arXiv:0905.1700v3 [hep-th] 29 Sep 2009

September 30, 2009 DAMTP-2009-39 DCPT-09/29 arXiv:0905.1700 [hep-th]

Finite size corrections for open strings/open chains in planar AdS/CFT

D. H. Correa^{a,1} and C. A. S. Young^{b,2}

aDAMTP, Centre for Mathematical Sciences University of Cambridge Wilberforce Road, Cambridge CB3 0WA, UK

bDepartment of Mathematical Sciences University of Durham South Road, Durham DH1 3LE, UK

Abstract

We identify the leading finite-size (Lüscher-type) correction to the energy of open strings ending on maximal giant gravitons. In particular we obtain the leading finite size correction at weak ’t Hooft coupling and in the planar limit to the energy of very short vacuum states. These results are shown to agree with certain 1, 2, 3 and 4-loop dual gauge theory perturbative calculations, which we also perform.

1D.Correa@damtp.cam.ac.uk,^2charles.young@durham.ac.uk

Contents

1 Introduction 1 1.1 Notation and Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Boundary States, Lüscher corrections and Boundary TBA 5

3 Y = 0 brane 9

4 Z = 0 brane 12 4.1 Matrix part factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 4.2 Scalar factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.3 Leading finite size correction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.4 Explicit perturbative calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.5 Next to leading finite size correction . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5 Outlook 24

A Crossing properties of the bulk dressing factor 25

B Boundary reflection matrices for Q-magnon bound states 26

1 Introduction

As a result of much progress in recent years (see e.g. [1–5]) using the methods of integrable systems, the spectrum of anomalous dimensions of single-trace operators in planar N = 4 super Yang-Mills theory can now be computed exactly, for any value of the ’t Hooft coupling, in the limit in which these operators are very long. It is believed that this spectrum, or equivalently (on the string side of the AdS/CFT correspondence [6]) that of the energies of free strings in AdS_5 × S^5 with large angular momentum, is fully determined by a certain system of asymptotic Bethe ansatz (ABA) equations [7].

Much recent effort [8] has therefore focussed on extending these results to operators of finite length (meaning traces of finitely many fields) where “wrapping effects” [9] not captured by the ABA [10] must be taken into account. It now appears that the correct framework for performing these computations is that of the thermodynamic Bethe ansatz (TBA) [11], which allows physical quantities for a system of finite size to be extracted from the infinite-volume data (specifically, from the asymptotic S-matrix [12]). A most remarkable result, obtained in the last year, was the computation, using methods based on TBA ideas and on the work of Lüscher [13], of the leading weak-coupling finite-size correction to the anomalous dimension of the Konishi operator [14]. This occurs at four-loop order in the ’t Hooft coupling and involves an intricate sum of rational and transcendental pieces. When this correction is included, the complete answer for the anomalous dimension matches that obtained by the (technically daunting) direct gauge-theory calculation [16]. This is strong evidence that the TBA approach is correct. More recently, a string hypothesis has been formulated for the mirror model [17] and the TBA equations and associated Y-system for AdS/CFT have been proposed [18–21].

In the present work we begin the study of finite-size effects for operators with boundaries, or equivalently, for open strings. In various setups, open strings are integrable classically [22] and in the weak coupling limit [23]. In those cases integrability is believed to hold at all values of the coupling [24,25]. There are various motivations for considering the question of open-boundary finitesize effects. In the first place, open strings are part of the spectrum of the theory and eventually one would like to have the tools to describe them. To this end, it is indispensable to incorporate the finite size corrections to the open-boundaries asymptotic Bethe ansatz. The boundary version of the thermodynamic Bethe ansatz (BTBA) [26] should be the framework for doing so. As we recall below, the general structure of BTBA equations can be used to extract the form of the leading Lüscher-type correction to the ground state energy for the worldsheet QFT defined in a strip of finite width L. In this article, we will compute such leading finite size corrections.

A second, and maybe more important motivation, is that the open boundaries setup will provide an excellent laboratory, where a variety of simple calculations can be carried through to test the correctness of the TBA method as the tool for incorporating finite size corrections in the planar AdS/CFT spectrum. To begin with, there is a non-trivial ground-state BTBA calculation to be done, in contrast to the closed case, because the Bethe vacuum state is no longer protected by supersymmetry – and, though there are various approaches to computing excited-state energies [27], it is always the ground-state energy which emerges most directly from TBA methods. Moreover, as we shall discuss, the leading finite-size effects can appear as early as 1- or 2-loop order in weakcoupling perturbation theory. For such cases it will be easy to perform explicit computations in the dual N = 4 SYM gauge theory to compare with the worldsheet QFT.

Another interesting feature of the open boundaries setup is the following interplay between alternative reference vacua. When using a Bethe ansatz to describe the spectrum of open strings attached to giant gravitons (spherical D3-branes carrying angular momentum), there are two physically inequivalent possibilities: either both the D-brane and the reference state carry angular momentum in the same direction, or they do not. In the dual conformal field theory this translates to using the same, or two different, scalar fields to represent the D-brane and the reference state.

Now, if a few impurities are added to a very short reference state, we can swap the roles between impurities and background fields. Consider for instance the operator O_Z (Y ZY ) ≡ ϵ^{i1,··· ,iN}_{j1,··· ,jN} Z^{j1}_{i1} · · · Z^{jN−1}_{iN−1} (Y ZY )^{jN}_{iN} . (1) One can choose to regard this as a state with boundary impurities Y in a background of scalar fields Z or, alternatively, as a state with a bulk impurity Z in a background of scalar fields Y . The asymptotic Bethe ansätze for these possibilities will not give the same answer for the anomalous dimension, and, of course, neither of them will give the correct finite-volume anomalous dimension. Each will nevertheless capture the finite-volume anomalous dimension up to certain order in the perturbative weak-coupling expansion. And, interestingly, one of the points of view will be more efficient, in the sense that it will capture the exact anomalous dimension to a higher loop order than the alternative point of view.

This constitutes a potentially powerful tool for producing tests of BTBA results, without performing explicit perturbative calculations: one can simply use the asymptotic Bethe ansatz answer of the more efficient point of view to test the finite size corrected answer of the less efficient point of view. It should be emphasized that this interplay between alternative points of view is an attribute of the open boundaries cases exclusively. One could also swap the roles between impurities and background fields in a short single trace. However, the asymptotic Bethe ansatz and the finite size corrected answers would be essentially the same.

This paper is structured as follows: after quickly listing our conventions, we recall in section 2 some details of the boundary states setup and the boundary Lüscher corrections. Then in sections 3 and 4 we apply this method to compute the corrections to the energies of strings ending on “Y = 0” and “Z = 0” (in the sense of [24]) maximal giant gravitons. We conclude with some comments on future possibilities in section 5. The reflection matrix for Q-magnon bound states is given in an appendix.

1.1 Notation and Conventions The idea behind the TBA approach is that the partition function of an integrable 2-dimensional QFT may be evaluated either in the original (physical) theory or in the mirror theory. The latter is obtained through a double Wick rotation that takes p → iE and E → ip.

Having this in mind, let us quickly set up our conventions to characterize particles in both the physical and the mirror models. Bound states of Q ∈ {1, 2, . . . } magnons are described by the spectral parameters x^±, which satisfy the mass-shell condition

x^+ + 1 x^+ − x^− − 1 x^− = iQ g , (2) where g is related to the ’t Hooft coupling of the gauge theory by λ = 16π^2g^2. The momentum p and energy E of a physical bound state of magnons are given by e^{ip} = x^+ x^− , E = Q + 2ig ( 1 x^+ − 1 x^− ) , (3)

and they satisfy the physical dispersion relation

E^2 = Q^2 + 16g^2 sin(^p_2 )^2 . (4)

Alternatively, bound states of magnons can be described by a generalized rapidity ζ using Jacobi elliptic functions: x^±(ζ) = Q 4g ( cn(ζ, k^2) sn(ζ, k^2) ± i ) (1 + dn(ζ, k^2)) . (5) The momentum p(ζ) and energy E(ζ) obey

p(ζ) = 2am(ζ, k^2) , sin(^{p(ζ)}_2 ) = sn(ζ, k^2) , E(ζ) = Qdn(ζ, k^2) , (6)

Here the elliptic modulus k^2 = −^{16g2}_{Q2} is real for real values of the coupling g. The rapidity ζ takes values on the complex torus defined by ζ ∼ ζ + 2ω_1 ∼ ζ + 2ω_2, with the half-periods

ω_1 = 2K(k^2) , ω_2 = 2iK(1 − k^2) − 2K(k^2) , (7)

where K(k^2) is the complete elliptic integral of the first kind. For real g, ω_1 ∈ R and ω_2 ∈ iR.

The shift ζ → ζ ± ω_1 leaves x^±(ζ) invariant. But sending ζ → ζ ± ω_2 performs a crossing transformation between the forward and backward mass-shells:

x^±(ζ ± ω_2) = 1 x^±(ζ) , E(ζ ± ω_2) = −E(ζ) , p(ζ ± ω_2) = −p(ζ) . (8)

The double Wick rotation that will take us to the mirror theory in the TBA approach can also be implemented through a shift of the physical rapidity [37]. Thus, we introduce the mirror rapidity ζ̃, which we take to be ζ̃ = ζ + ω^2 2 . (9) The mirror momentum q and energy Ẽ, are defined by q = iE = √ 1 − k^2Q sc(ζ̃, k^2), Ẽ = ip = 2i arcsin ( Q 4ig dc(ζ̃, k^2) ) . (10)

The particle is on-shell for all values of ζ, or ζ̃, but it has real energy and momentum only for real ζ, and real mirror energy and momentum only for real ζ̃. Thus, physical particles have real ζ and mirror particles have real ζ̃. By convention, we shall write the spectral parameters of mirror particles as z^±, reserving x^± for physical particles.

