arXiv:0904.4357v1 [hep-th] 28 Apr 2009

KIAS-P09017

Dyonic solution of Hořava-Lifshitz Gravity

Eoin Ó Colgáin and Hossein Yavartanoo

1Korea Institute for Advanced Study, Seoul 130-722, Korea

Abstract

Recently proposed Horava-Lifshitz gravity promises a UV completion of Einstein’s theory by sacrificing general covariance at short distances and introducing anisotropic spacetime scaling. Here we present a dyonic solution by coupling this theory to a vector field and we discuss some properties of solution.

We briefly review the Hořava-Lifshitz gravity theory [1], which builds on some of Hořava’s previous work, in particular [2]. The dynamical variables are N, N^i, sometimes referred to as the “lapse” and “shift” parameters from general relativity, and a D-dimensional spatial metric g_{ij}. The theory allows anisotropic scaling with dynamical exponent z, x → bx, t → b^zt, (1) with Lorentz invariance reinstated for z = 1. For general z, the classical scaling dimensions of the fields are

[g_{ij}] = 0, [N_i] = z − 1, [N] = 0. (2)

With its anisotropic scaling, the theory admits a foliation of D+1 spacetime, with the leaves of the foliation being hypersurfaces at constant time t. In general for z = D, the theory is expected to give a ghost-free UV-renormalisable theory of non-relativistic gravity in flat space.

The metric in ADM decomposition [3] may be given by

ds^2 = −N^2dt^2 + g_{ij}(dx^i − N^idt)(dx^j − N^j dt). (3)

The action of the theory S = S_K + S_P may be separated into kinetic terms

S_K = 2 κ^2 ∫ dtd^3 √ gN(K_{ij} K^{ij} − λK^2), (4) where the extrinsic curvature K_{ij} is K_{ij} = 1 2N (ġ_{ij} − ∇_iN_j − ∇_j N_i), (5)

and potential terms S_P .

Completing the action involves adding potential terms which are of dimension equal to or less than the dimension of the kinetic term, [K_{ij} K^{ij} ] = 2z. It is the presence of these relevant operators, added through the potential term, that govern how Lorentz invariance is restored in the IR. Hořava also subjected the theory to the extra requirement of “detailed balance” [1] as a means to whittle down the choice of these numerous relavant operators.

The appropriate selection of these relevant operators so as to correctly recover general relativity is an issue that requires further study. For some recent musings on recovering general relativity at different scales by relaxing the detailed balance condition, see [4]. For other works in this nascent area, including the implications for cosmology, see [5, 6].

For the moment, we continue the review of Hořava’s original incarnation of the theory and persist with the detailed balance condition, which we will relax again later. Under this assumption, and specialising to z = D = 3, the complete action of Hořava-Lifshitz is given by [1] S_{hl} = ∫ dtd^3x(L_0 + L_1),

L_0 = √ gN { 2 κ^2

(K_{ij} K^{ij} − λK^2) + κ^2μ^2(Λ_W R − 3Λ^2_W ) 8(1 − 3λ) } , L_1 = √ gN { κ^2μ^2(1 − 4λ) 32(1 − 3λ)

R^2 − κ^2 2w^4 ( C_{ij} − μw^2 2 R_{ij} ) ( C^{ij} − μw^2 2 R^{ij} )} , (6)

where λ and κ are dimensionless constants and the Cotton tensor - a measure of conformal flatness in D = 3 - is defined by C^{ij} = ϵ^{ikℓ}∇_k ( R^j_ℓ − 1 4 Rδ^j_ℓ ) . (7)

All spatial indices may be raised and lowered using g_{ij}. The equations of motion were independently worked out in [7] and [8], but owing to their length, we omit them.

One special feature of this theory are emerging constants. Comparing L_0 to that of general relativity in the ADM formalism^1, the speed of light, Newton’s constant and the cosmological constant are: c = κ^2μ 4 √ Λ_W 1 − 3λ , G = κ^2 32π c , Λ =^3_2 Λ_w. (8)

Strictly speaking, to make the comparison between L_0, and Einstein-Hilbert action, we must take λ = 1, however in Hořava-Lifshitz gravity λ represents a dynamical coupling constant. Adopting the range λ > 1/3, one sees that the cosmological constant Λ is necessarily negative. Despite this, one may analytically continue μ → iμ, w^2 → −iw^2, to make the cosmological constant positive.

