arXiv:0905.4584v2 [math-ph] 21 Jul 2009

Geometric phases in adiabatic Floquet theory, abelian gerbes and Cheon’s anholonomy

David Viennot†∗

† Institut UTINAM (CNRS UMR 6213, Université de Franche-Comté, Observatoire de Besançon), 41 bis Avenue de l’Observatoire, BP1615, 25010 Besançon cedex, France

Abstract. We study the geometric phase phenomenon in the context of the adiabatic Floquet theory (the so-called the (t, t^′) Floquet theory). A double integration appears in the geometric phase formula because of the presence of two time variables within the theory. We show that the geometric phases are then identified with horizontal lifts of surfaces in an abelian gerbe with connection, rather than with horizontal lifts of curves in an abelian principal bundle. This higher degree in the geometric phase gauge theory is related to the appearance of changes in the Floquet blocks at the transitions between two local charts of the parameter manifold. We present the physical example of a kicked two-level system where these changes are involved a Cheon’s anholonomy. In this context, the analogy between the usual geometric phase theory and the classical field theory also provides an analogy with the classical string theory.

1. Introduction

The Floquet theory introduced in quantum mechanics by Shirley [1], is now a classical tool to treat time-periodic Hamiltonians. It is often used to describe quantum systems interacting with constant wave (cw) laser fields [2, 3]. The adiabatic Floquet theory (so-called (t, t^′) Floquet theory, which is a generalization of Shirley’s works) and the related concept of quasi-energy are used to describe a quantum system interacting with a pulsed and chirped laser field [4, 5]. They are also used to study kicked systems [6], the control of quantum dynamics by laser fields [7] and other time-dependent phenomena [8]. The non-adiabatic geometric phases arising in the simple Floquet theory have been extensively studied by Moore and Stedman in [9, 10, 11, 12, 13]. The non-adiabatic geometric phase phenomenon was discovered by Aharonov and Anandan in [14] as a sequel to the discovery of the adiabatic geometric phase phenomenon by Berry and Simon in [15, 16]. In the present work we study both the non-adiabatic and the adiabatic geometric phases arising in the adiabatic Floquet theory. After a short overview of the Floquet theories, section 2 shows that the geometric phases involved by the adiabatic Floquet theory are generated by a double integration (rather than a simple integration in the usual geometric phase theory). Section 3 describes the geometric structure describing the geometric phases (an abelian gerbe with connection [17, 18, 19, 20]), and clarifies the signifiance of these double integrated geometric phases. We show in particular that this more complicated structure is related to the existence of systems having a quasi-energy with non-global continuous definition of

∗ viennot@obs-besancon.fr

Geometric phases in adiabatic Floquet theory 2

the Floquet blocks. Such a system is presented in section 4, which gives an illustrative example of the theoretical results of this paper.

2. The Floquet theories and the associated geometric phases

2.1. The Floquet theory for a cw field or for a train of ultrashort pulses

We consider a τ-periodic time-dependent self-adjoint Hamiltonian t → H(t) in the Hilbert space H; for simplicity we consider that H is finite dimensional and so can be canonically identified with C^N . We consider two interesting examples. The first one is the Hamiltonian corresponding to an atom or a molecule interacting with a cw laser field:

H^{ex1}(t) = H_0 + μE cos(ωt) (1) where H_0 ∈ L(H) is the free hamiltonian of the atom/molecule, μ ∈ L(H) is the dipolar moment of the atom/molecule, E ∈ R^+ and ω =^{2π}_τ ∈ R^+ are respectively the amplitude and the frequency of the laser field. The second example is the Hamiltonian of a kicked rotator, corresponding to an atom or a molecule interacting with a train of ultrashort pulses: H^{ex2}(t) = H_0 + ℏλW ∑ n∈Z δ(t − nτ) (2) where H_0 ∈ L(H) is again the free hamiltonian of the atom/molecule, W ∈ L(H) is the operator describing the effect of a kick on the atom/molecule, and λ ∈ R^+ is the strength of a kick.

We introduce to the variable change θ = ωt, so that H^{ex1}(θ) = H_0 + μE cos θ (3) or H^{ex2}(θ) = H_0 + ℏωλW ∑ n∈Z δ(θ − 2nπ) (4) with the Schrödinger equation ıℏω dψ dθ = H(θ)ψ(θ) (5)

The Floquet theory can be expressed by using two equivalent formalisms. The first one, the Moore-Stedman formalism [9, 10, 11, 12], considers the evolution operator U(θ) ∈ U(H) (where U(H) is the set of unitary operators of H). U(θ) obeys the equation ıℏω ∂U ∂θ = H(θ)U(θ) U(0) = id_H (6)

By using the Floquet theorem, we can decompose the operator as follows: U(θ) = Z(θ)e^{ıMθ} (7) where Z(θ) ∈ U(H) is a periodic unitary operator, with Z(θ + 2π) = Z(θ) and with Z(0) = id_H, and where M ∈ L(H) is a constant self-adjoint operator. Let { −^{χ̃j}_{ℏω} } j=1,...,N and {|μ_j ⟩ ∈ H}_{j=1,...,N} be, respectively, the eigenvalues (supposed non-degenerate) and the normalized eigenvectors of M M|μ_j ⟩ = − χ̃_j ℏω |μ_j ⟩ (8)

Geometric phases in adiabatic Floquet theory 3

The Moore-Stedman Floquet formalism uses (|μ_j ⟩)_{j=1,...,N} as the basis of H.

The second approach to the Floquet theory, the quasienergy formalism [7, 8] considers the Floquet hamiltonian H_F = H(θ) − ıℏω∂_θ (9) in the extended Hilbert space H ⊗ F where F = L^2 ( S^1,^{dθ}_{2π} ) is the space of square integrable functions on the circle S^1 (H_F ∈ L(H ⊗ F) is self-adjoint). The extended Hilbert space is endowed with the scalar product ∀ψ, ϕ ∈ H ⊗ F, ⟨ψ|ϕ⟩_{H⊗F} = ∫_{2π} 0 ⟨ψ(θ)|ϕ(θ)⟩_H dθ 2π (10)

where ⟨·|·⟩_H is the scalar product on H. Let (|j⟩)_{j=1,...,N} be an arbitrary basis of H. Since (e^{ınθ})_{n∈Z} is a basis of F, we have ∀ψ ∈ H ⊗ F, ∃c_{j,n} ∈ C , |ψ⟩ = N∑ j=1 ∑ n∈Z c_{j,n}|j⟩ ⊗ |e^{ınθ}⟩ (11) ψ can be viewed as a θ-dependent vector of H by writing |ψ(θ)⟩ = N∑ j=1 ( ∑ n∈Z c_{j,n}e^{ınθ} ) |j⟩ (12) Let {χ_a}_{a∈Z} and let {|a⟩ ∈ H ⊗ F}_{a∈Z} be, respectively, the eigenvalues and the normalized eigenvectors of H_F , so that H_F |a⟩ = χ_a|a⟩ (13) {χ_a}_{a∈Z} are called the quasienergies of the system. The quasienergy formalism uses (|a⟩)_{a∈Z} as the basis of H⊗F. The spectrum of H_F is ℏω-periodic, and the quasienergy state associated with χ_a + nℏω (n ∈ Z) is the state e^{ınθ}|a⟩. We can consider the N quasienergies with values in [0, ℏω[ as forming the number 0 Floquet block, the N quasienergies with values in [ℏω, 2ℏω[ as forming the number 1 Floquet block, etc. This decomposition is arbitrary, and another possibility would be to continuously link a quasienergy with an eigenvalue of H_0 − ıℏω∂_θ ∈ L(H ⊗ F). Such an eigenvalue has the form χ^0_a = λ_i + nℏω where n ∈ Z and λ_i is one of the N eigenvalues of H_0. If χ_a linked to χ^0_a = λ_i + nℏω, we say that it belongs to the number n Floquet block, which can be physically interpreted as being the set of the quasienergies associated with n photons exchanged between the atom/molecule and the laser field (see [21]).

