arXiv:0905.4117v2 [hep-th] 20 Jun 2009

Thermodynamics and classification of cosmological models in the Horava-Lifshitz theory of gravity

Anzhong Wang^∗ and Yumei Wu^† GCAP-CASPER, Physics Department, Baylor University, Waco, TX 76798-7316 (Dated: June 23, 2009)

We study thermodynamics of cosmological models in the Horava-Lifshitz theory of gravity, and systematically investigate the evolution of the universe filled with a perfect fluid that has the equation of state p = wρ, where p and ρ denote, respectively, the pressure and energy density of the fluid, and w is an arbitrary real constant. Depending on specific values of the free parameters involved in the models, we classify all of them into various cases. In each case the main properties of the evolution are studied in detail, including the periods of deceleration and/or acceleration, and the existence of big bang, big crunch, and big rip singularities. We pay particular attention on models that may give rise to a bouncing universe.

PACS numbers: 98.80.-k; 98.80.Jk;04.20.-q; 04.20.Jb

I. INTRODUCTION

Recently, Horava proposed a very attractive quantum gravity theory [1], motivated by the Lifshitz theory in solid state physics [2], for which the theory is usually referred to as the Horava-Lifshitz (HL) theory. In the IR limit, the standard general relativity is recovered. By construction, it is non-relativistic and UV-renormalizable at least around the flat space. The effective speed of light diverges in the UV, and may potentially resolve the horizon problem without invoking inflationary scenario. Since the theory is brand new, detailed studies are highly demanded, before any definitive conclusions are reached, although a great deal of efforts have already been devoted to these subjects, including the studies of cosmology [3, 4], and black hole physics [5], among others [6]. In particular, in [7, 8] the general field equations were derived. When applying them to cosmology, the complete set of field equations were given explicitly, from which it can be seen that the spatial curvature is enhanced by higher-order curvature terms, and this may allow us to address the flatness problem, and provide a bouncing cosmology [9, 10]. It was also shown that almost-invariant super-horizon curvature perturbations can be produced [11].

However, despite these attractive features, the theory has already been facing some challenging questions [12, 13]. In particular, it was shown that the HL theory may suffer strong coupling problems due to the breaking of diffeomorphism invariance [12]. As pointed out in [14], these problems might be solved by preserving the prejactablity condition, as was done originally by Horava [1]. On the other hand, there are a couple of reasons to abandon the detailed balance condition. One is due to the fact that matter is not UV stable with this condition [9]. It also requires a non-zero (negative) cosmological

∗Electronic address: anzhong˙wang@baylor.edu †Electronic address: yumei˙wu@baylor.edu

constant in order to have a correct coupling, and breaks parity in the purely gravitational sector [15]. As shown explicitly in [15], the general theory can be properly formulated without the “detailed balance” condition, but still keeping the projectability condition and preserving parity.

In this paper, we shall focus on the thermodynamics of cosmological models in the HL theory of gravity without detailed balance, and systematically investigate cosmological models for a perfect fluid with the equation of state p = wρ, where ρ and p denote, respectively, the energy density and pressure of the fluid, and w is an arbitrary real constant. We shall classify all these models according to the values of the parameters involved in the models, and study the evolution of the universe for each model. By doing so, we shall study the spacetime singularities, such as the big bang, big crunch and big rip, and identify the period(s) when the universe is accelerating or decelerating. We pay particular attention on models that give rise to a bouncing universe. Specifically, the paper is organized as follows: In Sec. II, we give a brief introduction to the HL theory, while in Sec. III, we present the Friedmann-like field equations. In Sec. IV, we study thermodynamics of cosmological models, and in Sec. V. we investigate the evolution of the universe when filled with a perfect fluid with the equation of state p = wρ. We study these solutions case by case, and deduce the main properties of each model of the universe. Finally, in Sec. VI, we present our main conclusions.

It should be noted that classification of a (nonrelativistic) matter coupled with a dark energy was considered recently in [16], in the framework of Einstein’s theory, and the corresponding Penrose diagrams were presented. Similar considerations were also carried out in a series of papers, and particular attention was paid to obtain an effective potential V (a) by fitting observational data sets [17]. In [18], such studies were generalized to a perfect fluid with the equation of state p = wρ. In this paper, we shall generalize these studies to the HL cosmology.

II. THE HORAVA-LIFSHITZ GRAVITY THEORY

In this section, we shall give a very brief introduction to the HL Theory. For detail, we refer readers to [1, 7, 8]. The dynamical variables are N, N_i and g_{ij} (i, j = 1, 2, 3), in terms of which the metric takes the ADM form,

ds^2 = −N^2dt^2 + g_{ij} ( dx^i + N^idt ) ( dx^j + N^j dt ) , (2.1)

where N^i ≡ g^{ij} N_j , and the coordinates ( t, x^i ) scale as, t → ℓ^3t, x^i → ℓx^i. (2.2) Under the above scaling, the dynamical variables scale as N → N, g_{ij} → g_{ij} , N_i → ℓ^2N_i, N^i → ℓ^{−2}N^i. (2.3) The total action of the HL theory consists of three parts, the kinetic part, S_k, the potential part, S_v , and the matter part, S_m, given by S_{total} = S_k + S_v + S_m = ∫ dtdx^iN √ g (L_k + L_v + L_m), (2.4)

where g is the determinant of the three-metric g_{ij} , L_m = L_m (N, N_i, g_{ij} , Φ) the Lagrangian density of matter fields, denoted collectively by Φ, and

L_k = α ( K_{ij} K^{ij} − λK^2 ) , L_v = βC_{ij} C^{ij} + γ ϵ^{ijk} √ g R_{il}∇_j R^l_k + ζR_{ij} R^{ij} +ηR^2 + ξR + σ, (2.5)

where ϵ^{ijk} is the antisymmetric tensor with ϵ^{123} = 1, ∇_k denotes the covariant derivative with respect to g_{ij} . R_{ij} is the Ricci tensor of the three-metric g_{ij} , R = g^{ij} R_{ij} , and C_{ij} and K_{ij} are, respectively, the Cotton tensor and extrinsic curvature, defined by C_{ij} ≡ ϵ^{ijk} √ g ∇_k ( R^j_l − 1 4 δ^j_l R ) , K_{ij} ≡ 1 2N (ġ_{ij} − ∇_iN_j − ∇_j N_i) , (2.6) where ġ_{ij} ≡ dg_{ij} /dt. The constants α, λ, β, γ, ζ, η, ξ and σ are coupling constants. Under the “detailedbalance” conditions, they are not independent, and are given by α = 2 κ^2 , β = − κ^2 2ω^4 , γ = κ^2μ 2ω^2 , ζ = − κ^2μ^2 8 , η = κ^2μ^2(1 − 4λ) 32(1 − 3λ) , ξ = κ^2μ^2Λ 8(1 − 3λ) , σ = − 3κ^2μ^2Λ^2 8(1 − 3λ)

, (2.7) where κ^2 [ ≡ 8πG/c^4 ] and Λ are, the Einstein coupling and cosmological constants, respectively, and λ, μ and ω are the three independent coupling constants of the theory. As pointed out in [7], one can make an analytical continuation of the parameters μ and ω^2 by μ → iμ, ω^2 → −iω^2, (2.8) so that the coupling constants change as, α → α, β → −β, γ → −γ, ζ → −ζ, η → −η, ξ → −ξ, σ → −σ. (2.9) In this paper, we shall not impose the “detailedbalance” conditions given by Eq.(2.7), so that all the constants appearing in the Lagrangian densities given by Eq.(2.5) are independent and otherwise arbitrary, subject to the constraint,

α (3λ − 1) > 0, (2.10)

a condition that will be clear when we study cosmological models in the next section.

In the IR limit, all the quadratic terms of R_{ij} are dropped out, and the total action reduced to S_{total} ≃ ∫ dtdx^iN √ g [ α ( K_{ij} K^{ij} − λK^2 ) +ηR^2 + ξR + σ ] , (2.11)

which will reduce to the Einstein-Hilbert action, S_{EH} = 1 16πG ∫ d^4x √ g̃ ( R̃_4 [g̃] − 2Λ_{EH} ) , (2.12)

by setting x^0 = ct,

λ = 1, c = √ ξ α , 16πG = √ ξ α^3

, Λ_{EH} = − σ 2α , (2.13)

where

g̃_{00} = −N^2 + g^{ij} N_iN_j , g̃_{0i} = N_i, g̃_{ij} = g_{ij} , √ g̃ = N √ g. (2.14)

Note that Condition (2.10), together with the one that c is real, requires Λ < 0. To get a positive Λ, one can invoke the analytical continuation of the parameters μ and ω^2, given by Eqs.(2.8) and (2.9).

III. COSMOLOGICAL MODELS IN THE HORAVA-LIFSHITZ THEORY

The homogeneous and isotropic universe is described by the metric,

ds^2 = −dt^2 + a^2(t) ( dr^2 1 − kr^2 + r^2d^2Ω ) , (3.1) where d^2Ω ≡ dθ^2+sin^2 θdϕ^2, and k = 0, ±1. For a perfect fluid,

T_{ab} = (ρ + p) u_au_b + pg_{ab}, (3.2)

where u_a = δ^t_a denotes the four-velocity of the fluid, the field equations of the Horava-Lifshitz theory can be costed in the forms,

3α (3λ − 1) H^2 = ρ − σ − 6kξ a^2 − 12k^2 (ζ + 2η) a^4

, (3.3) ρ̇ + 3H (ρ + p) = 0, (3.4)

where H = ȧ/a.

Introducing the following quantities, 8πG = c^4 α(3λ − 1) , ρ_Λ = −p_Λ = −σ,

ρ_k = −3p_k ≡ ρ^{(0)}_k a^2 , ρ_{dr} = 3p_{dr} ≡ ρ^{(0)}_{dr} a^4

, (3.5)

where

ρ^{(0)}_k ≡ 3k 4(3λ − 1) ( κ^2μ^2Λ + 4α(3λ − 1)^2 ) , ρ^{(0)}_{dr} ≡ −12k^2(ζ + 3η) = −

3κ^2μ^2 8(3λ − 1) k^2, (3.6)

we find that Eqs.(3.3) and (3.4) can be written in the form,

H^2 + k a^2 = 8πG 3c^4 ρ_t, (3.7)

ρ̇_i + 3H (ρ_i + p_i) = 0, (3.8)

where ρ_i ≡ (ρ, ρ_Λ, ρ_k, ρ_{dr}), and ρ_t ≡ ∑ i ρ_i, p_t ≡ ∑ i p_i. (3.9)

Eqs.(3.7) and (3.8) take exactly the forms of those given in Einstein’s theory of gravity. It is interesting to note that the term ρ_{dr} also appears in the brane world scenarios [8, 19].

IV. THERMODYNAMICS OF THE COSMOLOGICAL MODELS IN THE HORAVA-LIFSHITZ THEORY

Thermodynamics in cosmology has been extensively studied either in Einstein’s theory of gravity [20] or in modified theories of gravity, such as brane worlds [21]. In this section, we shall generalize such studies to the HL cosmology.

