arXiv:0904.3665v1 [hep-th] 23 Apr 2009

ITEP-TH-10/09 FTPI-MINN-09/12

Correlator of Wilson and t’Hooft Loops at Strong Coupling in N = 4 SYM Theory

A. Gorsky^{1,2}, A. Monin^4, A.V. Zayakin^{1,3}

1 Institute of Theoretical and Experimental Physics, Moscow, Russia, 2 FTPI, University of Minnesota.

3 Department für Physik der Ludwig-Maximillians-Universität München und Maier-Leibniz-Labor, Am Coulombwall 1, 85748 Garching, Germany 4 School of Physics and Astronomy, University of Minnesota

Abstract We calculate the correlator of a ’t Hooft and a Wilson coplanar circular concentric loops at strong coupling in N = 4 SYM theory. In this limit the problem reduces to the determination of the composite minimal surface in the curved space with the proper boundary conditions. The minimal admissible ratio of radii for such a configuration is found to be e^{−1/2} ≈ 0.606 at zero temperature and the dependence of the minimal admissible radii ratio on temperature is derived. At low temperatures the minimal admissible ratio of ’t Hooft and Wilson loops radii remains close to 0.6, whereas at high temperatures T it becomes equal to^1_{πT} . We find that at any temperature there exists a phase transition point: beneath some specific value of ’t Hooft loop radius the dual counterpart of Wilson–’t Hooft correlator is organized as two disconnected surfaces in AdS, whereas for ’t Hooft loop radius above it, there exists a connected configuration with a junction of monopole, charge and dyon surfaces. We suggest a generalization of the entanglement entropy for charged boundaries and make some comments on its calculation at strong coupling.

1 Introduction

There is growing interest to the possible role of the magnetic degrees of freedom in the strongly coupled gauge theory at nonzero temperature. It was argued that monopolelike degrees of freedom can be relevant for the description of the quark-gluon plasma and even a possibility of the “selfdual” plasma has been discussed. The current status of this issue and the proper references can be found in [1, 2]. Hence it is interesting to investigate the interaction between the magnetic and electric degrees of freedom in details. There are in principle two different mechanisms of interaction; one involves an exchange by a particle-like mode while the second way can be better thought of as the stringy one. We shall focus in this paper on the stringy mechanism of interaction and shall discuss it in the dual picture relevant to the strong coupling regime.

In the dual stringy setup the presence of the (p, q) string junctions known in the IIB model is of prime importance. The configuration involving junction was successfully applied to derivation of the quark-monopole interaction [3] when the dual description of the parallel straight electric and magnetic lines at the boundary was considered. Another application of the junction concerns the nonperturbative decay of the monopole in the electric field and electrically charged particle in the magnetic field. Such processes were suggested in [4] and analyzed in details in [5]. In all cases the configuration involves some “virtual” dyons which are coupled with external particles at the junction manifold where the magnetic and electric charges are conserved.

In this paper we shall consider the correlator of a Wilson and a t’Hooft loops which was suggested in [6] as a good probe for the investigation of the magnetic properties of the plasma. In the dual picture the Wilson loop in the strong coupling regime is calculated in terms of the minimal surface of the fundamental string with Wilson loop boundary [7] while the t’Hooft loop is the boundary of the D-string worldsheet. To simplify the consideration we shall discuss the circular concentric magnetic and electric loops and shall search for the connected surface with the proper boundary conditions. It is clear that due to the charge conservation the dyonic string worldsheet must be involved and the minimal surface has to be composite. We shall find such composite minimal surface involving the worldsheets of F1, D1 and (F1,D1) strings in some interval of the radii ratio.

It is typical that the stringy minimal surfaces involving several boundaries undergo a kind of phase transitions familiar from soap films. In the dual description such critical behavior was first discussed in [8] for the parallel Wilson loops in the boundary theory. Later similar transitions have been found for the coplanar circular Wilson loops [9]. In our analysis of the composite minimal surface we shall find the similar phase transition. Above some critical ratio of electric and magnetic radii the connected surface is absent, that is, the correlator can be saturated only by the exchange of some particular supergravity modes. We find the dependence of the minimal admissible radii ratio on temperature. At low temperatures the minimal admissible ratio of ’t Hooft and Wilson loops remains close to 0.6, whereas at high temperatures T it becomes equal to^1_{πT L} , where L is AdS radius.

