arXiv:0905.0188v2 [hep-th] 23 Jun 2009

OIQP-09-07

Super Galilean conformal algebra in AdS/CFT

Makoto Sakaguchi

Okayama Institute for Quantum Physics 1-9-1 Kyoyama, Okayama 700-0015, Japan

makoto sakaguchi at pref.okayama.jp

Abstract

Galilean conformal algebra (GCA) is an Inönü-Wigner (IW) contraction of a conformal algebra, while Newton-Hooke string algebra is an IW contraction of an AdS algebra which is the isometry of an AdS space. It is shown that the GCA is a boundary realization of the Newton-Hooke string algebra in the bulk AdS. The string lies along the direction transverse to the boundary, and the worldsheet is AdS_2. The one-dimensional conformal symmetry so(2,1) and rotational symmetry so(d) contained in the GCA are realized as the symmetry on the AdS_2 string worldsheet and rotational symmetry in the space transverse to the AdS_2 in AdS_{d+2}, respectively. It follows from this correspondence that 32 supersymmetric GCAs can be derived as IW contractions of superconformal algebras, psu(2, 2|4), osp(8|4) and osp(8^∗|4). We also derive less supersymmetric GCAs from su(2, 2|2), osp(4|4), osp(2|4) and osp(8^∗|2).

Contents

1 Introduction 2

2 GCA from Conformal algebra 4 2.1 GCA and Newton-Hooke string algebra . . . . . . . . . . . . . . . . . . . . . . . 5

3 Super GCA from four-dimensional superconformal algebra 6 3.1 32 supersymmetric GCA from psu(2, 2|4) . . . . . . . . . . . . . . . . . . . . . . 7 3.2 16 supersymmetric GCA from su(2, 2|2) . . . . . . . . . . . . . . . . . . . . . . . 8

4 Super GCA from three-dimensional superconformal algebra 10 4.1 32 supersymmetric GCA from osp(8|4) . . . . . . . . . . . . . . . . . . . . . . . 11 4.2 16 supersymmetric GCA from osp(4|4) . . . . . . . . . . . . . . . . . . . . . . . 12 4.3 8 supersymmetric GCA from osp(2|4) . . . . . . . . . . . . . . . . . . . . . . . . 13

5 Super semi-GCA from six-dimensional superconformal algebra 15 5.1 32 supersymmetric semi-GCA from osp(8^∗|4) . . . . . . . . . . . . . . . . . . . . 15 5.2 16 supersymmetric semi-GCA from osp(8^∗|2) . . . . . . . . . . . . . . . . . . . . 16

6 Summary and Discussions 18

1 Introduction

The AdS/CFT conjecture [1, 2] has attracted much interest in studies of fundamental aspects of strings and in its applications to actual experiments.

One of the main difficulties to rigorously prove this conjecture is to explicitly quantize the type IIB superstring on AdS_5×S^5 [3] (AdS superstring). So it is still important to look for a limit which extracts a solvable subsector of the full AdS superstring. One such limit is the Penrose limit [4], which corresponds to taking a close-up of a null geodesic. Under the limit [5], the AdS_5×S^5 background reduces to the pp-wave background [6]. The superstring on this background was exactly solved in the light-cone gauge fixing [7], and the BMN operator correspondence was found [8]. The symmetry of the latter theory, the super pp-wave algebra, is an Inönü-Wigner (IW) contraction [9] of the super-isometry of the AdS_5×S^5 background, the super-AdS_5×S^5 algebra [10].

Another limit is the non-relativistic (NR) limit [11, 12]^1, which corresponds to taking a close-up of an AdS_2 string worldsheet. The string theory reduces to a free theory of three

1 The NR string theory in flat space was studied in [13] [14].

massive scalars, five massless scalars and eight massive fermions propagating on AdS_2 in the static gauge [11]^2. These modes correspond to fluctuations of the string worldsheet [17]. The non-normalizable modes which correspond to fluctuations reaching the boundary deform the Wilson loop on the boundary, and result in operator insertions in the Wilson loop. The symmetry of the NR string theory is the super Newton-Hooke string algebra which is an IW contraction of the super AdS_5×S^5 algebra [11]. The analysis was extended to supersymmetric branes in AdS_5×S^5, AdS_4×S^7 and AdS_7×S^4 in [18].

More recently, there have been considerable activities in studies of strongly coupled systems. The NR conformal field theory (CFT) which has Schrödinger symmetry [19] is discussed in [20, 21], and is relevant to studies of ultracold atoms at unitarity. The holographic dual description was proposed in [22,23] [24,25]^3. The Schrödinger symmetry is a non-relativistic analog of the conformal symmetry with dynamical exponent z = 2. The Schrödinger symmetry in d spacial dimensions, sch(d), is the extension of the Galilean symmetry generated by time translation H, space translation P_i, space rotation J_{ij} and Galilean boost G_i, to include dilatation D, Galilean special conformal K, and a center M, where i = 1, · · · , d. The sch(d) is a subalgebra of the conformal algebra in (d + 2)-dimensions, so(d + 2, 2), and thus of the AdS algebra in (d + 3)-dimensions. From this, super Schrödinger algebras were derived as subalgebras of superconformal algebras, psu(2, 2|4) and osp(8^{(∗)}|4) in [26, 27]. Super Schrödinger-invariant field theories are obtained as non-relativistic limits of relativistic field theories in [70–72].

Galilean conformal algebra (GCA) [73], which is the main subject in the present paper, is another non-relativistic analog of the conformal symmetry with dynamical exponent z = 1. Recent studies on this issue includes [74]– [77] [66]– [68]. It is the extension of the Galilean algebra with dilatation D, Galilean special conformal K and acceleration K_i. It is known that the GCA is an IW contraction of the conformal algebra. The conformal algebra in (d + 1)- dimensions is the AdS_{d+2} algebra. So the GCA on the boundary should be related to a certain IW contraction of the AdS_{d+2} algebra. In fact, it is shown that the Newton-Hooke string algebra [11, 12] is the bulk realization of the GCA on the boundary. The string lies along the direction transverse to the boundary. The GCA has so(1, 2)× so(d) as a subalgebra. The onedimensional conformal algebra so(1, 2) ∼= sl(2) is the symmetry of the AdS_2 worldsheet. The so(d) is rotational symmetry in the space transverse to the AdS_2 in AdS_{d+2}. Taking a close-up of AdS_2 in AdS_{d+2} corresponds the IW contraction of the conformal algebra to the GCA.

From this observation, we derive super GCAs from superconformal algebras in this paper. Firstly, we derive super GCAs in (1 + 3)-dimensions as IW contractions of the four-dimensional superconformal algebras, psu(2,2|4) and su(2, 2|2). This corresponds to taking a close-up of

2 The physical spectrum was obtained in [15], and the semiclassical partition function was evaluated in [16]. 3 Further studies along this line includes [26]– [68]. See [69] for a review.

an AdS_2 string in AdS_5×S^5. Secondly, super GCAs in (1 + 2)-dimensions are derived as IW contractions of the three-dimensional superconformal algebras, osp(8|4), osp(4|4) and osp(2|4). This corresponds to taking a close-up of an AdS_2×S^1 M2-brane in AdS_4×S^7. Thirdly, we derive super semi-GCAs in (1 + 5)-dimensions as IW contractions of six-dimensional superconformal algebras, osp(8^∗|4) and osp(8^∗|2). This corresponds to taking a close-up of an AdS_3 M2- brane in AdS_7×S^4. The resulting 32 supersymmetric GCAs are boundary realizations of the super Newton-Hooke algebras of a brane derived in [11] [18]. Less supersymmetric (semi- )GCAs obtained in this paper give new super Newton-Hooke algebras of a brane. Various supersymmetric (semi-)GCAs can be derived by considering 1/2 BPS brane configurations in [18], but we will not complete them here.

This paper is organized as follows. First, we show that GCA is the boundary realization of the Newton-Hooke string algebra, and that the Newton-Hooke brane algebra is realized as the semi-GCA on the boundary. In section 3, super GCAs are derived from the fourdimensional N = 4 and 2 superconformal algebras psu(2, 2|4) and su(2, 2|2), respectively. In section 4, we derive super GCAs from the three-dimensional N = 8, 4 and 2 superconformal algebras osp(8|4), osp(4|4) and osp(2|4), respectively. We also derive super GCAs from the six-dimensional N = 4 and 2 superconformal algebras osp(8^∗|4) and osp(8^∗|2), in section 5. The last section is devoted to a summary and discussions.

