arXiv:0905.3474v3 [hep-th] 16 Sep 2010

. . Light Dragging Phenomenon and Expanding Wormholes

Hristu Culetu^∗ Department of Physics, Ovidius University, B-dul Mamaia 124, 900527 Constanta, Romania (Received 27 May 2010)

Abstract

The null geodesic congruence for the Lorentzian version of Hawking’s wormhole is studied in spherical Rindler coordinates. One finds that the wormhole throat, where the stress energy is mostly located, expands exponentially and that the flare - out condition is satisfied. A time reversal is equivalent to an inversion applied to the radial coordinate. Far from the throat (the light cone in Cartesian coordinates, the negative energy density acquires an expression similar to that of the Casimir energy density between two perfectly reflecting plates. We conjecture that the light propagation follows the throat of a pre - existing expanding wormhole (a light dragging phenomenon).

PACS numbers: 04.50.+h; 04.60 .-m; 04.90.+e Keywords: Dynamic wormhole, Conformal Rindler geometry, Null geodesic expansion, Spatial inversion

∗Electronic address: hculetu@yahoo.com; Fax: +40-241-618372

I. INTRODUCTION

Lorentzian wormholes were often considered as topological objects (handles in spacetime that join two distant regions of the same universe or bridges linking different spacetimes) [1]. Both of them give rise to multiply - connected universes with non - trivial topology and are hypersurfaces that connect two asymptotically flat spacetimes.

As Hochberg and Visser [1] have remarked that to define a wormhole, one identifies a local property that is operative near its throat through the expansion of the null geodesic congruence propagating orthogonally to a closed two - dimensional spatial hypersurface, generalizing in this way the Morris - Thorne analysis [2]. In their view, the hypersurface will be the wormhole throat provided the expansion Θ of the null congruence vanishes on it and the rate of change of the expansion along the null direction λ is such that dΘ/dλ ≥ 0 (the flare - out condition, which is valid even for dynamic wormholes). In other words, the throat is a surface of minimal area with respect to deformations in the null direction λ; i.e., the throat is an anti - trapped surface.

The flare - out condition at or near the throat violates the null energy condition that results directly from the Raychaudhuri equation [3]. Guendelman et al. [4] showed recently that the Einstein - Rosen bridge metric [5] is not a solution to the vacuum Einstein’s equation, but rather a lightlike brane source at r = 2m is required (note that the Schwarzschild horizon at r = 2m is a null two - surface). They observed that the brane is a natural gravitational source for a transversable wormhole with its throat located at the horizon. This source is endowed with surface tension as an additional degree of freedom and is the place where the two copies of the exterior Schwarzschild spacetime are matched.

We use in this paper the dimensionally - reduced Witten bubble spacetime [6] to obtain the Lorentzian version of the Hawking wormhole [7] which is conformal to the Rindler metric written in spherical coordinates [8]. We find further that the stress tensor needed on the right - hand side of Einstein’s equations for the Hawking wormhole to be a solution corresponds to an anisotropic fluid with negative energy density and negative radial pressure, but positive transversal pressures. Throughout the paper we shall use the geometrical units ℏ = c = G = 1.

II. CONFORMALLY FLAT EXPANDING METRIC

Let us consider the Witten bubble spacetime [6]

ds^2 = −g^2r^2dt^2 + (1 −

4b^2 r^2

)^{−1}dr^2 + r^2cosh^2gt dΩ^2 + (1 −

4b^2 r^2

) dχ^2, (1)

with 2b ≤ r ≺ ∞, b and g being constants, dΩ^2 = dθ^2 + sin^2θdϕ^2 being the unit two sphere and χ being the coordinate on the compactified fifth dimension. By means of Eq. (1), Witten studied the decay process (an expanding bubble) of the ground state of the original Kaluza - Klein geometry which, although stable classically, is unstable against a semiclassical barrier penetration [9].