Note that, in contrast to relativistic theories, physical and mirror particles possess different kinematics. The mirror dispersion relation reads

sinh(^Ẽ_2 )^2 =

Q^2 + q^2 16g^2

. (11)

Also, on the real interval (−^{ω1}_2 ,^{ω1}_2 ) the function p(ζ) ∈ R is odd and increases monotonically, with p(ζ) → ±π as ζ → ± ω_1 2 , (12)

while mirror magnon momentum can take any real value q(ζ̃) → ±∞ as ζ̃ → ± ω_1 2 . (13)

2 Boundary States, Lüscher corrections and Boundary TBA

Let us recall some details of the boundary state formalism [28], boundary Lüscher corrections and the boundary thermodynamic Bethe ansatz equation [26, 29]. We write L for the system size, i.e. the distance between the left and right boundaries (the units of L and its interpretation in the AdS/CFT context are discussed below). Consider compactifying the Euclidean time direction of the system on a circle of circumference R. Then, as usual in TBA approaches, the idea is that the partition function Z(L, R) may be evaluated in two different ways (figure 1). On the one hand,

Z(L, R) = tr_{HP (L)}e^{−RHP (L)} (14)

where H_P (L) and H_P (L) are the Hilbert space and Hamiltonian of the original, physical, theory. They depend on the system size, and, in the present case, also encode the details of the boundary conditions. In the limit R → ∞, Z(L, R) ∼ e^{−R(E0 (L)−E0(∞))}, (15) where E_0(L) is the energy of the lowest lying state of the system as a function of L, which is the quantity we would like to compute.

Alternatively, we can regard the system as evolving in the Euclidean time direction of the mirror theory (which we think of as running from right to left). Provided R is very large, we may take the time evolution operator H_M and space of states H_M to be simply those of the mirror theory in infinite volume. What were the right and left boundaries now correspond to, respectively, the initial and final states, and the partition function is thus of the form

Z(L, R) = ⟨B^{left}| e^{−LHM} |B^{right}⟩ . (16)

L R LR|B^{right}⟩|Bleft⟩

Physical Mirror

Figure 1: Alternative viewpoints for the partition function Z(L, R)

Such boundary states |B⟩ were first introduced by Ghoshal and Zamolodchikov [28]. For a discussion of their appearance in the present context see [33]. The expansion of the initial/right boundary state in the basis of scattering out-states of the mirror theory is written

|B^{right}⟩ = |0⟩ +

∫^ω1_2 0 dζ̃ |r, −ζ̃; t, ζ̃⟩ K^{rt}(ζ̃) + . . . (17) where · · · represent terms with more particles.^1 Intuitively, |B⟩ can be thought of as encoding all possible scattering processes of particles against the boundary. In particular its overlap with the two-particle mirror out-state |r, −ζ̃; t, ζ̃⟩ (ζ̃ > 0) is proportional to the amplitude for the reflection process r̄ → t at (non-real) rapidity −ζ̃ +^{ω2}_2 in the physical theory:

t, ζ̃ −^{ω2}_2 r̄, −ζ̃ +^{ω2}_2 C^{rr̄} r, −ζ̃ −^{ω2}_2 (18)

Thus K^{rt}(ζ̃) = C^{rr̄}R^R_{r̄}^t(−ζ̃ +^{ω2}_2 ) (19) where C is the charge conjugation matrix and R^R(ζ) is the reflection matrix for the right boundary. The integral above is over all positive real mirror momenta (c.f. 13) and thus over all two-particle

1If the boundary has a one-particle interaction, |B⟩ may also have overlap with a one-particle state of zero rapidity. One-particle interactions are discussed below.

out-states with vanishing total mirror momentum. It must also be possible to write the boundary state in terms of the basis of mirror in-states, and by convention this decomposition is written

|B^{right}_2 ⟩ =

∫^ω1_2 0 dζ̃ |r, ζ̃; t, −ζ̃⟩ K^{rt}(−ζ̃). (20) The in- and out-bases are related by the mirror S-matrix according to |p, ζ̃; q, ζ̃^′⟩ = S^{tr}_{pq}(ζ̃, ζ̃^′) |r, ζ̃^′; t, ζ̃⟩ , (21) which holds both for ζ̃ > ζ̃^′ and ζ̃ < ζ̃^′ by virtue of unitarity of the S matrix,

S^{tr}_{pq}(ζ̃, ζ̃^′)S^{xy}_{rt} (ζ̃^′, ζ̃) = δ^y_p δ^x_q . (22)

It follows that we must have

K^{pq}(ζ̃)S^{tr}_{pq}(−ζ̃, ζ̃) = K^{rt}(−ζ̃)p, −ζ̃q, ζ̃ t, −ζ̃ r, ζ̃ t, − ζ̃ r, ζ̃ When combined with the demand that (19) should hold for ζ̃ < 0 as well as ζ̃ > 0, this constitutes a constraint on the reflection matrix R(ζ), called the Boundary Crossing-Unitarity condition. This condition plays a major part in constraining the overall scalar factor of the reflection matrices [24, 30–33].

The left boundary, corresponding to the final state, is most naturally pictured in terms of mirror in-states. ⟨B^{left}_2 | =

∫^ω1_2 0 dζ̃ R^L_p^{q̄}(ζ̃ −^{ω2}_2 )C_{q̄q} ⟨p, ζ̃; q, −ζ̃| . (23) Thus, in view of (20) and the equation above, the overlap between the two-particle final state at Euclidean time L and the two-particle initial state is^2

⟨B^{left}_2 | e^{−LHM} |B^{right}_2 ⟩ ∼ δ(0)

∫^ω1_2 0 dζ̃ e^{−2Ẽ(ζ̃)L} χ(ζ̃) ∼ R 2π ∫^ω1_2 0 dq dζ̃ dζ̃ e^{−2Ẽ(ζ̃)L} χ(ζ̃) = R 2π ∫_∞ 0 dq e^{−2Ẽ(q)L} χ(q) , (24) 2The δ(0) singularity comes from a δ(ζ̃ − ζ̃^′)^2 in the integral. As in the relativistic case [26], it is best to change variables to momentum in order to regularize. Doing so gives rise to a Jacobian factor δ(ζ̃ − ζ̃^′)^2 ∼^R_{2π}^{dq}_{dζ̃} δ(ζ̃ − ζ̃^′).

where

χ(ζ̃) = R^L_p^{q̄}(ζ̃ −^{ω2}_2 )R^R_{p̄}^q(ζ̃ +^{ω2}_2 )C^{pp̄}C_{q̄q} = R^L_p^{q̄}(ζ̃ −^{ω2}_2 )R^L_{p̄}^q(−ζ̃ −^{ω2}_2 )C^{pp̄}C_{q̄q} = R^L_p^{q̄}(ζ)R^L_{p̄}^q(−ζ − ω_2)C^{pp̄}C_{q̄q}. (25)

In the second line we used parity (R^R(ζ) = R^L(−ζ)). This quantity χ(ζ̃) is a key ingredient in the boundary TBA equation and includes all the particles of the mirror theory. In particular, in our case, this will involve an infinite sum over magnon bound-states. We will write χ_Q(q) for the contribution from the Q-magnon bound states, whose energy Ẽ_Q(q) is given by eq. (10). Now, in the R → ∞ limit e^{−R(E0 (L)−E0(∞))} ∼ 1 + R 2π ∞∑ Q=1 ∫_∞ 0 dq e^{−2ẼQ(q)L} χ_Q(q) + · · · (26) In many cases, this two-particle contribution to the partition function dominates the leading finite size correction to the ground state energy.

However, this is not so in the case of Z = 0 giant gravitons we consider in section 4. Rather, it will turn out that the leading finite size correction comes from a one-particle interaction at the boundary. Such interactions are encoded in the pole structure of the reflection matrix, and, as we now recall, one way to calculate their form is from the general structure of boundary TBA equations [34]. In a boundary thermodynamic Bethe ansatz (BTBA), the exact finite size correction for the energy of the ground state is given by

E_0(L) − E_0(∞) = − 1 2π ∞∑ Q=1 ∫_∞ 0 dq log(1 + χ_Q(q)e^{−ϵQ(q)}) , (27)

which has to be fed with a set of functions ϵ_Q(q), known as pseudo-energies, that (together with additional pseudo-energies the higher levels of nesting) solve a set of BTBA equations. We do not attempt to derive the set of BTBA equations for this system here. For the leading order corrections we are concerned with, let us note that the pseudoenergies of the physical particles have the following asymptotics in the limit of large L,

ϵ_Q(q) ≃ 2LẼ_Q(q) . (28)

We will assume (based on the form of iterative approximations to solutions of the simpler BTBA equations of purely diagonal-scattering models [26]) that the correction to this equation is O(e^{−2LẼQ(q)}). Although in general (28) is regarded as an infrared, i.e. large L, asymptotic [34], it is possible to regard it instead as a weak coupling limit, because the ’t Hooft coupling dependence of the mirror bound state magnons is such that e^{−2LẼQ(q)} ≃ ( 4g^2 Q^2 + q^2 )_{2L} ≪ 1 for g^2 ≪ 1 and any L. (29)

Thus the leading finite size (i.e. Lüscher-type) correction, which we will be using in this paper, is

E^{(0)}_0 (L) − E_0(∞) = − 1 2π ∞∑ Q=1 ∫_∞ 0 dq log(1 + χ_Q(q)e^{−2LẼQ(q)}) . (30)

and what we will mean by leading finite size correction is, more precisely, the leading order in the weak coupling expansion of (30).

There are two essentially different possibilities for approximating this integral, depending whether or not the boundaries have one-particle interactions. Such interactions are present when the reflection matrix has a simple pole at the imaginary rapidity ζ =^{ω2}_2 (−^{ω2}_2 ) for a right (respectively, left) boundary. If there are no such interactions, each χ_Q(q)e^{−2LẼQ(q)} is much smaller than 1 for all values of the momentum q and the leading order of (30) is captured by

E^{(0)}_0 (L) − E_0(∞) ≃ − 1 2π ∞∑ Q=1 ∫_∞ 0 dqχ_Q(q)e^{−2LẼQ(q)} , (31) which is exactly the 2-particle contribution in (26).

On the other hand, if there are such one-particle interactions with the boundaries for some value of Q, χ_Q(q) will have a double pole at q = 0. The expression (31) for the leading finite size correction is still valid. However, log(1 + χ_Q(q)e^{−2LẼQ(q)}) can no longer be approximated by χ_Q(q)e^{−2LẼQ(q)} as q approaches 0. Let us consider a case in which χ_Q(q)e^{−2LẼQ(q)} ∼ C^2 q^2 for q → 0 . (32) Following [34], we can simply re-write (30) as

E_0(L) − E_0(∞) = − 1 2π ∫_∞ 0 dq log ( 1 + C^2 q^2 ) − 1 2π ∫_∞ 0 dq log ( 1 + χ_Q(q)e^{−2LẼQ(q)} 1 +^{C2}_{q2} ) . (33)

The first integral can be exactly solved, and the second one is sub-leading. Therefore, E_0(L) − E_0(∞) = − 1 2 |C| + O(C^2) . (34) It is this equation which will generate all the non-trivial finite size corrections we will compute in the present work. To proceed, we only need to compute the functions χ_Q(q) for our cases of interest.

