arXiv:0905.0932v2 [hep-th] 15 Jun 2009

KUNS-2207 IPMU09-0056

Holographic Entanglement Entropy: An Overview

Tatsuma Nishioka^{a,b1}, Shinsei Ryu^{c2} and Tadashi Takayanagi^{b3}

aDepartment of Physics, Kyoto University, Kyoto, 606-8502, Japan bInstitute for the Physics and Mathematics of the Universe, University of Tokyo, Kashiwa, Chiba 277-8582, Japan cDepartment of Physics, University of California, Berkeley, CA 94720, USA

Abstract

In this article, we review recent progresses on the holographic understandings of the entanglement entropy in the AdS/CFT correspondence. After reviewing the general idea of holographic entanglement entropy, we will explain its applications to confinement/deconfinement phase transitions, black hole entropy and covariant formulation of holography.

1e-mail:nishioka@gauge.scphys.kyoto-u.ac.jp 2e-mail:sryu@berkeley.edu 3e-mail:tadashi.takayanagi@ipmu.jp

Contents

1 Introduction 2

2 Basics of Entanglement Entropy 5 2.1 Definition of Entanglement Entropy . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Entanglement Entropy in QFTs . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 How to Compute Entanglement Entropy in QFTs . . . . . . . . . . . . . . 9 2.5 Entanglement Entropy and Black Holes . . . . . . . . . . . . . . . . . . . . 11

3 Holographic Entanglement Entropy 12 3.1 Holographic Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Heuristic Derivation of Holographic Formula . . . . . . . . . . . . . . . . . 14 3.3 Holographic Proof of Strong Subadditivity . . . . . . . . . . . . . . . . . . 16 3.4 Entanglement Entropy from AdS_3/CFT_2 . . . . . . . . . . . . . . . . . . . 16 3.4.1 Entanglement Entropy in CFT_2 at Zero Temperature . . . . . . . . 17 3.4.2 Entanglement Entropy in CFT_2 at Finite Temperature . . . . . . . 18 3.4.3 Massive Deformation . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.5 Holographic Entanglement Entropy in Higher Dimensions . . . . . . . . . . 20 3.5.1 Entanglement Entropy for Infinite Strip A_S . . . . . . . . . . . . . 20 3.5.2 Entanglement Entropy for Circular Disk A_D . . . . . . . . . . . . . 22 3.5.3 Entanglement Entropy and Cusps . . . . . . . . . . . . . . . . . . . 22

4 Entanglement Entropy as an Order Parameter 23 4.1 Confinement/Deconfinement Transition . . . . . . . . . . . . . . . . . . . . 23 4.2 Geometric Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.3 Topological Entanglement Entropy and Boundary Entropy . . . . . . . . . 28

5 BH Entropy as Entanglement Entropy 29 5.1 BH Entropy as Entanglement Entropy via Brane-World . . . . . . . . . . . 30 5.2 BH Entropy as Entanglement Entropy via AdS_2/CFT_1 . . . . . . . . . . . 32

6 Covariant Holographic Entanglement Entropy 36 6.1 Covariant Entropy Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 6.2 Covariant Holographic Entanglement Entropy . . . . . . . . . . . . . . . . 37 6.3 Applications to Black Holes . . . . . . . . . . . . . . . . . . . . . . . . . . 38

7 Conclusions 40

1 Introduction

In recent developments of string theory, the idea of holography has obviously played crucial roles. Holography claims that the degrees of freedom in (d + 2)-dimensional quantum gravity are much more reduced than we naively think, and will be comparable to those of quantum many body systems in d + 1 dimensions [1, 2]. This was essentially found by remembering that the entropy of a black hole is not proportional to its volume, but to its area of the event horizon Σ (the Bekenstein-Hawking formula [3]): S_{BH} = Area(Σ) 4G_N , (1.1)

where G_N is the Newton constant. Owing to the discovery of the AdS/CFT correspondence [4], we know explicit examples where the holography is manifestly realized. The AdS/CFT argues that the quantum gravity on (d + 2)-dimensional anti-de Sitter spacetime (AdS_{d+2}) is equivalent to a certain conformal field theory in d + 1 dimensions (CFT_{d+1}) [4–7].

Even after quite active researches of AdS/CFT for these ten years, fundamental mechanism of the AdS/CFT correspondence still remains a mystery, in spite of so many of evidences in various examples. In particular, we cannot answer which region of AdS is responsible to particular information in the dual CFT. To make modest progresses for this long standing problem, we believe that it is important to understand and formulate the holography in terms of a universal observable, rather than quantities which depend on the details of theories such as specific operators or Wilson loops etc. We only expect that a quantum gravity in some spacetime is dual to (i.e. equivalent to) a certain theory which is governed by the law of quantum mechanics. We would like to propose that an appropriate quantity which can be useful in this universal viewpoint is the entanglement entropy. Indeed, we can always define the entanglement entropy in any quantum mechanical system.

The entanglement entropy S_A in quantum field theories or quantum many body systems is a non-local quantity as opposed to correlation functions. It is defined as the von Neumann entropy S_A of the reduced density matrix when we ‘trace out’ (or smear out) degrees of freedom inside a d-dimensional space-like submanifold B in a given (d + 1)- dimensional QFT, which is a complement of A. S_A measures how the subsystems A and B are correlated with each other. Intuitively we can also say that this is the entropy for an observer in A who is not accessible to B as the information is lost by the smearing out in region B. This origin of entropy looks analogous to the black hole entropy. Indeed, this was the historical motivation of considering the entanglement entropy in quantum field theories [8–10]. Interestingly, the leading divergence of S_A is proportional to the area of the subsystem A, called the area law [9, 10] (refer also to the review articles [11–18]).

Since S_A is defined as a von Neumann entropy, we expect that the entanglement entropy is directly related to the degrees of freedom. Indeed, in two-dimensional conformal field theory, the entanglement entropy is proportional to the central charge in two-dimensional conformal field theories (2D CFTs) as shown in [19,20], where a general prescription of computing the entropy in 2D CFTs is given. Also in the mass perturbed CFTs (massive QFTs) the same conclusion holds [20–22]. Furthermore, our holographic result shows that the similar statement is also true in four or higher even-dimensional CFTs. As opposed to the thermal entropy, the entanglement entropy is non-vanishing at zero temperature. Therefore we can employ it to probe the quantum properties of the ground state for a given quantum system. It is also a useful order parameter of quantum phase transition at zero temperature as will be explained in Sec. 4.

Now we come back to our original question where in AdS given information in CFT is saved. Since the information included in a subsystem B is evaluated by the entanglement entropy S_A, we can formulate this question more concretely as follows: “Which part of AdS space is responsible for the calculation of S_A in the dual gravity side ?” Two of the authors of this article proposed a holographic formula of the entanglement entropy in [23, 24]: S_A =

Area(γ_A) 4G^{(d+2)}_N

, (1.2)

where γ_A is the d-dimensional minimal surface γ_A whose boundary is given by the (d − 1)- dimensional manifold ∂γ_A = ∂A (see Fig. 3); the constant G^{(d+2)}_N is the Newton constant of the general gravity in AdS_{d+2}. This formula can be applied equally well to asymptotically AdS static spacetimes. Originally, this formula (1.2) is speculated from the Bekenstein- Hawking formula (1.1). Indeed, since the minimal surface tends to wrap the horizon in the presence of event horizon, our formula (1.2) can be regarded as a generalization of the well-known formula (1.1). Also the area law of S_A [9, 10] can be automatically derived from our holographic description.

The purpose of this article is to explain this holographic description and then to review its current status with recent progresses and applications [25]- [82]. In AdS_3/CFT_2, we can confirm that the formula (1.2) is precisely true by comparing the holographic result with the known 2D CFT results [23, 24]. In higher-dimensional cases, however, the proposed formula (1.2) has not been derived rigorously from the bulk to boundary relation in AdS/CFT [5, 6] at present. Also the direct calculations of the entanglement entropy in the CFT side is very complicated in higher dimensions. Nevertheless, a heuristic derivation has been presented in [27] and many evidences [24, 28, 29, 32, 36, 57, 72] have been found. Our holographic formula has also been successfully applied to the explanation of black hole and de-Sitter entropy [25, 26, 28, 44] (see also [83, 84] for earlier pioneering ideas on the entanglement entropy in AdS/CFT with event horizon; see also [85]), and to an order parameter of a confinement/deconfinement phase transition [32, 43, 45, 58, 64, 65, 68, 73].

In condensed matter physics, the entanglement entropy is expected to be a key quantity to understand several aspects of quantum many-body physics. A central question in quantum many-body physics is how we can characterize different phases and phase transitions. While microscopic Hamiltonians in condensed matter systems (electronic systems, in particular) are quantum mechanical, a wide range of quantum phases turn out to have a classical analogue, and if so, they can be understood in terms of symmetry breaking of some kind, and in terms of classical order parameters. On the other hand, this paradigm, known from Landau and Ginzburg, does not always apply when phases of our interest are inherently quantum. Indeed, one of main foci in modern condensed matter physics is to understand quantum phases of matter and phase transitions between them, which are beyond the Landau-Ginzburg paradigm. To name a few, relatively well-understood examples, the fractional quantum Hall effect, and quantum magnets on some geometrically frustrated lattices have attracted a lot of interest. Many-body wavefunctions of quantum ground states in these phases look featureless when one looks at correlation functions of local operators; They cannot be characterized by classical order parameters of some kind. Indeed, they should be distinguished by their pattern of entanglement rather than their pattern of symmetry breaking [87]. Thus, the entanglement entropy is potentially useful to characterize these exotic phases^4.

One can ask these questions from a slightly more practical, but ultimately fundamental, point of view; how can we simulate quantum states of matter efficiently by classical computers? The total dimension of the Hilbert space increases exponentially as we increase the system size, and hence bruteforce approaches (e.g., exact diagonalization) to quantum many-body systems are destined to fail. It turns out having a good understanding on how local regions of the whole quantum system are entangled to each other would help to find good algorithms for quantum many-body problems, such as the density matrix renormalization group (DMRG) [88]. To be more precise, the scaling of the entanglement entropy as a function of the size of a given subregion of the system of interest gives us a criterion for efficient approximability. In other word, the entanglement entropy tells us amount of information and degrees of freedom necessary to represent a quantum ground state efficiently.

Reversing the logic, one can distinguish different phases of quantum matter according to their computational complexity and hence from the scaling of the entanglement entropy. After all, what makes simulation of quantum systems by classical computers difficult is nothing but entanglement. Indeed, this idea has been pushed extensively in recent couple of years for several 1D quantum systems. It has been revealed that several quantum phases in 1D spin chains can be distinguished by different scaling of the entanglement entropy. See, for example, [21, 22, 89–91] and references in [20].

4Recently, there have been a number of progresses on holographic descriptions of various phase transitions analogous to the ones in condensed matter physics, e.g. refer to the review [86]

For higher-dimensional condensed matter systems, there have been many recent attempts in this direction. In particular, the entanglement entropy was applied for so-called topological phases in 2+1 dimensions [92, 93]. Typically, these phases have a finite gap and are accompanied by many exotic features such as fractionalization of quantum numbers, non-Abelian statistics of quasi-particles, topological degeneracy, etc. They can be also useful for fault tolerant quantum computations. On the other hand, unconventional quantum liquid phases with gapless excitations, such as gapless spin liquid phases, seem to be, at least at present, more difficult to characterize in higher dimensions. Our results from the AdS/CFT correspondence can be useful to study these gapless (spin liquid) states (some of these phases have been suspected to be described by a relativistic gauge field theory of some sort [87]).

The organization of this paper is as follows: In Sec. 2, we go through some basic properties of the entanglement entropy. In particular, we discuss how the entanglement entropy scales as a function of the size of the subsystem in quantum field theories and many-body systems. Sec. 3 presents our basic formula of the holographic entanglement entropy via AdS/CFT. Many results mentioned in Sec. 2 are reproduced from the holographic point of view. In Sec. 4, we apply the entanglement entropy as a non-local order parameter to confinement/deconfinement phase transitions. Sec. 5 reviews two connections between the entanglement entropy and the black hole entropy obtained from the holographic calculation of the entanglement entropy. In Sec. 6, we will explain a covariant formulation of the holographic entanglement entropy. We conclude in Sec. 7 with a summary and with possible future directions.

2 Basics of Entanglement Entropy

We start with a review of the definition and properties of the entanglement entropy.

2.1 Definition of Entanglement Entropy

Consider a quantum mechanical system with many degrees of freedom such as spin chains. More generally, we can consider arbitrary lattice models or quantum field theories (QFTs). We put such a system at zero temperature and then the total quantum system is described by the pure ground state |Ψ⟩. We assume no degeneracy of the ground state. Then, the density matrix is that of the pure state ρ_{tot} = |Ψ⟩⟨Ψ| . (2.1) The von Neumann entropy of the total system is clearly zero S_{tot} = −tr ρ_{tot} log ρ_{tot} = 0.

Next we divide the total system into two subsystems A and B (see Fig. 1). In the spin chain example, we just artificially cut off the chain at some point and divide the lattice

Figure 1: Examples of bipartitioning for the entanglement entropy. A choice of the subsystems A and B is shown for each of the two examples: (a) a spin chain, (b) a quantum field theory.

points into two groups. Notice that physically we do not do anything to the system and the cutting procedure is an imaginary process. Accordingly the total Hilbert space can be written as a direct product of two spaces H_{tot} = H_A ⊗ H_B corresponding to those of subsystems A and B. The observer who is only accessible to the subsystem A will feel as if the total system is described by the reduced density matrix ρ_A

ρ_A = tr_B ρ_{tot} , (2.2)

where the trace is taken only over the Hilbert space H_B .

Now we define the entanglement entropy of the subsystem A as the von Neumann entropy of the reduced density matrix ρ_A

S_A = −tr_A ρ_A log ρ_A . (2.3)

This quantity provides us with a convenient way to measure how closely entangled (or how “quantum”) a given wave function |Ψ⟩ is.

In time-dependent backgrounds the density matrices ρ_{tot} and ρ_A are time dependent as dictated by the von Neumann equation. Thus we need to specify the time t = t_0 when we measure the entropy. In this paper, we will always deal with static systems except in Sec. 6.

It is also possible to define the entanglement entropy S_A(β) at finite temperature T = β^{−1}. This can be done just by replacing (2.1) with the thermal one ρ_{thermal} = e^{−βH} , where H is the total Hamiltonian. When A is the total system, S_A(β) is clearly the same as the thermal entropy. Also in general, if we take the high temperature limit β → 0, then the difference S_{A1} (β) − S_{A2} (β) approaches the difference of thermal entropy between A_1 and A_2. This subtraction is necessary to cancel the ultraviolet divergences as explained later.

2.2 Properties

There are several useful properties which the entanglement entropy enjoys generally. We summarize some of them as follows (the derivations and other properties of the entanglement entropy can be found in e.g. the textbook [94]):

• If the density matrix ρ_{tot} is pure such as in the zero temperature system, then we find the following relation assuming B is the complement of A:

S_A = S_B . (2.4)

This manifestly shows that the entanglement entropy is not an extensive quantity. This equality (2.4) is violated at finite temperature.

