The result of this section has been to show that the Gauss’ law function g_a ≠ 0 can be transformed to zero at the linearized level using a diffeomorphism parametrized by N^j , given by

N^j = ( ∂_j ∂_k − Q_{kj} )_{−1} (~σ^{−1})^a_kg_a. (14)

There are a few things to note regarding (14). First, there is a direct linear relationship of g_a to the required N^i. Secondly, the validity of this relationship hinges on the invertibility of the differential operator O_{ij} = ∂_i∂_j − Q_{ij}. We will see that the same requirement of invertibility comes into play when one carries out the analogous construction to all orders.

3 Diffeomorphism parameter to all orders

Having shown this to linearized order, we will now show generically that a nonvanishing Gauss’ law function g_a ≠ 0 can be transformed to zero, using only a diffeomorphism ϕ_{⃗n} parametrized by a suitably chosen 3-vector ⃗n, to all orders.^3 This section will delineate, at a formal level, the conditions under which such a ⃗n exists, and will provide and algorithm for computing the required ⃗n to all orders. We would like to solve the triple of equations

G_a = ϕ_{⃗n}(g_a) = 0, (15)

where G_a is the result of applying a finite diffeomorphism ϕ to g_a connected to the identity. First, let us put (15) into the approprite form conducive to application of the inverse function theorem. The diffeomorphism ϕ_{⃗n} can be represented on g_a as an infinite series in the 3-vector ⃗n, of the form

G_a = g_a + O_{ai}n^i + ∞∑ n=2 O_{ai1 i2...in} n^{i1} n^{i2} . . . n^{in} = 0. (16)

Note that the first two terms of (16) are the same as (8) for n^i = N^i. We have also defined the operators O_{ai1 i2...in} = 1 n! ( δng_a δξ^{i1} δξ^{i2} . . . δξ^{in} ) ξ=0 . (17)

In (17) the notation δ signifies a variation by diffeomorphism. We will assume that the solution for n^i avoids any zero modes of O_{ai}, where O_{ai} = ( δg_a δξ^i ) ⃗ξ=0 = ~σ j a∂_j∂_i − ∂_ig_a (18)

as can be read off from (8). Assuming that Det(O_{ai}) ≠ 0, then O^{−1} exists and equation (16) can be re-written as q^i = n^i + q^i_{1i2...in} n^{i1} n^{i2} . . . n^{in} ≡ n^i + f^i[⃗n], (19) 3Our construction will be limited to the local extent to which the inverse function theorem of functional analysis holds.

where f^i is of second order and higher in n^i, and where we have defined q^i ≡ −(O^{−1})^{ia}g_a; q^i_{1i2,...in} = (O^{−1})^{ia}O_{a1112...in} = 1 n! (δg_a δξ^i )_{−1} ξ=0 ( δng_a δξ^{i1} δξ^{i2} . . . δξ^{in} ) ξ=0 . (20)

Note that q^i_{11i2...in} are operators which act to the right in a specific sequence.

Equation (19) can be interpreted in the following way. Let U, V be Banach spaces and U ⊂ U an open set containing 0. Let ⃗q : U → V be a map such that ⃗q(0) = 0 and and ⃗q has a derivative at 0 which is an isomorphism from U to V . Then according to the inverse function theorem, for each small V ∈ V there is a unique small solution ⃗n to the equation ⃗f(⃗n) = ⃗q, and ⃗n varies in a C1 fashion with ⃗q (See e.g. [2] and [3]). The map ⃗q → ⃗f(⃗n) clearly is differentiable at the origin, since ( δqi δn^j ) ⃗n=0 = δ^i_j . (21)

So for (O^{−1})^{ia}g_a ⊂ U, the inverse function theorem guarantees the existence of a solution to (19) and consequently to (15) and (16) if O^{−1} exists for the chosen configuration.