3 Y = 0 brane

In this section we shall consider an open string carrying J units of Z charge and ending on a Y = 0 maximal giant graviton (which is a D3-brane carrying angular momentum along the Y direction [24, 35]). The corresponding operator in the dual conformal field theory is O_Y (Z^J ) = ϵ^{i1,··· ,iN}_{j1,··· ,jN} Y^{j1}_{i1} · · · Y^{jN−1}_{iN−1} (Z^J )^{jN}_{iN} . (35)

Perturbative computations show that the anomalous dimension of this operator vanishes in the large N limit [36]. However, this is not a BPS operator and one should ask whether, when the range of interaction exceeds (twice) the length of the vacuum state, a finite size correction could not lift the vanishing energy of the vacuum state.

To search for finite size corrections in this model, using the BTBA in the worldsheet QFT, we need the boundary reflection matrices for all asymptotic states in the mirror theory. These states are accommodated in an infinite sum of short multiplets of su(2|2)^2.The su(2|2) commutation relations are^3.

[R^a_b, J^c] = δ^c_b J^a −^1_2 δ^a_b J^c , [R^a_b, J_c] = −δ^a_c J_b +^1_2 δ^a_b J_c , [L^α_β, J^γ ] = δ^γ_β J^α −^1_2 δ^α_β J^γ , [L^α_β , J_γ ] = −δ^α_γ J_β +^1_2 δ^α_β J_γ , {Q^α_a, Q^β_b} = ϵ^{αβ}ϵ_{ab}P , {S^a_α, S^b_β} = ϵ_{αβ}ϵ^{ab}K , {S^a_α, Q^β_b} = δ^a_b L^β_α + δ^β_αR^a_b + δ^a_b δ^β_αC .

The transformation rules for a magnon in the fundamental representation are given by R^a_b|ϕ^c⟩ = δ^c_b |ϕ^a⟩ −^1_2 δ^a_b |ϕ^c⟩ , L^α_β|ψ^γ ⟩ = δ^γ_β |ψ^α⟩ −^1_2 δ^α_β |ψ^γ ⟩ , Q^α_a|ϕ^b⟩ = a δ^b_a|ψ^α⟩ , Q^α_a|ψ^β ⟩ = b ϵ^{αβ} ϵ_{ab}|ϕ^b⟩ , S^a_α|ϕ^b⟩ = c ϵ^{ab}ϵ_{αβ}|ψ^β ⟩ , S^a_α|ψ^β ⟩ = d δ^β_α|ϕ^a⟩ , (36)

and for the three central extensions we have C|X ⟩ = 1 2 (ad + bc)|X ⟩ , P|X ⟩ = ab|X ⟩ , K|X ⟩ = cd|X ⟩ , (37) where the parameters (a, b, c, d) are completely specified by a the momentum p of the magnon and a phase e^{2iξ} .

The asymptotic states in the mirror theory are believed to transform in antisymmetric 4Qdimensional representations of each su(2|2) algebra factor [37]. We can characterize these multiplets components, labelled by an index i, in terms of fundamental components in the following way [38,39]. The first 2Q components correspond to ϕ^{{α1,··· ,αQ}} for 1 ≤ i ≤ Q+1 and to ϕ^{{α1,··· ,αQ−2}[a,b]} for Q + 2 ≤ i ≤ 2Q. These are bosonic or fermionic for Q odd or even. The remaining 2Q components correspond to ψ^{{α1 ,··· ,αQ−1}a}. The su(2|2) transformation rules on these multiplets can be obtained using (36) and (a, b, c, d) parameters a = √ g Q η , b = √ g Q ie^{i2ξ} η ( z^+ z^− − 1 ) , c = − √ g Q ηe^{−i2ξ} z^+ , d = √ g Q z^+ iη ( 1 − z^− z^+ ) , (38)

where our preferred choice for η is η(p, e^{i2ξ} ) = e^{iξ}e^{ip4} √ iz^− − iz^+ , (39)

3We are using fundamental representation indices a, b, · · · = 1, 2 and α, β, · · · = 3, 4

and z^± are the bound state spectral parameters e^{ip} = z^+ z^− , z^+ + 1 z^+ − z^− − 1 z^− = iQ g . (40) The boundary scattering matrix for these bound state multiplets, in the case we are considering in this section, is obtained by demanding that an su(1|2)^2 ⊂ su(2|2)^2 symmetry be preserved by the reflection. This su(1|2)^2 is the subset of the vacuum symmetries that also preserves the boundary. To do this one has to bear in mind that the action of a left boundary reflection changes the representation labels in the following way: R_Q : (p, e^{i2ξ} ) −→ (−p, e^{i2ξ} e^{2ip}) . (41) For Q = 1 this was done in [24]. For a generic Q the resulting reflection matrix is also diagonal and entirely fixed up to an overall scalar function. For each su(1|2) we obtain:

R_Q(ζ) = R_0(ζ)diag( Q+1 1, · · · , 1, Q−1 −1, · · · , −1, Q −e^{i2 p}, · · · , −e^{i2 p}, Q e^{− i2 p}, · · · , e^{− i2 p}) . (42) As seen in the previous section, for the boundary Lüscher correction we need the function χ_Q(ζ) = (R_Q(ζ))^i_j (R_Q(−ζ − ω_2))^k_lC^{jl}C_{ik} . (43) Under ζ → −ζ − ω_2, the momentum dependence is unchanged: p → p. The action of the charge conjugation matrix on a bound state can be obtained from the action of C on a fundamental magnon, which we take as [37] C_{ij} = −iϵ^{ab} 0 0 ϵ_{αβ} . (44) On pairs of upstairs and downstairs fundamental indices, we have C^{1l}C_{1k}R^{k···}_{l···} = −R^{2···}_{2···} , C^{2l}C_{2k}R^{k···}_{l···} = −R^{1···}_{1···} , (45) C^{3l}C_{3k}R^{k···}_{l···} = −R^{4···}_{4···} , C^{4l}C_{4k}R^{k···}_{l···} = −R^{3···}_{3···} . (46) Therefore

CR_Q(−ζ −ω_2)C^{−1} = R_0(−ζ −ω_2)diag( Q+1 1, · · · , 1, Q−1 −1, · · · , −1, Q e^{− i2 p}, · · · , e^{− i2 p}, Q −e^{i2 p}, · · · , −e^{i2 p}) (47) and χ_Q turns out to be exactly vanishing,

χ_Q(ζ) = R^2_0(ζ)R^2_0(−ζ − ω_2)tr diag( 2Q 1, · · · , 1, 2Q −1, · · · , −1) 2 = 0 . (48)

Thus, the vacuum state energy remains vanishing for any finite length J.

4 Z = 0 brane

A more interesting situation to consider is a Z = 0 maximal giant graviton with an open string, whose ground state carries angular momentum along the Z direction. Now, the dual conformal field theory operator looks like O_Z (X_lZ^J X_r) = ϵ^{i1,··· ,iN}_{j1,··· ,jN} Z^{j1}_{i1} · · · Z^{jN−1}_{iN−1} (X_lZ^J X_r)^{jN}_{iN} . (49) In this case there are some boundary degrees of freedom X_l and X_r attached to the ends of the open chain. We will focus on the case in which X_l and X_r transform in the fundamental representation^4 under both copies of su(2|2)^2. The central charges of these boundary degrees of freedom are non-trivial and such that the total energy of the ground state (49) is [24]

E_0 = 2 √ 1 + 4g^2 . (50)

This expression is expected to be exact to all orders in g^2 only in the limit J → ∞. For any finite length vacuum, the energy (50) is valid only up to certain finite order in the weak coupling expansion. Indeed, the analogue of the closed-chain “wrapping effects” here is when the range of the interaction allows the boundary degrees of freedom to perceive each other. This leads one to expect that the leading finite size correction should occur at g^{2J+2}. Later we will present explicit computations showing that this is so. Interestingly, that will mean that the leading contribution comes from a term with e^{−JẼ} rather than e^{−2JẼ}. This is characteristic of a theory with one-particle interactions at the boundaries, and should manifest itself as a double-pole in the function χ(q).

In what follows, we will use the boundary Lüscher correction presented in section 2 to compute the leading finite size correction to the vacuum energy (50), in the weak coupling limit and for any J. Again, we need to compute the boundary reflection matrices for all asymptotic states in the mirror theory.

For the fundamental boundary degree of freedom we use the following parameters,

a_B = √ gη_B , b_B = − √ g ie^{i2ξ} η_B , c_B = − √ g η_B e^{−i2ξ} x_B , d_B = √ g x_B iη_B , (51)

where our preferred choice for η_B is

η_B (e^{i2ξ} ) = e^{iξ} x_B i , x_B + 1 x_B = i g . (52)

Therefore, bulk and boundary magnons are specified by (p, e^{i2ξ}) × (e^{i2ξ} e^{ip})_B . The action of a boundary reflection changes these labels in the following way [24]: for a left boundary, (−e^{2iξ})_B × (p, e^{2iξ} ) → (−e^{2iξ}e^{2ip})_B × (−p, e^{2iξ} e^{2ip}) , (53) 4Other possibilities exist if one adds fundamental matter to the gauge theory, corresponding to probe D-branes [40].

while for a right boundary

(p, e^{2iξ} ) × (e^{2iξ} e^{ip})_B → (−p, e^{2iξ} ) × (e^{2iξ}e^{−ip})_B . (54)

The reflection matrix of Q = 1 bulk magnons was obtained in [24] by imposing the requirement that the full su(2|2)^2 symmetry be preserved. We have extended this for generic Q bulk magnons and again the boundary reflection matrix is obtained, up to an overall scalar function. We present the details of this derivation in the appendix B.

From now on, we will focus on the leading finite size correction for an operator O_Z (Y Z^J Y ) = ϵ^{i1,··· ,iN}_{j1,··· ,jN} Z^{j1}_{i1} · · · Z^{jN−1}_{iN−1} (Y Z^J Y )^{jN}_{iN} . (55) By taking the boundary impurities to be Y , the whole operator is in a su(2) closed sub-sector, and several explicit weak coupling computations can be made to compare against the finite size corrections obtained from the boundary Lüscher correction.