The apparent horizon for the FRW model is defined as [22, 23] f ≡ g^{ab}r̃_{,a}r̃_{,b} = 1 − ( H^2 + k a^2 ) r̃^2 = 0, (4.1) from which we find that

r̃_A(t) = 1 √ H^2 +^k_{a2}

, (4.2)

where r̃ ≡ a(t)r denotes the geometric radius of the two spheres t, r = Constants. Following [24], we define the horizon temperature and entropy as,

T_A ≡ 1 2πr̃_A = √ H^2 +^k_{a2} 2π , S_A ≡ πr̃^2_A G = π G ( H^2 +^k_{a2}

) . (4.3)

Introducing the mass-like function M(t, r) [25] and the normal vector k^a to the horizon by, M(t, r) = r̃ 2G ( 1 − g^{ab}r̃_{,a}r̃_{,b} )

= r̃ 2G ( 2 − ( H^2 + k a^2 ) r̃^2 ) , k^a = δ^a_t − rHδ^a_r , (4.4)

we find that the energy flow through the horizon is given by dE_A = dE(t, r)|_{r̃=r̃A} ≡ k^a∇_aM(t, r)|_{r̃=r̃A} dt = − H ( Ḣ −^k_{a2} )

G ( Ḣ +^k_{a2}

)_{3/2} . (4.5)

On the other hand, from Eq.(4.3) it can be shown that

T_AdS_A = − H ( Ḣ −^k_{a2} )

G ( Ḣ +^k_{a2}

)_{3/2} , (4.6)

that is, the first law, T_AdS_A = dE_A, of thermodynamics holds on the apparent horizon. It should be noted that the above considerations are purely geometric, and were not involved with any field equations. Therefore, they hold for any metric theories, as mentioned in [20].

In the rest of this section, we consider the first law of thermodynamics outside the apparent horizon, which can be written as [20], T dS(t, V ) = T d(sV ) = d (ρ(T )V ) + p(T )dV, (4.7) where S(T, V ) = s(T, V )V denotes the total entropy of the system, s(T, V ) the entropy density, and T the temperature. Here we consider that T and V are two independent variables. In other words, we consider a region of the universe with a finite radius r.

Before proceeding further, we would like to note that, in [20], it was considered the case where the system consists the whole region inside the apparent horizon r̃ ≤ r̃_A, so that the total volume V of the system depends on T .

For detail, we refer readers to [20]. In this paper, we shall not consider such a possibility. Then, from the condition ∂^2S/∂T ∂V = ∂^2S/∂V ∂T , we find that dp dT = ρ + p T . (4.8)

Substituting the above into Eq.(4.7), we find that d ( sV − ρ + p T V ) = 0, (4.9)

which has the general solution, s = ρ + p T + s_0 V , (4.10)

where s_0 is a constant and usually set to zero [20]. However, here we shall leave this possibility open. The volume V is given by V = ∫ √ g_3d^3x = 4π 3 a^3 ∫_r 0 r^{′2} √ 1 − kr^{′2} dr^′ ≡ 4π 3 a^3V_0(r, k). (4.11)

Inserting Eqs.(4.8) - (4.11) into Eq.(4.7), and considering the conservation law (3.8) for ρ_i = ρ and p_i = p, we find that

d ln ( s − s_0 V ) = −3 ( da a ) , (4.12)

which has the general solution s = 1 a^3 ( s_1 +

3s_0 4πV_0(r, k) ) , (4.13)

where s_1 is another integration constant. Combining Eq.(4.13) with Eq.(4.10) we find that

ρ + p = s_1 2πa^3 √ H^2 + k a^2

. (4.14)

From Eqs.(3.7) and (3.8), it can be shown that Eq.(4.14) can be further written as

Ḣ + 2s^1G a^3 √ H^2 + k a^2 = k̃ a^2 + 16πG 3 ρ_{dr}, (4.15)

where

k̃ ≡ − 2kκ^2μ^2Λ 4α(3λ − 1)^2

. (4.16)

Clearly, the first law of thermodynamics holds only when condition (4.15) is satisfied. In other words, it holds only for the fluid that satisfies the above condition. This is also true in Einstein’s theory of gravity, in which it was shown that the first law of thermodynamics requires that the fluid must consist only three parts [25], the cosmological constant, non-relativistic matter, and dark radiation. The three parts are coupled each other as [25],

ρ = ρ_Λ + 2 √ ρ_0ρ_Λ (a_0 a )_3

+ ρ_0 (a_0 a )_6

. (4.17)

V. CLASSIFICATION OF THE FRW UNIVERSE IN THE HORAVA-LIFSHITZ THEORY

Considering the equation of state given by

p = wρ, (5.1)

where w is an arbitrary real constant, from Eq.(3.4) we find that,

ρ = ρ_0 (a_0 a )_{3(1+w)}

, (5.2)

where ρ_0 and a_0 are the integration constants. Since ρ_0 represents the energy density when a = a_0, we shall assume that it is strictly positive ρ_0 > 0. Without loss of generality, we can always set a_0 = 1. Then, it can be shown that the Friedmann equation (3.3) can be cast in the form [17, 18], 1 2 a^{∗2} + V (a) = 0, (5.3)

where a^∗ ≡ da(t)/d(H_0t), and V (a) = − 1 2 ( Ω_m a^{1+3w}

+ Ω_k + Ω_Λa^2 + Ω_{dr} a^2 ) , (5.4)

with

Ω_m ≡ ρ_0 3α(3λ − 1)H^2_0

, Ω_Λ ≡ − σ 3α(3λ − 1)H^2_0 , Ω_k ≡ − 2kξ α(3λ − 1)H^2_0 , Ω_{dr} ≡ 4(ζ + 3η)k^2 α(3λ − 1)H^2_0

. (5.5)

Thus, the acceleration of the universe is given by a^{∗∗} = − dV (a) da = ä H^2_0

. (5.6)

As mentioned previously, we shall not impose the “detailed-balance” conditions, except the condition given by Eq.(2.10), so that the Friedmann equation (3.3) has the correct coupling sign between the Hubble expansion factor and the matter fields. Under such an assumption, all the coupling constants appearing in the Lagrangian densities (2.5) are free parameters, so that all the quantities defined in Eq.(5.5) can have any signs, except for Ω_m for which we assume that it is always positively-defined, Ω_m > 0. When k = 0, we have Ω_k = Ω_{dr} = 0, and the corresponding Friedmann equation reduces to that of Einstein’s theory, studied in detail in [18]. Therefore, in the rest of this paper, we shall assume that k ≠ 0. Then, it is found convenient to distinguish the three cases: Ω_Λ = 0, Ω_Λ > 0 and Ω_Λ < 0. In each of them there are seven sub-cases: (i) w > 1 3 ; (ii) w = 1 3 ; (iii) − 1 3 < w < 1 3 ; (iv) w = − 1 3 ; (v) − 1 < w < − 1 3 ; (vi) w = −1; (vii) w < −1. (5.7) In the following we shall consider each of them separately.

A. ΩΛ = 0

When Ω_Λ = 0, Eq.(5.4) reduces to V (a) = − 1 2 ( Ω_m a^{1+3w}

+ Ω_k + Ω_{dr} a^2 ) , (5.8)

from which we find that

V^′(a) = 1 2a^{2+3w} ( (1 + 3w) Ω_m + 2Ω_{dr}a^{3w−1} ) , (5.9) where V^′(a) ≡ dV (a)/da.

1. w >^1_3

In this case, from Eq.(5.9) we can see that when Ω_{dr} < 0, the potential has a maximum at a_{max} = ( (1 + 3w)Ω_m 2 |Ω_{dr}| )_{1/(3w−1)} , (5.10)

where V^′ (a_{max}) = 0. When Ω_{dr} > 0, such a point does not exist, and V (a) is a monotonically increasing function. Therefore, we shall consider the two cases Ω_{dr} > 0 and Ω_{dr} < 0 separately.

Case A.1.1) Ω_{dr} < 0: In this case, we have

V (a) = { −∞, a = 0, −Ω_k/2, a → ∞. (5.11)

Thus, depending on the signs of Ω_k, the potential has different behaviors.

Case A.1.1.a) Ω_{dr} < 0, Ω_k < 0: Then, the potential is given by Curve (a) in Fig.1, from which we can see that there exists a point a = a_m at which we have V (a_m) = 0. Thus, in this case if the universe starts to expand at the big bang a(0) = 0, it will expand with ä < 0 until a = a_m, at which we have ȧ = 0, but we still have ä = −H^2_0 dV (a)/da < 0. So afterwards, the universe will start to collapse, until it reaches the point a(t_s) = 0 again, whereby a big crunch singularity is developed. The evolution of the universe is shown schematically in Fig. 2. Case A.1.1.b) Ω_{dr} < 0, Ω_k > 0: In this case, there exists a critical value Ω^c_{dr} < 0 for any given Ω_m and Ω_k, which satisfies the conditions

V (a_{max}, Ω_m, Ω_k, Ω^c_{dr}) = 0, V^′ (a_{max}, Ω_m, Ω_k, Ω^c_{dr}) = 0, (5.12)

as shown in Fig. 1.

When Ω_{dr} < Ω^c_{dr} < 0, the potential is given by Curve (b), from which we can see that now V (a) = 0 has two positive roots, a_m and a_{min}, where a_m > a_{min}. In this case, the evolution of the universe depends on its initial condition. If it starts to expand at the big bang, it will expand until a = a_m and then collapse to a = 0 within finite time, whereby a big crunch singularity is developed. This is similar to the last case. However, if the universe starts to expand at a_i ≥ a_{min}, it will expand forever with a positive acceleration ä = −H^2_0 dV (a)/da > 0. It is interesting to note that in the latter case a bouncing universe is also allowed. For example, if the universe is initially collapsing at a_i > a_{min} with ȧ(t_i) < 0, then the universe will collapse until a = a_{min}. Once it reaches the point a_{min}, where we have ȧ(t_{min}) = 0 and ä(t_{min}) > 0, then the universe will turn around, and starts to expand acceleratingly without further turning-back, as shown by Fig.3.

When Ω_{dr} = Ω^c_{dr}, the potential is given by the Curve (c), from which we can see that now V (a) = 0 has two degenerate roots, a_{max} = a_m = a_{min} > 0. If it starts to expand at the big bang, it will expand until a = a_{max}. Since we have V (a_{max}) = 0 = V^′ (a_{max}), now a = a_{max} represents a stationary point. But, it is not stable, and with a small perturbation, it will either collapse to form a big crunch singularity at a = 0 or expand forever with ä > 0. If the universe starts to expand at a_i ≥ a_{max}, it will expand forever with a positive acceleration ä = −H^2_0 dV (a)/da > 0, as shown by Fig. 2. If it starts to collapse at a_i ≥ a_{max}, the universe will reach the point a_{max} within a finite proper time, and afterwards it will stay there forever. However, since now a = a_{max} is not a stable point, with a small perturbation, it will either start to expand forever or collapse until a big crunch singularity is formed at a(t_s) = 0, as shown by Fig.3.

When Ω_{dr} > Ω^c_{dr}, the potential is always negative, and represented by Curve (d). Now the universe will start to expand from a big bang singularity at a = 0 forever. But, when a < a_{max} it is decelerating, while when a > a_{max} it is accelerating.

Case A.1.2) Ω_{dr} > 0: In this case, we have V^′(a) < 0, and as a result, the universe is always decelerating, as a(t) is increasing. The potential is given by Fig.4.

When Ω_k < 0, the potential is given by Curve (a) in Fig. 4, from which we can see that there exists a point a_m, for which we have V (a < a_m) < 0, where V (a_m) = 0. The universe in this case starts to expand from a big bang singularity at a(0) = 0 with ä < 0 until it reaches its maximal radius a_m. Afterwards, it starts to collapse until a(t_s) = 0 reaches again, whereby a big crunch is developed, as shown by Fig. 5.

