arXiv:0905.0234v1 [math-ph] 2 May 2009

From light-speed state to the rest: new representation for energy-momentum

Robert M. Yamaleev Facultad de Estudios Superiores, Universidad Nacional Autonoma de Mexico Cuautitlán Izcalli, Campo 1, C.P.54740, México. Joint Institute for Nuclear Research, Dubna,Russia

Email:iamaleev@servidor.unam.mx

May 5, 2009

Abstract

New representation for energy-momentum of relativistic particle near zero-mass point is found. Formulae of the energy-momentum are expressed via counterpart of the rapidity which provides a regularity of the representation near zero-mass and speed of light points. The representation implies an additional characteristic parameter counterpart to the inertial mass and admits an extension of the energy-mass equivalence principle to the class of massless particles. The nature of mass of the ”left” neutrino and violation of the parity are explained from the first principles. Hypothesis on quantization of the energy-momentum and the velocity near the light velocity is suggested. The group of transformations using the counter-rapidity as a parameter of transformation is constructed. Geometric interpretation of the counter-rapidity as a distance in hyperbolic plane is given.

Keywords: relativistic dynamics, inertial mass, rapidity, energy-momentum, Lorentz-force equations, neutrino, parity, Dirac equation, hyperbolic geometry.

1 Introduction

The areas near the points of zero-mass and near the speed of light are for relativistic physics the areas of a special interest because masses of the elementary particles are either quite small or equal to zero. The state of a relativistic particle with zero inertial mass and with velocity equal to speed of light is a peculiar point of the classical relativistic dynamics. In fact, at this point the energy and momentum of a massive particle become infinity, which it follows from formulae cP_0 = mc^2 √ 1 − v^2/c^2 , P = mv √ 1 − v^2/c^2 . It is seen, the point v = c is a singular point. At this point the proper mass of any particle has to be equal to zero. Thus, the singularity can be resolved by tending the proper mass to zero simultaneously tending the velocity to the speed of light. It is expected then, at this common limit one will obtain some finite value of the energy (momentum) corresponding to the energy

(momentum) of some massless particle. However, the classical relativistic dynamics does not provide one with such a rule.

The relativistic kinematics deals only with the velocities of the particles and the observers. The inertial mass is the very parameter of an inertial system which does not admit to attain the speed of light. For the ”inertial observes” this point is prohibited by convention. The state of the light-speed is a fixed point. Within the framework of the classical theory the massive particle continuously accelerating may only approach to the light-speed state. As soon as a particle falls into the light-speed state it cannot escape this state because of the addition formula for the velocity

v^′ = v + V 1 + vV/c^2 . According to this formula, if initial state is equal to speed of light, v = c, then the velocity at the final state also is given by this value: v^′ = c. Here, it is important to take into account that this state is allowed only for particles with zero inertial mass. This means, in order to escape this state one has to be able to add some quantity of the inertial mass into the ”imaginary engine” confined inside the light-speed state. In the other words, in order to avoid the state of the light speed one has to be able to vary the proper mass of the particle.

The Lorentz group of transformations as a parameter of the Lorentz-boost uses an hyperbolic angle, the rapidity. Most physicists maintained that the rapidity is a merely formal quantity introduced a purely mathematical device. The others meanwhile, insisted that the limitation v < c and the non-additivity of the velocity parameter v required the rapidity to be a primary physical meaning. The mapping from the rapidity ψ onto the velocity v is given via hyperbolic tangent:

v = c tanh(ψ).

The rapidity till up to now did not obtain its physical interpretation in the Lorentz-kinematics [6]. However in the relativistic dynamics the hyperbolic angle ψ can be expressed via external potential field [23]. It is relevant to point out on geometrical interpretation of the rapidity as a length in the hyperbolic space of velocities.

In the present paper we introduce a counterpart of the rapidity and explore its physical sense. Expressions for the energy, momentum and the velocity via counterpart of the rapidity are regular at the point m = 0, v = c. The formulae for the energy-momentum are represented as functions of some hyperbolic angle dual to the rapidity, by that reason we suggest to denominate it as counter-rapidity. We shall see that the counter-rapidity has a certain physical interpretation as a value inverse to the energy of the massless-state. The counter-rapidity has also its natural geometrical interpretation as a distance in the space with hyperbolic metric.

In spite of formal reciprocity between rapidity and its counterpart, we shall see, they are quite different. The hyperbolic angle χ dual to rapidity ψ is equal to zero at v = c and it tends to infinity when v goes to zero. It is shown that the hyperbolic angle χ can be presented as a fraction χ = m/π_0, where the variable π_0 in the limit m = 0 becomes equal to the energy of a massless particle. This value can be considered as a counterpart of the inertial mass. The dynamic situation of a moving particle is viewed as follows: the particle with m > 0 is not able to attain the state of speed of light, conversely, the particle possessing with π_0 > 0 cannot fall to the rest state. In the rest state the energy is equal to the proper inertial mass (in energy units) and in the opposite side, in the light-speed state, the energy is equal to the counterpart of the mass, π_0. Thus, the kinetic energy of the relativistic particle is governed, beside the inertial mass m, with its counterpart π_0. The massive particle moving with velocity less than light velocity possesses with both types of mass.

In a similar manner as translations of the rapidity form a part of the Lorentz-group of transformations, translations of the counter-rapidity also form some group of transformations. Geometrically, the concept of counter-rapidity directly leads to geometrical interpretation of the relativistic dynamics within the framework of Poincaré model of hyperbolic geometry where the counter-rapidity coincides with the length of the semi-circle in hyperbolic metrics.

The present theory does not require a new hypothesis. Nevertheless, this approach opens some new insights and new ways of generalization of the relativistic theory. One of the ways of generalization is open due to observation that the formula for energy-momentum can be realized as a mapping from the energy of the massless state onto the massive one. This formula looks like the well-known formula of ”q-deformation”. An analysis of this analogue prompts to introduce a hypothesis on quantization of the velocity near the speed of light.

Usefulness of the present theory we demonstrate exploring the Dirac equation at the limit m = 0. The representation for the energy-momentum via counter-rapidity allows to reach a correct limit at m = 0 explicitly displaying violation of the parity in the Dirac equation at this limit.

The paper is presented by the following sections.