The two formulations of the Floquet theory are related by ∀a ∈ Z, ∃j ∈ {1, ..., N}, ∃n ∈ Z, such that χ_a = χ̃_j + nℏω (14) |a(θ)⟩ = e^{ınθ}Z(θ)|μ_j ⟩, if χ_a = χ̃_j + nℏω (15) Note that |a⟩, which is normalized in H⊗F, is also normalized in H: ∀θ, ⟨a(θ)|a(θ)⟩_H = ⟨μ_i|Z^†(θ)e^{−ınθ} e^{ınθ}Z(θ)|μ_i⟩_H = 1. Let θ → ψ(θ) ∈ H be the wave function defined by ψ(θ) = U(θ)|μ_j ⟩, or equivalently let ψ ∈ H be the solution of the equation H_F ψ = 0 such that ψ(0) = |μ_j ⟩. We have

ψ(2π) = Z(2π) id H e^{ıM2π}|μ_j ⟩ = e^{−ı2π χ̃jℏω} |μ_j ⟩ (16)

Geometric phases in adiabatic Floquet theory 4 However, H_F Z(θ)|μ_j ⟩ = χ̃_j Z(θ)|μ_j ⟩ (17) ⇐⇒ (H(θ) − ıℏω∂_θ)Z(θ)|μ_j ⟩ = χ̃_j Z(θ)|μ_j ⟩ (18) Then, by projecting this last equation on ⟨μ_j |Z^†(θ), we have

χ̃_j = χ̃_j ∫_{2π} 0 ⟨μ_j |Z(θ)^†Z(θ)|μ_j ⟩_H =1 dθ 2π (19)

= ∫_{2π} 0 ⟨μ_j |Z^†(θ)H(θ)Z(θ)|μ_j ⟩_H dθ 2π − ıℏω ∫_{2π} 0 ⟨μ_j |Z^†(θ) ∂Z(θ) ∂θ |μ_j ⟩_H dθ 2π (20) Finally we have ψ(2π) = e^{− ıℏω ∫ 2π0 ⟨μj |Z†(θ)H(θ)Z(θ)|μj ⟩Hdθ} × e^{− ∫ 2π0 ⟨μj |Z†(θ) ∂Z(θ)∂θ |μj ⟩Hdθ}|μ_j ⟩ (21) Moore and Stedman have pointed out [9, 10, 11, 12] that e^{− ıℏω ∫ 2π}0^{⟨μj |Z†(θ)H(θ)Z(θ)|μj ⟩Hdθ} constitutes a usual dynamical phase whereas e^{− ∫ 2π}0^{⟨μj |Z†(θ) ∂Z(θ)∂θ |μj ⟩Hdθ} constitutes a geometric phase of a cyclic evolution, as defined by Aharonov and Anandan in [14].

2.2. The adiabatic Floquet theory We consider now a parameter-dependent and time-dependent self-adjoint Hamiltonian ( ⃗R, t) → H( ⃗R, t) ∈ L(H). H( ⃗R, t) is supposed, moreover, to be^{2π}_ω -periodic in time where ω is (possibly) one of the parameters ⃗R. We are interested in the dynamics generated by the parameter-modulated Hamiltonian t → H( ⃗R(t), t) where the modulation t → ⃗R(t) is slow with respect to the evolution rate associated with the explicit time-dependence of H( ⃗R, t). The two interesting examples become those cited in section 2.1, the Hamiltonian corresponding to an atom or a molecule interacting with a chirped laser field with envelope modulations H^{ex1}( ⃗R(t), t) = H_0 + μE(t) cos(ω(t)t) (22) and the Hamiltonian corresponding to an atom or a molecule interacting with an irregular train of ultrashort pulses with different strengths: H^{ex2}( ⃗R(t), t) = H_0 + ℏλ(t)W ∑ n∈Z δ (ω(t)t − 2nπ) (23) Let ω_0 be a reference frequency and let ϕ(t) = (ω(t) − ω_0) t mod 2π be the timedependent phase of the frequency modulation. For convenience we use ϕ rather than ω as an adiabatic parameter within ⃗R. We have H^{ex1}( ⃗R(t), t) = H_0 + μE(t) cos (ω_0t + ϕ(t)) (24) with ⃗R = (E, ϕ), and H^{ex2}( ⃗R(t), t) = H_0 + ℏλ(t)W ∑ n∈Z δ (ω_0t − 2nπ + ϕ(t)) (25)

with ⃗R = (λ, ϕ).

Geometric phases in adiabatic Floquet theory 5

In order to separate the fast periodic terms from the slow adiabatic evolution generated by t → ⃗R(t) we introduce the new variable θ = ω_0t and we consider the parameter-dependent Floquet Hamiltonian ⃗R → H_F ( ⃗R) ∈ L(H ⊗ F), defined for our two examples as H^{ex1}_F ( ⃗R(t)) = H_0 + μE(t) cos (θ + ϕ(t)) − ıℏω_0∂_θ (26) and H^{ex2}_F ( ⃗R(t)) = H_0 + ℏω_0λ(t)W ∑ n∈Z δ (θ − 2nπ + ϕ(t)) − ıℏω_0∂_θ (27)

By doing this we introduce a theory with two-time variables [22, 23], both with a Floquet approach [4, 5].

Let M be the C^∞-manifold generated by all configurations of the parameters ⃗R. Let {U^α}_α be a good open cover of M (i.e. a set of contractible open sets of M such that ⋃ α U^α = M). Let {χ_a}_{a∈Z} and {|a, ⃗R⟩^α ∈ H ⊗ F}_{a∈Z} be, respectively, the quasienergies and the quasienergy states on U^α of the ⃗R-dependent Floquet Hamiltonian H_F ( ⃗R). ∀ ⃗R ∈ U^α, H_F ( ⃗R)|a, ⃗R⟩^α = χ_a( ⃗R)|a, ⃗R⟩^α (28) ⃗R → χ_a( ⃗R) is for the moment supposed continuous on the whole of M and ⃗R → |a, ⃗R⟩α is supposed C^2 on U^α. The quasienergy states are locally defined (with one definition for each chart U^α), because in general it is impossible to define a globally C^2 eigenvector or to keep the same phase convention on the whole of M. Since t → ⃗R(t) represents a slow variation we can apply an adiabatic approximation [24] to describe the solution of the Schrödinger equation { ıℏ^{∂ψ}_{∂t} = H_F ( ⃗R(t))ψ(t), ψ ∈ H ⊗ F ψ(0) = |a, ⃗R(0)⟩^α (29)

Let C be the path in M parametrized by [0, T ] ∋ t → ⃗R(t) ∈ M. We suppose that χ_a is not degenerate on the whole of M or at least that C does not pass in the proximity of the points of M where χ_a crosses other quasienergies. If C ⊂ U^α then we have ψ(T ) = e^{−ıℏ−1 ∫ T0 χa( ⃗R(t′))dt′} e^{− ∫C Aα} |a, ⃗R(T )⟩^α (30) where A^α =^α⟨a, ⃗R|d_M |a, ⃗R⟩^α_{H⊗F} ∈ Ω^1U^α (31) d_M being the exterior differential of M and Ω^nU^α being the set of differential n-forms of U^α. e^{−ıγa(C)} = e^{− ∫}C^{Aα} is the geometric phase of the adiabatic evolution as studied by Berry and Simon [15, 16].

If now C passes through several charts, we have ψ(T ) = e^{−ıℏ−1 ∫ T0 χa( ⃗R(t′))dt′} e^{−ıγa(C)}|a, ⃗R(T )⟩^ζ (32) where the geometric phase is defined by e^{ıγa(C)} = e ∫_{⃗R}αβ ⃗R(0) A α e^{ıφαβ ( ⃗Rαβ )}e^{∫ ⃗Rβγ⃗}R^{αβ Aβ} e^{ıφβγ ( ⃗Rβγ )}...e ∫_{⃗R(T )} ⃗Rξζ A ζ (33) Here ⃗R^{αβ} is an arbitrary point in U^α ∩ U^β ∩ C, the integrations being along the path C. The transition functions e^{ıφαβ} are defined by ∀ ⃗R ∈ U^α ∩ U^β, |a, ⃗R⟩^β = e^{ıφαβ ( ⃗R)}|a, ⃗R⟩^α (34)

Geometric phases in adiabatic Floquet theory 6

Since ∀ ⃗R ∈ U^α ∩ U^β , |a, ⃗R⟩^α and |a, ⃗R⟩^β are two normalized eigenvectors associated with the same non-degenerate eigenvalue χ_a( ⃗R), they differ only by a phase factor e^{ıφαβ ( ⃗R)}. The formula (33) correctly defines the geometric phase, since the result is independent of the choice of arbitrary transition points { ⃗R^{αβ}}_{α,β} as was proved by Alvarez [25] for a general abelian gauge theory. Since the transition functions satisfy the cocycle relations: ∀ ⃗R ∈ U^α ∩ U^β ∩ U^γ , e^{ıφαβ ( ⃗R)}e^{ıφβγ ( ⃗R)}e^{ıφγα( ⃗R)} = 1 (35) ∀ ⃗R ∈ U^α ∩ U^β, e^{ıφβα( ⃗R)} = e^{−ıφαβ ( ⃗R)} (36) they define a principal U(1)-bundle (U(1) denoting the group of complex numbers with unit modulus) endowed with a connection associated with the potential A^α (see [26] for a presentation of the principal bundle theory). The geometric phase is associated with the horizontal lift of C in this principal bundle (if C is closed, i.e. ⃗R(T ) = ⃗R(0), the geometric phase is the holonomy of the horizontal lift).

