arXiv:0905.0722v3 [hep-th] 16 Jun 2010

Generalized Killing–Yano equations in D = 5 gauged supergravity

David Kubizňák,^{1, ∗} Hari K. Kunduri,^{1, †} and Yukinori Yasui^{2, ‡} 1DAMTP, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK 2Department of Mathematics and Physics, Graduate School of Science, Osaka City University, 3-3-138 Sugimoto, Sumiyoshi, Osaka 558-8585, JAPAN (Dated: June 16, 2010)

We propose a generalization of the (conformal) Killing–Yano equations relevant to D = 5 minimal gauged supergravity. The generalization stems from the fact that the dual of the Maxwell flux, the 3-form ∗F , couples naturally to particles in the background as a ‘torsion’. Killing–Yano tensors in the presence of torsion preserve most of the properties of the standard Killing–Yano tensors—exploited recently for the higher-dimensional rotating black holes of vacuum gravity with cosmological constant. In particular, the generalized closed conformal Killing–Yano 2-form gives rise to the tower of generalized closed conformal Killing–Yano tensors of increasing rank which in turn generate the tower of Killing tensors. An example of a generalized Killing–Yano tensor is found for the Chong-Cvetić-Lü-Pope black hole spacetime [hepth/0506029]. Such a tensor stands behind the separability of the Hamilton–Jacobi, Klein–Gordon, and Dirac equations in this background.

PACS numbers: 04.65.+e, 04.50.-h, 02.40.-k, 04.50.Gh, 04.20.Jb DAMTP-2009-38, OCU-PHYS 314

I. INTRODUCTION

In recent years there has been considerable progress in the study of properties of the most general known stationary higher-dimensional vacuum (including a cosmological constant) black hole spacetimes with spherical horizon topology [1]. This progress builds on the discovery that, as in four dimensions, these spacetimes admit a closed conformal Killing–Yano 2-form [2, 3]. From this tensor one can generate the towers of explicit and hidden symmetries [4] which underline the complete integrability of geodesic motion [5, 6], separability of the Hamilton–Jacobi [7], Klein–Gordon [7], Dirac [8–11], and gravitational [12, 13] perturbations, and integrability of stationary string equations [14] in these backgrounds. The most general metric element admitting a closed conformal Killing–Yano 2-form was constructed in [15–18]. When this 2-form is non-degenerate and the vacuum Einstein equations are imposed, the unique solution is the metric describing the Kerr-NUT- (A)dS spacetime [1]. Hence the study of Killing– Yano tensors has been important in establishing a uniqueness result.

Although such progress is impressive it is limited to vacuum spacetimes and therefore excludes important examples of black holes with non-trivial gauge fields, such as those of various supergravity theories which arise in low-energy limits of string theory compactifications. The vacuum black holes

∗ D.Kubiznak@damtp.cam.ac.uk † H.K.Kunduri@damtp.cam.ac.uk ‡ yasui@sci.osaka-cu.ac.jp

of [1] have charged generalizations in various dimensions (see [19] and references therein). An important question is whether Killing-Yano tensors exist for these charged solutions, and further if one can prove uniqueness results in analogy with the vacuum case. Although these spacetimes have been shown to admit integrable geodesic motion (see [20, 21] and references therein) the existence of a deeper structure, such as Killing–Yano tensors, remains to be shown. Note that the Kerr- Newman black hole, which may be viewed as a solution of D = 4 supergravity, has a Killing–Yano tensor (i.e its square is the associated Killing tensor) that satisfies the same equation as the Kerr solution. This appears, however, to be a special property; for example, in five dimensions, one can easily find a ‘square root’ of the Killing tensors of charged black holes, but this does not solve the ‘vacuum’ Killing–Yano equation.

The first step to fill this gap was achieved recently by Wu [22]. Wu demonstrated that the Dirac equation in the background of the most general known charged rotating spherical black hole of D = 5 minimal supergravity [23] (it has been proved this is the unique such solution with R × U(1)^2 isometry [24]) can be separated provided that an extra counterterm is added to this equation, and that this separability can be justified by the existence of a symmetry operator related to a ‘generalized’ Killing–Yano 3-form. It can be expected that the same remains true also in the presence of a cosmological constant [22].