When Ω_k > 0, the potential is given by Curve (b) in Fig. 4, from which we can see that the potential is always negative, and V^′(a) > 0. Thus, in this case the universe is expanding from a big bang singularity at a(0) = 0 forever. It is always decelerating, as ä ∝ −dV (a)/da < 0, as shown by Fig. 5.

2. w =^1_3

In this case, Eq.(5.8) reduces to V (a) = − 1 2 ( Ω_k +

Ω_δ a^2 ) , (5.13)

FIG. 1: The potential given by Eq.(5.8) for ΩΛ = 0, w > 1/3 and Ω_{dr} < 0. (a) Ω_k < 0; (b) Ω_k > 0, Ω_{dr} < Ω^c_{dr} ; (c) Ω_k > 0, Ω_{dr} = Ω^c_{dr} ; and (d) Ω_k > 0, Ω_{dr} > Ω^c_{dr} , where C ≡ |Ω_k| /2.

FIG. 2: The evolution of the universe with the potential given by Eq.(5.8) for ΩΛ = 0, w > 1/3 and Ω_{dr} < 0. A big bang singularity happens whenever a(0) = 0, while a big crunch singularity happens whenever a(ts) = 0.

where Ω_δ ≡ Ω_m + Ω_{dr}.

When Ω_δ > 0 and Ω_k < 0, the potential is given by Curve (a) in Fig. 4, and the corresponding motion of the universe is similar to the case of Ω_Λ = 0, w > 1/3, Ω_{dr} > 0 and Ω_k < 0. In particular, there exists a maximal radius a_m. When a < a_m we have V (a) < 0 and V^′(a) > 0. Thus, the universe in this case starts to expand from the big bang at a(0) = 0 with ä < 0 until its maximal radius a_m. Afterwards, it will start to collapse until the moment where a(t_s) = 0 again, at which a big crunch singularity is formed, as shown by the first case in Fig. 5. When Ω_δ > 0 and Ω_k > 0, the potential is given by Curve (b) in Fig. 4, and the motion of the universe is similar to the case of Ω_Λ = 0, w > 1/3, Ω_{dr} > 0 and

FIG. 3: The evolution of the universe with the potential given by Eq.(5.8) for ΩΛ = 0, w > 1/3 and Ω_{dr} < 0. A bouncing universe is allowed in either of these two cases.

FIG. 4: The potential given by Eq.(5.8) for ΩΛ = 0, w > 1/3 and Ω_{dr} > 0. (a) Ω_k < 0; and (b) Ω_k > 0, where C ≡ |Ω_k | /2.

Ω_k > 0, given by the second case in Fig. 5.

When Ω_δ < 0, from Eq.(5.13) we can see that the potential is always positive for Ω_k < 0, given by Curve (a) in Fig. 6. As a result, the motion in this case is forbidden.

When Ω_δ < 0 and Ω_k > 0, there exists a point a_{mim} for which we have V (a > a_{mim}) < 0, as shown by Curve (b) in Fig.6. Then, the universe in this case will expand

FIG. 5: The evolution of the universe with the potential given by Eq.(5.8) for ΩΛ = 0, w > 1/3 and Ω_{dr} > 0. A big bang singularity happens at a(0) = 0, while a big crunch singularity happens at a(ts) = 0.

FIG. 6: The potential given by Eq.(5.13) for ΩΛ = 0 and w = 1/3: (a) Ω_δ < 0, Ω_k < 0; and (b) Ω_δ < 0, Ω_k > 0, where C ≡ |Ω_k | /2.

from a non-zero radius, say, a = a_i ≥ a_m until a = ∞ with ä > 0, as shown in Fig. 7. In this case, a bouncing universe is also allowed, if it starts to collapse initially at a_i > a_{min} with ȧ(t_i) < 0. Then, it will collapse until it reaches a = a_{min}. Afterwards, it will expand forever with ä > 0, as shown by the first case in Fig.3.

FIG. 7: The evolution of the universe with the potential given by Eq.(5.13) for ΩΛ = 0, and w = 1/3. A big bang singularity happens at a(0) = 0.

3. −^1_3 < w <^1_3

In this case, Eq.(5.8) reduces to V (a) = − 1 2 ( Ω_k + 1 a^2 ( Ω_{dr} + Ω_ma^{1−3w} ) ) . (5.14)

Thus, depending on the signs of Ω_{dr}, the potential can have different properties.

Case A.3.1) Ω_{dr} < 0: Then, we have

V (a) = { ∞, a = 0, −Ω_k/2, a = ∞, (5.15) and V^′(a) = − 1 a^3 ( |Ω_{dr}| − (1 + 3w)Ω_m 2 a^{1−3w} ) . (5.16)

Therefore, in the present case the potential always has a minimum at a_{min} = ( 2 |Ω_{dr}| (1 + 3w)Ω_m ) 1_{1−3w} , (5.17)

as shown in Fig. 8.

When Ω_k < 0, there exists a critical value, Ω^c_{dr} given by |Ω^c_{dr}| = (1 + 3w)a^2_{min} 1 − 3w |Ω_k| , (5.18)

so that when |Ω_{dr}| > |Ω^c_{dr}| the potential V (a) is always positive, as shown by Curve (a), and the motion is forbidden. When |Ω_{dr}| = |Ω^c_{dr}| the potential V (a) is always

FIG. 8: The potential given by Eq.(5.14) for ΩΛ = 0, Ω_{dr} < 0 and −1/3 < w < 1/3: (a) Ω_k < 0, |Ω_{dr} | > |Ω^c_{dr} |; (b) Ω_k < 0, |Ω_{dr} | = |Ω^c_{dr} |; (c) Ω_k < 0, |Ω_{dr} | < |Ω^c_{dr} |; and (d) Ω_k > 0, where C ≡ |Ω_k | /2 and |Ω^c_{dr} | is defined by Eq.(5.18).

positive, except the point a = a_{min}, at which we have V (a_{min}, Ω^c_{dr}) = 0 = V^′(a_{min}, Ω^c_{dr}), as shown by Curve (b). This point represents a static universe. In contrast to Einstein’s static universe in General Relativity [26], this static universe seems stable, as now it corresponds to a minimum of the potential. When |Ω_{dr}| < |Ω^c_{dr}| the potential V (a) is non-positive only for a ∈ [a_1, a_2], where a_{1,2} are the two positive roots of V (a) = 0 with a_2 > a_1. Then, the universe is oscillating between the two radii a_1 and a_2 without forming any kind of spacetime singularities. During the period a ∈ [a_1, a_{min}) the universe is accelerating, while during the period a ∈ (a_{min}, a_2) it is decelerating, as shown in Fig. 9. Therefore, in this case we have a bouncing cyclic universe.

When Ω_k > 0, the potential is negative only for a > a_3 where a_3 is the real and positive root of V (a) = 0, as shown by Curve (d) in Fig.8. Therefore, in this case the universe starts to expand from a non-zero and finite radius, say, a_i ≥ a_3, and shall expand forever. During the period a_3 ≥ a < a_{min}, it is accelerating, while during the period a > a_{min}, it is decelerating. But the universe never stops expanding until a = ∞, as shown in Fig.9. A bouncing universe is also allowed, if it starts to collapse at a_i > a_3 with ȧ(t_i) < 0. Then, the corresponding motion is similar to that given by the first case in Fig.3.

Case A.3.2) Ω_{dr} > 0: In this case we have

V (a) = { −∞, a = 0, −Ω_k/2, a = ∞, (5.19) and V^′(a) = 1 a^3 ( |Ω_{dr}| + (1 + 3w)Ω_m 2 a^{1−3w} ) ≥ 0, (5.20)

where equality holds only when a = ∞.

FIG. 9: The evolution of the universe with the potential given by Eq.(5.14) for ΩΛ = 0, Ω_{dr} < 0 and −1/3 < w < 1/3.

When Ω_k < 0, the potential has the same form as that given by Curve (a) in Fig.4 for the case Ω_Λ = 0, w > 1/3, Ω_{dr} > 0 and Ω_k < 0. As a result, the motion of the universe is also similar to that case.

When Ω_k > 0, the potential is given by Curve (b) in Fig. 4 for the case Ω_Λ = 0, w > 1/3, Ω_{dr} > 0 and Ω_k > 0. Therefore, in this case the motion of the universe can be immediately deduced from there, and given as that described in Fig.5 for Ω_k > 0.

It should be noted that although in these two cases the motion of the universe has similar characteristics, the detail could be different, and when one fits the models to observational data, one can get completely different conclusions. Since in this paper we do not consider the fitting, we shall not distinguish them here.

4. w = −^1_3

In this case, Eq.(5.8) reduces to V (a) = − 1 2 ( Ω_Δ + Ω_{dr} a^2 ) , (5.21)

where Ω_Δ ≡ Ω_k + Ω_m.

When Ω_{dr} > 0 and Ω_k < 0, the potential is given by Curve (a) in Fig.4. Therefore, the motion of the universe is similar to that corresponding case.

When Ω_{dr} > 0 and Ω_k > 0, the potential is always negative and asymptotically approaches to −Ω_k/2, as shown by Curve (b) in Fig. 4. Clearly, in this case the universe starts to expand from the big bang singularity at a(0) = 0 and then expands forever with ä < 0.

When Ω_{dr} < 0 and Ω_k < 0, the potential is always positive, as shown by Curve (a) in Fig.6. So, the motion is forbidden.

When Ω_{dr} < 0 and Ω_k > 0, the potential is negative only when a ≥ a_{mim}, as shown by Curve (b) in Fig.6. Therefore, in the present case the universe will start to expand from a finite radius, say, a_i ≥ a_m, and shall expand forever. Since now we have dV (a)/da < 0, we can see that in this case the universe is always accelerating. Note that now no spacetime singularity exists, as we always have a ≥ a_{mim} > 0. Certainly, in this case a bouncing universe is also allowed.

5. −1 < w < −^1_3

In this case, Eq.(5.8) can be written as V (a) = − 1 2 ( Ω_k + Ω_{dr} a^2 + Ω_ma^{3|w|−1} ) , (5.22)

from which we have

V^′(a) = − 1 2a^3 ( (3|w| − 1) Ω_ma^{3|w|+1} − 2Ω_{dr} ) . (5.23)

Case A.5.1) Ω_{dr} > 0: In this case we have

V (a) = { −∞, a = 0, −∞, a = ∞, (5.24)

and the potential has a maximum at a_{max} = ( 2 |Ω_{dr}| (3|w| − 1))Ω_m ) 1_{3|w|+1} , (5.25)

as shown in Fig. 10.

When Ω_k < 0, there exists a critical value Ω^c_{dr}, Ω^c_{dr} ≡ (3|w| − 1)a^2_{max} 3|w| + 1 |Ω_k| , (5.26)

so that when Ω_{dr} < Ω^c_{dr} the potential has two positive roots, say, a_1 and a_2, where a_2 > a_1, as shown by Curve (a) in Fig.10, where V (a_{max}, Ω^c_{dr}) = V^′(a_{max}, Ω^c_{dr}) = 0. Then, we can see that the motion can have two different kinds, depending on the choice of the initial condition of the universe. It can start to expand from the big bang at a(0) = 0 until its maximal radius a_1 and then starts to collapse. The collapsing process is exactly the time-inverse process of the expansion, and in particular, a big crunch singularity is formed at t = t_s > 0 where a(t_s) = 0. Since dv(a)/da > 0 for any given value of a ∈ (0, a_1], we can see that in this case the universe is decelerating, as shown in Fig.11. If the universe starts to expand at a radius a_i where a_i ≥ a_2, then we can see that it will expand forever, and the corresponding acceleration is always positive.

