arXiv:0905.3116v2 [astro-ph.CO] 29 May 2009

Inverse volume corrections to emergent tachyonic inflation in loop quantum cosmology

Puxun Wu^{1,2∗}, Shuang Nan Zhang^{1,3,4} and Hongwei Yu^2 1Department of Physics and Tsinghua Center for Astrophysics, Tsinghua University, Beijing 100084, China 2Department of Physics and Institute of Physics, Hunan Normal University, Changsha, Hunan 410081, China 3Key Laboratory of Particle Astrophysics, Institute of High Energy Physics, Chinese Academy of Sciences, P.O. Box 918-3, Beijing 100049, China 4Physics Department, University of Alabama in Huntsville, Huntsville, AL 35899, USA

Abstract

The emergent model in the context of loop quantum cosmology with a tachyon scalar field is studied. We find that there is a center equilibrium point in the semiclassical region and a saddle point in the classical region. If the potential of the tachyon field satisfies some conditions, the universe can stay at the center equilibrium point past-eternally and then oscillate infinitely around this point with the tachyon climbing up its potential. Once the potential reaches a critical value, these two equilibrium points coincide with each other and the oscillation phase is broken by an emergent inflation. In order to obtain a successful emergent tachyon inflation, a constraint on ϕ̇^2 of tachyon is required.

PACS numbers: 98.80.Cq, 04.60 Pp

∗ wpx0227@gmail.com

I. INTRODUCTION

The inflationary model is very successful to solving some problems in the standard cosmological model and is consistent with observations of the Cosmic Microwave Background radiation and high redshift surveys [1]. However, the existence of a big bang singularity in the early universe is still an unresolved problem. Some authors have tried to address this problem within the framework of quantum gravity and have suggested some models to avoid this singularity, such as the pre-big bang [2, 3] and ekpyrotic/cyclic scenarios [4] in string/M-theory, but it still remains unclear as to what process could lead to a nonsingular transition from the pre- to post big bang phase.

Recently, in order to establish a singularity-free inflationary model in the context of classical general relativity, a new scenario, an emergent universe [5, 6], has been proposed. In this model, the space curvature is positive and the universe stays past-eternally in an Einstein static state and then evolves into a subsequent inflationary phase. Thus the big bang singularity can be avoided. In addition, researches show that the entropy considerations favor the Einstein static state as the initial state of our universe [7]. However the Einstein static universe in the classical general relativity is unstable. Therefore the universe is extremely difficult to maintain such an initial static state in a long time due to the existence of perturbations, such as the quantum fluctuations.

More recently, the emergent model within the framework of quantum gravity has been studied extensively. In this regard, Mulryne et al. [8] studied the existence and stability of Einstein static state in the context of Loop Quantum Cosmology (LQC) [9, 10] with the inflaton scalar field modified by the inverse volume corrections in Loop Quantum Gravity (LQG) (see [11] for recent reviews), where LQC is an application to cosmology of LQG. The inverse volume is the cube of inverse scale factor and in LQC the correction to the inverse volume arises by exploiting the ambiguity in defining the inverse volume operator which is required to quantize the Hamiltonian constraint [12]. It was found that there is a center equilibrium point in the semiclassical region besides a saddle point in the classical region. If the potential energy of scalar field is less than a critical value, the universe can stay past-eternally at a static state and then enter into an oscillating phase with the scalar field being driven up its potential [13]. As a result, once the potential reaches this critical value, the center equilibrium point coincides with the saddle one, and the oscillating phase is broken and then the universe enters an inflation era. Thus a successful singularity-free inflation model is obtained. However in Ref. [8], the author did not consider the inverse volume correction to the gravity, which seems to be adhoc. The reason is that the same ambiguity also arises in the gravitational part of the Hamiltonian constraint. Therefore the inverse volume correction to the gravity should be considered, which may change the dynamics significantly. For the case of the LQC without the inverse volume modification, although there is also a new stable center if the cosmological constant is larger than a critical scale, the universe cannot break the infinite cycles around this center point to naturally enter a subsequent inflationary phase [14]. Thus it will be interesting to study the emergent inflation in LQC with the inverse volume corrections both to matter and gravity. In addition Lidsey and Mulryne [15] studied the dynamics of a scalar field within the context of branewold scenario proposed by Shtanov and Sahni [16, 17] and found that, with the scalar field climbing up its potential, the cosmic evolution from the past eternal cycle to inflation can occur naturally as in the case of LQC with the scalar field modification. Later, modified stabilities of the Einstein static model in some non-Einstein gravities [18] have also been discussed.