The aim of this paper is to provide a geometric understanding of the existence of generalized Killing–Yano tensors in spacetimes with gauge fields. Specifically, we propose a generalization of the (conformal) Killing–Yano equations for the theory of D = 5 minimal gauged supergravity. Our definition is motivated by the study of non-generic symmetries in the motion of classical spinning particles in the presence of a torsion field and the fact that the Hodge dual of the Maxwell field strength ∗F of this theory couples naturally to particles as an extra torsion term. In particular, we demonstrate that when the 3-form ∗F is identified with the torsion, the most general known spherical black hole solution of a minimal gauged supergravity, the Chong–Cvetić–Lü–Pope black hole [25], admits a generalized closed conformal Killing–Yano 2-form. Due to various algebraic identities valid in this spacetime, the equation for this 2-form reduces to the one found by Wu in the absence of the cosmological constant. Moreover, viewing the generalized Killing–Yano equation from the point of view of torsion naturally explains why an additional counterterm has to be added to the Dirac equation so that this is separable, and gives an explicit expression for the symmetry operator allowing this separability.

The paper is organized as follows: In Section 2 we study a modification of Killing–Yano equations in the presence of a totally antisymmetric torsion field. In Section 3, we review the theory of D = 5 minimal gauged supergravity and propose a generalization of Killing–Yano equations for this theory. In Section 4, we demonstrate that the Chong– Cvetić–Lü–Pope black hole admits a generalized closed conformal Killing–Yano 2-form. Section 5 is devoted to discussion. The theory of classical spinning particles relevant to our work is summarized in Appendix A.

II. KILLING–YANO TENSORS IN THE PRESENCE OF TORSION

Let T be a 3-form on a D-dimensional Riemannian manifold (M, g) and {e_a} an orthonormal frame, g(e_a, e_b) = δ_{ab}. Let us define a connection ∇^T by (we sum over a = 1 . . . D)

∇^T_X Y = ∇_X Y + 1 2 T (X, Y , e_a)e_a , (1) where X, Y are vector fields and ∇ is a Levi-Civita connection. This connection satisfies a metricity condition, ∇^T_X g = 0, and has the same geodesics as ∇, ∇^T_{γ̇} γ̇ = ∇_{γ̇}γ̇ = 0 for a geodesic γ. The connection 1-form (ω^T )^a_b is introduced by

∇^T_{eb} e_a = (ω^T )^c_a(e_b) e_c . (2)

Comparing (1) and (2) we have ω^T_{ab} = ω_{ab} − 1 2 T_{abc}e^c , (3) where ω_{ab} is the Levi-Civita connection 1-form,

ω_{ab} = −ω_{ba} , de^a + ω^a_b ∧ e^b = 0 . (4)

The 1-form ω^T_{ab} satisfies

ω^T_{ab} = −ω^T_{ba} , de^a + (ω^T )^a_b ∧ e^b = T^a , (5)

where T_a(X, Y ) = T (e_a, X, Y ) .

For a p-form Ψ we calculate a covariant derivative as^1

∇^T_X Ψ = ∇_X Ψ − 1 2 ( X_−| e_{b−}| T ) ∧ (e_{b−}| Ψ) . (6)

Then, we have

d^T Ψ =e^a ∧ ∇^T_{ea} Ψ

=dΨ − (e_{a−}| T ) ∧ (e_{a−}| Ψ) , (7) δ^T Ψ =−e_{a−}| ∇^T_{ea} Ψ =δΨ − 1 2 ( e_{a−}| e_{b−}| T ) ∧ ( e_{a−}| e_{b−}| Ψ ) . (8)

For Ψ = T one has δ^T T = δT . In the case of 5- dimensional manifold and a 3-form Ψ, (7) is written as

d^T Ψ = dΨ − (∗T ) ∧ (∗Ψ) . (9)

We define a generalized conformal Killing-Yano (GCKY) tensor k to be a p-form satisfying for any vector field X ∇^T_X k − 1 p + 1 X_−| d^T k + 1 D − p + 1 X^♭ ∧ δ^T k = 0 .

(10) In analogy with Killing–Yano tensors defined with respect to the Levi-Civita connection, we call a GCKY tensor f obeying δ^T f = 0 a generalized Killing–Yano (GKY) tensor, and a GCKY h obeying d^T h = 0 a generalized closed conformal Killing–Yano (GCCKY) tensor. Basic properties of GCKY tensors are gathered in the following lemma:

Lemma. (1) A GCKY 1-form is equal to a conformal Killing 1-form. (2) The Hodge star ∗ maps GCKY p-forms into GCKY (D − p)-forms. In particular, the Hodge star of a GCCKY p-form is a GKY (D − p)-form and vice versa. (3) When h_1 and h_2 is a GCCKY p-form and q-form, respectively, the wedge product h_1 ∧ h_2 is a GCCKY (p + q)-form. (4) A symmetric tensor K constructed from a GKY p-form f as K(X, Y ) = g(X_−| f, Y_−| f) (11)

1 We use notations of [26]. In particular, the ‘hook’ operator −| corresponds to the inner derivative.

is a Killing tensor.