We need to compute χ_Q(ζ) and evaluate it in the weak coupling limit. In order to perform this computation, we will split χ_Q(ζ) into scalar and matrix part factors

χ_Q(ζ) = R^{sl(2)}_Q (ζ)R^{sl(2)}_Q (−ζ − ω_2) ( (R_Q(ζ))^{1,i}_{1,j} (R_Q(−ζ − ω_2))^{1,k}_{1,l} C^{jl}C_{ik}

)_2 , (56)

where R^{sl(2)}_Q (ζ) stands for the scattering factor of a sl(2) bound state, which can be obtained by standard fusion rules. In the remaining factor, (R_Q(ζ))^{1,i}_{1,j} is the reflection of an antisymmetric Q-bound state in which the component R^{3,{3,···3}}_{3,{3,···3}} has been set to 1.

4.1 Matrix part factor For the matrix part, only certain diagonal components will contribute. In particular, we need

(R_Q(ζ))^{1,i}_{1,i} = a_{5,5}(−ζ) 1 ≤ i ≤ Q + 1 2a_{8,8}(−ζ) Q + 2 ≤ i ≤ 2Q a_{9,9}(−ζ) 2Q + 1 ≤ i ≤ 3Q

a_{3,3}(−ζ)+a_{9,9} (−ζ)

2 3Q + 1 ≤ i ≤ 4Q

(57)

where a_{i,j}(−ζ) = a_{i,j}(−z^−, −z^+) for the functions displayed in appendix B. Then,

(R_Q(ζ))^{1,i}_{1,j} C_{ik}(R_Q(−ζ − ω_2))^{1,k}_{1,l} C^{lj} = (Q + 1)a_{5,5}(−ζ)a_{5,5}(ζ + ω_2) + 4(Q − 1)a_{8,8}(−ζ)a_{8,8}(ζ + ω_2) + Q 2 a_{9,9}(ζ)(a_{3,3}(−ζ − ω_2) + a_{9,9}(−ζ − ω_2)) + Q 2 (a_{3,3}(ζ) + a_{9,9}(ζ))a_{9,9}(−ζ − ω_2) = 2Q(z^+ + z^−)(x^2_B − 1)(x^2_B (z^−)^2 + (z^+)^2) (z^+ − z^−)(x_B − z^+)(x_B − z^−)(1 + x_Bz^+)(1 + x_B z^−)

(58)

The coupling dependence of the spectral parameters of the mirror bound state and of the boundary parameter x_B are

z^± = 1 4g (√ 1 + 16g^2 Q^2 + q^2 ± 1 ) (q + iQ) , x_B = i 2g ( 1 + √ 1 + 4g^2 ) . (59)

Using this, the weak coupling limit for the matrix part is^5 ( (R_Q(ζ))^{1,i}_{1,j} C_{ik}(R_Q(−ζ − ω_2))^{1,k}_{1,l} C^{jl}

)_2 = 4Q^2(q^2 + Q^2)^2 ((Q − 2)^2 + q^2)^2

+ O(g^2) . (60)

4.2 Scalar factor We still have to fix the scalar factor in the reflection matrices of anti-symmetric representation magnons. We can do this by fixing the boundary scattering factor of a sl(2) bound state using fusion rules, in terms of the scattering factors of elementary Q = 1 constituents. If we use (z^+, z^−) for the bound state spectral parameters, the elementary constituents (z^+_1 , z^−_1 ), . . . , (z^+_Q , z^−_Q ) can be taken such that z^−_1 = z^− , z^+_1 = z^−_2 , · · · z^+_Q = z^+ . (61)

We will need boundary and bulk scattering factors involving the elementary Q = 1 constituents, as it is sketched in fig. 2.

For a Q = 1 magnon, the scalar factor is obtained by imposing crossing symmetry [31],

R^{sl(2)}(x) = R^2_0(x)σ(x, −x)σ(x_1, −x)^2σ(x_2, −x)^2 , (62)

where R^2_0(x) = − ( x^− x^+

)_2 ( x_B − x^− x_B + x^+ ) ( x_B +^1_{x+} x_B −^1_{x−} ) ( x_B + x^− x_B − x^+ ) ( x_B +^1_{x−} x_B −^1_{x+} ) , (63)

and σ(x, y) is the dressing factor of the bulk S-matrix, while x_1 and x_2 refer to fundamental magnons with spectral parameters (x^+_1 = x_B , x^−_1 = i) and (x^+_2 = i, x^−_2 = −x_B). We use a sl(2) superscript to indicate that this is the factor when the matrix is normalized to 1 for the 3-3 reflection.

Therefore, the scalar factor for the antisymmetric representation reflection matrix is^6

R^{sl(2)}_Q (z) = Q∏ i=1 R^{sl(2)}(z_i) Q∏ j<k S^{sl(2)}(−z_j , z_k) , (64)

where R^{sl(2)}(z) is defined in (62) and S^{sl(2)}(x, y) = S^2_0 (x, y) σ^2(x, y) , S^2_0 (x, y) =

(x^+ − y^−)(1 −^1_{x−y+} ) (x^− − y^+)(1 −^1_{x+y−} )

. (65) z_2 −z_2 z_3 −z_3 z_1 −z_1

Figure 2: Sketch of a bound state reflection, in terms of elementary constituents scatterings.

A few comments are in order about this scalar factor. Firstly, the number of elementary scalar factors (^{Q2+Q}_2 ) is larger than in the case of a bulk scattering fusion rule (Q). Secondly, some of the dressing factors appearing in (64), when evaluated for magnons on-shell in the mirror theory, are not going to be 1 at leading order in the weak coupling expansion. Therefore, it would be difficult to know, even at leading order, the analytic continuation of an individual scalar factor R^{sl(2)}_Q (z). However, what is needed for the finite size correction is R^{sl(2)}_Q (z(ζ)) · R^{sl(2)}_Q (z(−ζ − ω_2)). Fortunately, major simplifications occur for this particular product.

Contributions to R^{sl(2)}_Q (ζ) · R^{sl(2)}_Q (−ζ − ω_2) can be conveniently split into three factors,

χ^I_0 = ∏ j<k S^2_0 (−ζ_j, ζ_k)S^2_0 (ζ_j + ω_2, −ζ_k − ω_2) , (66)

χ^{II}_0 = ∏ i σ(ζ_i, −ζ_i)σ(−ζ_i − ω_2, ζ_i + ω_2) ∏ j<k σ^2(ζ_k, −ζ_j)σ^2(−ζ_k − ω_2, ζ_j + ω_2) , (67) and χ^{III}_0 = ∏ i R^2_0(ζ_i)R^2_0(−ζ_i − ω_2)σ(x_1, −ζ_i)^2σ(x_2, −ζ_i)^2σ(x_1, ζ_i + ω_2)^2σ(x_2, ζ_i + ω_2)^2 . (68)

The first simplification takes place in χ^I_0, which straightforwardly becomes

χ^I_0 = ( z^+ z^− )_{2−2Q} . (69)

The dressing functions appearing in (67) are not 1 in the weak coupling limit, for magnons with mirror theory kinematics. However, the products appearing in (67) can be exactly computed using

5This also accounts for the Q < 3 contributions, whose reflection matrices have to be computed separately. They were found in [24] (Q = 1) and [40] (Q = 2).

6To be used with the matrix that is normalized to 1 for the 3-{3, · · · , 3} reflection.

the following relation obtained from the crossing properties of the bulk dressing factor,

σ(ζ_i, −ζ_j )σ(−ζ_i − ω_2, ζ_j + ω_2) = z_i^+ z_i^− z_j^+ z_j^− f(ζ_j, −ζ_i) f(ζ_j, −ζ_i − ω_2) , (70)

where the function f(ζ_i, ζ_j ) is defined by eq. (119) in appendix (A). Then,

χ^{II}_0 = ( z^+ z^− )_{2Q} ∏ i f(ζ_i, −ζ_i) f(ζ_i, −ζ_i − ω_2) ∏ j<k f(ζ_j, −ζ_k)^2 f(ζ_j, −ζ_k − ω_2)^2 = ( z^+ z^− )_{2Q} 4(1 + z^−z^+)^2 (z^+ +^1_{z+} )(z^− +^1_{z−} )(z^− + z^+)^2

. (71)

For the final factor χ^{III}_0 , it is not possible to exactly simplify the dressing factors. Nonetheless, it will be convenient to use the following relation

σ(x_1, −ζ)σ(x_2, −ζ) = −f(ζ, x_1)f(ζ, x_2)σ(x_1, ζ + ω_2)σ(x_2, ζ + ω_2) (72)

which is obtained using crossing and parity symmetry (and also the fact that σ(ζ, x_1)σ(ζ, x_2) = σ(ζ, −x_1)σ(ζ, −x_2)). We will use this relation and the fact that some of the dressing functions σ are indeed 1 at leading order in the weak coupling limit. In general, this will depend on how the spectral parameters of the elementary constituents are taken. We will adopt the same choice as in [14],

z^−_1 = z^− , z^−_k = z^+_{k−1} , z^+_Q = z^+ , (73)

z^+_k = 1 2 ( z^−_k + 1 z^−_k + i g + √( z^−_k + 1 z^−_k + i g )_2 − 4 ) . (74)

Using (59) and taking the weak coupling limit, one finds that (for q > 0) all spectral parameters of the elementary constituent are order^1_g , except for z^−_1 which is order g. Because of these leading behaviours, when using the perturbative expansion of the bulk dressing factors [43,44]^7, one obtains

σ(x_1, −ζ_i)σ(x_2, −ζ_i) = 1 + O(g^6) , for i ≥ 2 (75)

and then, using (72),

σ(x_1, −ζ_i)σ(x_2, −ζ_i)σ(x_1, ζ_i +ω_2)σ(x_2, ζ_i +ω_2) = − 1 f(ζ_i, x_1)f(ζ_i, x_2)

+O(g^6) , for i ≥ 2. (76)

By similar arguments one can conclude that

σ(x_1, −ζ_1)σ(x_2, −ζ_1)σ(x_1, ζ_1 + ω_2)σ(x_2, ζ_1 + ω_2) = 1 + O(g^2) . (77)

7This might seem a naive attempt to compute the analytical continuation of the dressing phase. However, it appears to be correct for the closed string computations [14, 15], and we will assume it is also for the open string case we are considering here. It would be interesting to analyze the dressing phase using the integral representation of [41] as recently done in [42].

