arXiv:0905.3931v4 [hep-ph] 26 Jan 2010

Proof of Factorization of Fragmentation Function in Non-Equilibrium QCD

Gouranga C Nayak^{1, ∗} 1 Department of Physics, University of Arizona, Tucson, AZ 85721, USA

Abstract

In this paper we prove factorization of fragmentation function in non-equilibrium QCD by using Schwinger-Keldysh closed-time path integral formalism. We use the background field method of QCD in a pure gauge in path integral approach to prove factorization of fragmentation function in non-equilibrium QCD. Our proof is valid in any arbitrary gauge fixing parameter α. This may be relevant to study hadron production from quark-gluon plasma at high energy heavy-ion colliders at RHIC and LHC.

PACS numbers: PACS: 12.39.St, 13.87.Fh, 13.87.Ce, 13.85.Ni

∗Electronic address: nayak@physics.arizona.edu

Typeset by REVTEX 1

I. INTRODUCTION

RHIC and LHC heavy-ion colliders are the best facilities to study quark-gluon plasma in the laboratory. Since two nuclei travel almost at speed of light, the QCD matter formed at RHIC and LHC may be in non-equilibrium. In order to make meaningful comparison of the theory with the experimental data on hadron production, it may be necessary to study nonequilibrium-nonperturbative QCD at RHIC and LHC. This, however, is a difficult problem.

Non-equilibrium quantum field theory can be studied by using Schwinger-Keldysh closedtime path (CTP) formalism [1, 2]. However, implementing CTP in non-equilibrium at RHIC and LHC is a very difficult problem, especially due to the presence of gluons in non-equilibrium and hadronization etc. Recently, one-loop resummed gluon propagator in non-equilibrium in covariant gauge is derived in [3, 4].

High p_T hadron production at high energy e^+e^−, ep and pp colliders is studied by using Collins-Soper fragmentation function [5–7]. For a high p_T parton fragmenting to hadron, Collins-Soper derived an expression for the fragmentation function based on field theory and factorization properties in QCD at high energy. This fragmentation function is universal in the sense that, once its value is determined from one experiment it explains the data at other experiments [8].

Recently we have derived parton to hadron fragmentation function in non-equilibrium QCD by using Schwinger-Keldysh closed-time path integral formalism [9]. This can be relevant at RHIC and LHC heavy-ion colliders to study hadron production from quarkgluon plasma. We have considered a high p_T parton in medium at initial time τ_0 with arbitrary non-equilibrium (non-isotropic) distribution function f(⃗p) fragmenting to hadron. The special case f(⃗p) =^1_e p_{0T ±1} corresponds to the finite temperature QCD in equilibrium.

We have found the following definition of the parton to hadron fragmentation function in non-equilibrium QCD by using closed-time path integral formalism. For a quark (q) with arbitrary non-equilibrium distribution function f_q(⃗k) at initial time, the quark to hadron fragmentation function is given by [9] D_{H/q}(z, P_T ) = 1 2z[1 + f_q(⃗k)] ∫ dx^− d^{d−2}x_T (2π)^{d−1} e^{ik+x−+iPT ·xT /z} 1 2 tr_{Dirac} 1 3 tr_{color}[γ^+ < in|ψ(x^−, x_T )Φ^{−1}[x^−, x_T ]a^†_H (P^+, 0_T )a_H (P^+, 0_T )Φ[0] ψ̄(0)|in >] (1) where z (=^{P +}_{k+} ) is the longitudinal momentum fraction of the hadron with respect to the parton and P_T is the transverse momentum of the hadron. In the above equations |in > is the initial state of the non-equilibrium quark (gluon) medium. The path ordered exponential

Φ[x^μ] = P exp[ig

∫_0 −∞ dλ n · A^a(x^μ + n^μλ) T^a] (2)

is the Wilson line [6, 10].