The parameter θ describing the fast evolution does not explicitly appear in the description of the geometric phase of the adiabatic Floquet theory, whereas it is the fundamental parameter in the description of the non-adiabatic geometric phase of the usual Floquet theory. We rewrite the previous expressions by viewing the states as θ-dependent functions. First we have χ_a( ⃗R) =^α⟨a, ⃗R|H_F |a, ⃗R⟩^α_{H⊗F} (37) = ∫_{2π} 0 α⟨a(θ), ⃗R|H( ⃗R, θ)|a(θ), ⃗R⟩^α_H dθ 2π − ıℏω_0 ∫_{2π} 0 α⟨a(θ), ⃗R|∂_θ|a(θ), ⃗R⟩^α_H dθ 2π (38)

If C ⊂ U^α we then have ψ(T ) = e^{−ıℏ−1 ∫ T0 ∫ 2π0 α⟨a(θ), ⃗R(t′ )|H( ⃗R(t′),t′)|a(θ), ⃗R(t′ )⟩αH dθ2π dt′} × e^{− ∫ T0 ∫ 2π0 ηα0 ( ⃗R(t′),θ)dθdt′} e^{− ∫C ∫ 2π0 ηαM ( ⃗R,θ)dθ}|a, ⃗R(T )⟩^α (39) where η^α_0 = ω_0 2π α⟨a(θ), ⃗R|∂_θ|a(θ), ⃗R⟩^α_H (40) η^α_M = 1 2π α⟨a(θ), ⃗R|d_M |a(θ), ⃗R⟩^α_H (41) e^{− ∫ T}0^{∫ 2π}0^{ηα0 ( ⃗R(t′ ),θ)dθdt′} is the geometric phase associated with the non-adiabatic fast cyclic evolution, whereas e^{− ∫}C^{∫ 2π}0^{ηαM ( ⃗R,θ)dθ} is the geometric phase associated with the adiabatic slow evolution. We remark that these geometric phases are computed by a double integration. It then seems that they do not correspond to the horizontal lift of a curve. Moreover the geometric description must be constructed over the extended parameter manifold M_+ = M × S^1, where S^1 is the circle parametrized by θ mod 2π (since |a(θ + 2π), ⃗R⟩^α = |a(θ), ⃗R⟩^α, the relevant extra dimension associated with θ is closed).

Another problem with the description presented in the begining of this section is that we have not taken into account the possibility that the Floquet block changes at the

Geometric phases in adiabatic Floquet theory 7

passage from one chart to another one. Indeed, we can imagine that the quasienergies are only locally defined, {χ^α_a }_{a∈Z} with ∀ ⃗R ∈ U^α, H_F ( ⃗R)|a, ⃗R⟩^α = χ^α_a ( ⃗R)|a, ⃗R⟩^α (42) ⃗R → χα_a ( ⃗R) being a continuous function on U α. At the passage from one chart to another one we have ∀ ⃗R ∈ U^α ∩ U^β, χ^β_a ( ⃗R) = χ^α_a ( ⃗R) + n^{αβ}ℏω_0 with n^{αβ} ∈ Z (43) ∀ ⃗R ∈ U^α ∩ U^β, |a(θ), ⃗R⟩^β = e^{ıφαβ ( ⃗R)}e^{ınαβ θ}|a(θ), ⃗R⟩^α (44) We note that n^{αβ} satisfies cocycle relations (we say that n^{αβ} is δ-closed): n^{αβ} + n^{βγ} + n^{γα} = 0 if U^α ∩ U^β ∩ U^γ ≠ ∅ (45)

n^{βα} = −n^{αβ} if U^α ∩ U^β ≠ ∅ (46)

A trivial example producing a Floquet block transition arises when we compute the quasienergies by using the Moore-Stedman formalism with a local attribution of the Floquet blocks:

χ^α_a = χ̃_i + p^αℏω_0, p^α ∈ Z (47) In this case, n^{αβ} = p^β − p^α, and it is possible to cancel n^{αβ} ∀α, β by redefining the Floquet block of each chart. However some systems have a particular topology such that ∀p^α ∈ Z we have n^{αβ} ≠ p^β − p^α. For these systems it is impossible to redefining the Floquet blocks in order to cancel n^{αβ}. Section 4 presents such a system. Taking into account the Floquet block changes associated with n^{αβ} , the wave function for a path C crossing several charts and finishing on the chart U^ζ is ψ(T ) = e^{ıδa (T )}e^{−ıγa(S)}|a, ⃗R(T )⟩^ζ (48) where the dynamical phase is e^{ıδa(T )} = e^{−ıℏ−1 ∫ T0 ∫ 2π0 α⟨a(θ), ⃗R(t′ )|H( ⃗R(t′ ),t′)|a(θ), ⃗R(t′ )⟩αH dθ2π dt′} (49) and where the geometric phase is e^{ıγa(S)} = e ∫_{⃗R}αβ ⃗R(0) ∫_{2π} 0 η^α_M dθe ∫_tαβ 0 ∫_{2π} 0 η^α_0 dθdteıφ^{αβ} ( ⃗R^{αβ} )eın^{αβ} ω_0t^{αβ} ... ...e^{ıφξζ ( ⃗Rξζ )}e^{ınξζ ω0tξζ} e ∫ ⃗_{R(T )} ⃗Rξζ ∫_{2π} 0 η^ζ_M dθe ∫_T tξζ ∫_{2π} 0 η^ζ_0 dθdt (50)

S = C × S^1 and ⃗R^{αβ} = ⃗R(t^{αβ} ) is an arbitrary point in C ∩ U^α ∩ U^γ . The geometric integrations are along the path C. Appendix A proves this formula.

The following section presents the geometric description of the geometric phases of the adiabatic Floquet theory, which involves the double integration, the extended parameter manifold and the changes of Floquet block at the chart transitions.

3. The gerbe describing the geometric phases in the adiabatic Floquet theory

Let M^+_+ = M × S^1 × R be the manifold of space-time parameters, where R models the set of times t. Let {U^α}_α be a good open cover of M, {V^i}_i be a good open cover of S^1 and {W^v}_v be a good open cover of R. {U^{[α,i,v]} = U^α × V^i × W^v}_{α,i,v} is then a good open cover of M^+_+ which should be used in the description. Nevertheless no relevant quantity depends on the indices i and v; in order to simplify the notation and to clarify the discussion we omit these indices and adapt the formulae to use explicitly only {U^α}_α.

Geometric phases in adiabatic Floquet theory 8

3.1. Connective structure and horizontal lift We introduce the 2-form B^α ∈ Ω^2(U^α × S^1 × R) defined by B^α = η^α_{Mμ}(θ, ⃗R)dR^μ ∧ dθ + F^α_{Mμν} (θ, ⃗R)dR^μ ∧ dR^ν − η^α_0 (θ, ⃗R)dθ ∧ dt − ∂η^α_0 (θ, ⃗R) ∂R^μ dR^μ ∧ dt + 2π ℏω_0 η^α_{Mμ}(θ, ⃗R) ∂χ^α_a ( ⃗R) ∂R^ν dR^μ ∧ dR^ν − 2π ℏω_0 η^α_0 (θ, ⃗R) ∂χ^α_a ( ⃗R) ∂R^μ dR^μ ∧ dt (51) where the Einstein convention is adopted for the indices μ and ν from 1 up to the number of adiabatic parameters (the dimension of M), and where

F^α_M = d_M η^α_M ⇐⇒ F^α_{Mμν} = 1 2 ( ∂η^α_{Mν} ∂R^μ − ∂η^α_{Mμ} ∂R^ν ) (52)

We introduce also the 1-form A^{αβ} ∈ Ω^1(U^α ∩ U^β × S^1 × R) such that A^{αβ} = ı 2π ( φ^{αβ} ( ⃗R) + n^{αβ} ω_0t ) ( dθ + 2π ℏω_0 ∂χ^α_a ( ⃗R) ∂R^μ dR^μ ) (53)

Finally, we introduce the 0-form h^{αβγ} ∈ Ω^0(U^α ∩ U^β ∩ U^γ × S^1 × R) defined by h^{αβγ} = e^{−ı 2πℏω}0^{χαa ( ⃗R)zαβγ} e^{−ızαβγ θ} (54) where z^{αβγ} ∈ Z is defined by ∀ ⃗R ∈ U^α ∩ U^β ∩ U^γ , φ^{αβ} ( ⃗R) + φ^{βγ} ( ⃗R) + φ^{γα}( ⃗R) = 2πz^{αβγ} (55) This last equation arising from the complex logarithm of the equation (35).