In Section 2 concepts of the counter-rapidity and the counter-mass are introduced. The representation for the energy-momentum via the counter-rapidity is deduced. In Section 3, the Dirac equation near m = 0 is explored. In Section 4, the formula for energy-momentum of massive particle is interpreted as a ”q-deformation” of the state of a massless particle. In Section 5 we build the group of transformations using the rapidity as a principal parameter of transformation. In Section 6, the counter-rapidity is interpreted as a hyperbolic length of the semicircle of Poincaré model of hyperbolic half-plane.

2 Representations of energy-momentum as functions of rapidity and its counterpart

2.1 Elements of relativistic dynamics of charged particle

First of all let us remind some elements of the relativistic dynamics of charged particle necessary in subsequent sections.

Consider a motion of the relativistic particle with charge e in the external electromagnetic fields E and B. The relativistic equations of motion with respect to the proper time τ are given by the Lorentz-force equations [1]: dp dτ = e mc E p_0 + e m [p × B]), dp_0 dτ = e mc (E · p), (2.1) dr dτ = p m , dt dτ = p_0 mc . (2.2)

These equations imply the first integral of motion

p^2_0 − (p · p)^2 = M^2c^2. (2.3)

In the case of stationary potential field, i.e. when eE = −∇V (r), the equations imply the other constant of motion, the energy of the relativistic particle

E = cp_0 + V (r). (2.4)

If the external electromagnetic field strengths is given in covariant form F_{μν} , μ, ν = 0, 1, 2, 3, then the Lorentz-force equation is written in the form of Minkowski force-equation: d dτ u^μ = e mc F^μ_ν u^ν , u^μ = dx^μ dτ . (2.5)

Correspondence with non-relativistic equations gives an interpretation of the constant of motion M^2 as a squared mass of the particle, so that M^2 = m^2. For the massless particle M^2 = 0. It is important to underline that the relativistic dynamics of charged particle is formed by the pair of energies [26]:

q_1 := cp_0 − mc^2, q_2 := cp_0 + mc^2. (2.6) In the non-relativistic limit the former is transformed into kinetic energy of the Newtonian particle cp_0 − Mc^2 = cp_0 − mc^2 → p^2 2m . (2.7)

Next, we shall restrict ourselves by considering only lengths of the momenta. For that purpose let us project the Lorentz-force equations (2.1) on the direction of motion dp dψ = p_0, dp_0 dψ = p, dψ dτ = e mc E, E = (n · E), n = p p . (2.8)

From these equations it follows some dynamical interpretation of the rapidity ψ: the rapidity is integral ψ = e ∫ Edτ/mc of the force with respect to proper time of the particle measured along the trajectory. This definition is in accordance with the definition given in Ref.[6]. From first two equations of (2.8) we find

p_0 = A( cosh(ψ) + B sinh(ψ) ), p = A( sinh(ψ) + B cosh(ψ) ). (2.9)

Constants A, B depend of the initial conditions. In addition, by substituting (2.9) into (2.3) we get A^2(1 − B^2) = M^2c^2, and hence that B^2 = 1 for massless particles. This condition is nothing else than the equation for the generator of a hyperbolic complex number z [3],[22], so that, if

z := x + ey, e^2 = 1, |z| = A,

then, p_0 = z, p = e z.

In this context a question arises about representation of the momenta of a massive particles. The answer to this question the reader may find in Refs.[26]-[27].

Let ψ = ψ_0 for the rest state where p = 0, p_0 = mc. Then Eqs.(2.9)are written as follows

p_0 = mc cosh(ψ − ψ_0), p = mc sinh(ψ − ψ_0). (2.10)

Velocity with respect to coordinate time is defined by v c = p p_0

= tanh(ψ − ψ_0). (2.11)

The same expression is used for mapping between rapidity ψ and the velocity v in the Lorentzkinematics.

2.2 Hyperbolic angle dual to rapidity.

As usually formulae (2.10), (2.11) are considered as formulae of parametrization of the mass-shell equation (2.3). In this context notice, however, that this is not unique form of parametrization. In fact, we can satisfy (2.3) by taking

p_0 = mc coth χ, p = mc sinh χ

. (2.12)

The parametrization as an objective does not give and interpretation of the parameter, however. Now, let us consider the procedure of parametrization from another point of view.

Beforehand, let us remember one simple but useful formula [24]: x_2 x_1 = x_+ + x_− x_+ − x_−

= exp(x_−s), x_± = (x_2 ± x_1). (2.13)

An essential feature of this formula is that x_− does not depend of translations of hyperbolic angle s.

Consider the quantities q_2, q_1 as solutions of quadratic equation

X^2 − 2p_0X + p^2 = 0, (2.14)

where 2p_0 = q_1 + q_2, p^2 = q_1q_2, 2m = q_2 − q_1. (2.15) According to Hamilton-Cayley theorem to equation (2.14) obeys the following matrix

E := ( 0 −p^2 1 2p_0 ) , eigenvalues of which are the roots of polynomial equation (2.14). Write the Euler formula for exponential function of the matrix Eϕ

exp(Eϕ) = g_0(ϕ; p_0, p^2) + E g_1(ϕ; p_0, p^2). (2.16)

In terms of the eigenvalues this equation is decoupled into pair of equations

exp(q_1ϕ) = g_0(ϕ; p_0, p^2) + x_1 g_1(ϕ; p_0, p^2), exp(q_2ϕ) = g_0(ϕ; p_0, p^2) + x_2 g_1(ϕ; p_0, p^2). (2.17)

Consider the following fraction

exp(2mϕ) = exp(q_2ϕ) exp(q_1ϕ) = g_1q_2 + g_0 g_1q_1 + g_0 = q_2 − U q_1 − U , where U = − g_0 g_1

). (2.18)

Thus, we get some interrelation between the fraction and the hyperbolic argument:

exp(2mϕ) = q_2 − U q_1 − U . Now, we may fulfil translational transformation of the eigenvalues by q_i = q_i +U, i = 1, 2 remaining unchanged the value of mass 2m = q_2 − q_1. This transformation induces a corresponding translation of the hyperbolic argument:

exp(2m(ϕ + δ(u))) = q_2 q_1

. (2.19)

Inversely, if we add to ϕ some value by ϕ = ϕ+δ, this translation remains m unchanged, whereas p_0 will undergo some translation p_0 = (q_2 + q_1)/2 − u. In this way we reach the conclusion that m does not depend of δ. Taking into account (2.15), write (2.19) as follows

P_0 + mc P_0 − mc = exp(2mϕ), (2.20)

where the mass m is a constant of the evolution with respect to parameter ϕ whereas P_0, P depend of ϕ and this dependence is given by hyperbolic trigonometry

P_0 = mc coth(mcϕ), P = mc sinh(mcϕ) . (2.21)

It is interesting to explore the use of the same formula for the following fraction

P_0 + P P_0 − P , where P and P_0 are variables of the evolution. Let P ≠ 0, then transform the fraction as follows

P_0 + P P_0 − P = P_0

P + 1

P_0 P − 1 . Now we can use formula (2.13) to obtain the following equality

P_0

P + 1

P_0 P − 1 = exp(2ψ). (2.22)

Hence, P_0 P = coth(ψ) = c v , or, v c = tanh(ψ), (2.23)

where ψ is the rapidity.