Proof. The property (1) is easy to see, (2) follows from the commutability ∗∇^T = ∇^T ∗, the proof of (3) proceeds in the same way as in the case of (standard) Killing–Yano tensors [4], see also [26]. Let us prove (4). For any vector fields X, Y , Z we have (∇^T_X K)(Y , Z)=g(Y_−| ∇^T_X f, Z_−| f) +g(Y_−| f, Z_−| ∇^T_X f) = 1 p + 1 g(Y_−| X_−| d^T f, Z_−| f ) + 1 p + 1 g(Z_−| X_−| d^T f , Y_−| f ) , and (∇^T_X K)(Y , Z)=(∇_X K)(Y , Z) − 1 2 T (X, Y , e_a)K(e_a, Z) − 1 2 T (X, Z, e_a)K(Y , e_a) . Thus we have ∇_X K(Y,Z)+∇_Z K(X,Y )+∇_Y K(Z,X)=0 . □ (12) As in the case of closed conformal Killing–Yano tensors, properties (2)–(4) are very useful for generating other GCCKY and Killing tensors. In particular, a GCCKY 2-form gives rise to the tower of GCCKY tensors and the tower of Killing tensors, exactly in the same way as without torsion [4, 26].

III. MINIMAL GAUGED SUPERGRAVITY AND GENERALIZED KILLING–YANO EQUATIONS

The bosonic sector of D = 5 minimal gauged supergravity is governed by the Lagrangian

£ = ∗(R + Λ) − 1 2 F ∧ ∗F + 1 3 √ 3 F ∧ F ∧ A . (13) This yields the following set of Maxwell and Einstein equations: dF = 0 , d ∗ F − 1 √ 3 F ∧ F =0 , (14) R_{ab} − 1 2 ( F_{ac}F^c_b − 1 6 g_{ab}F^2 ) + 1 3 Λg_{ab} =0 . (15)

In our further analysis we adopt an assumption that the Maxwell flux 3-form ∗F plays the role of torsion. In particular, we associate T = 1 √ 3 ∗F . (16)

Having done so, we first notice that the torsion is “harmonic” with respect to the torsion covariant derivative,

δ^T T = 0 , d^T T = 0 . (17)

The first equality follows from the fact that δ^T T = δT and the exactness of F , the second from the equality (9) and the Maxwell equations (14). Note that the above construction will work even if the prefactor multiplying the Chern-Simons term in the action is an arbitrary constant. However, in this work we will be concerned only with supergravity, for which explicit solutions are known.^2 We propose that the generalized conformal Killing–Yano equations for the D = 5 minimal gauged supergravity are given by (10) with the torsion identified in (16). In particular, let us focus on a GCCKY 2-form h. For such a 2-form we get the following equation: ∇^T_X h = X^♭ ∧ ξ , ξ = − 1 4 δ^T h , (18)

which can be rewritten in components as

∇_ch_{ab} = 2g_{c[a}ξ_{b]} − 1 √ 3 (∗F )_{cd[a}h^d_{b]} . (19)

Of course, the 2-form h is d^T -closed; d^T h = 0. The requirement that it is also closed, dh = 0, imposes the following algebraic condition on the flux ∗F :

(∗F )_{d[ab}h^d_{c]} = 0 ⇔ F^c_{[a}h_{b]c} = 0 . (20)

When this is satisfied, there exists (locally) a potential 1-form b such that h = db. Similarly, when a condition

(∗F )_{abc}h^{bc} = 0 ⇔ F ∧ h = 0 (21)

is satisfied we have δ^T h = δh. In any case, lemma in Section 2 implies that h gives rise to a Killing tensor K, K_{ab} = (∗h)_{acd}(∗h)^{cd}_b = h_{ac}h^c_b − 1 2 g_{ab}h^2 , (22)

and at least one Killing 1-form η, η = ∗h^{∧2}.

2 Recently, a uniqueness theorem for the most general known, charged rotating black hole solution with spherical horizon in the minimal ungauged D = 5 supergravity was demonstrated [24]. An important ingredient in the proof is the precise value of the Chern–Simons coupling. For black hole solutions with other values of this coefficient see [27, 28].

