arXiv:0904.4572v2 [gr-qc] 25 Jun 2009

The time factor in the semi-classical approach to the Hawking radiation

M. Pizzi Physics Department, University of Rome “La Sapienza”, P.le A. Moro, Italy 00185, E-mail: pizzi@icra.it

submitted 30/12/2008

Abstract

The Hawking radiation in the semi-classical approach is re-considered. In the so-called “Angheben method” for the calculation of the imaginary part of the action it was missed the temporal part contribution. This has been recently noticed by Akhmedov et al., but also there the time part was not properly considered, the sign being reversed. We show that using the semi-classical approach on a fixed background it is not possible to find any tunneling effect from the interior to the exterior of the Schwarzschild black hole. The same critic applies to the derivations which use the Painlevé coordinates: also in this procedure it was missed the temporal factor contribution. In this way it is naturally solved also the “factor-two-problem”.

1 Introduction

How to retrieve the Hawking radiation [1] in the semi-classical tunneling picture has been at the center of a recent debate, see e.g. Refs.[2, 3, 4, 5, 6, 7, 8, 9]. Our claim is that this tunneling is not allowed.

Recently, Akhmedov et al. [3] have noted that in Ref.[5] the temporal part contribution in the tunneling was overlooked. However this was already noted by Belinski (see [11], footnote 1): the derivation given in Ref.[5], as well as all the others which follows the same path, e.g. Refs.[2, 6, 7], considers only the imaginary contribution of the function W (r) = ∫ p_rdr, and not of the whole action which is S = −Et + W (r). Such procedure is good in non-relativistic quantum mechanics, but in the black hole space-time also the variable t acquires an imaginary part crossing the horizon. This factor −Et(r), if properly considered, cancels exactly the imaginary part acquired by W (r) [11]. Also the earlier work of Parikh and Wilzcek [9], which uses the Painlevé coordinates, is affected by the same overlooked factor. The correction proposed in Ref.[3] has the wrong sign. The ground of the semi-classical method is re-called in Appendix 1; the massless case is briefly considered in Appendix 2.

1.1 Tunneling in Schwarzschild coordinates; the simplest way

Let us take the Schwarzschild metric (it is sufficient to consider just the radial part):

ds^2 = f(r)dt^2 − f^{−1}(r)dr^2 , (1) f(r) = 1 − r_H r , r_H = 2M . (2)

The easiest way to show that the geodesic action does not acquire any imaginary part, is the following: using the two first integrals of the motion dt ds = E m f(r) , and 1 = f(r) ( dt ds )_2 − 1 f(r) ( dr ds )_2 , (3)

one has dr ds = ± √ E^2 m^2 − f(r) , (4) (“+” corresponds to out-going particles, “–” to in-going). Then it is immediate to find that the action along the particle’s world line is S = −m ∫ ds = −m ∫ 1 dr/ds dr = −m ∫ dr ± √ E^2/m^2 − f(r)

. (5)

Thus it is evident that for a particle which can reach infinity^1 (i.e. with E ≥ m), the action (5) is always real, for any value of the radius r > 0, and thus also in the vicinity of the horizon (see e.g. [12]), therefore:

2Im(ΔS) = ∮ r_H dr ∓ √_{E2} m^2 − 1 + r_H r = 0. (6)

The point is that for any trajectory there is no pole on the horizon in the action’s integrand (contrary to what has been assumed in papers [2]-[9]). This statement is evident without any further calculation, it is simply due to the invariance of the action and to the fact that any point of the horizon is an ordinary regular space-time point, and so its small vicinity is just an empty flat space-time which can be covered by Minkowski coordinates; therefore no sub-barrier transition creating an imaginary part in the action can appear in this vicinity^2.

We wish to say that the state of affairs is clear enough that the problem could be considered solved in this way. But since there are several contrasting papers on this subject, in the following we will discuss some of the most frequently used manipulations.

