arXiv:0905.4326v2 [hep-th] 18 Jun 2009

KOBE-TH-09-04

Strong Coupling Quantum Einstein Gravity at a z = 2 Lifshitz Point

Makoto Sakamoto^{(a) 1}

(a) Department of Physics, Kobe University, Rokkodai, Nada, Kobe 657-8501, Japan

Abstract

We solve a renormalized Wheeler-DeWitt equation for Einstein gravity in D + 1 dimensions with D = odd in the strong coupling limit, which is expected to be suited to probe quantum geometry at short distances, in order to test Hořava’s idea that quantum gravity at short distances will be described by a nonrelativistic system with dynamical critical exponent z > 1. Our results support the idea and show that the Wheeler-DeWitt equation possesses a solution associated with a z = 2 Lifshitz point but no other z > 2 solutions to leading order of the strong coupling expansion.

1E-mail: dragon@kobe-u.ac.jp

1 Introduction

Hořava [1, 2] has recently proposed an interesting idea that quantum gravity at short distances will be described by a nonrelativistic system with an anisotropy between space and time. The anisotropy is characterized by the dynamical critical exponent z. A number of studies have been recently made on the Hořava-Lifshitz gravity to examine its cosmological applications [3], black hole physics [4], theoretical aspects [5], etc. However, little attention has been paid to a possibility that quantum theory of Einstein general relativity will have a z > 1 Lifshitz point at short distances, or that quantum Einstein gravity will be described effectively by a nonrelativistic theory at high energies, where Lorentz invariance should be broken spontaneously in the UV^2 rather than emerging accidentally in the infra-red. This is the perspective we adopt in this paper.

In [7, 8], we have presented a renormalization prescription of the 3 + 1-dimensional Wheeler-DeWitt equation [9], and found a solution in the strong coupling expansion, which is expected to probe short distance behavior of quantum gravity [10]. Since the formalism is particularly suited to test Hořava’s idea, it will be worth while reinvestigating the previous study of the Wheeler-DeWitt equation from a new aspect of Hořava’s proposal, and extending the analysis to higher dimensions. The purpose of this paper is to answer the question whether the renormalized Wheeler-DeWitt equation for Einstein gravity in D + 1 dimensions can possess any solutions associated with z >1 Lifshitz points to leading order of the strong coupling expansion. Our answer is positive and we find a z =2 solution but no other z >2 solutions for D = odd.

This paper is organized as follows. In section 2, we explain our renormalization prescription for the Wheeler-DeWitt equation in D + 1 dimensions. In section 3, we discuss consistency of the constraints with our renormalization procedure. In section 4, we solve the renormalized Wheeler-DeWitt equation to leading order of the strong coupling expansion. Section 5 is devoted to conclusions.

2 Renormalization Scheme

In this section, we present a renormalization prescription for the Wheeler-DeWitt equation in D + 1 dimensions. The prescription has been developed by Mansfield [11] for the functional Schrödinger equation of the Yang-Mills theory and then generalized to the Wheeler-DeWitt equation [7, 8]. In the following, we extend the technique given in [7, 8] to arbitrary dimensions. Since actual computations are tedious and lengthy, we will omit the details in this paper. Instead, we will refer the reader to the appendices of [8] for D = 3. We will ignore boundary terms and freely drop integrals of all total derivative

2 An attempt has been made in [6].

terms. The inclusion of those effects is beyond the scope of the paper.

The (unregulated) Wheeler-DeWitt equation [9] is given by [ −16πG G_{ijkl}(x) δ δg_{kl}(x) δ δg_{ij} (x) + √ g(x) 16πG ( R(x) + 2Λ ) ] Ψ[g] = 0 , (1)

where G is the “Newton” constant in D + 1 dimensions and G_{ijkl}(x) is the metric on superspace G_{ijkl}(x) = 1 2 √ g(x) ( g_{ik}(x)g_{jl}(x) + g_{il}(x)g_{jk}(x) − 2 D − 1 g_{ij}(x)g_{kl}(x) ) . (2)

