arXiv:0906.0036v1 [hep-th] 1 Jun 2009

ITEP/TH-22/09

Exact 2-point function in Hermitian matrix model

A.Morozov and Sh.Shakirov

ITEP, Moscow, Russia MIPT, Dolgoprudny, Russia

ABSTRACT

J. Harer and D. Zagier have found a strikingly simple generating function [1, 2] for exact (all-genera) 1-point correlators in the Gaussian Hermitian matrix model. In this paper we generalize their result to 2-point correlators, using Toda integrability of the model. Remarkably, this exact 2-point correlation function turns out to be an elementary function - arctangent. Relation to the standard 2-point resolvents is pointed out. Some attempts of generalization to 3-point and higher functions are described.

1 Introduction

In quantum field theory, exact computation of correlation functions in all orders of perturbation theory is rarely possible. At best, we are able to find a few first terms, and study their properties. Only in lowdimensional and/or topological models, exact correlation functions can be sometime calculated. In this paper, we do such calculation in the Gaussian Hermitian matrix model [3]-[7], where the m-point correlators are given by the Gaussian integrals

C_{i1 ...im} (N) = ⟨ tr ϕ^{i1} . . . tr ϕ^{im} ⟩ = ∫ N×N tr ϕ^{i1} . . . tr ϕ^{im} exp ( − 1 2 tr ϕ^2 ) dϕ (1)

over the space of N × N Hermitian matrices with flat measure, normalised so that ⟨ 1 ⟩ = 1. Originally designed to study random matrices, Hermitian matrix model is deeply connected to random surfaces [8]. This is because correlators C_{i1 ...im} (N) are polynomials in N with integer coefficients, like

C_2 = N^2, C_4 = 2N^3 + N, C_6 = 5N^4 + 10N^2, C_{1,1} = N, C_{2,2} = N^4 + 2N^2, . . .

which count the number of matrix Feynman-t’Hooft graphs (ribbon graphs, fat graphs) of different genus, made of m vertices with i_1, . . . , i_m legs. Such decomposition of correlators into several parts, related to surfaces of different genera, is usually called genus decomposition. For example, correlator C_4 gets contributions from two graphs with topology of a sphere (genus 0), and one graph of torus topology (genus 1):

Figure 1: Genus decomposition of the correlator ⟨ tr ϕ^4 ⟩ = 2N^3 + N.

This connection to random surfaces makes matrix models applicable to a wide range of topics in modern physics, including two-dimensional quantum gravity [9, 10] and topological string theory [11]. Hermitian matrix model has a special place in this spectrum, being one of the simplest and most fundamental models (see [5] for its place in ”M-theory of matrix models”).

It is therefore interesting and important to calculate Hermitian correlators. As usual in string theory [12], to represent the answers in a sensible form, it is more convenient to consider a generating function ∞∑ i_1 ...i_m =0 C_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m

However, these series do not converge, because the number of fat graphs of arbitrary genus grows too fast. If one wants to cure this problem, one can consider another series, with different normalisation of terms: ∞∑ i_1 ...i_m =0 C_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m n(i_1, . . . , i_m)

Historically, the first example of such a correlation function was constructed by Harer and Zagier [1] in the 1-point case. They made the series convergent by special choice of double-factorial weight n(i):

∞∑ i=0 C_{2i}(N) x^{2i} (2i − 1)!! = 1 2x^2 (( 1 + x^2 1 − x^2 )_N − 1 ) (2)

In fact, this choice of weight is quite natural: if one calculates the correlator C_{2i}(N) = ⟨ tr ϕ^{2i} ⟩ with the help of Wick theorem, the total number of Wick pairings is exactly (2i − 1)!!. The result (2) becomes even simpler, if a generating function with respect to the matrix size N is also calculated [3]:

∞∑ N,i=0 C_{2i}(N) x^{2i}λ^N (2i − 1)!! = λ 1 − λ 1 (1 − λ) − (1 + λ)x^2 (3)