We possess now with two different representations for the energy and momentum. The both given by hyperbolic trigonometry, the former is defined by formulae (2.10), (2.22), the latter is given by (2.21) where the hyperbolic angular is proportional to the mass of the particle. An essential feature of the latter representation is its regularity at the point m = 0, v = c. At this point the hyperbolic argument is equal to the energy-momentum of a massless particle:

P (m = 0) = P_0(m = 0) = 1 ϕ = π_0. (2.24)

Thus the value cπ_0 is the energy of the relativistic system at the point m = 0, v = c. We should underline some differences between two hyperbolic angles. At the rest, ψ = 0, but ϕ = ∞, and vice versa, when v = c, ϕ = 0 but ψ = ∞. The particle with m > 0 is not able to attain the state of speed of light, conversely, the particle possessing with π_0 > 0 cannot fall to the rest state. In the rest state the energy is equal to the proper inertial mass (in energy units) and, in the same manner, in the state of the light-speed the energy is equal to π_0. Thus, the kinetic energy of the relativistic particle is governed, beside the inertial mass m, with its counterpart π_0. The massive particle moving with velocity less than light velocity possesses with both types of mass. The parameter π_0 is, in some sense, counterpart of the inertial mass which determines the value of the kinetic energy of the motion. This quantity corresponds to the energy of the particle in its massless state.

Let v be the velocity of a particle with respect to coordinate time. This velocity is essentially less than the light velocity, v < c. Beside v let us introduce some complementary velocity v̄ obeying the equation v^2 + v̄^2 = c^2. (2.25) Now let us express v̄ via the parameter (χ = mcϕ). We get

v̄^2 = c^2 − v^2 = c^2(1 −

P^2 P^2_0

) = c^2 tanh^2(χ). (2.26)

Substitute (2.23) and (2.26) into (2.25), this gives

c^2 tanh^2(ψ) + c^2 tanh^2(ξ) = c^2. (2.27)

Notice that v_0 is expressed via hyperbolic angle ( χ ) by the same formula as v is expressed via rapidity (ψ). Interrelation between χ and ψ can be also expressed by the following formulae

exp(ψ) = coth( ξ 2 ), exp(ξ) = coth( ψ 2 ). (2.28)

These formulae are formulae of reciprocity. Hence, complementary velocity v_0 and counterrapidity χ are reciprocal with velocity v and rapidity ψ.

3 Dirac equation near zero-mass point

The right- and left- two-component spinors under Lorentz-boost transformations are transformed as follows [21]

ξ_R(P ) =

P_0 + mc + (σ · ⃗P ) √ 2m(P_0 + mc) ξ_R(0), ξ_L(P ) = P_0 + mc − (σ · ⃗P ) √ 2m(P_0 + mc) ξ_L(0), (3.1)

where ξ_R(0), ξ_L(0) mean ”right” and ”left” spinors, correspondingly, at the rest state. When a particle stays at the rest it is impossible to define its spin is ”right”, or is ”left”. Hence, ξ_R(0) = ξ_L(0). From (5.1) it follows

mcξ_R(P ) = (P_0 + (σ · ⃗P ) )ξ_L(P ), mcξ_L(P ) = (P_0 − (σ · ⃗P ) )ξ_R(P ). (3.2)

These two equations can be written in a matrix form ( −mc P_0 + (σ · ⃗P ) P_0 − (σ · ⃗P ) −mc ) ( ξ_R ξ_L ) = 0. (3.3)

The differential form of these equations are given by ( −mc^2 ih̄∂_t − ih̄c⃗σ · Δ ih̄∂_t + ih̄c⃗σ · Δ −mc^2 ) ( ξ_R ξ_L ) = ( 0 0 ) . (3.4)

This is Dirac equation for the massive particle with spin one-half in chiral (or spinor, or Weyl) representation [18]. This is obtained from the standard representation using the unitary matrix

S = S^† = S^{−1} = 1 √ 2 ( 1 1 1 −1 ) ∈ U(4). (3.5)

Two component spinors ξ_R and ξ_L, respectively, correspond to the irreducible representations (1/2, 0) and (0, 1/2) of the Lie algebra SU(2) ⨁ SU(2), which is isomorphic to the Lie algebra of the proper Lorentz group. Under parity (⃗x → −⃗x) , ξ_R and ξ_L transform into each other. So the four-component spinor Ψ(chiral) is an irreducible representation of the Lorentz algebra

extended by parity. Also ( ξ_R 0 ) and ( 0 ξ_L ) are eigenstates of the matrix γ_5 := iγ_0γ_1γ_2γ_3 with

eigenvalues +1 and −1, repectively. In the Weyl representation, γ_5(chiral) = ( 1 0 0 −1 ) . For massless particles, the equations for the two-component spinors ξ_R and ξ_L decouple, and plane wave solutions satisfy ^λξ_R = ξ_R, ^λξ_L = −ξ_L, where ^λ is the helicity operator. These equations are called as the Weyl equations and historically served as principal wave equations for ”right” and ”left” neutrino, respectively. Both equations correspond to the massless particles and the system of these equations are interrelated with operation of parity. Thus, violation of symmetry of parity does not follow from the original equations, violation of parity in this approach is an additional hypothesis. Now, let us explore the limit m = 0 of the Dirac equation on making use of the representation of energy-momentum via counter-rapidity.