The R(x) denotes the scalar curvature constructed from the D-dimensional metric g_{ij}(x) and Λ is a cosmological constant. The equation (1) is ill defined because a product of two functional derivatives at the same point Δ(x) ≡ G_{ijkl}(x) δ δg_{kl}(x) δ δg_{ij}(x) (3) could produce the square of δ-functions, like (δ^D(x, x^′))^2, which is meaningless. To make (3) well defined, we need to replace Δ(x) by a renormalized operator Δ_R(x). To this end, we first define a regularized differential operator Δ(x; s) by point-splitting the functional derivatives by use of a heat kernel [7, 8]:

Δ(x ; s) ≡ ∫ d^Dx^′ K_i′_j′_{kl}(x^′, x ; s) δ δg_{kl}(x) δ δg_i′_j′ (x^′) , (4)

where K_i′_j′_{kl}(x^′, x ; s) is a bitensor at both x^′ and x and satisfies the heat equation − ∂ ∂s K_i′_j′_{kl}(x^′, x ; s) = −∇^′_p∇^{′p} K_i′_j′_{kl}(x^′, x ; s) (5) with the initial condition

lim_{s → 0} K_i′_j′_{kl}(x^′, x ; s) = G_i′_j′_{kl}(x) δ^D(x^′, x) , (6)

which assures that Δ(x ; s) reduces to Δ(x) in the naive limit s → 0. Here, ∇^′_p denotes the covariant derivative with respect to x^′. Taking s small but nonzero in (4) gives a regularized operator of Δ(x). We have chosen the factor ordering written in (4). Other choices of factor ordering will lead to different numerical values of our results but will not change the qualitative features.

The heat equation (5) can be solved by the standard technique [12, 13]. Let O be D-dimensional integrals of local functions of g_{ij}. The action of Δ(x ; s) on O will give an expansion in powers of s. These powers of s may be determined from general coordinate invariance and dimensional analysis. For example, we have

Δ(x ; s) ∫ d^Dy √ g(y) = √ g(x) s^{D/2} { α_0 + ∑ a ∞∑ n=1 s^n α^a_nO^a_{2n}(x) } , (7)

Δ(x ; s) ∫ d^Dy √ g(y)R(y) = √ g(x) s^{D/2+1} { β_0 + s β_1R(x) + ∑ a ∞∑ n=1 s^{n+1}β^a_{n+1}O^a_{2(n+1)}(x) } ,(8) where {O^a_{2n}(x)} symbolically denote a set of independent local scalar functions of mass dimension 2n, and α^a_n, β^a_n are dimensionless numerical constants. The first few coefficients are found to be

α_0 = −

D(D^2 − 2) 4(D − 1)(4π)^{D/2} , β_0 =

(D − 2)D(D + 1) 8(4π)^{D/2} , β_1 = −

(D − 2)(D^3 + 10D^2 − 13D − 34) 48(D − 1)(4π)^{D/2}

. (9)

These results agree with the values given in [7, 8] for D = 3. Note that β_0 = β_1 = 0 for D = 2. This is consistent with the fact that the term ∫ d^Dy √ gR is a topological invariant for D = 2.

The second step of our renormalization prescription is to extract a finite part from Δ(x ; s)O. We define Δ_R(x)O from Δ(x ; s)O by analytic continuation [11]:

Δ_R(x)O ≡ lim_{s → +0} s ∫_∞ 0 dε ε^{s−1}ϕ(ε) Δ(x ; s = ε^2)O . (10)

Note that if Δ(x ; s = 0)O is finite, Δ_R(x)O reduces to Δ(x ; s = 0)O provided that the differentiable function ϕ(ε) rapidly decreases to zero at infinity with

ϕ(0) = 1 . (11)

According to the above renormalization prescription, we have, for example,

Δ_R(x) ∫ d^Dy √ g(y) = √ g(x) ϕ^{(D)}(0) D! α_0 + ∑ a

[D/2]∑

n=1 ϕ^{(D−2n)}(0) (D − 2n)! α^a_n O^a_{2n}(x)

, (12)

Δ_R(x) ∫ d^Dy √ g(y)R(y) = √ g(x) { ϕ^{(D+2)}(0) (D + 2)!