It should be emphasized that, from the point of view of matrix model theory, this is a highly non-trivial relation: a generating function for 1-point correlators at all genera appears to be rational. In this paper we show, that similar relations can be established for the 2-point correlators: a clever choice of the weight n(i_1, i_2) makes the series convergent and, moreover, elementary functions. When both i_1 and i_2 are odd numbers, our result is the following:

∞∑ N,i,j=0 C_{2i+1,2j+1}(N) x^{2i+1}y^{2j+1}λ^N (2i + 1)!!(2j + 1)!! = λ (λ − 1)^{3/2} arctan ( xy √ λ − 1 √ λ − 1 + (λ + 1)(x^2 + y^2) )

√ λ − 1 + (λ + 1)(x^2 + y^2) (4)

A generating function for correlators with even i_1 and i_2 is similar, though a little more lengthy, see (54) below. As one can see, the 2-point generalization of the Harer-Zagier 1-point function is still an elementary function. It is an open question, whether generalized Harer-Zagier correlation functions are always elementary. Affirmative answer to this question would greatly increase our understanding of the model.

It would be certainly interesting to generalize (3) and (4) to non-Gaussian matrix models, i.e, to Hermitian integrals with non-Gaussian weight. Especially interesting would be generalization to non-Gaussian models with multi-cut support [13, 14], which were recently related to supersymmetric gauge theories [15].

Another interesting direction of generalization are exact correlation functions in the presence of external field (matrix) Ψ, see s.2 of [16]. We do not include this topic into the present paper, it will be discussed elsewhere [17]. The 1-point external-field correlation function turns out to be a simple deformation of the original answer (2):

1 2x^2 { det_{N×N} (1 + x2 + Ψ 1 − x^2 + Ψ ) − 1 } (5)

It is again interesting, that no special functions arise even in the external field case. We conclude, that non-standard correlation functions, especially of Harer-Zagier type (with double-factorial weights) appear to be simpler than the standard resolvents (with unity weights) and often can be calculated exactly.

2 Correlators and integrability

2.1 Generalities

Before doing any actual calculations, let us briefly review the relevant properties of Hermitian matrix model. Partition function of the Hermitian matrix model depends on infinitely many variables t_k known either as coupling constants or as time-variables. Partition function is a formal series in these variables

Z_N (t_1, t_2, . . .) = ∫ N×N exp ( − 1 2 tr ϕ^2 + ∑ k t_ktr ϕ^k ) dϕ = 1+C_i(N)t_i + 1 2! C_{ij} (N)t_it_j + 1 3! C_{ijk} (N)t_it_j t_k +. . .

where coefficients C_{i1 ...im} are called m-point correlators. Instead of the full correlators (coefficients of Z_N ) one can consider connected correlators K_{i1 ...im} , coefficients of the free energy F_N = log Z_N :

F_N (t_1, t_2, . . .) = log Z_N (t_1, t_2, . . .) = K_i(N)t_i + 1 2! K_{ij} (N)t_it_j + 1 3! K_{ijk} (N)t_it_j t_k + . . .

In terms of Feynman-t’Hooft diagrams (fat graphs) full correlators count all diagrams, while connected correlators count connected diagrams. This relation between the partition function and its logarithm is not specific for this model, it is a universal property of quantum field theory. At this point it is worth to mention a more traditional notation for correlators, coming from statistical physics:

C_{i1 ...im} = ⟨ tr ϕ^{i1} . . . tr ϕ^{im} ⟩ (6)

K_{i1 ...im} = ⟨⟨ tr ϕ^{i1} . . . tr ϕ^{im} ⟩⟩ (7)

As a consequence of relation F_N = log Z_N , the full and connected correlators are related by

K_i = C_i (8)

K_{ij} = C_{ij} − C_iC_j (9)

K_{ijk} = C_{ijk} − C_{ij} C_k − C_{ik} C_j − C_{jk} C_i + 2C_iC_j C_k (10)

and so on. Because of reflection symmetry of the action tr ϕ^2, correlators C_{i1 ...im} or K_{i1...im} are non-vanishing only if i_1 + . . . + i_m is even. Note, that for N = 1 full correlators are quite simple:

C_{i1 ...im} (1) = +∞∫ −∞ dϕ ϕ^{Σi} e^{−ϕ2/2} = (Σi − 1)!!, Σi = even

0, Σi = odd

(11)

where Σi = i_1 + . . . + i_m is the sum of indices. To avoid confusion, we emphasize once again that in this paper we use normalised Gaussian integrals, i.e, the average of unity is unity:

+∞∫ −∞ dϕ e^{−ϕ2/2} = 1

Note also, that there is no difference between 1-point full and connected correlators: K_i = C_i. The same is true for 2-point connected correlators with both odd indices: K_{2i+1,2j+1} = C_{2i+1,2j+1}, as a corollary of above identities and vanishing of 1-point correlators with odd indices, C_{2i+1} = 0. Generally, connected correlators are somewhat simpler and we consider only them from now on.

2.2 Virasoro constraints

Usually evaluation of correlators in matrix models is done with the help of the loop equations, also known as Ward identities or Virasoro constraints [18]. In terms of the partition function, they can be written as

∂ ∂t_b Z_N = ∞∑ a=0 at_a ∂Z_N ∂t_{a+b−2} + ∑ i+j=b−2 ∂^2Z_N ∂t_i∂t_j , b > 0 (12)

In terms of free energy F_N = log Z_N , they take form

∂ ∂t_b F_N = ∞∑ a=0 at_a ∂F_N ∂t_{a+b−2} + ∑ i+j=b−2 ∂^2F_N ∂t_i∂t_j + ∑ i+j=b−2 ∂F_N ∂t_i ∂F_N ∂t_j , b > 0 (13)

The technique based on loop equations [6, 18] allows to calculate the correlation functions for arbitrary genus. However, as also mentioned in ref.[3], it turns out that all-genera correlation functions, at least in the Gaussian phase, are much simpler deduced by another method, making explicit use of integrability of the model. A drawback of this method is that it is more difficult to generalize to non-Gaussian phases than the loop equation approach, but in the present paper we are only interested in Gaussian correlators.

2.3 Integrability

Our main point in this paper is that correlators in the Hermitian matrix model are constrained by integrable differential equations [7]. In principle, this should allow to calculate exactly all the quantities of interest. In the case of Gaussian Hermitian matrix model, the relevant equations are Toda equations [19], which can be written in terms of the partition function:

Z_{N+1}Z_{N−1} Z^2_N = 1 N ∂^2 ∂t^2_1 log Z_N (14)

Equivalently, these equations can be expressed in terms of free energy:

F_{N+1} − 2F_N + F_{N−1} = log ( 1 N ∂^2 ∂t^2_1 F_N ) (15)

To calculate the correlation functions, we need to rewrite the Toda equations as relations between correlators. Differentiating eq. (15) by t_{i1} . . . t_{im} and using the connection between partition function and correlators

C_{i1 ...im} (N) = ∂^m ∂t_{i1} . . . ∂t_{im} Z_N | | |_{t=0} (16)

K_{i1 ...im} (N) = ∂^m ∂t_{i1} . . . ∂t_{im} F_N | | |_{t=0} (17)

one obtains the desired relations. Let us derive them explicitly, in the case of one- and two-point correlators.

2.4 1-point correlators

In the 1-point case, differentiating eq. (15) by t_i we obtain

K_i(N + 1) − 2K_i(N) + K_i(N − 1) = 1 N K_{i,1,1}(N) (18)

where we have used a simple identity K_{1,1} = C_{11} = N. Another identity we will need is the following:

K_{i,1,1}(N) = i(i − 1)K_{i−2}(N) (19)

This identity is a corollary Virasoro constraints (13). Indeed, the Virasoro constraint for b = 1 implies

∂ ∂t_1 F_N = ∞∑ a=0 at_a ∂F_N ∂t_{a−1} (20)