2 GCA from Conformal algebra

Conformal algebra in (d+1)-dimensions is generated by translation P̃_μ, special conformal transformation K̃_μ, dilatation D̃ and Lorentz rotation J̃_{μν} , where μ = 0, 1, · · · , d. The commutation relation is given by^4

[J̃_{μν} , J̃_{ρσ}] = η_{νρ}J̃_{μσ} + 3-terms , [J̃_{μν} , P̃_ρ] = η_{νρ}P̃_μ − η_{μρ}P̃_ν , [J̃_{μν} , K̃_ρ] = η_{νρ}K̃_μ − η_{μρ}K̃_ν , [D̃, P̃_μ] = P̃_μ , [D̃, K̃_μ] = −K̃_μ , [P̃_μ, K̃_ν ] = 1 2 J̃_{μν} + 1 2 η_{μν}D̃ , (2.1)

where η_{μν} = diag(−1, +1. · · · , +1).

Let us rename and scale generators as^5

P̃_0 = H , K̃_0 = K , D̃ = D , J̃_{ij} = J_{ij} , P̃_i = ωP_i , K̃_i = ωK_i , J̃_{i0} = ωG_i (2.2)

4We suppress trivial commutators in this paper. 5The contraction used in [73]

P̃_0 = 1 c H , P̃_i = P_i , K̃_0 = cK , K̃_i = c^2F_i , D̃ = D , J̃_{i0} = cK_i , J̃_{ij} = J_{ij} , and c → ∞

leads to the same result.

where μ = (0, i) and i = 1, · · · , d. Substituting these into (2.1), one sees that the limit ω → ∞ is non-singular. This implies that, under a contraction ω → ∞, the conformal algebra (2.1) reduces to [D, H] = H , [D, K] = −K , [H, K] = − 1 2 D , [D, P_i] = P_i , [D, K_i] = −K_i , [H, K_i] = − 1 2 G_i , [H, G_i] = P_i , [K, G_i] = K_i , [K, P_i] = − 1 2 G_i , [J_{ij} , J_{kl}] = δ_{jk}J_{il} + 3-terms , [J_{ij} , F_k] = δ_{jk}F_i − δ_{ik}F_j , F_i = {P_i, K_i, G_i} . (2.3) The resulting algebra {H, K, D, J_{ij}, P_i, K_i, G_i} (2.4) is the GCA. The set of generators {H, K, D} generates sl(2, R) ∼= so(2, 1) while {J_{ij}} generates so(d).

2.1 GCA and Newton-Hooke string algebra

On the other hand, the conformal algebra in (d+1)-dimensions is equivalent to the AdS algebra in (d + 2)-dimensions

[P_a, P_b] = J_{ab} , [J_{ab}, P_c] = η_{bc}P_a − η_{ac}P_b , [J_{ab}, J_{cd}] = η_{bc}J_{ad} + 3-terms , (2.5) where a = 0, 1, · · · , d + 1. It reduces to the conformal algebra (2.1) by P_μ = P̃_μ + K̃_μ , P_{d+1} = D̃ , J_{μν} = J̃_{μν} , J_{μd+1} = K̃_μ − P̃_μ . (2.6) It is easy to see that the scaling (2.2) corresponds to P_ā → P_ā , J_{ij} → J_{ij} , J_ā¯_b → J_ā¯_b , P_i → ωP_i , J_{iā} → ωJ_{iā} , (2.7) where ā = 0, d + 1. This is nothing but the contraction which leads to the Newton-Hooke string algebra [12] [11](see also [18]). The string lies along (d + 1)-th direction. By the contraction, the AdS algebra reduces to the Newton-Hooke string algebra [P_ā, P¯_b] = J_ā¯_b , [J_ā¯_b, P_{c̄}] = η¯_{bc̄}P_ā − η_{āc̄}P¯_b , [J_ā¯_b, J_{c̄}¯_d] = η¯_{bc̄}J_ā¯_d + 3-tems , [P_ā, P_i] = J_{āi} , [J_{iā}, P¯_b] = η_ā¯_bP_i , [J_ā¯_b, J_{ic̄}] = η_{āc̄}J¯_{bi} − η¯_{bc̄}J_{āi} , [J_{ij}, J_{kc̄}] = η_{jk}J_{ic̄} − η_{ik}J_{jc̄} , [J_{ij}, P_k] = η_{jk}P_i − η_{ik}P_j , [J_{ij} , J_{kl}] = η_{jk}J_{il} + 3-terms . (2.8) The first three commutation relations represent AdS_2 symmetry sl(2, R). This is the symmetry on the string worldsheet extending along (0, d+1)-th directions. The last commutation relation is so(d) which is the rotation in the space transverse to the AdS_2 in AdS_{d+2}. The Newton-Hooke string algebra (2.8) is equivalent to the GCA (2.3). So the GCA on the boundary is realized as the Newton-Hooke string algebra in the bulk. The limit corresponds to taking a close-up of the AdS_2 string worldsheet. Thus the GCA can be interpreted as the symmetry of the non-relativistic string in AdS space.

The Newton-Hooke brane algebra [12] is a generalization of the Newton-Hooke string algebra to the case that ā spans a p-dimensional brane worldvolume. Let ā be ā = (α, d + 1), where α spans a (p − 1)-dimensional spacetime. The Newton-Hooke string algebra is the case with p = 2. The scaling (2.7) means P̃_α = P_α , K̃_α = K_α , D̃ = D , J̃_{ij} = J_{ij} , J̃_{αβ} = J_{αβ} , P̃_i = ωP_i , K̃_i = ωK_i , J̃_{iα} = ωG_{iα} . (2.9)

The Newton-Hooke brane algebra is expressed on the boundary as [D, P_α] = P_α , [D, K_α] = −K_α , [D, P_i] = P_i , [D, K_i] = −K_i , [P_α, K_β] = 1 2 J_{αβ} + 1 2 η_{αβ}D , [P_i, K_α] = 1 2 G_{iα} , [P_α, K_i] = − 1 2 G_{iα} , [J_{αβ} , P_γ ] = η_{βγ} P_α − η_{αγ} P_β , [J_{αβ} , K_γ ] = η_{βγ} K_α − η_{αγ} K_β , [J_{αβ}, G_{iγ} ] = η_{αγ} G_{βi} − η_{βγ} G_{αi} , [J_{ij}, P_k] = δ_{jk}P_i − δ_{ik}P_j , [J_{ij} , K_k] = δ_{jk}K_i − η_{ik}K_j , [J_{ij}, G_{kα}] = δ_{jk}G_{iα} − δ_{ik}G_{jα} , [J_{ij}, J_{kl}] = δ_{jk}J_{il} + 3-terms , [J_{αβ} , J_{γδ}] = δ_{βγ} J_{αδ} + 3-terms . (2.10) This is called as semi-GCA in [75]. It reduces to the GCA (2.3) when α = 0.

In the subsequent sections, we will derive super GCAs from superconformal algebras.

3 Super GCA from four-dimensional superconformal algebra

In this section, we derive super GCAs from the four-dimensional superconformal algebras, psu(2, 2|4) and su(2, 2|2).

The bosonic part of psu(2, 2|4) is the four-dimensional conformal algebra so(2, 4) given in (2.1) with μ = 0, 1, 2, 3, and the R-symmetry so(6) ∼= su(4)

[P̃_a′ , P̃_b′ ] = −J̃_a′_b′ , [J̃_a′_b′ , J̃_c′_d′ ] = δ_b′_c′J̃_a′_d′ + 3-terms , [J̃_a′_b′ , P̃_c′ ] = δ_b′_c′P̃_a′ − δ_a′_c′P̃_b′ , (3.1) where a^′, b^′ = 5, · · · , 9. The fermionic part of the (anti-)commutation relation is^6

[P̃_μ, Q] = − 1 2 QΓ_{μ4}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ4}p_− , [D̃, Q] = − 1 2 QΓ_4Iiσ_2 ,

6We follow the notation given in [26].