• For any three subsystems A, B and C that do not intersect each other, the following inequalities hold :

S_{A+B+C} + S_B ≤ S_{A+B} + S_{B+C} , (2.5) S_A + S_C ≤ S_{A+B} + S_{B+C} , (2.6)

These inequalities are called the strong subadditivity [95], which is the most powerful inequality obtained so far with respect to the entanglement entropy. In [96,97] (see also [98]), the authors presented an entropic proof of the c-theorem by applying the strong subadditivity to 2d quantum field theories.

• By setting B empty in (2.5), we can find the subadditivity relation

S_{A+B} ≤ S_A + S_B . (2.7)

The subadditivity (2.7) allows us to define an interesting quantity called mutual information I(A, B) by

I(A, B) = S_A + S_B − S_{A+B} ≥ 0 . (2.8)

2.3 Entanglement Entropy in QFTs

Consider a QFT on a (d + 1)-dimensional manifold R × N, where R and N denote the time direction and the d-dimensional space-like manifold, respectively. We define the subsystem by a d-dimensional submanifold A ⊂ N at fixed time t = t_0. We call its complement the submanifold B. The boundary of A, which is denoted by ∂A, divides the manifold N into two submanifolds A and B. Then we can define the entanglement entropy S_A by the previous formula (2.3). Sometimes this kind of entropy is called geometric entropy as it depends on the geometry of the submanifold A. Since the entanglement entropy is always divergent in a continuum theory, we introduce an ultraviolet cut off a (or a lattice spacing). Then the coefficient in front of the divergence turns out to be proportional to the area of the boundary ∂A of the subsystem A as first pointed out in [9, 10], S_A = γ · Area(∂A) a^{d−1} + subleading terms , (2.9)

where γ is a constant which depends on the system. This behavior can be intuitively understood since the entanglement between A and B occurs at the boundary ∂A most strongly. This result (2.9) was originally found from numerical computations [9, 10] and checked in many later arguments (see e.g. recent works [98–100] ).

The simple area law (2.9), however, does not always describe the scaling of the entanglement entropy in generic situations. Indeed the entanglement entropy of 2D CFT scales logarithmically with respect to the length l of A [19,20]. If we assume the total system is infinitely long, it is given by the simple formula [19, 20]

S_A = c 3 log l a , (2.10)

where c is the central charge of the CFT. As we will see in Sec. 3, the scaling behavior (2.10) is consistent with the generic structure (2.15) expected from AdS/CFT.

Other situations such as a compactified circle at zero temperature or an infinite system at finite temperature can be treated by applying the conformal map technique and analytic formulas have been obtained in [20]. The results are given as follows S^{c.c.}_A = c 3 · log ( L πa sin ( πl L )) , (2.11) S^{f.t.}_A = c 3 · log ( β πa sinh ( πl β )) , (2.12)

respectively, where L is the circumference of the circle.

The result for a finite size system at finite temperature has been obtained in [44] for a free Dirac fermion (i.e. c = 1) in two dimensions. In the high temperature expansion, the result becomes (we set L = 1) S_A(β, l) = 1 3 log [ β πa sinh ( πl β )] + 1 3 ∞∑ m=1 log [ (1 − e^{2π lβ} e^{−2π mβ} )(1 − e^{−2π lβ} e^{−2π mβ} ) (1 − e^{−2π mβ} )^2 ]

+2 ∞∑ k=1 (−1)^k k · πkl β coth (_{πkl} β ) − 1 sinh ( π^k_β ) . (2.13)

Using this expression, we can find the relation between the thermal entropy S^{thermal}(β) and the entanglement entropy S^{thermal}(β) = lim_{ϵ→0} ( S(β, 1 − ϵ) − S(β, ϵ) ) . (2.14)

For conformal field theories in higher dimensions (d > 1), our holographic method discussed in Sec. 3.5 predicts the following general form of S_A for relativistic quantum field theories, assuming that ∂A is a smooth and compact manifold

S_A = p_1 (l/a)^{d−1} + p_3 (l/a)^{d−3} + · · · · · · + { p_{d−1} (l/a) + p_d , d: even p_{d−2} (l/a)^2 + c̃ log (l/a) , d: odd

(2.15)

where l is the typical length scale of ∂A. This result includes the known result for d = 1 (2.10) with c̃ = c/3. Also, in the case of (3+1)-dimensional conformal field theories (d = 3), the scaling law (2.15) has been confirmed by direct field theoretical calculations based on Weyl anomaly [24], where again the coefficient of the logarithmic term c̃ is given in terms of central charges of (3 + 1) CFTs. For d = even, Eq. (2.15) has been the only known analytical result for (interacting) conformal field theories. Even though we assumed conformal field theories in the above, the same scaling formula (2.15) should be true for a quantum field theory with a UV fixed point, i.e., at a relativistic quantum critical point.

When the boundary ∂A is not a smooth manifold such as the one with cusp singularities, we will have other terms (l/a)^{d−2}, (l/a)^{d−4}, · · · which do not obey the scaling law in (2.15) [101]. For example, for a three-dimensional CFT (d = 2), if ∂A has a cusp with the angle Ω, then S_A includes a logarithmic term ∼ −f(Ω) log l/a, for a certain function f [72, 102]. Refer also to Sec. 3.5.3 for more details.

Also, if we consider a gapped system in three dimensions (d = 2) which is described (at low energies) by a topological field theory (called topologically ordered phase), the scaling of the entanglement entropy is the same as (2.15) with d = 2. The constant p_d = p_2 in a topologically ordered phase is, however, invariant under a smooth deformation of the boundary ∂A. In this case, S_{top} = p_2 is called the topological entanglement entropy [92,93].

It has been also pointed out that the area law is corrected by a logarithmic factor as S_A ∝ (l/a)^{d−1} log l/a+ (subleading terms) for fermionic systems in the presence of a finite Fermi surface (where, again, l is the characteristic length scale of the (d − 1)-dimensional manifold ∂A) [103–107].

2.4 How to Compute Entanglement Entropy in QFTs

It is helpful to know how to calculate the entanglement entropy generally in QFTs for later arguments. We will follow the method considered in [20]. For this, we first evaluate tr_A ρ^n_A, differentiate it with respect to n and finally take the limit n → 1 (remember that ρ_A is normalized such that tr_A ρ_A = 1)

S_A = − ∂ ∂n tr_A ρ^n_A|_{n=1} = − ∂ ∂n log tr_A ρ^n_A|_{n=1} . (2.16)

This is called the replica trick. Therefore, what we have to do is to evaluate tr_A ρ^n_A in a given QFT.

This can be done in the path-integral formalism as follows. First, assuming twodimensional QFT just for simplicity, we take A to be the single interval x ∈ [u, v] at t_E = 0 in the flat Euclidean coordinates (t_E, x) ∈ R^2 . The ground state wave functional Ψ can be found by path-integrating from t_E = −∞ to t_E = 0 in the Euclidean formalism

Ψ (ϕ_0(x)) = ∫_{ϕ(tE =0,x)=ϕ0(x)} t_E =−∞ Dϕ e^{−S(ϕ)} , (2.17)

where ϕ(t_E, x) denotes the field which defines the 2D QFT. The values of the field at the boundary ϕ_0 depends on the spatial coordinate x. The total density matrix ρ is given by two copies of the wave functional [ρ]_{ϕ0ϕ}′_0 = Ψ(ϕ_0)Ψ̄(ϕ^′_0). The complex conjugate one Ψ̄ can be obtained by path-integrating from t_E = ∞ to t_E = 0. To obtain the reduced density matrix ρ_A, we need to integrate ϕ_0 on B with the condition ϕ_0(x) = ϕ^′_0(x) when x ∈ B [ρ_A]_{ϕ+ϕ−} = (Z_1)^{−1} ∫_{tE =∞} t_E =−∞ Dϕ e^{−S(ϕ)} ∏ x∈A δ (ϕ(+0, x) − ϕ_+(x)) · δ (ϕ(−0, x) − ϕ_−(x)) , (2.18) where Z_1 is the vacuum partition function on R^2 and we multiply its inverse in order to normalize ρ_A such that tr_A ρ_A = 1. This computation is sketched in Fig. 2 (a).

To find tr_A ρ^n_A, we can prepare n copies of (2.18)

[ρ_A]_{ϕ1+ϕ1−} [ρ_A]_{ϕ2+ϕ2−} · · · [ρ_A]_{ϕn+ϕn−} , (2.19)

and take the trace successively. In the path-integral formalism this is realized by gluing {ϕ_{i±}(x)} as ϕ_{i−}(x) = ϕ_{(i+1)+}(x) (i = 1, 2, · · ·, n) and integrating ϕ_{i+}(x). In this way, tr_A ρ^n_A is given in terms of the path-integral on an n-sheeted Riemann surface R_n (see Fig. 2 (b)) tr_A ρ^n_A = (Z_1)^{−n} ∫ (t_E ,x)∈R_n Dϕ e^{−S(ϕ)} ≡ Z_n (Z_1)^n

. (2.20)

Though we have assumed two-dimensional QFTs so far, it can be straightforwardly generalized to higher dimensions. Then Z_n becomes a partition function on a singular space which is obtained by gluing n copies of the original space along ∂A. It has a negative deficit angle 2π(1 − n) along the surface ∂A. This becomes two end points of the cut in the two-dimensional example.

In two-dimensional CFTs, it is possible to analytically calculate (2.20) to find the formula (2.10) [19,20,40,108,109] as it essentially becomes products of two point functions of twisted vertex operators. In the case where the subsystem A consists of multiple intervals, recent discussions are available in [74, 110, 111]. However, in higher dimensions, analytical calculations of S_A become very complicated. Below we list some recent progresses

Figure 2: (a) The path integral representation of the reduced density matrix [ρ_A]_{ϕ+ϕ−} . (b) The n-sheeted Riemann surface R_n. (Here we take n = 3 for simplicity.)

in this direction. The analytical results when A and B divide a flat spacetime along a flat plane has been found in [20, 32, 112] (see also [101] for the contributions from cusps). When the subsystem A is a straight strip, numerical results are available in [24, 109]. Also, if we assume that A includes a cusp singularity, then the entanglement entropy of (2 + 1)-dimensional QFT has a logarithmic term. This is evaluated in [72, 102]. Lattice calculations in non-abelian gauge theories have also been performed in [53,58,65,73]. The calculations at 2D quantum Lifshitz fixed points have been performed in [113]. The entanglement entropy in the O(N) model has been computed by employing the ϵ expansion in [81], quite recently. However, there have only been very few analytical calculations of S_A in generic interacting QFTs in dimensions greater than two. Thus our holographic approach which can be applied to strongly coupled theories will provide a powerful complementary method.

2.5 Entanglement Entropy and Black Holes

It may be interesting to notice that the area law (2.9) looks very similar to the Bekenstein-Hawking entropy of black holes which is proportional to the area of the event horizon (1.1). Intuitively, we can regard S_A as the entropy for an observer who is only accessible to the subsystem A and cannot receive any signals from B. In this sense, the subsystem B is analogous to the inside of a black hole horizon for an observer sitting in

A, i.e., outside of the horizon. Indeed, this similarity was an original motivation of the entanglement entropy [8–10].

However, one may immediately notice the discrepancy between them. The entanglement entropy is proportional to the number of matter fields , while the black hole entropy is not. Also the former includes ultraviolet divergences as opposed to the latter. The correct statement of this relation turns out to be that quantum corrections to the black hole entropy in the presence of matter fields is equal to the entanglement entropy [114–117]. In the setup of the induced gravity, where Einstein-Hilbert action is assumed to be all generated from the quantum corrections to matter fields, we can fully identify the black hole entropy with the entanglement entropy [116]. This relation has been reconsidered in [118] recently by proposing the existence of a new gravitational cut off.

In our holographic argument below, we will present an identification of the entanglement entropy in (d + 1)-dimensional QFT with a certain geometrical quantity in (d + 2)- dimensional gravity, which can be regarded as a generalization of the black hole entropy. This relation holds whenever holography dual of the QFT exists. In particular case of brane-world setup, our identification turns out to be reduced to the mentioned equivalence between the black hole entropy and entanglement entropy in the induced gravity [25,28,83] as we will review in Sec. 5.1 and Sec. 6.

3 Holographic Entanglement Entropy

Here we would like to explain the holographic calculation of the entanglement entropy. In order to simplify the notations and reduce ambiguities, we consider the setup of the AdS/CFT correspondence, though it will be rather straightforward to extend our results to general holographic setups.

The AdS/CFT correspondence argues that (quantum) gravity in the (d+2)-dimensional anti de-Sitter space AdS_{d+2} is equivalent to a (d + 1)-dimensional conformal field theory CFT_{d+1} [4]. Below we mainly employ the Poincare metric of AdS_{d+2} with radius R:

ds^2 = R^2 dz^2 − dx^2_0 + ∑_{d−1} i=1 dx^2_i z^2

. (3.1)

The dual CFT_{d+1} is supposed to live on the boundary of AdS_{d+2} which is R^{1,d} at z → 0 spanned by the coordinates (x^0, x^i). The extra coordinate z in AdS_{d+2} is interpreted as the length scale of the dual CFT_{d+1} in the RG sense. Since the metric diverges in the limit z → 0, we put a cut off by imposing z ≥ a. Then the boundary is situated at z = a and this cut off a is identified with the ultraviolet cut off in the dual CFT. Under this interpretation, a fundamental principle of AdS/CFT, known as the bulk to boundary relation [5, 6], is simply expressed by the equivalence of the partition functions in both theories Z_{CF T} = Z_{AdS Gravity} . (3.2) Since (non-normalizable) perturbations in the AdS background by exciting fields in the AdS side are dual to the shift of background in the CFT side, we can compute the correlation functions in the CFT by taking the derivatives with respect to the perturbations. In generic parameter regions, the gravity should be treated in string theory to take the quantum corrections into account. Nevertheless, in particular interesting limit, typically strong coupling limit of CFT, the quantum corrections become negligible and we can employ supergravity to describe AdS spaces. Moreover, most of our examples shown in this article are simple enough that we can apply general relativity. In this situation, the righthand side of (3.2) is reduced to the exponential e^{−SEH} of the on-shell Einstein-Hilbert action.

So far we applied the AdS/CFT to the pure AdS spacetime (3.1). However, the AdS/CFT can be applied to any asymptotically AdS spacetimes including the AdS black holes.

3.1 Holographic Formula

Now we are in a position to present how to calculate the entanglement entropy in CFT_{d+1} from the gravity on AdS_{d+2}. This argument here can be straightforwardly generalized to any static backgrounds.

To define the entanglement entropy in the CFT_{d+1}, we divide the (boundary) time slice N into A and B as we explained before (see Fig. 3). In the Poincare coordinate (3.1), we are setting N = R^d and the CFT_{d+1} is supposed to live on the boundary z = a → 0 of AdS_{d+2}. To have its dual gravity picture, we need to extend this division N = A ∪ B to the time slice M of the bulk spacetime. In the setup (3.1), M is the (d + 1)-dimensional hyperbolic spacetime H_{d+1}. Thus we extend ∂A to a surface γ_A in the entire M such that ∂γ_A = ∂A. Notice that this is a surface in the time slice M, which is a Euclidean manifold. Of course, there are infinitely many different choices of γ_A. We claim that we have to choose the minimal area surface among them. This means that we require that the variation of the area functional vanishes; if there are multiple solutions, we choose the one whose area takes the minimum value. This procedure singles out a unique minimal surface and we call this γ_A again (see Fig. 3).