By construction, we have the following equations (appendix B presents the details) ∀ ⃗R ∈ U^α ∩ U^β d_M +_+ A^{αβ} = B^β − B^α (56) ∀ ⃗R ∈ U^α ∩ U^β ∩ U^γ A^{βγ} − A^{αγ} + A^{αβ} = −(h^{αβγ} )^{−1}d_M +_+ h^{αβγ} (57) ∀ ⃗R ∈ U^α d_M +_+ B^α = H (58)

Here H ∈ Ω^3M^+_+ is globally defined. These relations define an abelian gerbe endowed with a connective structure [17, 18, 19, 20].

The abelian gerbe structure is the higher order generalization of the abelian principal bundle structure. Indeed the horizontal lift of a curve is naturally defined within a principal bundle, whereas the horizontal lift of a surface is naturally defined within a gerbe [17]. The general formula for “the phase” of the horizontal lift of a surface S (the holonomy of the horizontal lift if S is closed) was originally proposed by Alvarez in [25]. In this paper we focus on the particular case of the situation exposed in the previous section for a dynamics associated with a path C in M. Let f be the immersion map associated with the dynamics: f : [0, T ] × S^1 → M × S^1 × R (t, θ) → ( ⃗R(t), θ, t) (59)

Geometric phases in adiabatic Floquet theory 9

Considering the horizontal lift of the surface S = f([0, T ] × S^1) in the gerbe, we have e^{ıγa(S)} = ∏ α e^{∫∫σα f ∗Bα} ∏ αβ e^{∫Eαβ f ∗Aαβ} (60) f^∗ : Ω^n(M^+_+ ) → Ω^n([0, T ]×S^1) is the pull-back map of f. σ^α is a surface on [0, T ]×S^1 (with the same orientation) such that σ^α ⊂ f^{−1}(U^α × S^1 × [0, T ]) and such that ⋃ α σ^α = [0, T ] × S^1. Also E^{αβ} = f^{−1}({ ⃗R^{αβ}} × S^1 × {t^{αβ}}) where ⃗R^{αβ} is an arbitrary point on C ∩ U^α ∩ U^β and t^{αβ} is such that ⃗R(t^{αβ} ) = ⃗R^{αβ} . The products are such that α follows the indices of charts crossed by S. Figure 1 presents the geometric situation.

Figure 1. Scheme of the sheet associated with the dynamics C × S^1. The plane represents the parameter manifold M endowed with its chart system {U^α}_α. The sheet homeomorphic to a cylinder represents S, the image of [0, T ] × S^1 in M_+ = M × S^1, with its partition {σ^α}_α and its transition paths {E^{αβ} }_{α,β} .

We compute the pull-backs of B^α and of A^{αβ} : f^∗B^α = η^α_{Mμ}(θ, ⃗R(t)) ∂ ⃗R^μ ∂t dt ∧ dθ − η^α_0 (θ, ⃗R(t))dθ ∧ dt (61)

f^∗A^{αβ} = ı 2π ( φ^{αβ} ( ⃗R(t)) + n^{αβ} ω_0t ) ( dθ + 2π ℏω_0 dχ^α_a ( ⃗R(t)) dt dt ) (62)

Since ∀α, ∃t^{ξα}, t^{αζ} ∈ [0, T ] such that σ^α = [t^{ξα}, t^{αζ} ] × S^1, we have ∫∫ σ^α f^∗B^α = ∫_tαζ t^{ξα} ∫_{2π} 0 (η^α_{Mμ}(θ, ⃗R(t^′)) ∂ ⃗R^μ ∂t^′ + η^α_0 (θ, ⃗R(t)))dt^′ ∧ dθ (63) = ∫ ⃗_Rαζ ⃗Rξα ∫_{2π} 0 η^α_M ( ⃗R, θ)dθ + ∫_tαζ t^{ξα} ∫_{2π} 0 η^α_0 (θ, ⃗R(t^′)))dt^′dθ (64)

The integration from ⃗R^{ξα} = ⃗R(t^{ξα}) to ⃗R^{αζ} = ⃗R(t^{αζ} ) is along C. We have ∫ E^{αβ} f^∗A^{αβ} = ı 2π ∫_{2π} 0 ( φ^{αβ} ( ⃗R^{αβ} ) + ω_0t^{αβ} ) dθ (65) = ı ( φ^{αβ} ( ⃗R^{αβ} ) + ω_0t^{αβ} ) (66)

Geometric phases in adiabatic Floquet theory 10

Finally we see that the equation (60) coincides with the equation (50). We conclude that the connective structure of the gerbe involves the geometric phase of the adiabatic Floquet theory. In accordance with the double integration, the geometric phase of the adiabatic Floquet theory is associated with the horizontal lift of a surface S = C × S^1 rather than of a curve.

It is well known that there exists an analogy between the adiabatic geometric phase theory and the classical field theory (see for example [27, 28]). The wave function with an adiabatic geometric phase ψ(T ) = e^{−ı ∮}C^A|a, ⃗R(0)⟩ (omitting the dynamical phase and the question of chart transitions) is similar to the wave function of a charged particle within the space M, moving along the trajectory C and interacting with the magnetic field F = d_M A. Moreover F is generated by magnetic monopoles within M and associated with the crossings of E_a with other eigenvalues. The theory of geometric phases in the adiabatic Floquet theory is similar to the classical string theory. The geometric phase is similar to e^{ıS} , where S is the world-sheet action of a charged closed string [29, 30, 31] within the extended space-time M^+_+ = M × S^1 × R. The string moves along the world-sheet S = f([0, T ] × S^1) and interacts with the Neveu-Schwarz B-field B (a world-sheet is the two-dimensional generalization of a worldline). We note that the “magnetic part” of B (components dR^μ ∧ dR^ν and dR^μ ∧ dθ) is associated with the adiabatic evolution whereas the “electric part” of B (components dR^μ ∧ dt and dθ ∧ dt) is associated with the non-adiabatic fast cyclic evolution.

3.2. Gauge transformations and topology of the gerbe

Usually a gerbe connective structure obeys the following gauge transformations: h̃^{αβγ} = h^{αβγ} g^{βγ} (g^{αγ} )^{−1}g^{αβ} (67) Ã^{αβ} = A^{αβ} + (g^{αβ})^{−1}d_{M ++} g^{αβ} + k^β − k^α (68)

B̃^α = B^α + d_{M ++} k^α (69)

where g^{αβ} is a U(1)-valued function and where k^α is a 1-form. Such transformations are still formally possible, but physically the gauge transformations must preserve the quasienergy states. The physically acceptable gauge transformations are then defined by ~ |a(θ), ⃗R⟩^α = e^{ıϵα( ⃗R)}e^{ıpαθ}|a(θ), ⃗R⟩^α (70) where ϵ^α is a function defined on U^α and p^α ∈ Z. This gauge transformation consists of a change in the arbitrary phase of the eigenvector of H_F and in the Floquet block of the quasienergy. Moreover we can redefine φ^{αβ} by adding 2πm^{αβ} (m^{αβ} ∈ Z) without modifying e^{ıφαβ} . Under these two transformations we have

φ̃^{αβ} = φ^{αβ} + ϵ^β − ϵ^α + 2πm^{αβ} (71) ñ^{αβ} = n^{αβ} + p^β − p^α (72) χ̃^α_a = χ^α_a + p^αℏω_0 (73)

η̃^α_M = η^α_M + ı 2π d_M ϵ^α (74)

η̃^α_0 = η^α_0 + ı 2π p^αω_0 (75)

Geometric phases in adiabatic Floquet theory 11

B̃^α = B^α + ı 2π d_M ϵ^α ∧ ( dθ + 2π ℏω_0 d_M χ^α_a )

− ı 2π p^αω_0 ( dθ + 2π ℏω_0 d_M χ^α_a ) ∧ dt (76) Ã^{αβ} = A^{αβ} + ı 2π (ϵ^β − ϵ^α + (p^β − p^α)ω_0t + 2πm^{αβ} ) × ( dθ + 2π ℏω_0 d_M χ^α_a ) (77) h̃^{αβγ} = h^{αβγ} e^{ı(mβγ −mαγ +mαβ )(θ+ 2π}ℏω_0^{χα}a^) (78) This corresponds to the gauge transformations (67) but with a restriction on g^{αβ} and on k^α which must be of the following form

g^{αβ} = e^{ımαβ (θ+ 2πℏω}0^{χαa )} ∈ Ω^0(U^α ∩ U^β × S^1 × R) m^{αβ} ∈ Z (79)

k^α = ı 2π (ϵ^α( ⃗R) + p^αω_0t) ( dθ + 2π ℏω_0 d_M χ^α_a ) ∈ Ω^1(U^α × S^1 × R)

p^α ∈ Z (80) To preserve the physical meaning it is necessary to restrict the gauge choices to these transformations.