Eq. (1) can be compared with the following definition of Collins-Soper fragmentation function in vacuum [5]: D_{H/q}(z, P_T ) = 1 2z ∫ dx^− d^{d−2}x_T (2π)^{d−1} e^{ik+x−+iPT ·xT /z} 1 2 tr_{Dirac} 1 3 tr_{color}[γ^+ < 0|ψ(x^−, x_T )Φ^{−1}[x^−, x_T ]a^†_H (P^+, 0_T )a_H (P^+, 0_T )Φ[0]ψ̄(0)|0 >]. (3)

Eq. (1) differs from eq. (3) only by the presence of prefactor^1_{1+fq (⃗k)} and by the replacement of the vacuum |0 > by the state |in >.

Similar to the pp collisions, the Q^2 evolution of this non-equilibrium fragmentation function at RHIC and LHC can be studied by using DGLAP evolution equation [11–13] which we have recently extended to non-equilibrium QCD [14].

Another important physics analysis one needs to do at RHIC and LHC is to prove factorization of fragmentation function in non-equilibrium QCD to study hadron production from quark-gluon plasma. Factorization refers to separation of short distance from long distance effects in field theory.

In this paper we will prove factorization of fragmentation function in non-equilibrium QCD. Factorization of fragmentation function in pp collisions is studied by Collins, Soper and Sterman by using diagrammatic technique to all orders in perturbation theory. Recently, we have proved factorization of soft and collinear divergences by using background field method of QCD [15] in a pure gauge in path integral approach. We have used the gauge fixing identity [16] which relates the generating functional Z[A, J, η, η̄] in the background field method of QCD in pure gauge with Z[J, η, η̄] in QCD (without the background field).

We find it convenient to use background field method in a pure gauge to prove factorization of soft and collinear divergences in non-equilibrium quantum field theory [17]. In this paper we will extend this to non-equilibrium QCD. Unlike QED [10], the gauge fixing term and ghost term in the background field method of QCD [18, 19] depend on the background field A^a_μ(x). Hence the extension of proof of factorization from non-equilibrium QED to non-equilibrium QCD is not straightforward. For this reason we will use the gauge fixing identity [16] to prove factorization of fragmentation function in non-equilibrium QCD by using Schwinger-Keldysh closed-time path integral formalism in background field method of QCD in a pure gauge. Our proof is valid in any arbitrary gauge fixing parameter α. This can be relevant to study hadron production from quark-gluon plasma at RHIC and LHC.

The paper is organized as follows. In section II we briefly review the factorization of soft and collinear divergences in QCD in pp collisions by using background field method of QCD. In section III we describe Schwinger-Keldysh closed-time path integral formalism in non-equilibrium QCD relevant for our purpose. In section IV we prove factorization of fragmentation function in non-equilibrium QCD by using background field method of QCD and closed-time path integral formalism. Section V contains conclusions.

II. BACKGROUND FIELD METHOD OF QCD AND FACTORIZATION OF SOFT AND COLLINEAR DIVERGENCES

Background field method of QCD was originally formulated by ’t Hooft [18] and later extended by Abbott [19]. This is an elegant formalism which can be useful to construct gauge invariant (off-shell) green’s functions in QCD. This is because, unlike QCD, the lagrangian density in the generating functional in the background field method of QCD is background gauge invariant (even after quantizing the theory). In the presence of external sources a relation between the generating functional Z[J, η, η̄] in QCD and the generating functional Z[A, J, η, η̄] in the background field method of QCD in pure gauge is recently obtained [16]. We will use this relation to prove factorization of fragmentation function in non-equilibrium QCD.