2 H-J method; Angheben et al. method

Since the Hamiltonian is t-independent, we can use the usual Ansatz: S = −Et + W (r) . (7) Then putting it in the Hamilton-Jacobi (H-J) equation ∂_μS ∂^μS = 1 f(r) ( ∂S ∂t )_2 − f(r) ( ∂S ∂r )_2

= m^2, (8)

we find 1 f(r) E^2 − f(r) ( dW (r) dr )_2 = m^2 ⇒ W (r) = ∫ ± √ E^2 − m^2f(r) f(r) dr . (9) 1 Indeed, only these particles could give place to the Hawking radiation. 2Also using a very different approach (functional Schrodinger formalism) some authors arrived to a conclusion compatible with the fact that it can not be any tunnelling through the horizon simply because there is no barrier to penetrate, see [10], Sec.IV.

Then one has to remember to take into account also the variation of the function t(r) along the trajectory. The dependence of the time t on the coordinate r (this is the crucial point for the correct calculation of the time contribution) can be found remembering that along the trajectory ∂S/∂E = const. (see [13]), therefore const = −t + ∂W ∂E ⇒ t = ∫ ±E f(r) √ E^2 − m^2f(r) dr (10)

(for simplicity we omitted the arbitrary constant, because this term, being constant along the whole trajectory, does not contribute to the ΔS). Then substituting the above expressions of W (r) and t(r) in the action (7), we finally have the integral expression of the action: S = − ∫ ±E^2 f(r) √ E^2 − m^2f(r) dr + ∫ ± √ E^2 − m^2f(r) f(r) dr, (11) which gives exactly Eqn.(5). Therefore, even if one wants to preserve the splitting of Eqn.(11), it is easy to see that the imaginary part acquired by the second integral term on the horizon r_H ,

ΔW = 1 2 ∮ r_H ± √ E^2 − m^2f(r) f(r) dr = ±i2πME (Angheben et al.), (12)

is exactly canceled by the temporal part of the action (which has been overlooked in [5] and in many other papers) which is: − EΔt = − 1 2 ∮ r_H E^2 ±f(r) √ E^2 − m^2f(r) dr = ∓i2πME (overlooked term).

(13) The sum of these two terms is clearly zero, in accordance with our previous result, Eqn.(6).

3 Akhmedov et al. correction

In Ref.[3] (and in other following papers) the temporal factor −EΔt is not forgotten, but it is yet considered in an incorrect way, the problem being in the sign. Their argument is that, considering the Kruskal-Szekers (KS) coordinates, T = e^{r/2rH} √_r r_H − 1 sinh (_t 2r_H ) R = e^{r/2rH} √_r r_H − 1 cosh (_t 2r_H ) r > r_H (14)

T = e^{r/2rH} √ 1 −^r_{rH} cosh (_t 2r_H ) R = e^{r/2rH} √ 1 −^r_{rH} sinh (_t 2r_H ) r < r_H , (15)

then, they say, in order to cross the horizon the Schwarzschild time “t” should be changed with t → t − iπ2M. Indeed this term, ignoring the sign, corresponds to our integral (13).

However, using the same reasoning it is well possible to make the opposite “rotation”, i.e. t → t + iπ2M. In this case the +i can be absorbed by the square root in this way T_{out} = e^{r/2rH} √ r r_H − 1 sinh ( t 2r_H )

t→t+iπr_H −→ e^{r/2rH} √_r r_H − 1 sinh (_t 2r_H + i π 2 )

= e^{r/2rH} √_r r_H − 1 (+i) cosh (_t 2r_H )

= e^{r/2rH} √( r r_H − 1 ) (−1) cosh (_t 2r_H ) = T_{in} , (16)

(note that this “trick” is possible because the square root is a polydromic function); the same argument holds for the R coordinate. Now the point is that the prescription used by Akhmedov et al. evidently corresponds, in our framework, to take a clockwise path in the calculation of −EΔt [see Eqn.(13)]. However the Cauchy formula used in the integral ΔW (as well as in S_0, in [3]’s notation) implicates that the path is counterclockwise, and for coherence one has to chose the same prescription in both the integrals; when the signs are coherently calculated the sum of −EΔt + ΔW is zero.

