arXiv:0905.2060v5 [math-ph] 28 Oct 2009

Averaged Dynamics Associated with the Lorentz’s Law

October 29, 2009

Ricardo Gallego Torrome Department of Physics, Lancaster University, Lancaster, LA1 4YB & The Cockcroft Institute, UK^1

Abstract

We discuss an averaged version of the Lorentz’s law differential equation. We first define the geometric framework where we are working. We argue in favor of interpreting semi- Randers structures as Lagrangian functions instead of a semi-Finsler space-time. Once the geometric setting has been introduced, we provide a geometric formulation of the Lorentz’s law as the condition for the integral curves of the auto-parallel vector field of a projective linear connection^L∇ on a pull-back vector bundle. Using a geometric averaging procedure, we obtain the associated averaged connection and we consider the associated dynamics. We also prove that in the ultra-relativistic limit and for narrow 1-particle probability distribution functions, the auto-parallel curves of the averaged connection remain close to the auto-parallel curves of^L∇. Therefore one can speak of the averaged dynamics as an approximation to the Lorentz’s dynamics. Some applications of this fact are briefly described as well as the relation of the present work with other geometric approaches of Electrodynamics. Finally, we discuss the notion of an almost projective connection in relation with the geometric description of the Lorentz’s law.

1email: r.gallegotorrome@lancaster.ac.uk ; Partially supported by EPSRC.

1 Introduction

The origin of the notion of Randers space can be traced back to the original work of Randers [1]. He was looking for an asymmetric space-time metric, capable of incorporating the asymmetry of time in a geometric way. One of the consequences of that work is a unifying theory of gravitation and electromagnetism of charged point particles However, the positivity condition and the non-degeneracy of the associated metric tensor was not discussed. Currently, while for positive definite Randers metrics there is a complete established treatment of these basic points (for instance [3, chapter 11]), for indefinite Randers spaces the question has not been properly clarified yet.

There are two general formalisms for semi-definite Finsler spaces (that we call semi-Finsler structures), Asanov’s formalism and Beem’s formalism. In this paper, we argue why both treatments and the corresponding interpretations are unsatisfactory. As a consequence, in section 2 we give a conservative approach to find a definition of semi-Randers space. Then the semi- Finsler metric is interpreted as a Lagrangian defined on a semi-Riemannian structure (usually Lorentzian) instead of as a space-time metric. That means that the space-time metric has the usual Lorentzian structure, but there is defined additionally a semi-Randers structure which is associated with a Lagrangian function (which is possible degenerate).

Then, we propose the geometric description of the dynamics of the interacting point charged particles with an external electromagnetic field that is based on the notion of semi-Randers space introduced in section 3 (see also ref. [3]). The associated extremal curves of the Lagrangian, parameterized by the Lorentzian proper-time, are solutions of the following differential equations:

d^2σ^i dt^2 +^ηΓ^i_{jk} dσ^j dt dσ^k dt + η^{ij} (dA)_{jk} dσ^k dt √ η( dσ dt , dσ dt ) = 0, i, j, k = 0, 1, 2, 3. (1.1)

These equations correspond to the Euler-Lagrange equations of the semi-Randers structure [2, pg. 297]. We remark that the only relevant information that we have about the motion of point particles in external electromagnetic fields are encoded in (1.1).

There is also a phenomenological motivation for the present work, which comes from Accelerator Physics. In this context, experimental measurements of the bunch properties are measurements of averaged quantities associated to the bunch, for example averaged position, momentum or energy. Therefore, to have a theoretical model for the evolutiuon of these averaged quantities are relevant, since they are observables. This is achieved through an averaged version of the Lorentz’s law. The method that we follow is based on a geometric averaging procedure, introduced in reference [4, section 4] (see also the most recent work [16]). In the present work we use a generalization of this procedure to average projective connections associated with the differential equations of the Lorentz’s force (section 5). The result of the averaging is an affine connection on M. Since affine connections are technically simpler than the non-linear ones, it turns out that the resulting auto-parallel equation is simpler than the original one.

We discuss in section 6 the difference of the solutions (starting with the same initial conditions) of the original system (1.1) and those of the auto-parallel curves of the averaged connection. The result is that for the same initial conditions, in the ultra-relativistic limit and for narrow 1-particle probability distributions, the solutions of both differential equations remain near each other, even after a long time evolution. Therefore the original Lorentz’s dynamics can be approximated by the averaged dynamics.

In section 7 the limits of applicability of the averaged Lorentz model as an approximation are discussed. Some applications are also briefly mentioned. In particular we note that although the solutions of the averaged dynamics are not physical (they do not corresponds to trayectories on the mass-shell hyperboloid bundle), they can be used as a definition of the reference trajectory in Beam Dynamics [12]. Application on fluid models are also discussed. Finally, in setion 8, motivated by the discussion of the Lorentz’s law, we introduce the notion of an almost (projective) non-linear connection.

We remark here that we are considering the problem of the mathematical description of the evolution of point charged particles in Maxwell fields. That is, we are considering that the Maxwell equations hold. This differs from other geometric approaches to Electromagnetism, where the whole theory is changed [18]. In this sense, our point of view is conservative.

2 Semi-Randers Spaces as Space-Time Structures

Let M be a smooth n-dimensional manifold, TM its tangent bundle manifold with TM ⊃ N, and π : N −→ M a fiber bundle over M. There are two definitions of semi-Finsler structures being currently used in the literature:

1. Asanov’s definition [5],

Definition 2.1 A semi-Finsler structure F defined on the n-dimensional manifold M is a positive, real function F : N −→]0, ∞[ such that:

(a) It is smooth in N := ⨆ x∈M {y ∈ T_xM | F^2(y, y) > 0}, (b) It is positive homogeneous of degree 1 in y, F (x, λy) = λF (x, y), ∀λ > 0, (c) The vertical Hessian matrix g_{ij} (x, y) := 1 2 ∂^2F^2(x, y) ∂y^i∂y^j (2.1)

is strongly convex on N.

g_{ij} (x, y) is the matrix of the fundamental tensor. The set N_x is called the admissible set of tangent vectors at x; the disjoint union N = ⨆ x∈M N_x is called the admissible set of vectors on M.