Having delineated the conditions for the existence of a solution, we will now explicitly construct the solution if one exists. To solve (19) we will use the Ansatz n^i = T^i_{j1j2...jm} q^{j1} q^{j2} . . . q^{jm} (22) where the action of the operators T^i_{j1j2...jm} is to the right, which remains to be specified. Substituting (22) into (19) and extracting the source charges q^j, we have the following recursion relation for the operators, preserving the order of operations T^i_{j1j2...jm} + q^i_{1i2...in} T^{i1}_{j11...j1m1} T^{i2}_{j21...j2m2} . . . T^{in}_{j1n1...jnmn} = δ^i_{j1} (23) where m_1 + m_2 + . . . m_n = m and we have used the Einstein summation convention. We will now solve (23) by iteration. To first order (23) yields T^i_{j1} = δ^i_{j1} . (24) To second order we have T^i_{j1j2} = q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2} −→ T^i_{j1j2} = q^i_{j1j2} (25) where we have used (24). To third order (23) yields

T^i_{j1j2j3} = q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3} + q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2j3} + q^i_{1i2} T^{i1}_{j1j2} T^{i2}_{j3} . (26)

Using the results of (24) and (25), this yields T^i_{j1j2j3} = q^i_{j1j2j3} + q^i_{j1i2} q^{i2}_{j2j3} + q^i_{1j3} q^{i1}_{j1j2} . (27) Moving on to foruth order, we have T^i_{j1j2j3j4} = q^i_{1i2i3i4} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3} T^{i4}_{j4} +q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3j4} + q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2j3} T^{i3}_{j4} + q^i_{1i2i3} T^{i1}_{j1j2} T^{i2}_{j3} T^{i3}_{j4} +q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2j3j4} + q^i_{1i2} T^{i1}_{j1j2} T^{i2}_{j3j4} + q^i_{1i2} T^{i1}_{j1j2j3} T^{i2}_{j4} . (28) Using the results of (24), (25) and (27), we have

T^i_{j1j2j3j4} = q^i_{j1j2j3j4} + q^i_{j1j2i3} q^{i3}_{j3j4} + q^i_{j1i2j4} q^{i2}_{j2j3} + q^i_{1j3j4} q^{i1}_{j1j2} +q^i_{j1i2} q^{i2}_{j2j3j4} + q^i_{j1i2} q^{i2}_{j2i′2} q^{i′2}_{j3j4} + q^i_{j1i2} q^{i2}_{i′1j4} q^{i′4}_{j2j3} +q^i_{1j4} q^{i1}_{j1j2j3} + q^i_{1j4} q^{i1}_{j1i′2} q^{i′2}_{j2j3} + q^i_{1j4} q^{i1}_{i′1j3} q^{i′1}_{j1j2} . (29) This process can be carried out to any order desired. The expressions (29), (27), (25) and (24) can be substituted into (22), yielding an infinite series of tree network diagrams.

4 Convergence arguments

We will now establish requirements for some notion of convergence for the expansion (22), corresponding to the existence of solutions ⃗n to (19). Let n^i ∈ U and q^i ∈ V where U, V are Banach spaces defined at each spatial point x with Dim(U) = Dim(V ). Define the following pointwise norms, pointwise in the sense that they are defined at each spatial point x ∈ Σ, ‖⃗n‖ = √ |n^1|^2 + |n^2|^2 + |n^3|^2 ≡ n; A_n = √ ∑ i,i_1...i_n ‖q^i_{1i2...in} ‖^2 (30)

with q^i_{1i2,...in} as defined in (20), and ‖⃗q‖ = √ |q^1|^2 + |q^2|^2 + |q^3|^2 ≡ q. (31) Application of the Cauchy–Schwarz and triangle inequalities to (19) implies that equation (19) must satisfy the following inequality ‖n^i‖ ≤ ‖q^i‖ + ‖q^i_{1i2...in} ‖‖⃗n‖^n. (32) This can be written as n ≤ q + g(n); g(n) = ∞∑ p=2 A_pn^p, (33) where g ≥ |f(|n|). We will first delineate criteria for the existence of solutions of (19) based on norm inequalities.