When Ω_{dr} = Ω^c_{dr}, the motion can have two different types, too, and the only difference between the last case and the current one is that now the two roots a_1 and a_2 are degenerate and are all equal to a_{max}, as shown by Curve (b) in Fig.10. As a result, this point represents an unstable static point, and any kind of perturbations will lead the universe either to collapse or to expand forever, as shown in Fig.11. When Ω_{dr} > Ω^c_{dr}, the potential is always negative, as shown by Curve (c) in Fig.10, and the universe will start to expand from the big bang singularity at a(0) = 0 forever. Initially the universe is decelerating, but once it expands to a_{max}, it will be accelerating.

FIG. 10: The potential given by Eq.(5.22) for ΩΛ = 0, Ω_{dr} > 0 and −1 < w < −1/3: (a) Ω_{dr} < Ω^c_{dr} , Ω_k < 0; (b) Ω_{dr} = Ω^c_{dr} , Ω_k > 0; (c) Ω_{dr} > Ω^c_{dr} , Ω_k < 0; and (d) Ω_{dr} > 0, Ω_k > 0, where Ω^c_{dr} is defined by Eq.(5.26).

FIG. 11: The evolution of the universe given by Eq.(5.22) for ΩΛ = 0, Ω_{dr} > 0 and −1 < w < −1/3.

When Ω_k > 0, the potential is always negative, as shown by Curve (d) in Fig.10, and the universe can start to expand from a big bang singularity at a(0) = 0 until a = ∞. In this case there is no turning point. The universe is initially decelerating until a = a_{max} and then turns to expand acceleratingly, as shown in Fig. 11.

Case A.5.2) Ω_{dr} < 0: In this case, from Eq.(5.22) we can see that the potential is always positive for Ω_k < 0, so that the motion is forbidden. When Ω_k > 0, the potential is monotonically decreasing, as shown by Curve (b) in Fig.6, from which we can see that the potential becomes negative when a > a_{min}, and ä(a > a_{min}) > 0, where V (a_{min}) = 0. Thus, in the present case the motion of the universe is restricted to a ≥ a_{min} > 0, and no big bang or big crunch singularity is developed. The universe expands from a_i ≥ a_{min} forever until a = ∞. Note that the spacetime is not singular even at a = ∞, as shown in Fig.7. If initially the universe is in its collapsing phase, where a_i > a_{min} and ȧ(t_i) < 0, a bouncing universe is also allowed.

6. w = −1

In this case, Eq.(5.8) can be written as V (a) = − 1 2 ( Ω_k + Ω_ma^2 + Ω_{dr} a^2 ) , (5.27)

from which we have

V^′(a) = − 1 a ( Ω_ma^2 − Ω_{dr} a^2 ) . (5.28)

Then, it can be shown that the potential is given by Fig.12, where Curve (a) corresponds to Ω_{dr} > 0, Ω_k < 0, Ω_m < Ω^c_m; Curve (b) to Ω_{dr} > 0, Ω_k < 0, Ω_m = Ω^c_m; Curve (c) to Ω_{dr} > 0, Ω_k < 0, Ω_m > Ω^c_m; Curve (d) to Ω_{dr} > 0, Ω_k > 0; and Curve (e) to Ω_{dr} < 0.

Comparing Fig. 12 with Fig.10 we can see that the potential has the same shape in each corresponding case of (a)-(d), so the motion of the universe in the present case can be immediately deduced from there, and the corresponding motion of the universe in each case is given by Fig. 11. In addition, comparing Curve (e) in Fig. 12 with Curve (b) in Fig. 6, we can see that they are similar, except that now the potential goes to −∞ as a → ∞. However, this affects only the amplitudes of the expansion velocity and acceleration, and the main characteristics of the motion are the same in both cases, and is given by Fig. 7. However, if the universe chooses to collapse initially, a bouncing universe will be created, as shown by Fig.3.

In summary, the motion of the universe in this case is given by Figs. 13 for Curves (a)-(d) in Fig.12, and by the first case in Fig.3 for Curve (e).

7. w < −1 In this case, the corresponding fluid is usually called phantom, and Eq.(5.8) can be written as V (a) = − 1 2 ( Ω_k + Ω_ma^{3|w|−1} + Ω_{dr} a^2 ) , (5.29)

from which we have

V^′(a) = − 1 2 ( Ω_m(3|w| − 1)a^{3|w|−2} − 2 Ω_{dr} a^2 ) . (5.30)

Clearly, when Ω_{dr} > 0 the potential has a maximum at a_{max} = ( 2Ω_{dr} (3|w| − 1)Ω_m ) 1_{3|w|+1} . (5.31)

Meantime, if Ω_k < 0, then there exists a critical value of Ω^c_m, such that V (a_{max}, Ω^c_m) = V^′(a_{max}, Ω^c_m) = 0, as shown by Curve (b) in Fig.12. Then, when Ω_m < Ω^c_m the potential will have two positive roots, as shown by Curve (a) in Fig.12, while when Ω_m > Ω^c_m it is always negative, and the corresponding curve is that of Curve (c)

FIG. 12: The potential given by Eq.(5.27) for ΩΛ = 0 and w = −1: (a) Ω_{dr} > 0, Ω_k < 0, Ωm < Ω^c_m ; (b) Ω_{dr} > 0, Ω_k < 0, Ωm = Ω^c_m; (c) Ω_{dr} > 0, Ω_k < 0, Ωm > Ω^c_m; (d) Ω_{dr} > 0, Ω_k > 0; and (e) Ω_{dr} < 0.

FIG. 13: The motion of the universe with the potential given by Eq.(5.27) for ΩΛ = 0 and w = −1.

in Fig.12. When Ω_k > 0 the potential is always negative, and is given by Curve (d) in Fig.12.

When Ω_{dr} < 0, the potential is monotonically decreasing, and is that of Curve (e) in Fig.12. Therefore, in the present case, the motion of the universe is qualitatively the same as the corresponding one in the last case, given by Fig. 13 and the first case of Fig.3. The only difference is that now the matter part is singular as a → ∞. So, now we have a big rip singularity at a = ∞, as shown by Fig. 14.

B. ΩΛ > 0

When Ω_Λ > 0, from Eq.(5.4) we find that V (a) = − 1 2 ( Ω_k + Ω_Λa^2 + Ω_{dr} a^2 + Ω_m a^{1+3w} ) , (5.32) V^′(a) = −a ( Ω_Λ − Ω_{dr} a^4 − (1 + 3w)Ω_m 2a^{3(1+w)} ) . (5.33)

FIG. 14: The motion of the universe with the potential given by Eq.(5.29) for ΩΛ = 0 and w < −1.

1. w >^1_3

When w > 1/3, we first re-write Eqs.(5.32) and (5.33) in the forms, V (a) = − 1 2 ( Ω_k + Ω_Λa^2 + 1 a^{1+3w} ( Ω_m + Ω_{dr}a^{3w−1} ) ) , (5.34) V^′(a) = −a ( Ω_Λ − 1 a^{3(1+w)} × ( 1 + 3w 2 Ω_m + Ω_{dr}a^{3w−1} )) . (5.35)

To study the solution further, we consider the cases Ω_{dr} > 0 and Ω_{dr} < 0 separately.

Case B.1.1) Ω_{dr} > 0: In this case, from Eq.(5.34) we find that

V (a) = { −∞, a = 0, −∞, a = ∞, (5.36)

while from Eq.(5.35) we can see that the potential has a maximum at a_{max}, where V^′(a_{max}) = 0.

Case B.1.1a) Ω_{dr} > 0, Ω_k < 0: If Ω_k < 0, from Eq.(5.34) we find that we can further have V (a_{max}) = 0, that is, for any given Ω_k < 0 and Ω_{dr} > 0, there always exists a positive solution, (a_{max}, Ω^c_Λ), of the equations,

|Ω_k| = Ω_Λa^2_{max} + 1 a^{1+3w} max ( Ω_m + Ω_{dr}a^{3w−1}_{max} ) , Ω^c_Λ = 1 a^{3(1+w)} max ( 1 + 3w 2 Ω_m + Ω_{dr}a^{3w−1}_{max} ) . (5.37)

When Ω_Λ < Ω^c_Λ, the potential will take the form of Curve (a) in Fig. 10, while when Ω_Λ = Ω^c_Λ or Ω_Λ > Ω^c_Λ, it will take, respectively, the form of Curves (b) and (c), so the motion of the universe is similar to the corresponding cases given in Fig. 11.

Case B.1.1b) Ω_{dr} > 0, Ω_k > 0: In this case, it can be shown that the potential is given by Curve (d) in Fig. 10, so the motion is given by the corresponding case in Fig. 11.

Case B.1.2) Ω_{dr} < 0: In this case, it can be shown that the equations V (a) = 0 and V^′(a) = 0 can be cast in the form,

3(1 + w)Ω_Λa^2 + (1 + 3w)Ω_k = (3w − 1) |Ω_{dr}| a^2

, (5.38)

Ω_Λ + |Ω_{dr}| a^4 = 1 + 3w 2 Ω_m a^{3(1+w)}

. (5.39)

Clearly, for any given Ω_k and Ω_m, the above equations always have a solution (a, Ω_Λ) = (a_{max} > 0, Ω^c_Λ > 0). Then, we can see that in the current case we also have three different sub-cases according to whether Ω_Λ < Ω^c_Λ, Ω_Λ = Ω^c_Λ or Ω_Λ > Ω^c_Λ, for which the potential is given, respectively, by Curves (a), (b) and (c) in Fig. 10, and the motion of the universe is given in each case by the corresponding one given in Fig. 11 and Fig.3.

2. w =^1_3

In this case, we have, V (a) = − 1 2 ( Ω_k + Ω_Λa^2 +

Ω_Δ a^2 ) , (5.40)

V^′(a) = −

Ω_Λ a^3 ( a^4 −

Ω_Δ Ω_Λ ) , (5.41)

where Ω_Δ ≡ Ω_m + Ω_{dr}.

Case B.2.1) Ω_Δ > 0: In this case we find that the potential always has a maximum at a_{max} = ( Ω_Δ Ω_Λ )_{1/4} , (5.42)

for which we have V (a)|_{a=amax} = − 1 2 ( Ω_k + 2 √ Ω_ΔΩ_Λ ) . (5.43)

Thus, if Ω_k < 0, a critical point Ω^c_Λ exists, so that V (a_{max}, Ω^c_Λ) = V^′ (a_{max}, Ω^c_Λ) = 0, where

Ω^c_Λ =

Ω^2_k 4Ω_Δ

. (5.44)

Therefore, in this case, there are three sub-cases according to whether Ω_Λ < Ω^c_Λ, Ω_Λ = Ω^c_Λ or Ω_Λ > Ω^c_Λ, for which the potential is given, respectively, by Curves (a), (b) and (c) in Fig. 10, and the motion of the universe is given in each case by the corresponding one given in Figs. 11 and 3.

When Ω_k > 0, V^′(a) is always negative and the potential is given by Curve (d) in Fig. 10, and the motion of the universe is given by the corresponding case given in Fig. 11.