Differentiating by t_1 and using the Virasoro constraint once again, we get

∂^2 ∂t^2_1

F_N = N + ∞∑ p,q=0 pqt_pt_q ∂^2F_N ∂t_{p−1}∂t_{q−1} + ∞∑ a=0 a(a − 1)t_a ∂F_N ∂t_{a−2} (21)

which justifies (19). Substituting (19) into (18), we obtain

K_i(N + 1) − 2K_i(N) + K_i(N − 1) = i(i − 1) N K_{i−2}(N) (22)

This system of recursive relations uniquely determines all the one-point correlators K_i(N) by reducing them to the N = 1 correlators K_i(1), which are already quite trivial:

K_{2i}(1) = C_{2i}(1) = +∞∫ −∞ dϕ ϕ^{2i} e^{−ϕ2/2} = (2i − 1)!! (23)

Interestingly, 1-point correlators satisfy additional recursive relations, different from (22):

K_i(N + 1) − K_i(N − 1) = i + 2 N K_i(N) (24)

These relations are similar to (22), but look slightly simpler. However, they do not follow from Toda equations and their generalization to 2-point and higher-point correlators so far remains unclear. We do not use them in this paper, but it is important to mention that they exist.

2.5 2-point correlators

We now do the analogous calculation in the two-point case. Differentiating eq. (15) by t_i and t_j , we obtain

K_{ij} (N + 1) − 2K_{ij} (N) + K_{ij} (N − 1) = 1 N K_{i,j,1,1}(N) − 1 N^2

K_{i,1,1}(N)K_{j,1,1}(N) (25)

As a corollary of Virasoro constraints,

K_{i,j,1,1}(N) = i(i − 1)K_{i−2,j} (N) + 2ijK_{i−1,j−1}(N) + j(j − 1)K_{i,j−2}(N) (26)

Substituting (26) into (25), we obtain recursive relations for the 2-point correlators:

K_{ij} (N + 1) − 2K_{ij} (N) + K_{ij} (N − 1) = − ij(i − 1)(j − 1) N^2 K_{i−2}(N)K_{j−2}(N) +

+ 1 N ( i(i − 1)K_{i−2,j} (N) + 2ijK_{i−1,j−1}(N) + j(j − 1)K_{i,j−2}(N) ) (27)

In complete analogue with the 1-point case, these recursive relations allow to express arbitrary correlators K_{ij} (N) through the N = 1 correlators, which are simple according to (11). Note however, that there are two essentially different cases: when both indices are even

K_{2i,2j} (1) = C_{2i,2j} (1) − C_{2i}(1)C_{2j} (1) = (2i + 2j − 1)!! − (2i − 1)!!(2j − 1)!! (28)

and when both indices are odd

K_{2i+1,2j+1}(1) = C_{2i+1,2j+1}(1) − C_{2i+1}(1)C_{2j+1}(1) = (2i + 2j + 1)!! (29)

The second ”totally odd” case is somewhat simpler, because in this case the quadratic contribution – the product of two odd 1-point correlators – vanishes. This is actually one of the reasons, why the totally odd generating function (4) is simpler, than its totally even counterpart.

3 Correlation functions

There are many different ways to solve discrete relations like (22) or (27). For example, one can start solving them iteratively and try to guess a combinatorial formula. As explained in [3], a more elegant way to proceed is to pass from particular correlators (which depend on discrete indices like i or j) to generating functions (which depend on continuous variables). In terms of generating functions, the discrete relations like (22) turn into differential equations which often admit simple and elegant solutions.

For the sake of brevity, we call generating functions for correlators simply correlation functions. These objects are also known in literature as (multi-)densities [3]. In this paper, we restrict consideration to three types of correlation functions. First of all, the standard correlation functions, with unity weights:

ρ_N (x_1, . . . , x_m) = ⟨⟨ tr ( 1 1 − x_1ϕ ) . . . tr ( 1 1 − x_mϕ ) ⟩⟩ = ∞∑ i_1 ...i_m=0 K_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m (30)

These functions are the most commonly used in literature, especially in the context of loop equations approach [6]. To avoid misunderstanding, let us note that in the context of loop equations the same functions are usually defined in a slightly different way