The question about the existence of other Killing vectors is an interesting one. Let us focus on a 1- form ξ which in the vacuum case turns out to be a primary Killing 1-form. Repeating the construction in [16] we find £_ξh = 0. Moreover, by contracting the integrability conditions for Eq. (18) we can show that ∇_aξ^a ∝ R^T_{[ab]}h^{ba} = 0 due to the fact that torsion T is “harmonic”, and

∇_{(a}ξ_{b)} = 1 D − 2 { R^T_{c(a}h_{b)}^c − R^T_{c(ab)d}h^{cd} } . (23)

When condition (21) is satisfied, the second term on the r.h.s. vanishes. The vanishing of the first term imposes an algebraic condition on F and h, F_a^dF_{d(b}h_{c)}^a = 0.

In the following section we give an explicit example of black hole spacetime admitting a nondegenerate GCCKY 2-form for which this condition as well as both conditions (20) and (21) are satisfied.

IV. AN EXAMPLE

The most general known black hole solution of D = 5 minimal gauged supergravity, constructed by Chong, Cvetič, Lü, and Pope [25], can be written in the following orthonormal form, cf. [29]: g = ∑ μ=x,y ( ω^μω^μ + ω̃^μω̃^μ ) + ω^εω^ε , (24) A = √ 3(A_q + A_p) . (25)

Here,

ω^x= √ x − y 4X dx , ω̃^x = √ X(dt + ydϕ) √ x(y − x) , ω^y= √ y − x 4Y dy , ω̃^y = √ Y (dt + xdϕ) √ y(x − y) , (26)

ω^ε= 1 √ −xy [ μdt+μ(x+y)dϕ+xydψ−yA_q −xA_p ] , A_q= q x − y (dt + ydϕ) , A_p = −p x − y (dt + xdϕ) , and metric functions take the form

X =(μ + q)^2 + Ax + Cx^2 + 1 12 Λx^3 ,

Y =(μ + p)^2 + By + Cy^2 + 1 12 Λy^3 . (27)

The solution has R × U(1)^2 isometry group generated by the Killing fields ∂_t, ∂_ψ, ∂_ϕ. We have used a ‘symmetric’ gauge; the Maxwell field strength F = dA depends on Q = q − p. Moreover, one can use the translations in x and y to eliminate C, leaving total number of four free parameters characterizing the solution. These are related to two independent angular momenta, mass, and electric charge.

The spacetime possesses a non-degenerate GC- CKY 2-form h obeying (18). Tensors F and h are such that both conditions (20) and (21) are satisfied. Hence, δ^T h = δh and h can be generated from a potential b.^3 The potential and the GC- CKY 2-form read b =− 1 2 [ (x + y)dt + xydϕ ] , (28) h =db = √ −x ω̃^x ∧ω^x + √ −y ω̃^y ∧ω^y . (29) The second equation means that basis {ω} is a Darboux basis for h and coordinates x, y are the eigenvalues of h^2.

The 2-form h has very similar properties to the closed conformal Killing–Yano tensor of the 5D Kerr-NUT-AdS spacetime [2, 3]. Namely, it gives rise to the Killing tensor, (22),

K =y(ω^xω^x + ω̃^xω̃^x) + x(ω^yω^y + ω̃^yω̃^y) +(x + y)ω^εω^ε , (30)

and implies the existence of two isometries

ξ = (∂_t)^♭ , ∗(h^{∧2}) = 2(∂_ψ)^♭ . (31)

However, one finds

K^{ab}ξ_b = (∂_ϕ)^a + p − q x − y (∂_ψ)^a . (32)

This means that, up to the fact that we do not recover ∂_ϕ, coordinates (t, ϕ, ψ, x, y) are ‘canonical coordinates’, completely determined by h (see, e.g., [26] for more details in the vacuum case).

