arXiv:0904.2915v2 [hep-th] 1 May 2009

Anomaly analysis of Hawking radiation from 2+1 dimensional spinning black hole

Shao-Wen Wei^∗ , Ran Li^†, Yu-Xiao Liu^‡ and Ji-Rong Ren Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, P. R. China

Considering gravitational and gauge anomalies at the horizon, a new successful method that to derive Hawking radiations from black holes has been developed recently by Wilczek et al.. By using the dimensional reduction technique, we apply this method to a non-vacuum solution, the 2+1 dimensional spinning black hole. The Hawking temperature and angular velocity on the horizon are obtained. The results may partially imply that this method is independent of the gravity theory, the dimension of spacetime and the topological structure of the event horizon.

PACS numbers: 04.62.+v, 04.70.Dy, 11.30.-j Keywords: Hawking radiation, Gauge and Gravitational Anomalies

I. INTRODUCTION

The discovery of Hawking radiation [1] reveals that the black hole is not completely black but can emit radiation from its event horizon like a black body at the temperature T =^κ_{2π} . This raises the interest of investigation for the Hawking radiation. Apart from the original derivation, one of the derivations is the tunneling method, which based on pair creations of particles and antiparticles near the horizon through calculating WKB amplitudes for classically forbidden trajectories [2, 3]. Some new important results of tunneling method can be found in [4, 5].

A couple of years ago, a new method to obtain the Hawking radiation was proposed by Robinson and Wilczek et al [6]. The facts, a black hole’s horizon is a one way membrane and the effective theory near it is a two-dimensional theory, lead to the gauge and gravitational anomalies for the currents near a black hole’s horizon. By solving these anomaly equations with the regular conditions, one may regard the Hawking radiation as the compensation of the anomaly to break the classical symmetry. The result was first obtained from a static and spherically symmetric Schwarzschild-type black hole. Soon, this method is extended to charged and rotating black holes [7, 8]. In fact, there are two anomalous currents, the consistent current and the covariant current. The consistent current anomaly equation satisfies the Wess Zumino consistency condition. But under a gauge transformation, it does not transform covariantly. On the other hand, Banerjee and Kulkarni [9, 10] introduced another covariant current, which transforms under gauge transformation, but does not satisfy the Wess Zumino consistency condition. As was shown later, the anomaly cancellation method has been successfully extended to other black hole cases [11]-[53]. For these black holes, with the different gravity theory, the dimension of spacetime, the topological structure of the event hori-

∗E-mail: weishaow06@lzu.cn †E-mail: liran05@lzu.cn ‡Corresponding author. E-mail: liuyx@lzu.edu.cn

zon, the result is universal. It also can be seen that the thermal distribution of Hawking radiation can be completely reproduced by investigating transformation properties of the higher-spin currents under conformal and gauge transformations [51, 53, 54].

In this letter, we would like to investigate the spinning black hole using this method. Different from the generally black holes solutions, the metric component g_{tt} has no singular when r → r_h (the radius of event horizon). This non-vacuum solution was presented by Chan and Mann in [55, 56]. Other spinning Solutions in 2 + 1 dimensional Gravity can be found in [57]. Its entropy was also studied in [58], where they showed that the entropy diverges when h → 0, where h is the radial coordinate distance from the horizon to the brick wall. Recently, it is found that the wave equations of a massless scalar field is shown to be exactly solvable in terms of hypergeometric functions for a slowly spinning black hole and the asymptotic form of the quasinormal frequencies are obtained [59]. Base on the above considerations, we want to known whether the Hawking radiation can be obtained from the anomaly method for the spinning black hole under the gravity theory. Firstly, we will perform a dimensional reduction of an action given by a complex scalar field minimally coupled to gravity in the background of a (2+1)-dimensional spinning black hole. The result shows that the theory is reduced to an effective theory of an infinite collection of (1+1)-dimensional scalar fields near the horizon. We found that, after the dimensional reduction, an effective U(1) gauge field is generated by an angular isometry. The azimuthal quantum number m serves as the charge of each partial wave, and this result accords with that of [8]. Through studying the gauge and gravitational anomalies, we obtain the Hawking flux.

The paper is organized as follows. In section II, we review the basic properties of (2+1)-dimensional spinning black hole and carry out the dimensional reduction. It’s Hawking radiation is derived via anomalies in section III. Finally, the paper ends with a brief summary.