In QCD, the generating functional is given by

Z_{QCD}[J, η, η̄] = ∫ [dQ][dψ̄][dψ] det( δ∂_μQ^{μa} δω^b ) e^i ∫_{d4x[− 1} 4 F^{a2}_{μν} [Q]−^1_{2α} (∂_μQ^{μa})^2+ψ̄D/[Q]ψ+J·Q+η̄ψ+ηψ̄]. (4) Under the infinitesimal gauge transformation the quantum gluon field transforms as

δQ^a_μ = −gf^{abc}ω^bQ^c_μ + ∂_μω^a (5) where ω^a is the gauge transformation parameter. In the background field method of QCD the generating functional is given by [18, 19]

Z_{background QCD}[A, J, η, η̄] = ∫ [dQ][dψ̄][dψ] det( δG^a(Q) δω^b ) e^i ∫_{d4x[− 1} 4 F^{a2}_{μν} [A+Q]−^1_{2α} (G^a(Q))^2+ψ̄D/[A+Q]ψ+J·Q+η̄ψ+ηψ̄] (6)

where A^a_μ is the background field. The gauge fixing term is given by

G^a(Q) = ∂_μQ^{μa} + gf^{abc}A^b_μQ^{μc} = D_μ[A]Q^{μa} (7)

which depends on the background field A^a_μ. The infinitesimal gauge transformation is given by [19] δQ^a_μ = −gf^{abc}ω^b(A^c_μ + Q^c_μ) + ∂_μω^a δA^a_μ = 0. (8)

Changing the variable Q → Q − A in eq. (6) we find

Z_{background QCD}[A, J, η, η̄] = e^{−i} ∫_{d4xJ·A} ∫ [dQ][dψ̄][dψ] det( δG^a_f (Q) δω^b ) e^i ∫_{d4x[− 1} 4 F^{a2}_{μν} [Q]−^1_{2α} (G^a_f (Q))^2 +ψ̄D/[Q]ψ+J·Q+ηψ̄+η̄ψ] (9)

where G^a_f (Q) = ∂_μQ^{μa} + gf^{abc}A^b_μQ^{μc} − ∂_μA^{μa} = D_μ[A]Q^{μa} − ∂_μA^{μa}. (10) The most crucial statement of factorization theorem of Collins, Soper and Sterman is the appearance of the Wilson line eq. (2) in the definition of the parton distribution function [5] f_{q/P} (x, k_T ) = 1 2 ∫ dy^− d^{d−2}y_T (2π)^{d−1} e^{ixP +y−+ikT ·yT} 1 2 tr_{Dirac} 1 3 tr_{color}[γ^+ < P |ψ̄(y^−, y_T ) Φ[y^−, y_T ] Φ^{−1}[0] ψ(0)|P >]. (11)

and in fragmentation function in eq. (3) which makes them gauge invariant. This Wilson line is responsible for cancelation of soft and collinear divergences which arise due to presence of loops and/or higher order Feynman diagrams. This Wilson line can be thought of as a quark or gluon jet propagating in a soft and/or collinear gluon cloud. The Wilson line eq. (2) can be written as Φ[x^μ] = P exp[ig

∫_0 −∞ dλ h · A^a(x^μ + h^μλ) T^a] = P exp[ig

∫_0 −∞ dλ h · e^{λh·∂} A^a(x^μ) T^a] = P exp[ig 1 h · ∂ h · A^a(x^μ) T^a]. (12) Since the vector h^μ is free we can choose it to correspond to various physical situations. For example if we choose h^μ = n^μ, where n^μ is a fixed lightlike vector, we find from eq. (12) the phase factor ω^a(x) = 1 n · ∂ n · A^a(x). (13) Using the Fourier transformation A^a_μ(x) = ∫ d^4k (2π)^4 A^a_μ(k)e^{ik·x} (14) we find from eq. (13) V = g ω(k) = ig n^μ n · k . (15) Note that eq. (15) is precisely the Eikonal vertex for a soft gluon with momentum k interacting with a high energy quark (or gluon) jet moving along the direction n^μ [5, 6]. In the soft gluon approximation in [6] the fixed lightlike vector is taken to be having only ”+” or ”-” component:

n^μ = (n^+, n^−, n_T ) = (1, 0, 0) or n^μ = (n^+, n^−, n_T ) = (0, 1, 0). (16) Now we will show that when the classical background field is an abelian-like pure gauge A^a_μ(x) = ∂_μω^a(x) (17) we can reproduce eqs. (13) and (15) which appear in the Wilson line eq. (12). Multiplying x^μ independent four vector h^μ from left in eq. (17) we find h · A^a(x) = h · ∂ω^a(x). (18) Dividing h · ∂ from left in the above equation we find ω^a(x) = 1 h · ∂ h · A^a(x). (19)

