arXiv:0905.1838v3 [hep-th] 14 Aug 2009

Preprint typeset in JHEP style - HYPER VERSION

Corrected Entropy of Friedmann-Robertson-Walker Universe in Tunneling Method

Tao Zhu, Ji-Rong Ren, and Ming-Fan Li

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, P. R. China E-mail: zhut05@lzu.cn, renjr@lzu.edu.cn, limf07@lzu.cn

Abstract: In this paper, we study the thermodynamic quantities of Friedmann- Robertson-Walker (FRW) universe by using the tunneling formalism beyond semiclassical approximation developed by Banerjee and Majhi[25]. For this we first calculate the corrected Hawking-like temperature on apparent horizon by considering both scalar particle and fermion tunneling. With this corrected Hawking-like temperature, the explicit expressions of the corrected entropy of apparent horizon for various gravity theories including Einstein gravity, Gauss-Bonnet gravity, Lovelock gravity, f(R) gravity and scalar-tensor gravity, are computed. Our results show that the corrected entropy formula for different gravity theories can be written into a general expression (4.39) of a same form. It is also shown that this expression is also valid for black holes. This might imply that the expression for the corrected entropy derived from tunneling method is independent of gravity theory, spacetime and dimension of the spacetime. Moreover, it is concluded that the basic thermodynamical property that the corrected entropy on apparent horizon is a state function is satisfied by the FRW universe.

Keywords: Hawking-Like Radiation, Tunneling, Thermodynamics of Friedmann-Robertson-Walker Universe, Entropy.

Contents

1. Introduction 1

2. Corrections to the semiclassical Hawking-like temperature 4 2.1 Scalar particle tunneling 5 2.2 Fermion tunneling 8

3. Corrected entropy in Einstein gravity 12

4. Corrected entropy in generalized gravity theory 14 4.1 Gauss-Bonnet gravity 14 4.2 Lovelock gravity 16 4.3 f(R) gravity 17 4.4 Scalar-Tensor gravity 18

5. Test the expression for corrected entropy with black holes 20

6. Conclusions 21

1. Introduction

Hawking radiation phenomenon of black holes shows that black holes are not completely black, but emit thermal radiations like a black body, with a temperature proportional to its surface gravity at the horizon and with an entropy proportional to its horizon area[1, 2]. The Hawking temperature and the horizon entropy together with the mass of the black hole obey the first law of thermodynamics[3]. Modeling the phenomenon of Hawking radiation one should incorporate quantum fields moving in a background of classical gravity. Therefore quantum theory, gravitational theory and thermodynamics meet at black holes together. The first law of thermodynamics of black hole together with the quantum nature of black hole lead people to consider the connection between thermodynamics and gravity theory.

Inspired by black hole thermodynamics, Jacobson first showed that Einstein gravity can be derived from the fundamental thermodynamics relation (Clausius relation) δQ = T dS together with the proportionality of entropy and the horizon area, presuming that the relation holds for all Rindler causal horizons through each spacetime point[4]. With the viewpoint of thermodynamics, Einstein equation is nothing but an equation of the state of spacetime. Applying this idea to f(R) gravity and scalar-tensor gravity, it turns out that a non-equilibrium thermodynamic setup has to be employed[5, 6]. For another viewpoint, see[7].

– 1 –

Jacobson’s derivation provides a convincing evidence for the connection between thermodynamics and gravity theory. Recently, this connection has been investigated extensively in literatures for Friedmann-Robertson-Walker (FRW) universe. By assuming the apparent horizon of FRW spacetime has an associated semiclassical Bekenstein-Hawking entropy S_{BH} and temperature T_0

S_{BH} = A 4ℏ , T_0 = ℏ 2πr̃_A , (1.1)

Cai et al[8] showed that Friedmann equations can be derived from the first law of thermodynamics dE = T_0dS_{BH}. Here ℏ is the Planck constant, A is the area of the apparent horizon, and r̃_A is the radius of the apparent horizon. Further they using the same procedure, derived also Friedmann equations in the Gauss-Bonnet gravity and the more general Lovelock gravity. That study has also been generalized to f(R) gravity and scalar-tensor gravity[6, 9, 10]. In [6, 10], the Friedmann equations for f(R) gravity and scalar-tensor gravity were derived from the first law of thermodynamics by adding non-equilibrium corrections. In this case, in order to construct the equilibrium thermodynamics in f(R) gravity and scalar-tensor gravity, a mass-like function should be introduced to define the energy flux crossing the apparent horizon[11]. Beside gravity theories in four dimensions, the first law form of thermodynamics also holds on apparent horizon in various braneworld scenarios[12]. Some other viewpoints and further developments in this direction see [13] and references therein. The fact that the first law of thermodynamics holds extensively in various spacetime and gravity theories suggests a deep connection between thermodynamics and gravity theory.

The thermodynamics behavior of spacetime is only one of the features of gravity. This feature connects gravity and thermodynamics together. Another feature is the quantum effects of spacetime, which is related to the radiation of quantum fields from the horizon of the spacetime. Of black holes, this radiation is usually called Hawking radiation and was first found by Hawking[1]. Hawking’s original derivation of this radiation was completely based on quantum field theory. Since then, several other derivations of Hawking radiation were subsequently presented in literatures. Among these derivations, a simple and physically intuitive picture is provided by the tunneling mechanism[14]. It has two variants namely null geodesic method[14] and Hamilton-Jacobi method[15]. The tunneling method has attracted a lot of attention and has been applied to various black hole spacetimes[16]. Among the applications of the tunneling method, the fermion tunneling from black hole horizon has also been investigated[17, 36]. Recently, a problem in the tunneling approach has been discussed which corresponds to a factor two ambiguity in the original Hawking temperature[18]. Later, the connection between tunneling formulism and the anomaly approach is discussed[19]. Recently, the derivation of Hawking black body spectrum in the tunneling formulism is addressed[20] and this derivation fills the gap in the existing tunneling formulations.

Now, inspired by the Hawking radiation of black hole spacetimes, a question raises. That is, is there a Hawking-like radiation from the apparent horizon of a FRW universe? In a recent paper[21], the scalar particles’ Hawking-like radiation from the apparent horizon

– 2 – of a FRW universe was investigated by using the tunneling method. Subsequently, further investigations of the Hawking-like radiation as tunneling in a FRW universe have been done by many authors[22, 23, 24]. The calculation of the Hawking-like radiation in tunneling method shows that a FRW universe indeed emits particles with a physical Hawking-like temperature T_0 =^ℏ_{2πr̃A} , which is just the assumed temperature on apparent horizon to construct the first law of thermodynamics in FRW universe. Knowing the expression of this Hawking-like temperature, one can apply the first law of thermodynamics to identify explicitly the expression of the entropy of apparent horizon in various gravity theories. However, as we have known, when one constructs the first law of thermodynamics in FRW universe, the expressions of the entropy for various gravity theories are only assumptions. Thus, the tunneling method provides an approach to directly calculate both the Hawkinglike temperature and the corresponding entropy of apparent horizon for FRW universe.

However, the tunneling method used for the Hawking-like radiation in FRW universe is based on the semiclassical approximation. This means that the Hawking-like temperature T_0 =^ℏ_{2πr̃A} and the corresponding entropy are both semiclassical results. When the completely quantum effect is taken into account, both the Hawking-like temperature and entropy of the apparent horizon should undergo corrections. But it is not obvious how to go beyond this semiclassical approximation in the tunneling method. Recently, the question that how to go beyond semiclassical approximation in the tunneling method, have been discussed in a series of papers by Banerjee and Majhi [25, 26]. And the general formalism of tunneling beyond semiclassical approximation has been developed in [25]. This formalism provides an approach to investigate the quantum corrections to the semiclassical thermodynamic variables of spacetime and has been studied extensively recently [27, 28, 29, 30, 31]. Therefore, it is of interest to investigate whether this formalism can be generalized to the FRW universe.

In our previous work[32], by using the formalism of tunneling beyond semiclassical approximation, we have considered the Hawking-like radiation in a (3 + 1)-dimensional FRW spacetime. The result yields the corrected expression of the Hawking-like temperature and entropy of apparent horizon. Note that there is a similar work that also treats the Hawking-like radiation to obtain the corrected Hawking-like temperature in FRW universe via tunneling beyond semiclassical approximation[33]. However, the computations in [32, 33] are confined to a (3 + 1)-dimensional FRW spacetime in Einstein gravity. The corrected expression of the entropy for generalized gravity theories is generally not discussed. As we all have known, the first law of thermodynamics holds not only for Einstein gravity, but also for other gravity theories like Gauss-Bonnet gravity, Lovelock gravity, f(R) gravity and scalar-tensor gravity. Therefore, we must ask if the tunneling formalism beyond semiclassical approximation is still valid in investigating the quantum corrections to the Hawking-like temperature and the corresponding entropy of apparent horizon in generalized theories of gravity. In the present work, we are going to investigate this problem.