Therefore, to capture the very leading order we can approximate

χ^{III}_0 ∼ R^2_0(ζ_1)R^2_0(−ζ_1 − ω_2) Q∏ i=2 R^2_0(ζ_i)R^2_0(−ζ_i − ω_2) f(ζ_i, x_1)^2f(ζ_i, x_2)^2 = 16 ((Q + 2)^2 + q^2)^2 ( 4g^2 Q^2 + q^2

)_4

+ O(g^{10}) . (78)

Finally, for the total scalar factor we obtain

R^{sl(2)}_Q (ζ)R^{sl(2)}_Q (−ζ − ω_2) =

256q^2 (Q^2 + q^2)((Q + 2)^2 + q^2)^2 ( 4g^2 Q^2 + q^2

)_4 + O(g^{10}) . (79)

4.3 Leading finite size correction

As discussed in section 2, by the leading finite size correction we mean the leading weak coupling correction to the vacuum state energy. This is obtained from the boundary Lüscher correction, which for the pseudo-energy uses the approximation,

e^{−ϵ(0)Q (q)} = e^{−2LẼQ(q)} = ( 4g^2 Q^2 + q^2 )_{2L} + O(g^{4L+2}). (80)

We will therefore need to relate L and J according to the (somewhat awkward-seeming) L = J −1.^8 Therefore, for an operator O_Z (Y Z^J Y )

χ_Q(q)e^{−ϵ(0)Q (q)} =

1024Q^2q^2(q^2 + Q^2) ((Q − 2)^2 + q^2)^2 ((Q + 2)^2 + q^2)^2 ( 4g^2 Q^2 + q^2

)_{2J+2} . (81)

We immediately recognize that, as expected, there is a double pole as q → 0. It is interesting to note this is entirely coming from the Q = 2 contribution,

χ_2(q)e^{−ϵ(0)2 (q)} =

4096(4 + q^2) q^2(16 + q^2)^2 ( 4g^2 4 + q^2

)_{2J+2} . (82)

Thus, for q → 0, χ_2(q)e^{−ϵ(0)2 (q)} ∼

64g^{4J+4} q^2

, (83)

which implies, using (34), that

E_0(J) − E_0(∞) = −4g^{2J+2} + O(g^{2J+4}) . (84)

Let us recall that

E_0(∞) = 2 √ 1 + 4g^2 = 2 + 4g^2 − 4g^4 + 8g^6 − 20g^8 + · · · (85)

8This is related to our choice of the function ηB – see footnote 10.

For the shortest vacuum states, the leading finite size correction coming from the boundary Lüscher correction can be compared with accessible computations at weak coupling. The above Lüscher correction predicts, for example:

E_0(0) = 2 + 0g^2 + O(g^4) for O_Z (Y Y ) (86) E_0(1) = 2 + 4g^2 − 8g^4 + O(g^6) for O_Z (Y ZY ) (87) E_0(2) = 2 + 4g^2 − 4g^4 + 4g^6 + O(g^8) for O_Z (Y Z^2Y ) (88) E_0(3) = 2 + 4g^2 − 4g^4 + 8g^6 − 24g^8 + O(g^{10}) for O_Z (Y Z^3Y ). (89)

Some 1, 2, 3 and 4-loop gauge theory perturbative computations can be made to check (86), (87), (88) and (89) respectively. We now proceed to perform them.

4.4 Explicit perturbative calculations To test the results of the previous section we need to compute, explicitly on the gauge theory side, the scale dimension of the operators O_Z (Y Z^J Y ). These operators belong to a closed su(2) sector, where the full non-planar dilatation operator is known up to two-loop order [2],

D = D_0 + g^2D_1 + g^4D_2 + O(g^6) , (90)

where

D_0 = tr(Z∂_Z + Y ∂_Y ) , D_1 = − 2 N : tr([Z, Y ][∂_Z , ∂_Y ]) : , (91) D_2 = − 2 N^2

: tr([[Z, Y ], ∂_Z ][[∂_Z , ∂_Y ], Z]) : − 2 N^2

: tr([[Z, Y ], ∂_Y ][[∂_Z , ∂_Y ], Y ]) : −2D_1 .

Let us first consider the action of D_1 on some operator O_Z (Y Z^J Y ). We have essentially two distinct possibilities: (i) ∂_Z acting on a Z of the “determinant” (giant graviton) or (ii) ∂_Z acting on a Z of the ground state.

After a careful inspection, one sees that the first possibility gives only terms which are subleading in the large N limit. The second one gives the leading large N limit terms and to compute them, one needs to use the following the property:

(∂_{X2} ∂_{X1} )^a_b (X_1X_2)^c_d = Nδ^a_d δ^c_b . (92)

Firstly, this kind of contribution is possible only for L ≥ 1, because two different neighbouring scalar fields are needed somewhere in the word W defining the ground state. Secondly, these will sometimes retrieve the same original operator O_Z (Y Z^J Y ) and sometimes an operator like

O_Z (ZY Z^{J−1}Y ). For the practical purpose, any operator O_Z (W), for which W begins or ends with a scalar field Z should be taken as sub-leading contribution in the large N limit. Such operators can be exactly re-written as a determinant times a single trace [45], and the mixing with these is sub-leading in the large N limit.

In conclusion, at 1-loop one obtains

E_0(J) =

2 + O(g^4) , if J = 0 2 + 4g^2 + O(g^4) , if J ≥ 1

(93)

The action of D_2 is of course a bit more involved. To begin with, now there are leading contributions to the anomalous dimension, when one of the ∂_Z acts on the determinant. However, it is important to note that these are going to be irrelevant for the leading finite size correction of the operator O_Z (Y ZY ). This is so because, whenever a ∂_Z acts on the determinant, the leading contribution is the same for J = 1 and J ≥ 2.

Different contributions for J = 1 and J ≥ 2, and therefore, the responsible ones for the leading finite size correction of O_Z (Y ZY ), come from the action of three consecutive ∂ on three consecutive scalar fields. The leading terms are obtained using now

(∂_{X3} ∂_{X2} ∂_{X1} )^a_b (X_1X_2X_3)^c_d = N^2δ^a_d δ^c_b . (94)

To be brief, let us just quote the answer for this 2-loop computation,

E_0(J) =

2 + 4g^2 − 8g^2 + O(g^6) , if J = 1 2 + 4g^2 − 4g^4 + O(g^6) , if J ≥ 2

(95)

So far, the explicit computations (93) and (95) have confirmed the leading finite size corrected anomalous dimensions of O_Z (Y Y ) and O_Z (Y ZY ) obtained from the Lüscher corrections (86) and (87). One would like to proceed to higher loops. However, the non-planar su(2) dilatation operator is not known. Nonetheless, we will show that it is possible to use the 3-loop and 4-loop planar su(2) dilatation operator of [46] to compute the leading finite size corrections of O_Z (Y Z^2Y ) and O_Z (Y Z^3Y ) respectively.

The argument is simple and runs as follow. Given the operator O_Z (Y Z^J Y ), its leading finite size correction is expected to be (J + 1)-loop order, because this would give the minimal range of interaction needed for the boundary impurities to perceive each other. Moreover, at that order, this interaction between the boundary impurities is possible only if (J + 2) consecutive ∂’s act on the corresponding (J + 2) consecutive scalar fields. That is, all the (J + 2) ∂’s that would appear in the (J + 1)-loop non-planar su(2) dilatation operator have to be used. Of course, one should also expect contributions to the anomalous dimension when 1 or more ∂_Z acts on fields Z of the determinant. It is just that they will never contribute to the leading finite-size correction.

Therefore, the contribution from the maximal number of consecutive ∂’s acting on consecutive scalar fields should be enough to account for the leading finite size correction. These ∂ terms should be the same ones that generate the (J + 1)-loop planar su(2) dilatation operator.

For example, for O_Z (Y Z^2Y ), the action of 4 consecutive ∂’s can be read from H_3, the 3-loop planar su(2) dilatation operator [46] in the following way. The action of H_3 in a block of 4 scalar fields (X_1X_2X_3X_4) is given by

(H_3)_{1234}

g^6

= 60 − 104 3 (P_{12} + P_{23} + P_{34}) + 4P_{12}P_{34} + 12(P_{12}P_{23} + P_{23}P_{34} + P_{23}P_{12} + P_{34}P_{23}) +4P_{12}P_{34}P_{23} − 4P_{23}P_{12}P_{34} − 4P_{12}P_{23}P_{34} − 4P_{34}P_{23}P_{12} (96)

where P_{i,i+1} is the permutation between two neighboring scalar fields. The action of (96) on a block (Y ZZY ) gives

H_3(Y ZZY ) = g^6(60 −^{104}_3 )(Y ZZY ) + g^6(12 −^{104}_3 )(ZY ZY ) + g^6(12 −^{104}_3 )(Y ZY Z) +8g^6(Y Y ZZ) + 8g^6(ZZY Y ) + 4g^6(ZY Y Z) = g^6(60 −^{104}_3 )(Y ZZY ) + · · · (97)

We added the last line to emphasize that only the first term will be relevant for us, since all other take to a Z scalar to the boundary of the block.

This has to be compared against the action of H_3 on a block (Y Z^J Y ) with J ≥ 3. This action is non trivial on the first and the last blocks of length 4 only,

H_3(Y ZZZ · · · ) = g^6(84 −^{208}_3 )(Y ZZZ · · · ) + · · · (98) H_3(· · · ZZZY ) = g^6(84 −^{208}_3 )(· · · ZZZY ) + · · · (99)

where we have omitted terms in which Z fields are taken to the boundary. Therefore

H_3(Y Z^J Y ) = g^6(60 −^{104}_3 )(Y ZZY ) + · · · for J = 2 g^6(168 −^{416}_3 )(Y Z^J Y ) + · · · for J ≥ 3

(100)

Following our previous discussion, the difference between the two lines of (100) should be the leading finite size correction of O_Z (Y Z^2Y ). This difference gives −4g^6, in agreement with the Lüscher correction (88).