W_N (x_1, . . . , x_m) = ⟨⟨ tr ( 1 x_1 − ϕ ) . . . tr ( 1 x_m − ϕ ) ⟩⟩ = ∞∑ i_1 ...i_m =0 K_{i1...im} (N) x^{−i1 −1}_1 . . . x^{−im −1}_m (31)

and known as resolvents. We use the terms ”standard correlation function” and ”resolvent” as synonims here, because it is not a problem to transform one into another: two different definitions are related by

W_N (x_1, . . . , x_m) = 1 x_1 . . . x_m ρ_N ( 1 x_1 , . . . , 1 x_m )

Therefore, it does not make a big difference. In this paper, we prefer to use functions ρ_N rather than functions W_N . Second, we consider the exponential correlation functions, i.e, with factorial weight:

e_N (x_1, . . . , x_m) = ⟨⟨ tr ( e^{x1ϕ} ) . . . tr ( e^{xmϕ} ) ⟩⟩ = ∞∑ i_1 ...i_m=0 K_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m i_1! . . . i_m!

(32)

The third functions are those which play the central role in our paper – the Harer-Zagier correlation functions:

φ_N (x_1, . . . , x_m) = ∞∑ i_1 ...i_m =0 K_{i1...im} (N) x^{i1}_1 . . . x^{im}_m n(i_1) . . . n(i_m) , n(i) = (i − 1)!!, i = even

i!!, i = odd

(33)

Obvoiusly, different choices of weights can be useful under different circumstances. The Harer-Zagier functions are useful just because they provide simple and explicit answers: it is enough to take a look at (3) or (4). The exponential and standard correlation functions are useful for another reason: it is because Toda equations, rewritten as differential equations on these functions, take the simplest form. This can be seen already for the 1-point equations (22), since the term i(i − 1)K_{i−2} suggests two natural choices of weights: ∑ i i(i − 1)K_{i−2} z^i i! = x^2 ( ∑ i K_i z^i i! )

and ∑ i i(i − 1)K_{i−2}z^{−i−1} = ∂^2 ∂x^2 ( ∑ i K_iz^{−i−1} )

The first choice corresponds to the exponential correlation function, while the second choice corresponds to the resolvent in its usual form (31). For other choices of weights, operator in the right hand side would be more complicated than just x squared or the second derivative. That is why, in a sence, these two choices are singled out by the equation itself.

Of course, the three correlation functions are related by various integral transformations. First, the standard and exponential functions are related just by Laplace transform:

ρ_N (x_1, . . . , x_m) = ∞∫ 0 dy_1 . . . ∞∫ 0 dy_m e_N (x_1y_1, . . . , x_my_m) e^{−y1−...−ym} (34)

Second, the standard and Harer-Zagier functions are related by a certain Gaussian transform:

ρ_N (x_1, . . . , x_m) = ∞∫ −∞ (1 + y_1)dy_1 . . . ∞∫ −∞ (1 + y_m)dy_m φ_N (x_1y_1, . . . , x_my_m) e^{−y21 /2−...−y2m/2} (35)

Third, the exponential and Harer-Zagier functions are related by a contour-integral transform:

e_N (x_1, . . . , x_m) = ∮ (1 + y_1)dy_1 . . . ∮ (1 + y_m)dy_m φ_N (y_1, . . . , y_m) y_1 . . . y_m exp ( x^2_1 2y^2_1 + . . . + x^2_m 2y^2_m ) (36)

If one is able to find one of these functions – e, ρ or φ – it is not a problem to convert it into another. Therefore, one can freely change the weights in order to simplify the solution. Another important simplification, which was suggested in [3] and which we intensively use, is to consider the universal generating functions, i.e, generating functions w.r.t N with parameter λ:

ρ(λ; x_1, . . . , x_m) = ∞∑ N=0 λ^N ρ_N (x_1, . . . , x_m) (37)

e(λ; x_1, . . . , x_m) = ∞∑ N=0 λ^N e_N (x_1, . . . , x_m) (38)

φ(λ; x_1, . . . , x_m) = ∞∑ N=0 λ^N φ_N (x_1, . . . , x_m) (39)

As we will see below, transition to universal functions greatly simplifies both the equations and the answer. We are now going to rewrite eqs. (22) and (27) as differential equations on correlation functions and solve them directly. The solution in the 1-point case is the well-known Harer-Zagier function (3). In the 2-point case, its generalization is obtained.