β_0 + ϕ^{(D)}(0) D! β_1R(x)

+ ∑ a

[D/2]∑

n=1 ϕ^{(D−2n)}(0) (D − 2n)! β^a_{n+1} O^a_{2(n+1)}(x) } , (13)

where ϕ^{(n)}(0) ≡ d^nϕ(0)/dε^n, and [D/2] denotes the Gauss symbol ([D/2] = (D − 1)/2 for D = odd, [D/2] = D/2 for D = even). The results depend on the arbitrary function ϕ. This is an inevitable consequence of isolating finite quantities from divergent ones. Physical quantities must be independent of this arbitrariness, so that coupling “constants” should be regarded as functions of ϕ. This is the basic problem of renormalization [11, 7, 8]. We will return to this point later.

3 Consistency of Constraints

We have chosen the renormalization prescription to preserve D-dimensional general coordinate invariance. This does not, however, guarantee the whole symmetry of the theory at quantum level. We have to ensure that our renormalization procedure is consistent with the constraints which are generators of the symmetry.

The constraints consist of the momentum constraint H_i(x) and the Hamiltonian constraint H(x). Since our renormalization procedure preserves D-dimensional general coordinate invariance, no anomalous terms may appear in commutators with the momentum operators. In our renormalization prescription, H(x) should be replaced by the renormalized Hamiltonian constraint

H_R(x) ≡ −16πG Δ_R(x) + √ g(x) 16πG ( R(x) + 2Λ ) . (14) Anomalous terms would appear in the commutator of H_R’s : [ ∫ d^Dx η_1(x) H_R(x) , ∫ d^Dy η_2(y) H_R(y) ]

= i ∫ d^Dx ( η_1(x) ( ∇_iη_2(x) ) − ( ∇_iη_1(x) ) η_2(x) ) H^i(x) + ΔΓ, (15)

where η_1 and η_2 are arbitrary scalar functions. The anomalous term ΔΓ is expected to be of the form

ΔΓ = ∫ d^Dx √ g(x) ∑ a

[D/2]∑

n=1 ϕ^{(D−2n)}(0) (D − 2n)! Õ_{2(n+1)}(η_1, η_2 ; x) . (16)

We notice that dimension zero and two operators Õ_0 and Õ_2 will not appear on the righthand-side of (16) because there are no such operators satisfying the antisymmetry under the exchange of η_1 and η_2. There exists a dimension four operator Õ_4, which is the lowest operator satisfying the antisymmetric property, i.e. Õ_4 = (η_1(∇_i η_2) − (∇_i η_1)η_2)∇^iR, up to a constant. In [7, 8], it has been shown that ΔΓ is proportional to ϕ^{(1)}(0)Õ_4 with a nonzero coefficient for D = 3, as expected in (16).

We could, in principle, compute the right-hand-side of (16) but it is practically impossible for any D because the size of computations will increase rapidly with D. It will not, however, be unreasonable to assume that every Õ_{2(n+1)} is non-vanishing for n = 1, 2, · · · , [D/2] in (16) even for D > 3 since there is no symmetry to prevent every term in (16) from appearing. Thus, we conclude that the anomaly free condition ΔΓ = 0 requires that ϕ^{(D−2)}(0) = ϕ^{(D−4)}(0) = · · · = ϕ^{(1)}(0) = 0 (17) for D = odd. For D = even, there is an obstacle. If Õ_{D+2} is nonzero, ΔΓ cannot be zero for D = even because of the condition (11). We will hereafter restrict ourselves to the case of D = odd, unless stated otherwise.

4 Strong Coupling Expansion and z > 1 Lifshitz Points

Let us now solve the renormalized Wheeler-DeWitt equation [ −16πG Δ_R(x) + √ g(x) 16πG ( R(x) + 2Λ ) ] Ψ[g] = 0 (18)

with the anomaly free condition (17). Since we are interested in short distance behavior, we do not probably need to solve it exactly. The strong coupling expansion will be well suited to probe quantum geometry at short distances [10, 7, 8]. We then assume that the wave functional Ψ[g] has the form

Ψ[g] ≡ exp { − S[g] } = exp { − ∞∑ n=1 ( 1 16πG )_{2n} S_n[g] } . (19)

Substituting (19) into (18), we have the leading order equation

Δ_R(x) S_1[g] = − √ g(x) ( R(x) + 2Λ ) . (20)

Since we are looking for solutions that realize Hořava’s idea [1, 2], we restrict the form of S_1[g] to a finite sum of integrals of local functions of g_{ij} :

S_1[g] = ∫ d^Dx √ g(x) ∑ a N∑ n=0 γ^a_n O^a_{2n}(x) , (21)

where γ^a_n is a dimensionful constant of mass dimension −D − 2n + 2. According to the discussions given in [1, 2], the solution (21) turns out to realize a z = 2N Lifshitz point if one of the coefficients γ^a_N for the highest operators given by the form O^a_{2N} ∼ (∇)^{2N−2}R is non-vanishing.