Since the four vector h^μ is free we can choose it such way that A^a_μ can represent Feynman rules involving soft gluons or collinear gluons. For example, when h^μ = n^μ where n^μ is a fixed light like vector (see eq. (16)), we find from the above equation

ω^a(x) = 1 n · ∂ n · A^a(x) (20)

which reproduces eq. (13) which appears inside the Wilson line in eq. (12).

Similarly, if we choose h^μ = n^μ_B, where n^μ_B is a non-light like vector

n^μ_B = (n^+_B , n^−_B , 0), (21)

we reproduce the Feynman rules for the collinear divergences [6]. This establishes the correspondence between the Wilson line and the classical background field A^a_μ(x) as given by eq. (17) in the context of soft and/or collinear divergences.

The non-perturbative correlation function in the presence of the background field A^a_μ(x) is given by δ δη̄_i(x_2) δ δη_j (x_1)

Z_{background QCD}[A, J, η, η̄]|_{J=η=η̄=0} = < ψ_i(x_2)ψ̄_j (x_1) >^A_{background QCD} .(22)

Similarly the non-perturbative correlation function in QCD (without the background field) is given by δ δη̄_i(x_2) δ δη_j(x_1)

Z_{QCD}[J, η, η̄]|_{J=η=η̄=0} = < ψ_i(x_2)ψ̄_j(x_1) >^{A=0}_{QCD} . (23)

When the background field A^a_μ(x) is SU(3) pure gauge in QCD given by

T^aA^a_μ = 1 ig (∂_μU)U^{−1}, U = e^{igT aωa(x)} (24) we find from [15]

< ψ_i(x_2)ψ̄_j (x_1) >^A_{background QCD} = [P exp[ig

∫_0 −∞ dλ h · A^a(x^μ_2 + h^μλ)T^a]]

× [< ψ_i(x_2)ψ̄_j (x_1) >^{A=0}_{QCD}] × [P̄ exp[ig ∫_{−∞} 0 dλ h · A^b(x^ν_1 + h^ν λ)T^b]]. (25)

All the A^a_μ(x) dependences (responsible for soft and collinear divergences) have been factored into the path ordered exponentials or Wilson lines. This proves factorization of soft and collinear divergences by using background field method of QCD.

Note that the structure function and fragmentation function are proportional to the non-perturbative correlation function in eq. (25) with the following identification. In the generating functional Z[A, J, η, η̄] in the background field method of QCD the integration is only over those functions of quantum gluon field Q^a_μ(x), quark field ψ_i(x) and antiquark field ψ̄_i(x) such that their Fourier transform Q^a_μ(k), ψ_i(k) and ψ̄_i(k) vanish in the soft region [10].

III. CLOSED-TIME PATH INTEGRAL FORMALISM IN NON-EQUILIBRIUM QCD Unlike pp collisions, the ground state at RHIC and LHC heavy-ion collisions (due to the presence of a QCD medium at initial time t = t_{in} (say t_{in}=0) is not a vacuum state |0 > any more. We denote |in > as the initial state of the non-equilibrium QCD medium at t_{in}.

Consider the time evolution of the density matrix i ∂ρ ∂t = [H_I , ρ], ρ(−∞) = ρ_0 (26)

where H_I is the interaction hamiltonian. The formal solution is ρ(t) = S(t, −∞)ρ_0S(−∞, t), S(t, −∞) = T exp[−i ∫_t −∞ dt^′ H_I (t^′)]. (27)

The density matrix ρ is in interaction picture. The average value of an operator L in the interaction picture is given by < L(t) >= T r[ρ(t)L(t)], i ∂L(t) ∂t = [H_0, L(t)] (28)

where H_0 is the free hamiltonian. Since in many situations we deal with correlation function of several fields at different times, it is useful to transfer all the time dependence to field operators and consider the density operator as independent of time, i.e. to go to Heisenberg representation. For the time independence of the density matrix we can take the value of the matrix determined by expression eq. (27) at a certain fixed instant of time, for example, t = t_{in} = 0, having thus included in it all the changes which the distribution ρ_0 had undergone when the external field and the interaction in the system were switched on.