In this paper, we would like to study the corrected thermodynamic quantities of FRW universe by using the tunneling formalism beyond semiclassical approximation. Via the tunneling calculation, we obtain the corrected form of the Hawking-like temperature of apparent horizon for a (n + 1)-dimensional FRW universe. With this corrected Hawking-

– 3 – like temperature, the explicit expressions of the corrected entropy of apparent horizon for various gravity theories including Einstein gravity, Gauss-Bonnet gravity, Lovelock gravity, f(R) gravity and scalar-tensor gravity, are computed. Our results show that the corrected entropy formula for different gravity theories can be written into a general expression of a same form and this expression is also valid for black holes. This might imply that the expression for the corrected entropy derived from tunneling method is independent of the gravity theory, spacetime and the dimension of the spacetime.

Therefore, the paper is organized as follows. In section 2, the tunneling of scalar particle and fermion are both used to calculate the corrected Hawking-like temperature of apparent horizon for a (n + 1)-dimensional FRW universe. The derivation of the corrected entropy for various gravity theories appear in sections 3 and 4. In section 5 we test the expression for corrected entropy in black hole background, and section 6 is left for our conclusions.

2. Corrections to the semiclassical Hawking-like temperature

In this section, in order to obtain the corrected form of the Hawking-like temperature of apparent horizon for FRW universe, we consider both the scalar particle and fermion’s Hawking-like radiation by using the tunneling method beyond semiclassical approximation.

For convenience of our analysis let us first begin with the standard form of an (n + 1)- dimensional FRW metric

ds^2 = −dt^2 + a^2(t) ( dr^2 1 − kr^2 + r^2dΩ^2_{n−1} ) , (2.1)

where dΩ^2_{n−1} denotes the line element of an (n−1)-dimensional unit sphere, a(t) is the scale factor of the universe and k is the spatial curvature constant which can take values k = +1 (positive curvature), k = 0 (flat), k = −1 (negative curvature). Introducing r̃ = a(t)r, the metric (2.1) can be rewritten as

ds^2 = h_{ab}dx^adx^b + r̃^2dΩ^2_{n−1}, (2.2)

where x^a = (t, r) and h_{ab} = diag(−1, a^2/(1 − kr^2)). In FRW universe, there is a dynamical apparent horizon, which is the marginally trapped surface with vanishing expansion and is defined by the equation

h^{ab}∂_ar̃∂_br̃ = 0. (2.3)

Using the metric (2.2), one can easily get the radius of the apparent horizon for the FRW universe

r̃_A = 1 √ H^2 + k/a^2

, (2.4)

where H is the Hubble parameter, H ≡ ȧ/a (the dot represents derivative with respect to the cosmic time t).

– 4 –

In the tunneling approach of reference [14] the Painlevé-Gulstrand coordinates are used for the Schwarzschild spaceime. Applying the change of radial coordinate, r̃ = ar, along with the above definitions of H and r̃_A to the metric in 2.1 one obtains the Painlevé- Gulstrand-like metric for FRW spacetime

ds^2 = −

1 − r̃^2/r̃^2_A 1 − kr̃^2/a^2 dt^2 − 2Hr̃ 1 − kr̃^2/a^2 dtdr̃ + 1 1 − kr̃^2/a^2 dr̃^2 + r̃^2dΩ^2_{n−1}. (2.5)

These coordinates have been used in both null geodesic method and Hamilton-Jacobi method [21, 22, 32, 23, 33] to study the Hawking-like radiation from a (3 + 1)-dimensional FRW metric.

2.1 Scalar particle tunneling

In this subsection we discuss scalar particle tunneling from apparent horizon. Although there are literatures [32, 33] for the computation of the corrections to the Hawking-like temperature via scalar particle tunneling, they are only confined to the (3 + 1)-dimensional case. Now, we shall do the computation for arbitrary (n + 1)-dimensional FRW universe.

A massless scalar field ϕ in FRW universe obeys the Klein-Gordon equation −ℏ^2 √ −g ∂_μ(g^{μν} √ −g∂_ν )ϕ = 0. (2.6)

In the tunneling approach we are concerned about the radial trajectory, so that only the (t − r̃) sector of the metric (2.2) is relevant, thus by making the standard ansatz for scalar wave function

ϕ(r̃, t) = exp [ i ℏ I(r̃, t) ] , (2.7)

the Klein-Gordon equation (2.6) can be simplified to

∂^2I ∂t^2 + ( i ℏ ) ( ∂I ∂t )_2 + H 1 − kr̃^2/a^2 ∂I ∂t + r̃(H^2r̃^2_A + 1 − kr̃^2/a^2)

r̃^2_A(1 − kr̃^2/a^2) ∂I ∂r̃ − i ℏ (1 − r̃^2/r̃^2_A) ( ∂I ∂r̃ )_2 + 2 i ℏ Hr̃ ∂I ∂r̃ ∂I ∂t + 2Hr̃ ∂^2I ∂t∂r̃ − (1 − r̃^2/r̃^2_A)

∂^2I ∂r̃^2 = 0. (2.8)

An expansion of I(r̃, t) in powers of ℏ gives,

I(r̃, t) = I_0(r̃, t) + ∑ i ℏ^iI_i(r̃, t), (2.9)

where i = 1, 2, 3 . . .. Substituting (2.9) into (2.8) and equating different powers of ℏ at

– 5 – both sides, after a straightforward calculation we obtain the following set of equations:

ℏ^0 : ∂I_0 ∂t = (−Hr̃ ± √ 1 − kr̃^2/a^2) ∂I_0 ∂r̃ , ℏ^1 : ∂I_1 ∂t = (−Hr̃ ± √ 1 − kr̃^2/a^2) ∂I_1 ∂r̃ , ℏ^2 : ∂I_2 ∂t = (−Hr̃ ± √ 1 − kr̃^2/a^2) ∂I_2 ∂r̃ , (2.10) · · · and so on. The above equations have a same functional form. So their solutions are not independent and I_i are proportional to I_0. Then, we write the Eq.(2.9) by

I(r̃, t) = (1 + ∑ i γ_iℏ^i)I_0(r̃, t). (2.11)

Here I_0 denotes the semiclassical contribution and the extra value ∑ i γ_iℏ^iI_0 can be regarded as the quantum correction terms to the semiclassical analysis.

For the metric (2.5), since the metric coefficients are both radius and time dependent, there is no time translation Killing vector field as in the case of static spacetime. However, following Kodama[34], for spherically symmetric dynamical spacetime whose metric is like (2.5), there is a natural analogue, the Kodama vector K = √ 1 − kr̃^2/a^2 ∂ ∂t . (2.12)

Thus, using the Kodama vector, the general form of the semiclassical action I_0(r̃, t) in FRW universe is given by

I_0(r̃, t) = − ∫ ω √ 1 − kr̃^2/a^2 dt + ∫ ∂I_0(r̃, t) ∂r̃ dr̃, (2.13)

where ω is the conserved quantity with respect to the Kodama vector K. The Kodama vector gives a preferred flow of time, coinciding with the static Killing vector of standard black holes. It should be noted that the Kodama vector is timelike, null and spacelike as r̃ < r̃_A, r̃ = r̃_A and r̃ > r̃_A, respectively.

Put (2.13) into the first equation of (2.11), and combine (2.9), one can obtain the solutions for I(r̃, t): I(r̃, t) = [ − ∫ ω √ 1 − kr̃^2/a^2 dt + ω ∫ −Hr̃ ± √ 1 − kr̃^2/a^2 (1 − r̃^2/r̃^2_A) √ 1 − kr̃^2/a^2 dr̃ ]

× ( 1 + ∑ i γ_iℏ^i ) , (2.14)

where the +(−) sign indicates the particle is outgoing (ingoing).

– 6 –

In Schwarzschild black hole, with the tunneling of a particle across the event horizon the nature of the time coordinate t changes. This change indicates [35] that t coordinate has an imaginary part for the crossing of the horizon of the black hole and consequentially there will be a temporal contribution to the imaginary part of the action for the ingoing and outgoing particles. For FRW universe, the radiation is observed by a Kodama observer and the Kodama vector is timelike, null and spacelike for the regions outside, on and inside the apparent horizon, respectively. Because the energy of the particle is defined by the conserved quantity with respect to the Kodama vector, a discrepancy of Kodama vector inside and outside the horizon will effect the temporal part of the action. This means that the temporal part integral in (2.14) should also have an imaginary part. Therefore, outgoing and ingoing probabilities are given by

P_{out} = |ϕ_{out}|^2 = | | |exp [ i ℏ I_{out}(r̃, t) ]| | | 2

= exp [ − 2 ℏ (1 + ∑ i γ_iℏ^i) ( − Im ∫ ω √ 1 − kr̃^2/a^2 dt

+ωIm ∫ −Hr̃ + √ 1 − kr̃^2/a^2 (1 − r̃^2/r̃^2_A) √ 1 − kr̃^2/a^2 dr̃ )] , (2.15)

P_{in} = |ϕ_{in}|^2 = | | |exp [ i ℏ I_{in}(r̃, t) ]| | | 2

= exp [ − 2 ℏ (1 + ∑ i γ_iℏ^i) ( − Im ∫ ω √ 1 − kr̃^2/a^2 dt

+ωIm ∫ −Hr̃ − √ 1 − kr̃^2/a^2 (1 − r̃^2/r̃^2_A) √ 1 − kr̃^2/a^2 dr̃ )] . (2.16)

In [23], the temporal part contribution to the action has been calculated in Schwarzschildlike coordinates of a FRW spacetime. The contribution of the temporal part of the action to the tunneling rate is canceled out when dividing the outgoing probability by the ingoing probability because the temporal part is completely the same for both the outgoing and ingoing solutions. It is no need to work out the result of the temporal part of the action.