Another related issue we shall discuss concerns the entanglement entropy which effectively counts the number of degrees of freedom stored in some particular region. The holographic calculation of the entanglement is very similar to the calculation of the Wilson loop correlators since it is nothing but the calculation of the minimal surface in the bulk with the proper boundary [10]. The entanglement entropy manifests some critical behavior as the function of the size of the region which suggests that it can serve as a kind of order parameter for the deconfinement phase transition [11]. Another important feature of the entanglement entropy is the property of the strong subadditivity for the region with the multiple boundaries [13]. It can be proved holographically [14] and corresponds to the inequalities for the Wilson loops in the gauge theories [15].

In our analysis we shall meet a new situation when the boundaries carry electric, magnetic or dyonic charges. The calculation of the entanglement entropy in the annulus geometry has been considered in [18] when the smooth minimal surface connects two boundaries. In our case this is impossible because of the charge conservation that is why we shall suggest the generalization of the entanglement entropy for the regions with the charged boundaries. Our evident recipe for the dual calculation of the charged entanglement entropy involves the composite minimal surface we have found. We shall briefly discuss some generic properties of the charged entanglement entropy, like the strong subadditivity.

The paper is organized as follows. In Section 2 we shall find the composite minimal surface at zero temperature and discuss its properties. In Section 3 we consider the dependence of the composite minimal surface on temperature, which is introduced by background modification. Section 4 is devoted to our suggestion for the generalized entanglement entropy and we investigate some of its properties. We summarize our findings and list the open questions in the Conclusion.

2 Zero-temperature configuration

In this section we shall investigate the correlator of electric and magnetic loops at zero temperature. Since we perform a strong coupling calculation, the problem is reduced to calculating the minimal surface in AdS_5 background [7] with an electrically and a magnetically charged boundary. Contrary to the correlator of the similar loops we have to add a “virtual” dyonic surface to provide charge conservation. Another extra element is the account of the equilibrium condition for the tensions at the junction line.

Our metric is ds^2 = dz^2 + dr^2 z^2

. (1) and we start with the action for an axially-symmetric world-sheet in terms of r(z) as dynamical variable. Here and below all dimensionful quantities are measured in units of AdS radius L. For a string with tension T , where

T = 1, charge (Wilson) t, monopole (’t Hooft) √ 1 + t^2, dyon, (2)

the action is S = T ∫ rdz z^2 √ 1 + r^{′2}. (3) This action does not make the conformal symmetry of the problem manifest. To make it explicit, we make a substitution (z, r(z)) → (u, τ(u)), where

z =^{eτ√}_{1+u2} , r =^{eτ u√}_{1+u2} . (4)

In these variables ds^2 = du^2 1 + u^2

+ (1 + u^2)dτ^2, (5) and S = ∫ udu √ 1 + u^2 √ (1 + u^2)^2τ^{′2} + 1. (6)

Variables u, τ are “action—angle” variables for conformal symmetry, which now manifests itself in τ shift invariance. Correspondingly, it induces integral of motion c =^{∂L}_{∂τ ′} , which allows us to express

τ^′ = ± c (1 + u^2) √ u^4 + u^2 − c^2

. (7)

This immediately brings an expression for a normalized tangential vector n^μ ≡ (n^u, n^τ ) n^μ = (√ u^4 + u^2 − c^2 u , c u(1 + u^2) ) . (8)

Solution to equations of motion is given in terms of the elliptic incomplete function Π(a; z|b) f(τ, c) = ∫_{cdu} (1+u^2) √ u^4+u^2−c^2 ≡ ≡ √ 2cΠ ( 1 2 (^√4c^2+1+1); i sinh^{−1} (_√ 2u √_{√4c2+1+1} ) | √_{4c2+1+1} 1− √_{4c2+1} ) √_{√4c2+1−1} . (9)