In dimension four, if the signature of the fundamental tensor g_{ij} is (+, −, −, −), the semi- Finsler space is called Finslerian space-time.

2. Beem’s definition [6], [7],

Definition 2.2 A semi-Finsler structure defined on the n-dimensional manifold M is a real function F : TM → R such that (a) It is smooth in the slit tangent bundle Ñ := TM \ {0} (b) It is positive homogeneous of degree 2 in y, F (x, λy) = λ^2 F (x, y), ∀λ > 0, (c) The Hessian matrix g_{ij} (x, y) := 1 2 ∂^2F (x, y) ∂y^i∂y^j (2.2)

is non-degenerate in Ñ.

The particular case when the manifold is 4-dimensional and g_{ij} has signature (+, −, −, −) is called Finslerian space-time.

Some differences between the above definitions are highlighted below:

1. Using Beem’s definition it is possible to describe general Finslerian geodesics, including light-like geodesics, from a variational principle [8]. By construction, in Asanov’s formalism it is not possible to do that in a natural way, because light-like vectors are excluded from the beginning. In some relevant examples where they are included, non-smoothness of the Finslerian space-time metric occurs [20].

2. Assuming the definition of Asanov, given a parameterized curve σ : I −→ M, I ⊂ R on the semi-Finsler manifold (M, F ), the length functional acting on σ is given by the line integral σ(t) −→ E_A(σ) := ∫_{tmax} t_{min} F (σ(t), σ̇(t))dt, I =]t_{min}, t_{max}[. (2.3) Due to the homogeneity condition of the Finsler function F , E_A(σ) is re-parametrization invariant. On the other hand, if we consider Beem’s definition, the energy functional is given by the following expression [8]: σ(t) −→ E_B (σ) := ∫_{tmax} t_{min} F (σ(t), σ̇(t))dt, I =]t_{min}, t_{max}[. Formulated in this way, Beem’s definition is not re-parametrization invariant, because F is homogeneous of degree 2 in y. Therefore, the parameter in Beems’s formalism must have a physical meaning.

3. A third difference emerges when we consider the category of Randers spaces:

Definition 2.3 (semi-Randers Space as semi-Finsler Space) A semi-Randers space is characterized by a semi-Finsler function of the form: F (x, y) = η^{1/2}(x, y) + A(x, y), (2.4) where η(x, y) := η_{ij} (x)y^iy^j defines a semi-Riemannian metric and A(x, y) := A_i(x)y^i is the value of the action of the 1-form A on y ∈ N_x.

In the positive case, the requirement of g_{ij} being non-degenerate implies that the 1-form (A_1, ..., A_n) is bounded with the corresponding Riemannian metric η: A_iA_j η^{ij} < 1, η_{ik}η^{kj} = δ^j_i, ‖y‖_μ > 0. The non-definite case is quite different. First of all, there is not a Riemannian metric from the beginning and the criteria for non-degeneracy becomes not trivial. Secondly, only the variation of the length functional (2.3) (not directly the length functional itself) is invariant under the gauge transformation A −→ A + dλ, while F is not. This fact suggests that while the variation of length functional has a physical meaning, the fundamental function F does not.

The notion of Randers space in Beem’s formalism is even more problematic. In this case, there is still not a formulation of semi-Randers space (because eq. (2.4) is first order of degree 1) .

4. There are situations where it is interesting to have a semi-Randers structure defined “à la Beem”. The asymptotic expansion of ultra-relativistic fluid models presented in [9] is an example. In that context, one starts with a light-like fluid vector field. Then, perturbative corrections change the type of vector field to a time-like one. If one has a functional formulation for the geodesics of this model, a physical interpretation could be assigned to the formalism.

In Classical Electrodynamics, the gauge potential A = A_idx^i is not necessarily bounded by the norm induced from the Lorentzian metric η and a time-like vector field U (the Riemmanian metric that we will introduce in section 6 or in [21]). Additionally, performing a local gauge transformation A −→ A + dλ, one can obtain a gauge potential which is not bounded. In principle, one can transform locally the gauge potential such that the new potential is bounded locally and the problem arises at the global level.

The above observations make it reasonable to introduce a non-metric interpretation for semi- Randers spaces. After giving a definition of semi-Randers space-time, we analyze the problems discussed before in the context of this new interpretation. This is done in the following section.

3 (Semi)-Randers Spaces as (degenerate) Lagrangian Functions

We propose a notion of semi-Randers space based on the following

Definition 3.1 (Semi-Randers space as (η, F )-structure)

A semi-Randers structure consists of a triplet (M, (η, A)), where (M, η) is a semi-Riemannian structure and A(x) · (y) = A_iy^i, with A_idx^i ∈ Λ^1M; the Lagrangian function F is defined in the following way:

1. F (x, y) = √ η(x, y) + A(x) · (y), for η(x, y) ≥ 0, 2. F (x, y) = √ −η(x, y) + A(x) · (y), for η(x, y) ≤ 0. The following are direct consequences:

Proposition 3.2 Let (M, F) be a semi-Randers structure:

1. At the light-cone η_x(y, y) = 0 the function F is only C^0.

2. The subset where η_x(y, y) ≠ 0 is an open subset of T_xM and F is smooth over it.

3. There is not condition on non-degeneracy. Therefore, the requirement that the 1-form A is bounded is not required.

4. The function F is positive homogeneous of degree 1 in y.

Interpretation of F as a Lagrangian Function The natural interpretation of the above definition is the following: M is the region in the spacetime manifold where the action of a point charged particle interacting with an electromagnetic field is described through a semi-Randers Lagrangian and it is free of singularities (all the physical fields are bounded). The action along the path σ is given by ∫ σ F (σ(t), σ̇(t)) dt = L_F (σ). (3.1)

The value of the potential term A(σ̇) = A_i(σ)σ̇^i does not need to be bounded (although it is finite by hypothesis); non-degeneracy for the semi-Finsler structure is also not required in the whole space-time manifold M.