In this paper, we will discuss an emergent inflation in LQC with the inverse volume corrections to both the matter and gravity. A tachyon scalar field is considered since it has a non-canonical kinetic term and has attracted considerable attention for the cosmic inflation at early times and for dark energy and dark matter at late times [19]. In the framework of LQC the tachyon inflation has been studied in the cases of the matter with or without the inverse volume correction and results showed that the super inflation can appear easily in both cases [20, 21].

II. TACHYON IN LQC

In a positively curved Friedmann-Robertson-Walker (FRW) background, following the calculations in Refs. [22, 23], the effective Hamiltonian for the LQC system with tachyon field can be expressed H_{eff} = − 3 κγ^2 S_J (p) sin^2(μc) μ̄^2 − 3S_J (p)V^{2/3}_0 κ + p^{3/2}ρ_ϕ , (1)

with

S_J (p) = √ pS(q) , (2) where κ = 8π/M^2_{pl}, p = a^2, J is a half-integer, ρ_ϕ is the energy density of tachyon field, q = (^a_{a∗} )^2 with a_∗ = (8πα^{1/2}γJ)^{1/3}l_{pl} and γ = 0.2375. In Eq. (2), S(q) arises from the inverse volume correction to gravity and can be expressed as S(q) = 4 √ q { 1 10 [ (q + 1)^{5/2} + sign(q − 1)|q − 1|^{5/2} ] − 1 35 [ (q + 1)^{7/2} − |q − 1|^{7/2} ] } . (3)

Using the Hamilton’s equation we can obtain the modified Friedmann equation

H^2 = (κ 3 ρ_ϕ − S a^2 )( S + 3S κρ_ca^2 − ρ_ϕ ρ_c ) , (4)

where ρ_c ≃ 0.82M^4_{pl} is the critical LQC energy density. When S = 1, the above Friedmann equation corresponds to the case without the inverse volume correction in the positively curved universe given in Ref. [14]. Since H^2 must be non-negative, we have the following limits 3 κ S a^2 ≤ ρ_ϕ ≤ ρ_c ( S + 3S κρ_ca^2 ) . (5)

In LQC with the inverse volume correction the energy density and pressure for tachyon matter can be written as [20]

ρ_ϕ = V p^{3/2}|F (q)|^{3/2} √ p^3|F (q)|^3 − ϕ̇^2

, (6)

p_ϕ = − V p^{3/2}|F (q)|^{3/2} √ p^3|F (q)|^3 − ϕ̇^2 [ 1 + ϕ̇2|F (q)|′ p^2|F (q)|^4 ] . (7)

Here V is the potential of tachyon field, which must be larger than zero since the energy density must be positive, and

F (q) = a^{−2}_∗ ( 8 77 [ 7{(q + 1)^{11/4} − |q − 1|^{11/4}}

−11q{(q + 1)^{7/4} − sign(q − 1)|q − 1|^{7/4}} ] )_4 , (8)

By differentiating Eq. (4) with time and using Eqs. (6, 7) we have

Ḣ = 1 2 ( 3κρ_ϕ ( 1 − V^2 ρ^2_ϕ ) d ln F d ln q + 2S a^2 − 2q a^2 dS dq )( S + 3S κρ_ca^2 − ρ_ϕ ρ_c ) (9) + ( κ 3 ρ_ϕ − S a^2 )( 2q dS dq + 6q κρ_ca^2 dS dq − 6S κρ_ca^2 − 3ρ_ϕ ρ_c ( 1 − V^2 ρ^2_ϕ ) d ln F d ln q )

In the following a constant potential is considered which is a good approximation if the variation of potential is very slow with time.

