arXiv:0905.0261v1 [math-ph] 3 May 2009

Majorana-Oppenheimer approach to Maxwell electrodynamics in Riemannian space-time

Bogush A., Red’kov V., Tokarevskaya N., Spix G.

Abstract

The Riemann – Silberstein – Majorana – Oppengeimer approach to the Maxwell electrodynamics in presence of electrical sources and arbitrary media is investigated within the matrix formalism. The symmetry of the matrix Maxwell equation under transformations of the complex rotation group SO(3.C) is demonstrated explicitly. In vacuum case, the matrix form includes four real 4 × 4 matrices α^b. In presence of media matrix form requires two sets of 4 × 4 matrices, α^b and β^b – simple and symmetrical realization of which is given. Relation of α^b and β^b to the Dirac matrices in spinor basis is found. Minkowski constitutive relations in case of any linear media are given in a short algebraic form based on the use of complex 3-vector fields and complex orthogonal rotations from SO(3.C) group. The matrix complex formulation in the Esposito’s form, based on the use of two electromagnetic 4-vector, is studied and discussed. Extension of the 3-vector complex matrix formalism to arbitrary Riemannian space-time in accordance with tetrad method by Tetrode-Weyl-Fock-Ivanenko is performed.

1 Introduction

Special relativity arose from study of the symmetry properties of the Maxwell equations with respect to motion of references frames: Lorentz [2], Poincar’e [3], Einstein [4] Naturally, an analysis of the Maxwell equations with respect to Lorentz transformations was the first objects of relativity theory: Minkowski [5], Silberstein [6],[7], Marcolongo [8], Bateman [9], and Lanczos [10], Gordon [11], Mandel’stam – Tamm [12],[13],[14].

After discovering the relativistic equation for a particle with spin 1/2 – Dirac [15] – much work was done to study spinor and vectors within the Lorentz group theory: Möglich [16], Ivanenko – Landau [17], Neumann [18], van der Waerden [19], Juvet [24]. As was shown any quantity which transforms linearly under Lorentz transformations is a spinor. For that reason spinor quantities are considered as fundamental in quantum field theory and basic equations for such quantities should be written in a spinor form. A spinor formulation of Maxwell equations was studied by Laporte and Uhlenbeck [25], also see Rumer [33]. In 1931, Majorana [27] and Oppenheimer [26] proposed to consider the Maxwell theory of electromagnetism as the wave mechanics of the photon. They introduced a complex 3-vector wave function satisfying the massless Dirac-like equations. Before Majorana and Oppenheimer, the most crucial steps were made by Silberstein [6], he showed the possibility to have formulated Maxwell equation in term of complex 3-vector entities. Silberstein in his second paper [7] writes that the complex form of Maxwell equations has been known before; he refers there to the second volume of the lecture notes on the differential equations of mathematical physics by B. Riemann that were edited and published by H. Weber in 1901 [1]. This not widely used fact is noted by Bialynicki-Birula [118]).

Maxwell equations in the matrix Dirac-like form considered during long time by many authors, the interest to the Majorana-Oppenheimer formulation of electrodynamics has grown in recent years:

Luis de Broglie [28],[29],[35],[41], Mercier [30], Petiau [31], Proca [32], [51], Duffin [34], Kemmer [36],[48],[73], Bhabha [37], Belinfante [38],[39], Taub [40], Sakata – Taketani [43], Schrödinger [42], [46],[47], Tonnelat cite1941-Tonnelat, Heitler [49], [52],[53], Hoffmann [54], Utiyama [55], Mercier [56], Imaeda [57], Fujiwara [58], Gürsey [59], Gupta [60], Lichnerowicz [61], , Ohmura [62], Borgardt [63],[70], Fedorov [64], Kuohsien [65], Bludman [66], Good [67], Moses [68]-[71]- [90], Silveira [72], [100], Lomont [69], Kibble [76], Post [78], Bogush – Fedorov [79], Sachs – Schwebel [81], Ellis [82], Oliver [84], Beckers – Pirotte [85], Casanova [86], Carmeli [87], Bogush [88], Lord [89], Weingarten [91], Mignani – Recami – Baldo [92], [94], [96], Edmonds [97], Strazhev – Tomil’chik [98], Silveira [100], Jena – Naik – Pradhan [101], Venuri [102], Chow [103], Fushchich – Nikitin [104], Cook [106]-[107], Giannetto [109], – Yépez, Brito – Vargas [110], Kidd – Ardini – Anton [111], Recami [112], Krivsky – Simulik [114], Hillion [115], Baylis [116], Inagaki [117], Bialynicki-Birula [118]-[119]-[144], Sipe [120], [121], Esposito [123], Dvoeglazov [124], [125] (see a big list of relevant references therein)-[126], Gersten [122], Gsponer [127], [128],[133],[129],[130],[134], [140],[141],[142],[143], Donev – Tashkova [136], [137], [138], Armour [139].

Our treatment will be with a quite definite accent: the main attention is given to technical aspect of classical electrodynamics based on the theory of rotation complex group SO(3.C) (isomorphic to the Lorentz group – see Kurşunoĝlu [75], Macfarlane cite[80]-[83], Fedorov [99]).

2 Complex matrix form of Maxwell theory in vacuum

Let us start with Maxwell equations in a uniform (ϵ, μ)-media in presence of external sources [45]-[77]-[96]:

div cB = 0 , rot E = − ∂cB ∂ct div E = ρ ϵϵ_0 , rot cB = μμ_0cJ + ϵμ ∂E ∂ct . (1)

With the use of usual notation for current 4-vector j^a = (ρ, J/c) , c^2 = 1/ϵ_0μ_0 , eqs. (1) read (first, consider the vacuum case):

div cB = 0 , rot E = − ∂cB ∂ct div E = ρ ϵ_0

, rot cB = j ϵ_0 + ∂E ∂ct , (2)

Let us introduce 3-dimensional complex vector ψ^k = E^k + icB^k, with the help of which the above equations can be combined into (see Zilberschtein [6]-[7], Bateman [9], Majorana [27], Oppenheimer [26], and many others)

∂_1Ψ^1 + ∂_2Ψ^0 + ∂_3Ψ^3 = j^0/ϵ_0 , −i∂_0ψ^1 + (∂_2ψ^3 − ∂_3ψ^2) = i j^1/ϵ_0 −i∂_0ψ^2 + (∂_3ψ^1 − ∂_1ψ^3) = i j^2/ϵ_0 , −i∂_0ψ^3 + (∂_1ψ^2 − ∂_2ψ^1) = i j^3/ϵ_0 .

let x_0 = ct, ∂_0 = c ∂_t. These four relations can be rewritten in a matrix form using a 4- dimensional column Ψ with one additional zero-element [Fuschich – Nikitin [104]:

(−iα^0∂_0 + α^j ∂_j )Ψ = J , Ψ = | | | | | 0 ψ^1 ψ^2 ψ^3

| | | | | , α^0 = | | | | | a_0 0 0 0 a_1 1 0 0 a_2 0 1 0 a_3 0 0 1

| | | | |

α^1 = | | | | | b_0 1 0 0 b_1 0 0 0 b_2 0 0 −1 b_3 0 1 0

| | | | | , α^2 = | | | | | c_0 0 1 0 c_1 0 0 1 c_2 0 0 0 c_3 −1 0 0

| | | | | , α^3 = | | | | | d_0 0 0 1 d_1 0 −1 0 d_2 1 0 0 d_3 0 0 0

| | | | | .

Here, there arise four ambiguously determined matrices; numerical parameters a_k, b_k, c_k, d_k are arbitrary. Our choice for the matrix form of eight Maxwell equations is the following:

(−i∂_0 + α^j ∂_j )Ψ = J , Ψ = | | | | | 0 ψ^1 ψ^2 ψ^3

| | | | | , J = 1 ϵ_0

| | | | | j^0 i j^1 i j^2 i j^3

| | | | | (3)

where

α^1 = | | | | | 0 1 0 0 −1 0 0 0

0 0 0 −1 0 0 1 0

| | | | | , α^2 = | | | | | 0 0 1 0 0 0 0 1 −1 0 0 0

0 −1 0 0

| | | | | , α^3 = | | | | | 0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0

| | | | | (α^1)^2 = −I, (α^2)^2 = −I, (α^2)^2 = −I α^1α^2 = −α^2α^1 = α^3 , α^2α^3 = −α^3α^2 = α^1 , α^3α^1 = −α^1α^3 = α^2 .

Let us consider the problem of relativistic invariance of this equation. The lack of manifest invariance of 3-vector complex form of Maxwell theory has been intensively discussed in various aspects: for instance, see Esposito [123], Ivezic [128], [133], [129], [130], [134], [140], [141], [142], [143]). Let us start with relations:

(−i∂_0 + α^j ∂_j )Ψ = J , Ψ = | | | | | 0 ψ^1 ψ^2 ψ^3

| | | | | , J = 1 ϵ_0

| | | | | j^0 i j^1 i j^2 i j^3

| | | | | .

Arbitrary Lorentz transformation over the function Ψ is given by (take notice that one may introduce four undefined parameters s_0, ..., s_3, but we will take s_0 = 1, s_j = 0 )

S = | | | | s_0 0 0 0 s_1 . . . s_2 . O(k) . s_3 . . .

| | | | , Ψ^′ = SΨ , Ψ = S^{−1}Ψ^′ , (4)

where O(k) stands for a (3×3-rotation complex matrix from SO(3, C), isomorphic to the Lorentz group – more detail see in [99] and below in the present text. Equation for a primed function Ψ^′ is

(−i∂_0 + Sα^j S^{−1}∂_j ) Ψ^′ = S J .

When working with matrices α^j we will use vectors e_i and (3×3)-matrices τ_i, then the structure Sα^j S^{−1} is

Sα^j S^{−1} = | | 0 e^jO^{−1}(k) −O(k)e^t_j O(k)τ_j O^{−1}(k) | | = α^mO_{mj} (k) . (5) Therefore, the matrix Maxwell equation becomes

(−i∂_0 + α^m ∂^′_m)Ψ^′ = SJ , O_{mj} ∂_j = ∂^′_m . (6)

Now, one should give special attention to the following: the symmetry properties given by (6) look satisfactory only at real values of parameter a – in this case it describes symmetry of the Maxwell equations under Euclidean rotations. However, if the values of a are imaginary the above transformation S gives a Lorentzian boost; for instance, in the plane 0 − 3 the boost is

a = ib , S(a = ib) = | | | | 1 0 0 0 0 ch b −ish b 0 0 ish b ch b 0 0 0 0 1

| | | | (7)

and the formulas (5) will take the form

Sα^1S^{−1} = ch b α^1 + ish b α^2 Sα^2S^{−1} = −ish b α^1 + ch b α^2 , Sα^3S^{−1} = α^3 . (8)

Correspondingly, the Maxwell matrix equation after transformation (1.15a,b) will look asymmetric

[ (−i∂_0 + α^3∂_3) + (ch b α^1 + ish b α^2) ∂_2 + (−ish b α^1 + ch b α^2) ∂_3 ] Ψ^′ = SJ . (9)

One can note an identity

(ch b − ish b α^3)(−i∂_0 + α^3∂_3) = −i(ch b ∂_0 − sh b ∂_3) + α^3(−sh b ∂_0 + ch b ∂_3) = −i∂^′_0 + α^3∂^′_3 , (10)

where derivatives are changed in accordance with the Lorentzian rule:

ch b ∂_0 − sh b ∂_3 = ∂^′_0 , −sh b ∂_0 + ch b ∂_3 = ∂^′_3 .

