arXiv:0904.4805v1 [gr-qc] 30 Apr 2009

1

Black Holes, Entropy Bound and Causality Violation

I. P. NEUPANE Department of Physics and Astronomy, University of Canterbury, Private Bag 4800, Christchurch 8041, New Zealand ∗E-mail: ishwaree.neupane@canterbury.ac.nz

The gravity/gauge theory duality has provided us a way of studying QCD at short distances from straightforward calculations in classical general relativity. Among numerous results obtained so far, one of the most striking is the universality of the ratio of the shear viscosity to the entropy density. For all gauge theories with Einstein gravity dual, this ratio is η/s = 1/4π. However, in general higher-curvature gravity theories, including two concrete models under discussion - the Gauss-Bonnet gravity and the (Riemann)^2 gravity - the ratio η/s can be smaller than 1/4π (thus violating the conjecture bound), equal to 1/4π or even larger than 1/4π. As we probe spacetime at shorter distances, there arises an internal inconsistency in the theory, such as a violation of microcausality, which is correlated with a classical limit on black hole entropy.

Keywords: AdS/CFT, higher-derivative black holes, entropy bound, causality violation

1. Introduction

According to the famous dictum of gravity/gauge theory duality or Maldacena’s Anti de Sitter (AdS) conformal field theory (CFT) correspondence,^1 an AdS space with a black hole is dual to a field theory at a finite temperature. AdS/CFT has been an excellent tool to study not only strongly coupled gauge theories at a large ’t Hooft coupling limit but also to study hydrodynamic properties of a certain class of boundary CFTs at a finite temperature. One of the highly celebrated results over the last decade is that, for a large class of four-dimensional CFTs, the ratio of the shear viscosity η to the entropy density s is (in units ℏ = k_B = 1) given by^2 η s = 1 4π . (1)

This result has been known to hold for all gauge theories with Einstein gravity dual. This is due to the fact that in pure Einstein gravity all black holes satisfy the Bekenstein-Hawking entropy law or the area formula of black hole entropy S = k_B c^3 ℏ A 4G_N , (2)

where ℏ is the Planck constant, k_B is the Boltzmann constant, A is the area of the (black hole) horizon corresponding to the surface at r = r_+ and G_N is the Newton’s constant G_N . In general gravity theories with higher derivative or higher-curvature

2 corrections, however, the ratio η/s can be different from 1/4π. In the same context, a violation of causality might occur in the boundary CFT when η/s is too low (≪ 1/4π). Here we shall argue that any such a violation of micro-causality can be related to a violation of black hole entropy bounds or a violation of certain laws of black hole thermodynamics.

To show that this might be the case, and also to establish better contact with QCD via AdS holography, in a holographic context (see^3 and references therein), one might like to consider the following gravitational action

I_g = 1 16πG_N ∫ d^dx √ −g [ R − 2Λ + α^′L^2 ( aR^2 + bR_{μν} R^{μν} + cR_{μνλρ}R^{μνλρ} )] , (3)

where α^′ is a dimensionless coupling and Λ ≡ −(d − 1)(d − 2)/2L^2 is a bulk cosmological term. In fact, the Regge slope or the coefficient α^′ appearing in the effective action (3) can be a complicated function of some microscopic parameters of the quantum gravity theory, which may even depend on the details of compactification and on dilaton couplings. Nevertheless, in the simplest scenario to be considered in this paper, one would assume that α^′ = ℓ^2_P /L^2 ≲ O(1/10). Here one might also note that, especially, in an AdS_5 space, the coefficients of R^2 terms in a dual supergravity action are determined by the central charges of a CFT in four dimensions.