Analogously we can compute the leading finite size correction of O_Z (Y Z^3Y ) from the 4-loop planar su(2) dilatation operator [46]. The action of H_4 in a block of 5 scalar fields (X_1X_2X_3X_4X_5) is now given by

(H_4)_{12345}

g^8

= −560 − 4β_{2,3} + (268 + 3β_{2,3} + 2ϵ_{3a})(P_{12} + P_{23} + P_{34} + P_{45}) −(42 + 3β_{2,3} + 2ϵ_{3a})(P_{12}P_{34} + P_{23}P_{45}) − 4P_{12}P_{45} −(^{302}_3 +^4_3 β_{2,3} +^8_3 ϵ_{3a})(P_{12}P_{23} + P_{23}P_{34} + P_{34}P_{45} + P_{23}P_{12} + P_{34}P_{23} + P_{45}P_{34}) +(2β_{2,3} + 2ϵ_{3a} + iϵ_{3c} − 2iϵ_{3d})(P_{12}P_{34}P_{23} + P_{23}P_{45}P_{34}) +(2β_{2,3} + 2ϵ_{3a} − iϵ_{3c} + 2iϵ_{3d})(P_{23}P_{12}P_{34} + P_{34}P_{23}P_{45}) +(4 − 2iϵ_{3c})(P_{12}P_{23}P_{45} + P_{12}P_{45}P_{34}) + (4 + 2iϵ_{3c})(P_{12}P_{34}P_{45} + P_{23}P_{12}P_{45}) +(48 + 2ϵ_{3a})(P_{12}P_{23}P_{34} + P_{23}P_{34}P_{45} + P_{34}P_{23}P_{12} + P_{45}P_{34}P_{23}) −(6 + β_{2,3} + 2ϵ_{3a})(P_{23}P_{12}P_{34}P_{23} + P_{34}P_{23}P_{45}P_{34}) +(18 + 4ϵ_{3a})(P_{12}P_{34}P_{23}P_{45} + P_{23}P_{12}P_{45}P_{34}) −(8 + 2ϵ_{3a} + 2iϵ_{3b})(P_{12}P_{23}P_{45}P_{34} + P_{12}P_{45}P_{34}P_{23}) −(8 + 2ϵ_{3a} − 2iϵ_{3b})(P_{23}P_{12}P_{34}P_{45} + P_{34}P_{23}P_{12}P_{45}) −10(P_{12}P_{23}P_{34}P_{45} + P_{45}P_{34}P_{23}P_{12}) , (101)

where β_{2,3} = 4ζ(3), ϵ_{3a} = −2 − 3ζ(3), iϵ_{3b} = −3 − ζ(3).

Acting with H_4 on (Y Z^J Y ) we obtain

H_4(Y Z^J Y ) =

−^2_3 g^8(338 + β_{2,3} + 2ϵ_{3a})(Y ZZZY ) + · · · for J = 3 −^2_3 g^8(332 + β_{2,3} + 2ϵ_{3a})(Y Z^J Y ) + · · · for J ≥ 4

(102)

Therefore, the leading finite size correction of O_Z (Y Z^3Y ), given by the difference between the two lines of (102), is −4g^8, again in agreement with the Lüscher correction (89).

As expected, this result is independent of the actual value of β_{2,3}, which is a transcendental number. If our finite size correction is right for all J, one should expect that the same will hold for calculations to higher-loops (and thus for longer vacuum states), i.e. that the final result would be again independent of the β_{r,s} appearing in the planar su(2) Hamiltonian. Indeed, if one repeats the computation for O_Z (Y Z^4Y ) using the 5-loop planar Hamiltonian quoted in [47], one would still get −4g^{10}. This is so, despite the fact that this 5-loop planar Hamiltonian has the wrong values for the β_{r,s} (which were fixed so as not to break BMN scaling [48]) and demonstrates that this method of computing the leading finite size correction is independent of the actual values of β_{r,s} also for the 5-loop example. Perhaps, by further exploiting this fact, an arbitrary loop order calculation can be performed to reproduce the leading finite size correction −4g^{2J+2} of an operator O_Z (Y Z^J Y ).

4.5 Next to leading finite size correction Here we will consider the next to leading order, in the weak coupling expansion, of the finite size correction. So far we have seen that, using the Lüscher approximation to the pseudo-energy (28), the leading finite size correction of the operator O_Z (Y Z^J Y ) is order g^{2J+2}. To go beyond the Lüscher approximation, the actual BTBA equations for pseudo-energy would be needed and it is expected they would incorporate new finite size corrections from order g^{4J+4}. To complete the intermediate orders one has just to continue using the Lüscher approximation, but keep next to leading orders in the weak coupling expansion of χ(q).

This is straightforward for the matrix part, since we know the exact expression (58) and we only need to keep an extra order in the weak coupling expansion. Moreover, we only need to keep track of the Q = 2 term, which is the one producing the double-pole in χ(q) ( (R_2(ζ))^{1,i}_{1,j} C_{ik}(R_2(−ζ − ω_2))^{1,k}_{1,l} C^{lj}

)_2 = 16(q^2 + 4)^2 q^4 + 32g^2(q^4 + 24q^2 + 64) q^4

+ O(g^4) (103)

For the scalar part factor we did not use an exact expression, and (78) can be trusted only at leading order in the weak coupling limit. This is because we have approximated

σ(x_1, −ζ_1)σ(x_2, −ζ_1)σ(x_1, ζ_1 + ω_2)σ(x_2, ζ_1 + ω_2) = 1 + O(g^2) , (104)

We need to do better than that if we want to compute the next-to-leading weak coupling order. Again, we need it only for Q = 2 and for q → 0. Using the perturbative expansion of these dressing factors, one can conclude that

lim_{q→0} σ(x_1, ζ_1 + ω_2)σ(x_2, ζ_1 + ω_2) = 1 + O(g^4) (105)

Now, we use it with (72) to obtain

lim_{q→0} σ(x_1, −ζ_1)σ(x_2, −ζ_1) = − lim_{q→0} f(z_1, x_1)f(z_1, x_2) + O(g^4) (106)

Therefore

lim_{q→0} σ(x_1, −ζ_1)σ(x_2, −ζ_1)σ(x_1, ζ_1 + ω_2)σ(x_2, ζ_1 + ω_2) = − lim_{q→0} f(z_1, x_1)f(z_1, x_2) + O(g^4)

= 1 + 4ig^2 q + O(g^4) (107)

Then, it turns out that for the χ^{III}_0 part 2∏ i=1 R^2_0(z_i)R^2_0(−z_i − ω_2)σ(x_1, −z_i)^2σ(x_2, −z_i)^2σ(x_1, z_i + ω_2)^2σ(x_2, z_i + ω_2)^2

∼ ( f(z_1, x_1)f(z_1, x_2) f(z_2, x_1)f(z_2, x_2)

)_2 R^2_0(z_1)R^2_0(−z_1 − ω_2)R^2_0(z_2)R^2_0(−z_2 − ω_2) = ( z^− z^+

)_6 (x_B − z^−)^4(1 + x_Bz^+)^4 (x_B + z^+)^2(x_B + z^−)^2(1 − x_Bz^−)^2(1 − x_B z^+)^2 = ( 4g^2 4 + q^2

)_4 ( 16 (16 + q^2)^2 + 64g^2(q^4 − 12q^2 − 320) (4 + q^2)(16 + q^2)^3 + · · · ) (108)

and this approximation could be trusted for the first two leading order of the weak coupling expansion, in the q → 0 limit. The remaining part of the scalar factor is also under control to this order. Gathering all the contributions we find that for q → 0

χ_2(q)e^{−ϵ(0)2 (q)} ∼

64g^{4J+4}

q^2 ( 1 − 4g^2(J + 2) ) . (109)

Using (34), we conclude that

E_0(J) − E_0(∞) = −4g^{2J+2} + 8(J + 2)g^{2J+4} + O(g^{2J+6}) . (110)

This is valid for J ≥ 1. For J = 0, the next BTBA order, which we are not taking into account, would contribute to the same sub-leading weak coupling order.

The result (110) is much harder to test in general. Indeed, for the simplest case J = 1, one would need a 3-loop order computation. This range of interaction exceeds the length of chain and so the analysis using the planar dilation operator will not suffice. Nevertheless, we can provide some evidence that this next-to-leading finite size correction is right by using the nice interplay between alternative points of view we described in the introduction. Recall that the operators we are considering can be analyzed both

(i) as Y impurities in the background of scalar fields Z, and

(ii) as Z impurities in the background of scalar fields Y .

Because in both cases the boundaries are specified by a determinant of scalar fields Z, these two points of view are genuinely inequivalent as far as the asymptotic (J → ∞) Bethe ansatz is concerned. The anomalous dimension of a given operator can be computed using either asymptotic Bethe ansatz, and both answers will capture the correct, finite-volume, anomalous dimension only to a certain order in weak-coupling perturbation theory. What is interesting is that the two answers generally do not fail at the same order, so that it is possible to use the more efficient viewpoint to test the finite size correction of the less efficient one.

Let us illustrate this with two examples. Consider first the operator O_Z (Y Y ). From the point of view (i), the asymptotic description gives for the anomalous dimension 2 √ 1 + 4g^2 − 2 = 4g^2 + · · · .

The corresponding finite size correction was already at 1-loop and precisely equal to −4g^2. From this point of view we have a vanishing 1-loop anomalous dimension only after incorporating the leading finite size correction. What is remarkable is that the point of view (ii), predicts a vanishing 1-loop anomalous dimension for the operator O_Z (Y Y ), with no need to incorporate the finite size corrections corresponding to this point of view^9

Let us turn now to the operator O_Z (Y ZY ). From the point of view (i), the anomalous dimension, after taking into account leading and next-to-leading finite size corrections (110), is given by 2 √ 1 + 4g^2 − 2 − 4g^4 + 24g^6 = 4g^2 − 8g^4 + 32g^6 + O(g^8) (111) From the point of view (ii), O_Z (Y ZY ) is seen at weak coupling as a magnon with momentum p =^π_2 +O(g^6). Moreover this asymptotic description is not expected to receive finite size correction until order g^8. Thus, by adopting the point of view (ii), one has that the anomalous dimension of O_Z (Y ZY ) is √ 1 + 16g^2 sin^2(^π_4 + O(g^6)) − 1 = 4g^2 − 8g^4 + 32g^6 + O(g^8). (112) Therefore, for the operator O_Z (Y ZY ), the ABA result for the point of view (ii) agrees with that of (i) with the first two leading finite size correction orders incorporated.