The configuration we are interested in is described by three curves τ(u; c). One is a dyon and is simply given as c = 0, that is τ = const, (10) making a sphere z^2 + r^2 = const^2 in terms of (z, r). The other two lines are a charge τ_2(u; c_2) and a monopole τ_1(u; c_2), whose parameters are constrained by boundary conditions of the Wilson and ’t Hooft lines, making circles of radius R_2, R_1 respectively, where R_2 > R_1:

τ_1 = log R_1 − F (u; c_1), (11) and τ_2 = log R_2 + F (u; c_2), (12)

Figure 1: Right-hand-side of equation (17), t = 100

and F (u; c) ≡ f(u, c) − f(∞, c). We have three more constraints upon the configuration: force equilibrium conditions and intersection condition. From the equilibrium of forces we obtain c_2 = tc_1, (13) and √ u^4 + u^2 − c^2 u + t √ u^4 + u^2 − c^2_1 u = √ 1 + t^2 √ 1 + u^2, (14) which yields c_1 = ±u √ 1 + u^2 1 + t^2

, (15) and c_2 = ±tu √ 1 + u^2 1 + t^2

. (16) The third condition log R_2 R_1

= −F (u; c_2) − F (u; c_1) (17) can be easily solved numerically. Its right-hand-side is depicted in Fig. (1). We can see that, for all couplings, it has two regular solutions, but only for 0 < log^{R2}_{R1} <^1_2 . Thus the configuration we are looking for, exists only for a limited range of^{R2}_{R1} .

Regularized (UV finite) action on equations of motion is given by σ(u; c) = ∫ ( u^2 √ u^4 + u^2 − c^2 − 1 ) du (18)

Thus S = √ 1 + t^2 (√ 1 + u^2_0 − u_0 − 1 ) + (σ(∞; c_2) − σ(u_0; c_2)) + t(σ(∞; c_1) − σ(u_0; c_1)) (19)

Figure 2: Action in the units of^{R2AdS}_{α′} vs. ratio R_1/R_2 for the connected configuration (solid line), and for the disconnected configuration (dashed line); t = 1/10

Figure 3: Configuration of charge, monopole and dyon lines, t = 3.

Comparing the action on the two possible solutions, we can see in Fig. (2) that the action on solution 1 decreases when log^{R2}_{R1} → 0, whereas action on solution 2 decreases when log^{R2}_{R1} → 1/2. The corresponding configurations in u, τ space look like shown in Fig. (3).

3 Finite-temperature analysis

In this Section we generalize the zero-temperature analysis to finite-temperature case to study the transition phenomena in this system, which is the main objective of this

Figure 4: Connected configuration for Wilson–’t Hooft correlators at finite temperature and g → ∞.

paper. Let us take the thermal metric suggested in [19] which reads as

ds^2 =

R^2 z^2 ( −h(z)dt^2 + dx^2_i ) + R^2 h(z) dz^2 z^2

(20)

where h(z) = { 1 −^{z4}_{z40} , z_0 > 2/3 z^2 + 1 − μz^4, z_0 < 2/3

(21)

and z_0 =^1_{πT} , where T is the temperature. This metric corresponds either to compactified AdS geometry (z_0 > 2/3) or to a black hole in AdS (z_0 < 2/3). The type of the configuration we want to study remains the same as in the previous Section: Wilson and t’Hooft loops, connected with a dyon “cap”. For simplicity we study configurations with g → ∞, which is consistent with duality hypothesis. Therefore, tension of monopole surface goes to zero and it is attached to the dyon-charge surface along a normal vector; the dyon-charge surface itself has no sharp bend. The configuration we consider now is shown in Fig. (4). Alternatively, a purely disconnected configuration may exist, consisting only of dyon and monopole cups, shown in Fig. (5) The action on any of the surfaces, given by r(z) dependence, is then S = T_{p,q} ∫ dz r z^2 √ 1 h(z) + r^{′2}. (22)

As we will see below, the two configurations will be concurring for being the leading one. We shall establish criteria for existence and leadership of these configurations

Figure 5: Disconnected configuration of Wilson–’t Hooft correlators at finite temperature and g → ∞.

below. We note that in the limit g → ∞ the only difference in action comes from the piece of the configuration, denoted (2) in Fig. (4), that is, the “monopole” surface, bounded by ’t Hooft loop.