[J̃_{μν} , Q] = 1 2 QΓ_{μν} , [P̃_a′ , Q] = 1 2 QΓ_a′ J iσ_2 , [J̃_a′_b′ , Q] = 1 2 QΓ_a′_b′ , {Q^T , Q} = 4iCΓ^μh_+(p_−P̃_μ + p_+K̃_μ) + 2iCΓ^4h_+D̃ + iCΓ^{μν} Iiσ_2h_+J_{μν} +2iCΓ^{a′} h_+P̃_a′ − iCΓ^{a′b′} J iσ_2h_+J̃_a′_b′ , (3.2)

where I = Γ^{01234}, J = Γ^{56789} and

p_± = 1 2 (1 ± Γ^{0123}iσ_2) . (3.3)

The supercharge Q = (Q_1, Q_2) is a pair of 16 component Majorana-Weyl spinors in (1 + 9)- dimensions with the same chirality Q_{1,2} = Q_{1,2}h_+, where h_+ is the chirality projector. The Q̃ = Qp_− and S̃ = Qp_+ correspond to the supercharge and the superconformal charge of the N = 4 superconformal algebra, respectively.

3.1 32 supersymmetric GCA from psu(2, 2|4)

We introduce a pair of projectors defined by

ℓ_± = 1 2 (1 ± Γ^{04}σ) (3.4)

where σ = σ_1, σ_3. Note that ℓ_± commute with h_+, p_+ and p_−. Decomposing Q by using ℓ_± as Q̃_± = Qℓ_± , (3.5)

we rewrite (3.2)

[P̃_0, Q̃_±] = − 1 2 Q̃_±Γ_{04}p_+ , [K̃_0, Q̃_±] = +1 2 Q̃_±Γ_{04}p_− , [D̃, Q̃_±] = −1 2 Q̃_±Γ_4Iiσ_2 ,

[P̃_i, Q̃_±] = − 1 2 Q̃_∓Γ_{i4}p_+ , [K̃_i, Q̃_±] = +1 2 Q̃_∓Γ_{i4}p_− , [J̃_{i0}, Q̃_±] = 1 2 Q̃_∓Γ_{i0} ,

[J̃_{ij} , Q̃_±] = 1 2 Q̃_±Γ_{ij} , [P̃_{a′} , Q̃_±] = 1 2 Q̃_∓Γ_{a′} J iσ_2 , [J̃_{a′b′} , Q̃_±] = 1 2 Q̃_±Γ_{a′b′} , {Q̃^T_±, Q̃_±} = 4iCΓ^0h_+ℓ_±(p_−P̃_0 + p_+K̃_0) + 2iCΓ^4h_+ℓ_±D̃ +iCΓ^{ij} Iiσ_2h_+ℓ_±J̃_{ij} − iCΓ^{a′b′} J iσ_2h_+ℓ_±J̃_a′_b′ , {Q̃^T_+, Q̃_−} = 4iCΓ^ih_+ℓ_−(p_−P̃_i + p_+K̃_i) + 2iCΓ^{i0}Iiσ_2h_+ℓ_−J̃_{i0} +2iCΓ^{a′} h_+ℓ_−P̃_a′ , (3.6)

where i = 1, 2, 3. Q̃_± are a pair of 16 component spinors which are independent of each other.

In addition to (2.2), we scale generators as Q̃_+ = Q_+ , Q̃_− = ωQ_− , P̃_{a′} = ωP_{a′} , J̃_{a′b′} = J_{a′b′} . (3.7)

Substituting these into the above (anti-)commutation relation and taking the limit ω → ∞, we obtain [H, Q_±] = − 1 2 Q_±Γ_{04}p_+ , [K, Q_±] = + 1 2 Q_±Γ_{04}p_− , [D, Q_±] = − 1 2 Q_±Γ_4Iiσ_2 ,

[P_i, Q_+] = − 1 2 Q_−Γ_{i4}p_+ , [K_i, Q_+] = + 1 2 Q_−Γ_{i4}p_− , [G_i, Q_+] = 1 2 Q_−Γ_{i0} ,

[J_{ij} , Q_±] = 1 2 Q_±Γ_{ij} , (3.8) and [J_a′_b′ , J_c′_d′ ] = δ_b′_c′ J_a′_d′ + 3-terms , [J_a′_b′ , P_c′ ] = δ_b′_c′ P_a′ − δ_a′_c′ P_b′ , [P_a′ , Q_+] = 1 2 Q_−Γ_a′ J iσ_2 , [J_a′_b′ , Q_±] = 1 2 Q_±Γ_a′_b′ , {Q^T_+, Q_+} = 4iCΓ^0h_+ℓ_+(p_−H + p_+K) + 2iCΓ^4h_+ℓ_+D + iCΓ^{ij}Iiσ_2h_+ℓ_+J_{ij} −iCΓ^{a′b′} J iσ_2h_+ℓ_+J_a′_b′ , {Q^T_+, Q_−} = 4iCΓ^ih_+ℓ_−(p_−P_i + p_+K_i) + 2iCΓ^{i0}Iiσ_2h_+ℓ_−G_i +2iCΓ^{a′} h_+ℓ_−P_a′ , (3.9)

in addition to (2.3). This is a 32 supersymmetric GCA. The bosonic subalgebra is the GCA and iso(5). By construction, the super GCA obtained above {H, K, D, P_i, K_i, G_i, J_{ij} , P_a′ , J_a′_b′ , Q_+, Q_−} (3.10) coincides with the super Newton-Hooke algebra of a string in AdS_5×S^5 [11] [18]. The string lies along the 4-th direction which is transverse to the boundary of AdS_5 and the worldsheet is AdS_2. Thus the super GCA obtained above is a boundary realization of the super Newton- Hooke algebra of the AdS_2 string.

We note that the set of generators {H, K, D, J_{ij} , J_a′_b′ , Q_+} (3.11) forms a 16 supersymmetric subalgebra. {H, K, D} corresponds to the symmetry of the AdS_2. J_{ij} and J_a′_b′ are the rotational symmetry in the space transverse to AdS_2 in AdS_5×S^5. The subalgebra (3.11) is the residual symmetry in the presence of a 1/2 BPS string. It is seen from the superalgebra that the string is F(D)-string for σ = σ_3(σ_1, respectively).

3.2 16 supersymmetric GCA from su(2, 2|2)

Firstly, we derive the N = 2 superconformal algebra su(2, 2|2) from the N = 4 superconformal algebra psu(2, 2|4). For this, we introduce a projector [27]

q_+ = 1 2 (1 + Γ^{5678}) , (3.12) and require that Q ≡ Qq_+ . (3.13) We note that q_+ commutes with h_+ and p_±. The fermionic part of psu(2, 2|4) reduces to [P̃_μ, Q] = − 1 2 QΓ_{μ4}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ4}p_− , [D̃, Q] = − 1 2 QΓ_4Iiσ_2 , [J̃_{μν} , Q] = 1 2 QΓ_{μν} , [P̃_9, Q] = 1 2 QΓ_9J iσ_2 , [J̃_{mn}, Q] = 1 2 QΓ_{mn} , {Q^T , Q} = 4iCΓ^μh_+q_+(p_−P̃_μ + p_+K̃_μ) + 2iCΓ^4h_+q_+D̃ + iCΓ^{μν} Iiσ_2h_+q_+J̃_{μν} +2iCΓ^9h_+q_+P̃_9 − iCΓ^{mn}J iσ_2h_+q_+J̃_{mn} , (3.14) where m = 5, 6, 7, 8. The bosonic part is (2.1) and su(2)^2×u(1) generated by {P̃_9, J̃_{mn}} [J̃_{mn}, J̃_{pq}] = δ_{np}J̃_{mq} + 3-terms . (3.15) Only the su(2)×u(1) part in su(2)^2×u(1) acts non-trivially on the supercharge Q. To see this, we note that the commutation relations containing J̃_{mn} can be rewritten as [J̃^{(±)}_I , J̃^{(±)}_J ] = ϵ_{IJK}J̃^{(±)}_K , [J̃^{(+)}_I , Q] = 1 2 Qρ_I , [J̃^{(−)}_I , Q] = 0 , {Q^T , Q} = · · · − 4iCJ iσ_2h_+q_+ ( ρ_1J̃^{(+)}_1 + ρ_2J̃^{(+)}_2 + ρ_3J̃^{(+)}_3 ) , (3.16) which follow from the fact Γ^{5678}q_+ = q_+. We have defined

J̃^{(±)}_I = ( 1 2 (J̃_{56} ∓ J̃_{78}) , 1 2 (J̃_{57} ± J̃_{68}) , 1 2 (±J̃_{58} − J̃_{67}) ) , ρ_I ≡ (Γ^{56}, Γ^{57}, Γ^{58}) , (3.17) and ϵ_{123} = 1. The N = 2 superconformal algebra, {P̃_μ, K̃_μ, D̃, J̃_{μν} , P̃_9, J^{(+)}_I , Q} , (3.18) is su(2, 2|2). The set of generators {J^{(+)}_I , P̃_9} acts as the R-symmetry su(2)×u(1).