In this setup we propose that the entanglement entropy S_A in CFT_{d+1} can be computed from the following formula [23, 24]

S_A =

Area(γ_A) 4G^{(d+2)}_N

. (3.3)

We stress again that the manifold γ_A is the d-dimensional minimal area surface in AdS_{d+2} whose boundary is given by ∂A. Its area is denoted by Area(γ_A). Also G^{(d+2)}_N is the

(d + 2)-dimensional Newton constant of the AdS gravity. We can easily show that the leading divergence ∼ a^{−(d−1)} in (3.3) is proportional to the area of the boundary ∂A and this immediately reproduces the area law property (2.9).

The appearance of the formula (3.3) looks very similar to the area law of the Bekenstein- Hawking formula (1.1) of black hole entropy. Indeed, we can regard our formula (3.3) as a generalization of (1.1) because in the presence of event horizon such as the AdS Schwarzschild black hole solutions, the minimal surface tends to wrap the horizon. Refer to Sec. 3.4.2 for more details.

This formula (3.3) was originally motivated by the following intuitive interpretation [23, 24]. Since the entanglement entropy S_A is defined by smearing out the region B, the entropy is considered to be the one for an observer in A who is not accessible to B. The smearing process produces the fuzziness for the observer and that should be measured by S_A. In the higher-dimensional perspective of the AdS space, the fuzziness appears by hiding a part of the bulk space AdS_{d+2} inside an imaginary horizon, which we call γ. It is clear that γ covers the smeared region B from the inside of the AdS space and thus we find ∂γ = ∂B(= ∂A). To make this imaginary horizon more precise, we can employ the argument of the entropy bound [119]. This idea, roughly speaking, claims that the entropy contained in a certain space is bounded by the area of its surface (for details, see Sec. 6). To choose the minimal surface as in (3.3) means that we are seeking the severest entropy bound [1, 2, 119] so that it has a chance to saturate the bound. Refer to Sec. 6 for more details.

In the above we implicitly assume that the subsystem A is a connected manifold. When it is disconnected, we need to extend the holographic formula properly. A candidate of formula in disconnected cases has been proposed in [48] based on the strong subadditivity.

3.2 Heuristic Derivation of Holographic Formula

In principle, we should be able to perform the holographic calculation of the entanglement entropy based on the first principle of the AdS/CFT correspondence known as the bulk to boundary relation (3.2). In the CFT side, the entanglement entropy can be found if we can compute the partition function on the (d + 1)-dimensional n-sheeted space (2.20) via the formula (2.16). This space, called R_n, is characterized by the presence of the deficit angle δ = 2π(1 − n) on the surface ∂A. Therefore we need to find a (d + 2)-dimensional back reacted geometry S_n by solving the Einstein equation with the negative cosmological constant such that its metric approaches to that of R_n at the boundary z → 0. This is a technically complicated mathematical problem if we try to solve it directly and has not been completely solved at present.

To circumvent this situation, we make a following natural assumption following [27]: the back reacted geometry S_n is given by a n-sheeted AdS_{d+2}, which is defined by putting

Figure 3: The holographic calculation of entanglement entropy via AdS/CFT.

the deficit angle δ localized on a codimension two surface γ_A. This is clearly true in the three-dimensional pure gravity as the solution to the Einstein equation should be locally the same as AdS_3. However, this is not trivially obvious in higher dimensions. Under this assumption, the Ricci scalar behaves like a delta function

R = 4π(1 − n)δ(γ_A) + R^{(0)} , (3.4)

where δ(γ_A) is the delta function localized on γ_A, δ(γ_A) = ∞ for x ∈ γ_A whereas δ(γ_A) = 0 otherwise, and R^{(0)} is that of the pure AdS_{d+2}. Then we plug this in the supergravity action S_{AdS} = − 1 16πG^{(d+2)}_N ∫ M dx^{d+2} √ g(R + Λ) + · · · , (3.5)

where we only make explicit the bulk Einstein-Hilbert action. This is because the other parts omitted in the above such as kinetic terms of scalars, lead to extensive terms which are proportional to n and are canceled in the ratio (2.20). Now the bulk to boundary relation (3.2) equates the partition function of CFT with the one of AdS gravity. Thus we can holographically calculate the entanglement entropy S_A as follows

S_A = − ∂ ∂n log Trρ^n_A|_{n=1} = − ∂ ∂n [ (1 − n)Area(γ_A) 4G^{d+2}_N ] n=1 = Area(γ_A) 4G^{d+2}_N

. (3.6)

The action principle in the gravity theory requires that γ_A is the minimal area surface. In this way, we reproduced our holographic formula (3.3) [27]. Notice that the presence of non-trivial minimal surfaces is an well-established property of asymptotically AdS spaces.

In this derivation of the holographic formula, the assumption about the back reacted geometry S_n has been crucial. This assumption is clearly satisfied for the threedimensional pure gravity as we noticed in the above (see also [63] for detailed analysis). To explore this issue in higher-dimensional AdS/CFT, hopefully demonstrating the proof of (3.3), is one of the most important future problems in the holographic entanglement entropy^5.

3.3 Holographic Proof of Strong Subadditivity

One of the most important properties of the entanglement entropy is the strong subadditivity [95] given by the inequalities (2.5) and (2.6). This represents the concavity of the entropy and is somehow analogous to the second law of thermodynamics. Actually, it is possible to check that our holographic formula (3.3) satisfies this property in a rather simple argument as shown in [36] (see also [29] for the explicit numerical studies).

Let us start with three regions A, B and C on a time slice of a given CFT so that there are no overlaps between them. We extend this boundary setup toward the bulk AdS (see Fig. 4). Consider the entanglement entropy S_{A+B} and S_{B+C} . In the holographic description (3.3), they are given by the areas of minimal area surfaces γ_{A+B} and γ_{B+C} which satisfy ∂γ_{A+B} = ∂(A + B) and ∂γ_{B+C} = ∂(B + C) as before. Then it is easy to see that we can divide these two minimal surfaces into four pieces and recombine into (i) two surfaces γ^′_B and γ^′_{A+B+C} or (ii) two surfaces γ^′_A and γ^′_C , corresponding to two different ways of the recombination. Here we again meant γ^′_X is a surface which satisfies ∂γ^′_X = ∂X. Since in general γ^′_X s are not minimal area surface, we have Area(γ^′_X ) ≥Area(γ_X ). Therefore, as we can easily find from Fig. 4, this argument immediately leads to

Area(γ_{A+B}) + Area(γ_{B+C} ) = Area(γ^′_B) + Area(γ^′_{A+B+C} ) ≥ Area(γ_B ) + Area(γ_{A+B+C} ) , Area(γ_{A+B}) + Area(γ_{B+C} ) = Area(γ^′_A) + Area(γ^′_C ) ≥ Area(γ_A) + Area(γ_C ) . (3.7)

In this way, we are able to check the strong subadditivity (2.5) and (2.6). Analogous inequalities have been discussed in [52] for the holographic Wilson loops.

3.4 Entanglement Entropy from AdS_3/CFT_2

Consider AdS_3/CFT_2 as one of the simplest setups of AdS/CFT. Since the entanglement entropy in two-dimensional CFT can be analytically obtained as we mentioned, we

5 Recently, a subtle disagreement about the logarithmic term of the entanglement entropy between the holographic result (3.3) and the CFT result is pointed out based on the anomaly analysis in [55]. This occurs when the extrinsic curvature of ∂A is non-vanishing, where the geometric analysis gets quite complicated. However, it is possible that this problem arises from subtle differential geometric calculations in the presence of deficit angles as suggested in [57], where agreements between the gravity and CFT sides have been observed for the logarithmic term. This issue should clearly deserve detailed future analysis.

Figure 4: A holographic proof of the strong subadditivity of the entanglement entropy. To make the figures simple, we project the time slice of a (d + 2)-dimensional AdS space onto a two-dimensional plane. This simplification does not change our result.

can test our holographic formula explicitly. The central charge of CFT is related to radius of AdS_3 [120] via c = 3R 2G^{(3)}_N

. (3.8)

3.4.1 Entanglement Entropy in CFT_2 at Zero Temperature

We are interested in the entanglement entropy S_A in an infinitely long system when A is an interval of length l. To compute this via the holographic formula (3.3), we need to find a geodesics between the two points (x^1, z) = (−l/2, a) and (x^1, z) = (l/2, a) in the Poincare coordinate (3.1). It is actually given by the half circle (x, z) = l 2 (cos s, sin s) , (ϵ ≤ s ≤ π − ϵ) , (3.9)

where ϵ =^{2a}_l . The length of γ_A can be found as

Length(γ_A) = 2R ∫_{π/2} ϵ ds sin s

= −2R log(ϵ/2) = 2R log l a . (3.10)

Finally the entropy can be obtained as follows

S_A =

Length(γ_A) 4G^{(3)}_N = c 3 log l a . (3.11)

This perfectly agrees with the result (2.10) in the CFT side [23,24]. By starting from the global coordinate of AdS_3 we can also derive the result (2.11) similarly.

3.4.2 Entanglement Entropy in CFT_2 at Finite Temperature

Next we consider how to explain the entanglement entropy (2.12) at finite temperature T = β^{−1} from the viewpoint of the AdS/CFT correspondence. We assume that the spatial length of the total system L is infinite i.e. β/L ≪ 1. In such a high temperature region, the gravity dual of the conformal field theory is described by the Euclidean BTZ black hole [121]. Its metric looks like

ds^2 = (r^2 − r^2_+)dτ^2 +

R^2 r^2 − r^2_+ dr^2 + r^2dφ^2 . (3.12)

The Euclidean time is compactified as τ ∼ τ +^{2πR}_{r+} to obtain a smooth geometry. We also impose the periodicity φ ∼ φ + 2π. By taking the boundary limit r → ∞, we find the relation between the boundary CFT and the geometry (3.12) β L = R r_+

≪ 1 . (3.13)

The subsystem for which we consider the entanglement entropy is given by 0 ≤ φ ≤ 2πl/L at the boundary. Then by extending our formula (3.3) to asymptotically AdS spaces, the entropy can be computed from the length of the space-like geodesic starting from φ = 0 and ending at φ = 2πl/L at the boundary r = r_0 → ∞ at a fixed time. This geodesic distance can be found analytically as

cosh ( Length(γ_A) R ) = 1 +

2r^2_0 r^2_+ sinh^2 ( πl β ) . (3.14)

The relation between the cut off a in CFT and the one r_0 of AdS is given by^{r0}_{r+} =^β_a . Then it is easy to see that our area law (3.3) precisely reproduces the known CFT result (2.12).

It is also useful to understand these calculations geometrically. The geodesic line in the BTZ black hole takes the form shown in Fig. 5(a). When the size of A is small, it is almost the same as the one in the ordinary AdS_3. As the size becomes large, the turning point approaches the horizon and eventually, the geodesic line covers a part of the horizon. This is the reason why we find a thermal extensive behavior of the entropy when l/β ≫ 1 in (2.12). The thermal entropy in a conformal field theory is dual to the black hole entropy in its gravity description via the AdS/CFT correspondence. In the presence of a horizon, it is clear that S_A is not equal to S_B (remember B is the complement of A) since the corresponding geodesic lines wrap different parts of the horizon (see Fig. 5(b)). This is

Figure 5: (a) Minimal surfaces γ_A in the BTZ black hole for various sizes of A. (b) γ_A and γ_B wrap the different parts of the horizon. (c) When ∂A gets larger, γ_A is separated into two parts: one is wrapped on the horizon and the other localized near the boundary.

a typical property of the entanglement entropy at finite temperature as we mentioned in Sec. 2. We also expect that when A becomes very large before it coincides with the total system, γ_A becomes separated into the horizon circle and a small half circle localized on the boundary (see Fig. 5(c)). We can indeed confirm that this indeed happens in the dual CFT result (2.13) as shown in [44].

3.4.3 Massive Deformation

Massive quantum field theories can be obtained by perturbing two-dimensional conformal field theories by relevant perturbations. In the dual gravity side, this corresponds to an IR deformation of AdS_3 space. As in the well-known examples [122–125] of confining gauge theories, we expect the massive deformation caps off the IR region z > z_{IR}.

Consider an (1 + 1)-dimensional infinite system divided into two semi-infinite pieces and define the subsystem A to be one of them. The important quantity in the massive theory is the correlation length ξ, which is identified with ξ ∼ z_{IR} in AdS/CFT. Since we assumed that the subsystem A is infinite, we should take a geodesic (3.9) with a large value of l(≫ ξ). Then the geodesic starts from the UV cutoff z = a and ends at the IR cutoff z = ξ. Thus we can estimate the length of this geodesic and finally the entanglement entropy as follows

S_A =

Length(γ_A) 4G^{(3)}_N = R 4G^{(3)}_N ∫_{2ξ/l} ϵ=2a/l ds sin s = c 6 log ξ a . (3.15)

This agrees with the known result [20,21] in the (1+1)-dimensional quantum field theory.

Figure 6: Minimal surfaces in AdS_{d+2}: (a) A_S (an infinite strip), (b) A_D (a disk) and (c) A_W (a wedge).

3.5 Holographic Entanglement Entropy in Higher Dimensions

Next we turn to the holographic computation of the entanglement entropy in higher dimensions. To obtain analytical results we assume that the subsystem A is given either by (a) d-dimensional infinite strip (called A_S ) with the width l in one direction and the width L(→ ∞) in other d − 1 directions; (b) d-dimensional disk (called A_D) with radius l; or (c) d-dimensional wedge cone with a cusp with the angle Ω (called A_W ). We can find their corresponding minimal surfaces in AdS, explicitly as depicted in Fig. 6.

3.5.1 Entanglement Entropy for Infinite Strip A_S

The holographic entanglement entropy (3.3) for A_S is obtained from (3.3) as follows [24]

S_{AS} = 1 4G^{(d+2)}_N 2R^d d − 1 ( L a )_{d−1} − 2^dπ^{d/2}R^d d − 1 ( Γ(^{d+1}_{2d} ) Γ(^1_{2d} ) )_d ( L l )_{d−1} , (3.16)

Notice that the first divergent term is proportional to the area of ∂A i.e. L^{d−1} as we expect from the known area law in the field theory computations (2.9). The second term is finite and thus is universal (i.e. does not depend on the cutoff). This is the quantity which we can directly compare with the field theory counterpart. The presence of these two terms agree with the field theoretic results in [24, 109]. Notice that our result (3.16) does not include subleading divergent terms O(a^{−d+3}).

If we apply the above result (3.16) to AdS_5/CFT_4, we obtain the following prediction of the entanglement entropy for the N = 4 SU(N) super Yang-Mills theory

S_{AS} = N^2L^2 2πa^2 − 2 √ π ( Γ (_2 3 ) Γ (_1 6 ) )_3 N^2L^2

l^2

. (3.17)

Notice that this is proportional to N^2 as expected since the number of fields in the SU(N) gauge theory is proportional to N^2. Moreover, for general even-dimensional CFTs, we can show that the holographic entanglement entropy for any choice of A is always proportional to the central charge [24, 34].