In most of our discussions we will focus to the gravity sector in a five-dimensional AdS space, for which we have from the AdS/CFT correspondence, G_N ≡ (πL^3/4N^2_c ) and L = (4πg_sN_c)^{1/4}ℓ_s, where ℓ_s is the string scale and g_s the string coupling and Nc is the number of color charges or rank of the gauge group. In the dual supergravity description, a small α^′ corresponds to the strong coupling limit, i.e., λ ≡ g^2_{Y M} N_c ≫ 1, since α^′ ∼ 1/ √ λ. The Gauss-Bonnet term is obtained by setting a = c = 1 and b = −4 in (3), for which there would be no need to treat α^′ as small, at least, for the purpose of obtaining exact (black hole) solutions.^{4,5} Recently, Kats and Petrov^6 and Brigante et al.^7 have shown that, for a class of CFTs in flat space with Gauss-Bonnet gravity dual, the ratio η/s, which reads η s = 1 4π ( 1 − 2(d − 1)λ_{GB} (d − 3) ) , (4)

where λ_{GB} ≡ (d−3)(d−4)α^′, can be smaller than 1/4π for λ_{GB} > 0 and d ≥ 5. Based on the bulk causal structure of an AdS_5 black brane solution, one may actually find an even more stronger bound for λ_{GB} , that is,

λ_{GB} < 9 100 or, equivalently, η s ≥ 16 25 ( 1 4π ) , (5)

which otherwise violates a microcausality in the dual CFT defined on a flat space. Here we show that the critical value of λ_{GB} beyond which the theory becomes inconsistent is related to the entropy bound for a large class of AdS black holes. In fact, in the holographic context, AdS black hole solutions with spherical and hyperbolic event horizons allow much wider possibilities for η/s.^8

3 It is quite plausible that in the presence of curvature terms like R^n with n ≥ 3, which generate six and higher derivatives in the metric, or the (Weyl)^4 terms arising as α^{′3}R^4 corrections to low energy effective action of type IIB string theory, the ratio η/s takes a value slightly larger than 1/4π (see^{10} for a review). However, in any consistent gravity models, interaction terms like λL^4RR_{abcd}R^{abcd}, where λ ∼ ℓ^4_P /L^4 ≪ α^′, must be suppressed in a sensible derivative expansion, implying that such corrections could arise only as subleading or next-to-subleading terms. Here we show that when an underlying theory admits a large violation of the conjectured KSS bound η/s ≥ 1/4π or the ratio η/s becomes too small, then certain laws of thermodynamics can be violated in the same limit. This effect can be seen also in terms of a violation of causality in the boundary field theory. The bound η/s ≥ 1/4π may be restored only at weak couplings or in the limit of large N_c, since in such cases the shear viscosity can grow faster as compared to the entropy density.

2. Gauss-Bonnet Gravity and Causality Violation

For an AdS GB black hole, the entropy and Hawking temperature are given by^5 S = A 4G_N ( 1 + 2(d − 2)kλ_{GB} (d − 4)x^2 ) , T = (d − 1)x^4 + k(d − 3)x^2 + (d − 5)k^2λ_{GB} 4πLx(x^2 + 2kλ_{GB}) (6) (in units c = ℏ = k_B = 1) where x ≡ r_+/L, A ≡ V_{d−2}r^{d−2}_+ , with V_{d−2} being the unit volume of the base manifold or the hypersurface M. The entropy of a GB black hole depends on the curvature constant k, whose value determines the geometry of the event horizon M = S^{d−2}, IR^{d−2} and H^{d−2}, respectively, for k = +1, k = 0 and k = −1^a. Especially, at the k = −1 extremal state with zero temperature, S|_{T →0} = V_3 G_N L^3 2^{7/2}

(1 − 12λ_{GB}), E|_{T →0} = 0. (7)

Thus, beyond a critical coupling λ_{GB} > λ_{crit}, the entropy S becomes negative, which indicates a violation of cosmic censorship or the second law of the thermodynamics. In the AdS_5 case, λ_{crit} = 1/12. This critical value of λ_{GB} above which the theory is inconsistent nearly coincides with the bound λ_{GB} < 9/100 required for a consistent formulation of a class of CFTs in a flat space with Gauss-Bonnet gravity dual.

To be more specific, let us consider small metric fluctuations ϕ = h^1_2 around an AdS GB black hole metric^b

aThe GB term is topological in d = 4, especially, with a constant coupling, α^′L^2 = const, so we take d ≥ 5.

bThere can be three different modes of metric fluctuations, each of which may be decoupled from others: the scalar, vector and tensor fluctuations. For simplicity, and especially for the purpose of calculating shear viscosity, one may study only the tensor fluctuations h_{xy}, using ϕ to denote this perturbation with one index raised ϕ = h^y_x and writing ϕ in the basis ϕ(t, x_3, z) = ϕ(z)e^{−iwt+iqx3} .