Let us start from formulae (2.20-2.21) for the components of momentum as functions of the parameter ϕ:

exp(2mcϕ) =

P_0 + mc P_0 − mc , P_0 = mc coth(mcϕ), P = mc sinh(mcϕ) , which can be re-written as follows (P_0 + mc) exp(−mcϕ/2) = P exp(mcϕ/2), (P_0 − mc) exp(mcϕ/2) = P exp(−mcϕ/2). (3.6) This system can be cast into matrical form ( P_0 + mc P P P_0 − mc ) ( exp(−mcϕ/2) exp(mcϕ/2) ) = 0. (3.7)

Another equivalent form of these equations is given by the following system

(P_0 + P ) = mc coth( mcϕ 2 ), (P_0 − P ) = mc tanh( mcϕ 2 ). These equations are written in one dimensional form where P means a projection on the direction of motion: P = (⃗n · ⃗P ), (⃗n · ⃗P )^2 = P^2. Within the formalism of quantum mechanics of particle with one-half spin we write P ξ(P ) = (⃗σ · ⃗P )ξ(P ), (⃗σ · ⃗P )^2ξ(P ) = P^2ξ(P ), where ⃗σ = (σ_x, σ_y, σ_z) are the Pauli-sigma matrices, ξ(P )- two component Pauli- spinors.

Now, re-formulate one dimensional equations (3.3) in presence of the spin within the quantum framework [25]. We get (P_0 + (σ · ⃗P ))ξ_L(m, ϕ) = mc coth(mcϕ)ξ_L(m, ϕ), (3.7a)

(P_0 − (σ · ⃗P ))ξ_R(m, ϕ) = mc tanh(mcϕ)ξ_R(m, ϕ), (3.7b) Thus, the use of the counter-rapidity admits to split the Dirac equation into two equations for two-component spinors. In 1949 some interest came up in two-component wave equations (see, for instance, Refs.[5]) where had been concluded that those wave equations in contrast to the four-component Dirac equations can only made covariant with respect to the proper Lorentz group, not including covariance with respect to reflections. In contrast to this case equatios (3.7a,b) are covariant with respect to reflections. Beforehand notice, formulae (2.21) are invariant with respect to transformations

χ^′ = χ + i2π, (3.8)

which reflects the property of periodicity of the trigonometric finctions coth and sinh. Under this transformation the functions coth(χ/2), tanh(χ/2 transform into each other providing symmetry of parity of Eqs.(3.7a,b).

The form of the Dirac equation presented by Eqs.(3.7a,b) allows us to reach correct limit in m = 0. It should be emphasized, in Dirac equations (3.3), (3.4) one cannot use m = 0 directly because the Dirac equations are written for the particles which admit a rest position. In particularly, this possibility was used in order to establish the equation ξ_R(0) = ξ_L(0) [17]. Moreover, in Eqs.(3.5) one cannot put m = 0, too. In contrast to this case, equations (3.7a,b) admit regular behavior at the limit m = 0. In these equations by tending the mass m to zero, we arrive to the following system of independent equations

(P_0 + (σ · ⃗P ) )ξ_L = 2π_0 ξ_L, and (P_0 − (σ · ⃗P ))ξ_R = 0. (3.9)

These equations are not more symmetric with respect to transformation of parity. The counterpart of the inertial mass π_0 allows to realize the mass of the left-neutrino which experimentally is observed [8]. Notice, the mass of the right-neutrino is equal to zero. The equations for the ”left”-neutrino and the ”right”- neutrino are not symmetric with respect to parity.

For elementary particles, i.e. for the particles with quite small mass we can use ϕ = 1/π_0. Then, on making use of ϕ = 1/π_0 in Eqs.(3.7a,b) we suggest to complete the Dirac equation for the electron as follows

(P_0 + ( ⃗P · σ) )Ψ_1 = mc coth mc π_0

Ψ_1, (P_0 − ( ⃗P · σ) )Ψ_2 = mc tanh mc π_0

Ψ_2, (3.10)

where π_0 is a mass of the neutrino.

4 Mapping from the massless state onto the massive one as a q-deformation

Near the zero-mass point P_0 ≃ π_0, hence, we may approximate the energy as follows: P_0 = Kπ_0. In this way we come to following equation mc Kπ_0 = tanh mc π_0

. (4.1)

There are two cases to consider.

Suppose first that K < 1. Then, the equation (4.1) has only one solution, namely m = 0. Suppose now that K > 1. Since for small values of the mass we can use the expansion

tanh y = y − 1 3 y^3, we come to cubic equation 1 K y = y − 1 3 y^3, y = mc π_0 , with solutions y = ± √ 3 √ 1 − 1 K and y = 0.

Consequently, for the quite small values of the mass, the equation (4.1) gives three possible quantities for the masses:

(1) m = 0, (2) m = ± π_0 c √ 3 √ 1 − 1 K . (4.2)

The first one corresponds to the massless particle. However, it is seen that this is not unique solution of equation (4.1) near the zero-mass point. The equation admits the other solution given by finite value. We suggest a hypothesis to consider this quantity as a mass of an elementary particle.

Near the zero-mass point we may take ϕ = 1/π_0, then, formulae for the energy-momentum (2.21) are written as follows P = mc sinh(^{mc}_{π0} )

, P_0 = mc coth( mc π_0

). (4.3)

Notice, these formulae can be considered as a mapping for the energy-momenta from the massless state onto the state with finite mass. For the massless particle, the photon, the following well-known relationship between length of the wave and the momentum holds true λ = h π_0

, π_0 = h λ . By using these formulae in (4.4) we come to the following mapping

cP_0 = mc^2 coth( mc^2 hν ), P = mc sinh(^{mc}_h λ) . When m → 0 these formulae reduce to covariant de Brogliè formulae

cP_0(m_e) = hν, P (m_e) = h λ . (4.4)

where m_e is the mass of the electron. We must keep in mind, however that the de Brogliè’s formulae are valid only for the masses of elementary particles, i.e. when the mass of the particle is quite small.

Now let us explore some modification of formulae (2.21). For that purpose introduce some parameter in unit of mass and label this parameter by κ. Define a dimensionless variable α by α = ϕκc, ϕ = κc α . α runs from α = 0 (which corresponds to velocity v = c) till ϕ = ∞ ( which corresponds to the rest state with v = 0).

Re-write formulae for the energy-momentum (2.21) in these variables P = mc sinh(^m_κ α)

, P_0 = mc coth( m κ α). (4.5)

For velocity we get v c = 1 cosh(^m_κ α)

. (4.6)

This formula can be considered as some mapping between dimensionless parameters v/c and α. Let us examine physical sense of the new parameter κ.