It is easy to see that the action has no discontinuities on the horizon along the geodesics also in KS coordinates, in the following way. The metric now is ds^2 = ω(r)(dT^2 − dR^2) , ω(r) ≡

4r^3_H r e^{−r/rH} , (17) where the implicit connection with the radial Schwarzschild coordinate is given by ( r r_H − 1 ) e^{r/rH} = R^2 − T^2 . (18)

The action along the geodesic is proportional to the proper time of the particle S = −m ∫ ds . (19) The geodesic equations have a first integral that can be written in KS coordinates as follows [14]: ω(r) ( T dR ds − R dT ds ) = 2r_H E m , (20)

where E is the Schwarzschild conserved energy of the particle. From (17) and (20) one can find the geodesic trajectory T (R). Due to the analyticity of ω(r) on the horizon points, the function T (R) will be also analytical at the horizon points (that is at the points where T = R). Then from (20) follows that the differential ds written in the form ds = m 2r_H E ω(r) [ T (R) − R dT (R) dR ] dR (21)

gives the integrand for (19) which is also analytical (i.e. with the coefficient in front of dR having no singularities) at the horizon points. This means that nothing special happens to the action when the particle trajectory crosses the horizon and S is a real function without discontinuities on the horizon, therefore one finds Im[ΔS] = 0 also in these coordinates. Obviously the result obtained from the above discussion is not surprising since the action is an invariant.

An explicit and detailed treatment of quantum tunneling in KS coordinates can be found in Ref.[14], where the conclusion is indeed that the tunneling through the horizon is not possible.

4 Painlevé coordinates

We repeat the same procedure in the frequently-used Painlevé coordinates (see e.g.[8, 9]). By the transformation { t_P = t + 2 √ 2Mr + 2M ln^{√r−} √ 2M √ r+ √ 2M r_P = r

, (22)

we find the new expression of the line element,

ds^2 = (1 − λ^2)dt^2_P − 2λdt_P dr − dr^2 , λ = √_{2M} r . (23)

Thus, using the usual Ansatz S = −Et_P + W_P (r), the H-J equation gives:

E^2 + 2Eλ ∂W_P ∂r − (1 − λ^2) ( ∂W_P ∂r )_2 = m^2, (24)

therefore

W_P (r) = ∫ −Eλ ± √ E^2 + m^2(λ^2 − 1) λ^2 − 1 dr. (25) Again, the Painleve-time t_P is linked to r by ∂S/∂E = const., and thus:

t_P (r) = ∫ [ −λ ± E √ E^2 + m^2(λ^2 − 1) ] dr λ^2 − 1

. (26)

Therefore the complete action is: S = −E ∫ [ −λ ±^E √_{E2+m2(λ2−1)} ] dr λ^2−1 +

∫_{−Eλ±}√_E2_{+m}2_{(λ}2_{−1)} λ^2−1 dr = ± ∫_{m2} √_{E2+m2(λ2−1)} dr , (27)

which is equal to Eqn.(5), as we expected.

5 Conclusions

We have shown that it is impossible to achieve the Hawking radiation in the semi-classical tunneling picture. The derivations present in literature are affected by a not-allowed “splitting” of the action: they consider only the radial part W (r) of the action, neglecting (or considering with the reversed sign) the imaginary contribution which comes from the time coordinate. Also the discrepancy in the “factor two” which is found by some authors using different coordinates systems is simply due to this not-proper treatment of the time: W (r) alone indeed is not invariant; while the whole action, if correctly considered, gives invariantly zero for the imaginary part.

Although the tunneling is impossible on a fixed background, what happens if the back-reaction is taken in consideration in a proper way, we do not know yet (in any case it is clear that to try to get a result from the pole singularity on horizon, no matter the back-reaction, is evidently an ill-conceived enterprise). However this is a different problem, and also in the Hawking original derivation the background was assumed to be fixed. Therefore the impossibility of the semi-classical tunneling brings heavily into question also the correctness of the original Hawking derivation; this is in complete agreement with the conclusions of Ref.[14].