In the WKB approximation, the tunneling probability is related to the imaginary part of the action as Γ ∝

P_{in}
P_{out}

= exp [ 4ω ℏ ( 1 + ∑ i γ_iℏ^i )

Im

∫ 1 (1 − r̃^2/r̃^2_A) dr̃ ] . (2.17)

It is obvious that the integral function has a pole at the apparent horizon. Through a contour integral, the tunneling probability of ingoing particle now reads

Γ ∝ exp [ − 2 ℏ ( 1 + ∑ i γ_iℏ^i ) πωr̃_A ] . (2.18)

Now using the principle of “detailed balance”[15],

Γ ∝ exp ( − ω T ) , (2.19)

– 7 – the corrected Hawking-like temperature associated with the apparent horizon can be determined as

T = ℏ 2πr̃_A ( 1 + ∑ i γ_iℏ^i )_{−1} = T_0 ( 1 + ∑ i γ_iℏ^i )_{−1} , (2.20)

where T_0 is the semiclassical Hawking-like temperature and other terms are corrections coming from the higher order quantum effects.

2.2 Fermion tunneling

Recently, the tunneling of fermions beyond semiclassical approximation has been also investigated for black holes[26]. Due to the fermion tunneling beyond semiclassical approximation, all the quantum corrrections to the thermodynamics quantities of a black hole can be determined. In this subsection we turn to consider the fermion tunneling beyond semiclassical approximation in FRW universe. For the fermion tunneling, there is a paper which discusses this issue but only with the semiclassical computation[22]. Here we shall do the analysis for the tunneling of massless fermions from a FRW universe by considering all the quantum corrections.

Now we calculate the fermions’ Hawking-like radiation from the apparent horizon of a FRW universe via the tunneling formalism beyond semiclassical approximation. A massless spinor field ψ obeys the Dirac equation without a mass term

−iℏγ^μD_μψ = 0, (2.21)

where the covariant derivative D_μ is given by

D_μ = ∂_μ + i 2 Γ^{α β}_μ Σ_{αβ} , Σ_{αβ} = i 4 [γ^α, γ^β], (2.22)

and the gamma matrices satisfy the condition that

{γ^α, γ^β } = 2g^{αβ} I. (2.23)

In (n + 1)-dimensional FRW spacetime, as in higher dimensional black hole[36], we can

– 8 – choose the γ matrices for the metric (2.5) as

γ^t_{m×m} = ( iI m_{2 ×} m_2 0 0 −iI m_{2 ×} m_2 ) , (2.24)

γ^{r̃}_{m×m} = Hr̃ ( iI m_{2 ×} m_2 0

0 −iI m_{2 ×} m_2 ) + √ 1 − kr̃^2/a^2 ( 0 γ̂^3m_{2 ×} m_2 γ̂^3m_{2 ×} m_2 0 ) , (2.25)

γ^θ_{m×m} = 1 r̃ ( 0 γ̂^1m_{2 ×} m_2 γ̂^1m_{2 ×} m_2 0 ) , (2.26)

γ^φ_{m×m} = 1 r̃ sin θ ( 0 γ̂^2m_{2 ×} m_2 γ̂^2m_{2 ×} m_2 0 ) , (2.27) . . . . . . γ^η_{m×m} = √ g^{ηη} ( 0 γ̂^lm_{2 ×} m_2 γ̂^lm_{2 ×} m_2 0 ) , 4 ≤ l ≤ n (2.28) . . . . . . γ^{xn+1}_{m×m} = √ g^{xn+1xn+1} ( 0 −iI m_{2 ×} m_2 iI m_{2 ×} m_2 0 ) , (2.29)

where t = x^0 and r̃ = x^3 are time coordinate and radial coordinate respectively; θ = x^1 and φ = x^2 are angular coordinates, . . . , η, . . . , x^{n+1} are extra-dimensional coordinates; m = 2^{n+1}2 (m = 2^n2 ) is the order of the matrix in even-(odd-)dimensional spacetime; I m_{2 ×} m_2 is a unit matrix with^m_2 ×^m_2 orders; γ̂^μm_{2 ×} m_2 is the μth gamma matrix with^m_2 ×^m_2 orders in flat spacetime. Note that Eq.(2.29) is only necessary in odd-dimensional spacetime.

In the tunneling approach we are concerned about the radial trajectory, so that only the (t − r̃) sector of the metric (2.2) is relevant, thus the Dirac equation (2.21) can be expressed as iγ^t_{m×m}∂_tψ + iγ^{r̃}_{m×m}∂_{r̃}ψ + iχ_{m×m}ψ = 0, (2.30) where χ_{m×m} is a matrix with m × m orders and χ_{m×m} = i 2 [ γ^t_{m×m}(g^{tt}Γ^{r̃}_{tt} + g^{tr̃}Γ^{r̃}_{tr̃} − g^{r̃t}Γ^t_t − g^{r̃r̃}Γ^t_{r̃})

+ γ^{r̃}_{m×m}(g^{tt}Γ^{r̃}_{r̃t} + g^{tr̃}Γ^{r̃}_{r̃r̃} − g^{r̃t}Γ^t_{r̃t} − g^{r̃r̃}Γ^t_{r̃r̃})]Σ_{r̃t}. (2.31)

Without loss of generality, we employ the following ansatz for spinor field in (n + 1)- dimensional spacetime

ψ(t, r̃) = ( A m_{2 ×1}(t, r̃) B m_{2 ×1}(t, r̃) ) e^{iℏ I(t,r̃)}, (2.32)

where A m_{2 ×1}(t, r̃) and B m_{2 ×1}(t, r̃) are^m_2 × 1 function column matrices, I(t, r̃) is the one particle action which will be expanded in powers of ℏ. Substituting the ansatz (2.32) into

– 9 –

(2.30), one obtain

( γ^t_{m×m}∂_tI + γ^{r̃}_{m×m}∂_{r̃}I) ( A m_{2 ×1} B m_{2 ×1} )

− iℏ [ χ_{m×m} ( A m_{2 ×1} B m_{2 ×1} ) + γ^t_{m×m} ( ∂_tA m_{2 ×1} ∂_tB m_{2 ×1} ) + γ^{r̃}_{m×m} ( ∂_{r̃}A m_{2 ×1} ∂_{r̃}B m_{2 ×1} )] = 0. (2.33)

Since the terms in the second line of the above equation do not involve the single particle action, they will not contribute to the thermodynamic entities of the black hole. Therefore, we will drop these terms. We can expand I, A m_{2 ×1}, and B m_{2 ×1} in powers of ℏ as

I(t, r̃) = I_0(t, r̃) + ∑ i ℏ^iI_i(t, r̃), (2.34)

A m_{2 ×1}(t, r̃) = A_0(t, r̃) + ∑ i ℏ^iA_i(t, r̃), (2.35)

B m_{2 ×1}(t, r̃) = B_0(t, r̃) + ∑ i ℏ^iB_i(t, r̃), (2.36)

where i = 1, 2, 3, . . . . In above expansions, I_0, A_0, and B_0 are semiclassical values, and the other higher order terms are treated as quantum corrections. Substituting (2.34), (2.35), and (2.36) into (2.33), and then equating the different powers of ℏ on both sides, one obtain the following two sets of equations:

Set I:

ℏ^0 : i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 A_0 + √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 B_0 = 0, (2.37)

ℏ^1 : i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 A_1 + i(∂_tI_1 + Hr̃∂_{r̃}I_1)I m_{2 ×} m_2 A_0 + √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 B_1 + √ 1 − kr̃^2/a^2∂_{r̃}I_1γ̂^3m_{2 ×} m_2 B_0 = 0, (2.38)

ℏ^2 : i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 A_2 + i(∂_tI_1 + Hr̃∂_{r̃}I_1)I m_{2 ×} m_2 A_1 +i(∂_tI_2 + Hr̃∂_{r̃}I_2)I m_{2 ×} m_2 A_0 + √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 B_2 + √ 1 − kr̃^2/a^2∂_{r̃}I_1γ̂^3m_{2 ×} m_2 B_1 + √ 1 − kr̃^2/a^2∂_{r̃}I_2γ̂^3m_{2 ×} m_2 B_0 = 0, (2.39) . . . . . . .