1The Einstein-Hilbert action in ADM formalism is given by S_{EH} = 1 16πG ∫ d^4x √ gN(K_{ij} K^{ij} − K^2 + R − 2Λ).

We consider this system coupled to a vector field. A general non-relativistic action S_m where the potential depends only on gauge field and field strength was presented in [8]

S_m = ∫ dtd^3xL_2, = − 1 4g^2 ∫ d^3xdt √ gN [ − 2 N^2 g^{ij}(F_{0i} − N^kF_{ki})(F_{0j} − N^lF_{lj} )

− m^2 N^2

(A_0 − N^iA_i)(A_0 − N^j A_j) + G[F_{ij} F^{ij}, A_iA^i] ] . (9) Here F_{0i} = ∂_tA_i −∂_iA_0, F_{ij} = ∂_iA_j −∂_j A_i is the field strength. The scaling dimensions of the fields are [A_i] = 0, [A_0] = 2. For renormalisability in the UV we may consider the function G to be, at most, cubic in F^2, but here, for simplicity we ignore higher derivative terms, considering solely G = F_{ij} F^{ij} and also m = 0.

We are interested in static, spherically symmetric solutions and adopt the same metric ansatz that appeared in [7, 9],

ds^2 = −N(r)^2dt^2 + dr^2 f(r) + r^2(dθ^2 + sin^2 θdϕ^2), F_{r0} = A(r)^′, F_{θϕ} = p sin θ, (10) where the flux ansatz is chosen to respect the SO(3) action on the S^2 and to satisfy the equations coming from varying S_m with respect to A_0 and A_i respectively: 1 √ g ( √ gfA^′ N )_′ = 0, ∂_θ( √ gF^{θϕ}) = ∂_ϕ( √ gF^{θϕ}) = 0. (11) For this choice of ansatz, the Cotton tensor disappears C_{ij} = 0 and the vanishing of the N_i also present a considerable simplification. Considering only the Lagrangian L_0, one obtains the AdS Schwarzchild black hole solution N^2 = f = 1 −

Λ_W 2 r^2 − M r . (12) The general solution may be most easily obtained by by-passing the equations of motion and instead placing the ansatz into the full Lagrangian L_0 +L_1 +L_2. We focus on the λ = 1 limit of the Hořava-Lifshitz action where usual Einstein description of gravity should be restored. As may be seen from (11), when m = 0, one has A(r)^′ = N(r)q √ f(r)r^2 (13) with q a constant introduced, which we will later confirm to be the electric charge. Substituting this expression into the Lagrangian, the equations of motion may be determined from varying the following reduced action with respect to N and f. Up to an overall factor, the reduced one-dimensional action is L = − κ^2μ^2 4(3λ − 1) N √ f ( 2 − 3Λ_W r^2 − 2f − 2rf^′ + λ − 1 2Λ_W f^{′2} − 2λ(f − 1) Λ_W r f^′ + (2λ − 1)(f − 1)^2 Λ_W r^2 ) + 1 g^2 2N r^2 √ f (q^2 + p^2). (14)

The resulting equations of motion are satisfied for the following solution

f = 1 − Λ_W r^2 −

8(q^2 + p^2) (κμg)^2 + α^2r, N = √ f, A = − q r , (15)

where α^2 is an integration constant, which is up to an additive constant, the mass [9, 10]. Note that when p = q = 0, we recover the solution of [7], as expected. Here one can can confirm both q and p as the electric and magentic charge respectively by preforming the following integrals over the two-sphere, q = 1 4π ∫ S^2 F vol(S^2), p = 1 4π ∫ S^2 ⋆F vol(S^2). (16) We note that the solution is asymptotically AdS_4, but there is a horizon at the largest root of f(r). The Hawking temperature of the black hole is given by T = 1 4π f(r)^′|_{r=r+} , = −3Λ_wr^2_+ − 1 8πr_+ + 1 (κμg)^2 (q^2 + p^2) πr_+(1 − Λ_wr^2_+)

, (17)

where r_+ the largest root of f determines the location of the horizon.