We are now interested in the 4 - dimensional subspace χ = const. of the Eq. (1):

ds^2 = −g^2r^2dt^2 + (1 −

4b^2 r^2

)^{−1}dr^2 + r^2cosh^2gt dΩ^2. (2)

Equation (2) represents the ordinary Minkowski space provided r >> 2b, but is written in spherical Rindler coordinates [10] (a spherical distribution of uniformly accelerated observers , with the rest - system acceleration g uses this type of hyperbolically expanding coordinates). The singularity at r = 2b is only a coordinate singularity, as can be seen from the isotropic form of Eq. (2), with the help of a new radial coordinate ρ, where

r = ρ + b^2 ρ . (3)

Therefore, the spacetime given by Eq. (2) appears now as

ds^2 = ( 1 + b^2 ρ^2

)_2 (−g^2ρ^2dt^2 + dρ^2 + ρ^2cosh^2gt dΩ^2). (4)

We note that the coordinate transformation

x̄ = ρ coshgt sinθ cosϕ, ȳ = ρ coshgt sinθ sinϕ, z̄ = ρ coshgt cosθ, t̄ = ρ sinhgt (5)

changes the previous metric into

ds^2 = (1 + b^2 x̄_ax̄^a )^2 η_{cd} dx̄^c dx̄^d, (6)

which is conformally flat (η_{cd} = diag(−1, +1, +1, +1)). The latin indices run from 0 to 3). In addition, we have ρ^2 = η_{ab}x̄^ax̄^b ≥ 0. From now on, we take the constant b to be on the order of the Planck length.

Let us observe that the geometry given by Eq. (4) becomes flat provided ρ >> b (the conformal factor tends to unity ) or provided ρ << b , for which the first term in the conformal factor may be neglected. Therefore, Eq. (4) represents the Lorentzian version of the euclidean Hawking wormhole [7, 11, 12].

It is interesting to treat the region ρ < b by means of the coordinate transformation

ρ̄ = b^2 ρ . (7)

Inserting Eq. (7) in Eq. (4), we conclude that Eq. (4) is invariant under the inversion given by Eq. (7):

ds^2 = ( 1 + b^2 ρ̄^2

)_2

(−g^2ρ̄^2dt^2 + dρ̄^2 + ρ̄^2cosh^2gt dΩ^2). (8)

When ρ varies from b to infinity, ρ̄ ∈ (0, b], and the metric given by Eq. (8) becomes flat for ρ̄ << b. Therefore, we may say that the ρ < b region is the image of the ρ > b region obtained by inversion.

III. ENERGY MOMENTUM TENSOR

The Hawking wormhole is well known not to be a solution to the vacuum Einstein equations. Visser [13], by surgically grafting two Schwarzschild spacetimes together, reached the conclusion that a boundary layer (the Schwarzschild wormhole throat) contains a nonzero stress energy and separates two asymptotically flat regions. Using the junction conditions formalism, he found that the boundary layer must concentrate exotic stress energy, which violates the weak energy condition. We saw before that, according to Guendelman et al. [4], the Einstein - Rosen bridge solution does not satisfy the vacuum Einstein equations at the wormhole throat; we need a surface stress tensor on the throat.

We, instead, ask here for an energy momentum tensor on the right hand side of Einstein’s equations such that the spacetime given by Eq. (4) be a solution. Using the MAPLE - GRTensor software package, we found that the nonzero components of the Einstein tensor G_{ab} ≡ R_{ab} − 1 2 g_{ab}R^c = κT_{ab} (9) are given by

G^t = G^θ = G^ϕ = − 1 3 G^ρ =

4b^2ρ^4 (ρ^2 + b^2)^4

(10) and R^a = κT^a_a = 0, where κ = 8π is Einstein’s constant. We see that the fluid is anisotropic and is comoving with the spherical Rindler observers (T^b_a is diagonal).

By using well known notations, we have

ϵ = −T^t_t = −

4b^2ρ^4 κ(ρ^2 + b^2)^4

(11)

for the energy density and

T^ρ_ρ = p_ρ = −3p_θ = −3p_ϕ =

−12b^2ρ^4 κ(ρ^2 + b^2)^4

(12)

for the radial and the transverse pressures, respectively. Even though the fluid is anisotropic, with pressures not only of different values but also of different signs, we can define a mean value

p_m = p_ρ + p_θ + p_ϕ 3 = ϵ 3 , (13)

as for a null fluid.

We shall consider the energy to be mostly located on the throat of the wormhole given by using Eq. (4), which is in accordance with a negative energy density (ϵ < 0) on the throat. From Eq. (11), one infers that the case ρ >> b leads to an expression for ϵ that does not depend on the Newton constant G: ϵ = − 4b^2 8πGρ^4 = − ℏc 2πρ^4 , (14)

where b has been replaced with the Planck length √ Gℏ/c^3. In other words, ϵ has a purely quantum origin in this region, and is similar to the Casimir energy density between two perfectly conducting parallel plates.