4

ds^2 = − r^2_+ L^2 f(z)N^2_∗ dt^2+

L^2 f(z) dz^2+ r^2_+z^2 L^2 ( dx^2_3 1 − kx^2_3

+ x^2_3 2∑ i=1 dx^2_i + 2ϕ(t, x_3, r)dx_1dx_2 ) , (8) where k = 0, ±1 and N_∗ ≡ a = [ (1 + √ 1 − 4λ_{GB} )/2 ]_{1/2} and L is the curvature of AdS_5 space. The scalar metric fluctuation (along the x_3 direction) ϕ(t, x_3, z) = ∫ dwdq (2π)^3 ϕ(z; k̂) e^{−iwt+iqx3} , ϕ(z; −k̂) = ϕ^∗(z, k̂), (9) (where k̂ = (w, 0, 0, q)) satisfies the following (linearized) equation of motion

K ∂^2_z ϕ + ∂_zK ∂_z ϕ + K_2ϕ = 0. (10)

This structure is not affected by Maxwell type charges but it may well be affected by dilatonic scalar charges and rotation parameters. In the simplest scenario one may neglect both the scalar charge and rotation parameters. In pure GB gravity defined on an AdS_5 spacetime, we find K = z^2f̃ (z − λ_{GB}∂_zf), K_2 = ( z^2w̃^2/N^2_∗ f ) (z − λ_{GB}∂_z f) − z ( 1 − λ_{GB}∂^2_z f ) ( q̃^2 + 2k̃ ) and

f(z) = k̃ + z^2 2λ_{GB} [ 1 ± √ 1 − 4λ_{GB} +

4λ_{GB} z^4 ( 1 + k x^2 + λ_{GB}k^2 x^4 ) ] , (11)

where z ≡ r/r_+, x ≡ r_+/L, k̃ = k/x^2, w̃ ≡ wL/x and q̃ ≡ qL/x. Eq. (10) may be solved with the following incoming boundary conditions at the horizon

ϕ(z; k̂) = a_{in}(k̂)ϕ_{in}(z; k̂) + a_{out}(k̂)ϕ_{out}(z; k̂), a_{out} ≡ 0, a_{in} ≡ J(k̂), (12)

where J(k̂) is an infinitesimal boundary source for the fluctuating field ϕ. To the leading order in w̃, and in the limit q̃ → 0, the solution is given by^5 ϕ(z; k̂) = J(k̂) [ 1 + iw̃ 4N_∗ a^2 √ 1 − 4λ_{GB} ( 1 z^4 − 4λ_{GB}k̃ 3(1 + √ 1 − 4λ_{GB}) 1 z^6

+ O(z^{−8}) )] . (13) By identifying ϕ ∼ T^2_1 , where T^2_1 is a component of the energy-momentum tensor on the field theory side, we may obtain the retarded two-point Green’s function. Indeed, GB black holes admit a stable five-dimensional anti-de Sitter vacuum only if λ_{GB} < 1/4.^3 This result is independent of the types of interactions the Gauss- Bonnet term can have with matter fields (including gauge and scalar fields).

From the above result, we can easily see that the curvature on a boundary may not affect the shear viscosity η = 1 16πG_N ( r^3_+ L^3 ) (1 − 4λ_{GB}) (14)

obtained using the Kubo formula

η = lim_{w→0} 1 2iw [ G^A_{12,12}(w, 0) − G^R_{12,12}(w, 0) ] ≡ lim_{w→0} 1 w ImG^R_{12,12}(w, 0). (15)

5 As is evident, this formula relates η to zero spatial momentum (q = 0), low frequency limit of the retarded two-point Green’s function

G^R_{12,12}(w, 0) = −i ∫ d^4xe^{iwt}θ(t)⟨[T_{12}(t, ⃗x), T_{12}(0,⃗0)]⟩, (16) which satisfies G^A(w, ⃗q) ≡ G^R(w, ⃗q)^∗. The ratio η/s is now modified as η s = 1 4π (1 − 4λ_{GB}) (1 + 6k̃λ_{GB})

