arXiv:0904.3639v2 [physics.gen-ph] 30 Apr 2009

The Mass of the Neutrinos

B.G. Sidharth International Institute for Applicable Mathematics & Information Sciences Hyderabad (India) & Udine (Italy) B.M. Birla Science Centre, Adarsh Nagar, Hyderabad - 500 063 (India)

Abstract

In the theory of the Dirac equation and in the standard model, the neutrino is massless. Both these theories use Lorentz invariance. In modern approaches however, spacetime is no longer smooth, and this modifies special relativity. We show how such a modification throws up the mass of the neutrino.

1 Introduction

Today we know that neutrinos are described by the two component equation. Such an equation has a long history. It was proposed by Hermann Weyl as long ago as 1929. He argued that it would represent a massless Fermion. However the suggestion was soon rejected because such a particle would not be invariant under the parity transformation. Later experiments showed the non conservation of parity in beta decay, as suggested by Yang and Lee. Salam and Landau then proposed that neutrinos obey the Weyl equation, discarded nearly thirty years earlier. The Weyl equation itself is given by [1] ıh̄∂_tϕ = c⃗σ · pϕ (1) This equation brings out particles with definite helicity states, and satisfies the condition for neutrinos. Though the Weyl equation differs from the four component Dirac equation, it is well known that the massless Dirac equation too can represent a neutrino, provided an extra constraint is satisfied. As we will briefly see below, the solutions of the Dirac equation preserve parity, while the constraint removes two of the four components of the Dirac solution, which thus makes the solution non invariant under parity. We can examine this a little more carefully, by starting with the Dirac equation for a massless particle ıγ_μ∂^μψ(x) = 0 (2)

which in Hamiltonian form reads ı∂_tψ(x) = −ıγ^0⃗γ · ∇ψ(x) (3) In the usual representation

γ^0 = ( I 0 0 − I ) γ_5 = −ı ( 0 I I 0 ) (4)

⃗γ = ( 0 ⃗σ −⃗σ 0 ) (5) We also need ∑ = ( ⃗σ 0 0 ⃗σ ) = ıγ_5γ^0⃗γ (6)

The Hamiltonian can now be written in the form H = ıγ_5 ∑ ·p = ıγ_5|p|s(p)] (7)

We can see from (7) that the eigenfunctions of H and s(p) are eigenfunctions of ıγ_5. The four linearly independent solutions of Hu = p_0u with the z axis as the direction of p are given by: 1 0 1 0

0 1 0 −1

−1 0 1 0

0 1 0 1 (8)

The eigenvalue of ıγ_5 for these solutions are summarized in Table 1.

The first two spinors in (8) represent positive energy solutions while the last two represent negative energy solutions. Their helicities are given by respectively +1, −1, +1 and −1.

Table 1:

P_0 Helicity Eigenvalue of ıγs + +1 +1 + −1 −1 − +1 −1 − −1 +1

As can be seen, the eigenvalue of ıγ_5 for a positive energy solution is the same as that of the helicity operator. For a negative energy solution on the other hand, the eigenvalue of ıγ_5 is opposite that of the helicity operator. As is well known a neutrino is described by a two-component equation, the plane wave solutions of which have the property that for p_0 = +|p| the helicity is −1, and for p_0 = −|p| the helicity is +1. For this we require that the plane wave solutions of (3) need also to satisfy:

ψ = −ıγ_5ψ (9)

This constraint is invariant for proper Lorentz transformations. To put it another way, if ψ is a four-component spinor satisfying (3), the spinor ψ_n defined by ϕ = 1 2 (1 − ıγ_5)ψ (10)

satisfies the condition (9) If

γ^0 = ( 0 I I 0 ) γ = ( 0 ⃗σ −⃗σ 0 ) (11)

γ_5 = ı ( I 0 0 − I ) (12)

then the spinor ϕ is essentially a two-component quantity since the projection operator^1_2 (1 − ıγ_5) annihilates the two lower components. The twocomponent spinor ϕ satisfies the equation

− σ · pϕ = p_0ϕ (13)

As we can see if we multiply (3) by^1_2 (1 − ıγ_5).