IV. NULL GEODESIC EXPANSION

According to Hochberg and Visser [1] a natural local geometric characterization of the existence and the location of a wormhole throat is possible. They argued that the throat is an extremal hypersurface of minimal area ( minimal anti-trapped surface) with respect to deformations in the null direction λ - the parameter on the null geodesic (the tangent vector is k^a = dx^a/dλ). In addition, the two - dimensional spatial hypersurface to which the null geodesic congruence is orthogonal will be the wormhole throat provided the scalar expansion Θ = 0 and dΘ/dλ > 0 hold on that surface (the flare - out condition generalized for a dynamic wormhole).

According to the previous authors’ prescription, we take the null geodesic congruence orthogonal to a compact two - dimensional surface embedded in the spacetime. We introduce a future-directed outgoing null 4 - vector k^a_+ , a future directed ingoing null 4 - vector k^a_− and a spatial orthogonal projection tensor γ^{ab} which obey the following relations:

k^a_+k_{+a} = k^a_−k_{−a} = 0, k^a_+k_{−a} = k^a_−k_{+a} = −1, k^a_±γ_{ab} = 0, γ^a_b γ^{bc} = γ^{ac}. (15)

The full spacetime metric may be decomposed into terms involving the previous vectors (see also Ref. 14): g_{ab} = γ_{ab} − k_{−a}k_{+b} − k_{+a}k_{−b}. (16) We note that the spacelike hypersurface must have two sides and that + and − are just two labels for the two null direction. Defining the purely spatial tensors v^±_{ab} = γ^c_aγ^d_b ∇_ck_{±d}, we have [1]

Θ_± = γ^{ab}v^±_{ab} = γ^{ab}∇_ak_{±b}, (17)

where the expansions Θ_± represents the trace of v^±_{ab} and γ_{ab}γ^{ab} = 2.

The Raychaudhuri equation for the congruence of null geodesics can be written as

Θ̇_± + 2(σ^2_± − Ω^2_±) + 1 2 Θ^2_± = −R_{ab}k^a_±k^b_±, (18)

where Θ̇ = dΘ/dλ = k^a∇_aΘ, 2σ^2_± = σ^{±ab}σ_{±ab}, 2Ω^2_± = Ω^{±ab}Ω_{±ab} and the shear tensor σ_{ab} and the vorticity tensor Ω_{ab} are given, respectively, by σ^±_{ab} = 1 2 (v^±_{ab} + v^±_{ba}) − 1 2 Θ^±γ_{ab} (19) and Ω^±_{ab} = 1 2 (v^±_{ab} − v^±_{ba}). (20)

Let us find now the expansion Θ_± for our wormhole given by Eq. (4) and, from here, the location of the throat, namely, the surface where Θ_± = 0. By use of Eqs. (15) and (16), it is an easy task to obtain

k^{+a} = ( 1 ω^2 , − gρ ω^2

, 0, 0), k^{−a} = ( 1 2g^2ρ^2 , 1 2gρ , 0, 0), γ_{ab} = (0, 0, ω^2ρ^2cosh^2gt, ω^2ρ^2cosh^2gt sin^2θ),

(21)

with ω = 1 + (b^2/ρ^2) and the components of the 4 - vectors being in order, t, ρ, θ, and ϕ.

With the help of the following expressions for the Christoffel symbols,

Γ^t_{θθ} = Γ^t_{ϕϕ} sin^2θ = 1 g coshgt sinhgt, Γ^ρ_{θθ} = − ρ(ρ^2 − b^2)cosh^2gt ρ^2 + b^2 = = Γ^ρ_{ϕϕ} sin^2θ

, Γ^t_{ρt} = ρ^2 − b^2 ρ(ρ^2 + b^2) , Γ^ρ_ρ = − 2b^2 ρ(ρ^2 + b^2) , (22)

we get

Θ_+ = 2g ω^3coshgt [ (1 + b^2 ρ^2

)sinhgt − (1 − b^2 ρ^2

)coshgt ] (23) and Θ_− = 1 gρ^2ωcoshgt [ (1 + b^2 ρ^2

)sinhgt + (1 − b^2 ρ^2

)coshgt ] . (24)