It remains to determine the action of the operator

Δ = ch b − i sh b α^3 (11)

on two other terms in eq. (9) – one might expect two relations:

(ch b − ish b α^3)(ch b α^1 + ish b α^2) = α^2 (ch b − ish b α^3)(−ish b α^1 + ch b α^2) = α^3 . (12)

As easily verified they hold indeed. We should calculate the term ΔS J:

ΔS J = | | | | | ch b j^0 + sh b j^3 i j^1 i j^2 i(sh b j^0 + ch b j^3)

| | | | | ; (13) it is what needed. Thus, the symmetry of the matrix Maxwell equation under the Lorentzian boost in the plane 0 − 3 is described by relations:

Δ(b) (−i∂_0 + Sα^j S^{−1}∂_j ) Ψ^′ = ΔS J ≡ J^′ , (−i∂^′_0 + α^j ∂^′_j)Ψ^′ = J^′

S(b) = | | | | | 1 0 0 0 0 ch b −ish b 0 0 ish b ch b 0 0 0 0 1

| | | | | , Δ(b) = ch b − i sh b α^3 . (14)

For the general case, one can think that for an arbitrary oriented boost the operator Δ should be of the form: Δ = Δ_α = ch b − i sh b n_j α^j . To verify this, one should obtain mathematical description of that general boost. We will start with the known parametrization of the real 3-dimension group [99])

O(c) = I + 2 [ c_0 c^× + (c^×)^2 ] , (c^×)_{kl} = −ϵ_{klj} a_j O(c) = | | | | 1 − 2(c^2 + c^2_3) −2c_0c_3 + 2c_1c_2 +2c_0c_2 + 2c_1c_3 +2c_0c_3 + 2c_1c_2 1 − 2(c^2_3 + c^2_1) −2c_0c_1 + 2c_2c_3 −2c_0c_2 + 2c_1c_3 +2c_0c_1 + 2c_2c_3 1 − 2(c^2_1 + c^2)

| | | | . (15)

Transition to a general boost is achieved by the change

c_0 =⇒ ch b 2 , c_j =⇒ i sh b 2 n_j , n_jn_j = 1

thus we arrive at O(b, n) = | | | | 1 − F (n^2 + n^2_3) −ish b n_3 + F n_1n_2 ish b n_2 + F n_1n_3 ish b n_3 + F )n_1n_2 1 − F (n^2_3 + n^2_1) −ish b n_1 + F n_2n_3 −ish b n_2 + F n_1n_3 ish b n_1 + F n_2n_3 1 − F (n^2_1 + n^2)

| | | | . (16) where F = (1 − ch b). We need to examine relation

Δ(b, n) ( −i∂_0 + α^iO_{ij} (b, n)∂_j ) Ψ^′ = Δ(b, n)SJ .

After rather long calculation we can indeed prove the general statement: the matrix Maxwell equation

(−i ∂_0 + α^i∂_i) Ψ = J

is invariant under an arbitrary Lorentzian boost:

Δ(−i ∂_0 + Sα^iS^{−1}∂_i) SΨ = ΔSJ =⇒ (∂^′_0 + α^i∂^′_i) Ψ^′ = J^′ S(ib, n) = | | | 1 0 0 O(ib, n) | | | t^′ = ch β t + sh β n x , x^′ = +n sh β t + x + (ch β − 1) n (nx) ∂^′_0 = ch b ∂_0 − sh b (n∇) , ∇^′ = −sh b n ∂_0 + [∇ + (ch b − 1)n(n∇) j^{′0} = ch b j^0 + sh b (nj) , j^′ = +sh b n j^0 + j + (ch b − 1) n (nj) . (17)

Invariance of the matrix equation under Euclidean rotations is achieved in a simpler way:

(−i ∂_0 + Sα^iS^{−1}∂_i) SΨ = SJ =⇒ (−i ∂^′_0 + α^i∂^′_i) Ψ^′ = J^′ S(a, n) = | | | 1 0 0 O(a, n) | | | , t^′ = t , x^′ = R(a)x

∂^′_0 = ∂_0 , ∇^′ = R(a, −n)∇ , j^{′0} = j^0 , j^′ = R(a, n)j . (18)

3 On the Maxwell-Minkowski electrodynamics in media

In agrement with Minkowski approach [5], in presence of a uniform media we should introduce two electromagnetic tensors F^{ab} and H^{ab} that transform independently under the Lorentz group. At this, the known constitutive (or material) relations change their form in the moving reference frame. In the rest media reference frame the Maxwell equations are

F^{ab} = (E, cB), div B = 0 , rot E = − ∂cB ∂ct H^{ab} = (D, H/c) , div D = ρ , rot H c = J c + ∂D ∂ct . (19)

Quantities with simple transformation laws under the Lorentz group are

f = E + icB , h = 1 ϵ_0

(D + iH/c) , j^a = (j^0 = ρ, j = J/c) ; (20)

where f, h are complex 3-vector under complex orthogonal group SO(3.C), the latter is isomorphic to the Lorentz group. One can combine eqs. (19) into following ones

div ( D ϵ_0

+ i cB) = 1 ϵ_0 ρ −i∂_0( D ϵ_0

+ icB) + rot (E + i H/c ϵ_0 ) = i ϵ_0 j . (21)

Eqs. (21) can be rewritten in the form

div ( h + h^∗ 2 + f − f^∗ 2 ) = 1 ϵ_0 ρ −i∂_0( h + h^∗ 2 + f − f^∗ 2 ) + rot ( f + f^∗ 2 + h − h^∗ 2 ) = i ϵ_0 j . (22)

It has a sense to define two quantities: M = h + f 2 , N = h^∗ − f^∗ 2 , (23)

which are different 3-vectors under the group SO(3.C): M^′ = O M , N^′ = O^∗ N . With respect to Euclidean rotations, the identity O^∗ = O holds; whereas for Lorentzian boosts we have quite other identity O^∗ = O^{−1}. In terms of M, N, eqs. (22) look

div M + div N = 1 ϵ_0 ρ , −i∂_0M + rot M − i∂_0N − rot N = i ϵ_0 j or in a matrix form

(−i∂_0 + α^i∂_i) M + (−i∂_0 + β^i∂_i) N = J M = | | | 0 M | | | , N = | | | 0 N | | | , J = 1 ϵ_0 | | | ρ i j | | | . (24)

The matrices α^i and β^i are taken in the form

α^1 = | | | | | 0 1 0 0 −1 0 0 0

0 0 0 −1 0 0 1 0

| | | | | , α^2 = | | | | | 0 0 1 0 0 0 0 1 −1 0 0 0 0 −1 0 0

| | | | | , α^3 = | | | | | 0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0

| | | | |

β^1 = | | | | | 0 1 0 0 −1 0 0 0

0 0 0 1 0 0 −1 0

| | | | | , β^2 = | | | | | 0 0 1 0 0 0 0 −1 −1 0 0 0 0 1 0 0

| | | | | , β^3 = | | | | | 0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0

| | | | | .

All of them after squaring give −I, and α_i commute with β_j .

4 Minkowski constitutive relations in a complex 3-vector form

Let us examine how the constitutive relations for an uniform media behave under the Lorentz transformations. One should start with these relation in the rest reference frame

D = ϵ_0ϵ E , H c = 1 μ_0μ 1 c^2 cB = ϵ_0 μ cB . (25)

They can be rewritten as

h + h^∗ 2 = ϵ f + f^∗ 2 , h − h^∗ 2 = 1 μ f − f^∗ 2 , (26)

from whence it follows

2h = (ϵ + 1 μ ) f + (ϵ − 1 μ ) f^∗ , 2h^∗ = (ϵ + 1 μ ) f^∗ + (ϵ − 1 μ ) f . (27)

This is a complex form of the constitutive relations (25). It should be noted that constitutive relations can be resolved under f, f^∗ as well:

2f = ( 1 ϵ + μ) h + ( 1 ϵ − μ) h^∗ , 2f^∗ = ( 1 ϵ + μ) h^∗ + ( 1 ϵ − μ) h ; (28)

these are the same constitutive equations (27) in other form. Now let us take into account the Lorentz transformations:

f^′ = O f , f^{′∗} = O^∗ f^∗ , h^′ = O h , h^{′∗} = O^∗ h^∗ ;

then eqs. (26) will become

O^{−1}h^′ + (O^{−1})^∗h^{∗′} 2 = ϵ O^{−1}f^′ + (O^{−1})^∗f^{∗′} 2 O^{−1}h^′ − (O^{−1})^∗h^{∗′} 2 = 1 μ O^{−1}f^′ − (O^{−1})^∗f^{∗′} 2 .

Multiplying both equations by O and summing (or subtracting) the results we get

2h^′ = (ϵ + 1 μ ) f^′ + (ϵ − 1 μ ) O(O^{−1})^∗ f^{′∗}

2h^{′∗} = (ϵ + 1 μ ) f^{′∗} + (ϵ − 1 μ ) O^∗O^{−1} f^′ . (29)

Analogously, starting from (28) we can produce

2f^′ = ( 1 ϵ + μ) h^′ + ( 1 ϵ − μ) O(O^{−1})^∗ h^{′∗}

2f^{′∗} = ( 1 ϵ + μ) h^{′∗} + ( 1 ϵ − μ) O^∗O^{−1} h^′ . (30)

Equations (29)-(30) represent the constitutive relations after changing the reference frame. In this point one should distinguish between two cases: Euclidean rotation and Lorentzian boosts. Indeed, for any Euclidean rotations

O^∗ = O, =⇒ O(O^{−1})^∗ = I, O^∗O^{−1} = I ;

and therefore eqs. (29)-(30) take the form of (27)-(28); in other words, at Euclidean rotations the constitutive relations do not change their form. However, for any pseudo-Euclidean rotations (Lorentzian boosts)

O^∗ = O^{−1}, =⇒ O(O^{−1})^∗ = 0^2, O^∗O^{−1} = O^{∗2} ;

and eqs. (29)-(30) look

2h^′ = (ϵ + 1 μ )f^′ + (ϵ − 1 μ )O^2 f^{′∗} , 2h^{′∗} = (ϵ + 1 μ )f^{′∗} + (ϵ − 1 μ )O^2f^′

2f^′ = ( 1 ϵ + μ)h^′ + ( 1 ϵ − μ)O^{∗2}h^{′∗} , 2f^{′∗} = ( 1 ϵ + μ)h^{′∗} + ( 1 ϵ − μ)O^{∗2}h^′ . (31)

In complex 3-vector form these relations seem to be shorter than in real 3-vector form:

2D^′ = ϵ_0ϵ [ (I + OO + O^∗O^∗ 2 ) E^′ + OO − O^∗O^∗ 2i cB^′ ] + ϵ_0 μ [ (I − OO + O^∗O^∗ 2 ) E^′ − OO − O^∗O^∗ 2i cB^′ ]

2H^′/c = ϵ_0ϵ [ (I − OO + O^∗O^∗ 2 ) cB^′ + OO − O^∗O^∗ 2i E^′ ] + ϵ_0 μ [ (I + OO + O^∗O^∗ 2 ) cB^′ − OO − O^∗O^∗ 2i E^′ ] . (32)

They can be written differently

D^′ = ϵ_0 2 {[ (ϵ + 1 μ ) + (ϵ − 1 μ ) Re O^2 ] E^′ + (ϵ − 1 μ ) Im O^2 cB^′ ] }

H^′ c = ϵ_0 2 {[(ϵ + 1 μ ) − (ϵ − 1 μ ) Re O^2 ] cB^′ + (ϵ − 1 μ ) Im O^2 E^′ ] } .

The matrix O^2 can be presented differently with the help of double angle variable:

O^2 = | | | | | ch 2b + G n^2_1 G n_1n_2 − i sh 2b n_3 G n_3n_1 + i sh 2b n_2 G n_1n_2 + i sh 2b n_3 ch 2b + G n^2 G n_2n_3 − i sh 2b n_1 G n_3n_1 − i sh 2b n_2 G n_2n_3 + i sh 2b n_1 ch 2b + G n^2_3

| | | | | ,

where G = (1 − ch 2b).