We solve the equations of motion numerically and construct a family of solutions {z_1(r; R_1, R_2, z_0, g), z_2(r; R_1, R_2, z_0, g), z_3(r; R_1, R_2, z_0, g)} subject to boundary conditions:

z^′_1(0) = 0 (regularity at origin) z_2(R_2) = 0 (’t Hooft line is a boundary) z_3(R_1) = 0 (Wilson line is a boundary) z_1(r̄) = z_2(r̄) = z_3(r̄) (junction present) T_{1,1}τ^μ_1 (r̄) + T_{0,1}τ^μ_2 (r̄) + T_{1,0}τ^μ_3 (r̄) = 0 (junction is in equilibrium)

(23)

where r̄ is the junction coordinate r, τ^μ_i are tangential vectors to each of the respective curves z_i(r), τ^μ_i =^1√_{gzzz′2i +grr} (1, z^′_i), indices i = 1, 2, 3 refer to the parts of the configuration shown in Fig. (4) . The use of strong-coupling limit makes the equilibrium condition easy to implement numerically: the requirement is now simply g_{μν} τ^μ_1 τ^ν_2 = 0.

Although any range of (R_1, R_2) can be studied by our method, for definiteness we keep everywhere below the Wilson radius very large R_1 = 1, which is reasonable, since we want to see something interesting around phase transition, taking place at a comparable scale of z_0 = 2/3. At zero temperatures as we have seen in the previous

Figure 6: Two branches of the action on the connected configuration, stable and unstable one.

Section, all the dynamics of the system depends only on the ratio of R_2/R_1. At finite temperature it is already not the case, for conformal symmetry has been broken. Thus the action is now a function of two independent variables R_1 and R_2. However, it seems justified to study the effects around R_1 = 1 for the following reason: a very small configuration will feel non-trivially only very high temperatures; similarly, a very large configuration will feel non-trivially only high temperatures; if anything interesting happens around Hawking–Page phase transition, it must be probed with R_1 ∼ 1.

Upon solving the equations we observe that there are two branches of S(R_2), a stable and an unstable one, shown in Fig. (6). We note that our numerical recipe for finite renormalized action was to employ a constant cutoff. The unstable branch is of no interest to us, because it never crosses the stable one. The range of R_2 is here (R^{min}_2 (z_0), R_1). At zero temperature we have seen that R^{min}_2 = R_1e^{− 1}2 ≈ 0.6065R_1. At finite temperature the minimal admissible R_2 will be some function R^{min}_2 (z_0). It is shown in Fig. (7). Smooth asymptote at z_0 → ∞ nicely reproduces the analytic zero-temperature result. In the black-hole temperature range the minimal radius is

Figure 7: Minimal admissible ’t Hooft loop radius R^{min}_2 (z_0) with Wilson loop being set R_1 = 1.

Figure 8: Below R^{crit}_2 disconnected piece dominates, above it — a connected configuration has a lower action.

at a high accuracy R^{min}_2 (z_0) = z_0.

Action evaluated on this branch should be compared to the action on the stable branch of the connected solution, which we consider in (8). One can observe a critical point R^{crit}_2 , distinct from R^{min}_2 . The whole picture resembles here the one found in the AdS/CFT computation of entanglement entropy [11]: upper unstable connected branch is fully irrelevant, lower connected branch intersects with the disconnected solution at some critical scale l_{crit}, whereas a maximum admissible scale l_{max} for a connected solution exists and is distinct from l_{crit}. We show the dynamics of R^{crit}_2 (z_0) in Fig. (9). Our analysis shows that this critical value is always close to the minimal admissible value, however, it is always slightly above it. Thus at all temperatures

Figure 9: Dependence of critical ’t Hooft radius R^{crit}_2 on inverse temperature parameter z_0.

three exists a phase transition in the ’t Hooft radius R_2.