The equilibrium points of this system are given by the conditions ä = ȧ = 0, which imply

a = a_{eq} , H(a_{eq}) = 0. (10)

From Eq. (4) it is easy to obtain that H^2 = 0 corresponds to two critical energy densities. We find that the critical density ρ = ρ_c ( S +^{3S}_{κρca2} ) cannot lead to a successful emergent inflation. Therefore in the following we will only consider the critical point ρ_ϕ =^{3S}_{κa2} . From Eq. (9), one can obtain the following constraint equations for a_{eq} A(a_{eq}) = B(a_{eq}), B(a) ≡ 2q a^2 dS dq −^{2S}_{a2} 3κρ_ϕ ( 1 −^{V 2}_{ρ2ϕ}

) . (11)

Here A(a) =^{d ln F}_{d ln q} . Clearly the condition for the existence of the equilibrium points is that the functions A(a) and B(a) intersect. Using Eq. (6) at the equilibrium point we find ϕ̇^2 = 2 9 p^3|F |^3 d ln S d ln q − 1 B . (12)

Since^{d ln S}_{d ln q} is smaller than 1 as shown in Fig. (1), the reality condition, ϕ̇^2 > 0, requires that the intersections of functions A and B must appear in the range of B < 0.

In Fig. (2) we give the curves of functions A and B. The function A reaches its maximum A_{max} = 4 at a = 0, decreases to its minimum A_{min} = −^{11}_6 at a = a_∗, and then asymptotes to −1 at a → ∞. The function B is a hyperbola with a single vertical asymptote given by solving V =^{3S}_{κa2} . However, from the requirement of ϕ̇^2 > 0, only the down-left branch of this hyperbola plays a role in determining the existence of the equilibrium points.

If the potential satisfies the conditions 0 < V < V_{crit} where V_{crit} = 3S κa^2 √_{29} 33 +^{4a2}_{33}^{d ln S}_{d ln q} |_{a=a∗} obtained from the equation A_{min} = B, there are two intersects between the curve of A and the down left branch of B. As shown in Fig. (2), one equilibrium point occurs at the semiclassical region; the other at the classical region. With the increasing of the potential these two intersects become closer and closer. Once V = V_{crit} they coincide with each other and there is only an equilibrium point. In addition, we find that, in order to obtain two intersect points of functions A and B, the kinetic term ϕ̇^2 of tachyon field must satisfy the following constraint 4 33 |F |^3a^6 ( 1 − a^2 d ln S d ln q ) < ϕ̇^2 < a^6|F |^3 , (13)

which comes from the requirement 0 < V < V_{crit}. In Fig. (3) we give the allowed region of ϕ̇^2. From this Figure, we can see that a_{eq} cannot be much smaller than a_∗ and the region of a_{eq} ≲ 0.7a_∗ is forbidden.

If one obtains the equilibrium points, their stabilities are determined by the eigenvalues coming from linearizing the system near these points. By calculation, we get the eigenvalue λ^2, but the results are very tedious. We will not give them here. If λ^2 < 0 the corresponding equilibrium point is a center otherwise it is a saddle. Since λ^2 is positive for a > a_∗ and negative for a < a_∗, as shown in Fig. (4), equilibrium points occurring in the classical region are saddles and those in the semiclassical region are centers. Therefore from Fig. (2) we obtain that in LQC there is a center equilibrium point in the semiclassical region, which originates from the loop quantum effects, and a saddle point in the classical region, which is similar to the classical general relativity.

In Fig. (5) we give the phase portraits for demonstrating the center equilibrium point and the saddle point. The separatrix is represented by the dashed line. Apparently if the value of the potential is less than V_{crit} the universe can stay at a stable state past-eternally and then undergo an infinite oscillation with the tachyon field climbing up its potential. Once the potential reaches the critical value V_{crit}, the oscillating phase is broken and then the universe enters into an inflationary era.

III. CONCLUSION

In summary, in LQC with the inverse volume corrections to the tachyon field and the gravity, there are two equilibrium points. The one appearing in the classical region is a saddle point as that in general relativity; the other in semiclassical region is a center which comes from the loop quantum effects. If the potential of tachyon field asymptotes to a positive constant and is less than V_{crit} as t → −∞, the universe can stay past-eternally at a stable state. With the tachyon field climbing up its potential slowly, the universe will undergo non-singular oscillations around the center equilibrium point. Once the potential reaches the critical value V_{crit}, the saddle point coincides with the center point and then the cycles are broken by the emergence of an inflation. Thus the universe enters into a de Sitter expansion phase. In addition we find that, in order to obtain a successful emergent tachyon inflation, the allowed region of ϕ̇^2 at the stable state is constrained. For the normal scalar field the emergent inflation will be studied in the future.