The previous result can be easily extended to more generale medias, let us restrict ourselves to linear medias. Indeed, arbitrary linear media is characterized by the following constitutive equations:

D = ϵ_0 ϵ(x) E + ϵ_0c α(x) B , H = ϵ_0c β(x) E + 1 μ_0 μ(x) B , (33)

where ϵ(x), μ(x), α(x), β(x) are 3 × 3 dimensionless matrices. Eqs. (33) should be rewritten in terms of complex vectors f, h: h + h^∗ 2 = ϵ(x) f + f^∗ 2 + α(x) f − f^∗ 2i h − h^∗ 2i = β(x) f + f^∗ 2 + μ(x) f − f^∗ 2i . (34)

From (33) it follows

h = [ (ϵ(x) + μ(x)) + i(β(x) − α(x)) ] f +[ (ϵ(x) − μ(x)) + i(β(x) + α(x)) ] f^∗ h^∗ = [ (ϵ(x) + μ(x)) − i(β(x) − α(x)) ] f^∗ +[ (ϵ(x) − μ(x)) − i(β(x) + α(x)) ] f . (35)

Under Lorentz transformations, relations (6.17) will take the form

h^′ = ϵ_0 [(ϵ(x) + μ(x)) + i(β(x) − α(x))] f^′ + [ (ϵ(x) − μ(x)) + i(β(x) + α(x))] [O(O^{−1})^∗] f^{′∗}

h^{′∗} = ϵ_0 [ (ϵ(x) + μ(x)) − i(β(x) − α(x))] f^{′∗} + [(ϵ(x) − μ(x)) − i(β(x) + α(x))] [O^∗(O^{−1})]f^′. (36)

For Euclidean rotation, the constitutive relations preserve their form. For Lorentz boosts we have

h^′ = [ (ϵ(x) + μ(x)) + i (β(x) − α(x)) ]f^′ +[ (ϵ(x) − μ(x)) + i (β(x) + α(x)) ]O^2f^{′∗} h^{′∗} = [ (ϵ(x) + μ(x)) − i (β(x) − α(x)) ]f^{′∗} +[ (ϵ(x) − μ(x)) − i (β(x) + α(x)) ]O^{∗2}f^′. (37)

They are the constitutive equations for arbitrary linear medias in a moving reference frame (similar formulas were produced in quaternion formalism in [108], [113]).

5 Symmetry the matrix Maxwell equation in a uniform media

As noted, Maxwell equations in any media can be presented in the matrix form: (−i∂_0 + α^i∂_i) M + (−i∂_0 + β^i∂_i) N = J . (38) We are to study symmetry properties of this equation under complex rotation group SO(3.C). The terms with α^j matrices were examined in Section 2), the terms with β^j matrix are new. We restrict ourselves to demonstrating the Lorentz symmetry of eq. (38) under two simplest transformations.

First, let us consider the Euclidean rotation in the plane (1 − 2), we examine additionally only the term with β-matrices: Sβ^1S^{−1} = cos a β^1 − sin a β^2 = β^j O_{j1} β^2S^{−1} = sin a β^1 + cos a β^2 = β^j O_{j2} Sβ^3S^{−1} = β^3 = β^j O_{j3} . (39) Therefore, we conclude that eq. (38) is symmetrical under Euclidean rotations in accordance with the relations (−i∂_0 + Sα^iS^{−1}∂_i) M^′ + (−i∂_0 + Sβ^iS^{−1}∂_i) N^′ = +SJ , =⇒ (−i∂_0 + α^i∂^′_i) M^′ + (−i∂_0 + β^i∂^′_i) N^′ = +J^′ . (40) For the Lorentz boost in the plane (0 − 3) we have M^′ = SM , N^′ = S^∗N = S^{−1}N, S^∗ = S^{−1} ;

and eq. (38) takes the form (note that the additional transformation Δ = Δ_{(α)} is combined in terms of α^j ; see Sec. 2) Δ_{(α)}S [ (−i∂_0 + α^i∂_i) S^{−1}M^′ + (−i∂_0 + β^i∂_i) SN^′ ] = ΔSJ or Δ_{(α)} [ (−i∂_0 + Sα^iS^{−1}∂_i) M^′ + S^2(−i∂_0 + S^{−1}β^iS∂_i) N^′ ] = J^′ , and further (−i∂^′_0 + α^i∂^′_i) M^′ + Δ_{(α)}S^2(−i∂_0 + S^{−1}β^iS∂_i) N^′ = J^′ . (41) It remains to prove the relationship Δ_{(α)}S^2 (−i∂_0 + S^{−1}β^iS∂_i) N^′ = (−i∂^′_0 + β^i∂^′_i) N^′ . (42) By simplicity reason one may expect two identities:

Δ_{(α)}S^2 = Δ_{(β)} ⇐⇒ Δ_{(α)}S = Δ_{(β)}S^{−1} , (43) and Δ_{(β)}(−i∂_0 + S^{−1}β^iS∂_i) N^′ = (−i∂^′_0 + β^i∂^′_i) N^′ . (44)

Let us prove them for a Lorentzian boost in the plane 0 − 3:

S = | | | | | 1 0 0 0 0 ch b −i sh b 0 0 i sh b ch b 0 0 0 0 1

| | | | | , S^{−1} = | | | | | 1 0 0 0 0 ch b −i sh b 0 0 i sh b ch b 0 0 0 0 1

| | | | | ;

we readily get

S^{−1}β^1S = ch b β^1 − i sh b β^2 = β^jO^{−1}_{j1} ,

S^{−1}β^2S = i sh bβ^1 + ch b β^2 = β^j O^{−1}_{j2} , S^{−1}β^3S = β^3 = β^j O^{−1}_{j3} . (45)

To verify identity Δ_{(α)}S = Δ_{(β)}S^{−1} ,: (ch b − ish b α^3)S = (ch b − ish b β^3)S^{−1} , let us calculate separately the left and right parts:

(ch b − ish b α^3)S = (ch b − ish b β^3)S^{−1} = | | | | | ch b 0 0 −i sh b 0 1 0 0 0 0 1 0 i sh b 0 0 ch b

| | | | | .

they coincide with each other, so eq. (43) holds. It remains to prove relation (44). Allowing for the properties of β–matrices

(β^0)^2 = −I, (β^1)^2 = −I, β^1β^2 = − β^3, β^2β^1 = + β^3 and so on

we readily find

Δ_{(β)} (−i∂_0 + S^{−1}β^iS∂_i) N^′ = (ch b − ish b β^3) [ −i∂_0 + β^3∂_3

+(ch b β^1 − i sh b β^2) ∂_1 + (i sh bβ^1 + ch b β^2) ∂_2 ] N^′ = [ −i(ch b ∂_0 − sh b ∂_3) + β^3 (−sh b ∂_0 + ch b ∂_3) + β^1 ∂_1 + β^2 ∂_2 ] N^′ ,

that is

Δ_{(β)}(−i∂_0 + S^{−1}β^iS∂_i) N^′ = (−i∂^′_0 + β^1∂_1 + β^2∂_2 + β^3∂^′_3) N^′ ; (46)

the relation (44) holds. Thus, the symmetry of the matrix Maxwell equation in media under the Lorentz group is proved.

6 Maxwell theory, Dirac matrices and electromagnetic 4-vectors

Let us shortly discuss two points relevant to the above matrix formulation of the Maxwell theory.

First, let us write down explicit form for Dirac matrices in spinor basis:

γ^0 = | | | | |

0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

| | | | | , γ^5 = −iγ^0γ^1γ^2γ^3 = | | | | |

−1 0 0 0 0 −1 0 0 0 0 1 0 1 0 0 1

| | | | |

γ^1 = | | | | |

0 0 0 −1 0 0 −1 0 0 1 0 0 1 0 0 0

| | | | | , γ^2 = | | | | |

0 0 0 i 0 0 −i 0 0 −i 0 0 i 0 0 0

| | | | | , γ^3 = | | | | |

0 0 −1 0 0 0 0 1 1 0 0 0 0 −1 0 0

| | | | | .

Taking in mind expressions for α^i, β^i, we immediately see the identities

α^1 = iγ^0γ^2, α^2 = γ^0γ^5, α^3 = iγ^5γ^2 β^1 = −γ^3γ^1, β^2 = −γ^3, β^3 = −γ^1 , (47)

so the Maxwell matrix equation in media takes the form

(−i∂_0 + iγ^0γ^2∂_1 + γ^0γ^5∂_2 + iγ^5γ^2∂_3) M + (−i∂_0 − γ^3γ^1∂_1 − γ^3∂_2 − γ^1∂_3) N = J . (48)

This Dirac matrix-based form does not seem to be very useful to apply in the Maxwell theory, it does not prove much similarity with ordinary Dirac equation (though that analogy was often discussed in the literature).

Now starting from electromagnetic 2-tensor and dual to it:

F̃_{ρσ} = 1 2 ϵ_{ρσαβ} F^{αβ} , F_{αβ} = − 1 2 ϵ_{αβρσ}F̃^{ρσ} let us introduce two electromagnetic 4-vectors (below u^α is any 4-vector that in general may not coincide with 4-velocity)

e^α = u_βF^{αβ} , b^α = u_βF̃^{αβ} , u^αu_α = 1 ; (49)

inverse formulas are F^{αβ} = (e^α u^β − e^β u^α) − ϵ^{αβρσ} b_ρ u_σ F̃^{αβ} = (b^α u^β − b^β u^α) + ϵ^{αβρσ} e_ρ u_σ . (50)

Such electromagnetic 4-vector are presented always in the literature on the electrodynamics of moving bodies, from the very beginning of relativistic tensor form of electrodynamics – see Minkowski [5], Gordon [11], Mandel’stam – Tamm [12], [13], [14]; for instance see Yépez – Brito – Vargas [110]. The interest to these field variables gets renewed after Esposito paper [123] in 1998.

In 3-dimensional notation

E^1 = −E_1 = F^{10} , cB^1 = cB_1 = F̃^{10} = −F_{23}, and so on

the formulas (49) take the form

e^0 = u E , e = u^0 E + c u × B b^0 = c u B , b = c u^0 B − u × E , (51)

or symbolically (e, b) = U(u) (E, B); and inverse the formulas (50) look

E = e u^0 − e^0 u + b × u c B = b u^0 − b^0 u − e × u . (52)

or in symbolical form (E, B) = U^{−1}(u) (e, b).

The above possibility is often used to produce a special form of the Maxwell equations. For simplicity, let us consider the vacuum case:

∂_αF_{βγ} + ∂_βF_{γα} + ∂_γ F_{αβ} = 0 , ∂_αF^{αβ} = ϵ^{−1}_0 j^β or differently with the help of the dual tensor:

∂_βF̃^{βα} = 0 , ∂_αF^{αβ} = ϵ^{−1}_0 j^β (53)

These can be transformed to variables b^α, b^α:

∂_α(b^α u^β − b^β u^α + ϵ^{αβρσ} e_ρ u_σ) = 0 ∂_α(e^α u^β − e^β u^α − ϵ^{αβρσ} b_ρ u_σ) = ϵ^{−1}_0 j^β . (54)

They can be combined into equations for complex field function

Φ^α = e^α + ib^α , ∂_α [ Φ^αu^β − Φ^βu^α + iϵ^{αβρσ}Φ_ρu_σ ] = ϵ^{−1}_0 j^β

or differently

∂_α [ δ^α_γ u^β − δ^β_γ u^α + iϵ^{αβρσ}g_{ργ} u_σ ] Φ^γ = ϵ^{−1}_0 j^β . (55)

This is Esposito’s representation [123] of the Maxwell equations. One may introduce four matrices, functions of 4-vector u:

(Γ^α)^β_γ = δ^α_γ u^β − δ^β_γ u^α + iϵ^{αβρσ}g_{ργ} u_σ , (56)

then eq. (55) becomes

∂_α(Γ^α)^β_γ Φ^γ = ϵ^{−1}_0 j^β , or Γ^α∂_αΦ = ϵ^{−1}_0 j . (57)

In the ’rest reference frame’ when u^α = (1, 0, 0, 0), the matrices Γ^α become simpler and Φ = Ψ:

Γ^0 = | | | | |

0 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 −1

| | | | | , Γ^1 = | | | | |

0 1 0 0 0 0 0 0 0 0 0 i 0 0 −i 0

| | | | |

Γ^2 = | | | | |

0 0 1 0 0 0 0 −i 0 0 0 0 0 i 0 0

| | | | | , Γ^3 = | | | | |

0 0 0 1 0 0 i 0 −i 0 0 0 0 0 0

| | | | | .

and eq. (57) takes the form | | | | |

0 ∂_1 ∂_2 ∂_3 0 −∂_0 i∂_3 −i∂_2 0 −i∂_3 −∂_0 i∂_1 0 i∂_2 −i∂_1 −∂_0

| | | | |

| | | | |

0 E^1 + icB^1 E^2 + icB^2 E^3 + icB^3

| | | | | = ϵ^{−1}_0 | | | | | ρ j^1 j^2 j^3

| | | | | = ϵ^{−1}_0 j , (58)

or div (E + icB) = ϵ^{−1}_0 ρ , −∂_0(E + icB) − i rot (E + icB) = ϵ^{−1}_0 j .