– 10 –

Set II:

ℏ^0 : √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 A_0 − i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 B_0 = 0, (2.40)

ℏ^1 : √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 A_1 + √ 1 − kr̃^2/a^2∂_{r̃}I_1γ̂^3m_{2 ×} m_2 A_0 −i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 B_1 − i(∂_tI_1 + Hr̃∂_{r̃}I_1)I m_{2 ×} m_2 B_0 = 0, (2.41)

ℏ^2 : √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 A_2 + √ 1 − kr̃^2/a^2∂_{r̃}I_1γ̂^3m_{2 ×} m_2 A_1 + √ 1 − kr̃^2/a^2∂_{r̃}I_2γ̂^3m_{2 ×} m_2 A_0 − i(∂_tI_0 + Hr̃∂_{r̃}I_0)I m_{2 ×} m_2 B_2 −i(∂_tI_1 + Hr̃∂_{r̃}I_1)I m_{2 ×} m_2 B_1 − i(∂_tI_2 + Hr̃∂_{r̃}I_2)I m_{2 ×} m_2 B_0 = 0, (2.42) . . . . . . . Equations (2.37) and (2.40) are the semiclassical Hamilton-Jacobi equations for a Dirac particle. Similar to the scalar particle tunneling here one can also separate the semiclassical action as Eq.(2.13). Substituting (2.13) into (2.37) and (2.40), one can obtain i ( −^ω √_{1−kr̃2/a2} + Hr̃∂_{r̃}I_0 ) I m_{2 ×} m_2 A_0 + √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 B_0 = 0, √ 1 − kr̃^2/a^2∂_{r̃}I_0γ̂^3m_{2 ×} m_2 A_0 − i ( −^ω √_{1−kr̃2/a2} + Hr̃∂_{r̃}I_0 ) I m_{2 ×} m_2 B_0 = 0.

(2.43)

From above equations, there will be a non-trivial solution for A_0 and B_0 if and only if the determinant of the coefficient matrix vanishes, which results

iA_0 = ±γ̂^3m_{2 ×} m_2 B_0, ∂_{r̃}I_0 = ω Hr̃ ± √ 1 − kr̃^2/a^2 (r̃^2/r̃^2_A − 1) √ 1 − kr̃^2/a^2

, (2.44)

where the +(−) sign indicates the particle is ingoing (outgoing). Thus the solution for I_0(t, r̃) is

I_0(t, r̃) = − ∫ ω √ 1 − kr̃^2/a^2 dt + ω ∫ Hr̃ ± √ 1 − kr̃^2/a^2 (r̃^2/r̃^2_A − 1) √ 1 − kr̃^2/a^2 dr̃. (2.45)

Note that in the above by only solving (2.37) and (2.40), we obtain the solutions of I_0(t, r̃). Substituting this solution (2.45) and (2.44) into the equations of Set I and Set II and then solving them we obtain relations between different orders in the expansion of A m_{2 ×1} and B m_{2 ×1}:

iA_j = ±γ̂^3m_{2 ×} m_2 B_j , (2.46)

where j = 0, 1, 2, 3, . . . . Using above relations about the equations of Set I and Set II, we get the simplified form of the equations of I_j: ∂_tI_j = (−Hr̃ ± √ 1 − kr̃^2/a^2)∂_{r̃}I_j . (2.47)

– 11 –

The above set of equations have the same functional form. So their solutions are not independent and I_i are proportional to I_0. Thus one can write the action I as I(t, r̃) = ( 1 + ∑ i γ_iℏ^i ) I_0(r̃, t). (2.48)

Therefore from the above equation and (2.45) one can immediately reach the solutions of the action I, I(r̃, t) = [ − ∫ ω √ 1 − kr̃^2/a^2 dt + ω ∫ −Hr̃ ± √ 1 − kr̃^2/a^2 (1 − r̃^2/r̃^2_A) √ 1 − kr̃^2/a^2 dr̃ ]

× ( 1 + ∑ i γ_iℏ^i ) , (2.49)

which is identical with the expression (2.14). Following the same step in Sec.(2.1) for scalar particle tunneling, one can obtain the corrected Hawking-like temperature for fermion tunneling. The result thus obtained is identical to (2.20).

3. Corrected entropy in Einstein gravity

In Einstein gravity, it is known that a FRW universe can be considered as a thermodynamical system with temperature T_0 =^ℏ_{2πr̃A} and Bekenstein-Hawking entropy S_{BH} =^A_{4ℏ} on the apparent horizon. Here the temperature T_0 and the entropy S_{BH} are both semiclassical results. When the quantum effects come into play, the temperature and the entropy should alter. In this section, with the corrected Hawking-like temperature (2.20) on apparent horizon of the FRW universe given in the above section, we will explicitly calculate the corrections to the semiclassical Bekenstein-Hawking entropy S_{BH} with the help of the first law of thermodynamics on the apparent horizon of the FRW universe.

In the Hawking-like temperature expression (2.20), there are un-determined coefficients γ_i. Obviously, γ_i should have the dimension ℏ^{−i}. Now, we will perform the following dimensional analysis to express these γ_i in terms of dimensionless constants by invoking some basic macroscopic parameters of the FRW universe. In the (n + 1)-dimensional FRW spacetime, one sets the units as G_{n+1} = c = k_B = 1, where G_{n+1} is the (n + 1)-dimensional gravitation constant. In this setting, the Planck constant ℏ is of the order of m_p · l_p, where m_p is the Planck mass and l_p is the Planck length. Therefore, according to the dimensional analysis, the proportionality constants γ_i have the dimension of (m_pl_p)^{−i}. In Einstein’s gravity, there is an important quantity, i.e., the Misner-Sharp mass M = n − 1 16π Ω_{n−1}r̃^{n−2}(1 − h^{ab}∂_ar̃∂_br̃), (3.1)

which is the total energy insider the sphere with radius r̃ and has the dimension of m_p. For FRW universe, the Misner-Sharp mass on the apparent horizon is

M_A = n − 1 16π Ω_{n−1}r̃^{n−2}_A . (3.2)

– 12 –

Remember that on apparent horizon one should use h^{ab}∂_ar̃∂_br̃ |_{r̃A} = 0 in the derivation of the above expression. Now we can make a dimensional analysis to express the proportionality constants γ_i in terms of macroscopic parameters of the FRW universe as

γ_i = β_i(M_Ar̃_A)^i, (3.3)

where β_i is a dimensionless constant. This is possible since the Misner-Sharp mass M_A is independent of the radius of the apparent horizon r̃_A and can be completely determined by r̃_A. Note that things will be a bit different in the next section while in the gravity theories beyond Einstein the Misner-Sharp mass on apparent horizon contains more than one parameters. Using (3.3) the Hawking-like temperature (2.20) now can be written as a new form

T = T_0 ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i )_{−1} . (3.4)

where α_i =^1_{βi} is also a dimensionless constant.

With the new form of the Hawking-like temperature (3.4), one can apply the first law of thermodynamics dE = T dS on apparent horizon of the FRW universe, thus one can obtain the corrected entropy by the formula: S = ∫ dE T . (3.5)

substituting the temperature (3.4) into (3.5) we obtain S = ∫ T_0 T dS_{BH} = ∫ ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i ) dS_{BH}. (3.6)

Note that the first law of thermodynamics with the semiclassical temperature T_0 and the semiclassical Bekenstein-Hawking entropy S_{BH} holds on apparent horizon, i.e., dE = T_0dS_{BH}. In a (n + 1)-dimensional FRW universe, the area of the apparent horizon is A = Ω_{n−1}r̃^{n−1}_A . Thus one can obtain M_Ar̃_A =^{n−1}_{16π} A, substitute it into (3.6), then we get

S = ∫ ( 1 + ∑ i α_i ( 4π n − 1 )_i 1 S^i_{BH} ) dS_{BH}

= S_{BH} + 4πα_1 n − 1 ln S_{BH} + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_{BH}

+ const. (3.7)

The first term is the semiclassical Bekenstein-Hawking entropy S_{BH} =^A_{4ℏ} . The other terms are the correction terms due to quantum effects. Interestingly in the correction terms, the leading order correction is logarithmic in S_{BH} which is very famous in black hole physics and can be obtained by other approaches[37].

The above discussions show that in the tunneling method, the semiclassical Bekenstein- Hawking entropy should receive corrections due to quantum effects. In the derivation of the

– 13 – corrected entropy (3.7), the Misner-Sharp mass and the semiclassical Bekenstein-Hawking entropy S_{BH} =^A_{4ℏ} play an important role. However, the Misner-Sharp mass and the entropy for the FRW universe in Einstein gravity is very special. In general, the Misner-Sharp mass and the entropy on the horizon in other gravity theories are more complicated than in Einstein gravity. Therefore, a crucial problem with the previous investigations arises. That is, is the above procedure and the result (3.7) still valid for more complicated gravity theories? We will answer this question in the next section.

4. Corrected entropy in generalized gravity theory

In this section, we will generalize the above discussions to the generalized gravity theories, including the Gauss-Bonnet gravity, Lovelock gravity, f(R) gravity, and scalar-tensor gravity. We will carry out explicitly the expression of the corrected entropy.