5 Outlook

In this paper we used boundary the Lüscher correction to compute the leading (and in some cases next-to-leading in g^2) finite-size corrections to the anomalous dimensions of various operators. For operators of the form O_Y (Z^J ) ≡ ϵ^{i1,··· ,iN}_{j1,··· ,jN} Y^{j1}_{i1} · · · Y^{jN−1}_{iN−1} (Z^J )^{jN}_{iN} , (113) we confirmed that the anomalous dimension vanishes (in the large N limit) to all orders in the ’t Hooft coupling and for any J.

On the other hand, for operators of the form O_Z (Y Z^J Y ) ≡ ϵ^{i1,··· ,iN}_{j1,··· ,jN} Z^{j1}_{i1} · · · Z^{jN−1}_{iN−1} (Y Z^LY )^{jN}_{iN} , (114) we found that the resulting predictions for the finite-size anomalous dimensions match those obtained by direct gauge theory calculations, which we also performed.

9This is quite an exceptional example, because the finite size corrections are exactly vanishing.

These open-boundaries calculations, on both gauge theory and worldsheet QFT sides, do not have the intricacy of the closed-boundaries Konishi calculation in [14, 16]. Our hope is that this simplicity at the leading Lüscher approximation means that direct checks of subsequent orders beyond the Lüscher approximation against gauge theory calculations will be possible in the foreseeable future. Such tests are important to perform because they would, for the first time, involve corrections to the pseudo-energy coming from actual BTBA equations – and they seem unlikely to be feasible in the closed-boundaries case, where the analogous TBA order would require an 8-loop gauge theory calculation.

Generalizing this boundary TBA method, in order to compute finite size correction of excited state energies, would also be of interest. This would allow for more elaborate verifications, by further exploiting the interplay between alternative points of view we described in the section 4.5.

Acknowledgments.– We thank Anirban Basu, Patrick Dorey, Anshuman Maharana and Romuald Janik for helpful discussions. D.H.C. is funded by the Seventh Framework Programme under grant agreement number PIEF-GA-2008-220702. C.A.S.Y. is funded by the Leverhulme trust.

A Crossing properties of the bulk dressing factor

The bulk S-matrix S(x_1, x_2) takes the following schematic form: S_{full}(x_1, x_2) = S^2_0 (x_1, x_2) ( Ŝ_{su(2|2)}(x_1, x_2) ⊗ Ŝ_{su′(2|2)}(x_1, x_2) ) . (115) where the overall scalar factor S_0(x_1, x_2)^2 is related to dressing factor σ(x_1, x_2) by

S_0(x_1, x_2)^2 =

(x^+_1 − x^−_2 )(1 −^1_{x−1 x+2} ) (x^−_1 − x^+_2 )(1 −^1_{x+1 x−2} ) 1 σ^2(x_1, x_2)

, (116)

Recall that crossing transformation can be implemented by shifting the rapidity along the imaginary axis ζ ± ω_2. To implement crossing transformation in the dressing factor consistently with unitarity, one has to define the shifts in the two arguments with opposite signs. We will be using:

σ(ζ_1 + ω_2, ζ_2)σ(ζ_1, ζ_2) = x^−(ζ_2) x^+(ζ_2) f(x_1, x_2) , (117)

σ(ζ_1, ζ_2 − ω_2)σ(ζ_1, ζ_2) = x^+(ζ_1) x^−(ζ_1) f(x_1, x_2) , (118) where the function f(z_1, x_2) is given by

f(x_1, x_2) ≡

(x^−_1 − x^+_2 )(1 − 1/x^+_1 x^+_2 ) (x^−_1 − x^−_2 )(1 − 1/x^+_1 x^−_2 ) = (x^−_1 − x^+_2 )(1 − 1/x^−_1 x^−_2 ) (x^+_1 − x^+_2 )(1 − 1/x^+_1 x^−_2 )

. (119)

The unitarity condition for the scalar factor reads

S_0(z_1, z_2)S_0(z_2, z_1) = 1 , ⇔ σ(z_1, z_2)σ(z_2, z_1) = 1 . (120)

B Boundary reflection matrices for Q-magnon bound states

In this appendix we compute the reflection matrices for a bulk bound state of Q magnons from a “Z = 0” boundary; that is, a boundary carrying the fundamental representation with labels as in (51).

As in [14] we will first consider the case of a bulk degree of freedom in a graded-symmetric short representation, denoted V_Q. This representation can be regarded [49] as consisting of homogeneous polynomials of degree Q in the variables w^1, w^2, θ^1, θ^2, where the w are bosonic, the θ fermionic. The generators of su(2|2) are realized as

R^a_b = w^a ∂ ∂w^b − 1 2 δ^a_b w^c ∂ ∂w^c , L^α_β = θ^α ∂ ∂θ^β − 1 2 δ^α_β θ^γ ∂ ∂θ^γ (121)

Q^α_a = a θ^α ∂ ∂w^a + b ϵ_{ab}ϵ^{αβ}w^b ∂ ∂θ^β , S^a_α = c ϵ^{ab}ϵ_{αβ}θ^β ∂ ∂w^b + d w^a ∂ ∂θ^α (122) with the parameters a, b, c, d as in (38). Likewise, the boundary states correspond to homogeneous polynomials of degree 1 in variables w^{′1}, w^{′2}, θ^{′1}, θ^{′2} and the action of the symmetry algebra is as above with primes inserted throughout and the parameters a, b, c, d taken from (51).

The tensor product V_1 ⊗ V_Q of boundary and bulk representations decomposes into the direct sum of 10 irreducible components^{10} with respect to the bosonic symmetries su(2)⊕su(2). We follow precisely the conventions of [14] in choosing bases v^A_1 , v^A_2 , . . . , v^A_{10} of these su(2)⊕su(2)-irreps and a complete set Λ^j_i of su(2) ⊕ su(2)-intertwiners. For the sake of brevity, the reader is referred to [14] for the definitions. The reflection matrix is then of the form R(p, ξ) = ∑ a_{i,j}(p, ξ)Λ^j_i (123)

for some coefficient functions a_{i,j}. As an su(2|2) representation the tensor product V_1 ⊗ V_Q is irreducible (for generic values of the parameters) and so demanding that R commute with the supersymmetries fixes all the ratios between the a_{i,j}.

Let us consider a left boundary. The parameters ξ and p before and after scattering are then as in (53). In the normalization with a_{1,1} = 1, we find that the other coefficients are as follows.

a_{5,5} = η̃_B η_B (z^−)^2 + z^+x_B z^+(x_B + z^+)

, a_{9,9} = η̃_Bη̃ η_B η z^−(−x_B + z^−) z^+(x_B + z^+)

(124)

10There are 10 components for all Q > 2. For Q = 2 there are 9 and for Q = 1, 6. See [49].

a_{5,6} = √ Q η̃_B η (z^+ + z^−)(z^+ − z^−) (x_B + z^+)z^+

, a_{6,5} = √ Q η̃ η_B x_B (z^+ + z^−) z^+(x_B + z^+)

(125)

a_{6,6} = Q η̃ η (z^+)^2 − z^−x_B (x_B + z^+)z^+

(126)

a_{10,10} = 2 Q − 1 η̃^2 η^2

(−x_B + z^−)(z^−x_B + 1) (x_B + z^+)(z^+x_B − 1)

(127)

a_{7,7} = − 2 Q η̃ η (−x_B + z^−)(z^+ − x_B(z^−)^2)

z^−(x_B + z^+)(z^+x_B − 1)

(128)

a_{8,8} = 1 2 η̃_Bη̃^2 η_B η^2

(x_B (z^+)^2 + z^−)z^−(−x_B + z^−) (z^+)^2(x_B + z^+)(z^+x_B − 1)

(129)

a_{8,7} = − i √ Q η̃_Bη̃^2 e^{2iξ}η (z^+ + z^−)z^−(−x_B + z^−) (z^+)^2(x_B + z^+)(z^+x_B − 1)

(130)

a_{7,8} = − i √ Q η̃e^{2iξ} η_B η^2

(z^+ + z^−)(z^+ − z^−)(−x_B + z^−)x_B z^−(x_B + z^+)(z^+x_B − 1)

(131)

a_{3,2} = 2i √ Q η̃_Bη̃ e^{2iξ} ((z^−)^2 + z^+x_B )(z^+ + z^−) (z^+)^2(x_B + z^+)(z^+x_B − 1)

(132)

a_{2,3} = 2i √ Q e^{2iξ} ηη_B (z^−)^2 + z^+x_B )(z^+ + z^−)(z^+ − z^−)x_B (x_B + z^+)(z^−)^2(z^+x_B − 1)

(133)

a_{2,4} = i(Q − 1) Q e^{2iξ} η^2

(z^+ − z^−)^2(z^+ + z^−)^2x_B (x_B + z^+)(z^+x_B − 1)(z^−)^2

(134)

a_{3,4} = Q − 1 √ Q η̃_Bη̃ η^2

(x_B (z^+)^2 + z^−)(z^+ + z^−)(z^+ − z^−) (x_B + z^+)(z^+)^2(z^+x_B − 1)

(135)

a_{2,2} = − 2 Q(Q + 1) 1 (x_B + z^+)(z^−)^2(z^+x_B − 1) ( Q(z^−)^2z^+ + (Q + 1)x_B (z^+)^2 (136)

− (Q + 1)x_B (z^−)^4 − Qx^2_B (z^−)^2z^+ + (z^−)^2x_B (z^+)^2 − x_B (z^−)^2 ) (137)

a_{3,3} = η̃_Bη̃ η_B η 2x^2_B (z^+)^3 + (z^+)^2z^−x^2_B + (z^−)^2x_B(z^+)^2 + z^+x_B z^− + (z^−)^2z^+ + 2(z^−)^3 (z^+x_B − 1)(z^+)^2(x_B + z^+)

(138)

a_{4,4} = Q − 1 2Q η̃^2 η^2 1 (x_B + z^+)(z^+)^2(z^+x_B − 1) ( (Q − 1)(z^+)^4x_B − (z^+)^3z^−x_B + (z^−)^2x_B (z^+)^2

+ 2Q(z^+)^2z^− + Q(z^−)^2z^+ + Qx^2_B (z^−)^2z^+ + (z^−)^3x_B z^+ − Qx_B(z^−)^2 ) (139)

a_{4,2} = − i Q η̃^2 e^{2iξ} (z^+ + z^−) (z^+ − z^−)(z^+x_B − 1)(z^+)^2(x_B + z^+) ( (z^−)^2x_B(z^+)^2 − (Q − 1)x_B (z^+)^2