The topology of a gerbe endowed with a connective structure is characterized by a Dixmier-Douady class ďd ∈ Ȟ^3(M^+_+ , Z), where Ȟ^n(M^+_+ , Z) is n-th integer valued Čech cohomology group (see [19]). A definition of the Dixmier-Douady class is the following. Let w^{αβγδ} ∈ Z be such that ln h^{βγδ} − ln h^{αγδ} + ln h^{αβδ} − ln h^{αβγ} = −2πıw^{αβγδ} (81) and let [w] be the equivalence class of w^{αβγ} defined by [w] = { w^{αβγδ} + x^{βγδ} − x^{αγδ} + x^{αβδ} − x^{αβγ} ; x^{αβγ} ∈ Z } (82) At the inductive limit of the refinement of the good cover {U^{[α,i,v]}}_{α,i,v}, [w] tends to ďd ∈ Ȟ^3(M^+_+ , Z) (see the books [19, 32] for a complete exposition of the Čech cohomology theory). In the present case − 2πıw^{αβγδ} = − ı 2π ℏω_0 ( χ^β_a z^{βγδ} − χ^α_a (z^{αγδ} − z^{αβδ} + z^{αβγ} ) ) − ı ( z^{βγδ} − z^{αγδ} + z^{αβδ} − z^{αβγ} ) θ (83) By using equation (55) we find that z^{βγδ} − z^{αγδ} + z^{αβδ} − z^{αβγ} = 0. We have then w^{αβγδ} = 1 ℏω_0 (χ^β_a − χ^α_a )z^{βγδ} (84)

= n^{αβ} z^{βγδ} (85) The Dixmier-Douady class is then the “cup-product” of two lower classes. Let [z] be the equivalence class of z^{αβγ} defined by [z] = {z^{αβγ} + x^{βγ} − x^{αγ} + x^{αβ} ; x^{αβ} ∈ Z} (86) At the inductive limit of the refinement of {U^α}_α, [z] tends to č_1 ∈ Ȟ^2(M, Z). č_1 is the first Chern class of the principal U(1)-bundle defined by the transition functions e^{ıφαβ} (the bundle describes the pure adiabatic geometric phase e^{− ∫C α⟨a, ⃗R|dM |a, ⃗R⟩αH⊗F} ).

Geometric phases in adiabatic Floquet theory 12

It is well known that the first Chern class characterizes the non-trivial topology of the principal bundle.

Let [n] be the equivalence class of n^{αβ} defined by

[n] = {n^{αβ} + p^β − p^α; p^α ∈ Z} (87)

At the inductive limit of the refinement of {U^α}_α, [n] tends to ν̌ ∈ Ȟ^1(M, Z). ν̌ characterizes the non-triviality of the quasienergy (and consequently the non-triviality of the non-adiabatic geometric phase phenomenon). The next section shows that this non-triviality is associated with the Cheon’s anholonomy.

The two classes ν̌ ∈ Ȟ^1(M, Z) and č_1 ∈ Ȟ^2(M, Z) (or their cup-product ďd ∈ Ȟ 3(M, Z)) capture the topology of the gerbe associated with the adiabatic Floquet theory.

Remark: ďd, č_1 and ν can be represented by group cohomology classes, [h] = {h^{αβγ} g^{βγ} (g^{αγ} )^{−1}g^{αβ}, g^{αβ} : U^α ∩U^β → U(1)} is at the inductive limit of the refinement an element of H^2(M, U(1)), [e^{ıφ}] = {e^{ıφαβ} e^{ıϵβ} e^{−ıϵα} ; ϵ^α : U^α → R} is at the inductive limit of the refinement an element of H^1(M, U(1)); and [e^{ıχa} ] = {e^{ı 2πℏω}0^{χαa} e^{ıϕ}, ϕ : M → R} is at the inductive limit of the refinement an element of H^0(M, U(1)).

4. Example : a kicked two-level system exhibiting a Cheon’s anholonomy

The Cheon’s anholonomy was originally discovered in the context of one-dimensional quantum systems submitted to pointlike potentials [33]. Miyamoto and Tanaka showed [34] the existence of Cheon’s anholonomies in the context of the Floquet theory. To give a practical illustration of the theory of the present paper, we use the example treated in [34].

4.1. The model

We consider the Hamiltonian of a two-level system interacting with a regular train of ultrashort pulses:

H(λ, θ) = H_0 + ℏω_0λW ∑ n∈Z δ(θ − 2nπ) (88) where θ = ω_0t and

H_0 = ℏω_1 2 | ↓⟩⟨↓ | (89) within the Hilbert space H spanned by {| ↑⟩, | ↓⟩}. The kick operator W is the following rank one projector W = |w⟩⟨w| |w⟩ = 1 √ 2 (| ↑⟩ − ı| ↓⟩) (90) In order to simplify the discussion and to focus on the topology associated with the Floquet block changes, the kick strength is the only parameter which will be adiabatically modulated, i.e. ⃗R = λ. The frequency of kicks ω_0 will be kept constant. Let U_λ(θ) ∈ U(H) be the solution of ıℏω_0 ∂U_λ ∂θ = H(λ, θ)U_λ(θ) ; U_λ(0) = id_H (91)

Geometric phases in adiabatic Floquet theory 13

We can prove (see appendix C) that

U_λ(θ) = { e^{− ıℏω0 H0θ} if θ ∈ [0, 2π[ ( id_H + ( e^{−ıλ} − 1 ) W ) e^{− ıℏω}0^{H0 2π} if θ = 2π

(92)

We note that ∀θ, U_{λ+2π}(θ) = U_λ(θ). This implies that the quasienergy states |a(θ), λ⟩ = e^{ınθ}Z_λ(θ)|μ_j , λ⟩ (where |μ_j , λ⟩ is an eigenvector of M_λ, M_λ and Z_λ(θ) being the operators in the Floquet decomposition of U_λ(θ)) are 2π-periodic with respect to λ. We conclude (for the moment) that the relevant parameter space is M = S^1, the circle parametrized by λ mod 2π.

4.2. Quasienergies and Cheon’s anholonomy

We compute the quasienergies by using the Moore-Stedman formalism. e^{ı2πMλ} = U_λ(2π) (93) e^{− ıℏω0 H02π} = | ↑⟩⟨↑ | + e^{−ıπ ω1ω0} | ↓⟩⟨↓ | (94) We then have

U_λ(2π) = 1 2 ( e^{−ıλ} + 1 ı(e^{−ıλ} − 1)e^{−ıπ ω0ω}1 −ı(e^{−ıλ} − 1) (e^{−ıλ} + 1)e^{−ıπ ω1ω0} ) (|↑⟩,|↓⟩) (95)

We first consider the particular case ω_0 = ω_1, so that

U_λ(2π) = 1 2 ( e^{−ıλ} + 1 −ı(e^{−ıλ} − 1) −ı(e^{−ıλ} − 1) −(e^{−ıλ} + 1) ) (|↑⟩,|↓⟩) (96)

We have U_λ(2π)|μ_1, λ⟩ = e^{−ı λ2} |μ_1, λ⟩ , |μ_1, λ⟩ = cos λ 4 | ↑⟩ − sin λ 4 | ↓⟩ (97) U_λ(2π)|μ_2, λ⟩ = −e^{−ı λ2} |μ_2, λ⟩ , |μ_2, λ⟩ = sin λ 4 | ↑⟩ + cos λ 4 | ↓⟩ (98) We then have − χ̃_1(λ) ℏω_0 2π = − λ 2 − χ̃_2(λ) ℏω_0 2π = − λ 2 − π (99)

Let {χ_a}_{a∈Z} be the quasienergies defined by χ_{2n+1}(λ) = χ̃_1(λ) + nℏω_0 ∀n ∈ Z (100) χ_{2n+2}(λ) = χ̃_2(λ) + nℏω_0 ∀n ∈ Z (101) Then ∀λ ∈ [0, 2π] we have

χ_1(λ) = λ ℏω_0 4π (102)

χ_2(λ) = λ ℏω_0 4π + ℏω_0 2 (103)

We note a disconnection at λ = 2π if we follow by continuity the quasienergies with respect to λ:

χ_1(0) = 0 χ_1(2π) = ℏω_0 2 = χ_2(0) (104)

χ_2(0) = ℏω_0 2 χ_2(2π) = ℏω_0 = χ_3(0) = χ_1(0) + ℏω_0 (105)

Geometric phases in adiabatic Floquet theory 14

Figure 2. Representation of the Cheon’s anholonomy of the quasienergies of the Hamiltonian (88) for ω_0 = ω_1. The grand circle of the torus is λ mod 2π and the section little circles are the quasienergy space modulo ℏω_0. The path represents the trajectories λ → χ̃_1(λ) and λ → χ̃_2(λ). The section circle corresponding to λ = 0 mod 2π is drawn on the torus.