4.1 Gauss-Bonnet gravity

The Lagrangian of the Gauss-Bonnet gravity in (n + 1)-dimensional spacetime is L = 1 16π (R + αR_{GB}) , (4.1)

where α is a parameter with the dimension [length]^2 and R_{GB} = R^2−4R_{μν} R^{μν} +R_{μνγδ} R^{μνγδ} is the Gauss-Bonnet term. Gauss-Bonnet gravity is the natural generalization of Einstein gravity by including higher derivative correction term, i.e., the Gauss-Bonnet term to the original Einstein-Hilbert action. In this gravity theory, the semiclassical Bekenstein- Hawking entropy-area relationship that the entropy of horizon is proportional to its area, does not hold anymore. The relationship is now[39]

S_{GB} = A 4ℏ ( 1 + n − 1 n − 3 2α r^2_+ ) , (4.2)

where A is the horizon area of a Gauss-Bonnet black hole and r_+ is the radius of the horizon.

In ref.[8], Cai et al applied the entropy formula (4.2) to the apparent horizon, assuming that the apparent horizon has an entropy with the same expression as (4.2) but replacing the black hole horizon radius r_+ by the apparent horizon radius r̃_A. That is, the apparent horizon is supposed to have an entropy

S_{GB} = A 4ℏ ( 1 + n − 1 n − 3 2α r̃^2_A ) . (4.3)

Then with the entropy S_{GB} and temperature T_0 =^ℏ_{2πr̃A} on apparent horizon, Cai et al have shown explicitly that the first law of thermodynamics

dE = T_0dS_{GB} (4.4)

holds on apparent horizon of the FRW universe for Gauss-Bonnet gravity, where dE is the amount of energy crossing the apparent horizon in Gauss-Bonnet gravity.

– 14 –

Now let us began to consider the dimensional analysis on the Hawking-like temperature (3.4) in Gauss-Bonnet gravity. In Gauss-Bonnet gravity, the mass parameter is the generalized Misner-Sharp mass, which is proposed in [38]. For FRW universe, the generalized Misner-Sharp mass on apparent horizon has the following form

M_A = n − 1 16π Ω_{n−1}r̃^{n−2}_A ( 1 + n − 1 n − 3 2α r̃^2_A ) . (4.5)

Unlike (3.2) that has only one independent parameter r̃_A, the generalized Misner-Sharp mass M_A here have two independent parameters r̃_A and α. Thus it is not clear whether the combination M_Ar̃_A is still valid for expressing the proportionality constants γ_i in terms of dimensionless constants. To be safe, one can express γ_i in terms of α and r̃_A as

γ_i = β_i(a_1r̃^{n−1}_A + a_2αr̃^{n−3}_A )^i, (4.6)

where a_1 and a_2 are dimensionless constants. Note that α has the dimension [length]^2. Now the Hawking-like temperature (2.20) has the form

T = T_0 ( 1 + ∑ i α_iℏ^i (a_1r̃^{n−1}_A + a_2αr̃^{n−3}_A )^i )_{−1} . (4.7)

To fix the constants a_1 and a_2 let us first write the first law of thermodynamics with the corrected Hawking-like temperature (4.7) in the form dS = dE T = T_0dS_{GB} T = T_0Ω_{n−1} 4ℏT d(r̃^{n−1}_A ) + n − 1 n − 3 T_0Ω_{n−1} 2ℏT d(αr̃^{n−3}_A ) = T_0Ω_{n−1} 4ℏT dX + n − 1 n − 3 T_0Ω_{n−1} 2ℏT dY. (4.8) We treat X = r̃^{n−1}_A , Y = αr̃^{n−3}_A as two independent variables in the above equation. From the principle of the ordinary first law of thermodynamics one interprets entropy as a state function. In refs.[29, 30], this property of entropy has been used to investigate the first law of thermodynamics and entropy for black holes. Also, this property must be satisfied for FRW universe as well. Hence we can assume that the entropy of the FRW universe is a state function and consequently dS has to be an exact differential. As a result the following relation must hold: ∂ ∂Y ( T_0Ω_{n−1} 4ℏT ) | | X = ∂ ∂X ( n − 1 n − 3 T_0Ω_{n−1} 2ℏT ) | | Y . (4.9)

This relation is just the integrability condition that ensures dS is an exact differential. Using the corrected Hawking-like temperature (4.7) it follows that the above integrability condition is satisfied only for 2 n − 1 n − 3 a_1 = a_2. (4.10)

– 15 –

For convenience we choose a_1 =^{n−1}_{16π} Ω_{n−1}, thus the proportionality constants γ_i is now given by

γ_i = β_i [ n − 1 16π Ω_{n−1}r̃^{n−2}_A (1 + n − 1 n − 3 2α r̃^2_A )r̃_A ]_i = β_i(M_Ar̃_A)^i. (4.11)

This shows that the combination M_Ar̃_A still works for expressing the proportionality constants γ_i in terms of dimensionless constants. Therefore the corrected form of the Hawkinglike temperature is given by

T = T_0 ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i )_{−1} . (4.12)

Applying the first law of thermodynamics on apparent horizon and using (4.4), one immediately obtains the corrected entropy of apparent horizon in Gauss-Bonnet gravity

S = S_{GB} + 4πα_1 n − 1 ln S_{GB} + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_{GB}

+ const, (4.13)

which is the same in form as (3.7) obtained in Einstein gravity. We see that the first term is the usual semiclassical entropy of the horizon in Gauss-Bonnet gravity and the other terms are the corrections from the quantum effects. Also interestingly the leading order correction appears as the logarithmic in S_{GB}.

Thus, starting with the Hawking-like temperature (3.4) and applying the first law of thermodynamics to apparent horizon, we obtain the corrected entropy of apparent horizon in Gauss-Bonnet gravity. The correct entropy satisfies the same formula as that in Einstein gravity.

4.2 Lovelock gravity

Now we extend the above discussions to a more general case, the Lovelock gravity, which is a generalization of the Gauss-Bonnet gravity. The Lagrangian of the Lovelock gravity consists of the dimensionally extended Euler densities L = m∑ i=0 c_iL_i, (4.14)

where c_i are constants, m ≤ [n/2], and L_i is the Euler density of a (2i)-dimensional manifold L_i = 2^{−i}δ^{a1 b1...aibi} c_1d_1...c_id_i R c_1d_1 a_1b_1 . . . R c^id_i a_ib_i . (4.15)

Here L_1 is the Einstein-Hilbert term, and L_2 is just the Gauss-Bonnet term discussed in the previous subsection. For the FRW universe in Lovelock gravity, the first law of thermodynamics also holds on apparent horizon. That is

dE = T_0dS_L, (4.16)

– 16 – where T_0 =^ℏ_{2πr̃A} is the temperature and S_L is the entropy of the apparent horizon of the FRW universe in Lovelock gravity, which has the following form[40]

S_L = A 4ℏ m∑ i=1 i(n − 1)! (n − 2i + 1)!

c_ir̃^{2−2i}_A . (4.17)

For the FRW universe in Lovelock gravity, the generalized Misner-Sharp mass on apparent horizon is[38]

M_A = n − 1 16π Ω_{n−1}r̃^{n−2}_A m∑ i=1 i(n − 1)! (n − 2i + 1)!

c_ir̃^{2−2i}_A . (4.18)

Now follow the same procedure in the above, we can write the corrected Hawking-like temperature (3.4) as the following form

T = T_0 ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i )_{−1} . (4.19)

With this Hawking-like temperature we apply the first law of thermodynamics to the apparent horizon, we can obtain the corrected entropy

S = S_L + 4πα_1 n − 1 ln S_L + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_L + const. (4.20)

Also, like the corrected entropy for Gauss-Bonnet gravity, this entropy formula follows the same form as that in Einstein gravity.

4.3 f(R) gravity

The Lagrangian of the f(R) gravity in (n + 1)-dimensional spacetime is L = 1 16π f(R), (4.21)

where f(R) is a continuous function of curvature scalar R. In the f(R) gravity, the entropy of a black hole has a relation to its horizon[41]

S_f = A 4ℏ f^′(R), (4.22)

where f^′(R) denotes the derivative with respect to the curvature scalar R. Also, one can assume that the apparent horizon of the FRW universe has an entropy with the same expression as (4.22). By further assuming that the temperature T_0 =^ℏ_{2πr̃A} still holds on the apparent horizon, one can investigate the thermodynamics behavior of Friedmann equations in f(R) gravity. For f(R) gravity, however, things are a bit different with that in the case of Einstein gravity, Gauss-Bonnet gravity, and Lovelock gravity. In this case, applying the first law of thermodynamics dE = T_0dS_f to the apparent horizon, one can not obtain the correct Friedmann equations. In order to get the correct Friedmann equations, one has to turn from the equilibrium thermodynamics relation dE = T_0dS_f to

– 17 – a non-equilibrium one; an entropy production term needs to be added to the equilibrium thermodynamics relation[10]. This means that the f(R) gravity corresponds to a nonequilibrium thermodynamics of spacetime.

Recently, in [11], the authors have shown that there is a mass-like function connecting the first law of thermodynamics and the Friedmann equations in some gravity theories. For f(R) gravity, the mass-like function can be written as M = n − 1 16π Ω_{n−1}f^′(R)r̃^{n−2}(1 + h^{ab}∂_ar̃∂_br̃). (4.23)

Using the mass-like function, the energy amount crossing the apparent horizon in an infinitesimal time interval can be defined as dE = k^a∂_aMdt; then the equilibrium thermodynamics relation, i.e., the first law of thermodynamics dE = T_0dS_f holds on the apparent horizon.