As we mentioned, it is intriguing to compare the second finite term in (3.17) to that obtained from field theoretic calculations. The finite term in (3.17) is numerically expressed as S^{Sugra} A_S |finite ≃ −0.0510 · N^2L^2 l^2

. (3.18)

On the other hand, the free field theory results can be obtained by employing the method first considered in [109]. The N = 4 super Yang-Mills consists of a gauge field A_μ, six real scalar fields (ϕ^1, ϕ^2, ···, ϕ^6) and four Majorana fermions (ψ^1_α, ψ^2_α, ψ^3_α, ψ^4_α). The contribution from the gauge field is the same as those from two real scalar fields [112]. In this way the total entropy in the free Yang-Mills theory is the same as those from 8 real scalars and 4 Majorana fermions . In this way, we eventually obtain the numerical estimation [23, 24] S^{F reeY M} A_S |finite ≃ −(8 × 0.0049 + 4 × 0.0097) · N^2L^2

l^2

= −0.078 ·

N^2L^2 l^2

. (3.19)

We observe that the free field result (3.19) is larger than the one (3.18) in the gravity dual by roughly 50%. The deviation itself is anticipated since our holographic computation should give the result in the strongly coupling limit and the entanglement entropy is not a protected quantity which does not depend on the coupling constant. This situation is very similar to the computation of thermal entropy [126], where we have a similar discrepancy (so-called^4_3 problem). The fact that the discrepancy is of order one also in our computation can be thought as an encouraging evidence for our argument.

We may also apply this holographic calculation to gauge theories in different dimensions. We can find holographic results of the entanglement entropy in [71] for 2D N = (4, 4) Yang-Mills, in [75] for 3D N = 4 Yang-Mills, and in [66] for 3D N = 6 Chern-Simons theory. Refer to [51, 59] for the analysis in the presence of gauge fluxes.

3.5.2 Entanglement Entropy for Circular Disk A_D

The holographic entanglement entropy (3.3) for A_D is found as follows [24] S_{AD} = 2π^{d/2}R^d 4G^{(d+2)}_N Γ(d/2)

∫_1 a/l dy (1 − y^2)^{(d−2)/2} y^d = p_1 (l/a)^{d−1} + p_3 (l/a)^{d−3} + · · · (3.20) · · · + { p_{d−1} (l/a) + p_d + O(a/l) , d: even , p_{d−2} (l/a)^2 + q log (l/a) + O(1) , d: odd , where the coefficients are defined by

p_1/C = (d − 1)^{−1} , p_3/C = −(d − 2)/[2(d − 3)], · · · p_d/C = (2 √ π)^{−1}Γ(d/2)Γ ((1 − d)/2) (if d = even) , q/C = (−)^{(d−1)/2}(d − 2)!!/(d − 1)!! (if d = odd) ,

where C ≡ π^{d/2}R^d 2G^{d+2}_N Γ(d/2)

. (3.21)

We notice that the result (3.21) includes a leading UV divergent term ∼ a^{−d+1} and its coefficient is proportional to the area of the boundary ∂A as expected from the area law [9, 10] in the field theories (2.9). We have also subleading divergent terms which reflects the form of the boundary ∂A.

In particular, we prefer a physical quantity that is independent of the cutoff (i.e. universal). The final term in (3.21) has such a property. When d is even, it is given by a constant p_d. This seems to be somewhat analogous to the topological entanglement entropy (or quantum dimension) in (2 + 1) D topological field theories [92,93], though our theory is not topological. On the other hand, when d is odd, the coefficient q of the logarithmic term ∼ log(l/a) is universal as in the 2D case (2.10). In higher-dimensional CFTs, we can show that q is proportional to a certain linear combination of central charges.

This result is based on an explicit calculation when A = A_D. However, from [127], we find that the behavior (3.20) is also true for any compact submanifold A with different coefficient p_k and q depending on the shape of A.

3.5.3 Entanglement Entropy and Cusps

In the third example A = A_W with d = 2, we can obtain the following result [29]

S_A =

R^2 4G^{(4)}_N ( 2L a − 2f(Ω) log L a ) , (3.22)

where the function f(Ω) is given by

f(Ω) = ∫_∞ 0 dz [ 1 − √ z^2 + g^2_0 + 1 z^2 + 2g^2_0 + 1 ] , (3.23) with Ω 2 = g_0 √ 1 + g^2_0 ∫_∞ 0 dz (z^2 + g^2_0 ) √ (z^2 + g^2_0 + 1)(z^2 + 2g^2_0 + 1)

. (3.24)

The presence of the characteristic logarithmic term is due to the presence of the cusp singularity of the space ∂A. We can show that f(Ω) is a convex (or −f(Ω) is concave) function. This property f^{′′}(Ω) ≥ 0 is actually what the strong subadditivity requires (for details refer to [29]).

In free scalar and fermion theories, S_A with A = A_W has been computed in 2 + 1 dimensions and the same scaling structure (3.22) has been found [72,102], where the form of the function f(Ω) also turns out to agree semi-quantitatively with our strong coupling limit prediction (3.23).

4 Entanglement Entropy as an Order Parameter

In recent discussions in condensed matter physics, the entanglement entropy is expected to play a role of an appropriate order parameter describing quantum phases and phase transitions. For example, it can be particularly useful for a system which realizes a topological order, such as fractional quantum Hall systems. At low energies, such systems can be described by a topological field theory, and the correlation functions are not useful order parameter as they are trivial. However, the entanglement entropy can capture important information of the topological ground state [92, 93]. Also it is interesting to note that the entanglement entropy has been employed to estimate efficiency of a numerical algorithm, such as DMRG [88], which makes use of the (reduced) density matrix as a criterion to discard unimportant information.

This is because the entanglement entropy can measure the amount of lost information by the coarse graining procedure or equally the renormalization flow [21, 128, 129].

The main purpose of this section is to apply the entanglement entropy to the confinement/deconfinement transition of gauge theories [32,43,45,68]. It is much easier to employ our holographic calculation as we need to deal with strongly coupled gauge theories.

4.1 Confinement/Deconfinement Transition

One of the most interesting applications of the entanglement entropy is that it can be used as an order parameter for the confinement/deconfinement phase transition in the confining gauge theory. When we divide one of the spatial direction into a line segment with length l and its complement, the entanglement entropy between the two regions measures the effective degrees of freedom at the energy scale Λ ∼ 1/l. Then, in the confining gauge theory, the behavior entanglement entropy should become trivial (i.e. S_A approaches to a constant) as l becomes large, i.e. the infrared limit Λ → 0.

Such a transition can be captured by the holographic entanglement entropy if there are confining backgrounds dual to the confining gauge theories [32,43]. We find that there are two candidates for the minimal surface with the same endpoints at the boundary in the confining background. One is the two disconnected straight lines extending from the endpoints of the line segment to inside the bulk, and the other is the curved line connecting these two points. The connected curve correspond to the deconfinement phase in dual gauge theory because the entanglement entropy depends on the length l, while the disconnected lines independent of the length l correspond to the confinement phase. In general, there is a critical length l_c above which the disconnected lines are favored, while below which the connected curve is favored, as we will see below explicitly.

For example, we consider the AdS soliton solution [122]

ds^2 = R^2 dr^2 r^2f(r) + r^2 R^2

(−dt^2 + f(r)dχ^2 + dx^2_1 + dx^2) , (4.1)

where f(r) = 1 − r^4_0 /r^4 and the χ direction is compactified with the radius L = πR^2/r_0 to avoid the conical singularity at r = r_0. This can be obtained from the double Wick rotation of the AdS Schwarzschild solution. The dual gauge theory is N = 4 super Yang- Mills on R^{1,2} × S^1, but the supersymmetry is broken due to the anti-periodic boundary condition for fermions along the χ direction. Then the scalar fields acquire non-zero masses from radiative corrections, and the theory becomes almost the same as the (2+1)- dimensional pure Yang-Mills, which shows the confinement behavior [122].

To define the entanglement entropy, let us divide the boundary region into two parts A and B: A is defined by −l/2 ≤ x_1 ≤ l/2, 0 ≤ x_2 ≤ V (→ ∞) and 0 ≤ χ ≤ L, and B is the complement of A. The minimal surface γ_A, whose boundary coincides with the endpoint ∂A, can be obtained by minimizing the area

Area = LV ∫_{l/2} −l/2 dx_1 r R √( dr dx_1 )_2 + r^4f(r) R^4

. (4.2)

Regarding x_1 as a time, then the energy conservation leads to dr dx_1 = r^2 R^2 √ f(r) ( r^6f(r) r^6_∗f(r_∗) − 1 ) , (4.3)

where r_∗ is the minimal value of r. When integrating this relation, we should also take the boundary condition into account l 2 = ∫_{r∞} r_∗ dr R^2

r^2 √ f(r) (_{r6f(r)} r^6_∗f(r_∗) − 1

) , (4.4) which relates r_∗ with l. Here we introduced the UV cutoff at r = r_∞. After eliminating l in (4.2) and (4.4), we find the entanglement entropy as S^{(con)}_A = LV 2RG^{(5)}_N ∫_{r∞} r_∗ r^4 √ f(r) √ r^6f(r) − r^6_∗f(r_∗)

. (4.5)

It is important that l is bounded from above due to the relation (4.4) l ≤ l_{max} ≃ 0.22L . (4.6) Then, when l becomes large, there is no minimal surface that connects the two boundaries of ∂A. Instead, the disconnected straight lines actually dominate before l becomes greater than l_{max}. The entanglement entropy is easy to be found S^{(discon)} A = V L 2G^{(5)}_N ∫_{r∞} r_0 dr r R = V L 4G^{(5)}_N R

(r^2_∞ − r^2_0) . (4.7)

We plot the difference of the entanglement entropy between the connected and disconnected surfaces ΔS_A ≡ S^{(con)}_A − S^{(discon)}_A as a function of the length l of the subsystem A in Fig. 7. Notice that the physical solution in Fig. 7 (i.e. lower branch) is concave as a function of l, being consistent with the strong subadditivity of the von-Neumann entropy (see Sec. 2.2). When ΔS_A becomes positive at the critical length l_c(< l_{max}), the disconnected surface dominates, i.e., becomes minimal. Then there happens a phase transition at l = l_c, which corresponds to the confinement/deconfinement phase transition in dual gauge theory [32, 43].

A similar analysis has been done in [43] in the more general backgrounds including the Klebanov-Strassler solution [123]. These results indicate that the entanglement entropy can be a good order parameter for a phase transition. A benefit of the holographic entanglement entropy is that in order to detect the confinement/deconfinement, we do not need finite temperature black brane solutions, which are often difficult to get analytically.

In summary, our holographic analysis predicts the following behavior of the finite part of the entanglement entropy in (d + 1)-dimensional confining large N gauge theories at vanishing temperature (we subtracted the area law divergence ∼ a^{−(d−1)}): S_A(l)|_{finite} = −V F (l) , where F (l) ≃ c_1N^2l^{−(d−1)} (l → 0) , F (l) = c_2N^2 (l > l_c) , (4.8)

where V is the volume of the non-compact d − 2 directions transverse to the separation. The numerical coefficients c_1 and c_2 depend on each theory.

Remarkably, the numerical computation of the entanglement entropy in the lattice gauge theory has been done in [53,58,65,73], and the non-analytic behavior like Fig. 7 or

Figure 7: The entanglement entropy as a function of the width l. There are three solutions which are locally minimal area surfaces: two connected surfaces and a disconnected one. We set ΔS_A = 0 for the disconnected one. One of the connected one has larger area than the other and is unphysical. When 0 < l < l_c the connected one is chosen, while when l > l_c the disconnected one becomes dominant.

(4.8) has been confirmed. These results would also support the validity of the holographic formula (3.3) of the entanglement entropy in the AdS/CFT correspondence.

To make the phase transition clear, we can define the following quantity called an “entropic c-function” C(l) ≡ l^d V dS_A(l) dl , (4.9)

which does not depend on the UV cutoff. This is a natural generalization of the entropic c-function defined in two dimensions [96, 97]. We observe that C(l) is a monotonically decreasing function of l, which is regarded as a entropy version of the c-theorem as C(l) measures the degrees of freedom at the energy scale Λ ∼ 1/l. Its explicit form is sketched in Fig. 8. The sharp dump of C(l) is because the AdS bubble solution is completely cutoff in the IR region r < r_0 and represents the mass gap in dual gauge theory. For finite N gauge theories, the behavior may become milder.

Finally, it is also intriguing to mention a relation to closed string tachyon condensation. It is argued that in [130] that the AdS soliton corresponds to the state after closed string tachyon condensation in the background of compactified AdS_5 with anti periodic boundary conditions for fermions. In this interpretation, we observe that the entanglement entropy is decreased after the tachyon condensation like the ADM energy [131] of the background [32]. This might suggest that the entanglement entropy is an important quantity which characterizes the closed string tachyon condensation.

Figure 8: The entropic c-function with respect to l. It jumps to zero at l = l_c, which is identified with the confinement/deconfinement transition.

4.2 Geometric Entropy

In the previous sections, we always assumed the vanishing temperature and we found that the entanglement entropy can be an order parameter for a phase transition in confining gauge theory. It is also interesting to detect the confinement/deconfinement phase transition at finite temperature. Unfortunately, the entanglement entropy cannot probe the thermal phase transition because it is defined at the specific time and does not wind the thermal cycle (refer to [45] for detailed calculations). Instead, we can define the geometric entropy, which is regarded as the double Wick rotated version of the entanglement entropy [64]. The relation between the geometric entropy and the ordinary entanglement entropy is analogous to the one between the Polyakov loop and the Wilson loop.

To illustrate the definition of the geometric entropy, we consider the gauge theory on S^3 at finite temperature. We express the metric of S^3 as follows

dΩ^2_{(3)} = dθ^2 + sin^2 θ(dψ^2 + sin^2 ψdϕ^2) , (4.10)

where 0 ≤ θ, ψ ≤ π and 0 ≤ ϕ ≤ 2π. If we change the periodicity of ϕ to 0 ≤ ϕ ≤ 2π/n, there exists conical singularities at ψ = 0 and ψ = π with the deficit angle δ = 2π(1−1/n). Then the gauge theory is defined on the orbifold S^3/Z_n. Considering the partition function on the orbifolded space, we can define the geometric entropy following the usual definition of the von-Neumann entropy [64]

S_G = − ∂ ∂(1/n) log [ Z_{Y M} (S^3/Z_n) (Z_{Y M} (S^3))^{1/n} ] | | | n=1 . (4.11)

If we have a dual geometry for the gauge theory, we can also perform the holographic calculation of the geometric entropy. When we require the boundary should be S^1 × S^3, we have two solutions in the bulk space [122]: one is the thermal AdS space and the other is the Schwarzschild AdS black hole. Using the bulk to boundary relation in the supergravity approximation, we obtain the holographic formula for the geometric entropy similarly to (3.6) S_G =

Area(γ) 4G^5_N

, (4.12)

where the surface γ is defined by sin ψ = 0 in the bulk and it winds the thermal cycle τ.