II. QUANTUM FIELD IN SPINNING BLACK HOLE

In this section we will give a brief review of the spinning black hole and carry out the dimensional reduction. The action which leads to spinning black hole solutions is [56] S = ∫ d^3x √ −g ( R − 4(∇ϕ)^2 + 2e^{bϕ}Λ ) , (1)

where Λ is the cosmological constant and ϕ is the dilaton field.

A family of spinning black hole solutions were presented in [56] with the metric given by

ds^2 = − ( 8Λr^N (3N − 2)N + ηr^{1− N2} ) dt^2 + 1 [ 8Λr^N (3N−2)N + ( η −^{2Λγ2} (3N−2)Nη ) r^{1− N}2 ] dr^2

−γr^{1− N2} dtdθ + ( r^N − γ^2 4η r^{1− N2} ) dθ^2, (2)

where the mass M, angular momentum J and parameter η are given by M = N 2 [ 2Λγ^2 (3N − 2)Nη ( 4 N − 3 ) − η ] , (3) J = 3N − 2 4 γ, (4) η = − M N − √ M^2 N^2 + ( 4 N − 3 ) 2Λγ^2 (3N − 2)N . (5)

Here, η and γ are integration constants. For the action contains a static dilaton fluid whose energy momentum tensor is nowhere vanishing, it is a non-vacuum solution. For the dilaton coupling parameters N = 1, the quasinormal modes and the area spectrum have been studied in detail in [59]. In this paper, we will also focu on the case of N=1 and the metric for this spinning black hole is reduced to

ds^2 = −f(r)dt^2 + dr^2 h(r) − 4Jrdθdt + p^2(r)dθ^2, (6) with f(r) = ( 8Λr^2 − (M + √ M^2 + 32ΛJ^2)r ) , (7) h(r) = 4Λr − M 2r , (8)

p^2(r) = ( r^2 + (−M + √ M^2 + 32ΛJ^2) 8Λ r ) . (9)

After some calculations, we found there exists a special relationship between these metric functions,

fp^2 + 4J^2r^2 = 4r^4h. (10)

The horizon is located at h(r) = 0 and is given by

r_H = M 4Λ . (11)

It is clear that f(r) and p(r) are non-singular at r = r_H . The determinant of the metric is

g = −4r^4, (12)

and non-zero metric coefficients can be simplified with (10),

g^{00} = − p^2 4hr^4 , g^{02} = g^{20} = − J 2hr^3 , g^{11} = h, (13)

g^{22} = f 4hr^4 . Next, we will carry out the dimensional reduction for this metric background. Considering a action functional constructed from a complex scalar field: S = 1 2 ∫ d^3x √ −gΦ^∗∇^2Φ. (14)

The Laplace-Beltrami operator ∇^2 is defined by

∇^2 ≡ 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν ). (15) Substituting Eqs. (13) and (15) into (14), we can obtain S = 1 2 ∫ d^3xΦ^∗ [ − p^2 2hr^2 ∂^2_t − 2J hr ∂_t∂_θ + ∂_r(2r^2h∂_r) + f 2hr^2 ∂^2_θ ] Φ. (16)

Performing the partial wave decomposition, Φ = ∑ m φ_m(r, t)e^{imθ} and integrating the angle coordinate part, the above action will be reduced to S = π ∑ m ∫ dtdrφ^∗_m [ − p^2 2hr^2 (∂_t + 2imJr p^2

)^2

+ ∂_r(2r^2h∂_r) − m^2

2r^2 p^2 ] φ_m.(17)

It can be seen that the action is reduced to an infinite set of the scalar fields φ_m on a two-dimensional space. It is convenient to define a tortoise coordinate to discuss the behavior of the action near the horizon. The tortoise coordinate can be defined as dr_∗ dr = 1 h . (18)

After this coordinate transform, the last term appears in (17) is −^{2m2r2h}_{p2} , which will vanish as r → r_H . Ignoring it, the final effective two-dimensional action can be rewritten as S = π ∑ m ∫ dtdrφ^∗_mp [ − p 2hr^2 (∂_t + 2imJr p^2

)^2

+ ∂_r(

2r^2h p ∂_r) ] φ_m. (19)