The conditions Θ_± = 0 for the throats give us

ρ_+(t) = b e^{gt}, ρ_−(t) = b e^{−gt}, (25)

with ρ_±(0) = b. A time reversal changes ρ_+(t) to ρ_−(t). We see that while one throat is expanding, the other is shrinking. Since the spacetime in Eq. (4) is invariant under an inversion ρ → ρ̄ = b^2/ρ, we can replace ρ_+(t) < b (t < 0) with ρ̄_+(t) > b (t < 0), obtaining in this way two copies of the region [b, ∞) : ρ̄_+(t) for t < 0 and ρ_+(t) for t > 0. Therefore, one throat comes from infinity at t → −∞ , reaches ρ̄_+(t) = b at t = 0 and returns to infinity at t → ∞. Similar arguments may be applied for the domain [0, b].

An inspection of the null radial geodesics in the geometry given by Eq. (4) yields

−g^2ρ^2dt^2 + dρ^2 = 0. (26)

Therefore, ρ_±(t) = ρ_0 e^{±gt}, with ρ_0 = ρ(0). The conformal factor does not change, of course, the null trajectories, so the previous null curves correspond to those viewed by a spherical distribution of uniformly accelerated observers in Minkowski space with acceleration g. In addition, we notice that the particular null radial geodesic with ρ(0) = b represents the expanding (contracting) wormhole throat found before. Reversing the logic, we conjecture that the propagation of light follows the throat of a pre - existing wormhole. The expanding throat corresponds to retarded radiation (t > 0) and the contracting throat corresponds to the advanced radiation (t < 0). In other words, our empty space is full of expanding - contracting throats that drag the light with them. The throats correspond, in the conformally flat metric given by Eq. (6), to the light cones r̄ = ±t̄ or r̄ = ±t̄+b, with r̄ = √ x̄^2 + ȳ^2 + z̄^2.

On the grounds of the previous results, we conclude that the geometry given by Eq. (6) is more suitable than the Minkowski spacetime for the spacetime felt by an inertial observer. We have a nonvanishing stress tensor near the wormhole throat (light cone), but the components of T_{ab} tends to zero far from the light cone. We notice that any geodesic with ρ_0 ≠ b does not represents a wormhole throat. That is a consequence of the fact that the spacetime given by Eq. (4) is not invariant under ρ - translations.

Let us check now whether the minimal conditions Θ̇_± ≡ dΘ_±/dλ ≥ 0 are fulfilled. We have

k^a_+∇_aΘ_+ ≡ dΘ_+ dλ |_{Θ+=0} =

16b^2g^2 ρ^2ω^6

, k^a_−∇_aΘ_− ≡ dΘ_− dλ |_{Θ−=0} =

4b^2 g^2ρ^6ω^2

. (27)

Hence, both Θ̇_± are everywhere positive, and the flare - out condition is satisfied. That is in accordance with the negative value of the energy density ϵ (exotic matter).

It is worth noting that we use a non - affine connection for our congruence of null geodesics. Therefore, the Raychaudhuri equation (18) must have an extra term, −KΘ_±, on its left hand side, where K is obtained from [3, 15]

a^b ≡ k^a_±∇_ak^b_± = K_±k^b_±. (28)

This is the geodesic equation in a non-affine parameterization, and K plays the role of surface gravity [16]. From Eq. (21) for k^a_±, we find the components of the accelerations a^b_± :

a^b_+ = ( −2g ω^4 , 2g^2ρ ω^4

, 0, 0), a^b_− = (− b^2 g^3ρ^6ω , − b^2 g^2ρ^5ω

, 0, 0), (29)

with a^b_+a^+_b = a^b_−a^−_b = 0. Therefore, Eqs. (27) and (29) yield

K_+ = − 2g ω^2 , K_− = − 2b^2 gρ^4ω . (30)

Using the above equations for K_±, keeping in mind that σ^±_{ab} and Ω^±_{ab} vanish in our spacetime, Eq. (4), and that, with the help of Eqs. (11) and (12), the right hand side of Raychaudhuri’s equations are given by

κT_{ab}k^a_+k^b_+ = −

16b^2g^2 ρ^2ω^6 , κT_{ab}k^a_−k^b_− = − 4b^2 g^2ρ^6ω^2

, (31) we convince ourselves that the (±) Raychaudhuri equations are satisfied.