It is well-known that there is a thermal phase transition between the thermal AdS space and the Schwarzschild AdS black hole, called the Hawking-Page transition [132], when we change the temperature or the period of the thermal cycle β. From the viewpoint of the AdS/CFT correspondence, there should be a corresponding phase transition in dual CFT on S^3 [122], and actually there exists a confinement/deconfinement phase transition in it [133, 134]. The geometric entropy can capture this phase transition in both gravity and gauge theory sides and then, this quantity can be a useful order parameter for a confinement/deconfinement transition at finite temperature. Indeed, the result in the gravity side qualitatively agrees with that in the free Yang-Mills theories as shown in [64]. See [68] for the application of the geometric entropy as an order parameter to the other backgrounds.

4.3 Topological Entanglement Entropy and Boundary Entropy

As we mentioned, in a gapped system whose low energy theory is described by a topological field theory, the entanglement entropy offers us important information about the ground state. This kind of systems are rather common in (2 + 1)-dimensional condensed matter systems. For example, the quantum Hall effect occurs in materials whose low energy theory is described by an abelian Chern-Simons gauge theory (see e.g. [87]). The appearances of non-abelian Chern-Simons theories have also been discussed in a similar context [135].

In such (2 + 1)-dimensional systems with a mass gap, the entanglement entropy takes the form (assuming A is a disk) S_A = γ · l a + S_{top} , (4.13)

where the first term in the right-hand side is the area law divergence. The second term S_{top} is a finite quantity and is called the topological entanglement entropy. In [92, 93], this has been shown to be invariant under any smooth deformations of the subsystem A and S_{top} has been calculated explicitly. The calculations based on the surgery method in Chern-Simons gauge theory [136] have been performed in [137].

Therefore, it is intriguing to calculate S_{top} holographically. In the absence of the Chern- Simons term, it has been calculated in [62] for the pure Yang-Mills in 2+1 dimensions and found that S_{top} = 0, which is consistent with the gauge theory side. To obtain non-trivial results we need to include the Chern-Simons interaction. In [76], it has been clarified how the expected result of S_{top} can be holographically obtained by considering a D3-D7 system and by treating D7-branes as probes. A direct supergravity computation of S_{top} is still a future problem.

It is also intriguing to note that in these topologically ordered systems, there is a precise connection between physics in the bulk of the system and at the boundaries (this correspondence is sometimes called ‘holography’ in condensed matter physics.) [30]. For example, in the Chern-Simons gauge theory, information in the bulk, such as the fractional charge and statistics of quasi particle excitations, can be mapped to chiral conformal field theory which is realized at the (1+1) dimensional edge (boundary) of the (2+1) dimensional system. In this correspondence, the topological entanglement entropy is equal to the boundary entropy in the conformal field theory [30]. In the language of AdS/CFT, we can indeed realize this bulk/edge duality as the AdS_3/CFT_2 correspondence [76].

The boundary entropy is originally defined as the ground state degeneracy due to the presence of boundary in two-dimensional CFTs [138]. Actually, it also coincides with the finite part of the entanglement entropy which arises due to the presence of boundary [20] (for a review see [139]). By using this relation, a holographic calculation of boundary entropy has successfully been done in [50] based on AdS_3/CFT_2.

5 BH Entropy as Entanglement Entropy

An important original motivation for the entanglement entropy in quantum field theories has been the microscopic understanding of the black hole entropy. Even though the entropy of supersymmetric (BPS) black holes has been understood by explicitly counting the BPS states [140], the entropy of Schwarzschild black holes has not been well understood microscopically. It is natural that some sort of quantum entanglement between the inside and outside of the event horizon is relevant for the explanation of the entropy of the Schwarzschild black hole. Indeed, as we have explained in Sec. 2.5, the entanglement entropy shares similar properties with the black hole entropy.

In the case of induced gravity, the entanglement is essentially equivalent to the black hole entropy (see e.g. [116]). Interestingly, we can confirm this holographically by considering an analogue of AdS/CFT in the brane-world setup (RS II [141]) [25, 26, 28, 83] as we review in Sec. 5.1.

There is another way to relate the black hole entropy to the entanglement entropy. This is given by directly applying AdS/CFT to AdS black holes. The most well-known example is the AdS-Schwarzschild solution. It is clearly dual to a CFT at finite temperature. At the same time, we can start with a pure state (Hartle-Hawking state) in a pair of these

CFTs (called CFT1 and CFT2) |Ψ⟩ = 1 √ Z ∑ n e^{−βEn/2}|n⟩_1 ⊗ |n⟩_2 , (5.1) where E_n denote energy eigenvalues of the given CFT and we defined Z = ∑ n e^{−βEn} . Indeed, by tracing out one of the Hilbert space of the 2nd CFT we get correctly the thermal density matrix:

ρ_1 = Tr_2|Ψ⟩⟨Ψ| = 1 Z ∑ n e^{−βEn} |n⟩_1⟨n|_1 . (5.2) This happens exactly in the AdS-Schwarzschild black hole since its extended Penrose diagram has two boundaries, which are identified with CFT1 and CFT2 as found in [84]. In Sec. 5.2 below, we will explain that a similar interpretation is also possible for a pure AdS_2 space and this enables us to understand the entropy of extremal black holes in flat spacetimes as the entanglement entropy of certain systems of conformal quantum mechanics assuming AdS_2/CFT_1 [44] (see also relevant discussions in [77]). For other recent progresses on the relation between the black hole entropy and entanglement entropy, refer to [31, 35, 39, 42, 49, 142, 143].

5.1 BH Entropy as Entanglement Entropy via Brane-World

Let us remember that the AdS/CFT correspondence with a UV cut off z > a can be regarded as a brane-world setup (RS2 [141]). In this context, we usually generalize AdS/CFT so that the cut off a to be of order R (AdS radius) and a Newton constant G^{brane}_N ∼^{d−1}_R G^{bulk}_N is induced on the brane. By assuming the extension of AdS/CFT to this system, we find that the (d + 1)-dimensional quantum gravity on the brane is dual to the classical gravity on the (d + 2)-dimensional AdS space with the cut off. This description offers us an interesting way to treat a black hole including quantum corrections [144].

If one wants to work within the standard AdS/CFT conservatively, we can assume that the cut off a is small a ≪ R. Then the Newton constant on the brane becomes very small 1 G^{brane}_N ∼ R^d G^{bulk}_N ∫_∞ a dz z^d = R^d (d − 1)a^{d−1} 1 G^{bulk}_N ≫ R G^{bulk}_N . (5.3)

This weak gravity system is also enough for our purpose below.

In the paper [144], authors construct four-dimensional black hole solutions to the vacuum Einstein equation with the negative cosmological constant (see also [145] for further analysis). The horizon Σ extends toward the (2 + 1)-dimensional brane and the induced metric on the brane looks like Schwarzschild metric^6 ds^2_{brane} = − ( 1 − r_0 r ) dt^2 + dr^2 1 − r_0/r + r^2dϕ^2 . (5.4)

In the middle of the bulk AdS_4, the size of the horizon shrinks to zero and thus its topology is a disk, which looks very similar to the setup (b) in Fig. 6. Recently, brane world black hole for AdS_5 has been obtained in [146] by considering extremal brane-world black holes with the AdS_2 × S^2 near horizon geometry.

Now we would like to apply the holographic entanglement entropy to brane-world black holes. Let us choose the subsystem A is inside the horizon r = r_0 on the brane. Then the minimal surface γ which is the bulk extension of A is actually given by the horizon Σ of the bulk black hole solution [144]. Thus we find that the holographic entanglement entropy (3.3) coincides with the Bekenstein-Hawking entropy of the AdS_4 black hole solution. The latter is considered to be equal to the quantum corrected black hole entropy of the (2 + 1)-dimensional brane-world black hole via AdS/CFT. Therefore, we can conclude that the entropy for the entanglement between the inside and outside of the horizon is the same as the black hole entropy with quantum corrections [25, 83].

Notice that the classical entropy^{Area(Σ)}_{4GbraneN} in the brane gravity largely deviates from the quantum corrected one^{Area(γ)}_{4GbulkN} when a ∼ R. We can see the above claim explicitly by computing the holographic entanglement entropy. Assuming that a is very small, the entanglement entropy S_A behaves like

S_A =

Area(γ) 4G^{bulk}_N = γ Area(Σ) a^{d−1} + O(a^{d−2}) =

Area(Σ) 4G^{brane}_N + O(a^{d−2}) , (5.5)

where γ is a certain numerical factor. The subleading term O(a^{d−2}) can be interpreted as the quantum corrections to the classical Bekenstein-Hawking formula. In this weak gravity limit a → 0, the leading term becomes dominant. It is amusing to note that in (5.5), the area law term of the entanglement entropy in quantum field theories essentially becomes equal to the black hole entropy. These arguments strongly suggest that some sort of induced gravity is realized in the brane-world setup.

A similar interpretation of two-dimensional black holes has been found in [28]. We can also apply the same brane-world argument to explain the entropy of de-Sitter spacetime as discussed in [26, 83].

6On the brane, we expect no cosmological constant. In usual Einstein gravity with zero cosmological constant, there is no black hole solution. In our case, the result should be interpreted such that it already contains quantum corrections following the philosophy of AdS/CFT. We expect that large quantum corrections make such a black hole solution possible [144].

5.2 BH Entropy as Entanglement Entropy via AdS_2/CFT_1

The pure AdS spacetime AdS_{d+1} with d ≥ 2 has no entropy as is also clear from its dual CFT_d at zero temperature. To obtain non-zero entropy, we need to consider the AdS black hole as the dual geometry. On the other hand, we expect non-zero entropy for the pure AdS_2 spacetime since it appears as the near horizon limit of higher-dimensional extremal black holes [147–151]. Thus the microscopic interpretation of the Bekenstein-Hawking entropy of the extremal black holes would be related to the AdS_2/CFT_1 correspondence [153, 154]. Even though the AdS_2/CFT_1 has not been well understood as opposed to the higher-dimensional AdS/CFT, below we assume that the gravity on AdS_2 is dual to a certain conformal quantum mechanics (CFT_1). In other words, one may think that the following argument is an indirect evidence for AdS_2/CFT_1. A formulation based on the entropy function has been done in [155]. Also the the appearance of the AdS_2 spacetime plays an important role in the recent investigations of the attractor mechanism (see [156] and references therein), and more recently, in a new duality called the extremal black hole/CFT correspondence [157, 158].

The AdS_2 geometry has a special property such that it has two timelike boundaries in the global coordinate

ds^2 = ℓ^2

−dτ^2 + dσ^2 cos^2 σ

, (5.6)

where ℓ is the radius of the AdS space and −^π_2 ≤ σ ≤^π_2 . Then, according to the principle of AdS/CFT, we expect that there are two CFT_1s on the boundary σ = ±^π_2 of the AdS_2 space. Here we would like to show that the black hole entropy is exactly the same as the entanglement entropy between the two CFTs by using the AdS_2/CFT_1 correspondence. Actually we can show that the two CFTs are entangled applying the holographic formula of the entanglement entropy (1.2) as S_{ent} = Area(γ_A) 4G^{(2)}_N = 1 G^{(2)}_N

. (5.7)

This is because the minimal surface now becomes a point. Below we will give a clearer derivation of (5.7) based on AdS/CFT [44].

As we mentioned above, there are two independent CFTs on the boundaries of the AdS_2 space, namely CFT1 and CFT2. The Hilbert spaces of CFT1 and CFT2 are denoted by H_1 and H_2. The total Hilbert space looks like H_{tot} = H_1 ⊗ H_2. We define the reduced density matrix from the total density matrix ρ_{tot}

ρ_1 = Tr_{H2} ρ_{tot} , (5.8)

by tracing over the Hilbert space H_2. This is the density matrix for an observer who is blind to CFT2. It is natural to assume that ρ_{tot} is the one for a pure state.

Figure 9: The calculation of reduced density matrix ρ_1

The entanglement entropy for CFT1, when we assume that the opposite part CFT2 is invisible for the observer in CFT1, is defined by

S_{ent} = Tr[−ρ_1 log ρ_1] . (5.9)

We can obtain this by first computing Tr(ρ_1)^n, taking the derivative w.r.t. n and finally setting n = 1. In the path integral formalism of the quantum mechanics, ρ_1 and Tr(ρ_1)^n are computed as in Fig. 9 (we perform the path-integral along the thick lines and a and b are the boundary conditions).

By using the bulk-boundary relation of AdS/CFT [5, 6], we can compute the entanglement entropy holographically^7 as in the right panel of Fig. 10. The dual geometry is the n-sheeted Riemann surface [23, 24], assuming the Euclidean metric. The cut should end at a certain point in the bulk because there should not be any cut on the opposite boundary, which is first traced out. Notice that the presence of two boundaries in AdS_2 plays a crucial role in this holographic computation. We would get the vanishing entropy if we were to start with the spacetime which has a single boundary such as the Poincare metric of AdS_2.

Now we remember the Einstein-Hilbert action in the Euclidean space I = − 1 16πG^{(2)}_N ∫ dx^2 √ g(R + Λ) . (5.10)

The cosmological constant Λ is not important since the contribution to the Einstein- Hilbert action from the cosmological constant term is extensive and it will vanish in the

7 Our derivation seems to be closely related to the conical defect argument of black hole entropy (see e.g. [116, 159]). However, notice that in these arguments the authors consider the entanglement entropy for the total spacetime of non-extremal black holes, while in our argument we consider the entanglement entropy for the boundary of the extremal black hole geometry. See also [77] for a discussion on the relevance of the AdS_2 geometry.

Figure 10: The geometry of AdS_2 with two boundaries [Left] and the 2D spacetime (nsheeted Riemann surface with a cut) which is dual to the computation Tr(ρ_1)^n [Right].

end of the entropy computation. In the n-sheeted geometry we find I =^{n−1}_{4G(2)N} in the Euclidean formalism because the curvature behaves like a delta function R = 4π(1 − n)δ^2(x) (see e.g. [27, 159]). The entanglement entropy is obtained as follows S_{ent} = − ∂ ∂n log(e^{−I+nI(0)} )|_{n=1} = 1 4G^{(2)}_N

, (5.11)

where I^{(0)} is the value of the Einstein-Hilbert action of a single-sheet in the absence of the cut (or negative deficit angle).

Recently, it has been shown that extremal (rotating) black holes always have the SO(2, 1) symmetry in the near horizon limit [147–151]. For example, the near horizon geometry of a four-dimensional extremal Kerr black hole is given by a warped product of AdS_2 and a two-dimensional manifold [152]. Then we can assume the near horizon geometry of d-dimensional extremal black holes as

ds^2 = fds^2_{AdS2} + ds^2_M d−2 , (5.12)

where the first term is the AdS_2 space in the Poincare coordinate ds^2_{AdS2} = −^{r2}_{ℓ2} dt^2 +^{ℓ2}_{r2} dr^2 with a warp factor f that depends on the coordinate of M^{d−2}; the second term is the metric of the compact manifold M^{d−2} of the horizon such as S^{d−2}. The horizon is at r = 0 in this coordinate and the Bekenstein-Hawking entropy is S_{BH} = Vol(M^{d−2}) 4G^{(d)}_N

. (5.13)

Finally, it is trivial to see that

S_{ent} = S_{BH} , (5.14)

because the Newton constant in two dimensions is defined as^1_{G(2)N} ≡^{Vol(M d−2)}_{G(d)N} . This means that the entanglement between CFT1 and CFT2 is precisely the source of the extremal black hole entropy.