If the curve σ that appears in the action functional (3.1) is parameterized with respect to a parameter t such that the Finslerian arc-length F (σ, σ̇) is constant along the geodesic, the geodesic equations have a more complicated form (see for instance [2, pg. 296]) and they are not invariant under arbitrary gauge transformations of the potential A −→ A + dλ, λ ∈ F(M). Instead, if the extremal curve is parameterized preserving the Lorentzian proper time defined from η, the geodesic equations of the semi-Randers structure are gauge invariant.

Therefore, the problem of formalizing geometrically the electrodynamics of a charged point particle with an external electromagnetic field leads to a geometric structure containing two different type of elements:

1. A Lorentzian structure η, which provides the definitions ofproper-time and measure.

2. A non-degenerate structure F , which is measurable and defines the geodesic motion for time-like trajectories.

It seems that these two geometric structures are conceptually independent. This is why semi- Randers spaces are not space-time structures. A space-time structure provides a natural parameter and a natural volume form which are gauge invariants. This is not the case for the natural structure coming from F .

4 Geometric Formulation of the Lorentz’s Law

The system (1.1) defines a projective non-linear connection on the tangent bundle TN → N or a (projective) connection in the sense of Ehresmann in the associated frame bundle LN [10], with N := ⨆ x∈M N_x := ⨆ x∈M N_x the set of time-like vectors. This means that there exists a covariant splitting of TN, which is covariant under the action of GL(n, R) (but it is not covariant under the action of GL(2n, R)); it is a projective connection because we only know the symmetric part of the connection, which is the information contained on the geodesic equations.

Proposition 4.1 Let (M, η, β) be a semi-Randers space. Then

1. The covariant derivative^L∇ defines a projective Ehresmann connection on the principal bundle TN(N, G(4, R)); for each time-like tangent vector y ∈ T_xM the tangent space on u = (x, y) ∈ N can be decomposed into horizontal and vertical parts.

2. If the Levi-Civita connection of the metric^η∇ has connection coefficients^ηΓ^i_{jk}, (i, j, k = 0, 1, 2, 3) in a local coordinate system, then the connection^L∇ has in this local coordinate system the following connection coefficients:

LΓ^i_{jk}(x, y) =^ηΓ^i_{jk} + 1 2 √ η(y, y) (F^i_j y^mη_{mk} + F^i_ky^mη_{mj} )+

+ F^i_m y^m √ η(y, y) (η_{jk} − 1 η(y, y) η_{js}η_{kl}y^sy^l), (4.1)

where F_{ij} := ∂_iA_j − ∂_j A_i and F^i_j = η^{ik}F_{kj}. By definition, all the other connection coefficients are zero in this coordinate system.

3.^L∇ is a symmetric connection:

(a) The covariant derivative of a section Z ∈ ΓTN along a vertical direction is zero: L∇_V Z = 0, ∀V ∈ V(N). (b) The non-linear connection is symmetric; it has zero horizontal torsion: L∇_U V −^L∇_V U − [U, V ] = 0, ∀ U, V ∈ H(N). Proof: Let us consider the Finsler geodesic equation associated with the semi-Randers space F = η + β, but parameterized using the arc-length of the Lorentzian metric η:

d^2x^i dt^2 +^ηΓ^i_{jk} dx^j dt dx^k dt + η^{ij} (dA)_{jk} √ η( dx dt , dx dt ) dx^k dt = 0,

where dA is the exterior differential of the gauge potential A, giving the Faraday 2-form F. From these equation, we can read the value of the semi-spray coefficient:

G^i =^ηΓ^i_{jk}y^jy^k + η^{ij} (dA)_{jk} √ η(y, y)y^k.

Taking first and second derivatives with respect to y, we obtain: ∂ ∂y^j G^i(x, y) =^ηΓ^i_{lj}y^l + η^{il}(dA)_{lm} 1 √ η(y, y) η_{js}y^sy^m + η^{il}(dA)_{lj} √ η(y, y). 1 2 ∂ ∂y^k ∂ ∂y^j G^i(x, y) =^ηΓ^i_{kj} − η^{il}(dA)_{lm} 1 (η(y, y))^{3/2} η_{js}y^sy^mη_{kp}y^p+ +η^{il}(dA)_{lm} 1 2( √ η(y, y)) η_{jk}y^m + η^{il}(dA)_{lk} 1 2( √ η(y, y)) η_{js}y^s + η^{il}(dA)_{lj} 1 2( √ η(y, y)) η_{ks}y^s. □ Corollary 4.2 The following properties hold:

1. The Lorentz connection^L∇ is invariant under gauge transformations A −→ A + dλ of the gauge potential A = β_i(x)dx^i.

2.^L∇ is affine iff F := dA = 0.