From whence we get equations

div cB = 0 , rot E = − ∂cB ∂ct div E = ρ ϵ_0

, rot cB = j ϵ_0 + ∂E ∂ct , which coincides with eqs. (2).

Relations (58) correspond to a special choice of α-matrices:

β (−iα^0) = Γ^0 , β α^j = Γ^j , where β = | | | | |

1 0 0 0 0 −i 0 0 0 0 −i 0 0 0 0 −i

| | | | | . (59)

Esposito’s representation of the Maxwell equation at any 4-vector u^α can be easily related to the matrix equation of Riemann – Silberstein – Majorana – Oppenheimer:

(−iα^0∂_0 + α^j ∂_j )Ψ = J , (60)

indeed

(−iα^0∂_0 + α^j ∂_j )U^{−1} (UΨ) = J −iα^0 U^{−1} = β Γ^0 , α^j U^{−1} = β Γ^j , UΨ = Φ β (Γ^0∂_0 + Γ^j ∂_j) Φ = J , β^{−1}J = ϵ^{−1}_0 (j^a)

(Γ^0∂_0 + Γ^j∂_j )Φ = ϵ^{−1}_0 j . (61)

Eq. (61) is a matrix representation of the Maxwell equations in Esposito’s form

∂_α [ δ^α_γ u^β − δ^β_γ u^α + iϵ^{αβρσ}g_{ργ} u_σ ] Φ^γ = ϵ^{−1}_0 j^β (62)

Evidently, eqs. (60) and (62) are equivalent to each other. There is no ground to consider the form (62) obtained through the trivial use of identity I = U^{−1}(u)U(u) as having certain especially profound sense. Our point of view contrasts with the claim by Ivezić [128]-[133]-[129]- [130]-[134]- [140]-[141]-[142]-[143] that eq. (62) has a status of a true Maxwell equation in a moving reference frame (at this u^α is identified with 4-velocity).

7 Maxwell equation in a curved space-time, no media case

Now the main question is how the above Maxwell matrix equation (first consider the no-media case)

(α^0∂_0 + α^j ∂_j ) Ψ = J , α^0 = −iI Ψ = | | 0 E + icB | | , J = 1 ϵ_0 | | ρ ij | | can be generalized to the case of a curved space-time background. We should expect existence of an extended equation in the frame of general Tetrode-Weyl-Fock-Ivanenko tetrad approach [20], [21], [17], [23]. Such an equation might be of the following form

α^ρ(x) [ ∂_ρ + A_ρ(x) ] Ψ(x) = J(x)

α^ρ(x) = α^c e^ρ_{(c)}(x) , A_ρ(x) = 1 2 j^{ab} e^β_{(a)} ∇_ρe_{(n)β} . (63)

j^{ab} stands for generators of 3-vector field under complex orthogonal group SO(3.C), their explicit form will be given later. Tetrad represents four covariant vectors related to metric tensor by means of a bilinear function g_{αβ} (x) = η^{ab}e_{(a)α}e_{(b)β} , so that all tetrads referred by local Lorentz transformations correspond to the same metric g_{αβ} (x): e^′_{(a)α}(x) = L^b_a (x) e_{(b)α}(x) . Eq. (63) can be rewritten as

α^c ( e^ρ_{(c)}∂_ρ + 1 2 j^{ab}γ_{abc} ) Ψ = J(x) , (64)

where Ricci rotation coefficients are used: γ_{bac} = −γ_{abc} = −e_{(b)β;α}e^β_{(a)}e^α_{(c)} . With regard to eq. (63), one should expect symmetry properties of the equation under local gauge transformations: Ψ^′(x) = S(x)Ψ(x) , e^′_{(a)α}(x) = L^b_a (x) e_{(b)α}(x) α^ρ(x) [∂_ρ + A_ρ(x)] Ψ(x) = J(x) , =⇒ α^{′ρ}(x) [∂_ρ + A^′_ρ(x)] Ψ^′(x) = J^′(x) . (65) We should consider separately Euclidean and Lorentzian tetrad rotations. In the case of Euclidean rotations we may expect the following symmetry: S = S[a(x), n(x)] Ψ^′ = SΨ , Ψ = S^{−1}Ψ^′, SJ(x) = J^′ Sα^ρS^{−1} (∂_ρ + SA_ρS^{−1} + S∂_ρS^{−1}) Ψ^′(x) = SJ(x) Sα^ρS^{−1} = α^{′ρ} , SA_ρS^{−1} + S∂_ρS^{−1} = A^′_ρ . (66) In the case of Lorentzian rotations we may expect other symmetry realized in accordance with relations S = S[ib(x), n(x)] , Δ = Δ[ib(x), n(x)] Ψ^′ = SΨ , Ψ = S^{−1}Ψ^′, Δ SJ(x) = J^′ ΔSα^ρS^{−1} (∂_α + SA_αS^{−1} + S∂_αS^{−1}) Ψ^′(x) = ΔSJ(x) Δ Sα^ρS^{−1} = α^{′ρ} , SA_αS^{−1} + S∂_αS^{−1} = A^′_α . (67) Symmetry properties of the local matrices α^ρ(x) can be found quite straightforwardly on the base of analysis performed for the flat Minkowski space. Indeed, for local Euclidean rotations, the rule for Sα^ρ(x)S^{−1} is Sα^ρS^{−1} = Sα^0e^ρ_{(0)}S^{−1} + Sα^le^ρ_{(l)}S^{−1} = α^0e^ρ_{(0)} + α^kO_{kl}e^ρ_{(l)} = α^0e^ρ_{(0)} + α^ke^{′ρ}_{(k)} = α^{′ρ} .

For local Lorentzian rotations, we can easily prove a symmetry relation: Δ Sα^ρ(x)S^{−1} = Δ Sα^ae^ρ_{(a)}S^{−1} = [Δ Sα^aS^{−1}] e^ρ_{(a)} = α^bL^a_b e^ρ_{(a)} = α^be^{′ρ}_{(b)} = α^{′ρ}(x) .

The transformation law for the complex 3-vector connection A_ρ(x) will be proved in Section 8.

8 On tetrad transformation for complex 3-vector connection

First, let us list six elementary rotations from the local group SO(3.C):

S_{23} = | | | | 1 0 0 0 0 1 0 0 0 0 cos a − sin a 0 0 sin a cos a

| | | | , S_{01} = | | | | 1 0 0 0 0 0 0 0 0 0 ch b −ish b 0 0 +ish b ch b

| | | | S^1 = j^{23} = | | 0 0 0 τ_1 | | , N^2 = j^{01} = +i | | 0 0 0 τ_1 | |

S_{31} = | | | | 1 0 0 0 0 cos a 0 sin a 0 0 1 0 0 − sin a 0 cos a

| | | | , S_{02} = | | | | 1 0 0 0 0 ch b 0 +ish b 0 0 0 0 0 −ish b 0 ch b

| | | | S^2 = j^{31} = | | 0 0 0 τ_2 | | , N^2 = j^{02} = +i | | 0 0 0 τ_2 | |

S_{12} = | | | | | 1 0 0 0 0 cos a − sin a 0 0 sin a cos a 0 0 0 0 1

| | | | | , S_{03} = | | | | | 1 0 0 0 0 ch b −ish b 0 0 +ish b ch b 0 0 0 0 1

| | | | | S^3 = j^{12} = | | | 0 0 0 τ_3 | | | , N^3 = j^{03} = +i | | | 0 0 0 τ_3 | | | ; they obey the commutative relations:

S^1S^2 − S^2S^1 = S^3 , N^1N^2 − N^2N^1 = −S^3 , S^1N^2 − N^2S^1 = +N^3 ;

and remaining ones written be cyclic symmetry. Let us turn to some properties of the connection A_α(x):

A_α(x) = 1 2 j^{ab} e^β_{(a)} ∇_αe_{(b)β} = S^1e^β_{(2)} ∇_αe_{(3)β} + S^2e^β_{(3)} ∇_αe_{(2)β} + S^3e^β_{(1)} ∇_αe_{(2)β}

+N^1e^β_{(0)} ∇_αe_{(1)β} + N^2e^β_{(0)} ∇_αe_{(2)β} + N^3e^β_{(0)} ∇_αe_{(3)β} ] . (68)

Taking in mind the identity N_k = +iS_k, and introducing new complex variables

A_{(1)α} = e^β_{(2)} ∇_αe_{(3)β} + i e^β_{(0)} ∇_αe_{(1)β}

A_{(2)α} = e^β_{(3)} ∇_αe_{(1)β} + i e^β_{(0)} ∇_αe_{(2)β}

A_{(3)α} = e^β_{(1)} ∇_αe_{(2)β} + i e^β_{(0)} ∇_αe_{(3)β} ,

one can read the above connection as

A_α(x) = S^k A_{(k)α} . (69)

With the use of notation

A_α(x) = 1 2 j^{ab}e^β_{(a)}∇_αe_{(b)β} = 1 2 j^{ab}A_{(a)(b)α} , A_{(a)(b)α} = −A_{(b)(a)α} (70) the above definition for A_{(k)α} can be rewritten differently: A_{(1)α} = A_{(2)(3)α} + iA_{(0)(1)α} A_{(2)α} = A_{(3)(1)α} + iA_{(0)(2)α} A_{(3)α} = A_{(1)(2)α} + iA_{(0)(3)α} .

In other words, the 3-quantity A_{(k)α} with respect to 3-index (k) is constructed in terms of ”tensor” A_{(a)(b)α} by the same rule that used at constructing 3-dimensional complex vector −i(E + icB) in terms of component of tensor F_{ab}.