Next, we introduce ℓ_± in (3.4), which commute with q_+, and decompose Q as Q̃_± = Qℓ_±. In addition to (2.2), we scale generators as Q̃_+ = Q_+ , Q̃_− = ωQ_− , J̃^{(+)}_I = J^{(+)}_I , P̃_9 = ωP_9 . (3.19) Under the contraction, we obtain a 16 supersymmetric GCA from su(2, 2|2) {H, K, D, J_{ij}, P_i, K_i, G_i, P_9, J^{(+)}_I , Q_+, Q_−} , (3.20) with the (anti-)commutation relations, (2.3), (3.8) and

[J^{(+)}_I , J^{(+)}_J ] = ϵ_{IJK} J^{(+)}_K , [P_9, Q_+] = 1 2 Q_−Γ_9J iσ_2 , [J^{(+)}_I , Q_±] = 1 2 Q_±ρ_I ,

{Q^T_+, Q_+} = 4iCΓ^0h_+ℓ_+q_+(p_−H + p_+K) + 2iCΓ^4h_+ℓ_+q_+D + iCΓ^{ij} Iiσ_2h_+ℓ_+q_+J_{ij} −4iCJ iσ_2h_+q_+ℓ_+ ( ρ_1J^{(+)}_1 + ρ_2J^{(+)}_2 + ρ_3J^{(+)}_3 ) , {Q^T_+, Q_−} = 4iCΓ^ih_+ℓ_−q_+(p_−P_i + p_+K_i) + 2iCΓ^{i0}Iiσ_2h_+ℓ_−q_+G_i +2iCΓ^9h_+ℓ_−q_+P_9 . (3.21)

We note that the set of generators {H, K, D, J_{ij}, J^{(+)}_I , Q_+} (3.22) forms a 8 supersymmetric subalgebra. J^{(+)}_I acts as the R-symmetry su(2).

Introducing the 1/4 projector as in [27], q_+ =^1_2 (1 + Γ^{56}iσ_2)^1_2 (1 + Γ^{78}iσ_2), we can derive the N = 1 superconformal algebra su(2, 2|1) by considering the diagonal u(1) in u(1)^3. But the ℓ_± does not commute with q_+. This is because N = 1 is the minimal supersymmetry and to derive our super GCA we need at least two sets of supercharges, namely N = 2.

4 Super GCA from three-dimensional superconformal algebra

In this section, we derive super GCAs from the three-dimensional superconformal algebras osp(8|4), osp(4|4) and osp(2|4).

The super-AdS_4×S^7 algebra osp(8|4) is the N = 8 superconformal algebra in three-dimensions. The bosonic part of the algebra is given in (2.1) with μ = 0, 1, 2 and (3.1) with a^′ = 4, · · · , 9, ♮. The fermionic part is

[P̃_μ, Q] = − 1 2 QΓ_{μ3}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ3}p_− , [D̃, Q] = − 1 2 QIΓ_3 , [J̃_{μν} , Q] = 1 2 QΓ_{μν} , [P̃_a′ , Q] = − 1 2 QIΓ_a′ , [J̃_a′_b′ , Q] = 1 2 QΓ_a′_b′ , {Q^T , Q} = −4CΓ^μ(p_+K̃_μ + p_−P̃_μ) − 2CΓ^3D̃ + CIΓ^{μν}J̃_{μν} − CΓ^{a′}P̃_a′ − 1 2 CIΓ^{a′b′}J̃_a′_b′ , (4.1) where I = Γ^{0123} and

p_± = 1 2 (1 ± Γ^{012}) . (4.2)

The supercharge Q is a 32 component Majorana spinor in (1 + 10)-dimensions. {P̃_a′ , J̃_a′_b′ } generates the R-symmetry so(8).

4.1 32 supersymmetric GCA from osp(8|4)

Let us decompose Q as Q̃_± = Qℓ_± by introducing a pair of projectors

ℓ_± = 1 2 (1 ± Γ^{034}) , (4.3) which commute with p_±, as [Γ^{034}, p_±] = 0. In addition to (2.2), we scale generators as Q̃_+ = Q_+ , Q̃_− = ωQ_− , P̃_4 = P_4 , P̃_m = ωP_m , J̃_{4m} = ωJ_{4m} , J̃_{mn} = J_{mn} , (4.4)

where a^′ = (4, m) and m = 5, 6, 7, 8, 9, ♮. Substituting these into the (anti-)commutation relation of the N = 8 superconformal algebra and taking the limit ω → ∞, we arrive at [H, Q_±] = − 1 2 Q_±Γ_{03}p_+ , [K, Q_±] = + 1 2 Q_±Γ_{03}p_− , [D, Q_±] = − 1 2 Q_±IΓ_3 , [P_i, Q_+] = − 1 2 Q_−Γ_{i3}p_+ , [K_i, Q_+] = + 1 2 Q_−Γ_{i3}p_− , [G_i, Q_+] = 1 2 Q_−Γ_{i0} , [J_{ij}, Q_±] = 1 2 Q_±Γ_{ij} , (4.5) and [J_{mn}, J_{pq}] = δ_{np}J_{mq} + 3-terms , [J_{mn}, P_p] = δ_{np}P_m − δ_{mp}P_n , [J_{mn}, J_{4p}] = δ_{mp}J_{n4} − δ_{np}J_{m4} , [J_{4m}, P_4] = −P_m , [P_4, Q_±] = − 1 2 Q_±IΓ_4 , [P_m, Q_+] = − 1 2 Q_−IΓ_m , [J_{mn}, Q_±] = 1 2 Q_±Γ_{mn} , [J_{4m}, Q_+] = 1 2 Q_−Γ_{4m} , {Q^T_+, Q_+} = −4CΓ^0ℓ_+(p_−H + p_+K) − 2CΓ^3ℓ_+D + CIΓ^{ij} ℓ_+J_{ij} −CΓ^4ℓ_+P_4 − 1 2 CIΓ^{mn}ℓ_+J_{mn} , {Q^T_+, Q_−} = −4CΓ^iℓ_−(p_−P_i + p_+K_i) + 2CIΓ^{i0}ℓ_−G_i − CΓ^mℓ_−P_m − CΓ^{4m}ℓ_−J_{4m} , (4.6) in addition to (2.3) with i = 1, 2. This is a 32 supersymmetric GCA. By construction, the super GCA {H, K, D, P_i, K_i, G_i, J_{ij} , P_4, P_m, J_{mn}, J_{4m}, Q_+, Q_−} (4.7) is the super Newton-Hooke algebra of an M2-brane in AdS_4×S^7. The M2-brane worldvolume is AdS_2×S^1 extending along (0, 3, 4)-th directions. The M2-brane worldvolume extends along two directions in AdS_4 and so the GCA results. If a brane extends along more than two directions in AdS, a semi-GCA emerges generally as seen in the next section. The super GCA obtained above contains a 16 supersymmetric subalgebra {H, K, D, J_{ij}, P_4, J_{mn}, Q_+} . (4.8)

The set of generators {H, K, D, P_4} generates the AdS_2×S^1 symmetry on the M2-brane worldvolume, while {J_{ij} , J_{mn}} is the rotational symmetry so(2)×so(6) in the space transverse to AdS_2×S^1 in AdS_4×S^7.

4.2 16 supersymmetric GCA from osp(4|4)

We derive a 16 supersymmetric GCA from the N = 4 superconformal algebra osp(4|4).