V. ANISOTROPIC STRESS TENSOR

Let us show now that the energy momentum tensor T_{ab} with the components given by Eq. (11) - (12) can be expressed in the general form characterizing an anisotropic fluid [17]:

T_{ab} = (ϵ + p_⊥)k_ak_b + p_⊥g_{ab} + (p_ρ − p_⊥)s_as_b, (32) where p_⊥ is the transversal pressure and s_a is a spacelike vector in the direction of anisotropy. Taking p_⊥ = p_θ = p_ϕ, we get ϵ + p_⊥ = 0, and the first term on the right hand side of Eq. (32) is vanishing. With s_a = (0, ω, 0, 0) and s_as^a = 1, our stress tensor acquires the simple form

T_{ab} = (ϵ + p_ρ)s_as_b − ϵg_{ab}, (33) which corresponds to an anisotropic fluid due to the fact that the radial and the transversal pressures are different.

Let us note that the energy density on the throats, ρ_±(t) = b e^{±gt}, can be written as ϵ(t) = − 1 κρ^2_{th}(t) , (34) where ρ_{th}(t) = 2b cosh^2gt is the time - dependent radius of the throats obtained from the metric

ds^2_{th} = 4b^2cosh^2gt (dθ^2 + sin^2θdϕ^2). (35) It is invariant under time reversal and the inversion ρ → b^2/ρ.

VI. CONCLUSIONS

We introduced in this paper an energy momentum tensor on the right hand side of Einstein’s equations, which corresponds to an anisotropic fluid with negative energy density ϵ = −p_θ = −p_ϕ in order for the Lorentzian Hawking wormhole to be a solution. For a radial coordinate ρ much greater than the Planck length (ρ >> b), we found the energy density ϵ no longer depended on Newton’s constant G, and that ϵ had a purely quantum origin. The wormhole geometry is invariant under the spatial inversion ρ → ρ̄ = b^2/ρ. Therefore, the two regions ρ << b and ρ >> b, are equivalent. We proved also that the scalar expansions Θ_± of the outgoing and the ingoing congruence of null geodesics are vanishing for ρ_±(t) = b e^{±gt} , which suggests that the throats of the dynamic wormholes expand (shrink) exponentially, ρ(t) being identified with the null radial geodesics.

To check the Raychaudhuri equations, we kept in mind that we had not used an affine parameterization for the null congruence, having added an extra term proportional to the scalar expansion. The stress tensor needed to satisfy Einstein’s equations for the spacetime given by Eq. (4), located near the throat (or near the light cone in Cartesian coordinates), is traceless, the null energy condition is violated and the flare - out condition is obeyed.

VII. REFERENCES

[1] D. Hochberg and M. Visser, Phys. Rev. D 58, 044021 (1998) (ArXiv: gr-qc/9802046). [2] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988). [3] S. Kar and S. Sengupta, Pramana 69, 49 (2007).

[4] E. I. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, ArXiv: 0904.3198 [hep-th]. [5] A. Einstein and N. Rosen, Phys. Rev. 43, 73 (1935). [6] E. Witten, Nucl. Phys. B 195, 481 (1982). [7] S. W. Hawking, Phys. Lett. B 195, 337 (1987).

[8] H. Culetu, Proceeding AIP Conference Proceedings (The British University, Cairo, 2009), p.

129 ; ArXiv : 0804.3754 [hep-th].

[9] S. Coleman, Phys. Rev. D 15, 2929 (1977). [10] H. Culetu, Gen. Relativ. Gravitation 26, 282 (1994). [11] D. R. Brill and D. Matlin, Phys. Rev. D 39, 3151 (1989). [12] S. Weinberg, Rev. Mod. Phys. 63, 1 (1989).

[13] M. Visser, Nucl. Phys. B 328, 203 (1989) (ArXiv: 0809.0927 [gr - qc]). [14] E. Poisson, A relativist’s toolkit (Cambridge University Press, Cambridge, 2004), p. 46. [15] C. Eling, I. Fouxon and Y. Oz, ArXiv: 0905.3638 [hep-th].

[16] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984), Chap. 12. [17] L. Herrera, J. Martin and J. Ospino, J. Math. Phys. 43, 4889 (2002) (ArXiv: gr - qc/0207040).