Case B.2.2) Ω_Δ = 0: In this case we have V (a) = − 1 2 ( Ω_k + Ω_Λa^2 ) , (5.45)

and the potential is given by Fig. 15, from which we can see that when Ω_k < 0, V (a) is negative only when

FIG. 15: The potential given by Eq.(5.40) for w = 1/3. (a) ΩΛ > 0, ΩΔ = 0, Ω_k < 0; (b) ΩΛ > 0, ΩΔ = 0, Ω_k > 0; and (c) ΩΛ > 0, ΩΔ < 0, where C = |Ω_k | /2.

a > a_m, where V (a_m) = 0, as shown by Curve (a) in Fig.15. Thus, the motion in this case is restricted to a ≥ a_m. Since dV (a)/da < 0, we can see that now the universe is always accelerating, as shown in Fig.16. When Ω_k > 0, the potential is always negative [as shown by Curve (b) in Fig. 15, and the universe can start to expand from the big bang at a(0) = 0 until a = ∞.

Case B.2.3) Ω_Δ < 0: In this case we have V (a) = − 1 2 ( Ω_k + Ω_Λa^2 −

|Ω_Δ| a^2 ) , V^′(a) = −a ( Ω_Λ +

|Ω_Δ| a^4 ) < 0. (5.46)

Therefore, in this case the potential is a monotonically decreasing function, as shown by Curve (c) in Fig.15. Then, we can see that the motion is restricted to the region a ≥ a_m. The universe is always accelerating, and no singularity exists in the present case, as shown in Fig. 16. A bouncing universe is also allowed in the present case, and the corresponding motion is described by the first case in Fig.3.

3. −1/3 < w <^1_3

In this case we find that the potential and its first derivative can be written as V (a) = − 1 2 ( Ω_k + Ω_Λa^2 + 1 a^2 ( Ω_{dr} + Ω_ma^{1−3w} ) ) , (5.47)

FIG. 16: The motion of the universe with the potential given by Eq.(5.40) for ΩΛ > 0 and w = 1/3.

V^′(a) = −a ( Ω_Λ − 1 a^4 × ( Ω_{dr} +

1 + 3w 2 Ω_ma^{1−3w} )) . (5.48)

To study this case further, we need to consider the cases Ω_{dr} > 0 and Ω_{dr} < 0 separately.

Case B.3.1) Ω_{dr} > 0: In this case from the above equations we find that

V (a) = { −∞, a = 0, −∞, a = ∞, (5.49)

and that the conditions V (a) = V^′(a) = 0 can be written as 1 + 3w 2 Ω_k +

3(w + 1) 2 Ω_Λa^2 = 1 − 3w 2a^2

Ω_{dr},(5.50)

Ω_Λ = 1 a^4 ( Ω_{dr} +

1 + 3w 2 Ω_ma^{1−3w} ) . (5.51)

Clearly, for any given Ω_{dr} > 0 and Ω_k, the above equation always have a positive solution (a, Ω_Λ) = (a_{max}, Ω^c_Λ), so that when Ω_Λ < Ω^c_Λ, the potential is given by Curve (a) in Fig.10, when Ω_Λ = Ω^c_Λ, it is given by Curve (b), and when Ω_Λ > Ω^c_Λ, it is given by Curve (c). Then, we can see that the motion in this case is given by the corresponding case given in Fig.11.

Case B.3.2) Ω_{dr} < 0: In this case from Eqs.(5.47) and (5.48) we find that

V (a) = { ∞, a = 0, −∞, a = ∞, (5.52) and V^′(a) = − 1 a^3 ( Ω_Λa^4 −

1 + 3w 2 Ω_ma^{1−3w} + |Ω_{dr}| )

≡ − 1 a^3

F (a). (5.53)

FIG. 17: The function F (a) defined by Eq.(5.53) for ΩΛ > 0, Ω_{dr} < 0 and −1/3 < w < 1/3. (a) |Ω_{dr} | > |Ω^c_{dr} |; (b) |Ω_{dr} | = |Ω^c_{dr} |; and (c) |Ω_{dr} | < |Ω^c_{dr} |.

From the above expression we can see that there exists a critical value of Ω^c_{dr}, so that when |Ω_{dr}| > |Ω^c_{dr}|, the function F (a) is always positive, and V^′(a) = 0 has no real positive root, as shown by Curve (a) in Fig.17. When |Ω_{dr}| = |Ω^c_{dr}|, the equation F (a) = 0 has only one real positive root, as shown by Curve (b), and when |Ω_{dr}| < |Ω^c_{dr}|, F (a) = 0 has two real positive roots, as shown by Curve (c) in Fig.17.

On the other hand, the conditions V (a) = V^′(a) = 0 can be written as

1 + 3w 2 Ω_k +

3(w + 1) 2 Ω_Λa^2 + 1 − 3w 2a^2

|Ω_{dr}| = 0,(5.54)

Ω_Λ + |Ω_{dr}| a^4 = (1 + 3w)Ω_m 2a^{3(1+w)}

. (5.55)

From Eq.(5.54) we can see that it has solution only when Ω_k < 0. Thus, in the following we need to consider the cases Ω_k < 0 and Ω_k > 0 separately.

Case B.3.2a) Ω_k > 0: In this case from the above we can see that when |Ω_{dr}| > |Ω^c_{dr}|, the potential is a monotonically decreasing function, and given by Curve (d) in Fif.18. When |Ω_{dr}| = |Ω^c_{dr}|, the potential has only one minimum, and there are three different cases, as shown by Curves (a)-(c). In each of these four cases (a)-(d), we can see that the potential is negative only for a > a_m where a_m is the positive root of V (a) = 0, as shown by Fig. 18. Therefore, the motion of the universe is restricted to a ≥ a_m. If the universe starts to expand from a_i ≥ a_m it will expand forever. Since dV (a)/da < 0 for a > a_m, we can see that the universe in each of these cases is accelerating. If it is collapsing initially, then it will reach its minimal radius a_m within a finite proper time. Afterwards, it will start to expand, and a bouncing universe is produced, as described by the first case in Fig.3.

When |Ω_{dr}| < |Ω^c_{dr}|, the potential has one minimum and one maximum, as shown by Curve (e) in Fig. 18. This is a very interesting case. As Cases (a)-(d), the motion of the universe is also restricted to

FIG. 18: The potential given by Eq.(5.47) for −1/3 < w < 1/3 and Ω_{dr} < 0, Ω_k > 0. (a) |Ω_{dr} | = |Ω^c_{dr} | , V (amin) > 0; (b) |Ω_{dr} | = |Ω^c_{dr} | , V (amin) = 0; (c) |Ω_{dr} | = |Ω^c_{dr} | , V (amin) < 0; (d) |Ω_{dr} | > |Ω^c_{dr} | , V (amin) > 0; and (e) |Ω_{dr} | < |Ω^c_{dr} |.

the region a ≥ a_m. But, it is fundamentally different from these cases: The universe is accelerating for a ∈ [a_m, a_{min}) and a ∈ (a_{max}, ∞), and decelerating for a ∈ (a_{min}, a_{max}). Therefore, it can describe the evolution of our universe without a big bang singularity. In particular, if the universe chooses to collapse first at a_i, where a_{min} < a_i < a_{max}, we can see that a scale-invariant perturbation can be produced during this matter-dominated period [27], and the universe will experience a bouncing once it collapses at a_m, whereby a big bang singularity is avoided. Once it turns to expand, it will first expand acceleratingly until a = a_{min}. Clearly, if this expansion is large enough, the horizon problem can be solved. Afterwards, the universe will experience a decelerating period until a = a_{max}. Once this point reaches, it will expand with a positive acceleration, which may be identified with the late cosmic acceleration.

Case B.3.2b) Ω_k < 0: Now it can be shown that in the sub-cases |Ω_{dr}| > |Ω^c_{dr}| and |Ω_{dr}| = |Ω^c_{dr}| the potential is quite similar to the corresponding cases given in Fig.18, that is, it is given by Curve (d) for |Ω_{dr}| > |Ω^c_{dr}| and Curves (a)-(c) for |Ω_{dr}| = |Ω^c_{dr}|. However, when |Ω_{dr}| < |Ω^c_{dr}|, the conditions V (a) = 0 = V^′(a) have positive root for a, and now we have five different cases, as shown in Fig.19. In the case described by Curve (a) the motion of the universe is restricted to the region a ≥ a_m, and it can represent an expanding or a bouncing universe, depending on the initial velocity of the universe. In the case described by Curve (b), the motion of the universe is similar to the last case, except that now a

FIG. 19: The potential given by Eq.(5.47) for Ω_{dr} < 0, Ω_k < 0, |Ω_{dr} | > |Ω^c_{dr} |, and −1/3 < w < 1/3. (a) V (amin) > 0, V (amax) > 0; (b) V (amin) = 0, V (amax) > 0; (c) V (amin) < 0, V (amax) > 0; (d) V (amin) < 0, V (amax) = 0; and (e) V (amin) < 0, V (amax) < 0.

stationary universe also exists at a = a_{min}. In the case described by Curve (c), the motion of the universe for a ≥ a_m is similar to the last two cases, but now a bouncing cyclic universe exists for a ∈ [a_m, a_c]. For the case described by Curve (d), if the universe starts to expand at a_i > a_m, it will expand forever with ä > 0. If it collapse from a point a_i > a_m, once it reaches a = a_{max} it will stay there. However, since it is a non-stable point, with a small perturbation, the universe either continuously collapses until a = a_m, or starts to expand forever. If it continuously collapse, when it reaches a_m, it will start to expand until a_{max}. The following motion can either continuously expand or collapse. In tis case, the universe can also move between a_m and a_{max}, as shown in Fig.19. In the case described by Curve (e), the motion is the same as the corresponding case in Fig.18, where a bouncing cyclic universe is produced.

4. w = −^1_3

In this case we find that the potential and its first derivative can be written as V (a) = − 1 2 ( Ω_Δ + Ω_Λa^2 + Ω_{dr} a^2 ) , (5.56)

V^′(a) = −

Ω_Λ a^3 ( a^4 − Ω_{dr} Ω_Λ ) . (5.57)

To study this case further, we need to consider the cases Ω_{dr} > 0 and Ω_{dr} < 0 separately.

Case B.4.1) Ω_{dr} > 0: In this case from Eq.(5.56) we find that V (a) → −∞ as a → 0 and a → ∞, while from Eq.(5.57) we can see that the potential has a maximum at a_{max} = (Ω_{dr}/Ω_Λ)^{1/4}, for which we have V (a_{max}) = − 1 2 ( Ω_Δ + 2 √ Ω_{dr}Ω_Λ ) . (5.58)

Therefore, if Ω_Δ < 0, there exists a critical value of Ω^c_Λ ≡ Ω^2_Δ/(4Ω_{dr}, for which we have V (a_{max}, Ω^c_Λ) = V^′ (a_{max}, Ω^c_Λ) = 0, as shown by Curve (b) in Fig.10. When Ω_Λ < Ω^c_Λ the potential is given by Curve (a), and when Ω_Λ < Ω^c_Λit is given by Curve (c). When Ω_Δ > 0, the potential is always negative, and described by Curve (d) in Fig.10. Thus, in these sub-cases the motion of the universe is described by the corresponding cases given in Fig.11.

Case B.4.2) Ω_{dr} < 0: In this case, we have

V (a) = { ∞, a = 0, −∞, a = ∞, (5.59)

and V^′(a) is always negative. Then, the potential is given by Curve (e) in Fig.12, and the corresponding motion of the universe is described by the corresponding case given in Fig.13 and the first case of Fig.3. The only difference is that now the matter density diverges at the big bang singularity a(0) = 0.