Firstly, we derive osp(4|4) from the N = 8 superconformal algebra osp(8|4). For this, we introduce a 1/2 projector in the N = 8 superconformal algebra

q_+ = 1 2 (1 + Γ^{789♮}) , (4.9)

and require that Q ≡ Qq_+. We note q_+ commutes with p_±. Then the N = 8 superconformal algebra reduces to a N = 4 superconformal algebra. The fermionic part of the algebra is

[P̃_μ, Q] = − 1 2 QΓ_{μ3}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ3}p_− , [D̃, Q] = − 1 2 QIΓ_3 , [J̃_{μν} , Q] = 1 2 QΓ_{μν} , [P_m, Q] = − 1 2 QIΓ_m , [J_{mn}, Q] = 1 2 QΓ_{mn} , [J_m′_n′ , Q] = 1 2 QΓ_m′_n′ , {Q^T , Q} = −4CΓ^μq_+(p_+K̃_μ + p_−P̃_μ) − 2CΓ^3q_+D̃ + CIΓ^{μν} q_+J̃_{μν} −CΓ^mq_+P̃_m − 1 2 CIq_+(Γ^{mn}J̃_{mn} + Γ^{m′n′}J̃_m′_n′ ) , (4.10)

where a^′ = (m, m^′), m = 4, 5, 6 and m^′ = 7, 8, 9, ♮. The bosonic part is (2.1) and so(4)×so(4) generated by {P̃_m, J̃_{mn}} and {J_m′_n′ }.

As was done in section 3.2, we rewrite the commutation relations containing J_m′_n′ as

[J̃^{′(±)}_I , J̃^{′(±)}_I ] = ϵ_{IJK}J̃^{′(±)}_K , [J̃^{′(+)}_I , Q] = 1 2 Qρ^′_I , [J̃^{′(−)}_I , Q] = 0 , {Q^T , Q} = · · · − 2CIq_+ ∑ I=1,2,3 ρ^′_IJ̃^{′(+)}_I (4.11)

with

J̃^{′(±)}_I = ( 1 2 (J̃_{89} ∓ J̃_{7♮}), 1 2 (J̃_{79} ± J̃_{8♮}), 1 2 (J̃_{78} ∓ J̃_{9♮}) ) , ρ^′_I = (Γ_{89}, Γ_{79}, Γ_{78}) . (4.12)

Similarly, the commutation relations containing P̃_m and J̃_{mn} can be rewritten as

[J̃^{(±)}_I , J̃^{(±)}_I ] = ϵ_{IJK}J̃^{(±)}_K , [J̃^{(+)}_I , Q] = 1 2 Qρ_I , [J̃^{(−)}_I , Q] = 0 , {Q^T , Q} = · · · − 2CIq_+ ∑ I=1,2,3 ρ_IJ̃^{(+)}_I (4.13)

with

J̃^{(±)}_I = ( 1 2 (P̃_6 ± J̃_{45}), 1 2 (P̃_5 ∓ J̃_{46}), 1 2 (±P̃_4 + J̃_{56}) ) , ρ_I = (Γ_{45}, −Γ_{46}, Γ_{56}) . (4.14)

These follow from the fact Γ^{789♮}q_+ = q_+ and Γ^♮ = Γ^{0···9}. Thus the set of generators {P̃_μ, K̃_μ, D̃, J̃_{μν} , J̃^{(+)}_I , J̃^{′(+)}_I , Q} (4.15) forms a superconformal algebra, which is osp(4|4). {J̃^{(+)}_I , J̃^{′(+)}_I } generates the R-symmetry su(2)×su(2) ∼= so(4).

Next, we decompose Q as Q̃_± = Qℓ_± by introducing a pair of projectors ℓ_± in (4.3), which commute with q_+, and scale generators as (2.2) and Q̃_+ = Q_+ , Q̃_− = ωQ_− , J̃^{(+)}_3 = J^{(+)}_3 , J̃^{(+)}_{1,2} = ωJ^{(+)}_{1,2} , J̃^{′(+)}_I = J^{′(+)}_I . (4.16) Substituting these into the (anti-)commutation relation of the N = 4 superconformal algebra osp(4|4) and taking the limit ω → ∞, we derive (2.3), (4.5) and

[J^{(+)}_3 , J^{(+)}_I ] = ϵ_{3IJ} J^{(+)}_J , [J^{(+)}_3 , Q_±] = − 1 2 Q_±Iρ_3 , [J^{(+)}_{1,2} , Q_+] = − 1 2 Q_−Iρ_{1,2} , [J^{′(+)}_I , J^{′(+)}_J ] = ϵ_{IJK} J^{′(+)}_K , [J^{′(+)}_I , Q_±] = 1 2 Q_±ρ^′_I , {Q^T_+, Q_+} = −4CΓ^0ℓ_+q_+(p_−H + p_+K) − 2CΓ^3ℓ_+q_+D + CIΓ^{ij} ℓ_+q_+J_{ij} −2Cρ_3ℓ_+q_+J^{(+)}_3 − 2CIℓ_+q_+ ∑ I=1,2,3 ρ^′_I J^{′(+)}_I , {Q^T_+, Q_−} = −4CΓ^iℓ_−q_+(p_−P_i + p_+K_i) + 2CIΓ^{i0}ℓ_−q_+G_i −2CIq_+(ρ_1J^{(+)}_1 + ρ_2J^{(+)}_2 )ℓ_− . (4.17) This is a 16 supersymmetric GCA {H, K, D, J_{ij}, P_i, K_i, G_i, J^{(+)}_I , J^{′(+)}_I , Q_+, Q_−} . (4.18) The bosonic subalgebra is the GCA and so(3)×iso(2). The super GCA contains a 8 supersymmetric subalgebra {H, K, D, J_{ij}, J^{(+)}_3 , J^{′(+)}_I , Q_+} . (4.19) {J^{′(+)}_I , J^{(+)}_3 } generates the R-symmetry su(2)×u(1).

4.3 8 supersymmetric GCA from osp(2|4)

We derive a 8 supersymmetric GCA from the N = 2 superconformal algebra osp(2|4).

Firstly, we derive osp(2|4) from the N = 8 superconformal algebra osp(8|4). We introduce a 1/4 projector q_+ = 1 2 (1 + Γ^{5678}) 1 2 (1 + Γ^{789♮}) , (4.20) which commutes with p_±, and require that Q ≡ Qq_+. Then the N = 8 superconformal algebra reduces to a N = 2 superconformal algebra. The fermionic part of the algebra is [P_4, Q] = − 1 2 QIΓ_4 , [J_{56}, Q] = 1 2 QΓ_{56} , [J_{78}, Q] = 1 2 QΓ_{78} , [J_{9♮}, Q] = 1 2 QΓ_{9♮} , {Q^T , Q} = −4CΓ^μq_+(p_+K̃_μ + p_−P̃_μ) − 2CΓ^3q_+D̃ + CIΓ^{μν} q_+J̃_{μν} −CΓ^4q_+P̃_4 − CIq_+(Γ^{56}J̃_{56} + Γ^{78}J̃_{78} + Γ^{9♮}J̃_{9♮}) . (4.21) The bosonic part is (2.1) and u(1)^4 generated by {P̃_4, J̃_{56}, J̃_{78}, J̃_{9♮}}. We note the commutation relations containing u(1)^4 generators are rewritten as [J̃_I , Q] = − 1 2 QIΓ_4 , {Q^T , Q} = · · · − 4CΓ^4q_+J̃ , (4.22) with J̃_I = ( P̃_4, J̃_{56}, −J̃_{78}, J̃_{9♮} ) , J̃ = 1 4 ∑ I=1,2,3,4 J̃_I . (4.23)

It follows that the set of generators {P̃_μ, K̃_μ, D̃, J̃_{μν} , J̃, Q} (4.24) forms the N = 2 superconformal algebra osp(2|4). J̃ generates the R-symmetry so(2).

Next, we decompose Q as Q̃_± = Qℓ_± by ℓ_± in (4.3), which commute with q_+, and scale generators as (2.2) and Q̃_+ = Q_+ , Q̃_− = ωQ_− , J̃ = J . (4.25) Substituting these into the above (anti-)commutation relation of osp(2|4) and taking the limit ω → ∞, we derive (2.3), (4.5) and [J, Q_±] = − 1 2 Q_±IΓ_4 , {Q^T_+, Q_+} = −4CΓ^0ℓ_+q_+(p_−H + p_+K) − 2CΓ^3ℓ_+q_+D + CIΓ^{ij} ℓ_+q_+J_{ij} −4CΓ^4q_+ℓ_+J , {Q^T_+, Q_−} = −4CΓ^iℓ_−q_+(p_−P_i + p_+K_i) + 2CIΓ^{i0}ℓ_−q_+G_i . (4.26) This is a 8 supersymmetric GCA {H, K, D, J_{ij} , P_i, K_i, G_i, J, Q_+, Q_−} . (4.27) It contains a 4 supersymmetric subalgebra {H, K, D, J_{ij} , J, Q_+} , (4.28) in which J acts as the R-symmetry so(2).