Proof: The first property is a consequence from the fact that all the geometric objects that appear in the connection coefficients^LΓ^i_{jk} are gauge invariant. To prove that the connection is affine iff F = 0, we consider the decomposition of the connection coefficients:

LΓ^i_{jk} =^ηΓ^i_{jk} + T^i_{jk} + L^i_{jk},

L^i_{jk} = 1 2η(y, y) (F^i_j y^mη_{mk} + F^i_ky^mη_{mj} ),

T^i_{jk} = F^i_m y^m √ η(y, y) (η_{jk} − 1 η(y, y) η_{js}η_{kl}y^sy^l) ) . L^i_{jk} and T^i_{jk} are the components of tensors, with T^i_{jk}y^j = 0, ∀y ∈ N_x. Therefore to be affine L^i_{jk}y^jy^k = 0 ∀y ∈ N_x. This means F = 0. □

Corollary 4.3 The Lorentz’s law can be written as

L∇_{˙σ̃} ˙σ̃ = 0,

where σ : M −→ I is a parameterized time-like curve with respect to the proper time of the Lorentzian metric η, σ̃ is the horizontal lift and^L∇ is the non-linear connection determined by the system (1.1).

The pull-back vector bundle π^∗TM −→ N is defined as the minimal sub-bundle over N of the Cartesian product N × TM, such that the following diagram is commutative:

π^∗TM

π_1 �

π_2 � TM π � N^π � M.

Let {e_1, ..., e_4} be a local basis for the sections of the frame bundle associated with the tangent bundle ΓTM and assume that each e_i is a time-like tangent vector at x (therefore, the metric cannot be diagonal in this basis, since we are considering Lorentzian structure η). Then {π^∗e_1, ..., π^∗e_4} is a basis for the fiber π^{−1}_u ⊂ π^∗TM, u ∈ N; {h_1, ..., h_4} is a basis of the horizontal distribution H_u ⊂ T_uN, while {v_1, ..., v_4} is a basis frame for the vertical distribution V_u ⊂ T_uN.

Given the non-linear connection^L∇ on TN −→ N, there is a linear connection on the pullback bundle π^∗TM → N that we also denote by^L∇. Therefore, Proposition 4.4 The linear connection^L∇ on the pull-back bundle π^∗TM → N is such that:

1.^L∇ on π^∗TM → N is a symmetric connection in the sense that L∇_{X̃} π^∗Y −^L∇_Ỹ π^∗X − π^∗[X, Y ] = 0, (4.2) where X, Y ∈ ΓTM, X̃, Ỹ ∈ ΓTN are the arbitrary lifts of X, Y ∈ ΓTM with η(X, X) > 0 and η(Y, Y ) > 0.

2. The covariant derivative along vertical directions of sections of π^∗TM is zero: L∇_{vj} π^∗e_k = 0, (j, k = 1, ..., 4). (4.3) 3. The covariant derivative along horizontal directions is given by the formula: L∇_{hj} π^∗e_k =^LΓ^i_{jk}(x, y)π^∗e_i, (i, j, k = 1, ..., 4). (4.4) 4. By definition the covariant derivative of a function f ∈ F(N) is given by L∇_{X̂} f := X̃(f), ∀X̂ ∈ T_uN. Proof: One has to check by direct computation that these relations define a covariant derivative on π^∗TM and that they are self-consistent. A general covariant derivative can be expressed in terms of connection 1-forms: ω^i_j :=^LΓ^i_{jk}dx^k +^LΥ^i_{jk} δy^k F , where we have use a local basis of 1-forms {dx^1, ..., dx^n,^{δy1}_F , ...,^{δyn}_F }. As the covariant derivative of sections on π^∗TM along vertical directions are zero, LΥ^i_{jk} δy^k F = 0 ⇒^LΥ^i_{jk} = 0.

Since torsio tensir is zero, the remaining non-zero coefficients are symmetric, LΓ^i_{jk} =^LΓ^i_{kj}.

Therefore, we only have to provide the rule of how to derive sections along horizontal directions. This is done through the equation (4.4). Since the coefficients given by formula (4.1) are symmetric, this rule is consistent with the torsion-free condition. Finally, we want that the covariant derivative operator to be local. This is satisfied by (4.5), which guaranties that^L∇ is Leibnitz. □ Using a local coordinate system, one obtains the following

Corollary 4.5 Let M, N, π^∗TM and^L∇ be as before. Then the auto-parallel curves of the linear Lorentz connection^L∇ are the solutions of the Lorentz’s equation,

L∇_{~ẋ}π^∗ẋ = 0 ⇔^L∇_ẋẋ = 0, ẋ = dσ dt .

The reason why we have to translate from the non-linear connection^L∇ on TN to the linear connection on π^∗TM is because we are considering the average of linear connections, which is formulated for connections on π^∗TM.

5 The Averaged Lorentz Connection

Given the linear connection^L∇ on the bundle π^∗TM −→ N we can obtain the associated averaged connection, following the formalism described in [2]. Let us recall the formalism briefly here. Quite generally, to define the averaging operation we need:

1. A family of sub-manifolds {Σ_x ⊂ T_xM, x ∈ M} ⊂ TM such that there is defined a measure on each Σ_x.

2. The measure at each point Σ_x is an element fΩ_x ∈ ⋀_m Σ_x, where m is the dimension of Σ_x and f_x has compact support supp(f_x) ⊂ Σ_x. The dimension m ≤ n, with n the dimension of M.

Let us consider π^∗_v ΓM → N and the tensor space over x T^{(p,q)}M_xM. For every tensor S_x ∈ Γ_xM and v ∈ π^{−1}(z), z ∈ U we consider the isomorphisms:

π_2|_v : π^∗_v ΓM −→ TM^{(p,q)}_z M, S_v −→ S_z

π^∗_v : Γ_zM −→ π^∗_v ΓM, S_z −→ π^∗_v S_z.