It is readily verified that such 3-dimensional complex vectors can be built in terms of a skew-symmetric 2-rank real tensor through a simple and symmetrical algebraic construction: i 2 σ̄^aσ^bA_{(a)(b)α} = σ^kA_{(k)α} , i 2 σ^aσ̄^bA_{(a)(b)α} = σ^kA^∗_{(k)α} . (71) From the above it follows covariant formulas for A_{(k)α} and A^∗_{(k)α}:

A_{(k)α} = i 4 Sp [σ̄^aσ^bA_{(a)(b)α}] , A^∗_{(k)α} = i 4 Sp [σ_kσ^aσ̄^bA_{(a)(b)α}] . (72) Now, starting from relations between any two tetrads by a local Lorentz transformation: e^{′α}_{(a)} = L^b_a e^α_{(b)} , e^α_{(a)} = (L^{−1})^b_a e^{′α}_{(b)} , let us derive a rule to transform 3-vector connection when changing the tetrad: A_{(a)(b)α} = e^β_{(a)} ∇_αe_{(b)β} = (L^{−1})^m_a e^{′β}_{(m)}∇_α(L^{−1})^n_b e^′_{(n)β} = (L^{−1})^m_a e^{′β}_{(m)}(L^{−1})^n_b ∇_αe^′_{(n)β} + (L^{−1})^m_a e^{′β}_{(m)}

∂(L^{−1})^n_b ∂x^α e^′_{(n)β} , that is

A_{(a)(b)α} = (L^{−1})^m_a (L^{−1})^n_b A^′_{(m)(n)α} + (L^{−1})^m_a g_{(m)(n)}

∂(L^{−1})^n_b ∂x^α . (73)

Let us act on this relation from the left by an operator^i_4 Sp [σ_kσ̄^aσ^b ...] ; it results in

A_{(k)α} = i 4 Sp [σ_kσ̄^aσ^bA_{(a)(b)α}] = i 4 Sp [σ_kσ̄^aσ^b(L^{−1})^m_a (L^{−1})^n_b A^′_{(m)(n)α}] + i 4 Sp [σ_kσ̄^aσ^b(L^{−1})^m_a g_{(m)(n)}

∂(L^{−1})^n_b ∂x^α ] . (74) One may expect eq. (74) to be equivalent to

A_{(k)α} = O^{−1}_{kn} A^′_{(n)α} + i 4 Sp [σ_kσ̄^aσ^b(L^{−1})^m_a g_{(m)(n)} ∂ ∂x^α (L^{−1})^n_b ] ; (75) it is so if an identity holds i 4 Sp [σ_kσ̄^aσ^b(L^{−1})^m_a (L^{−1})^n_b A^′_{(m)(n)α} ] = O^{−1}_{kl} A^′_{(l)α} . (76) which is proved by direct calculation (all details are omitted). Now, we are ready to prove the following relationships:

OA_ρO^{−1} + O∂_ρO^{−1} = A^′_ρ . (77) Taking into account the linear decomposition A_α = A_{(k)α}τ_k, eq. (77) can be rewritten as τ^lO_{lk}A_{(k)α} + O∂_αO^{−1} = τ^kA^′_{(k)α} . (78) Substituting expression for A_{(k)α} through A^′_{(k)α} (see (75))

A_{(k)α} = O^{−1}_{kn} A^′_{(n)α} + i 4 Sp [ (σ_kσ̄^aσ^b(L^{−1})^m_a g_{(m)(n)} ∂ ∂x^α (L^{−1})^n_b ] ;

we get τ^lO_{lk}{O^{−1}_{kn} A^′_{(n)α} + i 4 Sp [ σ_kσ̄^aσ^b(L^{−1})^m_a g_{(m)(n)} ∂ ∂x^α (L^{−1})^n_b ] } + O∂_αO^{−1} = τ^kA^′_{(k)α} .

From whence we conclude that an identity must hold: τ^lO_{lk} i 4 Sp [ σ_kσ̄^aσ^bC_{ab,α} ] + O∂_αO^{−1} = 0 , (79) where C_{ab,α} = (L^{−1})^m_a g_{(m)(n)} ∂ ∂x^α (L^{−1})^n_b .

The identity (79) holds indeed which can be proved with the use of simplest transformations – all details are omitted. Thus, generally covariant Maxwell matrix equation in a Riemannian space-time possesses all needed symmetry properties under local tetrad transformations and therefore it is correct.

9 Maxwell equation in a curved space-time, in media

Now we are to extend the Maxwell matrix equation in media to a curved space-time background: starting from the equation (−i∂_0 + α^i∂_i) M + (−i∂_0 + β^i∂_i) N = J M^′ = SM , N^′ = S^∗N ; (80) we may propose the following one α_ρ(x)(i∂_ρ + A_ρ) M + β_ρ(x)(i∂_ρ + B_ρ) N = J , (81) where A(x), B_ρ = A^∗(x) stand connections related to the fields M(x) and N(x) respectively. We should consider separately Euclidean and Lorentzian tetrad rotations.

In the case of Euclidean rotations we may expect the following symmetry: S^∗ = S , S(x)J(x) = J^′(x) M^′(x) = S(x)M(x) , N^′(x) = S(x)N(x) Sα^ρS^{−1} (∂_ρ + SA_ρS^{−1} + S∂_ρS^{−1}) M^′(x) +Sβ^ρS^{−1} (∂_ρ + SB_ρS^{−1} + S∂_ρS^{−1}) N^′(x) = SJ(x) Sα^ρS^{−1} = α^{′ρ} , Sβ^ρS^{−1} = β^{′ρ} SA_ρS^{−1} + S∂_ρS^{−1} = A^′_ρ , SB_ρS^{−1} + S∂_ρS^{−1} = B^′_ρ . (82) In the case of Lorentzian rotations we may expect other symmetry realized in accordance with relations S^∗ = S^{−1} , Δ_α(x) , Δ_α(x) S(x) J(x) = J^′ M(x)^′ = S(x)M(x) , N^′(x) = S^∗(x)N^′(x) = S^{−1}(x)N^′(x) Δ_αSα^ρS^{−1} (∂_α + SA_αS^{−1} + S∂_αS^{−1}) M^′(x) +Δ_αS^2 S^{−1}β^ρS (∂_α + S^{−1}B_αS + S^{−1}∂_αS) N^′(x) = ΔSJ(x)

Δ_α Sα^ρS^{−1} = α^{′ρ} , SA_αS^{−1} + S∂_αS^{−1} = A^′_α Δ_αS^2 S^{−1}β^ρS = β^{′ρ} , S^{−1}B_αS + S^{−1}∂_αS = B^′_α . (83) In addition to calculation performed in Sections 8,9, we need to consider only relations involving matrices β^ρ and connection B_ρ. For Euclidean rotation: Sβ^ρS^{−1} = Sβ^0e^ρ_{(0)}S^{−1} + Sβ^le^ρ_{(l)}S^{−1} = β^0e^ρ_{(0)} + β^kO_{kl}e^ρ_{(l)} = β^0e^ρ_{(0)} + β^ke^{′ρ}_{(k)} = β^{′ρ} .

For local Lorentzian rotations ΔS^2 S^{−1}β^ρ(x)S = ΔS^2 S^{−1}β^ae^ρ_{(a)}S = [ΔS^2 (S^{−1}α^aS) ] e^ρ_{(a)} = α^bL^a_b e^ρ_{(a)} = β^be^{′ρ}_{(b)} = β^{′ρ}(x) .

Transformation laws for two connections SA_ρS^{−1} + S∂_ρS^{−1} = A^′_ρ , S^{−1}B_ρS + S^{−1}∂_ρS = B_ρ , in fact are complex conjugated relations, because of identities S^{−1} = S^∗, S = (S^∗)^{−1}, (B_α)^∗ = A_α , so we need not any additional calculation.

10 Matrix equation in explicit component form

Now we are going to derive tensor generally covariant Maxwell equations when starting with the matrix form − i ( e^ρ_{(0)}∂_ρ + 1 2 j^{ab}γ_{ab0} )Ψ + α^k ( e^ρ_{(k)}∂_ρ + 1 2 j^{ab}γ_{abk} )Ψ = J(x) . (84)

Taking in mind 1 2 j^{ab}γ_{ab0} = [s^1(γ_{230} + iγ_{010}) + s^2(γ_{310} + iγ_{020}) + s^3(γ_{120} + iγ_{030}) ] 1 2 j^{ab}γ_{abk} = [s^1(γ_{23k} + iγ_{01k}) + s^2(γ_{31k} + iγ_{02k}) + s^3(γ_{12k} + iγ_{03k}) ]

and introducing notation

e^ρ_{(0)}∂_ρ = ∂_{(0)} , e^ρ_{(k)}∂_ρ = ∂_{(k)} (γ_{01a}, γ_{02a}, γ_{03a}) = v_a , (γ_{23a}, γ_{31a}, γ_{12a}) = p_a , a = 0, 1, 2, 3

eq. (84) can be transformed to the form

( α^k ∂_{(k)} + sv_0 + α^k sp_k ) | | 0 E + icB | | −i ( ∂_{(0)} + sp_0 − α^ksv_k) | | 0 E + icB | | = 1 ϵ_0 | | ρ i j | | . (85) Let us divide equation (85) into real and imaginary parts:

(α^k∂_{(k)} + sv_0 + α^ksp_k) | | | 0 E | | | + (∂^{(0)} + sp^0 − α^ksv^k) | | | 0 cB | | | = 1 ϵ_0 | | | ρ 0 | | | (α^k∂_{(k)} + sv_0 + α^ksp_k) | | | 0 cB | | | − (∂^{(0)} + sp^0 − α^ksv^k) | | | 0 E | | | = 1 ϵ_0 | | | 0 j | | | . From whence we produce explicit equations (for shortness let c = 1):

∂_{(k)}E_k − [(p_{23} − p_{32})E_1 + (p_{31} − p_{13})E_2 + (p_{12} − p_{21})E_3]

+[(v_{23} − v_{32})B_1 + (v_{31} − v_{13})B_2 + (v_{12} − v_{21})B_3 = 1 ϵ_0 ρ , (86)

∂_{(k)}B_k − [(p_{23} − p_{32})B_1 + (p_{31} − p_{13})B_2 + (p_{12} − p_{21})B_3]

−[(v_{23} − v_{32})E_1 + (v_{31} − v_{13})E_2 + (v_{12} − v_{21})E_{(3)} = 0 , (87)

(∂_{(2)}E_3 − ∂_{(3)}E_2) + (v_{20}E_3v_{30}E_2) +[−(p_{22} + p_{33})E_1 + p_{12}E_2 + p_{13}E_3] +∂_{(0)}B_1 + (p_{20}B_3 − p_{30}B_2) −[−(v_{22} + v_{33})B_1 + v_{12}B_2 + v_{13}B_3] = 0 , (88)

(∂_{(2)}B_3 − ∂_{(3)}B_2) + (v_{20}B_3 − v_{30}B_2) +[−(p_{22} + p_{33})B_1 + p_{12}B_2 + p_{13}B_3] −∂_{(0)}E_1 − (p_{20}E_3 − p_{30}E_2)

+[−(v_{22} + v_{33})E_1 + v_{12}E_2 + v_{13}E_3] = 1 ϵ_0 j^1 , (89)

(∂_{(3)}E_1 − ∂_{(1)}E_3) + (v_{30}E_1 − v_{10}E_3) +[p_{21}E_1 − (p_{11} + p_{33})E_2 + p_{23}E_3] +∂_{(0)}B_2 + (p_{30}B_1 − p_{10}B_1) −[v_{21}B_1 − (v_{11} + v_{33})B_2 + v_{23}B_3] = 0 , (90)

(∂_{(3)}B_1 − ∂_{(0)}B_3) + (v_{30}B_1 − v_{10}B_3) +[+p_{31}B_1 − (p_{11} + p_{33})B_2 + p_{23}cB_3] −∂_{(0)}E_2 − (p_{30}E_1 − p_{10}E_3) +[v_{21}E_1 − (v_{11} + v_{33})E_2 + v_{23}E_3] = 1 ϵ_0 j^2 , (91)

(∂_{(1)}E_2 − ∂_{(2)}E_1) + (v_{10}E_2 − v_{20}E_1) +[p_{31}E_1 + p_{32}E_2 − (p_{11} + p_{22})E_3] +∂_{(0)}B_3 + (p_{10}B_2 − p_0B_1) −[v_{31}B_1 + v_{32}B_2 − (v_{11} + v_{22})B_3] = 0 , (92) (∂_{(1)}B_2 − ∂_{(2)}B_1) + (v_{10}B_2 − v_{20}B_1) +[+p_{31}B_1 + p_{32}B_2 − (p_{11} + p_{22})B_3] −∂_{(0)}E_3 − (p_{10}E_2 − p_{20}E_1) +[v_{31}E_1 + v_{32}E_2 − (v_{11} + v_{22})E_3] = 1 ϵ_0 j^3 . (93) We have obtained rather complicated system of eight equations, in next Section we will prove its equivalence to tensor generally covariant Maxwell equations.