The mass-like function has the dimension of m_p, thus we can choose it as the mass parameter in the case of the f(R) gravity. For the FRW universe, the mass-like function on apparent horizon is

M_A = n − 1 16π Ω_{n−1}f^′(R)r̃^{n−2}_A . (4.24)

Thus we can write the Hawking-like temperature (3.4) as the form

T = T_0 ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i )_{−1} . (4.25)

Now the procedure same as the above subsections yields the corrected entropy formula on apparent horizon

S = S_f + 4πα_1 n − 1 ln S_f + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_f + const. (4.26)

4.4 Scalar-Tensor gravity

The general scalar-tensor theory of gravity is described by the Lagrangian L = 1 16π f(ϕ)R − 1 2 g^{μν} ∂_μϕ∂_ν ϕ − V (ϕ), (4.27) where f(ϕ) is a continuous function of the scalar field ϕ and V (ϕ) is its potential. The black hole entropy in scalar-tensor gravity has the following form[42]

S_{ST} = A 4ℏ f(ϕ). (4.28)

In order to investigate the thermodynamics properties on the apparent horizon of the FRW universe, one should assume that the entropy of the apparent horizon has the same form as (4.28). The thermodynamics behavior in scalar-tensor gravity is very similar with that in f(R) gravity. Namely, one usually needs to treat the thermodynamics in scalar-tensor gravity as the non-equilibrium thermodynamics. As pointed out in [11], after introducing

– 18 – the mass-like function, the equilibrium thermodynamics dE = T_0dS_{ST} also holds on the apparent horizon.

The mass-like function in scalar-tensor gravity is defined as M = n − 1 16π Ω_{n−1}f(ϕ)r̃^{n−2}(1 + h^{ab}∂_ar̃∂_br̃). (4.29)

For the FRW universe, the mass-like function on the apparent horizon is

M_A = n − 1 16π Ω_{n−1}f(ϕ)r̃^{n−2}_A . (4.30)

Thus one can write the Hawking-like temperature as

T = T_0 ( 1 + ∑ i α_iℏ^i (M_Ar̃_A)^i )_{−1} . (4.31)

Now, with the same procedure in the above, it is easy to obtain the corrected entropy of the apparent horizon,

S = S_{ST} + 4πα_1 n − 1 ln S_{ST} + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_{ST}

+ const. (4.32)

Obvious, this expression is consistent with the corrected entropy formula in Einstein gravity, Gauss-Bonnet gravity, Lovelock gravity, and f(R) gravity.

It is well known that f(R) gravity can be written as a special scalar-tensor theories of gravity by redefining the field variable[43]. To see this we writte the action of the f(R) gravity as

I_{f(R)} = 1 16π ∫ d^4x √ −gf(R). (4.33) One can introduce a new field χ = R and write the dynamically equivalent action

I_{f(R)} = 1 16π ∫ d^4x √ −g[f(χ) + f^′(χ)(χ)(χ − R)]. (4.34)

Variation with respect to χ leads to the equation

f^{′′}(R)(χ − R) = 0. (4.35)

Therefore, χ = R if f^{′′}(R) ≠ 0, which reproduces the action (4.33). Then redefining the field χ by ϕ = f^′(R) and setting

V (ϕ) = χ(ϕ)ϕ − f(χ(ϕ)), (4.36)

the action takes the form

I_{f(R)} = 1 16π ∫ d^4x[ϕR − V (ϕ)]. (4.37)

– 19 –

This is the Brans-Dicke action with a potential V (ϕ) and a Brans-Dicke parameter ω_0 = 0. Therefore there is a dynamical equivalence between f(R) gravity and a special scalartensor gravity. This equivalence means that the corrected entropy of FRW universe in f(R) gravity can be directly obtained from eq.(4.32). In the gravity theory described by the action (4.37), the entropy of black hole horizon takes the form S_{BD} =^1_{4ℏ} ϕA. Thus from (4.32) the corrected entropy of FRW universe can be written as

S = S_{BD} + 4πα_1 n − 1 ln S_{BD} + ∑ i=2 α_i 1 − i ( 4π n − 1 )_i 1 S^{i−1}_{BD}

+ const, (4.38)

noticing that ϕ = f^′(R), which shows above expression is just the corrected entropy formula (4.26) of the f(R) gravity.

Thus, summarizing Eqs. (3.7), (4.13), (4.20), (4.26) and (4.32), one can conclude that all these corrected entropy formulaes in different gravity theories can be written into a general expression

S = S_0 + α̃_1 ln S_0 + ∑ i=2 α̃_i 1 S^{i−1}_0 + const, (4.39)

where S_0 is the entropy on apparent horizon without quantum correction. This might imply that this general expression is independent of the concrete gravity theory. Also, one can see that the leading order correction in (4.39) appears as the logarithmic in S_0 and the sub-leading term is the standard inverse power of S_0. This character holds for arbitrary (n + 1)-dimensional FRW spacetime.

5. Test the expression for corrected entropy with black holes

In above sections, it is shown that there is a general expression for the corrected entropy on apparent horizon by the tunneling method. However, the derivation of this general expression is confined to the FRW universe. As we all know the tunneling method has been used extensively to obtain the corrected black hole entropy. Thus, a question arises that is the general expression (4.39) still valid for black holes? Now, in order to answer this question we are going to check the corrected entropy from the tunneling method for a (2 + 1)-dimensional BTZ black hole and a (3 + 1)-dimensional Kerr-Newman black hole.

In ref.[29], Modak has considered the tunneling method beyond semiclassical approximation for BTZ black hole and obtained the corresponding corrected entropy for the BTZ black hole, which is

S = S_{BH} + 4πβ_1 ln S_{BH} −

16π^2β_2 l ( 1 S_{BH} ) + . . . , (5.1)

where S_{BH} =^A_{4ℏ} is the semiclassical Bekenstein-Hawking entropy of the BTZ black hole and l is related to a negative cosmological constant Λ = −^1_{l2} . It is obvious that this entropy formula (5.1) fit into the general expression (4.39).

– 20 –

For the Kerr-Newman black hole, its corrected entropy is[30]

S = S_{BH} + 2πβ_1 ln S_{BH} −

4π^2β_2ℏ S_{BH}

+ . . . , (5.2)

which also fits into the general expression (4.39). Now it is trivial, as one can check, that all other black holes, for example Schwarzschild, Kerr or Reissner-Nordstrom black hole, also fit into the general expression (4.39). Thus the universality of the expression (4.39) for black holes is justified.

Now, one can say that the general expression (4.39) is also valid for black holes. Here are some comments. First, the BTZ black hole is a black hole solution for (2+1)-dimensional gravity with a negative cosmological constant, this implies that (4.39) is robust for black hole even in low dimensional gravity theories. Second, we have noticed that prefactors of both the logarithmic term and the third term in (4.39) are dependent on the black holes. Also, from above section, it is easy to know that these prefactors are dependent on the dimension of the spacetime. Although the general expression is independent of gravity theory, spacetime and the dimension of the spacetime in form, this means that the prefactors may contain more detailed information of the spacetime. Third, in the derivation of the corrected entropy (5.1) in ref.[29] and (5.2) in ref.[30], the condition that the entropy of a black hole must be a state function is enforced. The property that entropy is a state function is a basic character of the ordinary first law of thermodynamics.

6. Conclusions

In this paper, we have investigated the thermodynamic quantities of FRW universe by using the tunneling formalism beyond semiclassical approximation developed by Banerjee and Majhi[25]. Both the scalar particle and fermion tunneling from apparent horizon are considered to obtain the corrected Hawking-like temperature in FRW universe. With this corrected Hawking-like temperature, the corresponding corrected entropy on apparent horizon for Einstein gravity, Gauss-Bonnet gravity, Lovelock gravity, f(R) gravity and scalar-tensor gravity are given. We found that the corrected entropy formula for different gravity theories can be written into a general expression (4.39) in form. We also show that this general expression is valid for black holes. These characteristics may imply that this general expression for the corrected entropy derived from tunneling method is independent of gravity theory, spacetime and dimension of the spacetime.

An important part in the derivation of the corrected entropy for various gravity theories is that we have use the combination M_Ar̃_A to express the proportionality constants γ_i in terms of dimensionless constants by dimensional analysis. This combination is always valid for Einstein gravity, but in generalized gravity theories its validity is not clear. We have shown in Gauss-Bonnet gravity that this combination is an essential condition to ensure that the corrected entropy S is a state function, which is a basic property of ordinary first law of thermodynamics. This means that the basic thermodynamical property that corrected entropy on apparent horizon is a state function is satisfied by the FRW universe.