After undergoing the dimensional reduction near the horizon, we could see that each partial wave of the scalar field can be effectively described by an infinite collection of complex scalar field in the background of a (1+1)- dimensional metric:

ds^2 = −F (r)dt^2 + F^{−1}(r)dr^2 , (20)

where F =^{2hr2}_{p(r)} . The dilaton field and gauge potential A_μ is given by

Ψ = 2πp, A_t = − 2Jr p^2

, A_r = 0. (21)

III. HAWKING RADIATION OF SPINNING BLACK HOLE

For the U(1) gauge current J_μ, the consistent form of anomaly is given by

∇_μJ^μ = ± m^2 4π ϵ^{μν} ∂_μA_ν , (22)

where +(−) corresponds to the left(right)-handed fields and ϵ^{μν} is antisymmetric with ϵ^{01} = 1. The current J^μ appeared in (22) is not a covariant current. However, covariant current can be defined as

J̃^μ = J^μ ∓ m^2 4π A_λϵ^{λμ}, (23)

which satisfies

∇_μJ̃^μ = ± m^2 4π ϵ_{μν} F^{μν} . (24)

The consistent current can be written as a sum of two regions, outside the horizon and near the horizon ,

J^μ = J^μ_{(O)}Θ_+(r) + J^μ_{(H)}H(r), (25)

where Θ_+(r) = Θ(r − r_H − ϵ) and H(r) = 1 − Θ_+(r) are step functions which are defined in the region r ≥ r_H . J^μ_{(O)}(r), the current outside the horizon, is conserved and satisfies ∂_r [ J^r_{(O)} ] = 0. (26)

While J^μ_{(H)}(r), the current near the horizon, satisfies the anomalous equation ∂_r [ J^r_{(H)} ] = m^2 4π ∂_rA_t. (27)

Eqs. (26) and (27) can be easily integrated as, respectively,

J^r_{(O)} = c_O,

J^r_{(H)} = c_H + m^2 4π (A_t(r) − A_t(r_H )), (28)

where c_O and c_H are integration constants. c_O is the value of the electric flux.

Considering a variation of quantum effective action W under a gauge transformation with gauge parameter ζ, − δW = ∫ d^2xζ∇_μJ^μ = ∫ d^2xζ [ ∂_r ( m^2 4π A_tH(r) )

+δ(r − r_H − ϵ) ( (J^r_{(O)} − J^r_{(H)}) + m^2 4π A_t ) ] ,(29)

The coefficient of the delta function in the above equation should vanish. This leads to the result

c_O = c_H − m^2 4π A_t(r_H ). (30)

Imposing the condition that the covariant current vanishes at the horizon, the value of the current can be fixed at the horizon

c_H = − m^2 4π A_t(r_H ). (31)

Then the electric flux is obtained

c_O = − m^2 2π A_t(r_H ) = m^2 2π 16JΛ (M + √ M^2 + 32ΛJ^2)

, (32)

This agrees with the current flow associated with the Hawking thermal (blackbody) radiation.

For the energy-momentum tensor, the anomalous Ward identity is given by

∇_μT^μ_ν = F_{μν} J^ν + A_ν = F_{μν} J^ν − 1 96π ϵ_{μν} ∂^μR (33)

with A_μ is the covariant gravitational anomaly. For the metric (20), the covariant anomaly is purely time-like for A_r = 0. The energy-momentum tensor can be decomposed as

T^μ_ν = T^μ_{ν(O)}Θ_+(r) + T^μ_{ν(H)}H(r). (34)

Outside the horizon, we get ∂_r [ T^r_{t(O)} ] = J^r_{(O)}∂_rA_t. (35)

Near the horizon, we have the anomalous equation ∂_r [ T^r_{t(H)} ] = [ J^r_{(H)}∂_rA_t + A_t∂_rJ^r_{(H)} ] + ∂_rN^r_t , (36)

where N^r_t is given by

N^r_t = 1 96π ϵ^{μν} ∂_ν Γ^r_{tμ}. (37)

Integrating these two equations, we obtain

T^r_{t(O)} = a_O + c_OA_t,

T^r_{t(H)} = a_H + ∫_r r_h dr∂_r ( c_OA_t + m^2 4π A^2_t + N^r_t ) .(38)