Acknowledgments

We appreciate very much the insightful comments and help suggestions by anonymous referee. P. Wu is partially supported by the National Natural Science Foundation of China under Grant No. 10705055, the Scientific Research Fund of Hunan Provincial Education Department, the Hunan Provincial Natural Science Foundation of China under Grant No. 08JJ4001, and the China Postdoctoral Science Foundation. S. N. Zhang acknowledges partial funding support by the Yangtze Endowment from the Ministry of Education at Tsinghua University, Directional Research Project of the Chinese Academy of Sciences under project No. KJCX2-YW-T03 and by the National Natural Science Foundation of China under grant Nos. 10521001, 10733010, 10725313, and by 973 Program of China under grant 2009CB824800. H. Yu is supported in part by the National Natural Science Foundation of China under Grants No.10775050 and the SRFDP under Grant No.

20070542002,

[1] Peiris H V et al, 2003 Astrophys. J. Suppl. Ser. 148 213 [2] Gasperini M and Veneziano G, 2003 Phys. Rep. 373 1 [3] Lidsey J E, Wands D and Copeland E J, 2000 Phys. Rep. 337 343 [4] Khoury J, Ovrut B A, Steinhardt P J and Turok N, 2001 Phys. Rev. D 64 123522 Steinhardt P J and Turok N, 2002 Science 296 1436 Steinhardt P J and Turok N, 2002 Phys. Rev. D 65 126003 Khoury J, Steinhardt P J and Turok N, 2004 Phys. Rev. Lett. 92 031302 [5] Ellis G F R and Maartens R, 2004 Class. Quant. Grav. 21 223 [6] Ellis G F R, Murugan J and Tsagas C G, 2004 Class. Quant. Grav. 21 233 [7] Gibbons G W, 1987 Nucl. Phys. B 292 784

Gibbons G W, 1988 Nucl. Phys. B 310 636 [8] Mulryne D J, Tavakol R, Lidsey J E and Ellis G F R, 2005 Phys. Rev. D 71 123512 [9] Bojowald M, 2005 Living Rev. Rel. 8 11

Bojowald M, gr-qc/0505057 Ashtekar A, Bojowald M and Lewandowski J, 2003 Adv. Theor. Math. Phys.7 233 Ashtekar A, gr-qc/0702030 Wu P and Zhang S N, 2008 J. Cosmol. Astropart. P. 06 007 Fu X, Yu H and Wu P, 2008 Phys. Rev. D 78 063001 Wei H and Zhang S N, 2007 Phys. Rev. D 76 063005 Samart D and Gumjudpai B, 2007 Phys. Rev. D 76 043514 Chen S, Wang B and Jing J, 2008 Phys. Rev. D 78 123503 Mielczarek J, arXiv: 0809.2469 Ding Y, Ma Y and Yang J, 2009 Phys. Rev. Lett. 102 051301 Singh P, arXiv: 0901.2750 Zhang X, Zhang J, Cui J and Zhang L, arXiv:0902.0928 Zhang X and Ling Y, 2007 J. Cosmol. Astropart. P. 08 012

[10] Ashtekar A, 2006 AIP Conf. Proc. 861 3 [11] Rovelli C, 1998 Living Rev. Rel. 1 1 Thiemann T, 2003 Lect. Notes Phys. 631 41 Corichi A, 2005 J. Phys. Conf. Ser. 24 1 Perez A, gr-qc/0409061 Ashtekar A and Lewandowski J, 2004 Class. Quant. Grav. 21 R53 Ashtekar A, arXiv: 0705.2222 Rovelli C, 2004 Quantum Gravity, Cambridge University Press, Cambridge Ashtekar A, 2005 New J. Phys. 7 198 Thiemann T, hep-th/0608210.