5 Super semi-GCA from six-dimensional superconformal algebra

In this section, we derive super GCAs from the six-dimensional superconformal algebras, osp osp(8^∗|4) and osp(8^∗|2).

The super-AdS_7×S^4 algebra osp(8^∗|4) is the N = 4 superconformal algebra in six-dimensions. The bosonic part is (2.1) with μ = 0, 1, · · · , 5 and the R-symmetry sp(4) ∼= so(5) given in (3.1) with a^′ = 7, 8, 9, ♮. The fermionic part is

[P̃_μ, Q] = − 1 2 QΓ_{μ6}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ6}p_− , [D̃, Q] = − 1 2 QIΓ_6 , [J̃_{μν} , Q] = 1 2 QΓ_{μν} , [P̃_a′ , Q] = − 1 2 QIΓ_a′ , [J̃_a′_b′ , Q] = 1 2 QΓ_a′_b′ , {Q^T , Q} = −4CΓ^μ(p_+K̃_μ + p_−P̃_μ) − 2CΓ^6D̃ − CIΓ^{μν}J̃_{μν} − 4CΓ^{a′}P̃_a′ + 2CIΓ^{a′b′}J̃_a′_b′ , (5.1) where I = Γ^{789♮} and p_± = 1 2 (1 ± Γ^{6789♮}) . (5.2)

The supercharge Q̃ = Qp_− (and S̃ = Qp_+ also) is composed of four sets of four-component Weyl spinors subject to the sp(4) Majorana condition. The sp(4) ∼= so(5) is generated by {P_a′ , J_a′_b′ }.

5.1 32 supersymmetric semi-GCA from osp(8^∗|4)

Let us decompose Q as Q̃_± = Qℓ_± by introducing a pair of projectors

ℓ_± = 1 2 (1 ± Γ^{056}) , (5.3) which commute with p_±, and scale generators as P̃_α = P_α , K̃_α = K_α , J̃_{05} = J_{05} , J̃_{ij} = J_{ij} , Q̃_+ = Q_+ , P̃_i = ωP_i , K̃_i = ωK_i , J̃_{iα} = ωG_{iα} , Q̃_− = ωQ_− , (5.4) and P̃_{a′} = ωP_{a′} , J̃_{a′b′} = J_{a′b′} , (5.5) where α = 0, 5 and i = 1, 2, 3, 4. Substituting these into the (anti-)commutation relation of the N = 4 superconformal algebra osp(8^∗|4) and taking the limit ω → ∞, we derive a 32 supersymmetric semi-GCA. The bosonic part is (2.10) and [J_a′_b′ , J_c′_d′ ] = δ_b′_c′ J_a′_d′ + 3-terms , [J_a′_b′ , P_c′ ] = δ_b′_c′ P_a′ − δ_a′_c′ P_b′ . (5.6)

The fermionic part is

[P_α, Q_±] = − 1 2 Q_±Γ_{α6}p_+ , [K_α, Q_±] = + 1 2 Q_±Γ_{α6}p_− , [D, Q_±] = − 1 2 Q_±IΓ_6 ,

[P_i, Q_+] = − 1 2 Q_−Γ_{i6}p_+ , [K_i, Q_+] = + 1 2 Q_−Γ_{i6}p_− , [G_{iα}, Q_+] = 1 2 Q_−Γ_{iα} , [J_{ij}, Q_±] = 1 2 Q_±Γ_{ij} , [J_{αβ} , Q_±] = 1 2 Q_±Γ_{αβ} , (5.7) and [P_a′ , Q_+] = − 1 2 Q_−IΓ_a′ , [J_a′_b′ , Q_±] = 1 2 Q_±Γ_a′_b′ , {Q^T_+, Q_+} = −4CΓ^αℓ_+(p_−P_α + p_+K_α) − 2CΓ^6ℓ_+D − CIΓ^{αβ} ℓ_+J_{αβ} − CIΓ^{ij} ℓ_+J_{ij} +2CIΓ^{a′b′} ℓ_+J_a′_b′ , {Q^T_+, Q_−} = −4CΓ^iℓ_−(p_−P_i + p_+K_i) − 2CIΓ^{iα}ℓ_−G_{iα} − 4CΓ^{a′} ℓ_−P_a′ . (5.8)

By construction, the supersymmetric semi-GCA {P_α, K_α, D, P_i, K_i, G_{iα}, J_{ij} , J_{05}, P_a′ , J_a′_b′ , Q_+, Q_−} (5.9) is the super Newton-Hooke algebra of an M2-brane in AdS_7×S^4. The M2-brane worldvolume is AdS_3 extending along (0, 5, 6)-th directions in AdS_7. As the M2-brane worldvolume extends along more than two directions in AdS, a semi-GCA emerges. It contains a 16 supersymmetric subalgebra {P_α, K_α, D, J_{05}, J_{ij} , J_a′_b′ , Q_+} . (5.10) The set of generators {H_α, K_α, D, J_{05}} generates the AdS_3 symmetry so(2,2) on the M2-brane worldvolume. The generators {J_{ij} , J_a′_b′ } represents the rotational symmetry so(4)^2 in the space transverse to AdS_3 in AdS_7×S^4.

5.2 16 supersymmetric semi-GCA from osp(8^∗|2)

We derive a 16 supersymmetric GCA from the N = 2 superconformal algebra osp(8^∗|2).

Firstly, we derive osp(8^∗|2) from the N = 4 superconformal algebra osp(8^∗|4). For this, we introduce a 1/2 projector

q_+ = 1 2 (1 + Γ^{789♮}) , (5.11)

which commutes with p_±, and require that Q ≡ Qq_+. Then the N = 4 superconformal algebra reduces to a N = 2 superconformal algebra. The fermionic part of the algebra is

[P̃_μ, Q] = − 1 2 QΓ_{μ6}p_+ , [K̃_μ, Q] = + 1 2 QΓ_{μ6}p_− , [D̃, Q] = − 1 2 QIΓ_6 ,

[J̃_{μν} , Q] = 1 2 QΓ_{μν} , [J̃_a′_b′ , Q] = 1 2 QΓ_a′_b′ , {Q^T , Q} = −4CΓ^μq_+(p_+K̃_μ + p_−P̃_μ) − 2CΓ^6q_+D̃ − CIΓ^{μν} q_+J̃_{μν} + 2CIΓ^{a′b′} q_+J̃_a′_b′ .(5.12) The bosonic part is (2.1) with μ = 0, · · · , 5 and so(4) generated by {J̃_a′_b′ }. We note that the commutation relations containing J̃_a′_b′ can be rewritten as [J̃^{(±)}_I , J̃^{(±)}_J ] = ϵ_{IJK}J̃^{(±)}_K , [J̃^{(+)}_I , Q] = 1 2 Qρ_I , [J̃^{(−)}_I , Q] = 0 , {Q^T , Q} = · · · + 8CIq_+ ∑ I=1,2,3 ρ_IJ̃^{(+)}_I , (5.13)

with

J̃^{(±)}_I = ( 1 2 (J̃_{89} ∓ J̃_{7♮}), 1 2 (J̃_{79} ± J̃_{8♮}), 1 2 (J̃_{78} ∓ J̃_{9♮}) ) , ρ_I = (Γ^{89}, Γ^{79}, Γ^{78}) . (5.14) It follows that the set of generators {P̃_μ, K̃_μ, D̃, J̃_{μν} , J̃^{(+)}_I , Q} (5.15) forms the superconformal algebra osp(8^∗|2). J^{(+)}_I generates the R-symmetry su(2) ∼= sp(2).