Consider the medium average of T −products of several operators. Using the Heisenberg density matrix one finds < T [L(t)M(t^′)...] >= T r[ρT [L(t)M(t^′)....]] = T r[S(0, −∞)ρ_0S(−∞, 0)T [L(t)M(t^′)....]] = T r[ρ_0S(−∞, 0)T [L(t)M(t^′)....]S(0, −∞)]. (29)

Going over to the operators in the interaction picture < T [L(t)M(t^′)...] >= T r[ρ_0S(−∞, 0)T [S(0, t)L_I(t)S(t, t^′)M_I (t^′)....]S(0, −∞)] = T r[ρ_0T_c[S_cL_I (t)M_I (t^′)....]] (30)

where T_c is the complete contour from − ∞ → t → t^′.... → −∞ (31) and S_c is the complete S−matrix defined along T_c.

To deal with Feynman diagram and Wick theorem it is useful to split the time interval to ”+” and ”-” contour; where ”+” time branch is from −∞ to +∞ where (time) T −order product apply and ”-” time branch is from +∞ to −∞ where (anti-time)T̄−order product apply.

Consider scalar field theory first. Since there are two time branches there are two fields and two sources and hence four Green’s functions. Let us denote the field ϕ^+(x) and the source J^+(x) in the ”+” time branch and ϕ^−(x) and J^−(x) in the ”-” time branch. The generating functional is given by

Z[ρ, J_+, J_−] = ∫ [dϕ_+][dϕ_−] exp[i[S[ϕ_+] − S[ϕ_−] + ∫ d^4xJ_+ϕ_+ − ∫ d^4xJ_−ϕ_−]] < ϕ_+, 0|ρ|0, ϕ_− > (32)

where S[ϕ] is the full action in scaler field theory and |ϕ_±, 0 > is the quantum state corresponding to the field configuration ϕ_±(⃗x, t = 0).

In the CTP formalism in non-equilibrium there are four Green’s functions

G_{++}(x, x^′) = δZ[J_+, J_−, ρ] i^2δJ_+(x)J_+(x^′) =< in|T ϕ(x)ϕ(x^′)|in >=< T ϕ(x)ϕ(x^′) > G_{−−}(x, x^′) = δZ[J_+, J_−, ρ] (−i)^2δJ_−(x)J_−(x^′) =< in|T̄ ϕ(x)ϕ(x^′)|in >=< T̄ ϕ(x)ϕ(x^′) > G_{+−}(x, x^′) = δZ[J_+, J_−, ρ] −i^2δJ_+(x)J_−(x^′) =< in|ϕ(x^′)ϕ(x)|in >=< ϕ(x^′)ϕ(x) > G_{−+}(x, x^′) = δZ[J_+, J_−, ρ] −i^2δJ_−(x)J_+(x^′) =< in|ϕ(x)ϕ(x^′)|in >=< ϕ(x)ϕ(x^′) > (33) where T is the time order product and T̄ is the anti-time order product given by T ϕ(x)ϕ(x^′) = θ(t − t^′)ϕ(x)ϕ(x^′) + θ(t^′ − t)ϕ(x^′)ϕ(x) T̄ ϕ(x)ϕ(x^′) = θ(t^′ − t)ϕ(x)ϕ(x^′) + θ(t − t^′)ϕ(x^′)ϕ(x). (34)

A. Generating Functional in Non-Equilibrium QCD

Additional ghost fields are present in the gauge theory. However, we will directly work with the determinant of the gauge fixing terms. The generating functional in non-equilibrium QCD is given by