The Hamilton–Jacobi, Klein–Gordon, and Dirac equations in the background of the Chong–Cvetič– Lü–Pope black hole were studied in [21]. It is straightforward to check that the Hamilton–Jacobi and Klein–Gordon equations allow separation of variables. This is directly related to the existence of Killing tensor (30). However, the separability of the Dirac equation was achieved only in the special case in which the two independent angular momenta of the black hole are set equal. On the other hand, Wu recently demonstrated [22] that the Dirac equation separates in the general rotating (ungauged) black hole background provided that an extra counter term proportional

3 In fact, it turns out that conditions (20) and (21) (with h = db) are so strong that they completely determine h in this spacetime.

to (∗F )_{abc}γ^aγ^bγ^c is added to it. Although this counter term seems apparently ‘strange’, such a modification of the Dirac operator is quite natural from the point of view of torsion which we are discussing here. Indeed, referring to the Appendix A we find that the proper commuting symmetry operators in this background are expected to be (f ≡ ∗h) Q̂=γ^a∇^s_a − 1 24 √ 3 γ^aγ^bγ^c(∗F )_{abc} , (33)

Q̂_f=γ^aγ^bf^c_{ab}∇^s_c + 1 32 γ^aγ^bγ^cγ^dW_{abcd} , (34) where W_{abcd} = (df)_{abcd}− 2 √ 3 T^e_{[ab}f_{|e|cd]} = (df)_{abcd} . (35) The second equality is not true for a general f but follows from the constraint (21). The latter operators correspond to the symmetry operators found by Wu [22]. We also note that the necessary condition (A17) is satisfied.

V. DISCUSSION

Let us summarize our results. In this paper we have studied generalized conformal Killing–Yano equations in D = 5 minimal gauged supergravity. The generalization we have proposed stems from the torsion-like behavior of the dual of the Maxwell 2-form ∗F . The identification of ∗F with torsion has many appealing features, in particular, the Maxwell equations imply that the torsion is “harmonic”. The GCKY tensors possess many of the properties of the standard conformal Killing– Yano tensors. For example, a GCCKY 2-form generates a Killing tensor and at least one Killing vector.

We have presented an explicit example of a spacetime admitting a GCCKY 2-form h. The metric describes the most general known black hole solution of D = 5 minimal gauged supergravity, the Chong–Cvetić–Lü–Pope black hole (24)–(27). The tensor h in this example is further constrained to obey conditions (20) and (21). It gives rise to the Killing tensor and two isometries. An interesting question is whether the last isometry can also be exploited from the existence of h. If this is the case, the GCCKY tensor determines all the canonical coordinates and one can hope to prove that the Chong–Cvetić–Lü–Pope black hole is the unique solution which possesses this additional structure (similar to the uniqueness of the Kerr-NUT-(A)dS spacetime in the case of standard closed conformal Killing–Yano tensor [15, 16]).

The main significance of Killing–Yano tensors is that they allow one to construct symmetry operators allowing the separability of various field equations. Our GKY tensors proceed in the same line. The GCCKY 2-form h is responsible for the separability of the Hamilton–Jacobi and Klein–Gordon equations. It also uniquely determines the modified Dirac equation for which the variables can be separated. The question of separability for higher spins is, similar to the vacuum case, open.

Another issue is a relationship of generalized hidden symmetries and algebraic type of solutions. Whereas the existence of a standard nondegenerate conformal Killing–Yano 2-form limits spacetime to the type D [30] of higherdimensional classification [31, 32], our explicit example of Chong–Cvetić–Lü–Pope black hole (which is type I) demonstrates that this is no longer true for the GCKY tensors. Following the calculation in Appendix C.1 of [33], one can easily show that the (non-zero eigenvalue) eigenvectors of a non-degenerate GCCKY 2-form are null geodesics. In our example, these are also Weyl aligned. Is this (as in the vacuum case [34]) true in general? What is the most general type of spacetime admitting a GCKY 2-form?

The results obtained in this paper raise many interesting questions. In the case of proposed GCKY tensors these are related to the uniqueness, separability of equations with higher spin, relationship of algebraic type and hidden symmetries. A more fundamental question is: is it possible to generalize Killing–Yano equations for other types of supergravity theories? And if so, how many of the key properties of the standard Killing–Yano tensors are preserved by solutions to such equations? A natural starting point would be to consider U(1)^3 gauged supergravity, for which explicit solutions are already known, e.g., the supersymmetric solution found in [35]. The satisfactory answer to these questions could bring many new insights into analytical properties of various black hole spacetimes.

Appendix A: Spinning particles in the presence of torsion

It is well known that Killing–Yano tensors correspond to the existence of an enhanced worldline sypersymmetry of the theory of classical spinning particles [36]. This fact provides a systematic tool for derivation of (generalized) Killing–Yano equations in the presence of various types of fields. For example, it turns out that in the presence of an electromagnetic field the Killing–Yano equations do not get modified; only an additional algebraic condition is imposed on an electromagnetic

2-form [37]. This is no longer true in the presence of torsion [38], or a torsion-like 3-form in string theory [39]. As discussed in the main text, the Maxwell–Chern–Simons 3-form ∗F of the minimal gauged supergravity behaves effectively like a torsion. That is why in this appendix we review the theory of classical spinning particles in the presence of torsion and study its non-generic supersymmetries connected with generalized Killing–Yano tensors.

