arXiv:0905.1547v1 [hep-th] 11 May 2009

A note on Chern-Simons CP(1) solitons

Lucas Sourrouille^a

aDepartamento de Física, FCEyN, Universidad de Buenos Aires Pab.1, Ciudad Universitaria, 1428, Ciudad de Buenos Aires, Argentina

sourrou@df.uba.ar

May 12, 2009

Abstract We study a gauged CP (1) Chern-Simons system. Using the equations of motion we find, for a static field configuration, that the divergence of the electric field is related to the electric and the CP (1) topological charge densities . We discuss this relation in terms of an ansatz for the fields and use it to show that the CP (1) topological charge is a bound of the energy.

Keywords: Topological solitons, Chern-Simons sigma model. PACS numbers:11.10.Lm, 11.15.-q

The two dimensional CP (N) sigma model was introduced in the late seventies [1], in the search of understanding the strong coupling effects in QCD. This model captures several interesting properties, many of them present in four dimensional QCD. Both systems share asymptotic freedom, the generation of a mass gap, confinement, chiral symmetry breaking, anomalies, soliton solutions and a large N expansion [2]. Whereas in four dimensional QCD it is difficult to demonstrate the existence of these properties, in two dimensional CP (N) sigma model it becomes comparatively simple. This relationship between 2d sigma-models and 4d gauge theories has been recently extended in the context of vortex string [3] showing the existence of a map connecting both theories.

A particular case of CP (N) model is the CP (1) model, or, equivalently, the O(3) sigma model. This model presents topological soliton solutions[4] which can take arbitrary size due to the scale invariance, making them unsuitable as models for particles. One way of breaking the scale invariance, was proposed by Dzyaloshinsky, Polyakov and Wiegmann[5]. It consists of introducing a Chern-Simons term in the lagrangian and it was suggested in order to study statistics changing properties of that term. In the nineties several works showed that the gauge sigma models can support topological and nontopological soliton solutions[6], [7]. For the particular case of a Chern-Simons-CP (1) system[7] was showed, in analogy with occur at the Chern-Simons-Higgs models [8], that these solitons are static and stable solutions. However, in contrast of what happen with Chern-Simons-Higgs case, these solitons are not self dual solutions, representing it a technical difficult.

In this article we return to the model studied in [7]. We are interested in exploring the possibility of finding a static equation for the vortices in that model. We will show that it is possible to find this equation and we will use it to show that the magnetic flux is a multiple of the CP (1) topological charge.

We begin by considering a (2 + 1) dimensional Chern-Simons model coupled to a complex two component field n(x) described by the action

S = S_{cs} + ∫ d^3x ( |D_μn|^2 − V (n) ) (1) Here D_μ = ∂_μ +ieA_μ (μ = 0, 1, 2) is the covariant derivative, V (n) is a positive definite potential and S_{cs} is the Chern-Simons action given by

S_{cs} = κ 4 ∫ d^3xϵ^{μνρ}A_μF_{νρ} = κ ∫ d^3x (A_0F_{12} + A_2∂_0A_1) (2)

where

F_{μν} = ∂_μA_ν − ∂_ν A_μ (3)

The metric signature is (1, −1, −1) and the two component field n(x) is subject to the constraint n^†n = 1

Variation of the action yields the field equations

D_μD^μn = − ∂V ∂n^† (4) and

A_μ = 1 2e^2 ( 2ein^†∂_μn − κ 2 ϵ_{μνρ}F^{νρ} ) (5) The last equation can be rewritten as^κ_2 ϵ_{μνρ}F^{νρ} = −eJ_μ where J_μ = −i[n^†D_μn − n(D_μn)^†] = 2 ( − in^†∂_μn + eA_μ ) is the matter current. The time component of Eq. (5),

κF_{12} = −eJ_0 (6)

is the Gauss law of the Chern-Simons dynamics. Integrating it over the entire plane one obtain the important consequence that any object with charge Q = ∫ d^2xJ_0 also posses magnetic flux Φ = ∫ Bd^2x [9]:

Φ = −e κ Q (7)

where in the expression of magnetic flux we renamed F_{12} as B.