Here it is useful to notice that the formula for the momentum admits the following integral representation κ P = sinh(^m_κ α) m κ = ∫_{α/2} −α/2 exp(2 m κ x)dx. (4.7) In [23] it has been shown that κ^{−1} geometrically can be interpreted as a curvature of a hyperbolic space. In this space the length of the circle with radius m is defined by formulae [10]:

L(α = 1) := 2πκ sinh( m κ ). (4.8, a) Correspondingly, the length of the circle with radius mα is equal

L(α) = 2πκ sinh( m κ α). (4.8, b) Taking into account this correspondence let us perform the following modifications in the formulae for energy-momentum mc P = sinh( m κ α) → cκ P = sinh(^m_κ α) sinh(^m_κ )

. (4.9)

P_0 mc = coth( m κ α) → P_0 cκ = sinh( m κ ) coth( m κ α). (4.10)

Now remember the formula of q-deformation of an integer quantity N:

(N)_q := q^N − q^{−N} q − q^{−1} . (4.11)

From this point of view the fraction in (4.9) is q-deformation of α with parameter of deformation q = exp(m/κ). In notations of (4.11) Eq.(4.9) can be written as follows cκ P = (α)_q, q = exp( m κ ). (4.12)

Notice, (α = 1)_q = 1 for any q. There fore

P (m ≠ 0, α = 1) = κc, for any m > 0.

On the other hand, if m = 0 and q = 1 then from (4.12) it follows

P (m = 0) = π_0 = cκ α . (4.13)

Hence at the point α = 1 momenta of the particles with different masses, including the massless particle, are equal to cκ:

P (m ≠ 0, α = 1) = P (m = 0, α = 1) = π_0(α = 1) = cκ. (4.14)

In fact, these formulae imply existence of a point on the axis of momentum where the momenta of the massive and massless particles are equal. Notice, however, the velocity of the particle at this point is not equal to the light velocity. At this point the energy and the velocity are given by cP_0(α = 1) = c^2κ cosh ( m κ ), v = c cosh (^m_κ )

. (4.15)

Thus, the point α = 1 is a peculiar point of the relativistic dynamics where the constant κ is now has to be understood as an universal constant.

The procedure of q-deformation is usually used in order to extend formulae obtained for integer number to the field of real numbers. Seemingly, α is presented by integer numbers. Here let us give an additional argumentation to this hypothesis. For that purpose remember on integral representation (4.7). Now, instead of the fraction in (4.7) we deal with the fraction cκ P = sinh(^m_κ α) sinh(^m_κ )

(4.16)

It is interesting to observe, for the fraction in (4.16) we shall put an equivalence a sum instead of the integral because now we assumed that α is an integral number. Let J be a half-integer number with J = 0, 1/2, 1, 3/2, 2, ..., and α = 2J + 1 = 1, 2, 3, .... Then the following equation holds true cκ P = sinh(^m_κ (2J + 1)) sinh(^m_κ ) = J∑ n=−J exp(n m κ ). This equality prompts us to introduce a hypothesis on quantization of α. Experimentally the quantization can be observed near the light velocity where the velocity of the massive particle brings nearer the light velocity spasmodically according to law v = c cosh(^m_κ (2J + 1)) . By comparing (4.13) with de Broglie formulae (4.4), we get λ = hα κc . Substituting here the quantized value of α we obtain quantization of the wave-length: λ = h κc (2J + 1).

5 Covariant form of the counter-rapidity and its group of transformation

In the Lorentz-group rapidity fulfils function of the parameter of transformation corresponding to the Lorentz- boosts. In this form the rapidity is presented as a vector with three components. In this section we shall construct the group which uses the counter-rapidity as a parameter of transformation. Let us start with evolution equations for momenta with respect to rapidity dp dϕ = −p p_0, dp_0 dϕ = −p^2. (5.1)

Remembering that the momentum is three-dimensional Euclidean vector this equation can be extended as follows d⃗p dϕ = −⃗p p_0, dp_0 dϕ = −(⃗p · ⃗p). (5.2) However, we still did not reach Lorentz-covariant form of the evolution equation.

Now, let us consider transformation for two components of the four-velocity u_μ : u_0, u with respect to translation of hyperbolic angle χ: χ^′ = χ + δ . Introduce the following variables

V_0 = cosh δ, V = c sinh δ . Then, by using hyperbolic trigonometry we get

u^′_0 = c coth(χ + δ) = u_0V_0 + c^2 u_0 + V_0

, u^′ = c sinh(χ + δ) = uV 1 u_0 + V_0

. (5.3)

Let us underline some features of the transformation. At the rest state we have u_0 = c, u = 0. According to (5.3), we get

u^′_0 = c V_0 + c^2 c + V_0

= c, u^′ = c sinh(χ + δ)

= 0 V 1 c + V_0

= 0.

These formulae mean that the rest state is a fixed point for transformations (5.3). For the complementary velocity we write (see, (2.26)):

v̄^′ = v̄ + V̄ 1 +^{v̄V̄}_{c2}

, V̄ = c tanh(δ).

At the rest state, v̄ = c. In this case

v̄^′ = c + V̄ 1 +^{cV̄}_{c2} = c. At the light-speed state, v̄ = 0, then

v̄^′ = 0 + V̄ = V̄ ,

what means that for this transformation the state of the light-speed is relative.

Notice, in order to employ formula (5.3) for a four-vector with coordinates x_0, x one has to use the length of the vector. Define the square of the length by

ρ^2 = x^2_0 − x^2. (5.4)

Then formulae of transformation (5.3) for four-vector x_0, x are written as follows

x^′_0 = x_0r_0 + ρ^2 x_0 + r_0

, x^′ = x r x_0 + r_0

. (5.5)

Here notice that the parameter of transformation is given via coordinates r_0, r. In general case, suppose that the hyperbolic angle ϕ is only one of the components of four-component vector ξ_ν , ν = 0, 1, 2, 3. With respect to these parameters the evolution of four-vector x_μ, μ = 0, 1, 2, 3 is governed by the following equations ∂x_ν ∂ξ_μ = ρ^2 η_{νμ} − x_ν x_μ, ρ^2 = (x^μx_μ). (5.6)

In view of equation (5.6), covariant form of evolution equations (5.2) for the four-vector of momentum are given by ∂P_ν ∂ξ_μ = (mc)^2η_{νμ} − P_ν P_μ.

Now, let μ = 0. Then ∂P_ν ∂ξ_0 = (mc)^2η_{νμ} − P_ν P_0,

which is decoupled into two equations (1) ∂P_0 ∂ξ_0 = (mc)^2 − P^2_0 = −P^2; (2) ∂ ⃗P ∂ξ_0 = − ⃗P P_0. We recover Eqs.(5.2) supposing that ξ_0 = ϕ.