Definition 5.1 (Average of a family of operators)

Consider the family of operators A = {A_w : π^∗_wTM −→ π^∗_wTM, w ∈ π^{−1}(x)}. The normalized averaged of this family is the operator

A_x : T_xM −→ T_xM

such that S_x → 1 vol(Σ_x) ( ∫ Σ_x

π_2|_uA_uπ^∗_u ) S_x, u ∈ π^{−1}(x), S_x ∈ Γ_xM;

The volume is given by vol(Σ_x) := ∫ Σ_x f(x, y)dμ. The average operator is denoted by < A > S_x := 1 vol(Σ_x) ( ∫ Σ_x

π_2|_uA_uπ^∗_u ) S_x.

The averaging operation is equivalent to an integration on the fiber coordinates y of the connection coefficients. In the case of the Lorentz dynamics, the measure is given by f(x, y)dμ(y), where f(x, y) is the 1-particle probability distribution function and dμ is induced by the Lorentzian metric η [13]. Then, one can prove the following

Proposition 5.2 The averaged connection of the Lorentz connection^L∇ on the pull-back bundle π^∗TM → N is an affine, symmetric connection on M. The connection coefficients are given by the formula:

<^LΓ^i_{jk} >=^ηΓ^i_{jk} + (F^i_j < 1 2 √ η(y, y) y^m > η_{mk} + F^i_k < 1 2 √ η(y, y) y^m > η_{mj} )+

+ F^i_m ( < y^m (η(y, y))^{3/2} > η_{jk} − η_{js}η_{kl} < 1 (η(y, y))^{3/2} y^my^sy^l > ) . (5.1)

Each of the integrations is equal to the y-integration along the fiber: < y^i >:= 1 vol(Σ_x) ∫ Σ_x y^if(x, y) dμ, vol(Σ_x) = ∫ Σ_x f(x, y) dμ and similarly for higher momentum moments.

Proof: Equation (5.1) follows easily from the definition of the averaged connection by linearity. □ The connection <^L∇ > is an affine, symmetric connection on M. Therefore, for any point x ∈ M, there is a normal coordinate system such that the averaged coefficients are zero.

It is also relevant that the only information that we need to write down the averaged connection is 1. The specific form of^L∇ and

2. The first, second and third momentum moments of f; that is, we do not require the full knowledge of the distribution function f. We will discuss point further in section 7.

6 Comparison Between the Geodesics of^L∇ and <^L∇ >

Let us consider the Lorentzian manifold (M, η) and assume that there is defined on M a timelike vector field U normalized such that η(U, U) = 1. Then, one can define the Riemannian metric η̄: η̄(X, Y ) := −η(X, Y ) + 2η(X, U)η(Y, U). (6.1)

Using η̄ we can define a scalar product in the vector space (T_xM, η̄) as η̄(x)_{ij} dy^i ⊗dy^j. It defines a distance function d_{η̄} on the manifold T_xM.

Remember that f has compact support on the mass-shell hyperboloid bundle Σ −→ M; the diameter of the distribution f_x := f(x, y) is α_x := supp{d_{η̄}(y, ỹ) | y, ỹ ∈ supp(f_x)}.

Given a linear endomorphism A_x : T_xM −→ T_xM, its operator norm is ‖A‖_∞(x) = supp{ |A^i_j |(x), i, j = 0, 1, 2, 3}, where the components are given with respect to the laboratory frame.

Definition 6.1 The distance between two connections at the point x is given by the function: d_{η̄}(^L∇, <^L∇ >)(x) := supp { √ η̄(^L∇_X X− <^L∇ >_X X,^L∇_X X− <^L∇ >_X X) η̄(X, X) , X ∈ supp(f_x)}. Lemma 6.2 Let us assume that the 1-particle distribution function f has supp(f_x) ⊂ Σ_x which is compact and convex. Then,

d_{η̄}(^L∇, <^L∇ >)(x) ≤ C̃(x) ‖F‖_∞(x) α^2(x), (6.2)

where C̃(x) does not depend on y or the electromagnetic field F.

Proof: From the expression of the connection coefficients of both connections, we have (for y ∈ Σ_x):

<^L∇ >_y y −^L∇_yy = ( 1 2 (F^i_j(x)(< y^m > −y^m)η_{mk} + F^i_k(x)(< y^m > −y^m)η_{mj} )+

+F^i_m(x) ( (< y^m > −y^m)η_{jk} − η_{js}η_{kl}(< y^my^sy^l > −y^my^sy^l) )) y^j y^k ∂ ∂x^i , since η_{ij}y^iy^j = 1. The difference between the two connections can be expressed in terms of the combinations δ^m =< y^m > −y^m, δ^{msl}y_sy_l =< y^my^sy^l > η_{sj}η_{lk}y^jy^k − y^m and has the form <^L∇ >_y y−^L∇_yy(x) = (1 2 (F^i_j (x)(δ^m)η_{mk}+F^i_k(x)(δ^m)η_{mj} )+F^i_m(x) ( δ^mη_{jk}−η_{js}η_{kl}δ^{msj} )) y^jy^k ∂ ∂x^i =

= ( F^i_j y^jδ^k(x)y_k + F^i_m(x) ( δ^m − y_jy_kδ^{mkj} )) ∂ ∂x^i , where y_j = η_{jk}y^k. For narrow probability distributions, the second contribution is of the same order as the first one. To prove this fact, let us consider the expression and expand around the averaged value, δ^{msl}(x)y_sy_l =< y^my^sy^l > η_{sj}η_{lk}y^j y^k − y^m =< y^m > (1 + ord(α)) − y^m.