The explicit derivation of the equation for the Killing–Yano 2-form in the presence of torsion was performed by Rietdeik and Holten [38]. Following closely their paper, we shall generalize this equation for an arbitrary p-form. As usual, we denote particle’s worldline coordinates by x^μ and describe its spin by a pseudo Lorentz vector of Grassmann-odd coordinates ψ^a. In the presence of an (antisymmetric) torsion T_{abc} the Lagrangian reads [38, 40] L = 1 2 g_{μν}ẋ^μẋ^ν − i 2 η_{ab}ψ̇^aψ^b − i 2 ẋ^μψ^aψ^b(ω_{μab} + 1 2 T_{μab}) (A1) − 1 2 1 4! ψ^aψ^bψ^cψ^d(dT )_{abcd} . This theory possesses a generic supercharge Q,

Q = ψ^ae^μ_a Π_μ − i 6 ψ^aψ^bψ^cT_{abc} , (A2) which obeys {H, Q} = 0 , {Q, Q} = −2iH . (A3) Here, H is the Hamiltonian, H = 1 2 Π_μΠ_ν g^{μν} + 1 2 1 4! ψ^aψ^bψ^cψ^d(dT )_{abcd} , (A4) Π_μ =p_μ + i 2 ψ^aψ^b(ω_{μab} + 1 2 T_{μab}) , (A5)

e^μ_a denotes the vielbein, p_μ is the momentum conjugate to x^μ and the Poisson brackets are defined as {F, G} = ∂F ∂x^μ ∂G ∂p_μ − ∂F ∂p_μ ∂G ∂x^μ + i(−1)^{aF} ∂F ∂ψ^a ∂G ∂ψ_a , (A6) where a_F is the Grassmann parity of F . For practical calculations it is useful to rewrite these brackets in a covariant form {F, G}=D^T_μ F ∂G ∂Π_μ − ∂F ∂Π_μ D^T_μ G +(T^κ_{μν} Π_κ − i 2 ψ^aψ^bR^T_{abμν} ) ∂F ∂Π_μ ∂G ∂Π_ν +i(−1)^{aF} ∂F ∂ψ^a ∂G ∂ψ_a , (A7) where we have used the phase space covariant derivative with torsion

D^T_μ F =∂_μF + (ω_{μab} + 1 2 T_{μab})ψ^b ∂F ∂ψ_a +(Γ^κ_{μν} + 1 2 T^κ_{μν} )Π_κ ∂F ∂Π_ν (A8)

and R^T_{abμν} is the Riemann tensor with torsion.

The non-generic supercharge Q_f is derived from the equation

{Q, Q_f } = 0 . (A9)

From the Jacobi identity it follows that such a supercharge is automatically a constant of motion {H, Q_f } = 0. Using explicit expressions for Q and H these equations read {H, Q_f }= 1 2 1 4! ψ^aψ^bψ^cψ^d∇^T_μ (dT )_{abcd} ∂Q_f ∂Π_μ −Π^μD^T_μ Q_f − i 2 ψ^aψ^bR^T_{abμν} Π^μ ∂Q_f ∂Π_ν + i 12 (dT )_{abcd}ψ^bψ^cψ^d ∂Q_f ∂ψ_a (A10)

= 0 , {Q, Q_f } =− i 6 ψ^aψ^bψ^c∇^T_μ T_{abc} ∂Q_f ∂Π_μ − ψ^μD^T_μ Q_f + ( T^κ_{μν} Π_κ − i 2 ψ^aψ^bR^T_{abμν} ) ψ^μ ∂Q_f ∂Π_ν −i ( Π^a − i 2 T^a_{bc}ψ^bψ^c ) ∂Q_f ∂ψ^a = 0 . (A11)