The generators of transformation with respect to parameters ξ_ν, ν = 0, 1, 2, 3 are defined by derivatives G_ν = ∂ ∂ξ_ν , ν = 0, 1, 2, 3. (5.7)

Express these generators in terms of four-vector x_μ on making use of (5.6). This leads to

G_ν = ∂x_μ ∂ξ_ν ∂ ∂x_μ = ρ^2 ∂ ∂x_ν − x_ν ( x_μ ∂ ∂x_μ ), ν, μ = 0, 1, 2, 3. (5.8) Now let us construct commutation relations containing the generators G_μ, μ = 0, 1, 2, 3 as elements of the group which we are seeking. Let us denominate this group by ”Γ-group”. First of all calculate commutators between G-generators. They are

[G_μ, G_ν ] = ρ^2 M_{μν} , M_{μν} = x_μ∂_ν − x_ν ∂_μ. (5.9)

Thus, in surplus Γ-group contains elements of the Lorentz-group M_{μν} and the factor ρ^2 which is also the element of the Γ-group. The length is invariant under action of G- generator and the generators of the Lorentz-group,

[G_μ, ρ^2] = 0, [ρ^2, M_{μν} ] = 0. (5.10)

The operator G_μ is a sum of two operators, namely, the differential operator in Minkowski space, ∂_μ and generator of dilatation D = (x^μ∂_μ): G_μ = ρ^2∂_μ − x_μ D. By taking into account [M_{μν} , D] = 0 and [ρ^2, M_{μν} ] = 0, we get

[M_{μν} , G_λ] = η_{νλ}G_μ − η_{μλ}G_ν . (5.11)

The generators of the Lorentz-group obey ordinary commutation relations [M_{μν} , M_{λη}] = ( η_{μλ}M_{νη} − η_{νλ} M_{μη} + η_{μη}M_{λν} − η_{νη} M_{λμ} ). (5.12) The Γ-group possesses with two Casimir operators:

C_1 = G^2, C_2 = M_{μν} M_{μν} G^2/2 − M_{μλ}M_{μλ}G_μG_ν . (5.13)

The Γ- group can be extended by introducing the operator dilation D = (x^μ∂_μ). In this case we must add two additional commutators

[D, G_μ] = G_μ, [D, ρ^2] = 2ρ^2.

This extension similar the extension of Poincaré group till the Weyl group by adding the dilation operator [13].

It is worth to note an analogue between elements of special conformal group K_μ, μ = 0, 1, 2, 3 and the generators of Γ-group. A representation of the special conformal elements via differential operators in Minkowski space is given by

K_{mu} = ρ^2∂_μ − 2x_μ D.

This operator differs of the operator G_μ only with factor 2 at the second term. Also, let us underline similarity of the generator G_μ with the generator of translation on the surface with constant curvature [28]. In fact, if the factor ρ^2 = constant the operator G is transformed into the operator of translation along hyperbolic surface imbedded into four-dimensional Minkowski space.

Furthermore, let us emphasize some analogue between generator G and the generator of translation of the Poincaré-group. The following formulae exhibit this analogue:

[G_ν , x_μ] = ρ^2 η_{νμ} − x_ν x_μ, ∂x_μ ∂ξ_ν = ρ^2 η_{μν} − x_μx_ν ,

with [p_ν , x_μ] = η_{νμ} = ∂x_μ ∂x_ν . In conclusion let us notice that the commutation relations of the Γ-group can be realized by the set of finite dimensional matrices formed by Dirac gamma- matrices [12]. These matrices satisfy anti-commutation relations

{γ_μ, γ_ν } = γ_μγ_ν + γ_νγ_μ = 2 η_{μν} 1,

where η_{μν} = diag(1, −1, −1, −1) is the Minlowski metric. γ_0 is Hermitian: γ^†_0 = γ_0, while the γ_k, k = 1, 2, 3 are anti-Hermitian: γ^†_k = −γ_k.

Within the algebra of γ-matrices we can construct finite dimensional realization of the commutation relations (5.9),(5.11),(5.12):

[γ_μ, γ_ν] = Σ_{μν} , [Σ_{μν} , γ_λ] = η_{νλ}γ_μ − η_{μλ}γ_ν,

[Σ_{μν} , Σ_{λη}] = ( η_{μλ}Σ_{νη} − η_{νλ} Σ_{μη} + η_{μη}Σ_{λν} − η_{νη} Σ_{λμ} ).

With the spin-matrices Σ_{μν} one may organize finite-dimensional non-unitary representation of the Lorentz-group. In this context the set of matrices γ_μ, Σ_{μν} will realize non-unitary finitedimensional representation of the Γ-group. Notice, only compact groups admit finite non-trivial unitary representations [13].

6 The counter-rapidity as a distance in the space with hyperbolic metric

In Ref.[26] it has been shown that the evolution generated by matrix E (i.e. by mass-shell equation) geometrically can be depicted as a rotational motion of straight line around semicircle to which the line is tangent (see, Theorem 2.1 in p.1051 [26]). Such line is described by by hyperbolic trigonometry. The hyperbolic angle χ = mϕ is measured from the top-point of the semicircle (see, Fig.1 in p.1051 [26])(throughout this section we take c = 1). This semicircle is nothing else than a geodesic line in the Poincaré model of the hyperbolic plane.

The model of the hyperbolic plane means a choice on an underlining space and a choice of how to represent basic geometric objects, such as points and lines, in this underlining space. There are a large number of possible models for the hyperbolic plane, we shall work in a single specific model. The model of the hyperbolic plane is the upper half-plane model. The underlining space of this model is the upper half-plane H in the complex plane C defined to be H = {z ∈ C : Im(z) > 0}. It is used the usual notion of point that H inherits from C. It is also used the usual notion of angle that H inherits from C, that is, the angle between two curves in H is defined to be the angle between the curves when they are considered to be curves in C, which in turn is defined to be the angle between their tangent lines.

There two seemingly different types of hyperbolic line, both defined in terms of Euclidean objects in C. One is the intersection of H with a Euclidean line in C perpendicular to the real axis R in C. The hyperbolic lines should have one property, namely, there should always exist one and only one hyperbolic line between any pair of distinct points of H.

The definition of Cross Ratio.