Therefore, we write <^L∇ >_y y −^L∇_yy(x) ∼ F^i_j y^j(x)δ^ky_k ∂ ∂x^i . (6.3) We estimate the norm of this difference:

d^2_{η̄}(^L∇, <^L∇ >) ∼ η̄(F^i_j (x)y^j δ^ky_k ∂ ∂x^i , F^l_p(x)y^pδ^f y_f ∂ ∂x^l ) =

= (δ^ky_k)^2 η̄(F^i_j (x)y^j ∂ ∂x^i , F^l_p(x)y^p ∂ ∂x^l ). The first factor in front of the product can be bounded using the diameter α of the support of the distribution function f, |(δ^ky_k)^2|_{η̄} ≤ C(x)α^2(x), where C is a constant that does not depend on y or F. The second factor can be evaluated using the norm of the electromagnetic field F considered as an endomorphism:

η̄(F^i_j (x)y^j ∂ ∂x^i , F^i_j(x)y^j ∂ ∂x^i ) ≤ ‖F‖^2_∞(x) ‖y‖^2_{η̄} .

The construction of the Riemannian metric η̄ is based on the Lorentzian structure η and the choice of a time-like vector field U on M. There are two natural choices for the vector field:

1. We can select the averaged < y_x > and normalize it to have norm 1 using η. This is because {< y_x >, x ∈ M} defines a smooth time-like vector field, since supp(f_x) is convex.

2. We can calculate the distance between supp(f_x) and the light-cone and then select a vector field on the mass-shell hyperboloid such that its distance to the hyperboloid is the given one. Again, convexity of the domain helps to find a proper solution.

Due to the fact that supp(f_x) is concentrated and from the definition of η, one obtains

‖y‖^2_{η̄} ≤ −1 + 2η^2(y, U) = −1 + 2η^2(y, < y > ‖ < y > ‖_η ) ∼ −1 + 2(1 + α)^2 ∼ 2α^2, ∀y ∈ supp(f).

Therefore we get the desired result. □ Since the space-time manifold is compact (but with boundaries), we have the following corollary:

Corollary 6.3 Let f be the 1-particle distribution function such that supp(f_x) ⊂ Σ_x is compact and convex. Then we have the global bound (not depending on x),

d_{η̄}(^L∇, <^L∇ >)(x) ≤ C̃ ‖F‖_∞ α^2. (6.4)

where C̃ does not depend on x, y or the electromagnetic field.

We define the energy function E : M −→ R^+ of the collection of particles to be E(x) =< y^0 > (x). Using a coordinate system associated with the laboratory frame.

Theorem 6.4 Let M be a space-time manifold with boundary and compact. Let us assume that

1. The auto-parallel curves of the connections^L∇ and <^L ∇ > are such that are defined for times longer than t, being t the coordinate time in the lab. system,

2. The dynamics occurs in the ultra-relativistic regime, E >> α >> 1.

Then, given the same initial conditions, the solutions of the equations

L∇_V V = 0, <^L∇ >_V V = 0

are such that |x̃^i(t) − x^i(t)| ≤ Cα^2E^{−2+β} t^2, (6.5)

where E is the energy of the beam in the lab frame and C is a finite constant. The exponent β depends on the details of the dynamics.

Proof: We calculate the distance between the geodesics when both geodesics start with the same initial conditions. For the geodesics of the averaged connection we use the following general formula: x^i(t) = x^i(0) + ∫_t 0 ds ( ẋ(0) + ∫_s 0 dlẍ^i(l) ) . (6.6)

Since both geodesics have the same initial conditions, we have similarly for the averaged connection x̃^i(t) = x^i(0) + ∫_t 0 ds ( ẋ(0) + ∫_s 0 dl¨x̃^i(l) ) . (6.7)

We have to estimate the difference between both coordinates. Since we know the difference between the connection, in principle it is possible to do that. The main tool is the smoothness theorem on the dependence of solutions in differential equations [10]. Let us consider the family of connections^ϵ∇ := (1−ϵ) L^∇ +ϵ <^∇ >. For ϵ = 0,^0∇ =^L∇ and for ϵ = 1,^1∇ =<^L∇ >. The difference between the two connections is parameterized by the parameter ξ := d_{η̄}(^L∇, <^ϵ∇ >). Then, one can expand the solutions of the auto-parallel curves of^ϵ∇ in terms of this parameter ξ, around the solution of the Lorentz’s connection. In particular, since the initial conditions of all these geodesics are the same, we only consider the dependence on the acceleration. Then, one can make the following Taylor expansion,

ϵẍ^i = ẍ^i_0 + ∂_ξ^ϵẍ|_{ξ=0} · ξ + O(ξ^2). (6.8)

One can then evaluate the difference between the geodesics (with the same initial conditions) of the Lorentz and its averaged connection. Let us take the difference of the coordinates and we consider the limit where both relativistic factors γ̃ and γ are large compared to the diameter α. The relation between proper times (we have different proper times for each geodesic) and coordinates time are dτ = γ^{−1}dt, dτ̃ = γ̃^{−1}dt. This implies the following relation between derivatives d dt = γ^{−1} d dτ , d dt = γ̃^{−1} d dτ̃

|x̃^i(t) − x^i(t)| ≤ t ∫_t 0 dl|γ̃^{−2} d^2x̃^i(l) dl^2 − γ^{−2} d^2x^i(l) dl^2 | In the ultra-relativistic limit, both γ and γ̃ are similar (|γ̃ − γ| ≤ Cα, with C a constant which does not depend on F, due to compactness of M). Therefore, we have |x̃^i(t) − x^i(t)| ≤ t ∫_t 0 dl γ^{−2}| (d2x̃i(l) dl^2 − d^2x^i(l) dl^2 ) | Then we can apply eq. (6.8) for ϵ = 1 and bound the integrand, |x̃^i(t) − x^i(t)| ≤ t ∫_t 0 dl γ^{−2}| (d2x̃i(l) dl^2 − d^2x^i(l) dl^2 ) | ≤ t ∫_t 0 dl γ^{−2}| ( ∂_ξ^ϵẍ|_{ξ=0} · ξ + O(ξ^2) ) | ≤

≤ ∫_t 0 dl γ^{−2}| ( α^2 γ^{−2+β} ‖F‖_∞ ) |. Therefore, we end with the desired result,

|x̃^i(t) − x^i(t)| ∼ α^2 γ^{−2+β}‖F‖_∞t^2. (6.9) □ The γ^{−2} is due to the change from proper time to coordinate time corresponding to a particle with energy < y^0 >. It corresponds to the longitudinal dynamics [12], where there are no magnetic fields; for transverse dynamics β = 2 [12]. There could be also an energy factor dependence in the electromagnetic factor ‖F‖_∞, external to our treatment.