Using the Gauss law we can write the energy functional for a static field configuration as

E = ∫ d^2x ( κ2 4e^2

B^2 + |D_in|^2 + V (n) ) , i = 1, 2 (8)

Finiteness of the energy requires that as r → ∞

n(ϕ) = e^{−iα(ϕ)} 0 , A_ϕ(r, ϕ) = 1 e ∇_ϕα(ϕ) (9)

where α is a phase angle. The boundary conditions establish a continuous map between the circle at spatial infinity, S^{phys}_1 , parameterized by the angle ϕ and the internal circle, S^{int}_1 , formed by the allowed values of α(ϕ). Therefore finite energy solutions are classified by their winding number N which counts the number of times the phase α winds around the infinite spatial circle. This implies that α(ϕ) = Nϕ. Then the boundary conditions (9) become

n(ϕ) = e^{−iNϕ} 0 , A_ϕ(r) = 1 e N r (10)

Thus the magnetic flux and the electric charge are quantized

Φ = ∫ Bd^2x = ∮ A_idx^i =^{2πN}_e Q = ∫ J_0d^2x = −^κ_{e2} 2πN (11)

An approach to the boundary conditions can be made by proposing the following ansatz [7]:

n(ϕ, r) = cos( θ(r) 2 )e^{−iNϕ} sin(^{θ(r)}_2 ) , A_ϕ(r) = 1 e a(r) r (12)

Where θ(r) and a(r) are continuous functions that satisfy

lim_{r→∞} θ(r) = 0 , lim_{r→∞} a(r) = N (13) lim_{r→0} θ(r) = π , lim_{r→0} a(r) = 0 (14)

The solutions of the motion equations (4) and (5) in terms of the ansatz (12) were studied for particular choices of the potential term in [7].

Using Eq. (5), we can find an expression for the magnetic field,

B = ϵ^{ij} ∂_iA_j =^1_{e2} [ ∂_1(ein^†∂_2n) − ∂_2(ein^†∂_1n) ] −^κ_{2e2} [ ∂_1F_{01} + ∂_2F_{02} ] (15)

The first two terms can be rewritten taking into account that ϵ^{ij} ∂_i(ein^†∂_j n) = eiϵ^{ij} (D_in)^†(D^j n), while the third and fourth terms form the divergence of the electric field. When the fields are in a static configuration,^{ei}_{2π} ϵ^{ij}(D_in)^†(D^j n) is the CP (1) topological charge density J^{CP (1)}

0 (see Ref. [2]), so in that case the equation (15) can be written as:

B = 2π e^2

J^{CP (1)} 0 − κ 2e^2

∇.E (16)

Using Eq.(6) we can write:

∇.E = 2e^3 κ^2

J_0 + 4π κ J^{CP (1)}

0 (17)

Here, in contrast with the Maxwell theory, the electric monopole is generated by both electric and CP (1) topological charge densities. Clearly the solutions of Eq.(17) are the static solutions of Eq.(5). In terms of the ansatz (12) Eq. (17) reads

∇.E = 1 r ∂_r(rE_r) = − 2e κ ∂_ra(r) r − 2e κ N r cos( θ(r) 2 ) sin( θ(r) 2 )∂_rθ(r) (18)

Note that J^{CP (1)}_0 ≠ 0 implies no trivial solution for Eq.(18) and so J_0 ≠ 0. Conversely J_0 ≠ 0 implies N ≠ 0 and then J^{CP (1)}_0 ≠ 0. When J^{CP (1)}_0 = 0, J_0 = 0 and the converse is also true. So we see that the existence of one current implies the existence of the other one. Also note from (18) that there exists a circle of radius r_1 for which cos(^{θ(r1)}_2 ) = 0. In that region the electric field is generated only by electric charge.

We can obtain an expression for the magnetic flux, by integrating (16)

Φ = ∫ Bd^2x = 2π e^2

Q_{CP (1)} − κ 2e^2 ∫ d^2x∇.E (19)

where Q_{CP (1)} is the CP (1) topological charge. The integral of the electric field divergence

can be evaluated with the help of the relation ∇.E = ∇ × J, which follows from Eq.(5).

Integrating it and using the Stokes theorem we have ∫ d^2x∇.E = ∮ J_j dx^j , where line

integral is over the infinity circle. Replacing the ansatz (12) in the expression of J_ϕ, we

find J_ϕ = ( − a(r) + cos^2(^{θ(r)}_2 )N )_{2e} rκ which, in virtue of (13), goes to zero faster than^1_r

when r → ∞. Thus ∫ d^2x∇.E = 0 and Eq.(19) for the magnetic flux reduces to

Φ = ∫ Bd^2x = 2π e^2

Q_{CP (1)} (20)

So, the magnetic flux and also the electric charge are multiples of CP (1) topological

charge. Note we can deduce, from (17), the quantization of the electric charge with the

only requirement that the electric field satisfied ∫ d^2x∇.E = 0. We can use Eq.(20) to

show that^{2π}_{e2} Q_{CP (1)} is a topological bound of functional energy (8). Using the fundamental

relation |D_in|^2 = |(D_1 ± iD_2)n|^2 ∓ B ± ϵ^{ij}∂_iJ_j , Eq. (8) changes to:

E = ∫ d^2x ( κ^2 4e^2

B^2 + |(D_1 ± iD_2)n|^2 ∓ B ± ϵ^{ij}∂_iJ_j + V (n) ) (21)

In virtue of the above discussion we can write

E = ∫ d^2x ( κ2 4e^2

B^2 + |(D_1 ± iD_2)n|^2 ∓ 2π e^2

J^0_{CP (1)} + V (n) ) (22)

which implies:

E ≥ 2π e^2 ∫ d^2xJ^0_{CP (1)} = 2π e^2

Q_{CP (1)} (23)

Finally, it is interesting to see what happens when the ansatz (12) change to n(ϕ, r) = cos( θ(r) 2 )e^{−iNϕ} sin(^{θ(r)}_2 ) , A_ϕ(r) = 1 e ( a(r) + constant r ) (24)

where with constant we mean a real number distinct from zero. In that case the functional energy (8) is not bounded in infinite region of integration. After some algebra the equation (18) can be rewritten in terms of the new ansatz (24) as

κ^2 4e^4 ( − ∂_ra(r) r^2 + ∂^2_r a(r) r ) + a(r) + constant r − cos^2( θ(r) 2 ) N r = 0 (25)

This is an inhomogeneous equation even when N = 0. So if the solution exists for N = 0, we have a solution that satisfies the Gauss law of Maxwell theory, that is ∇.E =

2e^3 κ^2 J0.

In this letter we have showed that the Euler-Lagrange equations can be combined in a way that, for a static field configuration, the divergence of electric field is related to electric and topological charge densities. Using this result we have noted that the existence of one density implies the existence of the other one and that the CP (1) topological charge is a bound of the energy. We think that this result may be useful in the understanding of the Cherm-Simons sigma models.

Acknowledgements I would like to thank Jerónimo Peralta Ramos for comments and useful discussions, Oliver Piguet for encouragement and comments and Wojtek Zakrzewski, Gustavo Lozano, Bernard Piette, Gaston Giribet, Guillermo Silva and Diego Marques for comments. .

References

[1] H. Eichenherr, Nucl. Phys. B 146 (1978) 215 [Erratum-ibid. B 155 (1979) 544].

V. L. Golo and A. M. Perelomov, Lett. Math. Phys. 2, 477 (1978); Phys. Lett. B 79, 112 (1978).

E. Cremmer and J. Scherk, Phys. Lett. B 74, 341 (1978).

[2] A. D’Adda, M. Luscher and P. Di Vecchia, Nucl. Phys. B 146, 63 (1978).

A. D’Adda, P. Di Vecchia and M. Luscher, Nucl. Phys. B 152, 125 (1979). E. Witten, Nucl. Phys. B 149, 285 (1979).

R. Rajaraman, Solitons and instantons, Elsevier Science, Amsterdam, (1987). ISBN 0-444-87047-4

[3] A. Hanany and D. Tong, JHEP 0307, 037 (2003)[hep-th/0306150].

R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, Nucl. Phys. B 673, 187 (2003)[hep-th/0307287]. D. Tong, [hep-th/0809.5060].

[4] A.A. Belavin and A.M. Polyakov, JETP Lett. 22, 245 (1975)

[5] I.E. Dzyaloshiskii, A.M. Polyakov and P.B. Wiegmann, Phys. Lett. A 127, 112 (1988)

[6] D.H. Tchrakian and K. Arthur, Phys. Lett. B 352, 327 (1995)

B.J. Schroers, Phys. Lett. B 356, 291 (1995). P.K. Ghosh and S.K. Ghosh, Phys. Lett. B 366, 199 (1996). K. Arthur, D.H. Tchrakian, Y. Yang, Phys. Rev. D 54, 5245 (1996)

[7] M.A. Mehta, J.A. Davis and I.J.R. Aitchison, Phys. Lett. B 281, 86 (1992) B.M.A.G. Piette, D.H. Tchrakian, W.J. Zakrzewski, Phys. Lett. B 339, 95 (1994)

[8] R. Jackiw and E. Weinberg, Phys. Rev. Lett. 64, 2234 (1990).

R. Jackiw, K.Lee and E. Weinberg, Phys.Rev.D 42, 3488 (1990). J. Hong, Y. Kim and P.Y. Pack, Phys. Rev. Lett. 64, 2230 (1990).

[9] J. Schonfeld, Nucl. Phys. B 185, 157 (1981).

S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett.48, 975 (1982). S. Deser, R. Jackiw, and S. Templeton, Ann. Phys.(N.Y.)140, 372 (1982).