It is easy to see that the relations (12) and (13) together with the constraints (17) lead to a solution with N = 1:^3

S_1[g] = ∫ d^Dx √ g(x) { γ_0 + γ_1 R(x) } , (22)

where

γ_0 =

4(D − 1)^2(D − 2)! (4π)^{D/2} (D^2 − 2)ϕ^{(D)}(0) ( 2Λ +

6D(D − 1)ϕ^{(D+2)}(0) (D + 2)(D^3 + 10D^2 − 13D − 34)ϕ^{(D)}(0) ) , γ_1 =

48(D − 1)D! (4π)^{D/2} (D − 2)(D^3 + 10D^2 − 13D − 34)ϕ^{(D)}(0)

. (23)

Thus, we conclude that the renormalized Wheeler-DeWitt equation has a z = 2 solution to leading order of the strong coupling expansion.

3 In [14], Kodama has pointed out that the exponential of the Chern-Simons action is an exact solution of the Hamiltonian constraint in the holomorphic representation of the Ashtekar formalism [15]. Connections with our solution are unclear.

The form of the leading solution (22) is good news for the renormalizability of the theory and our strong coupling approximation. In our formulation, the renormalizability requires that all physical quantities must be independent of the arbitrary function ϕ(ε) or ϕ^{(n)}(0). Fortunately, this can be achieved, at least to leading order, by absorbing ϕ^{(D)}(0) and ϕ^{(D+2)}(0) into the redefinition of G and Λ because the leading order wave functional becomes independent of ϕ. This implies that the combination G^2(μ) μ^D, where μ is a mass parameter defined by ϕ^{(D)}(0) ∼ μ^D, should be independent of μ. This fact makes a physical meaning of our approximation clear. Since the actual dimensionless expansion parameter is 1/[G^2(μ)μ^{2(D−1)}] and since it tends to zero as the mass scale μ increases (if D > 2), our strong coupling expansion is thus expected to give a good approximation scheme at high energies, as mentioned before.

Let us next try to construct solutions associated with higher Lifshitz points. Suppose that S^′_1[g] is another solution to (20). Then, S^′_1[g] − S_1[g] has to satisfy

Δ_R(x) ( S^′_1[g] − S_1[g] ) = 0 . (24)

If S^′_1[g] would correspond to a z = 2N solution, S^′_1[g] − S_1[g] should be expanded as^4

S^′_1[g] − S_1[g] = ∫ d^Dx √ g(x) ∑ a N∑ n=0 δ^a_n O^a_{2n}(x) . (25)

It turns out that the action of Δ_R(x) on (25) will lead to

Δ_R(x) ( S^′_1[g] − S_1[g] ) = √ g(x) ∑ a N∑ n=0 δ^{′a}_n O^a_{2n}(x) . (26)

Since O^a_{2n}’s are independent each other, all the coefficients δ^{′a}_n have to vanish to be a solution to (24). Note that the number of the parameters {δ^a_n} is, in general, less than that of {δ^{′a}_n } because if O^a_{2n} is written as a total derivative like ∇_i∇^iR, it does not contribute to (25) but can appear in (26). Therefore, all the coefficients δ^a_n in (25) should be trivial as long as there is no accidental degeneracy in the relations between δ^a_n and δ^{′a}_n . For D = 3 with N = 2, we can explicitly verify that there is no nontrivial solution S^′_1[g]. We thus conclude that the solution (22) is unique to leading order in the strong coupling expansion in a class of integrals of local functions given in (21).^5 This result shows that the quantum Einstein gravity in our Wheeler-DeWitt formulation possesses a unique z = 2 Lifshitz point in the strong coupling limit.