11 Relations between matrix and tensor Maxwell equations

In the generally covariant tensor Maxwell equations ∇^αF^{βγ} + ∇^βF^{γα} + ∇^γ F^{αβ} = 0 , ∇_βF^{βα} = 1 ϵ_0 j^α (94) let us introduce tetrad field variables, then they take the form ∂_{(n)}F_{(m)(l)} + γ_{mbn} F^{(b)}_{(l)} − γ_{lbn} F^{(b)}_{(m)} + ∂_{(m)} F_{(l)(n)} + γ_{lbm} F^{(b)}_{(n)} − γ_{nbm} F^{(b)}_{(l)} + ∂_{(l)}F_{(n)(m)} + γ_{nbl} F^{(b)}_{(m)} − γ_{mbl} F^{(b)}_{(n)} = 0 , (95) ∂_{(b)}F^{(b)}_{(c)} + e^β_{(b);β} F^{(b)}_{(c)} + γ_{cab} F^{(b)(a)} = 1 ϵ_0 j_{(c)} . (96)

Now we are to detail eqs. (95) and (96) at n, m, l = 1, 2, 3, 0, 2, 3, 0, 3, 1, 0, 1, 2 ; and c = 0 , 1 , 2 , 3 .

Let it be n, m, l = 1, 2, 3:

∂_{(1)}F_{(2)(3)} + γ_{2b1} F^{(b)}_{(3)} − γ_{3b1} F^{(b)}_{(2)} +∂_{(2)} F_{(3)(1)} + γ_{3b2} F^{(b)}_{(1)} − γ_{1b2} F^{(b)}_{(3)} +∂_{(3)}F_{(1)(2)} + γ_{1b3} F^{(b)}_{(2)} − γ_{2b3} F^{(b)}_{(1)} = 0 , or ∂_{(1)}F_{(2)(3)} + γ_{201}F^{(0)}_{(3)} + γ_{211}F^{(1)}_{(3)} − γ_{301}F^{(0)}_{(2)} − γ_{311}F^{(1)}_{(2)} +∂_{(2)} F_{(3)(1)} + γ_{302}F^{(0)}_{(1)} + γ_{322}F^{(2)}_{(1)} − γ_{102}F^{(0)}_{(3)} − γ_{122}F^{(2)}_{(3)} ) + ∂_{(3)}F_{(1)(2)} + γ_{103}F^{(0)}_{(2)} + γ_{133}F^{(3)}_{(2)} − γ_{203}F^{(0)}_{(1)} − γ_{233}F^{(3)}_{(1)} = 0 which with notation (F_{(2)(3)}, F_{(3)(1)}, F_{(1)(2)} ) = (cB_{(i)}) , (F_{(0)(1)}, F_{(0)(2)}, F_{(0)(3)} = (E_{(i)}) reads (again let c = 1) − ∂_{(k)}B_{(k)} + [ (p_{23} − p_{32})B_{(1)} + (p_{31} − p_{13})B_{(2)} + (p_{12} − p_{21})B_{(3)} ] −[ (v_{23} − v_{32})E_{(1)} + (v_{31} − v_{13})E_{(2)} + (v_{12} − v_{21})E_{(3)} ] = 0 , which coincides with eq. (87), if E_k = E_{(k)} = E , B_k = −B_{(k)} = B . (97) Let it be n, m, l = 0, 1, 2 : ∂_{(0)}F_{(1)(2)} + γ_{1b0} F^{(b)}_{(2)} − γ_{2b0} F^{(b)}_{(1)} + ∂_{(1)} F_{(2)(0)} + γ_{2b1} F^{(b)}_{(0)} − γ_{0b1} F^{(b)}_{(2)} +∂_{(2)}F_{(0)(1)} + γ_{0b2} F^{(b)}_{(1)} − γ_{1b2}F^{(b)}_{(0)} = 0 , (98) and further ∂_{(0)}cB_{(3)} − v_{10}E_{(2)} − p_{20}cB_{(1)} + v_{20}E_{(1)} + p_{10}cB_{(2)} − ∂_{(1)} E_{(2)} − p_{31}E_{(1)} + p_{11}E_{(3)} + v_{11}cB_{(3)} − v_{31}cB_{(1)} + ∂_{(2)}E_{(1)} + v_{22}cB_{(3)} − v_{32}cB_{(2)} − p_{32}E_{(2)} + p_{22}E_{(3)} = 0 , which coincides with (92) multiplied by −1.

Let it be c = 0 in (96):

∂_{(b)}F^{(b)}_{(0)} + e^β_{(b);β} F^{(b)}_{(0)} + γ_{0ab} F^{(b)(a)} = 1 ϵ_0 ρ . (99) Allowing for the identity e^β_{(b);β} F^{(b)}_{(0)} = −γ^c_{kc} F^{(k)}_{(0)} = −(γ_{k00} − γ_{k11} − γ_{k22} − γ_{k33})F^{(k)}_{((0)} = −γ_{k00}F^{(k)}_{(0)} + γ_{211}F^{(2)}_{(0)} + γ_{311}F^{(3)}_{(0)} +γ_{122}F^{(1)}_{(0)} + γ_{322}F^{(3)}_{(0)} + γ_{133}F^{(1)}_{(0)} + γ_{233}F^{(2)}_{(0)} , we get

∂_{(k)}E_{(k)} − p_{31}E_{(2)} + p_{21}E_{(3)} + p_{32}E_{(1)} − p_{12}E_{(3)} − p_{23}E_{(1)} + p_{13}E_{(2)} − −v_{12}B_{(3)} + v_{13}B_{(2)} + v_{21}B_{(3)} − v_{23}B_{(1)} − v_{31}B_{(2)} + v_{32}B_{(1)} = 1 ϵ_0 ρ , the latter coincides with (88).

Now, let c = 3 in (96):

∂_{(b)}F^{(b)}_{(3)} + e^β_{(b);β} F^{(b)}_{(3)} + γ_{3ab} F^{(b)(a)} = 1 ϵ_0 j_{(3)} , (100)

from whence it follows

− ∂_{(0)}E_{(3)} − ∂_{(1)}B_{(2)} + ∂_{(2)}B_{(1)} −v_{10}B_{(2)} + v_{20}B_{(1)} − v_{11}E_{(3)} − p_{31}B_{(1)} − v_{22}E_{(3)} − p_{32}B_{(2)}

+v_{31}E_{(1)} + v_{32}E_{(2)} + p_{20}E_{(1)} + p_{22}B_{(3)} − p_{10}E_{(2)} + p_{11}B_{(3)} = − 1 ϵ_0 j_{(3)} ,

the latter coincides with (93) multiplied by (−1). In the same manner one can verify all remaining equations. Thus, the matrix and tensor forms of the Maxwell equations are equivalent to each other:

α^α(x) [ ∂_ρ + A_α(x) ] Ψ = J(x)

∇^αF^{βγ} + ∇^βF^{γα} + ∇^γ F^{αβ} = 0 , ∇_βF^{βα} = 1 ϵ_0 j^α . (101)

12 Relations between matrix and tensor equations in media

Let us find detailed tetrad component form for generally covariant matrix Maxwell equation in presence of a media:

α_ρ(x)(∂_ρ + A_ρ) M + β_ρ(x)(∂_ρ + B_ρ) N = J M = | | 0 M | | , N = | | 0 N | | , J = 1 ϵ_0ϵ | | ρ i j | | M = h + f 2 = 1 2 ( D ϵ_0

+ E) + i 2 (cB + H ϵ_0c ) N = h^∗ − f^∗ 2 = 1 2 ( D ϵ_0

− E) + i 2 (cB − H ϵ_0c

) . (102)

For a time we will use shortening notation: D ϵ_0

=⇒ D , cB =⇒ B , H ϵ_0c =⇒ H . Eq. (102) can be rewritten as follows:

− i(e^ρ_{(0)}∂_ρ + 1 2 j^{ab}γ_{ab0})M + α^k(e^ρ_{(k)}∂_ρ + 1 2 j^{ab}γ_{abk} )M −i(e^ρ_{(0)}∂_ρ + 1 2 j^{ab}γ_{ab0})N + β^k(e^ρ_{(k)}∂_ρ + 1 2 j^{∗ab}γ_{abk} )N = J(x) . (103) Eq. (103) can be transformed to the form

− i[∂_{(0)} + s(p_0 + iv_0)]M + α^k[∂_{(k)} + s(p_k + iv_k)]M −i[∂_{(0)} + s(p_0 − iv_0)]N + β^k[∂_{(k)} + s(p_k − iv_k)]N = J(x) .

Let us divide it into real and imaginary parts:

(α^k∂_{(k)} + sv_0 + α^ksp_k) 1 2 | | 0 D + E | | +(∂_{(0)} + sp_0 − α^ksv_k) 1 2 | | 0 B + H | | +(β^k∂_{(k)} − sv_0 + β^ksp_k) 1 2 | | 0 D − E | | +(∂_{(0)}sp_0 + β^ksv_k) 1 2 | | 0 B − H | | = 1 ϵ_0 | | ρ 0 | | . (104)

(α^k∂_{(k)} + sv_0 + α^ksp_k) 1 2 | | | | 0 B +H

| | | | −(∂_{(0)} + sp_0 − α^ksv_k) 1 2 | | | 0 D + E | | | +( β^k∂_{(k)} − sv_0 + β^ksp_k) 1 2 | | | 0 B − H | | | −(∂_{(0)} + sp_0 + β^ksv_k) 1 2 | | | 0 D − E | | | = 1 ϵ_0 | | | 0 j | | | . (105)

From these one can derive the following explicit equations: Let us detail eqs. (104) – we will specify only two cases:

∂_{(k)}D_k − (p_{23} − p_{32})D_1 − (p_{31} − p_{13})D_2 − (p_{12} − p_{21})D_3 +(v_{23} − v_{32})H_1 + (v_{31} − v_{13})H_2 + (v_{12} − v_{21})H_3 = ρ , ∂_{(2)}E_3 − ∂_{(3)}E_2 + v_{20}E_3 − v_{30}E_2 − (p_{22} + p_{33})E_1 + p_{12}E_2 + p_{13}E_3 + p_{20}B_3 − p_{30}B_2 + (v_{22} + v_{33})B_1 − v_{12}B_2 − v_{13}B_3 = 0 .

Now let us consider two equations from (105):

∂_{(k)}B_k − (p_{23} − p_{32})cB_1 − (p_{31} − p_{13})B_2 − (p_{12} − p_{21})B_3 −(v_{23} − v_{32})E_1 − (v_{31} − v_{13})E_2 − (v_{12} − v_{21})E_3 = 0 ∂_{(2)}H_3 − ∂_{(3)}H_2 + v_{20}H_3 − v_{30}H_2 − (p_{22} + p_{33})H_1 + p_{12}H_2 + p_{13}H_3

−p_{20}D_3 + p_{30}D_2 − (v_{22} + v_{33})D_1 + v_{12}D_2 + v_{13}D_3 = j^1 .

Evidently, these equations (and their cyclic counterparts) are equivalent to tensor generally covariant Maxwell equations

∇^αF^{βγ} + ∇^βF^{γα} + ∇^γ F^{αβ} = 0 , ∇_βH^{βα} = j^α (106)

in tetrad representation

(F_{(2)(3)}, F_{(3)(1)}, F_{(1)(2)} ) = (cB_{(i)}) , F_{(0)(i)} = E_{(i)} (H_{(2)(3)}, H_{(3)(1)}, H_{(1)(2)}) = (H_{(i)}/c) , H_{(0)(i)} = cD_{(i)} .