Moreover, we can take curvature corrections into account. We assume that the near horizon geometry is of the form AdS_2 ×M^{d−2} even in the presence of the higher derivative corrections. Even though we start with the Lagrangian L that includes the curvature tensor R_{μνρσ} and their covariant derivatives, we can neglect the covariant derivative of curvature tensors because the near horizon geometry has the constant curvature. In this case, the black hole entropy with the curvature corrections is given by the Wald’s formula [160–162] S_{BH} = −2π ∫ H √ h ∂L ∂R_{μνρσ} ϵ_{μν} ϵ_{ρσ} , (5.15)

where ϵ_{μν} = ξ_μη_ν − ξ_ν η_μ by using the Killing vector ξ_μ of the Killing horizon and its normal η_ν , normalized such that ξ · η = 1; H represents the horizon and h is the metric on it. Reducing the d-dimensional metric to AdS_2 space, the action might change into that with higher derivative corrections and non-gravitational fields such as gauge fields. Fortunately, the non-gravitational fields do not contribute to the Wald’s formula and we can neglect these terms and concentrate on the higher derivative action even in two dimensions.

Now we would like to compare the Wald entropy with the entanglement entropy computed holographically via AdS_2/CFT_1. We consider the n-sheeted AdS_2, where the Riemann tensor behaves as follows [159] R_{abcd} = R^{(0)}_{abcd} + 2π(1 − n) · (g_{ac}g_{bd} − g_{ad}g_{bc}) · δ_H . (5.16) Here δ_H is the delta function localized at the (codimension two) horizon (the H is actually a point in AdS_2 and is related to the original horizon H as H = H × M^{d−2}). R^{(0)}_{abcd} represents the constant curvature contribution from the cosmological constant. a, b run the coordinate in the AdS_2. Notice also that if we employ the relation g_{ab} = ξ_aη_b + ξ_bη_a, we obtain ϵ_{ab}ϵ_{cd} = −(g_{ac}g_{bd} − g_{ad}g_{bc}). Now we consider the perturbative expansions of the Lagrangian with respect to the (delta functional) deviation of R_{abcd} from R^{(0)}_{abcd}. Then the quadratic and higher order terms do not contribute since lim_{n→1}^d_{dn} (1 − n)^p = 0 for p ≥ 2. Therefore, we can find

I_n = − log Z_n = 2π(1 − n) ∫ H √ h ∂L ∂R_{abcd} ϵ_{ab}ϵ_{cd} . (5.17)

Thus this agrees with the Wald’s formula in two dimensions S_{ent} = − ∂ ∂n log Z_n | | |_{n=1}= −2π ∫ H √ h ∂L ∂R_{μνρσ} ϵ_{μν} ϵ_{ρσ} = S_{BH} . (5.18)

After introducing the 2D Newton constant as before, the Wald entropy in two dimensions is exactly the same as that in d dimensions, and we complete the proof of the equivalence of the black hole entropy and the entanglement entropy even in the presence of the higher derivative correction.

6 Covariant Holographic Entanglement Entropy

So far we have only discussed static spacetimes. It is straightforward to extend our holographic formula to static spacetimes which are not asymptotically AdS as long as we have its holographic dual theory. However, it may be more interesting to consider holography in a time-dependent spacetime as eventually we would like to understand cosmological backgrounds such as the de-Sitter space from a holographic viewpoint.

6.1 Covariant Entropy Bound

In the previous argument of Sec. 3, we assumed a time slice on which we can define minimal surfaces since its signature is Euclidean. However, in the time-dependent case there is no longer a natural choice of the time-slices as we have infinitely many different ways of defining the time slices. Thus we need to consider the entire Lorentzian spacetime. Then we are in trouble since in Lorentzian geometry there is no minimal area surface as the area vanishing if the surface extends in the light-like direction. In order to resolve this issue, let us remember an analogous problem; the covariant entropy bound so called the Bousso bound [119].

In general, if we get heavy objects together in a small region and continue to bring another one into the region, this system eventually experiences the gravitational collapse. Therefore we have an upper bound of the mass and entropy which can be included inside of the surface Σ. The bound for the entropy in flat space time is called the Bekenstein bound and it is given by S_Σ ≤

Area(Σ) 4G_N , (6.1)

where Σ is a codimension two closed surface in the spacetime. It is also more interesting to generalize this bound to any time-dependent backgrounds like the cosmological ones. This requires to find a covariant description. It is obvious that the Bekenstein bound (6.1) is not covariant since the definition of the entropy included inside Σ is not covariant but depends on the choice of the time slice. The covariant entropy bound was eventually formulated by Bousso [119] and it is given by

S_{L(Σ)} ≤

Area(Σ) 4G_N . (6.2)

The light-like manifold L(Σ) is called the light-sheet of Σ. This is defined by the manifold which is generated by the null geodesics starting from the surface Σ. We require that the expansion θ of the null geodesic is non-positive θ ≤ 0. In the flat spacetime, this is just a half of light-cone and the same is true for the AdS spacetime as it is conformally flat. Then the quantity S_{L(Σ)} means the entropy which passes through the light sheet L(Σ), which is covariantly well-defined. One more interesting thing on the Bousso bound is that we can apply the bound even if the surface Σ has boundaries, which is quite useful in the holographic setup as we employ below.

6.2 Covariant Holographic Entanglement Entropy

Now we would like to return to our original question of the covariant holographic entanglement entropy. Our final claim [37] is given by

S_A(t) =

Area(γ_A(t)) 4G^{d+2}_N

, (6.3)

where γ_A(t) is the extremal surface in the entire Lorentzian spacetime M with the boundary condition ∂γ_A(t) = ∂A(t). The time t is the time on the time slice in the boundary ∂M = R^{1,d} and there is no unique way to extend it to the bulk spacetime M. This formula, for example, when applied to rotating BTZ black holes correctly reproduces the entanglement entropy expected from CFT_2 [37].

This covariant formula (6.3) has originally been motivated from the Bousso bound (6.2) in [37]. To see this let us again remember the fact that the AdS/CFT correspondence with a UV cut off z > a can be regarded as a brane-world setup (RS2 [141]). Assuming that the cut off is close to the UV a ≪ R, the gravity on the (d + 1)-dimensional brane theory is very weak as in (5.3). In this setup, we would like to ask what is the Bousso bound on the brane gravity theory (see Fig. 11 in the simplest case of AdS_3/CFT_2). We expect that the brane theory with quantum corrections taken into account is dual to the bulk gravity theory which is classical, based on the standard idea of the AdS/CFT correspondence. Therefore we argue that the quantum corrected Bousso bound on the brane can be found as the classical Bousso bound on the brane.

First we start with the setup of Bousso bound at the boundary ∂M. We pick up a (closed) surface ∂Σ which separates a time slice into the subsystems A and B such that ∂A = ∂Σ. See Fig. 11. Now we define their light-sheets. We consider both ones directed to the future and past and call them ∂L^+(Σ) and ∂L^−(Σ), respectively. The reason why we put the symbol ∂ is that we are interested in their bulk extensions L^±(Σ). Again there are infinitely many different ways of extending the boundary light-sheets toward the bulk. We define the surface Σ by the intersection L^+(Σ) ∩ L^−(Σ). For each choice of such a Σ, we get the Bousso bound (6.2).

Here the condition of non-positive expansions of the null geodesics on the light-sheets i.e. θ^± ≤ 0 comes into play. If it were not for this condition, we could choose arbitrary Σ and take them to be light-like. However, the condition is rather strong enough that the area of allowed Σ takes a non-trivial minimum and therefore we can define an analogue of the minimal surface in this Lorentzian spacetime. The minimum of the area corresponds to the most strict Bousso bound for a given boundary surface ∂Σ or equally the choice of the subsystem A.

This minimum of the area occurs when the expansions on the two light-sheets are both vanishing θ^± = 0. This condition is actually equal to the statement that the surface Σ is an extremal surface again called γ_A, which is defined by the saddle point of the area functional in the Lorentzian spacetime [37].

The final assumption is that the quantum Bousso bound on the brane will be saturated by the entanglement entropy. This is because the entanglement entropy represents a thermal entropy plus quantum corrections and it is defined by assuming that the subsystem B is completely smeared, which will be expected to lead to the maximal entropy allowed in the region. If we assume this, then we immediately reach the holographic entanglement entropy formula (6.3).

In this way, we can extract the entropy in the dual time-dependent background by looking at our holographic entanglement entropy. One may think that the opposite may be true: the extraction of metric from the information of the entanglement entropy in CFT. For recent discussions in this direction refer to [38, 67].

6.3 Applications to Black Holes

In black hole backgrounds, taking the limit where A is the total space at the boundary, S_A becomes equal to the thermal entropy. In generic time-dependent backgrounds, the thermal entropy is also time-dependent and is clearly defined uniquely as the von- Neumann entropy of the thermal density matrix. On the other hand, in the dual gravity side, it corresponds to the black hole entropy which is obtained from the area of black hole horizon. However, we have two candidates of horizon: event horizon and apparent horizon. These two horizons are different in time-dependent spacetimes. Our formula (6.3) of the holographic entanglement entropy selects the latter i.e. the apparent horizon [37]. This is because the extremal surface condition requires the vanishing of null expansion and this precisely match the definition of apparent horizon. Notice also that the definition

Figure 11: The setup of the Bousso bound applied to the AdS_3/CFT_2 in the Poincare coordinate ds^2 =^{R2}_{z2} (−dt^2 + dz^2 + dx^2). In this simplified case, the future Cauchy horizon coincides with the future light-sheet ∂L^+(Σ). In the above figure we only write the future light-sheet and not the past one (i.e. L^−(Σ)) just for simplicity.

of event horizon is global. Also our formula offers us to uniquely determine the time slice which is requires to define the apparent horizon. Indeed, the recent works [78, 79] show that the area of apparent horizons behaves in a sensible way as the thermal entropy, while that of even horizon not.

Finally, let us discuss an example where we can apply the above covariant formula. We consider the AdS Vaidya solution (see e.g. [163])

ds^2 = −(r^2 − m(v))dv^2 + 2dvdr + r^2dϕ^2 . (6.4)

This is the solution to the Einstein equation with the negative cosmological constant in the presence of null matter whose EM tensor looks like T_{vv} =^1_{2r}^{dm(v)}_{dv} . The null energy condition requires T_{vv} ≥ 0 and thus we find that m(v) is a monotonically increasing function of the (light-cone) time v.

This background is asymptotically AdS_3 and if we assume that m(v) is a constant, then it is equivalent to the static BTZ black hole [121] with the mass m. Thus our background (6.4) describes an idealized collapse of a radiating star in the presence of negative cosmological constant. The dual theory is expected to be a CFT in a time-dependent background. The time-dependence comes from the time-dependent temperature. We can now apply the covariant entanglement entropy formula (6.3) and in the end we find

S_A(v) = c 3 [ log l a + m(v)l^2 6 + · · · ] , (6.5)

as the expansion of small m(v). The null energy condition guarantees that this is a monotonically increasing function of time. This shows that the entanglement entropy in this background is a monotonically increasing function of time as is so in the second law of the thermal entropy. We believe this behavior of the entanglement entropy in black hole formation processes is rather general. However, we would like to stress that we are not claiming that the entanglement entropy is always increasing. For example if we start with the system with maximally entangled, the entanglement entropy will decrease after a small perturbation due to the de-coherence phenomenon.

7 Conclusions

In this article, we reviewed the recent progresses of holographic understanding of the entanglement entropy, starting from the main holographic formula (3.3). We mainly employed the setup of AdS/CFT, though we can straightforwardly extend our results to more general spacetimes with their holographic duals. Even though the formula (3.3) has not been rigorously proven, there have been many evidences so far. Including the ones which we did not discuss in this article, we can list important evidences as follows:

• The area law (2.9) known in QFT can be easily reproduced holographically. The warp factor in the AdS space leads to the UV divergence of the dual CFT as explained in Sec. 3.1.

• We can holographically derive the strong subadditivity (2.7) in a very simple way as we reviewed in Sec. 3.3.

• We find perfect agreements between the AdS and CFT sides in the AdS_3/CFT_2 setup as in Sec. 3.4.

• In higher dimensions, it is not easy to calculate the entanglement entropy in QFTs analytically. Still we can show the semi-qualitative agreements between the CFT and AdS calculations as reviewed in Sec. 3.5. Moreover, for the logarithmic terms of the entropy we can show the precise agreement as its coefficient under the condition that the extrinsic curvature of ∂A is vanishing [24].

• In the example of N = 4 Yang-Mills theory compactified on a Scherk-Schwarz circle dual to the AdS soliton, we can holographically detect a confinement/deconfinement transition as reviewed in Sec. 4. This qualitatively agrees both with the free Yang- Mills result and with recent lattice simulations. Moreover, in an almost supersymmetric limit, the holographic result of the entanglement entropy quantitatively agrees with the free Yang-Mills result [32].

• In the presence of a horizon, the minimal surface γ_A tends to wrap the (apparent) horizon. Then the wrapped part gives an extensive contribution to the holographic entanglement entropy. This shows that our holographic formula generalizes the Bekenstein-Hawking entropy formula, as explained in Sec. 3.1 and Sec. 5.1.

• We can regard black hole entropy as the entanglement entropy by applying the idea of the holographic entanglement entropy to either brane-world black holes or AdS_2/CFT_1 as reviewed in Sec. 5.

• The holographic formula is nontrivially consistent with the covariant entropy bound (Bousso bound) as explained in Sec. 6.

There are many future directions. One of the most important future problems is to derive the holographic entanglement entropy from the first principle of AdS/CFT (i.e. bulk to boundary relation). On the other hand, to confirm the AdS/CFT correspondence from the viewpoint of the entanglement entropy, we need to develop methods of calculations of the entanglement entropy in quantum field theories.

Since the holographic entanglement entropy is expected to be a universal observable in holography, this quantity may be useful when we try to extend the holography to other spacetimes such as de-Sitter spaces. The precise relevance of the entanglement entropy to the understanding of black hole entropy has also been an interesting future problem. The fact that our covariant formula is closely related to the Bousso bound may be a clue to this problem.

It is also intriguing to apply our holographic entanglement entropy to various condensed matter systems. A complete holographic calculation of topological entanglement entropy for various (2 + 1) dimensional systems with non-trivial topological orders will certainly be waited to be done in near future.

Acknowledgments

This preprint is based on the invited review article for a special issue “Entanglement entropy in extended quantum systems” in Journal of Physics A. We would like to thank P. Calabrese, J. Cardy and B. Doyon for the kind invitation. It is a great pleasure to thank T. Azeyanagi, M. Fujita, M. Headrick, T. Hirata, V. Hubeny, A. Karch, W. Li, M. Rangamani and D. Thompson for fruitful collaborations on the related topics. The work of TN is supported by JSPS Grant-in-Aid for Scientific Research No. 19·3589. TN and TT are also supported by World Premier International Research Center Initiative (WPI Initiative), MEXT, Japan. SR thanks Center for Condensed Matter Theory at University of California, Berkeley for its support. The work of TT is also supported in part by JSPS Grant-in-Aid for Scientific Research No.20740132, and by JSPS Grant-in-Aid for Creative Scientific Research No. 19GS0219.

References

[1] G. ’t Hooft, “Dimensional reduction in quantum gravity,” [arXiv:gr-qc/9310026].