There is another significant point in the general expression (4.39) for corrected entropy is that it involves logarithmic in S_0 term as the leading correction together with the

– 21 – standard inverse power of S_0 as sub-leading correction. The prefactors of the correction terms are dependent on the dimension of the FRW spacetime. In black holes, it has been proved that the prefactor of logarithmic correction term is related with the trace anomaly of the stress tensor near the horizon. In this paper, we have not discussed this issue for the FRW universe, and thus it remains an open issue to consider the connection between the prefactor of logarithmic term and the trace anomaly in FRW universe for various gravity theories.

Acknowledgements

This work was supported by the National Natural Science Foundation of China (No. 10275030) and Cuiying Project of Lanzhou University (225000-582404). Tao Zhu thanks Dr. Zhen-Bin Cao for helpful discussions on the dimensional analysis.

References

[1] S.W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199.

[2] J.D. Bekenstein, Black holes and entropy, Phys. Rev. D 7 (1973) 2333.

[3] J.M. Bardeen, B. Carter and S.W. Hawking, The four laws of black hole mechanics, Commun. Math. Phys. 31 (1973) 161.

[4] T. Jacobson, Thermodynamics of space-time: the Einstein equation of state,Phys. Rev. Lett.

75 (1995) 1260 [gr-qc/9504004].

[5] C. Eling, R. Guedens and T. Jacobson, Non-equilibrium thermodynamics of spacetime, Phys.

Rev. Lett. 96 (2006) 121301 [gr-qc/0602001].

[6] R.G. Cai and L.M. Cao, Unified First Law and Thermodynamics of Apparent Horizon in FRW Universe , Phys. Rev. D 75 (2007) 064008.

[7] E. Elizalde and P.J. Silva, f(R) gravity equation of state, Phys. Rev. D 78 (2008) 061501 [arXiv:0804.3721];

S.F. Wu, G.H. Yang, and P.M. Zhang, The equation of state for scalar-tensor gravity, Prog. Theor. Phys. 120 (2008) 615 [arXiv:0805.4044].

[8] R. G. Cai and S. P. Kim, First Law of Thermodynamics and Friedmann Equations of Friedmann-Robertson-Walker Universe, JHEP 02 (2005) 050 [hep-th/0501055].

[9] M. Akbar and R.G. Cai, Friedmann equations of FRW universe in scalarCtensor gravity, f(R) gravity and first law of thermodynamics, Phys. Lett. B 635 (2006) 7 [hep-th/0602156].

[10] M. Akbar and R.G. Cai, Thermodynamic behavior of field equations for f(R) gravity, Phys.

Lett. B 648 (2007) 243 [gr-qc/0612089].

[11] Y. Gong and A. Wang, Friedmann Equations and Thermodynamics of Apparent Horizons, Phys. Rev. Lett. 99 (2007) 211301 [arXiv:0704.0793].

S.F. Wu, B. Wang, and G.H. Yang, Thermodynamics on the apparent horizon in generalized gravity theories,Nucl. Phys. B 799 (2008) 330 [arXiv:0711.1209].

– 22 –

[12] R.G. Cai and L.M. Cao, Thermodynamics of Apparent Horizon in Brane World Scenario, Nucl. Phys. B 785 (2007) 135 [hep-th/0612144].

A. Sheykhi, B. Wang, and R.G. Cai, Thermodynamical Properties of Apparent Horizon in Warped DGP Braneworld, Nucl. Phys. B 779 (2007) 1 [hep-th/0701198]. X.H. Ge, First law of thermodynamics and Friedmann-like equations in braneworld cosmology, Phys. Lett. B 651 (2007) 49 [hep-th/0703253].

T. Zhu, J.R. Ren, and S.F. Mo, Thermodynamics of Friedmann Equation and Masslike Function in General Braneworld, arXiv:0805.1162.

A. Sheykhi, B. Wang, and R.G. Cai, Deep connection between thermodynamics and gravity in Gauss-Bonnet braneworlds, Phys. Rev. D 76 (2007) 023515 [hep-th/0701261].

[13] T. Zhu, J.R. Ren and M.F. Li, Influence of Generalized and Extended Uncertainty Principle on Thermodynamics of FRW universe, Phys. Lett. B 674 (2009) 204 [arXiv:0811.0212]. R.G. Cai, L.M. Cao, Y.P. Hu, and S.P. Kim, Generalized Vaidya Spacetime in Lovelock Gravity and Thermodynamics on Apparent Horizon, Phys. Rev. D 78 (2008) 124012 [arXiv:0810.2610].

R.G. Cai, L.M. Cao, and Y.P. Hu, Corrected Entropy-Area Relation and Modified Friedmann Equations , JHEP 08 (2008) 090 [arXiv:0807.1232].

M. Akbar and R.G. Cai, Thermodynamic behavior of the Friedmann equation at the apparent horizon of the FRW universe, Phys. Rev. D 75 (2007) 084003 [gr-qc/0611071].

[14] M.K. Parikh and F. Wilczek, Hawking Radiation as Tunneling , Phys. Rev. Lett. 85 (2000) 5042 [hep-th/9907001].

[15] K. Srinivasan and T. Padmanabhan, Particle production and complex path analysis, Phys.

Rev. D 60 (1999) 024007.

S. Shankaranarayanan, T. Padmanabhan and K. Srinivasan, Hawking radiation in different coordinate settings: Complex paths approach , Class. Quant. Grav. 19 (2002) 2671. E.C. Vagenas, Complex Paths and Covariance of Hawking Radiation in 2D Stringy Black Holes, Nuovo Cim. B 117 (2002) 899 [hep-th/0111047].

[16] Q.Q. Jiang, S.Q. Wu and X. Cai, Hawking radiation as tunneling from the Kerr and Kerr-Newman black holes, Phys. Rev. D 73 (2006) 064003 [Erratum ibid. 73 (2006) 069902] [hep-th/0512351].

S.Q. Wu and Q.Q. Jiang, Remarks on Hawking radiation as tunneling from the BTZ black holes, JHEP 03 (2006) 079 [hep-th/0602033].

J.R. Ren, R. Li, and F.H. Liu, Mod. Phys. Lett. A 23 (2009) 3419 [arXiv:0705.4336]. J. Zhang and Z. Zhao, Charged particles’ tunnelling from the Kerr-Newman black hole, Phys. Lett. B 638 (2006) 110.

Y. Hu, J. Zhang, and Z. Zhao, Massive particles’ Hawking radiation via tunneling from the G.H Dilaton black hole, Mod. Phys. Lett. A 21 (2006) 2143 [gr-qc/0611026]. Y. Hu, J. Zhang, and Z. Zhao, Massive uncharged and charged particles’ tunneling from the Horowitz-Strominger Dilaton black hole, Int. J. Mod. Phys. D 16 (2007) 847 [gr-qc/0611085]. J. Zhang and Z. Zhao, Hawking radiation of charged particles via tunneling from the Reissner-Nordström black hole, JHEP 10 (2005) 055.

R. Banerjee, B.R. Majhi, and S. Samanta, Noncommutative Black Hole Thermodynamics, Phys. Rev. D 77 (2008) 124035 [arXiv:0801.3583].

E.C. Vagenas, Are Extremal 2D Black Holes Really Frozen?, Phys. Lett. B 503 (2001) 399 [hep-th/0012134].

E.C. Vagenas, Two-Dimensional Dilatonic Black Holes and Hawking Radiation, Mod. Phys. Lett. A 17 (2002) 609 [hep-th/0108147].

– 23 –

E.C. Vagenas, Semiclassical Corrections to the Bekenstein-Hawking entropy of the BTZ Black Hole via Self-Gravitation, Phys. Lett. B 533 (2002) 302 [hep-th/0109108]. E.C. Vagenas, Generalization of the KKW Analysis for Black Hole Radiation, Phys. Lett. B 559 (2003) 65 [hep-th/0209185].

M.R. Setare and E.C. Vagenas, Self-Gravitational Corrections to the Cardy-Verlinde Formula of Achucarro-Ortiz Black Hole, Phys. Lett. B 584 (2004) 127 [hep-th/0309092]. M.R. Setare and E.C. Vagenas, Self-Gravitational Corrections to the Cardy-Verlinde Formula and the FRW Brane Cosmology in SdS_5 Bulk, Int. J. Mod. Phys. A 20 (2005) 7219 [hep-th/0405186].

A.J.M. Medved and E.C. Vagenas, On Hawking Radiation as Tunneling with Logarithmic Corrections, Mod. Phys. Lett. A 20 (2005) 1723 [gr-qc/0505015].

[17] R. Kerner and R.B. Mann, Fermions tunnelling from black holes, Class. and Quant. Grav. 25 (2008) 095014 [arXiv:0710.0612].

R. Kerner and R.B. Mann, Charged fermions tunnelling from Kerr-Newman black holes, Phys. Lett. B 665 (2008) 277 [arXiv:0803.2246].

R. Li, J.R. Ren, and S.W. Wei, Hawking radiation of Dirac particles via tunneling from Kerr black hole, Class. Quant. Grav. 25 (2008) 125016 [arXiv:0803.1410].

R. Li and J.R. Ren, Dirac particles tunneling from BTZ black hole, Phys. Lett. B 661 (2008) 370 [arXiv:0802.3954].

D.Y. Chen, Q.Q. Jiang, and X.T. Zu, Fermions tunnelling from the charged dilatonic black holes, Class. Quant. Grav. 25 (2008) 205022 [arXiv:0803.3248].