In particular, we use the following ansatz for a nongeneric supercharge: Q_f =ψ^{a1} . . . ψ^{ap−1} f_{a1...ap−1}^μΠ_μ + i (p + 1)! ψ^{a1} . . . ψ^{ap+1}c̃_{a1...ap+1} . (A12) When plugged into Eqs. (A10) and (A11) we get equations for various components characterized by number of fermionic and momentum coordinates, {#_ψ, #_Π}, which have to vanish separately. Specifically, component {p − 1, 2} of Eq. (A10) implies ∇^T_{(μ}f_{|α1...αp−1|ν)} = 0 , (A13) Components {p − 2, 2} and {p, 1} of (A11) imply f_{α1...αp} = f_{[α1...αp]}, and ∇^T_{[μ}f_{α1...αp−1]λ} − p − 1 2 T_{[μ}^σ_{α1} f_{|σ|α2...αp−1 ]λ} −T_{[μ}^σ_{|λ|}f_{α1 ...αp−1]σ} − 1 p! c̃_{λμα1 ...αp−1} = 0 . (A14)

From here we can obtain a simplified expression for c̃ ,

(−1)^{p+1} (p + 1)! c̃_{μλα1 ...αp−1} =− 1 p + 1 ∇^T_{[μ}f_{λα1 ...αp−1]} + 1 2 T_{[μ}^σ_λf_{|σ|α1...αp−1] ,} (A15) and the equation for the p-form f corresponding to f_{α1...αp} . In the language of forms the generalized Killing–Yano equation in the presence of torsion reads

∇^T_X f = 1 p + 1

X_−| d^T f . (A16)

The remaining components of Eqs. (A10) and (A11) give the following condition on torsion: d(d^Tf) − p + 1 2 (e^a_−| dT ) ∧ (e_{a−}| f) = 0 , (A17)

which is a p-form generalization of the condition (21) derived in [39] (see also (4.16) in [42]). Only if this condition is satisfied, the quantity Q_f , (A12), where f is a generalized Killing–Yano tensor obeying (A16) and c̃ is given by (A15), represents a non-generic supercharge of the theory (A1).

Let us finally address the question why the Dirac equation has to be modified in order to allow the separation of variables. For a transition from classical to quantum theory of spinning particles see, e.g, [40, 41]. Using the (naive) correspondence relations Π_μ → −i ( ∇^s_μ − 1 8 γ^{ab}T_{μab} ) , ψ^μ → 1 √ 2 γ^μ , (A18) where ∇^s_μ = ∂_μ −^1_4 γ^{ab}ω_{μab} is a spinorial covariant derivative, we find that the operators corresponding to Q and Q_f are the following modified Dirac and symmetry operators:

Q̂=γ^μ∇^s_μ − 1 24 T_{abc}γ^aγ^bγ^c , (A19) Q̂_f =γ^a1 . . .γ^ap−1 f^μ_{a1...ap−1} ∇^s_μ + 1 − p 8(p + 1) γ^{a1} . . .γ^{ap+1} T^b_{[a1a2} f_{|b|a3...ap+1]} + 1 2(p + 1)^2 γ^{a1} . . .γ^{ap+1} (df)_{a1 ...ap+1} . (A20) Up to quantum anomalies, these operators commute (anticommute) for p even (odd). Although in the case of standard Killing–Yano tensors these anomalies cancel [41], there are additional anomalies in the case with torsion. These were recently calculated and can be found in [42].

ACKNOWLEDGMENTS

We are grateful to G.W. Gibbons and C. Warnick for discussions. D.K. acknowledges the Herchel Smith Postdoctoral Research Fellowship at the University of Cambridge. H.K.K. is an STFC Postdoctoral Research Fellow.

[1] W. Chen, H. Lü, and C. N. Pope, Class. Quantum Grav. 23, 5323 (2006), hep-th/0604125.

[2] V. P. Frolov and D. Kubizňák, Phys. Rev. Lett.

98, 011101 (2007), gr-qc/0605058.

[3] D. Kubizňák and V. P. Frolov, Class. Quantum Grav. 24, F1 (2007), gr-qc/0610144.

[4] P. Krtouš, D. Kubizňák, D. N. Page, and V. P.

Frolov, J. High Energy Phys. 02, 004 (2007), hepth/0612029.

[5] D. N. Page, D. Kubizňák, M. Vasudevan, and P. Krtouš, Phys. Rev. Lett. 98, 061102 (2007), hep-th/0611083.

[6] P. Krtouš, D. Kubizňák, D. N. Page, and M. Vasudevan, Phys. Rev. D76, 084034 (2007), arXiv:0707.0001.

[7] V. P. Frolov, P. Krtouš, and D. Kubizňák, J. High Energy Phys. 02, 005 (2007), hep-th/0611245.

[8] T. Oota and Y. Yasui, Phys. Lett. B659, 688 (2008), arXiv:0711.0078.