Z[ρ, J_+, J_−, η_+, η_−, η̄_+, η̄_−] = ∫ [dQ_+][dQ_−][dψ̄_+][dψ̄_−][dψ_+][dψ_−] × × det( δ∂_μQ^{μa}_+ δω^b_+ ) × det( δ∂_μQ^{μa}_− δω^b_− ) × exp[i ∫ d^4x[− 1 4 (F^{a2}_{μν} [Q_+] − F^{a2}_{μν} [Q_−]) − 1 2α ((∂_μQ^{μa}_+ )^2 − (∂_μQ^{μa}_− )^2) + ψ̄_+D/[Q_+]ψ_+ −ψ̄_−D/[Q_−]ψ_− + J_+ · Q_+ − J_− · Q_− + η̄_+ · ψ_+ − η̄_− · ψ_− + η_+ · ψ̄_+ − η_− · ψ̄_−]] × < Q_+, ψ_+, ψ̄_+, 0| ρ |0, ψ̄_−, ψ_−, Q_− > (35) where ρ is the initial density of state. The state |Q^±, ψ^±, ψ̄^±, 0 > corresponds to the field configurations Q^a_μ(⃗x, t = t_{in} = 0), ψ(⃗x, t = t_{in} = 0) and ψ̄(⃗x, t = t_{in} = 0) respectively. Note that we work in the frozen ghost formalism [3, 4] for the medium part at the initial time t = t_{in} = 0.

IV. PROOF OF FACTORIZATION IN NON-EQUILIBRIUM QCD

The generating functional in the background field method of QCD is given by eq. (9) where the gauge fixing term G_f (Q) is given by eq. (10). Now combining the background field method of QCD with the closed-time path integral formalism we find the generating functional in non-equilibrium QCD in the presence of background field A^a_μ Z_{background QCD}[ρ, A, J_+, J_−, η_+, η_−, η̄_+, η̄_−] = e^{−i} ∫_{d4x(J+·A+−J−·A−)} ∫ [dQ_+][dQ_−][dψ̄_+][dψ̄_−][dψ_+][dψ_−] × det( δG^a_f (Q_+) δω^b_+ ) × det( δG^a_f (Q_−) δω^b_− ) × exp[i ∫ d^4x[− 1 4 (F^{a2}_{μν} [Q_+] − F^{a2}_{μν} [Q_−]) − 1 2α (((G^a_f (Q_+))^2 − (G^a_f (Q_−))^2) + ψ̄_+D/[Q_+]ψ_+ −ψ̄_−D/[Q_−]ψ_− + J_+ · Q_+ − J_− · Q_− + η̄_+ · ψ_+ − η̄_− · ψ_− + η_+ · ψ̄_+ − η_− · ψ̄_−]] × < Q_+, ψ_+, ψ̄_+, 0| ρ |0, ψ̄_−, ψ_−, Q_− > . (36) The fermion fields and corresponding sources transform as follows

ψ^′_+ = U_+ ψ_+, ψ̄^′_+ = ψ̄_+ U^{−1}_+ , η^′_+ = U_+ η_+, η̄^′_+ = η̄_+U^{−1}_+ ψ^′_− = U_− ψ_−, ψ̄^′_− = ψ̄_− U^{−1}_− , η^′_− = U_− η_−, η̄^′_− = η̄_− U^{−1}_− (37) where U_+ = e^{igT aωa+(x)}, U_− = e^{igT aωa−(x)}. (38) When the background field A^a_μ(x) is pure gauge in QCD given by eq. (24) we find from [15] Z_{QCD}[J, η, η̄] = e^i ∫_{d4xJ·A} × Z_{background QCD}[A, J, η^′, η̄^′] − ∫ [dQ][dψ̄][dψ] det( δG^a_f (Q) δω^b ) exp[i ∫ d^4x[− 1 4 F^{a2}_{μν} [Q] − 1 2α (G^a_f (Q))^2 + ψ̄D/[Q]ψ + J · Q + η̄ψ + ηψ̄]] × [i ∫ d^4xJ · δQ + ...] (39)

where we have used the gauge fixing identity [16]. Since we work in the frozen ghost formalism [3, 4] for the medium part at the initial time t = t_{in} = 0, the initial state |ψ̄_−, ψ_−, Q_−, 0 > associated with the medium part at initial time is gauge invariant by construction. Hence we find by extending eq. (39) to non-equilibrium QCD