− Qx^2_B (z^−)^2z^+ − z^+x_Bz^− − Q(z^−)^2z^+ − (z^−)^3x_B z^+ + Qx_B (z^−)^2 ) (140) a_{4,3} = 1 √ Q η̃^2 η_Bη (z^+ + z^−) (z^+ − z^−)(z^+x_B − 1)(z^+)^2(x_B + z^+) × ( (Q − 1)x^2_B (z^+)^3 − (z^−)^2x_B (z^+)^2 − (Q − 1)(z^+)^2z^−x^2_B + Qz^+x_B z^− + Qx^2_B (z^−)^2z^+ + Q(z^−)^2z^+ + (z^−)^3x_Bz^+ − Qx_B(z^−)^2 ) . (141)

Here η and η̃ are the functions in (38) before and after scattering respectively. They are given as functions of p and ξ by (39); this choice is the “string basis” of [50]. It is perhaps not entirely clear how the corresponding boundary functions η_B and η̃_B should depend on ξ and x_B. We have made the choice (52),^{11} which has the merit that the reflection matrix then becomes independent of the phase ξ. This in turn makes parity symmetry manifest, in the sense that the reflection matrix for a right boundary is (we have verified) related to the left reflection matrix above by

R^{right}(p) = R(−p). (142)

Of course, as in [14], we really want the reflection matrix for graded-antisymmetric representations, which are believed to be the physical bound-states of the mirror theory. This amounts to exchanging 1 ↔ 3, 2 ↔ 4, which is effectively a ↔ d, b ↔ c in (122). Conveniently, this is in turn achieved by z^± → −z^∓, which is just the parity transformation, together with ξ → −ξ + π in a, b, c, d, which has no effect on R(p).

References

[1] J. A. Minahan and K. Zarembo, JHEP 0303 (2003) 013 [arXiv:hep-th/0212208].

[2] N. Beisert, C. Kristjansen and M. Staudacher, Nucl. Phys. B 664 (2003) 131 [arXiv:hep-th/0303060].

[3] N. Beisert and M. Staudacher, Nucl. Phys. B 670 (2003) 439 [arXiv:hep-th/0307042].

[4] G. Arutyunov, S. Frolov and M. Staudacher, JHEP 0410 (2004) 016 [arXiv:hep-th/0406256].

[5] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, Commun. Math. Phys. 263 (2006) 659 [arXiv:hep-th/0502226].

[6] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].

[7] N. Beisert and M. Staudacher, Nucl. Phys. B 727 (2005) 1 [arXiv:hep-th/0504190].

11Different choices for ηB and η̃B would eventually generate extra^{z−}_{z+} factors which might shift the relation between J and L.

[8] C. Sieg and A. Torrielli, Nucl. Phys. B 723 (2005) 3 [arXiv:hep-th/0505071].

J. Gunnesson, arXiv:0902.1427 [hep-th].

M. Beccaria, V. Forini, T. Lukowski and S. Zieme, JHEP 0903 (2009) 129 [arXiv:0901.4864 [hep-th]].

Y. Hatsuda and R. Suzuki, JHEP 0809 (2008) 025 [arXiv:0807.0643 [hep-th]]. C. Ahn and P. Bozhilov, JHEP 0807 (2008) 105 [arXiv:0806.1085 [hep-th]]. B. Ramadanovic and G. W. Semenoff, arXiv:0803.4028 [hep-th].

T. Klose and T. McLoughlin, J. Phys. A 41 (2008) 285401 [arXiv:0803.2324 [hep-th]]. D. Bombardelli, D. Fioravanti and M. Rossi, Nucl. Phys. B 810 (2009) 460 [arXiv:0802.0027 [hep-th]].

N. Gromov, S. Schafer-Nameki and P. Vieira, Phys. Rev. D 78 (2008) 026006 [arXiv:0801.3671 [hep-th]].

J. A. Minahan and O. Ohlsson Sax, Nucl. Phys. B 801 (2008) 97 [arXiv:0801.2064 [hep-th]]. C. A. Keeler and N. Mann, arXiv:0801.1661 [hep-th].

M. Beccaria and V. Forini, JHEP 0711 (2007) 031 [arXiv:0710.0217 [hep-th]]. [9] N. Beisert, V. Dippel and M. Staudacher, JHEP 0407 (2004) 075 [arXiv:hep-th/0405001]. [10] J. Ambjorn, R. A. Janik and C. Kristjansen, Nucl. Phys. B 736 (2006) 288 [arXiv:hep-th/0510171].

[11] A. B. Zamolodchikov, Nucl. Phys. B 342 (1990) 695. [12] M. Staudacher, JHEP 0505 (2005) 054 [arXiv:hep-th/0412188].

N. Beisert, Adv. Theor. Math. Phys. 12 (2008) 945 [arXiv:hep-th/0511082]. [13] M. Luscher, Commun. Math. Phys. 104 (1986) 177; Commun. Math. Phys. 105 (1986) 153. [14] Z. Bajnok and R. A. Janik, Nucl. Phys. B 807 (2009) 625 [arXiv:0807.0399 [hep-th]]. [15] Z. Bajnok, R. A. Janik and T. Lukow arXiv:0811.4448 [hep-th].

[16] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Nucl. Phys. B 805 (2008) 231 [arXiv:0806.2095 [hep-th]].

V. N. Velizhanin, arXiv:0811.0607 [hep-th].

[17] G. Arutyunov and S. Frolov, JHEP 0903 (2009) 152 [arXiv:0901.1417 [hep-th]].

[18] N. Gromov, V. Kazakov and P. Vieira, arXiv:0901.3753 [hep-th]. [19] D. Bombardelli, D. Fioravanti and R. Tateo, arXiv:0902.3930 [hep-th]. [20] N. Gromov, V. Kazakov, A. Kozak and P. Vieira, arXiv:0902.4458 [hep-th]. [21] G. Arutyunov and S. Frolov, arXiv:0903.0141 [hep-th].

[22] N. Mann and S. E. Vazquez, JHEP 0704 (2007) 065 [arXiv:hep-th/0612038]. [23] D. Berenstein and S. E. Vazquez, JHEP 0506 (2005) 059 [arXiv:hep-th/0501078]. [24] D. M. Hofman and J. M. Maldacena, arXiv:0708.2272 [hep-th]. [25] W. Galleas, arXiv:0902.1681 [hep-th].

[26] A. LeClair, G. Mussardo, H. Saleur and S. Skorik, Nucl. Phys. B 453 (1995) 581 [arXiv:hep-th/9503227].

[27] V. V. Bazhanov, S. L. Lukyanov and A. B. Zamolodchikov, Nucl. Phys. B 489 (1997) 487 [arXiv:hep-th/9607099].

P. Dorey and R. Tateo, Nucl. Phys. B 482 (1996) 639 [arXiv:hep-th/9607167]. D. Fioravanti, A. Mariottini, E. Quattrini and F. Ravanini, Phys. Lett. B 390 (1997) 243 [arXiv:hep-th/9608091].

P. Fendley, Nucl. Phys. B 374 (1992) 667 [arXiv:hep-th/9109021].

[28] S. Ghoshal and A. B. Zamolodchikov, Int. J. Mod. Phys. A 9 (1994) 3841 [Erratum-ibid. A 9 (1994) 4353] [arXiv:hep-th/9306002].

[29] P. Dorey, A. Pocklington, R. Tateo and G. Watts, Nucl. Phys. B 525 (1998) 641 [arXiv:hep-th/9712197].

[30] H. Y. Chen and D. H. Correa, JHEP 0802 (2008) 028 [arXiv:0712.1361 [hep-th]]. [31] C. Ahn, D. Bak and S. J. Rey, JHEP 0804 (2008) 050 [arXiv:0712.4144 [hep-th]]. [32] C. Ahn and R. I. Nepomechie, JHEP 0805 (2008) 059 [arXiv:0804.4036 [hep-th]]. [33] L. Palla, Nucl. Phys. B 808 (2009) 205 [arXiv:0807.3646 [hep-th]].

[34] Z. Bajnok, L. Palla and G. Takacs, Nucl. Phys. B 716 (2005) 519 [arXiv:hep-th/0412192];

Nucl. Phys. B 772 (2007) 290 [arXiv:hep-th/0611176].

[35] J. McGreevy, L. Susskind and N. Toumbas, JHEP 0006 (2000) 008 [arXiv:hep-th/0003075]. [36] V. Balasubramanian, M. x. Huang, T. S. Levi and A. Naqvi, JHEP 0208 (2002) 037 [arXiv:hep-th/0204196].

[37] G. Arutyunov and S. Frolov, arXiv:0710.1568 [hep-th]. [38] N. Beisert, J. Stat. Mech. 0701 (2007) P017 [arXiv:nlin/0610017]. [39] H. Y. Chen, N. Dorey and K. Okamura, JHEP 0703 (2007) 005 [arXiv:hep-th/0610295]. [40] D. H. Correa and C. A. S. Young, J. Phys. A 41 (2008) 455401 [arXiv:0808.0452 [hep-th]]. [41] N. Dorey, D. M. Hofman and J. M. Maldacena, Phys. Rev. D 76 (2007) 025011 [arXiv:hep-th/0703104].

[42] G. Arutyunov and S. Frolov, arXiv:0904.4575 [hep-th].

[43] N. Beisert, R. Hernandez and E. Lopez, JHEP 0611 (2006) 070 [arXiv:hep-th/0609044]. [44] N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701 (2007) P021 [arXiv:hep-th/0610251].

[45] D. Berenstein, D. H. Correa and S. E. Vazquez, Phys. Rev. Lett. 95, 191601 (2005) [arXiv:hep-th/0502172]; JHEP 0609, 065 (2006) [arXiv:hep-th/0604123].

[46] N. Beisert, T. McLoughlin and R. Roiban, Phys. Rev. D 76 (2007) 046002 [arXiv:0705.0321 [hep-th]].

[47] N. Beisert, Phys. Rept. 405, 1 (2005) [arXiv:hep-th/0407277].

[48] D. Berenstein, J. M. Maldacena and H. Nastase, JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].

[49] G. Arutyunov and S. Frolov, Nucl. Phys. B 804 (2008) 90 [arXiv:0803.4323 [hep-th]]. [50] G. Arutyunov, S. Frolov and M. Zamaklar, JHEP 0704 (2007) 002 [arXiv:hep-th/0612229].