[12] Bojowald M, 2001 Phys. Rev. D 64 084018 Bojowald M, 2002 Phys. Rev. Lett. 89, 261301 Bojowald M, 2002 Class. Quant. Grav. 19 5113 Bojowald M, Lidsey J E, Mulryne D J, Singh P and Tavakol R, 2004 Phys. Rev. D 70 043530 Date G and Hossain G M, 2005 Phys. Rev. Lett. 94 011301 Bojowald M, Maartens R and Singh P, 2004 Phys. Rev. D 70 083517 Bojowald M and Kagan M, 2006 Phys. Rev. D 74 044033 Mulryne D Jand Nunes N J, 2006 Phys. Rev. D 74 083507 Calcagni C and Cortes M, 2007 Class. Quantum Grav. 24 829 Bojowald M and Tavakol R, arXiv:0802.4274v1 Germani C, Nelson W and Sakellariadou M, 2007 Phys. Rev. D 76 043529 Singh P, Vandersloot K, 2005 Phys. Rev. D 72 084004 Copeland E J, Mulryne D J, Nunes N J and Shaeri M, 2009 Phys. Rev. D 79 023508 Copeland E J, Lidsey J E and Mizuno S, 2006 Phys. Rev. D 73 043503 Copeland E J, Mulryne D J, Nunes N J and Shaeri M, 2008 Phys. Rev. D 77 023510 Bojowald M and Hinterleitner F, 2002 Phys. Rev. D 66 104003 Calcagni G and Hossain G M, Adv. Sci. Lett. 2(2009) 184 Grain J, Barrau A and Gorecki A, 2009 Phys. Rev. D 79 084015

[13] Lidsey J E, Mulryne D J, Nunes N J and Tavakol R, 2004 Phys. Rev. D 70 063521 [14] Parisi L, Bruni M, Maartens R and Vandersloot K, 2007 Class. Quant. Grav. 24 6243 [15] Lidsey J E and Mulryne D J, 2006 Phys. Rev. D 73 083508 [16] Shtanov Y and Sahni V, 2003 Phys. Lett. B 557 1 [17] Shtanov Y, 2002 Phys. Lett. B 541 177 [18] Boehmer C G, Hollenstein L and Lobo F S N, 2007 Phys. Rev. D 76 084005 Goheer N, Goswami R and Dunsby P K S, arXiv: 0809.5247 Seahra S S and Boehmer C G, 2009 Phys. Rev. D 79 064009 del Campo S, Herrera R and Labrana P, 2007 J. Cosmol. Astropart. P. 0711 030 Goswami R, Goheer N and Dunsby P K S, 2008 Phys. Rev. D 78 044011 Debnath U, 2008 Class. Quant. Grav. 25 205019 Paul B C and Ghose S, arXiv: 0809.4131 Boehmer C G and Lobo F S N, 2009 Phys. Rev. D 79 067504 [19] Sen A A, 2002 J. High Energy Phys. 04 048 (2002)

Sen A A, 2002 J. High Energy Phys. 07 065 [20] Sen A A, 2006 Phys. Rev. D 74 043501 [21] Xiong H and Zhu J, arXiv: ar-qc/0702003 [22] Ashtekar A, Pawlowski T and Singh P, 2006 Phys. Rev. Lett. 96 141301 Ashtekar A, Pawlowski T and Singh P, 2006 Phys. Rev. D 74 084003 Ashtekar A, Pawlowski T, Singh P and Vandersloot K, 2007 Phys. Rev. D 75 024035 Vandersloot K, 2007 Phys. Rev. D 75 023523 Corichi A, Vukasinac T and Zapata J A, arXiv: 0704.0007 [23] Vandersloot K, 2005 Phys. Rev. D 71 103506

FIG. 1: The evolutionary curves of function^{d ln S}_{d ln q} against q .

FIG. 2: The evolutionary curves of functions A (solid line) and B (dotted, dashed and dotdashed lines) against a with Plank unit. The dotted, dashed, and dot-dashed curves correspond to the function B with V > V_{crit}, V = V_{crit} and V < V_{crit}, respectively. The vertical long-dashed line denotes the position of a_∗.

FIG. 3: The constraint on ϕ̇^2 given in Eq. (13) with Plank unit. The vertical long-dashed line denotes the position of a_∗.

FIG. 4: The eigenvalue λ^2 against a with Plank unit and V = 0.012. The left and right panels show results of a < a_∗ and a > a_∗, respectively.

FIG. 5: This figure represents the phase diagram corresponding to Fig. (2) with the Plank unit, J = 100 and α = 1. The axes have been compactified using the relations x(t) = arctan(H) and y(t) = arctan(ln a)