5. −1 < w < −1/3 In this case we find that the potential and its first derivative can be written as V (a) = − 1 2 ( Ω_k + Ω_{dr} a^2 +a^{3|w|−1} ( Ω_m + Ω_Λa^{3(1−|w|)} )) , (5.60) V^′(a) = −a ( Ω_Λ − 1 a^4 × ( Ω_{dr} − 3|w| − 1 2 Ω_ma^{1−3w} )) . (5.61)

To study this case further, we need to consider the cases Ω_{dr} > 0 and Ω_{dr} < 0 separately.

Case B.5.1) Ω_{dr} > 0: In this case from the above equations we find that

V (a) = { −∞, a = 0, −∞, a = ∞, (5.62)

and that the conditions V (a) = V^′(a) = 0 can be written as Ω_k = − 1 a^2 ( Ω_{dr} + a^{3|w|+1} × ( Ω_m + a^{3(1−|w|)}Ω_Λ )) , (5.63)

Ω_Λ = 1 a^4 ( Ω_{dr} − 3|w| − 1 2 Ω_ma^{3|w|+1} ) . (5.64)

Clearly, they have solutions for positive a and Ω_Λ only when Ω_k < 0. Then, we have three different sub-cases, as given by Curves (a), (b) and (c) in Fig. 10, which correspond to, respectively, Ω_Λ < Ω^c_Λ, Ω_Λ = Ω^c_Λ, and Ω_Λ > Ω^c_Λ, where Ω^c_Λ is the solution of Eqs.(5.63) and (5.64). When Ω_k > 0 the potential is always negative and is given by Curve (d) in Fig. 10, so the motion of the universe is described by the corresponding cases in Fig.11.

Case B.5.2) Ω_{dr} < 0: In this case we find that

V (a) = { ∞, a = 0, −∞, a = ∞, (5.65)

and V^′(a) < 0. Therefore, now the potential is monotonically decreasing, and is given by Curve (e) in Fig.12. Then, the motion of the universe in this case is given by the last case described in Fig.13, except that now we still have ρ(0) = ∞ and ρ(∞) = 0. Certainly, a bouncing universe is also allowed.

6. w = −1

In this case, we find that V (a) = − 1 2 ( Ω_k + Ω_{m,Λ}a^2 + Ω_{dr} a^2 ) , (5.66) V^′(a) = −a ( Ω_{m,Λ} − Ω_{dr} a^4 ) , (5.67)

where Ω_{m,Λ} ≡ Ω_m + Ω_Λ > 0. Comparing the above equations with Eqs.(5.27) and (5.28) in the case Ω_Λ = 0, we can see that by exchanging Ω_m with Ω_{m,Λ}, we can get one set of the equations from the other. Therefore, the motion of the universe in the present case can be immediately deduced from the corresponding ones given in Figs. 12, 13, and 3.

7. w < −1 In this case we find that the potential and its first derivative can be written as V (a) = − 1 2 ( Ω_k + Ω_{dr} a^2 +a^2 ( Ω_Λ + Ω_ma^{3(|w|−1)} )) , (5.68) V^′(a) = −a ( Ω_Λ − Ω_{dr} a^4 + 3|w| − 1 2 Ω_ma^{3|w|−1} ) . (5.69)

Case B.7.1) Ω_{dr} > 0: In this case we find that

V (a) = { −∞, a = 0, −∞, a = ∞, (5.70) and that the conditions V (a) = V^′(a) = 0 can be written as Ω_k = −a^2 ( Ω_Λ + a^{3|w|−1}Ω_m ) − Ω_{dr} a^2

, (5.71)

Ω_Λ + Ω_{dr} a^4 + 3|w| − 1 2 Ω_ma^{3|w|−1}. (5.72)

Clearly, they have solutions for positive a and Ω_Λ only when Ω_k < 0. When Ω_k > 0, the potential is strictly negative, and is given by Curve (d) in Fig.12. When Ω_k < 0, Eqs.(5.71) and (5.72) have a unique solution (a_{max}, Ω^c_Λ), so that the potential is given, respectively, by Curves (a), (b) and (c) in Fig. 12, which correspond to Ω_Λ < Ω^c_Λ, Ω_Λ = Ω^c_Λ, and Ω_Λ > Ω^c_Λ. Therefore, the motion of the universe can be deduced from there and can be shown that it is given by Fig.14.

Case B.7.2) Ω_{dr} < 0: In this case we find that

V (a) = { ∞, a = 0, −∞, a = ∞, (5.73)

and V^′(a) < 0. Therefore, now the potential is monotonically decreasing, and is given by Curve (e) in Fig.12. Then, the motion of the universe in this case is given by the last case described in Fig.14 and the first case in Fig.3. The only difference is that now the spacetime is singular at a = ∞.

C. ΩΛ < 0

When Ω_Λ < 0, from Eq.(5.4) we find that V (a) = − 1 2 ( Ω_k − |Ω_Λ| a^2 + Ω_{dr} a^2 + Ω_m a^{1+3w} ) , (5.74)

V^′(a) = a ( |Ω_Λ| + 1 a^{3(1+w)} × ( 1 + 3w 2 Ω_m + a^{3w−1}Ω_{dr} )) . (5.75)

1. w >^1_3

In this case, we have

V (a) = { −∞, a = 0, ∞, a = ∞. (5.76)

When Ω_{dr} > 0, from Eq.(5.75) we can see that dV (a)/da is always positive, and the potential is monotonically increasing, as shown by Curve (a) in Fig. 20. Thus, the motion now is restricted to a ≤ a_m.

When Ω_{dr} < 0, the equations V (a) = 0 and V^′(a) = 0 can be written in the forms,

Ω_k =

3(1 + w) |Ω_Λ| 1 + 3w a^2 + (3w − 1) |Ω_{dr}| (1 + 3w)a^2

, (5.77)

|Ω_Λ| +

(1 + 3w)Ω_m 2a^{3(1+w)} = |Ω_{dr}| a^4

, (5.78)

FIG. 20: The potential given by Eq.(5.74) for w > 1/3. (a) Ω_{dr} > 0; (b) Ω_{dr} < 0, Ω_k > 0, |ΩΛ| > |Ω^c_Λ|; (c) Ω_{dr} < 0, Ω_k > 0, |ΩΛ| = |Ω^c_Λ |; (d) Ω_{dr} < 0, Ω_k > 0, |ΩΛ| < |Ω^c_Λ|; and (e) Ω_{dr} < 0, Ω_k < 0.

which have solutions for a > 0 and Ω_Λ < 0 only when Ω_k > 0. In the latter case, there exist a critical value |Ω^c_Λ|, for which, when |Ω_Λ| > |Ω^c_Λ|, the potential is given by Curve (b), when |Ω_Λ| = |Ω^c_Λ|, by Curve (c), and when |Ω_Λ| < |Ω^c_Λ|, by Curve (d), in Fig.20. When Ω_k < 0, Eqs.(5.77) and (5.78) have not positive solutions for a and |Ω^c_Λ|, and the potential is given by Curve (e) in Fig.20.

In all the above cases, we can see that the motion is always restricted to a ≤ a_m where a_m is the unique positive solution of V (a) = 0, as shown in Fig.20. Therefore, now the universe starts to expand from the big bang at a(0) = 0 to its maximal radius a_m, and then starts to collapse until a big crunch singularity is formed at the moment t_s where a(t_s) = 0. Note that for the potential given by Curves (a) and (b), the universe is always decelerating. For the one given by Curve (c), the point a = a_m is a stationary point, as now we have ȧ = 0 = ä at this point. However, as shown there, this point is not stable, and with a small perturbation, the universe will collapse towards a = 0 and finally a big crunch singularity is formed there. For the potential given by Curves (d) and (e), there exist a point a = a_{min} < a_m, at which ä = −H^2_0 dV (a)/da = 0, as shown by these curves. However, the universe will immediately turns to decelerate.

2. w =^1_3

In this case, we have V (a) = − 1 2 ( Ω_k − |Ω_Λ| a^2 +

Ω_δ a^2 ) , (5.79)

V^′(a) = a ( |Ω_Λ| +

Ω_δ a^4 ) . (5.80)

Case C.2.1) Ω_δ < 0: In this case, we have

V (a) = { ∞, a = 0, ∞, a = ∞. (5.81)

When Ω_k < 0, the potential is always positive, as shown by Curve (a) Fig. 21, and the motion is forbidden.

When Ω_k > 0, V (a) = 0 = V^′(a) have the solution, a_{min} = | | | | 2Ω_δ Ω_k | | | | 1/2 , |Ω^c_Λ| =

Ω^2_k 4 |Ω_δ|

. (5.82)

If |Ω_Λ| > |Ω^c_Λ|, the potential is positive, as shown by Curve (b) in Fig.21, and the motion is forbidden. If |Ω_Λ| = |Ω^c_Λ|, the potential is also positive, except for the point a = a_{min}, at which we have V (a_{min}) = 0, as shown by Curve (c). At this point we have ȧ = 0 = ä, and it represents a stable stationary point, similar to the case described by Curve (b) in Fig.8. If |Ω_Λ| < |Ω^c_Λ|, the potential is negative only for the range a ∈ (a_1, a_2), as shown by Curve (d) in Fig.21, which is also similar to Curve (c) in Fig.8, and the motion of the universe is described by the corresponding case in Fig.9.

Case C.2.2) Ω_δ > 0: In this case, we have V (a) = − { ∞, a = 0, ∞, a = ∞, (5.83)

and V^′(a) > 0, that is, now the potential is a monotonically increasing function, as shown by Curve (e) in Fig.21, which is similar to Curve (a) in Fig.20. Therefore, the motion of the universe in this case is similar to that case.

3. −1/3 < w < 1/3 In this case we find that

V (a) = − 1 2 ( Ω_k − |Ω_Λ| a^2 + 1 a^2 ( Ω_{dr} + Ω_ma^{1−3w} ) ) , (5.84)

V^′(a) = a ( |Ω_Λ| + 1 a^4 × ( Ω_{dr} +

1 + 3w 2 Ω_ma^{1−3w} )) . (5.85)

Case C.3.1) Ω_δ > 0: In this case, we have V (a) = − { ∞, a = 0, ∞, a = ∞, (5.86)

and V^′(a) > 0, so that the potential now is a monotonically increasing function, as shown by Curve (e) in Fig.21. Therefore, the motion of the universe in this case is similar to that one.

FIG. 21: The potential given by Eq.(5.79) for w = 1/3. (a) Ω_k < 0, Ω_δ < 0; (b) Ω_k > 0, Ω_δ < 0, |ΩΛ| > |Ω^c_Λ|; (c) Ω_k > 0, Ω_δ < 0, |ΩΛ| = |Ω^c_Λ|; (d) Ω_k > 0, Ω_δ < 0, |ΩΛ| < |Ω^c_Λ|; and (e) Ω_δ > 0.

Case C.3.2) Ω_δ < 0: In this case, we have

V (a) = { ∞, a = 0, ∞, a = ∞, (5.87)

and V (a) = 0 = V^′(a) can be written as

Ω_k + (1 − 3w) |Ω_{dr}| (1 + 3w)a^2 = 3(1 + w) |Ω_Λ| (1 + 3w) a^2, (5.88)

|Ω_Λ| +

(1 + 3w)Ω_m 2a^{1+3w} = |Ω_{dr}| a^4

. (5.89)

Clearly, for any given Ω_k and Ω_m, the above equations always have a positive solution (a_{min}, Ω^c_Λ), so that when |Ω_Λ| > |Ω^c_Λ|, the potential is always positive, and the motion is forbidden, as shown by Curve (b) in Fig.21. When |Ω_Λ| = |Ω^c_Λ|, the only possible motion is a = a_{min}, at which we have ȧ = 0 = ä, as shown by Curve (c). When |Ω_Λ| < |Ω^c_Λ|, the potential is negative in the range a ∈ (a_1, a_2), as shown by Curve (d) in Fig.21. Therefore, the motion of the universe in the current case can be deduced from the corresponding ones given in Fig.21.