D.Y. Chen, Q.Q. Jiang, and X.T. Zu, Hawking radiation of Dirac particles via tunnelling from rotating black holes in de Sitter spaces, Phys. Lett. B 665 (2008) 106 [arXiv:0804.0131]. Q.Q. Jiang, Dirac particles’ tunnelling from black rings, Phys. Rev. D 78 (2008) 044009 [arXiv:0807.1358].

[18] E.T. Akhmedov, V. Akhmedova, T. Pilling, and D. Singleton, Thermal radiation of various gravitational backgrounds, Int. J. Mod. Phys. A 22 (2007) 1705 [hep-th/0605137]. E.T. Akhmedov, V. Akhmedova, and D. Singleton, Hawking temperature in the tunneling picture, Phys. Lett. B 642 (2006) 124 [hep-th/0608098].

B.D. Chowdhury, Problems with Tunneling of Thin Shells from Black Holes, Pramana 70 (2008) 593 [hep-th/0605197].

T. Pilling, Black Hole Thermodynamics and the Factor of 2 Problem, Phys. Lett. B 660 (2008) 402 [arXiv:0709.1624].

[19] R. Banerjee and B.R. Majhi, Connecting anomaly and tunneling methods for the Hawking effect through chirality, Phys. Rev. D 79 (2009) 064024 [arXiv:0812.0497].

[20] R. Banerjee and B.R. Majhi, Hawking black body spectrum from tunneling mechanismPhys.

Lett. B 675 (2009) 243 [arXiv:0903.0250].

[21] R.G. Cai, L.M. Cao, and Y.P. Hu, Hawking Radiation of Apparent Horizon in a FRW Universe, arXiv:0809.1554.

[22] R. Li, J.R. Ren, and D.F. Shi, Fermions tunneling from apparent horizon of FRW universe, Phys. Lett. B 670 (2009) 446 [arXiv:0812.4217].

[23] T. Zhu, J.R. Ren, and D. Singleton, Hawking-like radiation as tunneling from the apparent horizon in a FRW Universe, arXiv:0902.2542.

[24] K. Chiang, S.M. Ke, D.T. Peng, and T. Feng, Hawking radiation as tunneling and the first law of thermodynamics at apparent horizon in the FRW universe, arXiv:0812.3006.

– 24 –

[25] R. Banerjee and B.R. Majhi, Quantum tunneling beyond semiclassical approximation, JHEP 06 (2008) 095 [arXiv:0805.2220].

R. Banerjee and B.R. Majhi, Quantum Tunneling and Trace Anomaly, Phys. Lett. B 674 (2009) 218 [arXiv:0808.3688].

[26] B.R. Majhi, Fermion Tunneling Beyond Semiclassical Approximation, Phys. Rev. D 79 (2009) 044005 [arXiv:0809.1508].

[27] R. Banerjee, B.R. Majhi, and D. Roy, Corrections to Unruh effect in tunneling formalism and mapping with Hawking effect, arXiv:0901.0466.

B.R. Majhi and S. Samanta, Hawking Radiation due to Photon and Gravitino Tunneling, arXiv:0901.2258.

[28] H.M. Siahaan and Triyantam, Hawking Radiation from a Vaidya Black Hole: A Semi-Classical Approach and Beyond, arXiv:0811.1132.

[29] S.K. Modak, Corrected entropy of BTZ black hole in tunneling approach, Phys. Lett. B 671 (2009) 167 [arXiv:0807.0959].

[30] R. Banerjee and S.K. Modak, Exact Differential and Corrected Area Law for Stationary Black Holes in Tunneling Method, arXiv:0903.3321.

[31] Y.Q. Yuan, X.X. Zeng, Z.J. Zhou and L.P. Jin, Entropy correction to stationary black hole via fermions tunneling beyond semiclassical approximation, Gen. Relat. Grav. (2009 in press), (Doi: 10.1007/s10714-009-0806-x).

[32] T. Zhu and J.R. Ren, Corrections to Hawking-like Radiation for a FRW Universe, Euro.

Phys. J. C 62 (2009) 413 [arXiv:0811.4074].

[33] K.X. Jiang, T.Feng, and D.T. Peng, Hawking radiation of apparent horizon in a FRW universe as tunneling beyond semiclassical approximation, Int. J. Theor. Phys (2009 in press) (Doi:10.1007/s10773-009-9988-y).

[34] H. Kodama, Conserved Energy Flux for the Spherically Symmetric System and the Backreaction Problem in the Black Hole Evaporation, Prog. Theor. Phys. 63 (1980) 1217.

[35] V. Akhmedova, T. Pilling, A. de Gill, and D. Singleton, Comments on anomaly versus WKB/tunneling methods for calculating Unruh radiation, Phys. Lett. B 673 (2009) 227 [arXiv:0808.3413].

T. Pilling, Quasi-classical Hawking Temperatures and Black Hole Thermodynamics, arXiv:0809.2701.

E.T. Akhmedov, T. Pilling, and D. Singleton, Subtleties in the quasi-classical calculation of Hawking radiation, Int. J. Mod. Phys. D 17 (2009) 2453 [arXiv:0805.2653]. V. Akhmedova, T. Pilling, A. de Gill, and D. Singleton, Temporal contribution to gravitational WKB-like calculations, Phys. Lett. B 666 (2008) 269 [arXiv:0804.2289].

[36] K. Lin and S.Z. Yang, Fermion tunneling from higher-dimensional black holes, Phys. Rev. D 79 (2009) 064035.

K. Lin and S.Z. Yang, Fermions tunneling of higher-dimensional Kerr-Anti-de Sitter black hole with one rotational parameter, Phys. Lett. B 674 (2009) 127.

[37] R. Banerjee and B.R. Majhi, Quantum Tunneling and Back Reaction, Phys. Lett. B 662 (2008) 62 [arXiv:0801.0200].

A.J.M. Medved, A comment on black hole entropy or does nature abhor a logarithm?, Class. Quant. grav. 22 (2005) 133.

– 25 –

R.K. Kaul and P. Majumdar, Logarithmic correction to the Bekenstein-Hawking entropy, Phys. Rev. Lett. 84 (2000) 5255 [gr-qc/0002040].

A. Ghosh and P. Mitra, Phys. Rev. D 71 (2005) 027502 [gr-qc/0401070]. M. Domagala and J. Lewandowski, Black hole entropy from Quantum Geometry, Class. Quant. Grav. 21 (2004) 5233 [gr-qc/0407051].

K.A. Meissner, Black hole entropy in Loop Quantum Gravity, Class. Quant. Grav. 21 (2004) 5245 [gr-qc/0407052].

[38] H. Maeda, Final fate of spherically symmetric gravitational collapse of a dust cloud in Einstein-Gauss-Bonnet gravity, Phys. Rev. D 73 (2006) 104004 [gr-qc/0602109]. M. Nozawa and H. Maeda, Dynamical black holes with symmetry in Einstein-Gauss-Bonnet gravity, Class. Quant. Grav. 25 (2008) 055009.

H. Maeda and M. Nozawa, Generalized Misner-Sharp quasilocal mass in Einstein-Gauss-Bonnet gravity, Phys. Rev. D 77 (2008) 064031.

[39] R.G. Cai, Gauss-Bonnet black holes in ADS spaces, Phys. Rev. D 65 (2002) 084014 [hep-th/0109133].

T. Clunan, S.F. Ross and D.J. Smith, On Gauss-Bonnet black hole entropy, Class. Quant. grav. 21 (2004) 3447 [gr-qc/0402044].

R.G. Cai and Q. Guo, Gauss-Bonnet Black Holes in dS Spaces, Phys. Rev. D 69 (2004) 104025 [hep-th/0311020].

M. Cvetic, S. Nojiri, and S.D. Odintsov, Black Hole Thermodynamics and Negative Entropy in deSitter and Anti-deSitter Einstein-Gauss-Bonnet gravity, Nucl. Phys. B 628 (2002) 295 [hep-th/0112045].

[40] R.G. Cai, A Note on Thermodynamics of Black Holes in Lovelock Gravity, Phys. Lett. B 582 (2004) 237 [hep-th/0311240].

[41] G. Cognola, E. Elizalde, S. Nojiri, S.D. Odintsov, and S.Zerbini, One-loop f(R) gravity in de Sitter universe, JCAP 0502 (2005) 010 [hep-th/0501096].

[42] R.G. Cai and Y.S. Myung, Black holes in the Brans-Dicke-Maxwell theory, Phys. Rev. D 56 (1997) 3466.

[43] G. Magnano and L.M. Sokolowski, Physical equivalence between nonlinear gravity theories and a general-relativistic self-gravitating scalar field, Phys. Rev. D 50 (1994) 5039. T.P. Sotiriou and V. Faraoni, f(R) Theories of Gravity, arXiv:0805.1726. T.P. Sotiriou, f(R) gravity and scalarCtensor theory, Class. Quant. Grav. 23 (2006) 5117.

– 26 –