4 Generalized Entanglement entropy

In this section we shall discuss the possible generalization of the notion of the entanglement entropy for the regions with the charged boundaries suggested by the analysis of the previous sections. This notion has been introduced long time ago (see [20] for the review and references) but attracted a lot of attention recently because of its effective derivation in the holographic picture [10]. Roughly speaking if we have a set of regions divided by boundaries than the entanglement entropy is defined as the entropy seen by an observer in a region who does not communicate with the other regions. In the simplest case one has two regions A and B and introduce the vacuum density matrix ρ_0 = |0 >< 0|. Then the reduced density matrix

ρ_A = T r_Bρ_0 (24)

defines the entanglement entropy S_A = −T r_Aρ_Alogρ_a. (25) The entanglement entropy is generically UV divergent but the UV divergent part of the entropy does not depend on the size of the region L hence the finite L-dependent contribution to the entanglement entropy can be, for instance, safely defined as the difference of the entropies at two different L_1 and L_2.

The multicomponent regions has been investigated as well and the following generalization has been suggested, inspired by the one-dimensional case [16]

S(X_1 ∪ X_2 . . . X_p) = ∑ i,j S_(|a_i − b_j |) − ∑ i<j S_(|a_i − a_j |) − ∑ i<j S_(|b_i − b_j |), (26)

where S is the entropy of the single component and a_i and b_i are the right and left boundaries of the i-th component. An important question concerns the property of the strong subadditivity

S_A + S_B ≥ S_A^⋃_B + S_A^⋂_B, (27)

which has been proven in holographic picture in [18]. Another interesting feature of the system to study is the extensive mutual information [17] I(A, B ∪ C) = I(A, C) + I(A, C), (28) where I(A, B) = S(A) + S(B) − S(A ∪ B). (29) It was argued in [17] that the extensivity does not generically hold which is triggered by nonvanishing tripartite information function I(A, B, C) = I(A, B) + I(A, C) − I(A, B ∪ C). (30) The holographic calculation of the entanglement entropy is practically identical to the Wilson loop calculation hence our mixed correlators suggest the natural generalization of the entanglement entropy when the charges (p_i, q_i) are attributed to each boundary. That is, the entropy function for each interval takes values in SL(2, Z) ⊗ SL(2, Z) lattice and has the following structure S_i = S^{(pi+1,qi+1)} (p_i,q_i) (31)

for the i-th interval. In the conformal case the calculation of the generalized entropy corresponds to the calculation of the partition function with nontrivial boundary conditions. One can define the generalized entropy by summing over the all boundary charges or introducing a kind of boundary chemical potentials for different charges. Note that an example of the entanglement entropy with nontrivial boundary structure has been discussed in [22]. In that case an example of a wall between two conformal theories [21] has been analyzed; however, no charges have been attributed to the boundaries. In our case the treatment of the generalized entropy in the conformal situation should involve dyonic boundary conditions formulated in [23].

Our recipe for the holographic calculation of the generalized entanglement entropy is very transparent. One has just to calculate of the area of the composite minimal surface as the function of the geometrical characteristics. Since all boundaries generically have (p, q) electric and magnetic charges, the corresponding boundary contour has to be a boundary of the (p, q) string worldsheet. Such connected composite surfaces may exist or not depending on the geometry of the boundary regions. Similar to canonical entanglement entropy, charged entanglement entropy is UV divergent but the UV divergent part is independent of the geometrical factors.

A natural question concerns the properties of the generalized entropy. The first one to be mentioned is the strong subadditivity which can be simply tested in the holographic picture. A comparison of the corresponding area indicates that for the simplest (0,1)-(1,0) correlator this property is satisfied, however, the analysis of the multiple (p_i, q_i) loop correlators deserves a special consideration. The most interesting question related to the generalized entanglement entropy concerns its modular properties. Indeed, when we have a correlator of multiple dyonic loops, it takes values in SL(2, Z)^{⊗k} with some integer k and it would be very interesting to investigate the action of the S-duality group on it, which could be related to the deconfinement phase transition [11]. We hope to investigate this issue in a separate work.