. (17)

The standard result in Einstein gravity, i.e. η/s = 1/4π, is obtained only at a fixed k̃, i.e. when k = −1 and x = r_+/L = √3/2. The minimum of entropy density actually occurs at x = √ 1/2, implying that s = 1 G_N 1 2^{7/2}

(1 − 12λ_{GB}) , η = 1 4πG_N 1 2^{7/2}

(1 − 4λ_{GB} ) . (18)

At this extremal state the shear viscosity is given by η = 1 4πG_N 1 2^{7/2}

(1 − 4λ_{GB}) . (19)

The positivity of extremal entropy density implies that λ_{GB} ≤ 1/12 and hence η/s ≥ 1/6π for the k = 0 and η/s < 5/12π for the k = −1 solutions. It is quite remarkable that the lower bound found above, i.e. η/s ≈ 0.66/4π, is similar to a lower value of η/s found at some relativistic heavy ion collision experiments.^{11} The bound η/s > 0.09 was found in^7 by considering a Ricci flat horizon or assuming that the boundary theory is defined on a flat space. Here we note that, in the k = +1 case, the lower value of η/s can be slightly stronger than that in flat space. Especially, in a flat space, a non-violation of causality requires the square of local speed of graviton on a constant z-hypersurface to be less than unity, i.e.

c^2_g = 1 − ( 5 2 − 2 1 − 4λ_{GB} + 1 2 √ 1 − 4λ_{GB} ) 1 z^4

+ O(z^{−8}) < 1 (20)

or λ_{GB} < 0.09. This limit can be slightly altered by the Maxwell term F_{μν} F^{μν} and also by F^4 type corrections to Maxwell fields^{12,14 c}. Specifically, in the presence of a Maxwell charge q, the ratio η/s is given by η/s =^1_{4π} (1 − 4λ_{GB} + 2Qλ_{GB}), where Q ≡^{q2 L2}_{r6+} . In the standard case of an non-extremal black hole one may be required to satisfy two separate conditions Q < 2 and λ_{GB} < 1/24, leading to the bound η/s >^1_{4π} ×^5_6 as first reported in.^{12}

For the consistency of a dual Gauss-Bonnet gravity action, and also from a viewpoint of classical stability of GB black holes, one is required to take

λ^{d=6}_{GB} ≲ 0.1380 and λ^{d=7}_{GB} ≲ 0.1905. (21)

cWhen matter fields (including gauge field and scalar fields) are coupled to higher-curvature terms, and as long as Einstein’s field equations contains at most second derivatives of the metric component g_{xy} as a function of t, z, x_i, which is the case only with the Gauss-Bonnet gravity, then the perturbation of the transverse gravitons can get decoupled from the fluctuations of matter fields.

6 respectively, in the AdS_6 and the AdS_7 cases.

Next let us briefly discuss the results in the (Riemann)^2 gravity, which is obtained by setting a = 0 = b and d = 5 in Eq. (3). In this theory, we find^{5,8 d} η s = 1 4π ( 1 − 4λ_{Riem} 1 + 4λ_{Riem} ) ≈ 1 4π (1 − 8λ_{Riem} + · · · ) = 1 4π ( 1 − 1 N_c + · · · ) . (22)

This result shows that the KSS bound η/s ≥ 1/(4π) can be violated for a finite N, unless that the contribution to η/s coming from next-to-leading order terms, such as (Weyl)^4 terms, are of a comparable magnitude to that of the R^2 terms. This scenario is, however, almost unlikely since the couplings associated with the cubic and higher powers in Riemann tensors, such as λL^4RR_{abcd}R^{abcd} with λ ∼ ℓ^4_P /L^4 ≪ α^′, must be suppressed in a sensible derivative expansion.