Z_{QCD}[ρ, J_+, J_−, η_+, η_−, η̄_+, η̄_−] = e^i ∫_{d4x[J+·A+−J−·A−]} × Z_{background QCD}[ρ, A, J_+, J_−, η^′_+, η^′_−, η̄^′_+, η̄^′_−] − ∫ [dQ_+][dQ_−][dψ̄_+][dψ̄_−][dψ_+][dψ_−] × det( δG^a_f (Q_+) δω^b_+ ) × det( δG^a_f (Q_−) δω^b_− ) × × [i ∫ d^4x [J_+ · δQ_+ − J_− · δQ_−] + ...] × exp[i ∫ d^4x[− 1 4 (F^{a2}_{μν} [Q_+] − F^{a2}_{μν} [Q_−]) − 1 2α ((G^a_f (Q_+))^2 − (G^a_f (Q_−))^2) + ψ̄_+D/[Q_+]ψ_+ −ψ̄_−D/[Q_−]ψ_− + J_+ · Q_+ − J_− · Q_− + η̄_+ψ_+ − η̄_−ψ_− + η_+ψ̄_+ − η_−ψ̄_−]] × < Q_+, ψ_+, ψ̄_+, 0| ρ |0, ψ̄_−, ψ_−, Q_− > . (40)

The non-perturbative correlation function in the presence of the background field A^a_μ(x) is given by δ δη̄^i_r(x_2) δ δη^js(x_1)

Z_{background QCD}[A, J_+, J_−, η_+, η_−, η̄_+, η̄_−]|_{J+=J−=η+=η̄+=η−=η̄−=0} =< ψ^i_r(x_2)ψ̄^j_s(x_1) >^A_{background QCD}=< in|ψ^i_r(x_2)ψ̄^j_s (x_1)|in >^A_{background QCD} (41)

where r, s = +, − are the closed-time indices. The non-perturbative correlation function in QCD (without the background field) is given by δ δη̄^i_r(x_2) δ δη^js(x_1)

Z_{QCD}[J_+, J_−, η_+, η_−, η̄_+, η̄_−]|_{J+=J−=η+=η̄+=η−=η̄−=0} =< ψ^i_r(x_2)ψ̄^j_s(x_1) >^{A=0}_{QCD}=< in|ψ^i_r(x_2)ψ̄^j_s (x_1)|in >^{A=0}_{QCD} . (42)

Using eq. (40) we find from eqs. (41) and (42)

< in|ψ^i_r(x_2)ψ̄^j_s(x_1)|in >^A_{background QCD} = [P e^{igT aωar (x2)}] × [< in|ψ^i_r(x_2)ψ̄^j_s(x_1)|in >^{A=0}_{QCD}] × [P̄ e^{−igT bωbs(x1)}] (43) which gives by using eqs. (19) and (12)

< in|ψ^i_r(x_2)ψ̄^j_s(x_1)|in >^A_{background QCD} = [P exp[ig

∫_0 −∞ dλ h · A^a_r (x^μ_2 + h^μλ)T^a]]

× [< in|ψ^i_r(x_2)ψ̄^j_s(x_1)|in >^{A=0}_{QCD}] × [P̄ exp[ig ∫_{−∞} 0 dλ h · A^b_s(x^ν_1 + h^ν λ)T^b]] (44)

where the closed-time path indices r, s are not summed. All the A^a_μ(x) dependences (responsible for soft and collinear divergences) have been factored into the path ordered exponentials or Wilson lines. This proves factorization of soft and collinear divergences in non-equilibrium QCD.