Acknowledgements

This work was supported by Fund for Basic Research of Belarus F07-314.

Authors are grateful to Kurochkin Ya.A. and Tolkachev E.A. for discussion and advice.

References

[1] Weber H., Die partiellen Differential-Gleichungen der mathematischen Physik nach Riemann’s Vorlesungen. Friedrich Vieweg und Sohn. Braunschweig. 1901. P. 348.

[2] Lorentz H., Electromagnetic Phenomena in a System Moving with any Velocity less than that of Light. Proc. Royal Acad. Amsterdam. 6 (1904) 809-831.

[3] Poincaré H., Sur la dynamique de l’électron. C. R. Acad. Sci. Paris. 140 (1905) 1504-1508 ;

Sur la Dynamique de l’Électron. Rendiconti del Circolo Matematico di Palermo. 21, (1906) 129-175 .

[4] Einstein A., Zur Elektrodynamik der bewegten Körper. Annalen der Physik. 17 (1905) 891- 921.

[5] Minkowski H., Die Grundlagen für die electromagnetischen Vorgänge in bewegten Kërpern. Nachrichten von der Königlichen Gesellschaft der Wissenschaften zu Göttingen, mathematisch-physikalische Klasse. (1908) 53-111 ; reprint in Math. Ann. 68, (1910) 472- 525.

[6] Silberstein L., Elektromagnetische Grundgleichungen in bivectorieller Behandlung. Ann.

Phys. (Leiptzig) 22 (1907) 579-586.

[7] SilbersteinL., Nachtrag zur Abhandlung Über elektromagnetische Grundgleichungen in bivektorieller Behandlung. Ann. der Phys. 24 (1907) 783-784; L. Silberstein. The Theory of Relativity London, Macmillan. 1914.

[8] Marcolongo R. Les Transformations de Lorentz et les Équations de l’Électrodynamique.

Annales de la Faculté des Sciences de Toulouse. 4 (1914) 429-468.

[9] Bateman H., The Mathematical Analysis of Electrical and Optical Wave-Motion on the Basis of Maxwells Equations. Cambridge University Press (1915).

[10] Lanczos K., Die Funktionentheoretischen Beziehungen der Maxwellschen Aethergleichungen - Ein Beitrag zur Relativitätsund Elektronentheorie. Verlagsbuchhandlung Josef Nëmeth. Budapest. (1919). 80 pages.

[11] Gordon W., Zur Lichtfortpanzungnach der Relativitätstheorie. Ann. Phys. (Leipzig). 72 (1923) 421-456.

[12] Mandelstam L., Tamm I. Elektrodynamik der anisotropen Medien und der speziallen Relativitatstheorie. Math. Annalen. 95 (1925) 154-160.

[13] Tamm I., Electrodynamics of an Anisotropic Medium and the Special Theory of Relativity.

Zh. Russ. Fiz.-Khim. O-va Chast. Fiz. 56 (1924) 248.

[14] Tamm I., Crystal Optics in the Theory of Relativity and its Relationship to the Geometry of a Biquadratic form. Zh. Russ. Fiz.-Khim. O-va Chast. Fiz. 57 (1925) 1.

[15] Dirac P., The Quantum Theory of the Electron. Proc. Roy. Soc. A117 (1928) 610-624; The Quantum Theory of the Electron. Part II. Proc. Roy. Soc. 1928. Vol. A118 , (1928) 351-361.

[16] F. Möglich. Zur Quantentheorie des rotierenden Elektrons. Zeit. Phys. 48, 852-867 (1928).

[17] Ivanenko D., Landau L., Zur theorie des magnetischen electrons. Zeit. Phys. 48 (1928) 340-348.

[18] Neumann J., Einige Bemerkungen zur Diracschen Theorie des relativistischen Drehelectrons. Zeit. Phys. 48 (1929) 868-881.

[19] van der Waerden B., Spinoranalyse. Nachr. Akad. Wiss. Gottingen. Math. Physik. Kl. (1929) 100-109 .

[20] Tetrode H., Allgemein relativistishe Quantentheorie des Elektrons. Zeit. Phys. 50 (1928) 336.

[21] Weyl H., Gravitation and the Electron. Proc. Nat. Acad. Sci. Amer., 15 (1929) 323-334;

Gravitation and the Electron. Rice Inst. Pamphlet. 16 (1929) 280-295; Elektron und Gravitation. Zeit. Phys. 56 (1929) 330-352.

[22] Fock V., Ivanenko D., Über eine mögliche geometrische Deutung der relativistischen Quantentheorie. Zeit. Phys., 54 (1929) 798-802; Géometrie Quantique linéaire et dÉplacement Parallele. C. R. Acad. Sci. Paris, 188 (1929) 1470-1472; Ouantum Geometry. Nature. 123 (1929) 838.

[23] Fock V., Geometrisierung der Diracschen Theorie des Elektrons. Zeit. Phys. 57 (1929) 261- 277; Sur les Équations de Dirac dans la Théorie de Relativité Générale. C. R. Acad. Sci. Paris. 189 (1929) 25-28; L’équation d’Onde de Dirac et la Geometric de Riemann. J. Phys. Radium. l0 (1929) 392-405.

[24] Juvet G., Opérateurs de Dirac et Équations de Maxwell. Comm. Math. Helv. 2 (1930) 225-235.

[25] Laporte O., Uhlenbeck G., Application of Spinor Analysis to the Maxwell and Dirac Equations . Phys. Rev. 37 (1931) 1380-1397.

[26] Oppenheimer J., Note on Light Quanta and the Electromagnetic Field. Phys. Rev. 38 (1931) 725-746.

[27] Majorana E., Scientific Papers, Unpublished, Deposited at the ”Domus Galileana”. Pisa, quaderno 2, p. 101/1; 3, p. 11, 160; 15, p. 16;17, p. 83, 159.

[28] de Broglie L., L’équation d’Ondes du Photon. C. R. Acad. Sci. Paris. 199 (1934) 445-448.

[29] de Broglie L., Winter M., Sur le Spin du Photon. C. R. Acad. Sci. Paris. 199 (1934) 813-816.

[30] Mercier A., Expression des équations de l’Électromagnétisme au Moyen des Nombres de Clifford. Thèse de l’Université de Genève. No 953; Arch. Sci. Phys. Nat. Genève. 17 (1935) 1-34.

[31] Petiau G., University of Paris. Thesis (1936); Acad. Roy. de Belg. Classe Sci. Mem. 2 (1936).

[32] Proca A., Sur les Equations Fondamentales des Particules Élémentaires. C. R. Acad. Sci.

Paris. 202 (1936) 1490-1492.

[33] Rumer Yu., Spinor Analysis. Moscow. 1936 (in Russian).

[34] Duffin R., On the Characteristic Matrices of Covariant Systems. Phys. Rev. 54 (1938) 1114. [35] de Broglie L., Sur un Cas de Réductibilité en Mécanique Ondulatoire des Particules de Spin 1. C. R. Acad. Sci. Paris. 208 (1939) 1697-1700.

[36] Kemmer N., The Particle Aspect of Meson Theory. Proc. Roy. Soc. London. A. 173 (1939) 91-116.

[37] Bhabha H., Classical Theory of Meson. Proc. Roy. Soc. London. A. 172 (1939) 384. [38] Belinfante F., The Undor Equation of the Meson Field. Physica. 6 (1939) 870. [39] Belinfante F., Spin of Mesons. Physica. 6 (1939) 887-898.

[40] Taub A., Spinor Equations for the Meson and their Solution when no Field is Present.

Phys. Rev. 56 (1939) 799-810.

[41] de Broglie L., Champs Réels et Champs Complexes en Théorie Électromagnétique Quantique du Rayonnement. C. R. Acad. Sci. Paris. 211 (1940) 41-44.

[42] Schrödinger E., Maxwell’s and Dirac’s Equations in Expanding Universe. Proc. Roy. Irish.

Acad. A. 46 (1940) 25.

[43] Sakata S., Taketani M., On the Wave Equation of the Meson. Proc. Phys. Math. Soc. Japan.

22 (1940) 757-70; Reprinted in: Suppl. Progr. Theor. Phys. 22 (1955) 84. [44] Tonnelat M., Sur la Théorie du Photon dans un Espace de Riemann. Ann. Phys. N.Y. 1941.

Vol. 15. P. 144.

[45] Stratton J., Electromagnetic Theory. McGraw-Hill. 1941. New York. [46] Schrödinger E., Pentads, Tetrads, and Triads of Meson matrices. Proc. Roy. Irish. Acad.

A. 48 (1943) 135-146.

[47] Schrödinger E., Systematics of Meson Matrices. Proc. Roy. Irish. Acad. 49 (1943) 29. [48] Kemmer N., The Algebra of Meson Matrices. Proc. Camb. Phil. Soc. 39 (1943) 189-196. [49] Heitler W., On the Particle Equation of the Meson. Proc. Roy. Irish. Acad. 49 (1943) 1. [50] Einstein A., Bargmann V., Bivector Fields. I, II. Annals of Math. 45 (1944) 1-14, 15-23. [51] Proca A., Sur les Équations Relativistes des Particules Élémentaires. C. R. Acad. Sci. Paris.

223 (1946) 270-272.

[52] Harish-Chandra. On the Algebra of the Meson Matrices. Proc. Camb. Phil. Soc. 43 (1946) 414.

[53] Yarish-Chandra. The Correspondence Between the Particle and Wave Aspects of the Meson and the Photon. Proc. Roy. Soc. London. A. 186 (1946) 502-525.

[54] Hoffmann B., The Vector Meson Field and Projective Relativity. Phys. Rev. (1947) 72 (1947) 458.

[55] Utiyama R., On the Interaction of Mesons with the Gravitational Field. Progr. in Theor.

Phys. 2 (1947) 38-62.

[56] Mercier A., Sur les Fondements de l’Électrodynamique Classique (Méthode Axiomatique).

Arch. Sci. Phys. Nat. Genàve. 2 (1949) 584-588.

[57] Imaeda K., Linearization of Minkowski Space and Five-Dimensional Space. Progress of Theor. Phys. 5 (1950) 133-134.

[58] Fujiwara I., On the Duffin-Kemmer Algebra. Progr. Theor. Phys. 10 (1953) 589-616. [59] Gürsey F,, Dual Invariance of Maxwell’s Tensor. Rev. Fac. Sci. Istanbul. A. 19 (1954) 154-160.

[60] Gupta S., Gravitation and Electromagnetism. Phys. Rev. 96 (1954) 1683-1685. [61] Lichnerowicz A., Théories Relativistes de la Gravitation et de l’Électromagnetisme. Paris.

1955.

[62] Ohmura T., A New Formulation on the Electromagnetic Field. Prog. Theor. Phys. 16 (1956) 684-685.

[63] Borgardt A., Matrix Aspects of the Boson Theory. Sov. Phys. JETP. 30 (1956) 334-341. [64] Fedorov F., On the Reduction of Wave Equations for Spin-0 and Spin-1 to the Hamiltonian Form. JETP. 4 (1957) 139-141.

[65] Kuohsien T., Sur les Theories Matricielles du Photon. C. R. Acad. Sci. Paris. 245 (1957) 141-144.

[66] Bludman S., Some Theoretical Consequences of a Particle Having Mass Zero. Phys. Rev.

107 (1957) 1163-1168.

[67] Good Jr. R., Particle Aspect of the Electromagnetic Field equations. Phys. Rev. 105 (1957) 1914-1919.

[68] Moses H., A Spinor Representation of Maxwell Equations. Nuovo Cimento Suppl. 1 (1958) 1-18.

[69] Lomont J., Dirac-Like Wave Equations for Particles of Zero Rest mass and their Quantization. Phys. Rev. 11 (1958) 1710-1716.