5 Conclusion

In this paper we have considered the simplest correlator of nonlocal electric and magnetic probes in N = 4, that is, a Wilson and a t’Hooft loop. The calculation has been performed at strong coupling regime and we have identified a composite minimal surface in the curved space with the proper boundary conditions. It turns out that the connected minimal surface exists in an interval of the radii of the loops and there exists a kind of phase transition similar to the one found in [9]. We have also investigated the properties of the solution in the thermal background. At low temperatures the admissible bounds for the radii of the loops are 0.6 < R_2/R_1 ≤ 1, whereas at high temperatures above the Hawking-Page transition z_0 < R_2/R_1 ≤ 1. A critical ’t Hooft radius always exists, which denotes a phase transition between a disconnected configuration for radii below it and a connected configuration above it.

We have focussed on the connected minimal surface contribution. However, in the range of the radii when it does not exist the correlator is saturated by the exchange of the particular supergravity mode and it would be interesting to investigate this contribution in details as well. It would be also interesting to recognize the phase transition in terms of the summation of the perturbative series in the spirit of [24]. However in the case under consideration the perturbation analysis is more involved since the interactions between electric and magnetic objects have to be summed up.

One of the most interesting questions concerns the action of the S-duality group on the generic correlators of the dyonic (p, q) loops. A generic correlator of (p_1, q_1), (p_2, q_2) dyonic loops has to possess interesting properties under the action of SL(2, Z)⊗ SL(2, Z) group. In particular, it would be interesting to investigate the modular properties of phase transition points of dyonic loop correlator.

Calculation of a correlator of several nonlocal observables has a lot in common with the calculation of the entanglement entropy. Our calculation suggests the natural generalization of the entanglement entropy notion to the case when the boundaries of the regions are charged under the S-duality group. That is, generically the generalized entanglement entropy for the region with k boundaries takes values in the group tensor product SL(2, Z)^{⊗k}. Since the entanglement entropy at strong coupling is similar to the Bekenstein-Hawking black hole entropy the generalized entanglement entropy can be considered as an analogue of charged black hole entropy. We plan to discuss these issues elsewhere.

Acknowledgements

We are grateful to F. Gubarev and V. Zakharov for the useful discussions. The research was supported in part by the grants PICS-07-0292165(A.G.), RFBR 09-02- 00308(A.G.), RFBR 07-01-00526(A.Z.), RFBR Grant No. 07-02-00878 (A.M.) and by the Scientific School Grant No. NSh-3036.2008.2 (A.M.). This work was supported by the DFG Cluster of Excellence MAP (Munich Centre of Advanced Photonics) (A.Z.). A.G. thanks FTPI at University of Minnesota where the part of the work was done for the kind hospitality and support.

References

[1] E. Shuryak, “Physics of Strongly coupled Quark-Gluon Plasma,” Prog. Part.

Nucl. Phys. 62, 48 (2009) [arXiv:0807.3033 [hep-ph]].

J. Liao and E. Shuryak, “Magnetic Component of Quark-Gluon Plasma is also a Liquid!,” Phys. Rev. Lett. 101, 162302 (2008) [arXiv:0804.0255 [hep-ph]].

[2] M. N. Chernodub and V. I. Zakharov, “Monopoles and vortices in Yang-Mills plasma,” arXiv:0806.2874 [hep-ph].

[3] J. A. Minahan, “Quark-monopole potentials in large N super Yang-Mills,” Adv.

Theor. Math. Phys. 2, 559 (1998) [arXiv:hep-th/9803111].

[4] A. S. Gorsky, K. A. Saraikin and K. G. Selivanov, “Schwinger type processes via branes and their gravity duals,” Nucl. Phys. B 628, 270 (2002) [arXiv:hep-th/0110178].

[5] A. K. Monin, “Monopole decay in the external electric field,” JHEP 0510, 109 (2005) [arXiv:hep-th/0509047].

A. K. Monin and A. V. Zayakin, “Nonperturbative decay of a monopole: The Semiclassical preexponential Phys. Rev. D 75, 065029 (2007) [arXiv:hep-th/0611038].