Theorem 6.5 Assume the same hypothesis as in theorem 4.4. Then the difference between the tangent vectors is given by

| ˙x̃^i(t) − ẋ^i(t)| ∼ C̃α^2 γ^{−2+β̃} ‖F‖_∞t, (6.10)

with C̃ a constant.

Proof: Consider the formulas for the velocity components

ẋ^i(t) = ẋ^i(0) + ( + ∫_t 0 dlẍ^i(l) ) . (6.11)

Similarly ˙x̃^i(t) = ẋ^i(0) + ( ∫ t 0 dl¨x̃^i(l) ) . (6.12)

From here, one makes a similar calculation for for theorem 6.4. □

7 Applications and Discussion

Let us discuss the limits of applicability of the averaged dynamics and in particular of the formula (6.5). First we make the asumption that during the process of acceleration the γ factor is constant. Then (6.5) takes the form

| ˙x̃^i(t) − ẋ^i(t)| ∼ C̃α^2 γ^{−2+β}(t_0)‖F‖_∞t^2,

with C̃ constant. If β < 2, asymptotically the leading order is C̃α^2 γ^{−2+β} (t_0)‖F‖_∞t^2. Let us assume a natural maximal size of the beam L_0. The meaning of the constant L_0 is that the averaged model is applicable until the difference | ˙x̃^i(t) − ẋ^i(t)| is of order L_0. For instance, in an accelerator, L_0 can be of the order half the diameter of the vacuum chamber. Then, the time this happens is of the order t_{max} ∼ ( 1 α L_0 C̃‖F‖_∞ ) 1_{2−β} . (7.1)

For the case where β = 0 the characteristic time where the averaged model loss validity is: t_{max} ∼ ( 1 α L_0 C̃‖F‖_∞ ) 1_2 .

A more realistic situation occurs when the energy varies linearly with the time t during the process of acceleration, γ(t) = kt + γ(t_0), t_0 ∈]t_{min}, t_{max}[ for large enough t_0 and k a positive slope. There is also a characteristic distance L_0 and a maximal time t_{max} after which the averaged model is not applicable. Then, one obtains (again for β = 0),

t_{max} = E_0 (L_0k + √ L^2_0k^2 + L_0(C̃α^2 − L^2_0k^2) C̃α2 − L_0k2 ) . (7.2)

*** There are several possible applications of the averaged dynamics associated with the Lorentz’s equation,

1. The averaged dynamics defined by the averaged connection <^L∇ > can be used in numerical simulations of Beam Dynamics in Accelerator Physics. Since the averaged equation is simpler, it can be used to produce faster simulations for beams with a large number of particles composing a beam.

2. It can also be used as a tool in the definition of the reference trajectory in Beam Dynamics.

There are two reasons for this:

(a) As theorem 6.4 states, for the same initial conditions, in the ultra-relativistic limit and for narrow probability distributions, the difference between the original trajectory and the averaged trajectory is small.

(b) For narrow distributions and for large number of particles, the integral curves of the averaged speed coincides in the first approximation in α with the integral curves of the main velocity field.

3. The averaged dynamics has been essential in the proof of the possibility to use fluid models for bunches of particles moving at very high energies (work in preparation [22]). As the averaged connection is affine, one can use of normal and Fermi coordinates. This makes some calculations straightforward.

4. As we have mention, the averaged dynamics only needs from the first, second and third order momentum moments to be defined. This makes natural a hierarchy in the structure of the momentum moments: one can use this to consider higher moments negligible.

The averaging procedure used in this paper was first introduce in reference [4] by the author. However, at first glance, there is a resemblance between the averaged procedure presented there and the procedure discover by Zalaletdinov and co-workers [14], made unfortunately by the use of common notation. In fact, the averaging considered by these authors is indeed very different: their averaging procedure is taken on open sets of the space-time itself. Our averaging procedure is an integration along the fiber over the space-time and is formulated in a geometric way. Indeed, our procedure has some resemblance with the averaging along the fiber in Classical Mechanics [15] or the averaging along the fiber that appears in Algebraic Topology, through a generalization of Poincare’s lemma. These two examples have been formalized by the author in a separate work [16].

We should emphasize that the contents presented in this work are a reformulation of the Lorentz sector of the standard Maxwell-Lorentz theory. In particular, we assume that the electromagnetic fields are given and are solutions of Maxwell’s equations. Therefore, we are considering a geometrization of the dynamics of point charged particles and not a geometrization of Electromagnetism with point charged particles. Indeed, one of the main points of our proposal is that the natural interpretation of the Electrodynamics of point charged particles with an external electromagnetic field does not correspond to a space-time metric structure. For such theories, one can see, for example, the approach of Miron and co-workers [17], [18].

8 Notion of Almost Projective Connection

In this section we formalize a notion that has appeared naturally in the geometric formulation of the Lorentz’s law. Indeed, we start with this example to see the mathematical structure.