Under the infinitesimal general coordinate transformations, the effective action transforms as − δW = ∫ d^2xξ^τ ∇_μT^μ_t = ∫ d^2xξ^t { c_O∂_rA_t + ∂_r [ ( m^2 4π A^2_t + N^r_t ) H ]

+δ(r − r_H − ϵ) [ (T^r_{t(O)} − T^r_{t(H)}) + N^r_t + m^2 4π A^2_t ]} . (39)

The coefficient of the delta function term need to vanish at the horizon,

a_O = a_H + m^2 4π A^2_t (r_H ) − N^r_t (r_H ). (40)

Imposing a vanishing condition for the covariant energymomentum tensor at the horizon, which gives the equation

a_H = 2N^r_t (r_H ). (41)

The total flux of the energy-momentum tensor is given by a_O = m^2 4π A^2_t (r_H ) + N^r_t (r_H ). (42)

From (37) and metric (20), we can calculate

N^r_t (r_H ) = 1 192π ( F )_{′2}| r_H = π 12β^2

. (43)

So we have

a_O = m^2 4π V^2 + π 12β^2

, (44)

where V^2 = (^{2Jr}_{p2} |_{r=rH} )^2. Note that the flux is proportional to (T_H )^2 with T_H =^1_β , the Hawking temperature of the black hole. Its temperature and angular velocity at the horizon are given by, respectively,

T_H = 1 4π ( 1 16Λ^2 + J^2 MΛ(M + √ M^2 + 32ΛJ^2)

)_− 1_2 , (45)

Ω = | A_t |_{r=rH} = 2Jr_H p(r_H )^2 = 2J (r_H +^{(−M+} √ M^2 +32ΛJ^2 )

8Λ ) , (46)

the same with that of [59]. Until now, we have calculated the gauge current and energy-momentum tensor flux. The results show that these fluxes are exactly equivalent to Hawking radiation from the event horizon. IV. SUMMARY

In this paper, we obtain the Hawking flux from a nonvacuum solution, (2+1)-dimensional spinning black hole, by using the method of quantum anomalies. Firstly, by integrating the action given by a scalar field minimally coupled to gravity in the background of black hole near the horizon, we obtain a (1+1)-dimensional effective action, which means physics near the horizon can be described with an infinite collection of massless (1+1)- dimensional scalar fields. It is also found that, after the dimensional reduction, an effective U(1) gauge field is generated by an angular isometry. The azimuthal quantum number m serves as the charge of each partial wave. Then, considering the quantum anomalies near the horizon, we obtain the exact Hawking flux. The results may partially imply that this method is independent of the gravity theory, the dimension of spacetime and the topological structure of the event horizon.

Acknowledgement

This work was supported by Program for New Century Excellent Talents in University, the National Natural Science Foundation of China(NSFC)(No. 10705013), the Doctoral Program Foundation of Institutions of Higher Education of China (No. 20070730055), the Key Project of Chinese Ministry of Education (No. 109153) and the Fundamental Research Fund for Physics and Mathematics of Lanzhou University (No. Lzu07002).

[1] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). [2] M. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000), arXiv:hep-th/9907001.

[3] E. C. Vagenas, Phys. Lett. B 503, 399 (2001), arXiv:hep-th/0012134; Mod. Phys. Lett. A 17, 609 (2002), arXiv:hep-th/0108147; Phys. Lett. B 533, 302 (2002), arXiv:hep-th/0109108.

[4] R. Banerjee and B. R. Majhi, Phys. Lett. B 662, 62

(2008), arXiv:0801.0200[hep-th]; R. Banerjee and B. R. Majhi, JHEP 0806, 095 (2008), arXiv:0805.2220[hep-th]; R. Banerjee and B. R. Majhi, Phys. Lett. B 675, 243 (2009), arXiv:0903.0250[hep-th].

[5] V. Akhmedova, T. Pilling, A. d. Gill and D. Singleton, Phys. Lett. B 673, 227 (2009), arXiv:0808.3413[hep-th].

[6] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 95, 011303 (2005), arXiv:gr-qc/0502074.

[7] S. Iso, H. Umetsu and F. Wilczek, Phys. Rev. Lett. 96, 151302 (2006), arXiv:hep-th/0602146.

[8] S. Iso, H. Umetsu and F. Wilczek, Phys. Rev. D 74,044017 (2006), arXiv:hep-th/0606018.