Before closing this section, we would like to make a few comments in order. First, it should be stressed that the strong coupling expansion is not a derivative expansion

4 We can add a gravitational Chern-Simons term discussed in [2] to (25). However, the conclusion given below will not change.

5 This conclusion does not mean that there are no nonlocal solutions which include infinitely many higher derivatives.

because higher derivative terms, like R^m (m > 1), could appear on the right-hand-side of (22) but it happens that their coefficients are zero as a solution to the equation (20). Since our results show that in the strong coupling limit the D+1-dimensional quantum Einstein gravity reduces to the D-dimensional Einstein gravity, one might expect that by the inverse Wick rotation the (D−1) + 1-dimensional theory could further reduce to (D−1)-dimensional one. This is not, however, the case because our formulation can apply only for the case of D = odd due to the anomaly in (15). The final comment is that we need the “cosmological” term γ_0 in (22) in order for (22) to become a solution to (20) even if Λ = 0.

5 Conclusions

In this paper, we have solved the renormalized Wheeler-DeWitt equation in D + 1 dimensions in the strong coupling limit to test Hořava’s idea that quantum gravity at short distances will be described by a nonrelativistic theory with z > 1. Our results indicate that the dimensional reduction [16] from D + 1 to D dimensions for D = odd occurs in the strong coupling limit and the quantum Einstein gravity has a z = 2 Lifshitz point but no other higher Lifshitz points. Although we have not found a z = 3 solution [2, 17], which will lead to a power-counting renormalizable quantum gravity theory in 3 + 1 dimensions, we may still have a chance to get a finite theory because the 3-dimensional Einstein gravity has no local excitation and can be described by a topological field theory [18].

Our analysis can also be applied to the functional Schrödinger equation for the Yang- Mills theory. In [19, 11, 20], it has been suggested that the dimensional reduction from 3 + 1 to 3 dimensions occurs in the infrared region and a vacuum wave functional for the 3 + 1-dimensional Yang-Mills theory is given by the exponential of the 3-dimensional Yang-Mills action. This result now has a new interpretation that the Yang-Mills theory can be described by a z = 2 nonrelativistic theory at low energies.^6 It would be of great interest to investigate the Yang-Mills theory at low energies from a new perspective.

Acknowledgments

This work is supported in part by a Grant-in-Aid for Scientific Research (No.18540275) from the Japanese Ministry of Education, Science, Sports and Culture. The author would like to thank M. Kato for bringing our attention to the papers [1, 2] and also thank T. Horiguchi and K. Maeda for collaboration at an early stage of this work.

6 This happens in the infrared region, although Hořava [21] supposed that this situation will occur at high energies.

References

[1] P. Hořava, JHEP 0903 (2009) 020, arXiv:0812.4287 [hep-th].

[2] P. Hořava, Phys. Rev. D79 (2009) 084008, arXiv:0901.3775 [hep-th].

[3] T. Takahashi and J. Soda, Phys. Rev. Lett. 102 (2009) 231201, arXiv:0904.0554 [hep-th]; G. Calcagni, arXiv:0904.0829 [hep-th]; E. Kiritsis and G. Kofinas, arXiv:0904.1334 [hep-th]; S. Mukohyama, arXiv:0904.2190 [hep-th]; R. Brandenberger, arXiv:0904.2835 [hep-th]; Y.-S. Piao, arXiv:0904.4117 [hep-th]; X. Gao, arXiv:0904.4187 [hep-th]; S. Mukohyama, K. Nakayama, F. Takahashi and S. Yokoyama, arXiv:0905.0055 [hep-th]; S.K. Rama, arXiv:0905.0700 [hepth]; R.A. Konoplya, arXiv:0905.1523 [hep-th]; B. Chen, S. Pi and J.-Z. Tang, arXiv:0905.2300 [hep-th]; E.N. Saridakis, arXiv:0905.3532 [hep-th]; A. Wang and Y. Wu, arXiv:0905.4117 [hep-th].