This effect associated with the exchange of χ̃_1 and χ̃_2 when using the continuity following of λ ∈ [0, 2π], is the Cheon’s anholonomy illustrated in figure 2. In order to restore a sort of continuity for the quasienergies with respect to the adiabatic parameter, we use [0, 4π] rather than [0, 2π] as the range of λ:

χ_1(0) = 0 χ_1(4π) = χ_1(0) + ℏω_0 = χ_3(0) (106)

χ_2(0) = ℏω_0 2 χ_2(4π) = χ_2(0) + ℏω_0 = χ_4(0) (107)

The quasienergies are then continuous (modulo a Floquet block change). In fact the system presents a Cheon’s anholonomy for all values of ω_0, except for ω_0 =^{ω1}_2 , where a quasienergy crossing occurs at λ = 0 mod 2π (see figure 3). In the following, we do not consider the particular case ω_0 =^{ω1}_2 , not only because the Cheon’s anholonomy is absent, but also because the adiabatic approximation is not valid for this case (because of the crossing).

4.3. The gerbe

Let M = S^1 be the circle parametrized by λ mod 4π. The quasienergies are not continuous at λ = 0 mod 4π but the discontinuity is just a Floquet block change. Let {U^α}_{α=1,2,3} be the good open cover of S^1 defined by the figure 4. Let ℓ^α be a coordinate system on U^α. λ mod 4π being assimilated to a geometric point of S^1, we have

∀λ ∈ U^1, ℓ^1(λ) ∈] − π, π[ (108) ∀λ ∈ U^2, ℓ^2(λ) ∈]0, 3π[ (109) ∀λ ∈ U^3, ℓ^3(λ) ∈]2π, 4π[ (110)

We set

∀λ ∈ U^α, χ^α_{2n+1}(λ) = ℓ^α(λ) ℏω_0 4π + nℏω_0, n ∈ Z (111)

∀λ ∈ U^α, χ^α_{2n+2}(λ) = ℓ^α(λ) ℏω_0 4π + ℏω_0 2 + nℏω_0, n ∈ Z (112)

Geometric phases in adiabatic Floquet theory 15

Figure 3. Trajectories of the quasienergies (modulo ℏω_0) of the Hamiltonian (88) with respect to λ ∈ [0, 4π] for different values of ω_0. The quasienergies (modulo ℏω_0) are not 2π-periodic with respect to λ but 4π-periodic (except for ω_0 =^{ω1}_2 because of the quasienergy crossing). This is the manifestation of the Cheon’s anholonomy. For ω_0 in the neighbourhood of^{ω1}_2 the avoided crossing restores the Cheon’s anholonomy.

Figure 4. M = S^1 the parameter space spanned by λ mod 4π and its good open cover {U^α}_{α=1,2,3}.

Geometric phases in adiabatic Floquet theory 16 λ → χ^α_a (λ) is then a continuous function on U^α. Since ∀λ ∈ U^1 ∩ U^2, ℓ^2(λ) − ℓ^1(λ) = 0 (113) ∀λ ∈ U^2 ∩ U^3, ℓ^3(λ) − ℓ^2(λ) = 0 (114) ∀λ ∈ U^3 ∩ U^1, ℓ^3(λ) − ℓ^1(λ) = 4π (115) we then have ∀λ ∈ U^1 ∩ U^2, χ^2_a(λ) = χ^1_a(λ) (116) ∀λ ∈ U^2 ∩ U^3, χ^3_a(λ) = χ^2_a(λ) (117) ∀λ ∈ U^1 ∩ U^3, χ^3_a(λ) = χ^1_a(λ) + ℏω_0 (118) This ensures that starting from ℓ^{1−1}(0) with χ^1_a(ℓ^{1−1}(0)) and following S^1 we arrive after one turn with χ^1_a(ℓ^{1−1}(0)) + ℏω_0 = χ^1_{a+2}(ℓ^{1−1}(0)). With these local definitions of the quasienergies, we respect the properties described in the previous paragraph. We conclude that n^{12} = 0 n^{23} = 0 n^{13} = 1 (119) We note that U^1 ∩ U^2 ∩ U^3 = ∅ and then the cocycle relation with respect to the indices 1, 2, 3 does not need to be satisfied.

The system associated with the Hamiltonian (88) is then seen to be an example where one needs to introduce a Floquet block change at a chart intersection in order to define locally continuous quasienergies.

4.4. The geometric phase The extended parameter manifold is the torus M_+ = T^2 = S^1 × S^1 generated by θ mod 2π and by λ mod 4π. We compute the quasienergy state associated with χ_1 for ω_0 = ω_1. ∀θ ∈ [0, 2π[ we have Z_ℓα_{(λ)}(θ) = U_ℓα_{(λ)}(θ)e^{−ıMℓα(λ) θ} (120) = e^{ı ℓα(λ)θ4π} × ( cos^{2 ℓα(λ)}_4 + e^{ı θ2} sin^{2 ℓα(λ)}_4^1_2 (e^{ı θ2} − 1) sin^{ℓαλ}_2 1 2 (1 − e^{−ı θ2} ) sin^{ℓα(λ)}_2 cos^{2 ℓα(λ)}_4 + e^{−ı θ2} sin^{2 ℓα(λ)}_4 ) (121) and Z_ℓα_{(λ)}(2π) = id_H (122) We then have ∀θ ∈ [0, 2π[ |1(θ), λ⟩^α = Z_ℓα_{(λ)}(θ)|μ_1, ℓ^α(λ)⟩ (123) = e^{−ı ℓα(λ)θ4π} cos ℓ^α(λ) 4 | ↑⟩ − e^{−ı ℓα(λ)θ4π} e^{−ı θ2} sin ℓ^α(λ) 4 | ↓⟩ (124) and |1(2π), λ⟩^α = cos ℓ^α(λ) 4 | ↑⟩ − sin ℓ^α(λ) 4 | ↓⟩ (125) and then η^α_M = 1 2π α⟨1(θ), λ|∂_λ|1(θ), λ⟩^α_Hdλ (126) = ı 8π^2 θ (1 − δ(θ − 2π)) dλ (127)

Geometric phases in adiabatic Floquet theory 17

η^α_0 = ω_0 2π α⟨1(θ), λ|∂_θ |1(θ), λ⟩^α_H (128) = ıω_0 8π ( ℓ^α(λ) π − sin^2 ℓ^α(λ) 4 ) (129)

We conclude that B^α = ı 8π^2 θ(1 − δ(θ − 2π))dλ ∧ dθ − ıω_0 8π ( ℓ^α(λ) π − sin^2 ℓ^α(λ) 4 ) dθ ∧ dt − ıω_0 8π ( 1 π − 1 4 sin ℓ^α(λ) 2 ) dλ ∧ dt − ıω_0 16π ( ℓ^α(λ) π − sin^2 ℓ^α(λ) 4 ) dλ ∧ dt (130) A^{αβ} = ı 2π (δ^{α1}δ^{β3} − δ^{α3}δ^{β1})ω_0t(dθ + 1 2 dλ) (131)

where δ^{αβ} is the Kronecker symbol (δ^{αβ} = 1 if α = β and δ^{αβ} = 0 if α ≠ β). H = − ıω_0 8π ( 1 π − sin ℓ^α(λ) 2 ) dλ ∧ dθ ∧ dt (132) Let [0, T ] ∋ t → λ(t) =^{4πt}_T ∈ M = S^1 be an example of a closed path. We chose λ^{31} =^{7π}_2 as the arbitrary transition point in U^3 ∩ U^1. The geometric phase is then

e^{ıγ1(S)} = e^ı8π^2 ∫_{7π/2} 0 ∫_{2π} 0 θdθdλe^{ıω0}_{8π} ∫_{7T /8} 0 ∫_{2π} 0 (^{4t}_T −sin^{2 πt}_T )dθdt × e^{ı 7ω0 T8} × e^{ı8π2} ∫_0 −π/2 ∫_{2π} 0 θdθdλe^{ıω0}_{8π} ∫_T 7T /8 ∫_{2π} 0 (^{4t}_T −4−sin^2(^{πt}_T −π))dθdt (133)

= e^{ıπ}e^{ı ω0T4} (134) = − e^{ı ω0T4} (135)

5. Conclusion

The geometric phase phenomenon of the adiabatic Floquet theory is an example of a higher gauge theory similar to the classical string theory. Geometric phases are horizontal lifts in a gerbe of surfaces which can be viewed as world-sheets of closed strings. The gerbe is topologically defined by a Dixmier-Douady class (degree three cohomology), which is the “cup-product” of a first Chern class (degree two cohomology) as for the usual adiabatic bundle by a cohomological class of degree one associated with the Floquet block changes. The Cheon’s anholonomy is the origin of the degree one non-triviality (not any gauge transformation cancels n^{αβ}). As in the usual adiabatic phase theory, the degree two non-triviality (not any gauge transformation cancels z^{αβγ}) is due to eigenvalue crossings (and the associated magnetic monopoles).