4 Harer-Zagier correlation functions

4.1 1-point function

Rewritten in terms of the generating function for 1-point correlators

φ_N (x) = ∞∑ i=0 K_{2i}(N) x^{2i} (2i − 1)!!

eq. (22) becomes a differential equation of first order:

φ_{N+1}(x) − 2φ_N (x) + φ_{N−1}(x) = 1 N x ∂ ∂x ( x^2φ_N (x) ) (40)

Passing to generating functions with respect to N, we obtain

λ ∂ ∂λ ( (1 − λ)^2 λ φ(λ; x) ) = x ∂ ∂x ( x^2φ(λ; x) ) (41)

This is a first-order partial differential equation with general solution

φ(λ; x) = λ (λ − 1)^2x^2 U ( 1 x^2 + 2 λ − 1 ) (42)

The function U(z) is determined from the initital condition

∂ ∂λ φ(λ; x) | | |_{λ=0} = φN=1(x) = ∞∑ i=0 x^{2i} (2i − 1)!! +∞∫ −∞ dϕ ϕ^{2i} e^{−ϕ2/2} = ∞∑ i=0 x^{2i} = 1 1 − x^2

(43)

In other words, the initial condition is merely a consequence of the fact that K_i(1) = (2i−1)!! and the choice of weights. Comparing the general solution with the initial condition, we obtain U(z) = 1/(1 + z) and

φ(λ; x) = λ 1 − λ 1 (1 − λ) − (1 + λ)x^2

(44)

In this way the Harer-Zagier correlation function φ(λ; x) can be found as solution to a linear differential equation of first order in two variables λ and x. Note, that the universal λ-dependent correlation function, which contains information for all dimensions N, seems to be very similar to the N = 1 function: namely, they are related by multiplicative transform

x^2 → 1 + λ 1 − λ x^2, φ → λ (1 − λ)^2 φ (45)

Interestingly, this property has a literal analogue in the 2-point case, see (55) below.

4.2 2-point function

For two-point correlators, the two separate generating functions can be introduced, even and odd:

φ^+_N (x, y) = ∞∑ i,j=0 K_{2i,2j} (N) x^{2i}y^{2j} (2i − 1)!!(2j − 1)!!

(46)

φ^−_N (x, y) = ∞∑ i,j=0 K_{2i+1,2j+1}(N) x^{2i+1}y^{2j+1} (2i + 1)!!(2j + 1)!!

(47)

In terms of these generating functions, eq. (27) becomes a system of two equations:

φ^+_{N+1}(x, y) − 2φ^+_N (x, y) + φ^+_{N−1}(x, y) =

= 1 N ( x ∂ ∂x x^2 + y ∂ ∂y y^2 ) φ^+_N (x, y) + 2 N xy ∂^2 ∂x∂y xy φ^−_N (x, y) − 1 N^2 ( xy ∂^2 ∂x∂y x^2y^2 ) φ_N (x)φ_N (y) (48)

and

φ^−_{N+1}(x, y) − 2φ^−_N (x, y) + φ^−_{N−1}(x, y) = 1 N ( x^2 ∂ ∂x x + y^2 ∂ ∂y y ) φ^−_N (x, y) + 2 N xy φ^+_N (x, y) (49)

Passing to generating functions with respect to N, we obtain λ ∂ ∂λ ( (1 − λ)^2 λ φ^+(λ; x, y) ) = ( x ∂ ∂x x^2 + y ∂ ∂y y^2 ) φ^+(λ; x, y) + 2xy ∂^2 ∂x∂y xyφ^−(λ; x, y) − G(λ; x, y)