A. K. Monin and A. V. Zayakin, “Semiclassical Treatment of Induced Schwinger

Processes at Finite Temperature,” JETP Lett. 87, 709 (2008) [arXiv:0803.1022 [hep-ph]].

[6] A. S. Gorsky and V. I. Zakharov, “Flux-Tube Formation and Holographic Tunneling,” Phys. Lett. B 669, 186 (2008) [arXiv:0805.0636 [hep-th]].

[7] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80, 4859 (1998) [arXiv:hep-th/9803002].

S. J. Rey and J. T. Yee, “Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity,” Eur. Phys. J. C 22, 379 (2001) [arXiv:hep-th/9803001].

[8] D. J. Gross and H. Ooguri, ‘Aspects of large N gauge theory dynamics as seen by string theory,” Phys. Rev. D 58, 106002 (1998) [arXiv:hep-th/9805129].

[9] P. Olesen and K. Zarembo, “Phase transition in Wilson loop correlator from AdS/CFT correspondence,” arXiv:hep-th/0009210.

N. Drukker and B. Fiol, “On the integrability of Wilson loops in AdS(5) x S**5: Some periodic ansatze,” JHEP 0601, 056 (2006) [arXiv:hep-th/0506058]. H. Kim, D. K. Park, S. Tamarian and H. J. W. Muller-Kirsten, “Gross-Ooguri phase transition at zero and finite temperature: Two circular Wilson loop case,” JHEP 0103, 003 (2001) [arXiv:hep-th/0101235].

[10] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [arXiv:hep-th/0603001]. S. Ryu and T. Takayanagi, “Aspects of holographic entanglement entropy,” JHEP 0608, 045 (2006) [arXiv:hep-th/0605073].

[11] I. R. Klebanov, D. Kutasov and A. Murugan, “Entanglement as a Probe of Confinement,” Nucl. Phys. B 796, 274 (2008) [arXiv:0709.2140 [hep-th]].

[12] T. Azeyanagi, T. Nishioka and T. Takayanagi, “Near Extremal Black Hole Entropy as Entanglement Entropy via AdS2/CFT1,” Phys. Rev. D 77, 064005 (2008) [arXiv:0710.2956 [hep-th]].

[13] T. Hirata and T. Takayanagi, “AdS/CFT and strong subadditivity of entanglement entropy,” JHEP 0702, 042 (2007) [arXiv:hep-th/0608213].

[14] M. Headrick and T. Takayanagi, “A holographic proof of the strong subadditivity of entanglement entropy,” Phys. Rev. D 76, 106013 (2007) [arXiv:0704.3719 [hepth]].

[15] C. Bachas, “Convexity Of The Quarkonium Potential,” Phys. Rev. D 33, 2723 (1986).

[16] V. E. Hubeny and M. Rangamani, “Holographic entanglement entropy for disconnected regions,” JHEP 0803, 006 (2008) [arXiv:0711.4118 [hep-th]].

[17] H. Casini and M. Huerta, “Remarks on the entanglement entropy for disconnected regions,” arXiv:0812.1773 [hep-th].

[18] T. Hirata, “New inequality for Wilson loops from AdS/CFT,” JHEP 0803, 018 (2008) [arXiv:0801.2863 [hep-th]].

[19] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].

[20] P. Calabrese and J. L. Cardy, “Entanglement entropy and quantum field theory,” J. Stat. Mech. 0406, P002 (2004) [arXiv:hep-th/0405152].

[21] C. Bachas, J. de Boer, R. Dijkgraaf and H. Ooguri, “Permeable conformal walls and holography,” JHEP 0206, 027 (2002) [arXiv:hep-th/0111210].

[22] K. Sakai, Y. Satoh, "Entanglement through conformal interfaces" [arXiv:0809.4548].

[23] I. Affleck and J. Sagi, “Monopole catalyzed baryon decay: A Boundary conformal field theory approach,” Nucl. Phys. B 417, 374 (1994) [arXiv:hep-th/9311056].

[24] K. Zarembo, “String breaking from ladder diagrams in SYM theory,” JHEP 0103, 042 (2001) [arXiv:hep-th/0103058].