[2] L. Susskind, “The World as a hologram,” J. Math. Phys. 36, 6377 (1995) [arXiv:hepth/9409089]; D. Bigatti and L. Susskind, “TASI lectures on the holographic principle,” [arXiv:hep-th/0002044].

[3] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7, 2333 (1973); S. W. Hawking, “Particle Creation By Black Holes,” Commun. Math. Phys. 43, 199 (1975) [Erratum-ibid. 46, 206 (1976)].

[4] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hepth/9711200].

[5] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[6] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[7] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000) [arXiv:hep-th/9905111].

[8] G. ’t Hooft, “On The Quantum Structure Of A Black Hole,” Nucl. Phys. B 256, 727 (1985). [9] L. Bombelli, R. K. Koul, J. H. Lee and R. D. Sorkin, “A Quantum Source Of Entropy For Black Holes,” Phys. Rev. D 34, 373 (1986).

[10] M. Srednicki, “Entropy and area,” Phys. Rev. Lett. 71, 666 (1993) [arXiv:hep-th/9303048]. [11] P. Calabrese and J. L. Cardy, “Entanglement entropy and quantum field theory: A nontechnical introduction,” Int. J. Quant. Inf. 4 (2006) 429 [arXiv:quant-ph/0505193].

[12] A. Riera and J. I. Latorre, “Area law and vacuum reordering in harmonic networks,” Phys.

Rev. A 74 (2006) 052326 [arXiv:quant-ph/0605112].

[13] J. I. Latorre, “Entanglement entropy and the simulation of Quantum Mechanics,” J. Phys.

A 40 (2007) 6689 [arXiv:quant-ph/0611271].

[14] L. Amico, R. Fazio, A. Osterloh, V. Vedral, “ Entanglement in Many-Body Systems”, [arXiv:quant-ph/0703044].

[15] J. Eisert, M. Cramer, M.B. Plenio. “Area laws for the entanglement entropy - a review,” [arXiv:0808.3773 [quant-ph]].

[16] H. Casini and M. Huerta, “Entanglement entropy in free quantum field theory,” arXiv:0905.2562 [hep-th].

[17] P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” arXiv:0905.4013 [cond-mat.stat-mech].

[18] J. I. Latorre, A. Riera, “A short review on entanglement in quantum spin systems,” [arXiv:0906.1499].

[19] C. Holzhey, F. Larsen and F. Wilczek, “Geometric and renormalized entropy in conformal field theory,” Nucl. Phys. B 424, 443 (1994) [arXiv:hep-th/9403108].

[20] P. Calabrese and J. Cardy, “Entanglement entropy and quantum field theory,” J. Stat.

Mech. 0406, P002 (2004) [arXiv:hep-th/0405152].

[21] G. Vidal, J. I. Latorre, E. Rico and A. Kitaev, “Entanglement in quantum critical phenomena”, Phys. Rev. Lett. 90, 227902 (2003) [arXiv:quant-ph/0211074].

[22] J. I. Latorre, E. Rico, G. Vidal, “Ground state entanglement in quantum spin chains,” Quant. Inf. and Comp. 4, 048 (2004) [arXiv:quant-ph/0304098].

[23] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [arXiv:hep-th/0603001].

[24] S. Ryu and T. Takayanagi, “Aspects of holographic entanglement entropy,” JHEP 0608 (2006) 045 [arXiv:hep-th/0605073].

[25] R. Emparan, “Black hole entropy as entanglement entropy: A holographic derivation,” JHEP 0606 (2006) 012 [arXiv:hep-th/0603081].

[26] Y. Iwashita, T. Kobayashi, T. Shiromizu and H. Yoshino, “Holographic entanglement entropy of de Sitter braneworld,” Phys. Rev. D 74 (2006) 064027 [arXiv:hep-th/0606027].

[27] D. V. Fursaev, “Proof of the holographic formula for entanglement entropy,” JHEP 0609 (2006) 018 [arXiv:hep-th/0606184].

[28] S. N. Solodukhin, “Entanglement entropy of black holes and AdS/CFT correspondence,” Phys. Rev. Lett. 97 (2006) 201601 [arXiv:hep-th/0606205].

[29] T. Hirata and T. Takayanagi, “AdS/CFT and strong subadditivity of entanglement entropy,” JHEP 0702 (2007) 042 [arXiv:hep-th/0608213].

[30] P. Fendley, M. P. A. Fisher and C. Nayak, “Topological Entanglement Entropy from the Holographic Partition Function,” J. Statist. Phys. 126 (2007) 1111 [arXiv:condmat/0609072].

[31] R. Brustein, M. B. Einhorn and A. Yarom, “Entanglement and Nonunitary Evolution,” JHEP 0704 (2007) 086 [arXiv:hep-th/0609075].

[32] T. Nishioka and T. Takayanagi, “AdS bubbles, entropy and closed string tachyons,” JHEP 0701 (2007) 090 [arXiv:hep-th/0611035].

[33] J. W. Lee, J. Lee and H. C. Kim, “Dark energy from vacuum entanglement,” JCAP 0708 (2007) 005 [arXiv:hep-th/0701199].

[34] T. Nishioka and T. Takayanagi, “Free Yang-Mills vs. Toric Sasaki-Einstein,” Phys. Rev. D 76 (2007) 044004 [arXiv:hep-th/0702194].

[35] M. Cadoni, “Entanglement entropy of two-dimensional Anti-de Sitter black holes,” Phys.

Lett. B 653 (2007) 434 [arXiv:0704.0140 [hep-th]].

[36] M. Headrick and T. Takayanagi, “A holographic proof of the strong subadditivity of entanglement entropy,” Phys. Rev. D 76 (2007) 106013 [arXiv:0704.3719 [hep-th]].

[37] V. E. Hubeny, M. Rangamani and T. Takayanagi, “A covariant holographic entanglement entropy proposal,” JHEP 0707 (2007) 062 [arXiv:0705.0016 [hep-th]].

[38] J. Hammersley, “Numerical metric extraction in AdS/CFT,” Gen. Rel. Grav. 40 (2008) 1619 [arXiv:0705.0159 [hep-th]].

[39] S. Das, S. Shankaranarayanan and S. Sur, “Power-law corrections to entanglement entropy of black holes,” Phys. Rev. D 77 (2008) 064013 [arXiv:0705.2070 [gr-qc]].

[40] H. Casini and M. Huerta, “Analytic results on the geometric entropy for free fields,” J.

Stat. Mech. 0801 (2008) P012 [arXiv:0707.1300 [hep-th]].

[41] G. Minton and V. Sahakian, “A new mechanism for non-locality from string theory: UV- IR quantum entanglement and its imprints on the CMB,” Phys. Rev. D 77 (2008) 026008 [arXiv:0707.3786 [hep-th]].

[42] M. Cadoni, “Induced gravity and entanglement entropy of 2D black holes,” PoS QG-PH (2007) 013 [arXiv:0709.0163 [hep-th]].

[43] I. R. Klebanov, D. Kutasov and A. Murugan, “Entanglement as a Probe of Confinement,” Nucl. Phys. B 796 (2008) 274 [arXiv:0709.2140 [hep-th]].

[44] T. Azeyanagi, T. Nishioka and T. Takayanagi, “Near Extremal Black Hole Entropy as Entanglement Entropy via AdS2/CFT1,” Phys. Rev. D 77 (2008) 064005 [arXiv:0710.2956 [hep-th]].

[45] I. Bah, A. Faraggi, L. A. Pando Zayas and C. A. Terrero-Escalante, “Holographic Entanglement Entropy and Phase Transitions at Finite Temperature,” arXiv:0710.5483 [hep-th].

[46] D. V. Fursaev, “Entanglement Entropy in Quantum Gravity and the Plateau Problem,” Phys. Rev. D 77 (2008) 124002 [arXiv:0711.1221 [hep-th]].

[47] F. Piazza and F. Costa, “Volumes of Space as Subsystems,” arXiv:0711.3048 [gr-qc].

[48] V. E. Hubeny and M. Rangamani, “Holographic entanglement entropy for disconnected regions,” JHEP 0803 (2008) 006 [arXiv:0711.4118 [hep-th]].

[49] H. Casini, “Entropy localization and extensivity in the semiclassical black hole evaporation,” [arXiv:0712.0403 [hep-th]].

[50] T. Azeyanagi, A. Karch, T. Takayanagi and E. G. Thompson, “Holographic Calculation of Boundary Entropy,” JHEP 0803 (2008) 054 [arXiv:0712.1850 [hep-th]].

[51] J. L. F. Barbon and C. A. Fuertes, “A note on the extensivity of the holographic entanglement entropy,” JHEP 0805 (2008) 053 [arXiv:0801.2153 [hep-th]].

[52] T. Hirata, “New inequality for Wilson loops from AdS/CFT,” JHEP 0803 (2008) 018 [arXiv:0801.2863 [hep-th]].

[53] A. Velytsky, “Entanglement entropy in d+1 SU(N) gauge theory,” Phys. Rev. D 77 (2008) 085021 [arXiv:0801.4111 [hep-th]].

[54] M. S. Berger and R. V. Buniy, “Entanglement Entropy and Spatial Geometry,” JHEP 0807 (2008) 095 [arXiv:0801.4564 [hep-th]].

[55] A. Schwimmer and S. Theisen, “Entanglement Entropy, Trace Anomalies and Holography,” Nucl. Phys. B 801 (2008) 1 [arXiv:0802.1017 [hep-th]].

[56] A. J. M. Medved, “A Comment or two on Holographic Dark Energy,” [arXiv:0802.1753 [hep-th]].

[57] S. N. Solodukhin, “Entanglement entropy, conformal invariance and extrinsic geometry,” Phys. Lett. B 665 (2008) 305 [arXiv:0802.3117 [hep-th]].

[58] P. V. Buividovich and M. I. Polikarpov, “Numerical study of entanglement entropy in SU(2) lattice gauge theory,” Nucl. Phys. B 802 (2008) 458 [arXiv:0802.4247 [hep-lat]].

[59] J. L. F. Barbon and C. A. Fuertes, “Holographic entanglement entropy probes (non)locality,” JHEP 0804 (2008) 096 [arXiv:0803.1928 [hep-th]].

[60] D. Kastor, S. Ray and J. Traschen, “The Thermodynamics of Kaluza-Klein Black Hole/Bubble Chains,” Class. Quant. Grav. 25 (2008) 125004 [arXiv:0803.2019 [hep-th]].

[61] S. Cacciatori, F. Costa and F. Piazza, “On Thermal Entropy in Quantum Field Theory,” Phys. Rev. D 79 (2009) 025006 [arXiv:0803.4087 [hep-th]].

[62] A. Pakman and A. Parnachev, “Topological Entanglement Entropy and Holography,” JHEP 0807 (2008) 097 [arXiv:0805.1891 [hep-th]].

[63] G. Michalogiorgakis, “Entanglement entropy of two dimensional systems and holography,” JHEP 0812 (2008) 068 [arXiv:0806.2661 [hep-th]].

[64] M. Fujita, T. Nishioka and T. Takayanagi, “Geometric Entropy and Hagedorn/Deconfinement Transition,” JHEP 0809 (2008) 016 [arXiv:0806.3118 [hep-th]].

[65] P. V. Buividovich and M. I. Polikarpov, “Entanglement entropy in gauge theories and the holographic principle for electric strings,” Phys. Lett. B 670 (2008) 141 [arXiv:0806.3376 [hep-th]].

[66] T. Nishioka and T. Takayanagi, “On Type IIA Penrose Limit and N=6 Chern-Simons Theories,” JHEP 0808 (2008) 001 [arXiv:0806.3391 [hep-th]].

[67] S. Bilson, “Extracting spacetimes using the AdS/CFT conjecture,” JHEP 0808 (2008) 073 [arXiv:0807.3695 [hep-th]].

[68] I. Bah, L. A. Pando Zayas and C. A. Terrero-Escalante, “Holographic Geometric Entropy at Finite Temperature from Black Holes in Global Anti de Sitter Spaces,” [arXiv:0809.2912 [hep-th]].

[69] M. Kargarian, “Entanglement properties of topological color codes,” [arXiv:0809.4276 [quant-ph]].

[70] J. R. Sun, “Note on Chern-Simons Term Correction to Holographic Entanglement Entropy,” [arXiv:0810.0967 [hep-th]].

[71] D. Arean, P. Merlatti, C. Nunez and A. V. Ramallo, “String duals of two-dimensional (4,4) supersymmetric gauge theories,” JHEP 0812 (2008) 054 [arXiv:0810.1053 [hep-th]].

[72] H. Casini, M. Huerta and L. Leitao, “Entanglement entropy for a Dirac fermion in three dimensions: vertex contribution,” Nucl. Phys. B 814 (2009) 594 [arXiv:0811.1968 [hep-th]].

[73] P. V. Buividovich and M. I. Polikarpov, “Entanglement entropy in lattice gauge theories,” PoS CONFINEMENT 8, 039 (2008), [arXiv:0811.3824 [hep-lat]].

[74] H. Casini and M. Huerta, “Remarks on the entanglement entropy for disconnected regions,” JHEP 0903, 048 (2009), [arXiv:0812.1773 [hep-th]]; “Reduced density matrix and internal dynamics for multicomponent regions,” [arXiv:0903.5284 [hep-th]].

[75] A. V. Ramallo, J. P. Shock and D. Zoakos, “Holographic flavor in N=4 gauge theories in 3d from wrapped branes,” JHEP 0902, 001 (2009), [arXiv:0812.1975 [hep-th]].

[76] M. Fujita, W. Li, S. Ryu and T. Takayanagi, “Fractional Quantum Hall Effect via Holography: Chern-Simons, Edge States, and Hierarchy,” [arXiv:0901.0924 [hep-th]].

[77] S. M. Carroll, M. C. Johnson and L. Randall, “Extremal limits and black hole entropy,” [arXiv:0901.0931 [hep-th]].

[78] P. M. Chesler and L. G. Yaffe, “Horizon formation and far-from-equilibrium isotropization in supersymmetric Yang-Mills plasma,” arXiv:0812.2053 [hep-th].

[79] P. Figueras, V. E. Hubeny, M. Rangamani and S. F. Ross, “Dynamical black holes and expanding plasmas,” [arXiv:0902.4696 [hep-th]].

[80] A. Gorsky, A. Monin and A. V. Zayakin, “Correlator of Wilson and t’Hooft Loops at Strong Coupling in N = 4 SYM Theory,” arXiv:0904.3665 [hep-th].

[81] M. A. Metlitski, C. A. Fuertes, S. Sachdev, “Entanglement Entropy in the O(N) model,” arXiv:0904.4477 [cond-mat].

[82] T. Azeyanagi, W. Li, T. Takayanagi, “On String Theory Duals of Lifshitz-like Fixed Points,” arXiv:0905.0688 [hep-th].

[83] S. Hawking, J. M. Maldacena and A. Strominger, “DeSitter entropy, quantum entanglement and AdS/CFT,” JHEP 0105, 001 (2001).

[84] J. M. Maldacena, “Eternal black holes in Anti-de-Sitter,” JHEP 0304, 021 (2003) [arXiv:hep-th/0106112].

[85] R. Brustein, M. B. Einhorn and A. Yarom, “Entanglement interpretation of black hole entropy in string theory,” JHEP 0601, 098 (2006) [arXiv:hep-th/0508217].