Given four distinct points z_1, z_2, z_3, z_4 in C, define the cross ratio of these points to be

[z_1, z_2; z_3, z_4] =

(z_1 − z_4) (z_1 − z_2)

(z_3 − z_2) (z_3 − z_4)

. (6.1)

Theorem (see, [11],p.12).

Let z, w ∈ H(z ≠ w), and let z^∗ and w^∗ are end-points of a geodesic line passing through z, w belonging R ⋃ {∞}, and chosen in a such way that z lies between z^∗ and w. Then ρ(z, w) = ln[w, z^∗; z, w^∗]. (6.2) This function is invariant under Möb(+) transformation.

In Section 2 (formula (2.18)) we have shown that the evolution of the energy-momentum with respect to parameter ϕ is determined by function U:

P_0(ϕ) = P_0(ϕ_0) − U(ϕ, ϕ_0), (6.3)

where U = − g_0 g_1

, (6.4)

where g-functions satisfy the equation [27]

g_0(g_0 + 2p_0g_1) + p^2g^2_1 = exp(a_1ϕ).

Divide this equation by g^2_1 , ( g_0 g_1

)^2 + 2p_0 g_0 g_1

+ p^2 = exp(2p_0ϕ) 1 g^2_1 , and by using (6.4), we get U^2 − 2p_0U + p^2 = exp(2p_0ϕ) 1 g^2_1

. (6.5)

Now, calculate derivative of U on making use of formulae of derivation for g-functions [27]: d dϕ ( g_0 g_1 ) = ( 0 −p^2 1 2p_0 ) ( g_0 g_1 ) . In this way we prove that dU dϕ = exp(2p_0ϕ) 1 g^2_1

. (6.6)

Substituting (6.6) into (6.5) we come to the Ricatti equation for function U:

U^2 − 2p_0U + p^2 = dU dϕ . (6.7)

Like tangent (or, cotangent) function, the function U = U(ϕ) is found as an inverse of the function obtained as a result of calculation of the integral ∫_U W dx x^2 − 2p_0x + p^2

. (6.8)

Let x_1, x_2 be roots of the polynomial F (x) := x^2 − 2p_0x + p^2 = (x − x_1)(x − x_2). Then, 2m = x_1 − x_2, 2p_0 = x_1 + x_2. Integral (6.8) is a table integral of the form ∫_U W dx x^2 − 2p_0x + p^2 = 1 2m ln U − x_1 W − x_1 − 1 2m ln U − x_2 W − x_2 == 1 2m ln U − x_1 W − x_1 ln W − x_2 U − x_2 . (6.9)

Now let us keep only the first part of the answer depending on the first limit of the integral:

ϕ := log[ U − x_1 U − x_2 ]^{12m} .

Inverting this logarithm function we come to the following exponential function

exp(2mϕ) = U − x_1 U − x_2 . By taking into account (2.7), we may write this formula as follows

exp(2mϕ) = [ x_1 − U x_2 − U

] = [ p_0 − U + m p_0 − U − m ]. From this formula we get:

p_0 − U(ϕ) = coth(mϕ), U(ϕ) = p_0 − m coth(mϕ), Thus, we again recover formulae (2.20) (with c = 1).

Compare the formula for Cross Ratio (6.1) with the result of calculation of the integral (6.9). For the former we have,

ρ(z, w) = ln[w, z^∗; z, w^∗] = ln (w − z^∗) (z − z^∗) (z − w^∗) (w − w^∗) , (6.10)

and for the latter, 2m ∫_w z dx x^2 − 2p_0x + p^2

= ln w − z^∗ z − z^∗ z − w^∗ w − w^∗ , where z^∗, w^∗ are roots of the polynomial f(x) := x^2 − 2p_0x + p^2. Consequently, 2m ∫_w z dx x^2 − 2p_0x + p^2 = ρ(z, w). In this wa we come to the conclusion that the hyperbolic distance between two points on the hyperbolic plane is defined with the integral (6.8).

7 Conclusions

In order to complete our knowledge it is important to make observations of the physical objects from different points of references. Up to now, the relativistic physics dealt only with observers installed upon inertial systems of references with velocities less than light velocity. The particle with non-trivial inertial mass accelerating tends to the speed of light, but never attains this velocity. For inertial observers this point is forbidden prohibited by convention.

In the present theory we suggest go from the light-speed state to the rest state and use the velocity complementary to the velocity of the particle (observer). For the latter we put in correspondence some hyperbolic angle, we interpret as counterpart of the rapidity. The formulae for the energy and momentum via counte-rapidity are regular at the point m = 0, v = c. The counter-rapidity has a certain physical interpretation as the value inverse to the energy of a massless-state. This value has also its natural geometrical interpretation as a distance in the space with hyperbolic metric.

In spite of formal reciprocity between rapidity and its counterpart, they are quite distinct. The hyperbolic angle χ dual to rapidity ψ is equal to zero at v = c and it tends to infinity when v goes to zero. It is shown that the hyperbolic angle χ is proportional to the proper mass χ = mc^2/π_0, where the variable π_0 in the limit m = 0 becomes equal to the energy of a massless particle, we denominate π_0 as a counterpart of the inertial mass. The dynamic situation of a moving particle is viewed as follows: the particle with m > 0 is not able to attain the state of speed of light, conversely, the particle possessing with π_0 > 0 cannot fall to the rest state. In the rest state the energy is equal to the proper inertial mass (in energy units) and in the opposite side, in the light-speed state, the energy is equal to the counterpart of the mass, π_0. Thus, the kinetic energy of the relativistic particle is governed, beside the inertial mass m, with its counterpart, π_0. The massive particle moving with velocity less than light velocity possesses with both types of mass: m and π_0.

In a similar manner as translations of the rapidity form a part of the Lorentz-group of transformations, translations of the counter-rapidity form some group of transformations. Geometrically, the concept of counter-rapidity directly leads to geometrical interpretation of the relativistic dynamics within the framework of Poincaré model of hyperbolic half-plane where the counter-rapidity coincides with the length of the semi-circle in hyperbolic metrics.

According to Lévy-Leblond [6], the rapidity till up to now did not obtain its physical interpretation in the Lorentz-kinematics. The rapidity as an hyperbolic angle has been introduced in order to use the hyperbolic trigonometry in the relativistic kinematics. In the sequel, the rapidity obtained its geometrical interpretation as a length of the geodesic line in the hyperbolic geometry. The link between hyperbolic geometry of Lobachevsky-Gauss-Bolyai and the relativistic kinematics firstly had been discovered independently by V.Varičak [19], H.Herglotz [14] and A.A.Robb [15]. Later, this idea was developed by A.P.Kotelnikov from the university in Kazan, where N.Lobachevski worked out his geometry [2]. Contemporary model of the link between relativistic kinematics and the hyperbolic geometry based on non-associative algebras and the concept of gyrogroups has been constructed by A.Ungar [20]. In the scope of the quantum relativistic dynamics the hyperbolic geometry intensively was exploited within so-called ”quasi-potential models of the elementary particles” (see, for instance, [9], [7] and references therein).