[9] R. Banerjee and S. Kulkarni, Phys. Rev. D 77,024018 (2008), arXiv:0707.2449[hep-th].

[10] R. Banerjee and S. Kulkarni, Phys. Lett. B 659, 827 (2008), arXiv:0709.3916[hep-th].

[11] E. C. Vagenas and S. Das, JHEP 0610, 025 (2006), arXiv:hep-th/0606077.

[12] K. Murata and J. Soda, Phys. Rev. D 74, 044018 (2006), arXiv:hep-th/0606069.

[13] M. R. Setare, Eur. Phys. J. C 49, 865 (2007), arXiv:hep-th/0608080.

[14] S. Iso, T. Morita and H. Umetsu, JHEP 0704, 068 (2007), arXiv:hep-th/0612286.

[15] Q.-Q. Jiang and S.-Q. Wu, Phys. Lett. B 647, 200 (2007), arXiv:hep-th/0701002.

[16] Q.-Q. Jiang, S.-Q. Wu and X. Cai, Phys. Rev. D 75, 064029 (2007), arXiv:hep-th/0701235.

[17] K. Xiao, W. Liu and H. Zhang, Phys. Lett. B 647, 482 (2007), arXiv:hep-th/0702199.

[18] H. Shin and W. Kim JHEP 0706, 012 (2007), arXiv:0705.0265[hep-th].

[19] J.-J. Peng and S.-Q. Wu, Chin. Phys. B 17, 825 (2008), arXiv:0705.1225[hep-th].

[20] S. Das, S. P. Robinson, E. C. Vagenas, Int. J. Mod. Phys.

D 17, 533(2008), arXiv:0705.2233[hep-th].

[21] B. Chen and W. He, Class. Quant. Grav. 25, 135011 (2008), arXiv:0705.2984[gr-qc].

[22] Q.-Q. Jiang, S.-Q. Wu and X. Cai, Phys. Lett. B 651, 65 (2007), arXiv:0705.3871[hep-th].

[23] S.-Q. Wu and J.-J. Peng, Class. Quant. Grav. 24, 5123 (2007), arXiv:0706.0983[hep-th].

[24] W. Kim and H. Shin, JHEP 0707, 070 (2007), arXiv:0706.3563[hep-th].

[25] K. Murata and U. Miyamoto, Phys. Rev. D 76, 084038 (2007), arXiv:0707.0168[hep-th].

[26] J.-J. Peng and S.-Q. Wu, Gen. Rel. Grav. 40, 2619 (2008), arXiv:0709.0167[hep-th].

[27] Z. Z. Ma, Int. J. Mod. Phys. A 23, 2783 (2008), arXiv:0709.3684[hep-th].

[28] S. Iso, T. Morita and H. Umetsu, Phys. Rev. D 77, 045007 (2008), arXiv:0710.0456[hep-th].

[29] S. Gangopadhyay and S. Kulkarni, Phys. Rev. D 77, 024038 (2008), arXiv:0710.0974[hep-th].

[30] C.-G. Huang, J.-R. Sun, X. Wu and H.-Q. Zhang, Mod.

Phys. Lett. A 23, 2957 (2008), arXiv:0710.4766[hep-th]. [31] J.-J. Peng and S.-Q. Wu, Phys. Lett. B 661, 300 (2008), arXiv:0801.0185[hep-th].

[32] X. Wu, C.-G. Huang and J.-R. Sun, Phys. Rev. D 77, 124023 (2008), arXiv:0801.1347[gr-qc].

[33] S. Kulkarni, Class. Quant. Grav. 25, 225023 (2008), arXiv:0802.2456[hep-th].

[34] S.-Q. Wu, J.-J. Peng and Z.-Y. Zhao, Class. Quant. Grav.

25, 135001 (2008), arXiv:0803.1338[hep-th].

[35] K. Lin, X. X. Zeng and S. Z. Yang, Chin. Phys. Lett.

25, 390 (2008); Y. W. Han, X. X. Zeng and S. Z. Yang, Int. J. Theor. Phys. 47, 2011 (2008); X. X. Zeng, S. Z. Yang and D. Y. Chen, Chin. Phys. B 17, 1629 (2008); K. Lin, S. Z. Yang and X. X. Zeng, Chin. Phys. B 17, 2804 (2008); S. W. Chen, X. W. Liu, K. Lin, X. X. Zeng and S. Z. Yang, Commun. Theor. Phys. 50, 537 (2008); X. W. Liu, X. X. Zeng, S. W. Chen, K. Lin and S. Z.