However the SuperKamiokande experiment [2] clearly showed that the neutrino has a small mass. On the other hand according to the standard model the neutrino should be massless [3]. So in recent years there has been much work on going beyond the standard model in order to explain amongst other things, the neutrino mass. Currently, the dominant view is that the neutrino mass oscillation arises from the MSW mechanism.

We would now like to deduce the neutrino mass from a slightly different perspective, and argue that it is a result of a fuzzy spacetime structure, resulting in a modified Dirac equation.

2 Modified Dirac Equation

Our starting point is the fact that, if there is a minimum fundamental length l, the usual Quantum Mechanical commutation relations get modified as shown by Snyder a long time ago [4, 5, 6, 7]. These relations are now replaced by [x, p] = h̄^′ = h̄[1 + ( l h̄ )_2

p^2] etc (14)

(Cf. also ref.[8]). (14) shows that effectively h̄ is replaced by h̄^′. So,

E = [m^2 + p^2(1 + l^2p^2)^{−2}]^{12}

or, the energy-momentum relation leading to the Klein-Gordon Hamiltonian being modified to the so called Snyder-Sidharth Hamiltonian [9],

E^2 = m^2 + p^2+ ∝ l^2p^4, (15)

neglecting higher order terms and using natural units, c = 1 = h̄. For Fermions the analysis can be more detailed, in terms of Wilson lattices [10]. The free Hamiltonian now describes a collection of harmonic fermionic oscillators in momentum space. Assuming periodic boundary conditions in all three directions of a cube of dimension L^3, the allowed momentum components are q ≡ { q_k = 2π L v_k; k = 1, 2, 3 } , 0 ≤ v_k ≤ L − 1 (16)

(16) finally leads to

E_q = ± ( m^2 + 3∑ k=1 a^{−2}sin^2q_k )_{1/2} (17) where a = l is the length of the lattice, this being the desired result. (17) shows that α in (15) is positive. We have used the above analysis more to indicate that in the Fermionic case, the sign of α is positive. A rigid lattice structure imposes restrictions on the spacetime - for example homogeneity and isotropy. Such restrictions are not demanded by the author’s model of fuzzy spacetime, and we use the lattice model more as a computational device (Cf. ref.[6]). This leads to a modification of the Dirac and Klein-Gordon equations at ultra high energies (Cf.ref.[6, 11, 12]). It may be remarked that proposals like equation (15) have been considered by several authors based on phenomenological considerations (Cf. refs.[13]-[22]). Our approach however, has been fundamental rather than phenomenological. Once we consider a discrete spacetime structure, the energy momentum relation, gets modified [5, 10] and we have,

E^2 − p^2 − m^2− ∝ l^2p^4 = 0 (18)

l being the minimum length interval, which could be the Planck length or more generally the Compton length. Let us now consider the Dirac equation

{γ^μp_μ − m} ψ ≡ {γ^∘p^∘ + Γ} ψ = 0 (19)

If we include the extra effect shown in (18) we get ( γ^∘p^∘ + Γ + βlp^2 ) ψ = 0 (20)

β being a suitable matrix. Multiplying (20) by the operator ( γ^∘p^∘ − Γ − βlp^2 ) on the left we get

p^2_0 − ( ΓΓ + {Γβ + βΓ} + β^2l^2p^4 } ψ = 0 (21)

If (21), as in the usual theory, has to represent (18), then we require that the matrix β satisfy Γβ + βΓ = 0, β^2 = 1 (22)

From the properties of the Dirac matrices [23] it follows that (22) is satisfied if β = γ^5 (23)

Using (23) in (20), the modified Dirac equation finally becomes { γ^∘p^∘ + Γ + ıαγ^5lp^2 } ψ = 0 (24)

owing to the fact that we have [23]

P γ^5 = −γ^5P (25)