Example. The Lorentz equation is obtained from the Lorentz’s law, assuming that the torsion is zero. We obtained, LΓ^i_{jk} =^ηΓ^i_{jk} + T^i_{jk} + L^i_{jk},

L^i_{jk} = 1 2η(y, y) (F^i_j y^mη_{mk} + F^i_ky^mη_{mj} ),

T^i_{jk} = F^i_m y^m √ η(y, y) (η_{jk} − 1 η(y, y) η_{js}η_{kl}y^sy^l) ) . If we consider instead an alternative connection, given by

Γ̃^i_{jk} =^ηΓ^i_{jk} + L^i_{jk},

then the corresponding geodesic equation is again the Lorentz’s force. Therefore we see that both^L∇ and ~∇ reproduce the Lorentz force and are both torsion-free (they are symmetric). This is in contradiction with the fact that a connection (linear or non-linear) is determined by the set of all geodesics as parametric curves on the base manifold M and the torsion tensor (for linear connections the procedure can be seen in [11]; for non-linear connections, a procedure to define the connection is described in [18] for example). The solution to this dilemma comes from the fact that Lorentz’s law applies only to time-like trajectories. Therefore, from the Lorentz’s law, we do not have enough information to determine the non-linear projective connection, because on the base manifold, we do not have enough information about all possible geodesics.

Preliminary definition of Almost Non-Linear Projective Connection Let M be a manifold of dimension n. An almost Non-linear Projective Connection is a second order differential equation χ defined on a distribution D ⊂ TTM. Associated with D is the corresponding almost projective covariant derivative on π^∗TM.

Examples.

1. A projective connection is an almost connection such that D = TM. In this case, the distribution D is integrable.

2. Lorentz connection provides an example where D ≠ TM. In this case, the distribution D is non-integrable.

Example. If one considers the corresponding linear connections^L∇ and ~∇ on π^∗TM, the averaged connections are not (in general) the same. This fact suggests that the averaging operation is relevant to the notion of almost non-linear connections. Indeed, we require that for equivalent physical situations, the averaging must be defined for all the connections which are in the same almost connection. Therefore, we suggest the following definition,

Definition 8.1 Let M be a manifold of dimension n. An almost Non-linear Projective Connection is a second order differential equation χ defined on a distribution D ⊂ TTM. Associated with D is the corresponding almost projective covariant derivative on π^∗TM which is stable under the averaging operation.

One can define the torsion, curvature of almost projective connections. The properties of this structure are being explored in another separated work [23].

Acknowledgement. I would like to express my gratitude to Dr. Volker Perlick for many discussions on the material of this work and related investigations and to Dr. Adam Noble, Dr. Shin-Itiro Goto and Dr. Tim Walton for the reading this manuscript.

References

[1] G. Randers, On an Asymmetrical Metric in the Four-Space of General Relativity, Phys.

Rev. 59(1941), 195-199.

[2] D. Bao, S.S. Chern and Z. Shen, An Introduction to Riemann-Finsler Geometry, Graduate Texts in Mathematics 200, Springer-Verlag.

[3] R. Gallego Torrome, On the Notion of semi-Randers Space, math.DG:0906.1940. [4] R. Gallego Torrome, Averaged structures associated to a Finsler structure, math.DG/0501058.

[5] G. S. Asanov, Finsler Geometry, Relativity and Gauge Theories, D. Reidel, Dordrecht.

(1985).

[6] J. Beem, Indefinite Finsler Spaces and Timelike Spaces, Canad. J. Math. 22,1035. [7] J. Beem, Characterizing Finsler Spaces which are Pseudo-Riemannian of Constant Curvature, Pac. J. of Mathematics, vol. 64, num. 1 (1976), 67.

[8] V. Perlick, Fermat Principle in Finsler Spacetimes, Gen.Rel.Grav. 38 (2006) 365-380. [9] D.A. Burton, J. Gratus, R.W. Tucker, Asymptotic analysis of ultra-relativistic charge, Annals of Physics 322 (2007) 599-630.

[10] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol I, Wiley Intersciencie, New York (1969).

[11] N. J. Hicks, Notes on Differential Geometry, D. Van Nostrand Company (1965). [12] H. Wiedemann, Particle Accelerator Physics I, Second Edition, Springer (1998). [13] J. Ehlers, General Relativity and Kinetic Theory, Proceedings of the International Summer School of Physics Enrico Fermi, pg 1-70 (1971).

[14] M. Mars and R. M. Zalaletdinov, Space-time Averages in Macroscopic Gravity and Volumepreserving Coordinates, arXiv:dg-ga /9703002.

[15] V. Arnold, Mathematical Methods in Classical Mechanics, (Springer, Heidelberg). [16] R. Bott, L. W. Tu, Differential Forms in Algebraic Geometry, Graduate Texts in Mathematics 82, Springer-Verlag, 1982.

[17] R. Gallego Torrome, Geometric Formulation of the Averaging Operation, arXiv:0905.3181. [18] R. Miron, D. Hrimiuc, H. Shimada, V. Sabau The Geometry of Hamilton and Lagrange Spaces, Fundamental Theories in Physics 118, Kluwer 2001.

[19] S. Vacaru, P. Stavrinos, E. Gaburon and D. Gonta, Clifford and Riemannian-Finsler Structures in Geometric Mechanics and Gravity, Geometry Balkan Press, 2005, gr-qc/0508023.

[20] G. S. Asanov, Finsleroid-regular space. Landsberg-to-Berwald implication, arXiv:0801.4608 [math.DG].

[21] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of the Space-Time, Cambridge Monographs on Mathematical Physics (1973).

[22] R. Gallego Torrome, Fluids Models from Kinetic Theory, without Explicit Hypothesis on the Momentum Moments, work in progress.

[23] R. Gallego Torrome, Notion of Almost Connection, work in progress.