As above, we decompose Q as Q̃_± = Qℓ_± by introducing a pair of projectors ℓ_± in (5.3) and scale generators as in (5.4) and J̃^{(+)}_I = J^{(+)}_I . (5.16) We note that q_+ and ℓ_± commute each other. Substituting these into the (anti-)commutation relation of the N = 2 superconformal algebra osp(8^∗|2) and taking the limit ω → ∞, we derive (2.10), (5.7) and

[J^{(+)}_I , J^{(+)}_J ] = ϵ_{IJK} J^{(+)}_K , [J^{(+)}_I , Q_±] = 1 2 Q_±ρ_I , {Q^T_+, Q_+} = −4CΓ^αℓ_+q_+(p_−P_α + p_+K_α) − 2CΓ^6ℓ_+q_+D − CIΓ^{αβ} ℓ_+q_+J_{αβ} − CIΓ^{ij} ℓ_+q_+J_{ij} +8CIq_+ℓ_+ ∑ I=1,2,3 ρ_I J^{(+)}_I , {Q^T_+, Q_−} = −4CΓ^iℓ_−q_+(p_−P_i + p_+K_i) − 2CIΓ^{iα}ℓ_−q_+G_{iα} . (5.17) This is a 16 supersymmetric semi-GCA {P_α, K_α, D, P_i, K_i, G_{iα}, J_{ij}, J_{05}, J^{(+)}_I , Q_+, Q_−} . (5.18) It contains a 8 supersymmetric subalgebra {P_α, K_α, D, J_{αβ} , J_{ij}, J^{(+)}_I , Q_+} . (5.19) {J^{(+)}_I } acts as the R-symmetry su(2) ∼= sp(2).

6 Summary and Discussions

Conformal algebra in (d + 1)-dimensions is the AdS_{d+2} algebra. The IW contraction which derives a GCA from the conformal algebra in (d + 1)-dimensions is equivalent to the IW contraction which derives a Newton-Hooke string algebra from the AdS_{d+2} algebra. The string lies along the direction transverse to the boundary. In other words, a GCA is a boundary realization of a Newton-Hooke string algebra. From this observation, we have derived 32 supersymmetric GCAs from superconformal algebras, psu(2, 2|4), osp(8|4) and osp(8^∗|4). We have also derived less supersymmetric GCAs by considering less supersymmetric conformal algebras, su(2, 2|2), osp(4|4), osp(2|4) and osp(8^∗|2).

In this paper we have considered an AdS_2 string in AdS_5×S^5, an AdS_2×S^1 brane in AdS_4×S^7 and an AdS_3 brane in AdS_7×S^4. There are many other 1/2 BPS brane configurations in AdS spaces as seen in [18]. We leave this issue for future studies. These branes are considered as a probe which does not affect the background. The Newton-Cartan-like geometry discussed recently in [74] [67] may have some connections to ours. It is interesting to clarify this point.

We have chosen the scaling of the supercharge so that the resulting super GCA has a 1/2 supersymmetric subalgebra, which is a supersymmetrization of the base so(2, 1)×so(d) of the bosonic GCA. As a consistent IW contraction, one may consider another scaling of the supercharges. In fact, one may scale the supercharges as Q → ω^{1/2}Q. In this case, the anticommutator of two Qs contains only P_i, K_i, G_i and P_a′ for the super GCA considered in section 3.1. So the dynamical supersymmetry disappears.

It is also interesting to look for NR systems which are invariant under the super GCAs obtained in this paper. The NR string action [11]^7, which has the symmetry of the super Newton-Hooke algebra of a string, might give some hint for this.

In this paper, we have not discussed the central extensions of the GCA and the infinitedimensional extensions of the GCA [74]. For the centrally extended GCA, the exotic GCA [73], we can derive it as an expansion [78, 79] of the conformal algebra. In addition, one may find non-central extensions of a (super) GCA by this method. We hope to report on this issue in future.

We hope that our results may be useful in the future studies in AdS/CFT.

Note added

The supersymmetric extensions of GCA derived in section 3 were found independently by J. A. de Azcarraga and J. Lukierski in [80].

7 See [18] for the NR brane actions.

Acknowledgment

The authors would like to thank Kentaroh Yoshida for useful discussion. This work was supported by the Grant-in-Aid for Scientific Research (19540324) from the Ministry of Education, Science and Culture, Japan.

References

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109];

E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150].

[3] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 533 (1998) 109 [arXiv:hep-th/9805028].

[4] R. Penrose, “Any spacetime has a plane wave as a limit, Differential geometry and relativity,” Reidel, Dordrecht (1976).

[5] R. Gueven, Phys. Lett. B 482 (2000) 255 [arXiv:hep-th/0005061];

M. Blau, J. M. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Class. Quant. Grav. 19 (2002) L87 [arXiv:hep-th/0201081].

[6] M. Blau, J. M. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, JHEP 0201 (2002) 047 [arXiv:hep-th/0110242].

[7] R. R. Metsaev, Nucl. Phys. B 625 (2002) 70 [arXiv:hep-th/0112044];

R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 65 (2002) 126004 [arXiv:hep-th/0202109].

[8] D. E. Berenstein, J. M. Maldacena and H. S. Nastase, JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[9] E. Inönü and E. P. Wigner, Proc. Natl. Acad. Sci. U.S.A. 39 (1953) 510;

E. Inönü , in Group theoretical concepts and methods in elementary particle physics ed. F. Gursey (Gordon and Breach, New York, 1964).

[10] M. Hatsuda, K. Kamimura and M. Sakaguchi, Nucl. Phys. B 632 (2002) 114 [arXiv:hep-th/0202190]; for 11-dimensional case see, M. Hatsuda, K. Kamimura and M. Sakaguchi, Nucl. Phys. B 637 (2002) 168 [arXiv:hep-th/0204002].

[11] J. Gomis, J. Gomis and K. Kamimura, JHEP 0512 (2005) 024 [arXiv:hep-th/0507036]. [12] J. Brugues, J. Gomis and K. Kamimura, Phys. Rev. D 73 (2006) 085011 [arXiv:hep-th/0603023].

[13] I. R. Klebanov and J. M. Maldacena, Int. J. Mod. Phys. A 16 (2001) 922 [Adv. Theor.

Math. Phys. 4 (2000) 283] [arXiv:hep-th/0006085].

[14] J. Gomis and H. Ooguri, J. Math. Phys. 42 (2001) 3127 [arXiv:hep-th/0009181];

U. H. Danielsson, A. Guijosa and M. Kruczenski, JHEP 0010 (2000) 020 [arXiv:hep-th/0009182].

[15] S.J. Avis, C.J. Isham and D. Storey, Phys.Rev. D 18 (1978) 3565;

N. Sakai and Y. Tanii, Phys. Lett. B 146 (1984) 38; Nucl. Phys. B 258 (1985) 661. [16] N. Drukker, D. J. Gross and A. A. Tseytlin, JHEP 0004 (2000) 021 [arXiv:hep-th/0001204].

[17] M. Sakaguchi and K. Yoshida, JHEP 0802 (2008) 092 [arXiv:0712.4112 [hep-th]]; JHEP 0705 (2007) 051 [arXiv:hep-th/0703061]; Nucl. Phys. B 798 (2008) 72 [arXiv:0709.4187 [hep-th]].

[18] M. Sakaguchi and K. Yoshida, JHEP 0610 (2006) 078 [arXiv:hep-th/0605124]. [19] C. R. Hagen, Phys. Rev. D 5 (1972) 377;

U. Niederer, Helv. Phys. Acta 45 (1972) 802.

[20] M. Henkel, J. Statist. Phys. 75 (1994) 1023 [arXiv:hep-th/9310081];

T. Mehen, I. W. Stewart and M. B. Wise, Phys. Lett. B 474 (2000) 145 [arXiv:hep-th/9910025].

[21] Y. Nishida and D. T. Son, Phys. Rev. D 76 (2007) 086004 [arXiv:0706.3746 [hep-th]]. [22] D. T. Son, Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972 [hep-th]]. [23] K. Balasubramanian and J. McGreevy, Phys. Rev. Lett. 101 (2008) 061601 [arXiv:0804.4053 [hep-th]].

[24] W. D. Goldberger, JHEP 0903 (2009) 069 [arXiv:0806.2867 [hep-th]]. [25] J. L. F. Barbon and C. A. Fuertes, JHEP 0809 (2008) 030 [arXiv:0806.3244 [hep-th]]. [26] M. Sakaguchi and K. Yoshida, J. Math. Phys. 49 (2008) 102302 [arXiv:0805.2661 [hep-th]].

[27] M. Sakaguchi and K. Yoshida, JHEP 0808 (2008) 049 [arXiv:0806.3612 [hep-th]]. [28] W. Y. Wen, “AdS/NRCFT for the (super) Calogero model,” arXiv:0807.0633 [hep-th]. [29] C. P. Herzog, M. Rangamani and S. F. Ross, JHEP 0811 (2008) 080 [arXiv:0807.1099 [hep-th]].