The inequality (33) can be visualized relative to the intersection points p of the graphs y = x and y = q + g(x), where g(x) is of order n^2 and higher in x. If p_n = ∅, then our algorithm is not sufficient to determine whether a solution to (19) exists, therefore we will restrict attention to configurations for which p ≠ ∅. When p ≠ ∅, then define p_1 = a and p_2 = b for b ≥ a be the intersection points. Then there are three cases to consider: (i) For n < a, then the bound (33) is satisfied and |⃗n| < a for any ⃗n solving (19). In this case we can define a ≡ n_{max}, which implies that |⃗n| ≤ n_{max} for all configurations. (ii) For a < n < b the inequality (33) is violated, and there are no solutions of (19). (iii) Lastly, for n > b the inequality (33) is satisfied. But this does not place any bound on n, and so it cannot be concluded based on our method whether a solution exists or not.

We will now establish criteria for convergence of the solution to (19) by fixed point iteration based on case (i). Define a sequence n^i_{(n)} where n^i_{(0)} = q^i and the following recursion relation holds

n^i_{(n+1)} = q^i + f^i[⃗n_{(n)}]. (34)

Then the full solution, if convergent, is given by n^i = lim_{n→∞}n^i_{(n)}, which we propose is given by the expansion (22). To establish criteria for convergence, let us subtract sucessive terms of (34)

n^i_{(n+1)} − n^i_{(n)} = f^i[⃗n_{(n)}] − f^i[⃗n_{(n−1)}] = ∫ dt d dt f^i[⃗u], (35)

where we have defined u^i = n^i_{(n−1)} + t(n^i_{(n)} − n^i_{(n−1)}). Then we have

n^i_{(n+1)} − n^i_{(n)} =

∫_1 0 dt ( δf i δu^j ) (n^j_{(n)} − n^j_{(n−1)}). (36)

Note that the operator δf^i/δu^j must satisfy the following norm inequality ‖ ‖( δf^i δu^j )‖ ‖ ≤ ( ∂g ∂n ) ⃗n=⃗n_{max} ≡ k (37)

for some k which depends on the configuration, where g is given by (33). Then (36) implies the following norm inequality ‖⃗n_{(n+1)} − ⃗n_{(n)}‖ ≤ k‖⃗n_{(n)} − ⃗n_{(n−1)}‖ ≤ k^n‖⃗n_{(1)} − ⃗n_{(0)}‖. (38) A sufficient condition for convergence is that k < 1, which is pointwise in the sense that k must be evaluated for the configuration Ω_{Kin} at each point in Σ once suitable norms for the operators have been defined. Since n^i_{(1)} −n^i_{(0)} = f^i(⃗n_{(0)}) = f^i(⃗q), then equation (38) can be computed explicitly for each configuration and convergence assessed.

5 Summary

The main result of this paper is as follows. We have shown under farily general criteria that given a Gauss’ law function g_a ≠ 0, which is a nonvanishing function on phase space Ω_{Ash} = (~σ^i_a, A^a_i ), it is possible generically to transform this function into zero using a suitable chosen spatial diffeomoprhism ϕ_{⃗n}. We first carried out the demontration at the linearized level, which hinges upon the invertibility of a certain second order differential operator O. Using the operator O, we then extended this result to all orders in a formal perturbative expansion. The final solution was written in terms of tree network diagrams of infinite order. The convergence of the expansion is limited by the inverse function theorem, which is linked to the (local) invertibility of O as well as appropriate domain restrictions on the phase space configurations defining the fixed point iteration procedure utilized. The usefullness of this result will come into play when one attempts to obtain a reduced phase space from gravity, which entails solving the Gauss’ law and diffeomorphism constraints in conjunction with gauge-fixing procedures. We have relegated this endeavor for future research.

References

[1] Ahbay Ashtekar. ‘New perspectives in canonical gravity’, (Bibliopolis, Napoli, 1988).

[2] Richard R. Goldberg ‘Methods of Real Analysis’ Blaisdell Publishing Co. 1963

[3] Norman B. Haaser and Joseph Sullivan ‘Real Analysis’ Dover Publications INC., New York 1991