References

[1] A.O.Barut, ”Electrodynamics and classical theory of fields and particles”. Dover Publications, INC., New York, 1980.

[2] N.A.Chernikov, Geometry of Lobachevski and relativistic mechanics, Physics of Elementary Particles and Atomic Nucleus, 4 (3) (1973) 773-810.

[3] P.Fjelstad, Extending relativity via the perplex numbers, Am.J.Phys., 54, (1986), 416. [4] P.Fjelstad, S.Gal, Two dimensional geometries, topologies, trigonometries and physics generated by complex-type numbers, Advances in Applied Clifford algebras, 11(1), (2001), 81. [5] H.Jehle, Antilinear two-component spinorial wave equations, Phys.Rev. 75 (1949) 1609;

J.Serpe, Transformation properties of two-component spinorial wave equations, Phys.Rev. 76 (1949) 1538.

[6] J.-M.Levy-Leblond, A Gedankenexperiment in Science History. Am.J.Phys. 48, (1980) 345;

H.Bacry and J.-M.Levy-Leblond. J.Math.Phy. 9 (1968) 1605; J.-M.Levy-Leblond and J.-P.Provost, Am.J.Phys. 47, (1979) 1045.

[7] R.Mir-Kasimov, Fock’s theory of hydrogen atom and quantum space. Physics of Elementary Particles and Atomic Nucleus, 31 (1) (2000) 44-52.

[8] W.J.Marcino, Mass of left-neutrino. Comments on Nuclear and Particle Physics, 9 (1981) 169.

[9] V.Kadyshevski, R.Mir-Kasimov, N.Skachkov, 3D-formulation of the relativistic two-body problem. Physics of Elementary Particles and Atomic Nucleus, 2 (3) (1972) 635.

[10] V.F.Kagan, Foundatonsof Geometry. Part I. ”Gostexizdat”, Moscow, 1949, p.331. [11] S.Katok, Fuchsian Groups. The University of Chicago Press, 1992. ISBN 0-226-42583-5. [12] J.Keller,A.Rodriguez, R.M.Yamaleev, An algebraic lineal relativistic equation over twistor fields with confined states. Advances in Applied Clifford Algebras, 6(2), (1993), 275-300.

[13] B.G.Konopelchenko, The group of symmetries in quantum theory of field. Physics of Elementary Particles and Atomic Nucleus, 8 (1) (1977) 134-173.

[14] H.Hergoltz, Ann.d.Phys. (1910) pp.31,404.

[15] A.A.Robb. Optical geometry of motion, a new view of the theory of relativity, Cambrdge, 1911.

[16] W.Rindler, Essential Relativity. Springer-Verlag, 1977.

[17] L.H.Ryder, ”Quantum field theory”, Cambridge University Press, Cambridge, 1985. [18] M.Socolovsky, On the Geometry of Spin 1/2. Advances in Applied Clifford Algebras, 11(1), (2001), 109-128.

[19] V.Varičak, Jber.Dtsch.Mat.Ver. 17 (1908) 70-83.

V.Varičak, Jber.Dtsch.Mat.Ver. 21 (1912) 103-127.

[20] A.A.Ungar, Hyperbolic trigonometry and its applications in the Poincaré ball model of hyperbolic geometry, Comput.Math.Appl. 41(1/2) (2001) 135-147.

A.A.Ungar, Applications of hyperbolic geometry in relativity physics, in: A.Precopa. et al. (Eds.), Janos Bolyai Memorial Volume, Vince Publisher, Budapest, 2002. A.A.Ungar, The relativistic composite-velocity reciprocity principle, Found.Phys. Vol.30,No.2 (2000) 331-341.

[21] B.L. van der Waerden, ”Die gruppen theoretische Methode in der Quanten mechanics” Springer, Berlin, 1932.

[22] I.M.Yaglom, ”Complex numbers in geometry”, Academic Press, New York, 1968.

[23] R.M.Yamaleev, Dynamic equations of massless-like particles in 5D space-time derived by variation of inertial mass. Annales de la Foundation L.de Broglie, 29, Hors serie 2, (2004) 1017-1034.

[24] R.M.Yamaleev, Extended Relativistic Dynamics of Charged Spinning Particle in Quaternionic Formulation, Advances in Applied Clifford Algebras, 13(2), (2003), 183-218. R.M.Yamaleev, Relativistic equations of motion within Nambu’s formalism of dynamics. Ann.Phys., 285 , (2000), 141-160.

[25] A.R.Rodriguez-Dominguez, Ecuaciones de fuerza de Lorentz como ecuaciones de Heisenberg. Revista Mexicana de Fisica, 53(4), (2007), 270-280.

[26] R.M.Yamaleev, Geometrical and physical interpretation of evolution governed by general complex algebra, J.Math.Anal.Appl., (2008),doi:10.1016/ j.jmaa.2007.09.018. R.M.Yamaleev, Geometrical and physical interpretation of evolution governed by massshell equation, J.Phys:Conf.Series 66 (2007) 012026.

[27] R.M.Yamaleev, Multicomplex algebras on polynomials and generalized Hamilton dynamics, J.Math.Anal.Appl., 322, (2006), 815-824.

R.M.Yamaleev, Complex algebras on N-order polynomials and generalizations of trigonometry, oscillator model and Hamilton dynamics, J.Advances in Applied Clifford Algebras 15 No.1 (2005) 123-150.

[28] R.M.Yamaleev, Theory of spin one-half particle motion on 3D sphere. Communications JINR, Dubna, Russia. P4-84-727 (1984);

[29] J.Keller, A.Rodriguez, R.M.Yamaleev Algebraic and Differential Equations for Spinning Particles on the Sphere. J.Advances in Applied Clifford Algebras 8 No.2 (1998) 235-254. F.A.Gareev, R.M.Yamaleev, J.Keller On Quantization of the Decay Products Momenta in the Elementary Particle Resonances. Journal Advances in Applied Clifford Algebras 8 No.2 255-270 (1998)