[86] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” [arXiv:0903.3246 [hep-th]].

[87] See for example, X. G. Wen, “Quantum Field Theory of Many-Body Systems”, Oxford University Press, (2004).

[88] S. R. White, Phys. Rev. Lett. 69 (1992) 2863.

[89] I. Peschel, “On the entanglement entropy for a XY spin chain”, JSTAT, P12005 (2004) [arXiv:cond-mat/0410416].

[90] B. -Q. Jin, and V. E. Korepin, “Quantum Spin Chain, Toeplitz Determinants and Fisher- Hartwig Conjecture,” J. Stat. Phys. 116, 79 (2004) [arXiv:quant-ph/0304108].

[91] A. R. Its, B.Q. Jin, V. E. Korepin, “Entanglement in XY Spin Chain”, J. Phys. A: Math.

Gen. 38, 2975 (2005) [arXiv:quant-ph/0409027].

[92] A. Kitaev and J. Preskill, “Topological entanglement entropy,” Phys. Rev. Lett. 96, 110404 (2006) [arXiv:hep-th/0510092].

[93] M. Levin and X. G. Wen, “Detecting topological order in a ground state wave function,” Phys. Rev. Lett. 96, 110405 (2006) [arXiv:cond-mat/0510613].

[94] See for example, M. Nielsen, and I. L. Chuang, “Quantum Computation and Quantum Information”, Cambridge university press, (2000).

[95] E. H. Lieb and M. B. Ruskai, “ A fundamental property of quantum-mechanical entropy,” Phys. Rev. Lett. 30 (1973) 434–436; “ Proof of the strong subadditivity of quantummechanical entropy,” J. Math. Phys. 14 (1973) 1938–1941. With an appendix by B. Simon.

[96] H. Casini and M. Huerta, “A finite entanglement entropy and the c-theorem,” Phys. Lett.

B 600, 142 (2004) [arXiv:hep-th/0405111].

[97] H. Casini and M. Huerta, “A c-theorem for the entanglement entropy,” J. Phys. A 40 (2007) 7031 [arXiv:cond-mat/0610375].

[98] H. Casini, “Geometric entropy, area, and strong subadditivity,” Class. Quant. Grav. 21, 2351 (2004) [arXiv:hep-th/0312238].

[99] M. B. Plenio, J. Eisert, J. Dreissig and M. Cramer, “Entropy, entanglement, and area:

analytical results for harmonic lattice systems,” Phys. Rev. Lett. 94, 060503 (2005) [arXiv:quant-ph/0405142]; “An entanglement-area law for general bosonic harmonic lattice systems,” Phys. Rev. A 73, 012309 (2006) [arXiv:quant-ph/0505092].

[100] S. Das and S. Shankaranarayanan, “How robust is the entanglement entropy - area relation?,” [arXiv:gr-qc/0511066].

[101] D. V. Fursaev, “Entanglement entropy in critical phenomena and analogue models of quantum gravity,” Phys. Rev. D 73 (2006) 124025 [arXiv:hep-th/0602134].

[102] H. Casini and M. Huerta, “Universal terms for the entanglement entropy in 2+1 dimensions,” Nucl. Phys. B 764 (2007) 183 [arXiv:hep-th/0606256].

[103] M. M. Wolf, “Violation of the entropic area law for Fermions ,” Phys. Rev. Lett. 96, 010404 (2006) [arXiv:quant-ph/0503219].

[104] D. Gioev, and I. Klich, “Entanglement entropy of fermions in any dimension and the Widom conjecture,” Phys. Rev. Lett. 96, 100503 (2006) [arXiv:quant-ph/0504151].

[105] T. Barthel, M.C. Chung, U. Schollwock, “Entanglement scaling in critical two-dimensional fermionic and bosonic systems,” [arXiv:cond-mat/0602077].

[106] W. Li, L. Ding, R. Yu, T. Roscilde, S. Hass, “Scaling Behavior of Entanglement in Twoand Three-Dimensional Free Fermions,” [arXiv:quant-ph/0602094].

[107] S. Farkas and Z. Zimboras, “The von Neumann entropy asymptotics in multidimensional fermionic systems”, J. Math. Phys. 48, 102110 (2007) [arXiv:cond-mat/0706.1805].

[108] H. Casini, C. D. Fosco and M. Huerta, “Entanglement and alpha entropies for a massive Dirac field in two dimensions,” J. Stat. Mech. 0507, P007 (2005) [arXiv:condmat/0505563].

[109] H. Casini and M. Huerta, “Entanglement and alpha entropies for a massive scalar field in two dimensions,” J. Stat. Mech. 0512, P012 (2005) [arXiv:cond-mat/0511014].

[110] M. Caraglio and F. Gliozzi, “Entanglement Entropy and Twist Fields,” JHEP 0811 (2008) 076 [arXiv:0808.4094 [hep-th]].

[111] P. Calabrese, J. Cardy and E. Tonni, “Entanglement entropy of two disjoint intervals in conformal field theory,” arXiv:0905.2069 [hep-th].

[112] D. Kabat, “Black hole entropy and entropy of entanglement,” Nucl. Phys. B 453, 281 (1995) [arXiv:hep-th/9503016].

[113] E. Fradkin, J. E. Moore,“Entanglement entropy of 2D conformal quantum critical points:

hearing the shape of a quantum drum,” Phys. Rev. Lett. 97, 050404,2006 [arXiv:condmat/0605683]; B. Hsu, M. Mulligan, E. Fradkin and E. A. Kim, “Universal entanglement entropy in 2D conformal quantum critical points,” arXiv:0812.0203 [cond-mat.stat-mech]; E. Fradkin, “Scaling of Entanglement Entropy at 2D quantum Lifshitz fixed points and topological fluids,” [arXiv:0906.1569].

[114] L. Susskind and J. Uglum, “Black hole entropy in canonical quantum gravity and superstring theory,” Phys. Rev. D 50, 2700 (1994) [arXiv:hep-th/9401070].

[115] T. M. Fiola, J. Preskill, A. Strominger and S. P. Trivedi, “Black hole thermodynamics and information loss in two-dimensions,” Phys. Rev. D 50, 3987 (1994) [arXiv:hep-th/9403137].

[116] T. Jacobson, “Black hole entropy and induced gravity,” arXiv:gr-qc/9404039.

[117] S. N. Solodukhin, “The Conical singularity and quantum corrections to entropy of black hole,” Phys. Rev. D 51, 609 (1995) [arXiv:hep-th/9407001]; “On ’Nongeometric’ contribution to the entropy of black hole due to quantum corrections,” Phys. Rev. D 51, 618 (1995) [arXiv:hep-th/9408068]; D. V. Fursaev and S. N. Solodukhin, “On one loop renormalization of black hole entropy,” Phys. Lett. B 365 (1996) 51 [arXiv:hep-th/9412020].

[118] G. Dvali and S. N. Solodukhin, “Black Hole Entropy and Gravity Cutoff,” [arXiv:0806.3976 [hep-th]].

[119] R. Bousso, “A Covariant Entropy Conjecture,” JHEP 9907 (1999) 004 [arXiv:hepth/9905177]; “Holography in general space-times,” JHEP 9906 (1999) 028 [arXiv:hepth/9906022].

[120] J. D. Brown and M. Henneaux, “Central Charges In The Canonical Realization Of Asymptotic Symmetries: An Example From Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207 (1986).

[121] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in three-dimensional spacetime,” Phys. Rev. Lett. 69, 1849 (1992) [arXiv:hep-th/9204099].

[122] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].

[123] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and chiSB-resolution of naked singularities,” JHEP 0008, 052 (2000) [arXiv:hepth/0007191].

[124] J. Polchinski and M. J. Strassler, “The string dual of a confining four-dimensional gauge theory,” [arXiv:hep-th/0003136].

[125] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N = 1 super Yang Mills,” Phys. Rev. Lett. 86, 588 (2001) [arXiv:hep-th/0008001].

[126] S. S. Gubser, I. R. Klebanov and A. W. Peet, “Entropy and Temperature of Black 3- Branes,” Phys. Rev. D 54, 3915 (1996).

[127] C. R. Graham and E. Witten, “Conformal anomaly of submanifold observables in AdS/CFT correspondence,” Nucl. Phys. B 546, 52 (1999) [arXiv:hep-th/9901021].

[128] J. Gaite, “Entanglement Entropy and The Density Matrix Renormalization Group,” [arXiv:quant-ph/0301120].

[129] R. Orus, “Entanglement and majorization in (1+1)-dimensional quantum systems,” Phys.

Rev. A 71 (2005) 052327; Erratum-ibid. A 73 (2006) 019904 [arXiv:quant-ph/0501110].

[130] G. T. Horowitz and E. Silverstein, “The inside story: Quasilocal tachyons and black holes,” Phys. Rev. D 73 (2006) 064016 [arXiv:hep-th/0601032].

[131] M. Gutperle, M. Headrick, S. Minwalla and V. Schomerus, “Space-time energy decreases under world-sheet RG flow,” JHEP 0301, 073 (2003) [arXiv:hep-th/0211063].

[132] S. W. Hawking and D. N. Page, “Thermodynamics Of Black Holes In Anti-De Sitter Space,” Commun. Math. Phys. 87, 577 (1983).

[133] B. Sundborg, “The Hagedorn Transition, Deconfinement and N=4 SYM Theory,” Nucl.

Phys. B 573, 349 (2000) [arXiv:hep-th/9908001].

[134] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, “The Hagedorn / deconfinement phase transition in weakly coupled large N gauge theories,” Adv. Theor. Math. Phys. 8, 603 (2004) [arXiv:hep-th/0310285].

[135] G. Moore and N. Read, “Nonabelions in the fractional quantum Hall effect,” Nucl. Phys.

B 360 (1991) 362; E. Fradkin, Chetan Nayak, A. Tsvelik, and Frank Wilczek, “A Chern- Simons Effective Field Theory for the Pfaffian Quantum Hall State,” Nucl. Phys. B 516 (1998) 704.

[136] E. Witten, “Quantum field theory and the Jones polynomial,” Commun. Math. Phys. 121 (1989) 351.

[137] S. Dong, E. Fradkin, R. G. Leigh and S. Nowling, “Topological Entanglement Entropy in Chern-Simons Theories and Quantum Hall Fluids,” JHEP 0805 (2008) 016 [arXiv:0802.3231 [hep-th]].

[138] I. Affleck and A. W. W. Ludwig, “Universal noninteger ’ground state degeneracy’ in critical quantum systems,” Phys. Rev. Lett. 67 (1991) 161.

[139] I. Affleck, N. Laflorencie, E. S. Sorensen, “Entanglement entropy in quantum impurity systems and systems with boundaries”, [arXiv:0906.1809].

[140] A. Strominger and C. Vafa, “Microscopic Origin of the Bekenstein-Hawking Entropy,” Phys. Lett. B 379, 99 (1996) [arXiv:hep-th/9601029].

[141] L. Randall and R. Sundrum, “An alternative to compactification,” Phys. Rev. Lett. 83 (1999) 4690 [arXiv:hep-th/9906064].

[142] R. Brustein, M. B. Einhorn and A. Yarom, “Entanglement interpretation of black hole entropy in string theory,” JHEP 0601 (2006) 098 [arXiv:hep-th/0508217].

[143] S. Das, S. Shankaranarayanan and S. Sur, “Black hole entropy from entanglement: A review,” [arXiv:0806.0402 [gr-qc]].

[144] R. Emparan, G. T. Horowitz and R. C. Myers, “Exact description of black holes on branes,” JHEP 0001, 007 (2000) [arXiv:hep-th/9911043].

[145] M. Anber and L. Sorbo, “New exact solutions on the Randall-Sundrum 2-brane: lumps of dark radiation and accelerated black holes,” JHEP 0807 (2008) 098 [arXiv:0803.2242 [hep-th]].

[146] A. Kaus and H. S. Reall, “Charged Randall-Sundrum black holes and N=4 super Yang- Mills in AdS(2)xS(2),” arXiv:0901.4236 [hep-th].

[147] D. Astefanesei, K. Goldstein, R. P. Jena, A. Sen and S. P. Trivedi, “Rotating attractors,” JHEP 0610, 058 (2006) [arXiv:hep-th/0606244].

[148] H. K. Kunduri, J. Lucietti and H. S. Reall, “Near-horizon symmetries of extremal black holes,” Class. Quant. Grav. 24, 4169 (2007) [arXiv:0705.4214 [hep-th]].

[149] D. Astefanesei and H. Yavartanoo, “Stationary black holes and attractor mechanism,” Nucl. Phys. B 794 (2008) 13 [arXiv:0706.1847 [hep-th]].

[150] H. K. Kunduri and J. Lucietti, “A classification of near-horizon geometries of extremal vacuum black holes,” [arXiv:0806.2051 [hep-th]].

[151] H. K. Kunduri and J. Lucietti, “Uniqueness of near-horizon geometries of rotating extremal AdS(4) black holes,” Class. Quant. Grav. 26, 055019 (2009) [arXiv:0812.1576 [hep-th]].

[152] J. M. Bardeen and G. T. Horowitz, “The extreme Kerr throat geometry: A vacuum analog of AdS(2) x S(2),” Phys. Rev. D 60, 104030 (1999) [arXiv:hep-th/9905099].

[153] A. Strominger, “AdS(2) quantum gravity and string theory,” JHEP 9901, 007 (1999) [arXiv:hep-th/9809027].

[154] T. Hartman and A. Strominger, “Central Charge for AdS_2 Quantum Gravity,” [arXiv:0803.3621 [hep-th]].

[155] A. Sen, “Entropy Function and AdS(2)/CFT(1) Correspondence,” JHEP 0811 (2008) 075 [arXiv:0805.0095 [hep-th]].

[156] A. Sen, “Black Hole Entropy Function, Attractors and Precision Counting of Microstates,” Gen. Rel. Grav. 40, 2249 (2008) [arXiv:0708.1270 [hep-th]].

[157] M. Guica, T. Hartman, W. Song and A. Strominger, “The Kerr/CFT Correspondence,” [arXiv:0809.4266 [hep-th]].

[158] T. Hartman, K. Murata, T. Nishioka and A. Strominger, “CFT Duals for Extreme Black Holes,” [arXiv:0811.4393 [hep-th]]; G. Compere, K. Murata and T. Nishioka, “Central Charges in Extreme Black Hole/CFT Correspondence,” [arXiv:0902.1001 [hep-th]].

[159] D. V. Fursaev and S. N. Solodukhin, “On the description of the Riemannian geometry in the presence of conical defects,” Phys. Rev. D 52, 2133 (1995) [arXiv:hep-th/9501127].

[160] R. M. Wald, “Black hole entropy in the Noether charge,” Phys. Rev. D 48 (1993) 3427 [arXiv:gr-qc/9307038];

[161] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D 50 (1994) 846 [arXiv:gr-qc/9403028].

[162] T. Jacobson, G. Kang and R. C. Myers, “On Black Hole Entropy,” Phys. Rev. D 49 (1994) 6587 [arXiv:gr-qc/9312023].

[163] V. E. Hubeny, H. Liu and M. Rangamani, “Bulk-cone singularities & signatures of horizon formation in AdS/CFT,” JHEP 0701 (2007) 009 [arXiv:hep-th/0610041].