Notice that the limit λ_{Riem} < 1/8, as implied by Eq. (22) and required for positivity of η/s, is the same as implied by the positivity of extremal entropy of a (Riemann)^2-corrected AdS black hole. This result is consistent with the following observation. The conformal anomaly of a four-dimensional CFT can be identified by considering the theory in a curved spacetime and writing

16π^2⟨T_μ^μ⟩_{CF T} = −c_1 E_4 − c_2 W_4, (23) where E_4 ≡ R_{μνλσ} R^{μνλσ} −4R_{μν} R^{μν} +R^2 and W_4 ≡ R_{μνλσ} R^{μνλσ} −2R_{μν} R^{μν} +R^2/3 are, respectively, the four-dimensional Euler density and the square of the Weyl curvature, and c_1, c_2 are the two central charges of a dual CFT. As explained by Hofman and Maldacena in^{13} (see also^{10}), for the consistency of a low energy action with sensible derivative expansion, one may be required to consider CFTs for which |1 − c_1 c_2

| ≲ O(1/10). (24)

In fact, the gravity dual of a class of CFTs for which λ_{Riem} ≃^1_8 ( 1 −^{c1}_{c2} ) ≠ 0, must be defined in a curved background, so the choice k = 0 may not be very physical, at least, in the presence of (Riemann)^2 type corrections.

Taking into account all three possibilities for the boundary topology that k = 0 or k = ±1, and demanding that λ_{Riem} ≃^1_{8c2} (c_2 − c_1) < 1, we find 0 < η s ≤ 3 2 ( 1 4π ) . (25)

It is not known yet whether either of these limits applies to nuclear matters at extreme densities and temperatures, or heavy ion collision experiments, but it would be interesting to know anything specific to the universality of the result η/s ≈ 1/4π through numerical hydrodynamic simulations of data from high energy experiments, including the relativistic heavy ion collision (RHIC) and large hadron collider.

dWe believe the result in,^7 i.e. η/s =^1_{4π} (1 − 4λ_{Riem} + · · · ) should be corrected by a factor of 2: the source of this difference is that in (Riemann)^2 gravity the entropy function is increased by a factor of (1 + 4λ_{Riem}), in the case of a Ricci-flat horizon, which was however not considered there.

7 3. Conclusion

Recent developments in gravity/gauge theory duality, supersymmetric field theories and black hole mechanics have shown that AdS black holes are excellent objects to study the properties of strongly coupled gauge theories. In this note we have studied the limits on black hole entropy and shear viscosity for the simplest class of higher curvature-corrected black hole solutions defined on AdS spaces. We also considered the causal problem on the boundary field theory to see what kind of constraints we can get on the ratio η/s (where η is the shear viscosity and s is the entropy density) so as to keep the theory phenomenologically viable and internally consistent.

It has been known for quite sometimes that the limit λ_{GB} < 1/4 on the Gauss- Bonnet coupling can be viewed as a classical limit of a consistent theory of quantum gravity.^{4,5} Recent results coming from the studies of viscosity bound violation in higher curvature gravity^{7,8} have shown that the bound on the shear viscosity of any fluid in terms of its entropy density may be saturated, i.e. η/s = 1/4π, by all gauge theories but only at large ’t Hooft coupling, as this limit correspond to the cases where all higher-order curvature contributions are absent. Nevertheless, this bound is naturally in immediate threat of being violated in the presence of generic higher derivative and higher-order curvature corrections to the Einstein-Hilbert action.

It is important to note that by tuning of the Gauss-Bonnet coupling or the generic higher derivative couplings, the ratio η/s can be adjusted to a small positive value. Causality violation might take place when η/s is too low, i.e. η/s ≪ 1/4π.

We have shown that limits on curvature coupling can be imposed by demanding the positivity of extremal black hole entropy or by keeping boundary causality in tact, or both. We have not found any obvious explicit bound on λ_{GB} from the thermodynamics of spherically symmetric AdS Gauss-Bonnet black holes. This could however arise as a consequence of causality violation of a boundary CFT. The critical value of λ_{GB} beyond which the theory becomes inconsistent is found to be related to the entropy bound for an AdS GB black hole with a hyperbolic or Euclidean anti-de Sitter event horizon. This remark applies also to the (Riemann)^2 gravity. Some other inconsistencies of higher-derivative gravity, such as an appearance of tacyonic mode, or semi-classical instability at short distances, can also be related to classical limits on black hole entropy and viscosity bounds.