The adiabatic approximation is related to two scales of time. The adiabatic parameter variations are supposed to be slower than the quantum proper time of transition from an eigenstate to another one [24]. The quantum system adapts to

Geometric phases in adiabatic Floquet theory 18

its environment, as characterized by the current adiabatic parameters, before these parameters change significantly. Consequently the wave function remains on the same instantaneous eigenvector during the evolution. This behaviour generates a usual geometric phase associated with a principal bundle with connection (a degree one Deligne cohomological class (g^{αβ} , A^α)). In the adiabatic Floquet theory we consider three scales of time: the slow adiabatic parameter variations, the fast quantum proper transitions, and the fast oscillations of the laser field wave (or the fast kick repetitions). The quantum system adapts to the adiabatic parameters before they change significantly, and it feels only the average effect of the fast oscillations. Consequently the geometric phase is associated with a gerbe with connection (a degree two Deligne cohomological class (h^{αβγ} , A^{αβ} , B^α)). We can conjecture that a quantum system presenting three different scales of time could always be associated with geometric phases related to a gerbe, and also that a quantum system presenting more than three different scales of time (for example a molecule interacting with two or more laser fields with incommensurable frequencies) is associated with geometric structures with a Deligne degree larger than two.

Acknowledgments

The author thanks Professor John P. Killingbeck for his help.

This work is supported by grants from Agence Nationale de la Recherche (CoMoC project).

Appendix A.

Let f^∗B^α = η^α_{Mμ}( ⃗R(t), θ)^{∂Rμ}_{∂t} dt ∧ dθ + η^α_0 ( ⃗R(t), θ)dt ∧ dθ ∈ Ω^2(R × S^1) be the 2-form generating the geometric phase. Since |a(θ), ⃗R(t)⟩^β = e^{ıφαβ ( ⃗R(t))}e^{ınαβ θ}|a(θ), ⃗R(t)⟩^α we have η^β_{Mμ} ∂R^μ ∂t dt = η^α_{Mμ} ∂R^μ ∂t dt + ı 2π ∂φ^{αβ} ∂t dt (A.1)

η^β_0 = η^α_0 + ı 2π n^{αβ} ω_0 (A.2)

We have then

f^∗B^β = f^∗B^α + ı 2π ∂φ^{αβ} ∂t dt ∧ dθ + ı 2π n^{αβ} ω_0dt ∧ dθ (A.3) Let t^{αβ} < t^{αβ′} be two arbitrary times such that ⃗R(t^{αβ} ), ⃗R(t^{αβ′}) ∈ C ∩ U^α ∩ U^β. ∫_tαβ′ ∫_{2π} 0 f^∗B^α + ∫ t^{αβ′} ∫_{2π} 0 f^∗B^β = ∫_tαβ ∫_{2π} 0 f^∗B^α + ∫ t^{αβ} ∫_{2π} 0 f^∗B^β + ∫_tαβ′ t^{αβ} ∫_{2π} 0 f^∗B^α + ∫_tαβ t^{αβ′} ∫_{2π} 0 f^∗B^β (A.4) = ∫_tαβ ∫_{2π} 0 f^∗B^α + ∫ t^{αβ} ∫_{2π} 0 f^∗B^β + ∫_tαβ′ t^{αβ} ∫_{2π} 0 (f^∗B^α − f^∗B^β ) (A.5)

Geometric phases in adiabatic Floquet theory 19 ∫_tαβ′ t^{αβ} ∫_{2π} 0 (f^∗B^α − f^∗B^β ) (A.6) = − ı 2π ∫_tαβ′ t^{αβ} ∫_{2π} 0 ( ∂φ^{αβ} ∂t + n^{αβ} ω_0 ) dtdθ (A.7) = ı ( φ^{αβ} ( ⃗R(t^{αβ} )) − φ^{αβ} ( ⃗R(t^{αβ′})) ) + ın^{αβ} ( ω_0t^{αβ} − ω_0t^{αβ′} ) (A.8) We see that the quantity which is independent of the arbitrary choice of the transition point ⃗R(t^{αβ} ) is ∫_tαβ ∫_{2π} 0 f^∗B^α + ∫ t^{αβ} ∫_{2π} 0 f^∗B^β + ıφ^{αβ} ( ⃗R(t^{αβ} )) + ın^{αβ} ω_0t^{αβ} (A.9)

We conclude that the correct definition of the geometric phase associated with a path crossing U^α ∩ U^β is e^{∫ tαβ ∫ 2π0 f ∗Bα} e^{ıφαβ ( ⃗R(tαβ ))}e^{ınαβ ω0 tαβ} e^{∫tαβ ∫ 2π0 f ∗Bβ} (A.10) Appendix B. Since |a(θ), ⃗R⟩^β = e^{ıφαβ ( ⃗R)}e^{ınαβ θ}|a(θ), ⃗R⟩^α we have η^β_M = η^α_M + ı 2π d_M φ^{αβ} (B.1)

η^β_0 = η^α_0 + ı 2π n^{αβ} ω_0 (B.2)

χ^β_a = χ^α_a + n^{αβ} ℏω_0 ⇒ d_M χ^β_a = d_M χ^α_a (B.3)

Since B^α = η^α_M ∧ dθ + F^α_M − η^α_0 dθ ∧ dt − d_M η^α_0 ∧ dt + 2π ℏω_0 η^α_M ∧ d_M χ^α_a + 2π ℏω_0 η^α_0 dt ∧ d_M χ^α_a (B.4)

we have

B^β − B^α = ı 2π d_M φ^{αβ} ∧ ( dθ + 2π ℏω_0 d_M χ^α_a )

− ı 2π n^{αβ} ω_0 ( dθ + 2π ℏω_0 d_M χ^α_a ) ∧ dt (B.5)

We also have A^{αβ} = ı 2π ( φ^{αβ} + n^{αβ} ω_0t ) ( dθ + 2π ℏω_0 d_M χ^α_a ) (B.6)

so that

d_M +_+ A^{αβ} = ı 2π ( d_M φ^{αβ} + n^{αβ} ω_0dt ) ∧ ( dθ + 2π ℏω_0 d_M χ^α_a ) (B.7)

We then have B^β − B^α = d_M +_+ A^{αβ} .

Geometric phases in adiabatic Floquet theory 20

A^{βγ} − A^{αγ} + A^{αβ} = ı 2π (φ^{βγ} − φ^{αγ} + φ^{αβ} + (n^{βγ} − n^{αγ} + n^{αβ} ) =0 ω_0t)

× ( dθ + 2π ℏω_0 d_M χ^α_a ) (B.8) = ız^{αβγ} ( dθ + 2π ℏω_0 d_M χ^α_a ) (B.9)

= − h^{αβγ} d_M +_+ h^{αβγ} (B.10)

d_M +_+ B^α = F^α_M ∧ dθ − d_M η^α_0 ∧ dθ ∧ dt + ∂F^α_{Mμν} ∂θ dR^μ ∧ dR^ν ∧ dθ + ∂^2η^α_0 ∂θ∂R^μ dR^μ ∧ dθ ∧ dt + 2π ℏω_0 F^α_M ∧ d_M χ^α_a + 2π ℏω_0 ∂η^α_{Mμ} ∂θ ∂χ^α_a ∂R^ν dR^μ ∧ dR^ν ∧ dθ − 2π ℏω_0 d_M η^α_0 ∧ d_M χ^α_a ∧ dt + 2π ℏω_0 ∂η^α_0 ∂θ d_M χ^α_a ∧ dθ ∧ dt (B.11)

η^β_M = η^α_M + ı 2π d_M φ^{αβ} ⇒ d_M η^β_M = d_M η^α_M and ∂_θη^β_M = ∂_θη^α_M (B.12)

⇒ F^β_M = F^α_M (B.13)

η^β_0 = η^α_0 + ı 2π n^{αβ} ω_0 ⇒ ∂η^β_0 ∂R^μ = ∂η^α_0 ∂R^μ and ∂_θη^β_0 = ∂_θη^α_0 (B.14)

This proves that d_M +_+ B^α = d_M +_+ B^β and then that H = d_M +_+ B is indeed a globally defined 3-form.

Appendix C.