Yang, Commun. Theor. Phys. 50, 541 (2008). [36] S. Gangopadhyay, Phys. Rev. D 78, 044026 (2008), arXiv:0803.3492[hep-th].

[37] W. Kim, H. Shin and M. Yoon, J. Korean Phys. Soc. 53, 1791 (2008), arXiv:0803.3849[gr-qc].

[38] K. Umetsu, Prog. Theor. Phys. 119, 849 (2008), arXiv:0804.0963[hep-th].

[39] S. Ghosh, Unifying The Tunneling And Anomaly Phenomena In Hawking Radiation, to appear in Mod. Phys. Lett. A, arXiv:0804.2999[hep-th].

[40] R. Banerjee, Int. J. Mod. Phys. D 17, 2539 (2009), arXiv:0807.4637[hep-th].

[41] R. Becar, P. Gonzalez, G. Pulgar and J. Saavedra, Anomaly and Hawking radiation from Unruh’s and Canonical acoustic black hole, arXiv:0808.1735[gr-qc].

[42] R. Banerjee and B. R. Majhi, Phys. Lett. B 674, 218 (2009), arXiv:0808.3688[hep-th].

[43] S. Gangopadhyay, Europhys. Lett. 85, 10004 (2009), arXiv:0809.4572[hep-th].

[44] A. P. Porfyriadis, Hawking radiation via anomaly cancelation for the black holes of five-dimensional minimal gauged supergravity, to appear in Phys. Rev. D, arXiv:0811.2822[hep-th].

[45] R. Banerjee and B. R. Majhi, Phys. Rev. D 79, 064024 (2009), arXiv:0812.0497[hep-th].

[46] E. Papantonopoulos and P. Skamagoulis, Hawking Radiation via Gravitational Anomalies in Nonspherical Topologies, to appear in Phys. Rev. D, arXiv:0812.1759[hep-th].

[47] S.-W. Wei, R. Li, Y.-X. Liu and J.-R. Ren, Anomaly analysis of Hawking radiation from Kaluza-Klein black hole with squashed horizon, arXiv:0901.2614[hep-th].

[48] S. Nam and J. D. Park, Hawking radiation from covariant anomalies in 2+1 dimensional black holes, arXiv:0902.0982[hep-th].

[49] T. Morita, Modification of Gravitational Anomaly Method in Hawking Radiation, arXiv:0902.3885[hep-th].

[50] A. Shirasaka and T. Hirata, Higher Derivative Correction to the Hawking Flux via Trace Anomaly, arXiv:0804.1910[hep-th].

[51] S. Iso, T. Morita and H. Umetsu, Phys. Rev. D 75, 124004 (2007), arXiv:hep-th/0701272; Phys. Rev. D 76, 064015 (2007), arXiv:0705.3494[hep-th]; Nucl. Phys. B 799, 60 (2008), arXiv:0710.0453[hep-th]; Phys. Rev. D 77, 045007 (2008), arXiv:0710.0456[hep-th].

[52] R. Banerjee and S. Kulkarni, Hawking Radiation, Covariant Boundary Conditions and Vacuum States, to appear in Phys. Rev. D, arXiv:0810.5683[hep-th].

[53] S. Iso, Int. J. Mod. Phys. A 23, 2082 (2008), arXiv:0804.0652[hep-th].

[54] L. Bonora and M. Cvitan, JHEP 0805, 071 (2008), arXiv:0804.0198[hep-th].

[55] K. C. K. Chan, Phys. Lett. B 373, 296 (1996), arXiv:gr-qc/9509032.

[56] K. C. K. Chan, R. B. Mann, Phys. Lett. B 371, 199 (1996), arXiv:gr-qc/9510069.

[57] C.-M. Chen , Nucl. Phys. B 544, 775 (1999), arXiv:hep-th/9810245.

[58] M.-H. Lee, H.-C. Kim and J. K. Kim, Phys. Lett. B 388, 487 (1996), arXiv:hep-th/9603072.

[59] S. Fernando, Spinning Dilaton Black Holes in 2 +1 Dimensions: Quasi-normal Modes and the Area Spectrum, arXiv:0903.0088[hep-th].