4. w = −1/3

In this case, we find that V (a) = − 1 2 ( Ω_Δ − |Ω_Λ| a^2 + Ω_{dr} a^2 ) , (5.90)

V^′(a) =

|Ω_Λ| a^3 ( a^4 + Ω_{dr} |Ω_Λ| ) . (5.91)

Thus, when Ω_{dr} > 0 we have V^′(a) > 0 and

V (a) = { −∞, a = 0, ∞, a = ∞, (5.92)

that is, the potential now is a monotonically increasing function, given by Curve (e) in Fig.21, and the motion of the universe is restricted to a ≤ a_m. The universe starts to expand at the big bang a(0) = 0 until its maximal radius a_m, and then starts to collapse until a big crunch singularity is formed at the moment t_s where t_s is given by a(t_s) = 0.

When Ω_{dr} < 0, we have

V (a) = { ∞, a = 0, ∞, a = ∞, (5.93)

and the potential has a minimum at a_{min} = | | | | Ω_{dr} Ω_Λ | | | | 1/4 , (5.94)

at which we have V (a_{min}) = − 1 2 (Ω_Δ − 2 |Ω_{dr}Ω_Λ|) . (5.95)

Clearly, if Ω_Δ ≤ 0, the potential is always positive, and the motion is forbidden. When Ω_Δ > 0, there exist a critical value Ω^c_Λ, such that the potential is always positive for |Ω_Λ| > |Ω^c_Λ|, and the motion is forbidden, as shown by Curve (b) in Fig.21. When |Ω_Λ| = |Ω^c_Λ|, the only possibility of the motion is stationary point a = a_{min}, as shown by Curve (c) in Fig.21. When |Ω_Λ| < |Ω^c_Λ|, the potential is negative in the range a ∈ (a_1, a_2), as shown by Curve (d) in Fig.21.

5. −1 < w < −1/3 In this case the potential and its derivative can be written as V (a) = − 1 2 ( Ω_k + Ω_{dr} a^2 + a^{3|w|−1} × ( Ω_m − |Ω_Λ| a^{3(1−|w|)} )) , (5.96)

V^′(a) = a ( |Ω_Λ| + Ω_{dr} a^4 − (3|w| − 1)Ω_m 2a^{3(1−|w|)} ) . (5.97)

Case C.5.1) Ω_{dr} > 0: In this case, we have

V (a) = { −∞, a = 0, ∞, a = ∞, (5.98)

and V (a) = V^′(a) = 0 yield

Ω_k + Ω_ma^{3|w|−1} + Ω_{dr} a^2

= |Ω_Λ| a^2, (5.99)

|Ω_Λ| + Ω_{dr} a^4 = (3|w| − 1)Ω_m 2a^{3(1−|w|)} . (5.100)

Clearly, for any given Ω_k and Ω_m, there always exists a solution (a, |Ω_Λ|) = (a_{min} > 0, |Ω^c_Λ|), so that when |Ω_Λ| > |Ω^c_Λ|, the potential is given by Curve (b) in Fig.20, when |Ω_Λ| = |Ω^c_Λ|, it is given by Curve (c), and when |Ω_Λ| < |Ω^c_Λ|, it is given by Curve (d). Then, the motion of the universe in this case can be deduced from the corresponding cases given in Fig.20.

Case C.5.1) Ω_{dr} < 0: In this case, we have

V (a) = { ∞, a = 0, ∞, a = ∞, (5.101)

and V (a) = V^′(a) = 0 yield the same equations (5.99) and (5.100) but now with Ω_{dr} < 0, which show that for any given Ω_k, Ω_{dr} < 0 and Ω_m, they also have a unique solution, (a, |Ω_Λ|) = (a_{min} > 0, |Ω^c_Λ|),but now when |Ω_Λ| > |Ω^c_Λ|, the potential is always positive, as shown by given by Curve (b) in Fig.21. When |Ω_Λ| = |Ω^c_Λ|, it is given by Curve (c), and when |Ω_Λ| < |Ω^c_Λ|, it is given by Curve (d) in Fig.21. Then, the motion of the universe in this case can be deduced from the corresponding cases given there.

6. w = −1

In this case we have V (a) = − 1 2 ( Ω_k + Ω_{m,Λ}a^2 + Ω_{dr} a^2 ) , (5.102)

V^′(a) = − Ω_{m,Λ} a^3 ( a^4 − Ω_{dr} Ω_{m,Λ} ) , (5.103)

where Ω_{m,Λ} is defined in Eqs.(5.66) and (5.67), but now can be positive, zero or negative. We also have the possibilities, Ω_{dr} > 0 and Ω_{dr} < 0. In the following we consider each of these cases separately.

Case C.6.1) Ω_{m,Λ} > 0, Ω_{dr} > 0: In this case, from Eq.(5.102) we find that that

V (a) = { −∞, a = 0, −∞, a = ∞, (5.104)

and V^′(a) = 0 has the solution, a_{min} = (Ω_{dr}/Ω_{m,Λ})^{1/4}, at which V (a_{max}) = − 1 2 ( Ω_k + 2 (|Ω_{m,Λ}Ω_{dr}|)^{1/2} ) . (5.105)

Thus, if Ω_k > 0, we have V (a_{max}) < 0, and the potential is strictly negative, as shown by Curve (d) in Fig.12. If Ω_k < 0, we have V ( a_{max}, Ω^c_{m,Λ} ) = 0, where Ω^c_{m,Λ} = Ω^2_k/(4Ω_{dr}, as shown by Curve (b) in Fig.12. When Ω_{m,Λ} > Ω^c_{m,Λ}, the potential is given by Curve (c) there, for which we have V (a) < 0 for any given a. When Ω_{m,Λ} < Ω^c_{m,Λ}, the potential is given by Curve (a) in Fig.12, from which we can see that V (a) < 0 is only possible when a ∈ (a_1, a_2) where a_{1,2} are two positive roots of V (a) = 0, as shown there. Therefore, in this case the motion of the universe can be deduced from Fig.12.

Case C.6.2) Ω_{m,Λ} > 0, Ω_{dr} < 0: In this case, from Eqs.(5.102) and (5.103) we find that that

V (a) = { +∞, a = 0, −∞, a = ∞, (5.106)

and V^′(a) < 0, that is, now the potential is monotonically decreasing, and the motion of the universe is possible only in the range a ≥ a_{min}, as shown by Curve (e) in Fig.12.

Case C.6.3) Ω_{m,Λ} = 0, Ω_{dr} > 0: In this case, from Eqs.(5.102) and (5.103) we find that that

V (a) = { −∞, a = 0, −Ω_k/2, a = ∞, (5.107)

and V^′(a) > 0. Thus, now the potential becomes monotonically increasing. When Ω_k < 0, the potential is given by Curve (a) in Fig.4, from which we can see that the motion of the universe now is restricted to a ≤ a_m, where V (a_m) = 0. When Ω_k > 0, the potential is given by Curve (b) in Fig.4, in which the potential is always negative, and the universe starts to expand from a big bang until it reaches a = ∞ with an infinite proper time. The motion is always decelerating as now ä = −H^2_0 dV (a)/da < 0.

Case C.6.4) Ω_{m,Λ} = 0, Ω_{dr} < 0: In this case, from Eqs.(5.102) and (5.103) we find that that

V (a) = { ∞, a = 0, −Ω_k/2, a = ∞, (5.108)

and V^′(a) < 0. Then, it can be shown that when Ω_k < 0, the potential is always positive, and given by Curve (a) in Fig.6. Therefore, in this case the motion is forbidden. When Ω_k > 0, the potential is given by Curve (b) in Fig.6, in which the potential is negative only when a > a_{min}, the universe is always accelerating, starting from a non-singular point a_i ≥ a_{min}. The universe is also free from singularity at a = ∞.

Case C.6.5) Ω_{m,Λ} < 0, Ω_{dr} > 0: In this case, we find that that

V (a) = { −∞, a = 0, Ω_k/2, a = ∞, (5.109)

and V^′(a) > 0. It can be shown that for any given Ω_k, the potential is given by Curve (a) in Fig.20. Then, the motion of the universe can be deduced from there.

Case C.6.6) Ω_{m,Λ} < 0, Ω_{dr} < 0: In this case, we find that that

V (a) = { ∞, a = 0, Ω_k/2, a = ∞, (5.110)

and V^′(a) = 0 has the solution a_{min} = |Ω_{dr}/Ω_{m,Λ}|^{1/4}, at which we have V (a_{min}) = − 1 2 ( Ω_k − 2 (|Ω_{m,Λ}Ω_{dr}|)^{1/2} ) . (5.111)

Thus, if Ω_k < 0, we have V (a_{min}) > 0, and the potential is strictly positive, as shown by Curve (a) in Fig.21. So, the motion now is forbidden. If Ω_k > 0, we have V ( a_{mim}, Ω^c_{m,Λ} ) = 0, where | |Ω^c_{m,Λ} | | = Ω^2_k/(4 |Ω_{dr}|, as shown by Curve (c) in Fig.21. Then, the only possible motion is that the universe is static and stays at the point a = a_{min}, at which we have ȧ = ä = 0. So, it represents a stable point. When |Ω_{m,Λ}| > | |Ω^c_{m,Λ} | |, the potential is always positive, as shown by Curve (b) in Fig.21, so the motion in this subs-case is forbidden. When |Ω_{m,Λ}| < | Ω^c_{m,Λ} | , the potential is given by Curve (d) in Fig.21, from which we can see that the motion is restricted to the region a ∈ [a_1, a_2], and the universe is oscillating between this two turning points, and no spacetime singularities is formed during the whole process.

7. w < −1 When w < −1, Eqs.(5.74) and (5.75) can be written as V (a) = − 1 2 ( Ω_k + Ω_{dr} a^2 −a^2 ( |Ω_Λ| − a^{3(|w|−1)}Ω_m )) , (5.112)

V^′(a) = a ( |Ω_Λ| + Ω_{dr} a^4 − (3|w| − 1)Ω_m 2 a^{3(|w|−1)} ) . (5.113)

Case C.7.1) Ω_{dr} > 0: In this case we have

V (a) = { −∞, a = 0, −∞, a = ∞. (5.114)

It can also be shown that the equations V (a) = 0 = V^′(a) have a unique solution (a_{max}, Ω^c_Λ). The potential in the cases, |Ω_Λ| > |Ω^c_Λ|, |Ω_Λ| = |Ω^c_Λ|, and |Ω_Λ| < |Ω^c_Λ|, is given, respectively, by Curves (a), (b), and (c) in Fig. 12, and the corresponding motion of the universe can be easily deduced from there, as described by Fig.14.

Case C.7.2) Ω_{dr} < 0: In this case we have

V (a) = { ∞, a = 0, −∞, a = ∞, (5.115)

and the equations V (a) = 0 = V^′(a) have a unique solution (a_{max}, Ω^c_Λ). The potential in the cases, |Ω_Λ| > |Ω^c_Λ|, |Ω_Λ| = |Ω^c_Λ|, and |Ω_Λ| < |Ω^c_Λ|, is given, respectively, by Curves (a), (b), and (c) in Fig. 18, and the corresponding motion of the universe can be easily deduced from there.