We want to solve the equation ıℏω_0 ∂U_λ ∂θ = H(λ, θ)U_λ(θ) , U_λ(0) = id_H (C.1)

with H(λ, θ) = H_0 + ℏω_0λW ∑ n∈Z δ(θ − 2nπ) , W^2 = W (C.2)

We can formally write

U_λ(θ) = lim_{ϵ→0} Te^{−ı} ∫_{θ+ϵ} ϵ (_{H0} ℏω0 +λW ∑ n∈Zδ(θ^′−2nπ) ) dθ^′ (C.3)

Geometric phases in adiabatic Floquet theory 21 T is the time-ordering operator and then Te^∫ symbolizes the Dyson expansion. For θ < 2π we have U_λ(θ) = Te^{−ı} ∫_θ 0 H0 ℏω0 dθ^′ = e−^ı_{ℏω0} H_0 θ (C.4)

For θ = 2π, by using the intermediate representation theorem we have U_λ(2π) = lim_{ϵ→0} Te^{−ı} ∫_{2π+ϵ} 0 (^{H0}_{ℏω0} +λW δ(θ−2π))dθ (C.5)

= lim_{ϵ→0} Te^{−ı} ∫_{2π} 0 H0 ℏω0 dθ × Te^{−ı ∫ 2π+ϵ0 Teı} ∫ θ 0 H0 ℏω0 dθ ′ λW Te^{−ı} ∫ θ 0 H0 ℏω0 dθ ′ δ(θ−2π)dθ (C.6) = lim_{ϵ→0} e^{− ıℏω}0^{H0 2π}Te^{ı ∫ 2π+ϵ0 e} ı ℏω0 H0θ λW e− ı ℏω0 H0 θ δ(θ−2π)dθ (C.7) For any operator K(θ) we have Te^{−ı ∫ 2π+ϵ0 K(θ)δ(θ−2π)dθ} = id_H + +∞∑ n=1 (−ı)^n ∫_{2π+ϵ} 0 K(θ_1)δ(θ_1 − 2π) ∫_{θ1} 0 K(θ_2)δ(θ_2 − 2π)...

... ∫_{θn−1} 0 K(θ_n)δ(θ_n − 2π)dθ_n...dθ_1 (C.8) We have for the integrals the results ∫_{2π+ϵ} 0 K(θ_1)δ(θ_1 − 2π)dθ_1 = K(2π) (C.9) ∫_{2π+ϵ} 0 K(θ_1)δ(θ_1 − 2π) ∫_{θ1} 0 K(θ_2)δ(θ_2 − 2π)dθ_2dθ_1

= K(2π)^2 ∫_{2π+ϵ} θ_1=0 ∫_{θ1} θ_2=0

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_2dθ_1 (C.10) This last equation should be treated with some caution, since the product of two singular distributions is not well defined. Since the double integration refers to the domain of [0, 2π + ϵ]^2 defined by 0 ≤ θ_2 ≤ θ_1 ≤ 2π + ϵ we have ∫_{2π+ϵ} θ_1=0 ∫_{θ1} θ_2=0

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_2dθ_1 = ∫_{2π+ϵ} θ_2=0 ∫_{2π+ϵ} θ_1 =θ_2

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_2dθ_1 (C.11) = ∫_{2π+ϵ} θ_2=0 ∫_{2π+ϵ} θ_1 =θ_2

δ(θ_2 − 2π)δ(θ_1 − 2π)dθ_2dθ_1 (C.12) = ∫_{2π+ϵ} θ_1=0 ∫_{2π+ϵ} θ_2 =θ_1

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_1dθ_2 (C.13) We then have ∫_{2π+ϵ} θ_1=0 ∫_{θ1} θ_2=0

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_2dθ_1 = 1 2 (∫_{2π+ϵ} θ_1=0 ∫_{θ1} θ_2 =0

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_2dθ_1

Geometric phases in adiabatic Floquet theory 22 + ∫_{2π+ϵ} θ_1=0 ∫_{2π+ϵ} θ_2=θ_1

δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_1dθ_2 ) (C.14) = 1 2 ∫_{2π+ϵ} 0 ∫_{2π+ϵ} 0 δ(θ_1 − 2π)δ(θ_2 − 2π)dθ_1dθ_2 (C.15) = 1 2 (∫_{2π+ϵ} 0 δ(θ − 2π)dθ )2 (C.16)

This last integration is well defined : ∫_{2π+ϵ} 0 δ(θ − 2π)dθ = 1. We conclude that ∫_{2π+ϵ} 0 K(θ_1)δ(θ_1 − 2π) ∫_{θ1} 0 K(θ_2 − 2π)δ(θ_2)dθ_2dθ_1 =

K(2π)^2 2 (C.17)

By similar demonstrations we have ∀n ∈ N^∗ ∫_{2π+ϵ} 0 K(θ_1)δ(θ_1−2π) ∫_{θ1} 0 ... ∫_{θn−1} 0 K(θ_n)δ(θ_n−2π)dθ_n...dθ_1 = K(2π)^n n! (C.18)

We conclude that Te^{−ı ∫ 2π+ϵ0 K(θ)δ(θ−2π)dθ} = id_H + +∞∑ n=1 (−ıK(2π))^n n! (C.19)

= e^{−ıK(2π)} (C.20) We can now return to the original problem: lim_{ϵ→0} Te^{−ı ∫ 2π+ϵ0 eı} H0 ℏω0 θ λW e−ı H0 ℏω0 θ δ(θ−2π)dθ

= e^{−ıe} ı ℏω0 H02π λW e −ı ℏω0 H0 2π (C.21) and then U_λ(2π) = e^{− ıℏω}0^{H0 2π}e^{−ıe} ı ℏω0 H02π λW e −ı ℏω0 H0 2π (C.22) = e^{−ıλW} e^{− ıℏω0 H0 2π} (C.23) Moreover we have e^{−ıλW} = id_H + ∞∑ n=1 (−ıλ)^n n! W^n (C.24)

= id_H + ∞∑ n=1 (−ıλ)^n n! W (C.25)

= id_H + ( e^{−ıλ} − 1 ) W (C.26) so that, finally, we have

U_λ(θ) = { e^{− ıℏω}0^{H0θ} if θ ∈ [0, 2π[ ( id_H + ( e^{−ıλ} − 1 ) W ) e^{− ıℏω0 H0 2π} if θ = 2π (C.27)

References

[1] Shirley J H 1965, Phys. Rev. 138 B979 [2] Sambe H 1973, Phys. Rev. A 7 2203 [3] Barone S R and Narcowich M A 1977, Phys. Rev. A 15 1109 [4] Guérin S 1997, Phys. Rev. A 56 1458

Geometric phases in adiabatic Floquet theory 23

[5] Drese K and Holthaus M 1999, Eur. Phys. J. D 5 119 [6] Haake F 1991, Quantum signatures of chaos (Berlin : Springer-Verlag) [7] Guérin S and Jauslin H R 2003, Adv. Chem. Phys. 125 147 [8] Chu S I and Telnov D A 2004, Physics Reports 390 1 [9] Moore D J and Stedman G E 1990, J. Phys. A 23 2049 [10] Moore D J 1990, J. Phys. A 23 L665 [11] Moore D J 1990, J. Phys. A 23 5523 [12] Moore D J 1991, Physics Reports 210 1 [13] Moore D J and Stedman G E 1992, Phys. Rev. A 45 513 [14] Aharonov Y and Anandan J 1987, Phys. Rev. Lett. 58 1593 [15] Berry M V 1984, Proc. R. Soc. London, Ser. A 392 45 [16] Simon B 1983, Phys. Rev. Lett. 51 2167 [17] Mackaay M K and Picken R 2002, Adv. Math. 170 287 [18] Picken R 2003, in Proceedings of the XXth workshop on Geometric Methods in Physics; Preprint math.DG/0305147 [19] Brylinski J.-L. 1993, Loop spaces, characteristic classes and geometric quantization (Boston :

Birkhäuser) [20] Hitchin N 1999, Preprint math.DG/9907034 [21] Guérin S, Monti F, Dupont J-M, Jauslin H R 1997, J. Phys. A 30 7193 [22] Breuer H P and Holthaus M 1989, Phys. D. At. Mol. Clusters 11 1 [23] Peskin U and Moiseyev N 1993, J. Chem. Phys. 99 4590 [24] Messiah A 1959, Quantum Mechanics (Paris : Dunod) [25] Alvarez O 1985, Commun. Math. Phys. 100 279 [26] Nakahara M 1990, Geometry, Topology and Physics (Bristol : Institute of Physics Publishing) [27] Bohm A, Mostafazadeh A, Koizumi H, Niu Q and Zwanziger J 2003, The geometric phase in quantum systems (Berlin : Springer-Verlag) [28] Wilczek F and Zee A 1984, Phys. Rev. Lett. 52 2111 [29] Bonora L, Ferrari Ruffino F and Savelli R 2008, Journal of High Energy Physics 12 078 [30] Freed S D and Witten E 1999, Asian J. Math. 3 819; Preprint hep-th/9907189 [31] Kapustin A 2000, Adv. Theor. Math. Phys. 4 127 [32] Bott R and Tu L W 1982, Differential forms in algebraic topology (New York : Springer-Verlag) [33] Cheon T 1998, Physics Letters A 248 285 [34] Miyamoto M and Tanaka A 2007, Phys. Rev. A 76 042115