It follows that the so called Dirac-Sidharth equation (24) is not invariant under reflections. This is a result which is to be expected because the correction to the usual energy momentum relation, as shown in (18) arises when l is of the order of the Compton wavelength. The usual Dirac four spinor ( ϕ χ )

has the so called positive energy (or large) components ϕ and the negative energy (or small) components χ. However, when we approach the Compton wavelength, that is as p → mc the roles are reversed and it is the χ components which predominate. Moreover the χ two spinor behaves under reflection as [23] χ → −χ In any case, this too provides an experimental test. We can also see that due to the modified Dirac equation (24), there is no additional effect on the anomalous gyromagnetic ratio. This is because, in the usual equation from which the magnetic moment is determined [24] viz., d⃗S dt = − e μc ⃗B × ⃗S, where ⃗S = h̄ ∑ /2 is the electron spin operator, there is now an extra term [ γ^5, ∑] (26)

However the expression (26) vanishes by the property of the Dirac matrices.

3 Massive Neutrinos

Taking units c = 1 = h̄ again, the so called Dirac-Sidharth equation can be written as = (D + ıαlp^2γ_5)ψ = (27)

In (27) D represents the usual Dirac operator given in (24) and there is the extra term following it. Equation (27) is valid both for a massive and a massless Dirac particle [25]. We can see that, as the Hamiltonian is given by (Cf. Section 1). H = ıγ_5 ⃗ ∑ · ⃗p = ıγ_5|⃗p|s(⃗p)| (28) the extra term in (27) represents a mass term. In other words due to the Snyder-Sidharth-Hamiltonian (15), the Dirac particle acquires an additional mass. However what is very interesting is that the extra term is not invariant under parity owing to the presence of γ_5. Indeed as we know from the theory of Dirac matrices [23] P γ_5 = −P γ_5 (29)

Let us now consider the case of a massless Dirac particle. We can see that in this case (27) represents the neutrino with a mass, there now being no need for the extra constraint (9) required for massless neutrinos. Equation (27) automatically gives a parity non conserving particle. In other words a massless particle, satisfying the Dirac equation in the usual theory now acquires a mass.

4 Remarks

1. We can now ask what does (27) represent if to start with the particle has a mass m? As can be seen it now acquires an extra mass, at ultra high energies. However this extra mass does not conserve parity. So, usual particles at very high energies become unstable, due to this additional contribution: the mass now has two parts, the usual mass m that is invariant under reflection, but also a parity non-conserving part. We could also think of it as follows: a usual spin half particle of mass m, at ultra high energies shows up as two other particles with slightly different masses. It appears that this could be related to particles like the K_0 meson.

2. The standard model or the Dirac equation are strictly in accordance with Special Relativity and the neutrino mass is accordingly zero. Now however, we have the SS-Hamiltonian (15) which is a very high energy correction to the usual relativistic dispersion relation. It is this modification or extra term that throws up the massive neutrino breaking the Lorentz symmetry. 3. We can look upon this in a different way [26]. The usual Dirac equation which is invariant under the Lorentz transformation including the improper parity operation is given by the representation

D^{( 12 0)} ⊕ D^{(0 12 )} (30)

The solutions which are according to the two-component representation D^{( 1}2^{0)} or D^{(0 1}2^) are not invariant under parity. However the combined four-component solution Dirac spinor in (30) is invariant under a Lorentz transformation plus the parity transformation. When we introduce the extra term in the modified Dirac equation, this term spoils the invariance under parity. If we write the usual Dirac spinor as ψ = ( ϕ χ ) (31)

then it is known as we saw [27] that at very high energies the upper or positive two spinor ϕ is invariant under parity, but not the lower. That is under the parity operator P ϕ → ϕ, χ → χ (32) Now ϕ and χ each are given by the D^{( 1}2^{0)} and D^{(0 1}2^) representations. Under space reflections, they go into each other and it is for this reason that ψ given by (30) is invariant.

If we still consider this solution as an approximation to (27) also, the result of the parity operator P would now be to interchange the behavior ϕ and χ under P.