We conclude with a couple of remarks. In the presence of a Maxwell type charge q, the ratio η/s is generally modified, which is given by 4π (η/s) = 1 − 4λ_{GB} (1 − Q/2), where Q ≡ q^2L^6/r^2_+. In the extremal limit (Q → 2), we put a restriction on the coupling λ_{GB} such that λ_{GB} ≤ 1/24, which guarantees that the gravitational potential of a black brane is positive and bounded. The KSS bound η/s ≥ 1/4π is saturated only in the extremal limit, while in general it is violated also by charged Gauss-Bonnet black brane solutions. The bound 4π(η/s) ≥ 5/6 found in^{12} with a nonzero charge is stronger than for pure Einstein-Gauss-Bonnet gravity in flat space, namely 4π(η/s) ≥ 2/3. Our analysis showed that in the AdS_5 case, the entropy of a GB black hole could be negative for 1/12 < λ_{GB} < 1/4, leading

8 to a possible violation of unitarity in this range. As shown recently in,^{15} a scalar dilaton field coupled to the Gauss-Bonnet can have an additional non-trivial contribution to the ratio η/s: a scalar charge generally lowers the KSS bound. In some more recent papers,^{15–18} there have appeared new examples, including string theory constructions, where the standard result of Einstein gravity, namely η/s = 1/4π, is modified in a modest way.

In conclusion, we have explored several interesting connections between the bulk causality and limits on black hole entropy, specific to the modified Gauss-Bonnet and the (Riemann)^2 gravity models.

Acknowledgments

I would like to acknowledge a fruitful collaboration and helpful discussions with Naresh Dadhich. I am grateful to the organizers of the JGRG18 (Japan) and the conference on Particle Physics, Astrophysics and Quantum Field Theory: 75 Years since Solvay (Singapore) for their hospitality. This work was supported by the New Zealand Foundation for Research, Science and Technology Grant No. E5229 and also by Elizabeth Ellen Dalton Grant No. 5393.

References 1. O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323 (2000) 183.

2. P. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94, 111601 (2005).

D. T. Son and A. O. Starinets, Ann. Rev. Nucl. Part. Sci. 57 (2007) 95. 3. Y. M. Cho and I. P. Neupane, Phys. Rev. D 66 (2002) 024044. M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628 (2002) 295 (2002).

4. D. L. Wiltshire, Phys. Lett. B 169 (1986) 36; Phys. Rev. D 38 (1988) 2445. 5. I. P. Neupane, Phys. Rev. D 67 (2003) 061501; Phys. Rev. D 69 (2004) 084011. 6. Y. Kats and P. Petrov, JHEP 0901 (2009) 044.

7. M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, Phys. Rev. Lett. 100, 191601 (2008); ibid, Phys. Rev. D 77 (2008) 126006;

8. I. P. Neupane and N. Dadhich, Class. Quant. Grav. 26, 015013 (2009). 9. A. Buchel, J. T. Liu and A. O. Starinets, Nucl. Phys. B 707, 56 (2005). 10. A. Buchel, R. C. Myers and A. Sinha, arXiv:0812.2521 [hep-th]. 11. D. Molnar and P. Huovinen, Phys. Rev. Lett. 94 (2005) 012302; P. Romatschke and U. Romatschke, Phys. Rev. Lett. 99 (2007) 172301.

12. X. H. Ge, Y. Matsuo, F. W. Shu, S.-J. Sin and T. Tsukioka, JHEP 0810 (2008) 009. 13. D. M. Hofman and J. Maldacena, JHEP 0805 (2008) 012. [arXiv:0803.1467 [hep-th]]. 14. R. G. Cai, Z. Y. Nie and Y. W. Sun, Phys. Rev. D 78 (2008) 126007. [arXiv:0811.1665]. 15. R. G. Cai, Z. Y. Nie, N. Ohta and Y. W. Sun, arXiv:0901.1421 [hep-th]. 16. N. Banerjee and S. Dutta, JHEP 0903, 116 (2009). [arXiv:0901.3848]. 17. M. Mia, K. Dasgupta, C. Gale and S. Jeon, arXiv:0902.1540 [hep-th]. 18. Y. Matsuo, S. J. Sin, S. Takeuchi, T. Tsukioka and C. M. Yoo, arXiv:0901.0610;

X. H. Ge and S. J. Sin, arXiv:0903.2527.