[4] R.-G. Cai, L.-M. Cao and N. Ohta, arXiv:0904.3670 [hep-th]; R.-G. Cai, Y. Liu and Y.-W. Sun, arXiv:0904.4104 [hep-th]; Y.S. Myung and Y.-W. Kim, arXiv:0905.0179 [hep-th]; A. Kehagias and K. Sfetsos, arXiv:0905.0477 [hep-th]; R.-G. Cai, L.-M. Cao and N. Ohta, arXiv:0905.0751 [hep-th]; Y.S. Myung, arXiv:0905.0957 [hep-th]; R.B. Mann, arXiv:0905.1136 [hep-th]; S. Chen and J. Jing, arXiv:0905.1409 [gr-qc]; S. Chen and J. Jing, arXiv:0905.2055 [gr-qc]; U.H. Danielsson and L. Thorlacius, J. High Energy Phys. 03 (2009) 070, arXiv:0812.5088 [hep-th].

[5] H. Lu, J. Mei and C.N. Pope, arXiv:0904.1595 [hep-th]; H. Nikolic, arXiv:0904.3412 [hep-th]; H. Nastase, arXiv:0904.3604 [hep-th]; E.O. Colgain and H. Yavartanoo, arXiv:0904.4357 [hep-th]; T. Sotiriou, M. Visser and S. Weinfurtner, arXiv:0904.4464 [hep-th]; R.-G. Cai, B. Hu and H.-B Zhang, arXiv:0905.0255 [hep-th]; D. Orlando and S. Reffert, arXiv:0905.0301 [hep-th]; T. Nishioka, arXiv:0905.0473 [hep-th]; A. Ghodsi, arXiv:0905.0836 [hep-th]; C. Charmousis, G. Niz, A. Padilla and P.M. Saffin, arXiv:0905.2579 [hep-th]; M. Li and Y. Pang, arXiv:0905.2751 [hep-th]; J. Chen and Y. Wang, arXiv:0905.2786 [gr-qc]; T.P. Sotiriou, M. Visser and S. Weinfurtner, arXiv:0905.2798 [hep-th]; Y.-W. Kim, H.W. Lee and Y.S. Myung, arXiv:0905.3423 [hep-th]; J. Kluson, arXiv:0905.1483 [hep-th]; G. Calcagni, arXiv:0905.3740 [hep-th].

[6] J.W. Moffat, arXiv:0905.1668 [hep-th].

[7] T. Horiguchi, K. Maeda and M. Sakamoto, Phys. Lett. B344 (1995) 105, hep-th/9409152.

[8] K. Maeda and M. Sakamoto, Phys. Rev. D54 (1996) 1500, hep-th/9604150.

[9] A. Wheeler, in Battelle Rencontres, edited by C. DeWitt and J. A. Wheeler (Benjamin, New York, 1968) ; B. S. DeWitt, Phys. Rev. 160 (1967) 1113.

[10] M. Henneaux, M. Pilati and C. Teitelboim, Phys. Lett. B110 (1982) 123; C. Teitelboim, Phys. Rev. D25 (1982) 3159; M. Pilati, Phys. Rev. D26 (1982) 2645; C.Rovelli, Phys. Rev. D35 (1987) 2987; A. Ashtekar, New Perspectives in Canonical Gravity (Bibliopolis, Napoli, 1988).

[11] P. Mansfield, Nucl. Phys. B418 (1994) 113, [hep-th/9308116]. [12] J. S. Schwinger, Phys. Rev. 82 (1951) 664; B. S. DeWitt, Phys. Rept. 19 (1975) 295. [13] B. S. DeWitt, Dynamical Theory of Groups and Fields, (Gordon and Breach, New York, 1965).

[14] H. Kodama, Phys. Rev. D42 (1990) 2548. [15] A. Ashtekar, Phys. Rev. Lett. 57 (1986) 2244. [16] G. Parisi and Y.-S. Wu, Scientia Sinica 24 (1981) 483. [17] P. Hořava, Phys. Rev. Lett. 102 (2009) 161301, arXiv:0902.3657 [hep-th]. [18] E. Witten, Nucl. Phys. B311 (1988) 46. [19] J. P. Greensite, Nucl. Phys. B158 (1979) 469.

[20] M. Kawamura, K. Maeda and M. Sakamoto, Prog. Theor. Phys. 97 (1997) 939, hep-th/9607176.

[21] P. Hořava, arXiv:0811.2217 [hep-th].