VI. CONCLUSIONS

In this paper, we have studied the thermodynamics of cosmological models in the Horava-Lifshitz theory of gravity, and found that the first law of thermodynamics holds only for the perfect fluid that satisfies the condition (4.15).

In the Horava-Lifshitz theory of gravity, the Friedmann-like equations are given by Eqs.(3.3) and (3.4). We have studied systematically these equations coupled with a perfect fluid with the equation of state p = wρ, where p and ρ are the pressure and energy density of the fluid, and w is a constant. In this case, the corresponding cosmological models contain four free parameters, Ω_m, Ω_k, Ω_{dr} and Ω_Λ, where both Ω_k and Ω_{dr} are proportional to the curvature of the three-dimensional space [cf. Eq.(5.5)], and are all zero when the curvature vanishes. Then, the models reduces to those given in Einstein’s theory of gravity, which has been systematically studied and classified recently in [18]. Therefore, in this paper we have assumed that Ω_kΩ_{dr} ≠ 0, but kept their signs arbitrary. The term Ω_Λ is related to the cosmological constant, and we have studied all the three possibilities, Ω_Λ = 0, Ω_Λ > 0, and Ω_Λ < 0, although we have assumed that Ω_m > 0, as the latter represents the matter. Then, depending on particular values of the four free parameters, we have divided the models into various cases. In each case the main properties of the evolution have been studied in detail, including the periods of deceleration and/or acceleration, and the existence of big bang, big crunch, and big rip singularities.

As first noticed in [10], models that represent a bouncing universe can be constructed, due to the presence of the dark radiation term. However, it should be noted that the condition Ω_{dr} < 0 for the existence of such models is only a necessary condition, but not sufficient. For example, in Case c) where Ω_Λ < 0, no such models exist for all the sub-cases with w > −1. In addition, in order to have a bouncing universe, it is also important that w has to be less than 1/3, so no source of matter will redshift faster than that of the dark radiation. However, as argued in [4], the radiation in the UV regime scales as a^{−6}. Thus, in order to obtain a bouncing universe, one might need to consider the more general case studied in [15], in which a term that proportional to a^{−6} exists. So, if this term dominates the radiation, a bouncing universe still exists.

It should be also noted that many of these models may not be consistent with current observational data sets [28]. As a matter of fact, if we compare them with the ΛCDM model, we find that

V_{ΛCDM} (a) = − 1 2 ( Ω_k + Ω_Λa^2 +

Ω_m a )

= { −∞, a = 0, −∞, a = ∞, (6.1)

which is schematically given by one of the curves given in Fig.10 or Fig.12 except for the case of Curve (e) given there. From these curves we can see that there exists a maximal point a = a_{max}, for which when a < a_{max} the universe is decelerating, and when a > a_{max} it is accelerating. From Eq.(6.1) we find that V^′_{ΛCDM} (a) = − Ω_Λ a^2 ( a^3 −

Ω_m 2Ω_Λ ) . (6.2)

Since our universe now is accelerating, and recall that we have set the current radius a_0 of our universe to one, from the above expression we can see that the current acceleration of the universe requires that Ω_m < 2Ω_Λ. In fact, numerical fitting of the model shows that Ω_m ≃ 0.27 and Ω_Λ ≃ 0.73 [28], for which we have a_{max} ≃ 0.57. However, we do hope that such a classification is useful for the future studies of cosmology in the Horava-Lifshitz theory, as such studies are just starting [3].

Finally, we note that in brane world scenarios [19], dark radiation term also appears. In the later times of the universe, the quadratic terms of the energy density can be neglected, and the corresponding Friedmann equation will reduce to the ones studied in this paper. So, our classification presented here is also applicable to these models, too.

Acknowledgments

The authors thank R. Maartens for valuable discussions and suggestions. This work was partially supported by the NSFC grant, No. 10703005 and No. 10775119.

[1] P. Horava, JHEP, 0903, 020 (2009) [arXiv:0812.4287];

Phys. Rev. D79, 084008 (2009) [arXiv:0901.3775]; and Phys. Rev. Lett. 102, 161301 (2009) [arXiv:0902.3657].

[2] E.M. Lifshitz, Zh. Eksp. Toer. Fiz. 11, 255; 269 (1941). [3] T. Takahashi and J. Soda, arXiv:0904.0554; S. Mukohyama, arXiv:0904.2190; X. Gao, arXiv:0904.4187; R.- G. Cai, B. Hu, and H.-B. Zhang, arXiv:0905.0255; A. Kehagias and K. Sfetsos, arXiv:0905.0477; S.K. Rama, arXiv:0905.0700; B. Chen, S. Pi, and J.-Z. Tang, arXiv.0905.2300; N. Saridakis, arXiv:0905.3532; S. Mukohyama, arXiv:0905.3563; X. Gao, Y. Wang, R. Brandenberger, and A. Riotto, arXiv:0905.3821; M. Minamitsuji, arXiv:0905.3892.

[4] S. Mukohyama, K. Nakayama, F. Takahashi, and S.

Yokoyama, arXiv:0905.0055.

[5] U.H. Danielsson, and L. Thorlacius, JHEP, 0903, 070 (2009) [arXiv:0812.5088]; R.-G. Cai, L.-M. Cao, and N. Ohta, arXiv:0904.3670; R.-G. Cai, Y. Liu, and Y.-W. Sun, arXiv:0904.4104; Y.S. Myung and Y.-W. Kim, arXiv:0905.0179; R.-G. Cai, L.-M. Cao, and N. Ohta, arXiv:0905.0751; Y.S. Myung, arXiv:0905.0957; R.B. Mann, arXiv:0905.1136; S. Chen and J. Jing, arXiv:0905.1409; R.A. Konoplya, arXiv:0905.1523; S. Chen and J. Jing, arXiv:0905.2055; D.-W. Pang, arXiv:0905.2678; G. Bertoldi, B. A. Burrington, and A. Peet, arXiv:0905.3183.

[6] M. Visser, arXiv:0902.0590; L. Maccione, A.M. Taylor, D.M. Mattingly, and S. Liberati, arXiv:0902.1756; P.R. Carvalho and M. Leite, arXiv:0902.1972; A. Volovich and C. Wen, arXiv:0903.2455; A. Jenkins, arXiv:0904.0453; J. Kluson, arXiv:0904.1343; H. Nikolic, arXiv:0904.3412; H. Nastase, arXiv:0904.3604; G.E. Volovik, arXiv:0904.4113; E. Colgain and H. Yavartanoo, arXiv:0904.4357; B. Chen and Q.-G. Huang, arXiv:0904.4565; D. Orlando and S. Reffert, arXiv:0905.0301; C. Gao, arXiv:0905.0310; T. Nishioka, arXiv:0905.0473; A. Ghodsi, arXiv:0905.0836; J.B. Jimenez and A.L. Maroto, arXiv:0905.1245; J. Kluson, arXiv:0905.1483; J. Chen, and Y. Wang, arXiv:0905.2786; Y.-W. Kim, H.W. Lee, and Y.S. Myung, arXiv:0905.3423.

[7] H. Lü, J. Wei, and C.N. Pope, arXiv:0904.1595. [8] E. Kiritsis and G. Kofinas, arXiv:0904.1334.

[9] G. Calcagni, arXiv:0904.0829; 0905.3740. [10] G. C R. Brandenberger, arXiv:0904.2835. [11] S. Mukohyama, arXiv:0904.2190; Y.-S. Piao, arXiv:0904.4117; B. Chen, S. Pi, and J.-Z. Tang, arXiv:0905.2300.

[12] C. Charmousis, G. Niz, A. Padilla, and P.M. Saffin, arXiv:0905.2579.

[13] M. Li and Y. Pang, arXiv:0905.2751.

[14] S. Mukohyama, arXiv:0905.3563; A.A. Kocharyan, arXiv:0905.4204.

[15] T. Sotiriou, M. Visser, and S. Weinfurtner, arXiv:0904.4464; arXiv:0905.2798.

[16] T. Chiba, R. Takahashi, and N. Sugiyama, Class. Quantum Grav. 22, 3745 (2005).

[17] M. Szydlowski and O. Hrycyna, J. Math. Phys. 49, 072703 (2008), and references therein.

[18] T. Ha, et al, arXiv:0905.0396.

[19] V.A. Rubakov, Phys. Usp. 44, 871 (2001); S. Förste, Fortsch. Phys. 50, 221 (2002); C.P. Burgess, et al, JHEP, 0201, 014 (2002); E. Papantonopoulos, Lect. Notes Phys. 592, 458 (2002); R. Maartens, Living Reviews of Relativity 7 (2004); P. Brax, C. van de Bruck and A. C. Davis, Rept. Prog. Phys. 67, 2183 (2004) [arXiv:hep-th/0404011]; U. Günther and A. Zhuk, “Phenomenology of Brane-World Cosmological Models,” arXiv:gr-qc/0410130 (2004); P. Brax, C. van de Bruck, and A.C. Davis, “Brane World Cosmology,” Rept. Prog. Phys. 67, 2183 (2004) [arXiv:hep-th/0404011]; V. Sahni, “Cosmological Surprises from Braneworld models of Dark Energy,” arXiv:astro-ph/0502032 (2005); R. Durrer, “Braneworlds,” arXiv:hep-th/0507006 (2005); D. Langlois, “Is our Universe Brany,” arXiv:hep-th/0509231 (2005); A. Lue, “Phenomenology of Dvali-Gabadadze- Porrati Cosmologies,” Phys. Rept. 423, 1 (2006) [arXiv:astro-ph/0510068]; D. Wands, “Brane-world cosmology,” arXiv:gr-qc/0601078 (2006); and R. Maartens, “Dark Energy from Brane-world Gravity,” arXiv:astro-ph/0602415 (2006).

[20] Y. Gong, B. Wang, and A. Wang, JCAP, 01, 024 (2007);

Phys. Rev. D75, 123516 (2007), and references therein. [21] R.-G. Cai, arXiv:0712.2142, and references therein. [22] S. Hayward, Phys. Rev. D49, 6467 (1994); 53, 1938 (1996); Class. Quantum Grav. 15, 3147 (1998).

[23] A. Wang, Phys. Rev. D68, 064006 (2003); ibid., D72, 108501 (2005); Gen. Relativ. Grav. 37, 1919 (2005); and A.Y. Miguelote, N.A. Tomimura, and A. Wang, Gen. Relativ. Grav. 36, 1883 (2004).

[24] R.-C. Cai and L.-M. Cao, Phys. Rev. D75, 064008 (2007). [25] Y.-G. Gong and A. Wang, Phys. Rev. Lett. 99, 211301 (2007).

[26] R. d’Inverno, Introducing Einstein’s Relativity (Clarendon Press, Oxford, 2003).

[27] D. Wands, Phys. Rev. D60, 023507 (1999); F. Finelli and R. Brandenberger, ibid., 65, 103522 (2002); L.E. Allen and D. Wands, ibid., 70, 063515 (2004); P. Peter and N. Pinto-Neto, ibid., 78, 063506 (2008); and references therein.

[28] A.G. Riess et al., Astrophys. J. 607, 665 (2004); P.

Astier et al., Astron. and Astrophys. 447, 31 (2006); D.N. Spergel et al., astro-ph/0603449; W.M. Wood- Vasey et al., astro-ph/0701041; T.M. Davis et al., astro-ph/0701510; E. Komatsu, et al, Astrophys. J. Suppl. 180, 330 (2009) [arXiv:0803.0547].