Appendix 1: Semi-classical tunneling

Just for completeness we recall that the probability of a pair creation during the history of a field is [15, 16, 17]

Γ = 1 − e^{−2|Im(ΔS)|} , (28)

where Im(ΔS) is the imaginary part of the field’s action acquired in the complex path between the space-time points in which the two particles are created; the main contribution is given just by the first loop (see [17]). The semi-classical approach consists in considering the classical trajectory of the particle on the fixed background. This approximation is here valid if the particle can be considered point-like with respect to the Schwarzschild radius. To calculate Γ one has to do the following:

1. to solve explicitly the equation of motion (t(σ), r(σ)) in terms of a parameter (without loss of generality we can take σ = r); then to write the Lagrangian and thus the action through this parameter;

2. to calculate the imaginary part of ΔS ≡ S_{AB} acquired in the extended complex plane r in the path which goes from A to B, the points of creation of the particle and of the antiparticle.

For the Hawking radiation A = r_H − 0 and B = r_H + 0, then one has to calculate the half^3 of the Cauchy formula centered on the Schwarzschild radius r_H , ΔS = 1 2 ∮ r_H L(r)dr . This integral can give a non-null result only if the Lagrangian has a pole on r_H . We have seen that such pole on the horizon does not exist.

Appendix 2: Photons in Painlevé coordinates

In the formulas (25) and (26) it is possible to take also the massless limit, considering which, for the out-going waves^4, one finds:

Im[ΔW_P (r)] = 1 2

Im

∮ −E λ − 1 ( −r_H λ^3 ) dλ = 4πME (Parikh-Wilczek)(29)

Im[−EΔt_P (r)] = 1 2

Im

∮ E λ − 1 ( −r_H λ^3 ) dλ = −4πME (overlooked) ,(30)

and thus Im(ΔS) = 0. In Ref.[9] the authors take into account only the contribution of (29); even if they considered also the back-reaction, while here we are ignoring this problem (i.e. we are considering the limit in which particle energy is much less than the Schwarzschild mass), the back-reaction considerations should not justify the omission of the temporal contribution (30).

References

[1] S.W. Hawking. Comm. Math. Phys. 43, 199, (1975).

[2] E. T. Akhmedov, V. Akhmedova, and D. Singleton. Phys. Lett. B 642, 124 ; arXiv:hep-th/0608098v2, (2006).

[3] E.T. Akhmedov, T. Pilling, and D. Singleton. arXiv:0805.2653v1 [gr-qc], (2008).

3Because we need just the path from A to B. 4The in-going ones have no poles at all.

[4] V.Akhmedova, T. Pilling, A.de Gill, and D.Singleton. Phys.Lett.B 666, 269-271; arXiv:0804.2289v2 [hep-th], (2008).

[5] M. Angheben, M. Nadalini, L. Vanzo and S. Zerbini. J. High Energy Phys. 05, 014; arXiv:hep-th/0503081, (2005).

[6] M. Nadalini, L. Vanzo, and S. Zerbini. J. Phys. A 39, 6601, (2006). [7] R.Kerner and R.B.Mann. Phys.Rev. D 73, 104010, (2006). [8] P. Kraus and F. Wilczek. Nucl.Phys. B433, 403-420., (1995). [9] M. Parikh and F. Wilczek. Phys. Rev. Lett. 85, 5042, (2000);

arXiv:hep-th/9907001v3.

[10] T.Vachaspati and D Stojkovic and L.M. Krauss Phys.Rev.D76, 024005, (2007).

[11] V. Belinski. AIP proceedings, 910, pag.270, Ed. M.Novello and S. Bergliaffa, (2007). (Lectures delivered at the XII Brazilian School of Cosmology and Gravitation, Rio de Janeiro, 10-23 September, 2006).

[12] R.P. Feynman. Lectures on Gravitation, (1963); re-edited by B. Hatfield, (2003).

[13] L.D. Landau and E.M. Lifshitz. Mechanics, Butterworth-Heinemann, (1976).

[14] V. Belinski. Phys. Lett. A, 354,4, 249, (2006); arXiv:gr-qc/0607137. [15] W. Heisenberg and H. Euler. Z. Phys. 38, 714, (1936). [16] J. Schwinger. Phys. Rev. 82, 664., (1951). [17] V. Popov. Sov. Phys. JETP, 34, 709, (1972).