[30] J. Maldacena, D. Martelli and Y. Tachikawa, JHEP 0810 (2008) 072 [arXiv:0807.1100 [hep-th]].

[31] A. Adams, K. Balasubramanian and J. McGreevy, JHEP 0811 (2008) 059 [arXiv:0807.1111 [hep-th]].

[32] Y. Nakayama, JHEP 0810 (2008) 083 [arXiv:0807.3344 [hep-th]].

[33] J. W. Chen and W. Y. Wen, “Shear Viscosity of a Non-Relativistic Conformal Gas in Two Dimensions,” arXiv:0808.0399 [hep-th].

[34] D. Minic and M. Pleimling, Phys. Rev. E 78 (2008) 061108 [arXiv:0807.3665 [condmat.stat-mech]].

[35] A. V. Galajinsky, Phys. Rev. D 78 (2008) 087701 [arXiv:0808.1553 [hep-th]]. [36] S. Kachru, X. Liu and M. Mulligan, Phys. Rev. D 78 (2008) 106005 [arXiv:0808.1725 [hep-th]].

[37] P. Kovtun and D. Nickel, Phys. Rev. Lett. 102 (2009) 011602 [arXiv:0809.2020 [hep-th]]. [38] F. Correa, V. Jakubsky and M. S. Plyushchay, Annals Phys. 324 (2009) 1078 [arXiv:0809.2854 [hep-th]].

[39] C. Duval, M. Hassaine and P. A. Horvathy, Annals Phys. 324 (2009) 1158 [arXiv:0809.3128 [hep-th]].

[40] D. Yamada, Class. Quant. Grav. 26 (2009) 075006 [arXiv:0809.4928 [hep-th]]. [41] F. L. Lin and S. Y. Wu, “Non-relativistic Holography and Singular Black Hole,” arXiv:0810.0227 [hep-th].

[42] S. A. Hartnoll and K. Yoshida, JHEP 0812 (2008) 071 [arXiv:0810.0298 [hep-th]]. [43] M. Schvellinger, JHEP 0812 (2008) 004 [arXiv:0810.3011 [hep-th]]. [44] L. Mazzucato, Y. Oz and S. Theisen, JHEP 0904 (2009) 073 [arXiv:0810.3673 [hep-th]].

[45] P. Horava, “Quantum Criticality and Yang-Mills Gauge Theory,” arXiv:0811.2217 [hep-th]. [46] A. Akhavan, M. Alishahiha, A. Davody and A. Vahedi, JHEP 0903 (2009) 053 [arXiv:0811.3067 [hep-th]].

[47] A. Adams, A. Maloney, A. Sinha and S. E. Vazquez, JHEP 0903 (2009) 097 [arXiv:0812.0166 [hep-th]].

[48] A. Donos and J. P. Gauntlett, JHEP 0903 (2009) 138 [arXiv:0901.0818 [hep-th]]. [49] P. D. Alvarez, J. L. Cortes, P. A. Horvathy and M. S. Plyushchay, JHEP 0903 (2009) 034 [arXiv:0901.1021 [hep-th]].

[50] A. Ghodsi and M. Alishahiha, “Non-relativistic D3-brane in the presence of higher derivative corrections,” arXiv:0901.3431 [hep-th].

[51] A. Akhavan, M. Alishahiha, A. Davody and A. Vahedi, “Fermions in non-relativistic AdS/CFT correspondence,” arXiv:0902.0276 [hep-th].

[52] Y. Nakayama, “Superfield Formulation for Non-Relativistic Chern-Simons-Matter Theory,” arXiv:0902.2267 [hep-th].

[53] A. Galajinsky and I. Masterov, “Remark on quantum mechanics with N=2 superconformal Galilean symmetry,” arXiv:0902.2910 [hep-th].

[54] M. Alishahiha, R. Fareghbal, A. E. Mosaffa and S. Rouhani, “Asymptotic symmetry of geometries with Schrodinger isometry,” arXiv:0902.3916 [hep-th].

[55] C. A. Fuertes and S. Moroz, “Correlation functions in the non-relativistic AdS/CFT correspondence,” arXiv:0903.1844 [hep-th].

[56] A. Karch, P. Surowka and E. G. Thompson, “A holographic perspective on non-relativistic conformal defects,” arXiv:0903.2054 [hep-th].

[57] A. Volovich and C. Wen, JHEP 0905 (2009) 087 [arXiv:0903.2455 [hep-th]]. [58] R. B. Mann, “Solitonic Phase Transitions of Galilean Black Holes,” arXiv:0903.4228 [hepth].

[59] S. Schafer-Nameki, M. Yamazaki and K. Yoshida, “Coset Construction for Duals of Nonrelativistic CFTs,” arXiv:0903.4245 [hep-th].

[60] E. O. Colgain and H. Yavartanoo, “NR CF T_3 duals in M-theory,” arXiv:0904.0588 [hepth].

[61] J. Kluson, “Branes at Quantum Criticality,” arXiv:0904.1343 [hep-th].

[62] N. Bobev and A. Kundu, “Deformations of Holographic Duals to Non-Relativistic CFTs,” arXiv:0904.2873 [hep-th].

[63] M. Blau, J. Hartong and B. Rollier, “Geometry of Schroedinger Space-Times, Global Coordinates, and Harmonic Trapping,” arXiv:0904.3304 [hep-th].

[64] S. S. Pal, “Non-relativistic supersymmetric Dp branes,” arXiv:0904.3620 [hep-th].

[65] R. G. Leigh and N. N. Hoang, “Real-Time Correlators and Non-Relativistic Holography,” arXiv:0904.4270 [hep-th].

[66] M. Taylor, “Non-relativistic holography,” arXiv:0812.0530 [hep-th].

[67] C. Duval and P. A. Horvathy, “Non-relativistic conformal symmetries and Newton-Cartan structures,” arXiv:0904.0531 [math-ph].

[68] J. L. F. Barbon and C. A. Fuertes, “Ideal gas matching for thermal Galilean holography,” arXiv:0903.4452 [hep-th].

[69] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” arXiv:0903.3246 [hep-th].

[70] M. Leblanc, G. Lozano and H. Min, Annals Phys. 219 (1992) 328 [arXiv:hep-th/9206039].

[71] Y. Nakayama, S. Ryu, M. Sakaguchi and K. Yoshida, JHEP 0901 (2009) 006 [arXiv:0811.2461 [hep-th]];

Y. Nakayama, M. Sakaguchi and K. Yoshida, JHEP 0904 (2009) 096 [arXiv:0902.2204 [hep-th]];

Y. Nakayama, M. Sakaguchi and K. Yoshida, J. Phys. A 42 (2009) 195402 [arXiv:0812.1564 [hep-th]].

[72] K. M. Lee, S. Lee and S. Lee, “Nonrelativistic Superconformal M2-Brane Theory,” arXiv:0902.3857 [hep-th].

[73] J. Lukierski, P. C. Stichel and W. J. Zakrzewski, Phys. Lett. A 357 (2006) 1 [arXiv:hep-th/0511259].

[74] A. Bagchi and R. Gopakumar, “Galilean Conformal Algebras and AdS/CFT,” arXiv:0902.1385 [hep-th].

[75] M. Alishahiha, A. Davody and A. Vahedi, “On AdS/CFT of Galilean Conformal Field Theories,” arXiv:0903.3953 [hep-th].

[76] D. Martelli and Y. Tachikawa, “Comments on Galilean conformal field theories and their geometric realization,” arXiv:0903.5184 [hep-th].

[77] A. Bagchi and I. Mandal, “On Representations and Correlation Functions of Galilean Conformal Algebras,” arXiv:0903.4524 [hep-th].

[78] M. Hatsuda and M. Sakaguchi, Prog. Theor. Phys. 109 (2003) 853 [arXiv:hep-th/0106114]. [79] J. A. de Azcarraga, J. M. Izquierdo, M. Picon and O. Varela, Nucl. Phys. B 662 (2003) 185 [arXiv:hep-th/0212347]; Class. Quant. Grav. 21 (2004) S1375 [arXiv:hep-th/0401033].

[80] J. A. de Azcarraga and J. Lukierski, “Galilean Superconformal Symmetries,” arXiv:0905.0141 [math-ph].