V. CONCLUSIONS

In order to study hadron production from quark-gluon plasma using the non-equilibrium fragmentation function one needs to prove factorization of fragmentation function in nonequilibrium QCD. Factorization refers to separation of short distance from long distance effects in field theory. The factorization of soft and collinear divergences in non-equilibrium QED is proved in [17]. In this paper we have proved factorization of fragmentation function in non-equilibrium QCD by using Schwinger-Keldysh closed-time path integral formalism and background field method of QCD in a pure gauge. Our proof is valid in any arbitrary gauge fixing parameter α. This may be relevant to study hadron production [9] from quarkgluon plasma [20] at RHIC and LHC.

Acknowledgments

This work was supported in part by Department of Energy under contracts DE-FG02- 91ER40664, DE-FG02-04ER41319 and DE-FG02-04ER41298.

[1] J. Schwinger, J. Math. Phys. 2 (1961) 407.

[2] L. V. Keldysh, JETP 20 (1965) 1018.

[3] C-W. Kao, G. C. Nayak and W. Greiner, Phys. Rev. D 66 (2002) 034017. [4] F. Cooper, C-W. Kao and G. C. Nayak, Phys. Rev. D 66 (2002) 114016; hep-ph/0207370. [5] J. C. Collins and D. E. Soper, Nucl. Phys, B 193 (1981) 381; Erratum-ibid.B213 (1983) 545;

Nucl. Phys. 194 (1982) 445.

[6] J. C. Collins, D. E. Soper and G. Sterman, Nucl. Phys. B223 (1983) 381; 261 (1985) 104 [7] G. Sterman, Phys. Rev. D17, 2773 (1978); Phys. Rev. D17, 2789 (1978); J. C. Collins, D. E.

Soper and G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1988); Nucl. Phys. B 308 (1988) 833; G. T. Bodwin, S. J. Brodsky and G. P. Lepage, Phys. Rev. Lett. 47, 1799 (1981); G. T. Bodwin, Phys. Rev. D31, 2616 (1985) [Erratum-ibid. D34, 3932 (1986)]; J. Collins, D. E. Soper and G. Sterman, Phys. Lett. 109B (1982) 388; 126B (1983) 275; 134B (1984) 263.

[8] B. A. Kniehl, G. Kramer and B. Potter, Nucl.Phys.B582:514-536,2000; S. Kretzer, Phys. Rev.

D 62, 054001 (2000).

[9] G. C. Nayak, Eur. Phys. J.C59:891,2009. [10] R. Tucci, Phys. Rev. D32 (1985) 945.

[11] V. N. Gribov and L. N. Lipatov, Yad. Fiz. 15, 781 (1972) [Sov. J. Nucl. Phys. 15, 438 (1972)];

L. N. Lipatov, ibid. 20, 181 (1974) [ibid. 20, 94 (1975)]. [12] G. Altarelli and G. Parisi, Nucl. Phys. B126 (1977) 298.

[13] Yu. L. Dokshitzer, Zh. Eksp. Teor. Fiz. 73, 1216 (1977) [Sov. Phys. JETP 46, 641 (1977)]. [14] G. C. Nayak, arXiv:0905.3922 [hep-ph].

[15] G. C. Nayak, Annals Phys. doi:10.1016/j.aop.2009.10.012, arXiv:0905.3923 [hep-ph]. [16] G. C. Nayak, arXiv:0905.0143 [hep-ph].

[17] G. C. Nayak, Annals Phys. 324 (2009) 2579, arXiv:0905.3921 [hep-ph]. [18] G. ’t Hooft, Nucl. Phys. B62 (1973) 444. [19] L. F. Abbott, Nucl. Phys. B185 (1981) 189.

[20] G. C. Nayak et al., Nucl. Phys. A687, 457 (2001); F. Cooper, E. Mottola and G. C. Nayak, Phys. Lett. B555, 181 (2003).