5 Appendix

It is well known that at ultra high energies the massive Dirac equation goes over the massless Dirac equation because of the dominance of the kinetic energy term. In this case there is the well known CINI transformation which reduces the Dirac Hamiltonian to the form H = ⃗∝ · ⃗p |⃗p| E(⃗p) where E(⃗p) = c [ ⃗p^2 + m^2c^2

] 1_2

(33)

The Dirac equation now throws up the positive and negative helicity states which are described by two separate two component equations. The implication of the extra term in the SS-Hamiltonian can be seen from (33). For example if we take the massless case m = 0, there is now a new mass term in (33). However, because of the presence of γ^5 in the extra term, the helicity states now have two different masses indicating that the righthanded anti neutrino would have a slightly different mass compared to the lefthanded neutrino.

References

[1] S.S. Schweber. (1961). An Introduction to Relativistic Quantum Field Theory (Harper and Row, New York), p.108ff.

[2] SuperKamiokande Website http://www-sk.icrr.u-tokyo.ac.jp/

[3] Taylor, J.C. (1978). Gauge Theories of Weak Interactions (Cambridge University Press, Cambridge).

[4] Snyder, H.S. (1947). Physical Review Vol.72, No.1, July 1 1947, pp.68– 71. [5] Sidharth, B.G. (2001). Chaotic Universe: From the Planck to the Hubble Scale (Nova Science, New York).

[6] Sidharth, B.G. (2005). The Universe of Fluctuations (Springer, Netherlands).

[7] Sidharth, B.G. (2008). The Thermodynamic Universe (World Scientific, Singapore).

[8] Sidharth, B.G. (2008). Foundations of Physics 38 (1), pp.89-96.

[9] Glinka, L.A. arXive. 0812.0551 ; Apeiron April 2009.

[10] Montvay, I. and Munster, G. (1994). Quantum Fields on a Lattice (Cambridge University Press) pp.174ff.

[11] Sidharth, B.G. (2004). Int.J.of Th.Phys. Vol.43, (9), September 2004, pp.1857-1861.

[12] Sidharth, B.G. (2005). Int.J.Mod.Phys.E. 14, (6), pp.923ff. [13] Kifune, T. (1999). astro-ph/9904164 ; Astrophys. J. Lett. 518, pp.L21. [14] Protheroe, R.J. and Meyer, H. (2000). Phys.Lett. B493, pp.1. [15] Aloisio, R., Blasi, P., Ghia, P.L. and Grillo, A.F. (2000). Phys.Rev. D62, pp.053010.

[16] Kluzniak, W. astro-ph/9905308. [17] Sato, H. astro-ph/0005218.

[18] Amelino-Camelia, G. and Piran, T. (2001). Physics Letters B497, pp.265–270.

[19] Amelino-Camelia, G. gr-qc/0012051v2 (He proposes a conceptual framework in which deformed dispersion relations coexist with a relativistic description of the short distance structure of spacetime).

[20] Amelino-Camelia, G. and Piran, T. Phys.Rev. D. Vol.64, pp.036005. [21] Amelino-Camelia, G., John Ellis, Mavnomatos, N.E., Nanopoulos, D.V.

and Subir Sarkar. (1998). Nature 393, 25 June, 1998, pp.763-765; (astro-ph/9712103 v2 17 April 1998).

[22] Amelino-Camelia, G. (2002). Nature Vol.418, 4 July 2002. [23] Bjorken, J.D. and Drell, S.D. (1964). Relativistic Quantum Mechanics (Mc-Graw Hill, New York), pp.39.

[24] E. Merzbacher. (1970). Quantum Mechanics (Wiley, New York);

Greiner, W. (1983). Relativistic Quantum Mechanics: Wave Equation 2nd Ed. (Springer); Greiner, W. and Reinhardt, J. (1987). Quantum Electrodynamics 3rd Ed. (Springer).

[25] Sidharth, B.G. arXiv. 0811.4541, to appear in Int.J.Mod.Phys.E. [26] Heine, V. (1960). Group Theory in Quantum Mechanics (Pergamon Press, Oxford), pp.364.

[27] Bjorken, J.D. and Drell, S.D. (1965). Relativistic Quantum Fields (McGraw-Hill Inc., New York), pp.44ff.