[9] S.-Q. Wu, Phys. Rev. D 78, 064052 (2008), arXiv:0807.2114.

[10] S.-Q. Wu, Class. Quantum Grav. 26, 055001 (2009), arXiv:0808.3435.

[11] H. Ahmedov and A. N. Aliev, Phys. Rev. D79, 084019 (2009), arXiv:0902.2498.

[12] H. K. Kunduri, J. Lucietti, and H. S. Reall, Phys.

Rev. D74, 084021 (2006), hep-th/0606076. [13] T. Oota and Y. Yasui (2008), arXiv:0812.1623. [14] D. Kubizňák and V. P. Frolov, J. High Energy Phys. 02, 007 (2008), arXiv:0711.2300.

[15] T. Houri, T. Oota, and Y. Yasui, Phys. Lett.

B656, 214 (2007), arXiv:0708.1368.

[16] P. Krtouš, V. P. Frolov, and D. Kubizňák, Phys.

Rev. D78, 064022 (2008), arXiv:0804.4705. [17] T. Houri, T. Oota, and Y. Yasui, Phys. Lett.

B666, 391 (2008), arXiv:0805.0838.

[18] T. Houri, T. Oota, and Y. Yasui, Class. Quantum Grav. 26, 045015 (2009), arXiv:0805.3877.

[19] R. Emparan and H. S. Reall, Living Rev. Rel. 11, 6 (2008), arXiv:0801.3471.

[20] D. D. K. Chow (2008), 0811.1264.

[21] P. Davis, H. K. Kunduri, and J. Lucietti, Phys.

Lett. B628, 275 (2005), hep-th/0508169. [22] S.-Q. Wu, Phys. Rev. D80, 044037 (2009), arXiv:0902.2823.

[23] M. Cvetić and D. Youm, Nucl. Phys. B476, 118 (1996), hep-th/9603100.

[24] S. Tomizawa, Y. Yasui, and A. Ishibashi Phys.

Rev. D 79, 124023 (2009), arXiv:0901.4724. [25] Z. W. Chong, M. Cvetic, H. Lu, and C. N.

Pope, Phys. Rev. Lett. 95, 161301 (2005), hepth/0506029.

[26] V. P. Frolov and D. Kubizňák, Class. Quantum Grav. 25, 154005 (2008), arXiv:0802.0322.

[27] B. Kleihaus, J. Kunz, and F. Navarro-Lerida, AIP Conf. Proc. 977, 94 (2008), arXiv:0710.2291.

[28] A. N. Aliev and D. K. Ciftci, Phys. Rev. D79, 044004 (2009), arXiv:0811.3948.

[29] H. Lü, J. Mei, and C. N. Pope, Class. Quantum Grav. 27, 075013 (2010), arXiv:0806.2204.

[30] L. Mason and A. Taghavi-Chabert, Journal of Geometry and Physics 60, 907 (2010), arXiv:0805.3756.

[31] A. A. Coley, R. Milson, V. Pravda, and A. Pravdová, Class. Quantum Grav. 21, L35 (2004), grqc/0401008.

[32] A. A. Coley, Class. Quantum Grav. 25, 033001 (2008), arXiv:0710.1598.

[33] D. Kubizňák, Ph.D. thesis, University of Alberta, Edmonton, Alberta, Canada (2008), arXiv:0809.2452.

[34] N. Hamamoto, T. Houri, T. Oota, and Y. Yasui, J. Phys. A40, F177 (2007), hep-th/0611285.

[35] H. K. Kunduri, J. Lucietti, and H. S. Reall, J. High Energy Phys. 04, 036 (2006), hepth/0601156.

[36] G. W. Gibbons, R. H. Rietdijk, and J. W.

van Holten, Nucl. Phys. B404, 42 (1993), hepth/9303112.

[37] M. Tanimoto, Nucl. Phys. B442, 549 (1995), grqc/9501006.

[38] R. H. Rietdijk and J. W. van Holten, Nucl. Phys.

B472, 427 (1996), hep-th/9511166.

[39] F. De Jonghe, K. Peeters, and K. Sfetsos, Class.

Quantum Grav. 14, 35 (1997), hep-th/9607203. [40] R. H. Rietdijk, Class. Quantum Grav. 9, 1395 (1992).

[41] M. Cariglia, Class. Quantum Grav. 21, 1051 (2004), hep-th/0305153.

[42] T. Houri, D. Kubizňák, Y. Yasui, and C. M. Warnick (2010), arXiv:1002.3616.