Bearing in mind that Λ < 0, we note that there is an extremal limit with T = 0 when − Λ_wr^2_+ = − 1 3 + 2 3 1 − 6(p^2 + q^2) (κμg)^2 . (18)

Following [7], it is possible to relax this detailed balance condition by considering the Lagrangian L = L_0 + (1 − ϵ^2)L_1, (19) where ϵ represents a slight deviation. With this slight adjustment, one may repeat the previous analysis and find the solution

f = 1 −

Λr^2 1 − ϵ^2 − 1 (1 − ϵ^2) [ 8(q^2 + p^2) (κμg)^2 + α^2r](1 − ϵ^2) + ϵ^2Λ^2r^4,

N^2 = f, A = − q r . (20)

The large distance behaviour of the function is given by

f = 1 −

Λr^2 1 + ϵ + α^2 2ϵrΛ + O( 1 r^4

). (21)

Here, for non-vanishing ϵ i.e. away from detailed balance set-up, we see the metric has a finite mass by comparing with (12). This mass diverges for the detailed balance value ϵ = 0, in which case we recover (15). In the other limit where ϵ = 1, L_1 disappears from the Lagrangian and one gets this solution in AdS space

N^2 = f = 1 −

Λ_W 2 r^2 − M r . + 4(q^2 + p^2) rΛ(κμg)^2 . (22)

References

[1] P. Hořava, Quantum gravity at a Lifshitz point. arXiv:0901.3775 [hep-th]

[2] P. Hořava, Membranes at quantum criticality, JHEP 0903, 020 (2009), arXiv:

0812.4287 [hep-th].

[3] R.L. Arnowitt, S. Deser and C.W. Misner, The dynamics of general relativity, “Gravitation: an introduction to current research”, Louis Witten ed. (Wilew 1962), chapter 7, pp 227-265, arXiv:gr-qc/0405109.

[4] H. Nastase, “On IR solutions in Horava gravity theories,” arXiv:0904.3604 [hepth].

[5] P. Hořava, Spectral dimension of the universe in quantum gravity at a Lifshitz point, arXiv:0902.3657 [hep-th], A. Jenkins, “Constraints on emergent gravity,” arXiv:0904.0453 [gr-qc], J. Kluson, Branes at quantum criticality, arXiv:0904.1343 [hep-th], A. Volovich and C. Wen, Correlation functions in nonrelativistic holography, arXiv: 0903.2455 [hep-th], H. Nikolic, “Horava-Lifshitz gravity, absolute time, and objective particles in curved space,” arXiv:0904.3412 [hep-th], K. I. Izawa, “A Note on Quasi-Riemannian Gravity with Higher Derivatives,” arXiv:0904.3593 [hep-th], R. G. Cai, Y. Liu and Y. W. Sun, “On the z=4 Horava-Lifshitz Gravity,” arXiv:0904.4104 [hep-th], G. E. Volovik, “z=3 Lifshitz- Horava model and Fermi-point scenario of emergent gravity,” arXiv:0904.4113 [gr-qc].

[6] G. Calcagni, Cosmology of the Lifshitz universe, arXiv:0904.0829 [hepth], R. Brandenberger, “Matter Bounce in Horava-Lifshitz Cosmology,” arXiv:0904.2835 [hep-th], S. Mukohyama, “Scale-invariant cosmological perturbations from Horava-Lifshitz gravity without inflation,” arXiv:0904.2190 [hepth], T. Takahashi and J. Soda, Chiral primordial gravitational waves from a Lifshitz point, arXiv:0904.0554 [hep-th], Y. S. Piao, “Primordial Perturbation in Horava-Lifshitz Cosmology,” arXiv:0904.4117 [hep-th], X. Gao, “Cosmological Perturbations and Non-Gaussianities in Hořava-Lifshitz Gravity,” arXiv:0904.4187 [hep-th].

[7] H. Lu, J. Mei and C. N. Pope, “Solutions to Horava Gravity,” arXiv:0904.1595 [hep-th].

[8] E. Kiritsis and G. Kofinas, Hořava-Lifshitz cosmology, arXiv:0904.1334 [hep-th].

[9] R. G. Cai, L. M. Cao and N. Ohta, “Topological Black Holes in Horava-Lifshitz Gravity,” arXiv:0904.3670 [hep-th].

[10] M. Banados, C. Teitelboim and J. Zanelli, “Dimensionally continued black holes,” Phys. Rev. D 49, 975 (1994) [arXiv:gr-qc/9307033].