[70] Borgardt A., Wave Equatons for a Photon. JETF. 34 (1958) 1323-1325. [71] Moses E., Solutions of Maxwell’s Equations in Terms of a Spinor Notation: the Direct and Inverse Problems. Phys. Rev. 113 (1959) 1670-1679.

[72] Adel da Silveira. Kemmer Wave Equation in Riemann Space. J. Math. Phys. 1 (1960) 489-491.

[73] Kemmer N., On the Theory of Particles of Spin 1. Helv. Phys. Acta. 33 (1960) 829-838. [74] Hjalmars S., Wave Equations for Scalar and Vector Particles in Gravitational Fields. J.

Math. Phys. 2 (1961) 663-666.

[75] Kurşunoĝlu B., Complex Orthogonal and Antiorthogonal Representation of Lorentz Group.

J. Math. Phys. 2 (1961) 22-32.

[76] Kibble T., Lorentz Invariance and the Gravitational Field. J. Math. Phys. 2 (1961) 212-221. [77] Panofsky W., PhillipsM., Classical Electricity and Magnetics. Addison-Wesley Publishing Company, 1962.

[78] Post E., Formal structure of Electrodynamics. General Covariance and Electromagnetics.

Amsterdam. 1962.

[79] Bogush A., Fedorov F., On Properties of the Duffin-Kemmer Matrices. Doklady AN BSSR.

6 (1962) 81-85 (in Russian).

[80] Macfarlane A. On the Restricted Lorentz Group and Groups Homomorphically Related to it. J. Math. Phys. 3 (1962) 1116-1129.

[81] Sachs M., Schwebel S., On Covariant Formulations of the Maxwell-Lorentz Theory of Electromagnetism. J. Math. Phys. 3 (1962) 843-848.

[82] Ellis J., Maxwell’s Equations and Theories of Maxwell Form. Ph.D. thesis. University of London. 1964. 417 pages.

[83] Macfarlane A., Dirac Matrices and the Dirac Matrix Description of Lorentz Transformations. Commun. Math. Phys. 2 (1966) 133-146.

[84] Oliver L,. Hamiltonian for a Kemmer Particle in an Electromagnetic Field. Anales de Fisica.

64 (1968) 407.

[85] Beckers J., Pirotte C., Vectorial Meson Equations in Relation to Photon Description. Physica. 39 (1968) 205.

[86] Casanova G., Particules Neutre de Spin 1. C. R. Acad. Sci. Paris. A. 268 (1969) 673-676. [87] Carmeli M., Group Analysis of Maxwell Equations. J. Math. Phys. 10 (1969) 1699-1703. [88] Bogush A., To the Theory of Vector Particles. Preprint of IF AN BSSR, (1971). [89] Lord E., Six-Dimensional Formulation of Meson Equations. Int. J. Theor. Phys. 5 (1972) 339-348.

[90] Moses H., Photon Wave Functions and the Exact Electromagnetic Matrix eEements for Hydrogenic Atoms. Phys. Rev. A. 8 (1973) 1710-1721.

[91] Weingarten D., Complex Symmetries of Electrodynamics. Ann. Phys. 76 (1973) 510-548. [92] Mignani R., Recami E., Baldo M., About a Dirac-Like Equation for the Photon, According to E. Majorana. Lett. Nuovo Cimento. 11 (1974) 568-572.

[93] Newman E., Maxwell Equations and Complex Minkowski Space. J. Math. Phys. 14 (1973) 102-107.

[94] Frankel T., Maxwell’s Equations. Amer. Math. Mon. 81 (1974) 343-349. [95] Bolotowskij B., Stoliarov C., Contamporain State of Electrodynamics of Moving Medias (Unlimited Medias). Eistein collection. Moskow. (1974) 179-275 .

[96] Jackson J., Classical Electrodynamics. Wiley. New Yor. 1975.

[97] Edmonds J., Comment on the Dirac-Like Equation for the Photon. Nuovo Cim. Lett. 13 (1975) 185-186.

[98] V.I. Strazhev, L.M. Tomil’chik. Electrodynamics with Magnetic Charge. Minsk. 1975. [99] Fedorov F., The Lorentz Group. Moskow. 1979.

[100] A. Da Silveira. Invariance algebras of the Dirac and Maxwell Equations. Nouvo Cim. A.

56 (1980) 385-395.

[101] Jena P., Naik P., Pradhan T., Photon as the Zero-Mass Limit of DKP Field. J. Phys. A.

13 (1980) 2975-2978.

[102] Venuri G., A Geometrical Formulation of eEectrodynamics. Nuovo Cim. A. 65 (1981) 64-76.

[103] Chow T., A Dirac-Like Equation for the Photon. J. Phys. A. 14 (1981) 2173-2174. [104] V.I. Fushchich, A.G. Nikitin. Symmetries of Maxwell’s Equations. Kiev, 1983; Kluwer.

Dordrecht. 1987.

[105] Barykin V., Tolkachev E., Tomilchik L., On Symmetry Aspects of Choice of Material Equations in Microscopic Electrodynamics of Moving Medias. Vesti AN BSSR. ser. fiz.- mat. 2 (1982) 96-98 (in Rusian) .

[106] Cook R., Photon Dynamics. Phys. Rev. A. 25 (1982) 2164-2167. [107] Cook R., Lorentz Covariance of Photon Dynamics. Phys. Rev. A. 26 (1982) 2754-2760. [108] Berezin A., Tolkachev E., Fedorov F., Dual-invariant Constitutive Equations for Rest Hyrotropic Medias. Doklady AN BSSR. 29 (1985) 595-597 (in Russian).

[109] Giannetto E., A Majorana-Oppenheimer Formulation of Quantum Electrodynamics. Lett.

Nuovo Cim. 44 v 140-144.

[110] Nü̃ez Yépez H., Salas Brito A., Vargas C., Electric and Magnetic Four-Vectors in Classical Electrodynamics. Revista Mexicana de Fisica. 34 (1988) 636.

[111] Kidd R., Ardini J., Anton A., Evolution of the Modern Photon. Am. J. Phys. 57 (1989) 27. [112] Recami E., Possible Physical Meaning of the Photon Wave-Function, According to Ettore Majorana. in Hadronic Mechanics and Non-Potential Interactions. Nova Sc. Pub., New York, 231-238 (1990).

[113] Berezin A., Tolkachev E., Tregubovic A., Fedorov F., Quaternionic Constitutive Relations for Moving Hyrotropic Medias. Zhurnal Prikladnoj Spektroskopii. 47 (1987) 113-118 (inRussian).

[114] Krivsky I., Simulik V., Foundations of Quantum Electrodynamics in Field Strengths Terms.

Naukova Dumka. Kiev, 1992.

[115] P. Hillion. Spinor Electromagnetism in Isotropic Chiral Media. Adv. Appl. Clifford Alg. 3 (1993) 107-120.

[116] W.E. Baylis. Light Polarization: A geometricalgebra Approach. Amer. J. Phys. 61 (1993) 534-545.

[117] Inagaki T., Quantum-Mechanical Approach to a Free Photon. Phys. Rev. A. 49 (1994) 2839-2843.

[118] Bialynicki-Birula I., On the Wave Function of the Photon. Acta Phys. Polon. 86 (1994) 97-116.

[119] Bialynicki-Birula I., Photon Wave Function. Progress in Optics. 36 1996 248-294 [arXiv:quant-ph/050820].

[120] Sipe J., Photon Wave Functions. Phys. Rev. A. 52 (1995) 1875-1883.

[121] Ghose P., Relativistic Quantum Mechanics of Spin-0 and Spin-1 Bosons. Found. Phys. 26 (1996) 1441-1455.

[122] Gersten A., Maxwell Equations as the One-Photon Quantum Equation. Found. of Phys.

Lett. 12 (1998) 291-8 [arXiv:quant-ph/9911049].

[123] Esposito S., Covariant Majorana Formulation of Electrodynamics. Found. Phys. 28 (1998) 231-244 [arXiv:hep-th/9704144].

[124] Dvoeglazov V., Speculations on the Neutrino Theory of Light. Annales de la Fondation Louis de Broglie. 24 (1999) 111-127.

[125] Dvoeglazov V., Historical Note on Relativistic Theories of Electromagnetism. Apeiron. 5 (1998) 69-88.

[126] Dvoeglazov V., Generalized Maxwell and Weyl Equations for Massless Particles. Rev. Mex.

Fis., 49 (2003) 99-103 [arXiv:math-ph/0102001].

[127] Gsponer A., On the ”equivalence” of the Maxwell and Dirac Equations. Int. J. Theor.

Phys. 41 (2002) 689-694 [arXiv:mathph/0201053].

[128] Ivezić T., True Transformations Relativity and Electrodynamics. Found. Phys. 31 (2001) 1139.

[129] Ivezić T., The Invariant Formulation of Special Relativity, or the ”True Transformations Relativity”, and Electrodynamics. Annales de la Fondation Louis de Broglie. 27 (2002) 287-302.

[130] Ivezić T., An Invariant Formulation of Special relativity, or the True Transformations Relativity and Comparison with Experiments. Found. Phys. Lett. 15 (2002) 27 [arXiv:physics/0103026].

[131] Kravchenko V., On the Relation Between the Maxwell System and the Dirac eEuation.

arXiv:mathph/0202009.

[132] Varlamov V., About Algebraic Foundations of Majorana-Oppenheimer Quantum Electrodynamics and de Broglie-Jordan Neutrino Theory of Light. Ann. Fond. L. de Broglie. 27 (2003) 273-286.

[133] Ivezić T., Invariant Relativistic Electrodynamics. Clifford Algebra Approach.

arXiv:hep-th/0207250.

[134] Ivezić T., The Proof that the Standard Transformations of E and B are not the Lorentz Transformations. Found. Phys. 33 (2003) 1339.

[135] Khan S., Maxwell Optics: I. An exact matrix Representation of the Maxwell Equations in a Medium. arXiv:physics/0205083;Maxwell Optics: II. An Exact Formalism. arXiv:physics/0205084; Maxwell Optics: III. Applications. arXiv:physics/0205085.

[136] Donev S., Complex Structures in Electrodynamics. arXiv:math-ph/0106008.

[137] Donev S., From Electromagnetic Duality to Extended Electrodynamics. Annales Fond. L.

de Broglie. 29 (2004) 375-392 [arXiv:hep-th/0101137].

[138] Donev S., Tashkova M., Extended Electrodynamics: A Brief Review. Proc. R. Soc. Lond.

A. 450 (1995) 281 [arXiv:hep-th/0403244]

[139] Rollin S. Armour, Jr., Spin-1/2 Maxwell fields., Found. Phys. 34 (2004) 815-842 [arXiv:hep-th/0305084].

[140] Ivezić T., The Difference Between the Standard and the Lorentz Transformations of the Electric and Magnetic Fields. Application to Motional EMF. Found. Phys. Lett. 18 (2005) 301.

[141] Ivezić T., The Proof that Maxwell’s Equations with the 3D E and B are not Covariant upon the Lorentz Transformations but upon the Standard Transformations. The new Lorentz- Invariant Field Equations. Found. Phys. 35 (2005) 1585.

[142] Ivezić T., Axiomatic Geometric Formulation of Electromagnetism with only one axiom:

the Field Equation for the bivector Field F with an Explanation of the Trouton-Noble Experiment. Found. Phys. Lett. 18 (2005) 401.

[143] Ivezić T., Lorentz Invariant Majorana Formulation of the Field Equations and Dirac-like Equation for the Free Photon. EJTP. 3 (2006) 131-142.

[144] Bialynicki-Birula I., Bialynicka-Birula Z., Beams of Electromagnetic Radiation Carrying Angular Momentum: The Riemann-Silberstein Vector and the Classical-Quantum Correspondence. arXiv:quant-ph/0511011.