λ ∂ ∂λ ( (1 − λ)^2 λ φ^−(λ; x, y) ) = ( x^2 ∂ ∂x x + y^2 ∂ ∂y y ) φ^−(λ; x, y) + 2xyφ^+(λ; x, y) (50)

or in a matrix form

λ ∂ ∂λ (1 − λ)^2 λ − x ∂ ∂x x^2 − y ∂ ∂y y^2 −2xy ∂^2 ∂x∂y xy

−2xy λ ∂ ∂λ (1 − λ)^2 λ − x^2 ∂ ∂x x − y^2 ∂ ∂y y φ^+ φ^− = G 0

where the free term G(λ; x, y) is given by

G(λ; x, y) = ∞∑ N=1 λ^N N ( xy ∂^2 ∂x∂y x^2y^2 ) φ_N (x) φ_N (y) = λ ( 2xy (λ − 1)(1 + x^2y^2) + (λ + 1)(x^2 + y^2)

)_2 (51)

This system of two differential equations is more complicated, than in the 1-point case, but it is still linear and can be solved by elementary means. First of all, we need to find the initial conditions, what is done again by comparing to the N = 1 case. For N = 1, we know the correlators explicitly

K_{2i,2j} (1) = C_{2i,2j} (1) − C_{2i}(1)C_{2j} (1) = (2i + 2j − 1)!! − (2i − 1)!!(2j − 1)!!

K_{2i+1,2j+1}(1) = C_{2i+1,2j+1}(1) = (2i + 2j + 1)!!

so we can compute the generating functions

φ^−_{N=1}(x, y) = ∞∑ i,j=0 (2i + 2j + 1)!!

(2i + 1)!!(2j + 1)!!

x^{2i+1}y^{2j+1} = 1 √ 1 − x^2 − y^2 arctan ( xy √ 1 − x^2 − y^2 )

φ^+_{N=1}(x, y) = ∞∑ i,j=0 (2i + 2j − 1)!! − (2i − 1)!!(2j − 1)!!

(2i − 1)!!(2j − 1)!!

x^{2i}y^{2j} = xy x^2 − y^2 ( x ∂ ∂x − y ∂ ∂y ) φ^−_{N=1}(x, y)

Therefore, initial conditions for (50) are

∂ ∂λ φ^−(λ; x, y) | | |_{λ=0} = φ^−_{N=1}(x, y) = 1 √ 1 − x^2 − y^2 arctan ( xy √ 1 − x^2 − y^2 )

∂ ∂λ φ^+(λ; x, y) | | |_{λ=0} = φ^+_{N=1}(x, y) = xy x^2 − y^2 ( x ∂ ∂x − y ∂ ∂y ) φ^−_{N=1}(x, y) (52)

The unique solution of (50) with initial conditions (52) is the following:

φ^−(λ; x, y) = λ (λ − 1)^{3/2} arctan ( xy √ λ − 1 √ λ − 1 + (λ + 1)(x^2 + y^2) )

√ λ − 1 + (λ + 1)(x^2 + y^2)

(53)

φ^+(λ; x, y) = xy x^2 − y^2 ( x ∂ ∂x − y ∂ ∂y ) φ^−(λ; x, y) = (54)

= λ(λ + 1)x^2y^2 (1 − λ) ( λ − 1 + (1 + λ)(x^2 + y^2) )_{−1}( λ − 1 + (1 + λ)(x^2 + y^2) + (λ − 1)x^2y^2 )_{−1} −

− λ(λ + 1)xy (1 − λ)^{3/2} ( λ − 1 + (λ + 1)(x^2 + y^2) )_{−3/2} arctan ( xy √ λ − 1 √ λ − 1 + (λ + 1)(x^2 + y^2) )

It is an elementary exercise to substitute (53) and (54) into (50) and check that equations are satisfied. The check of initial conditions (52) is equally simple. Just like in the 1-point case, the universal λ-dependent correlation function is related to the N = 1 correlation function by a simple transformation

x^2 + y^2 →

1 + λ 1 − λ (x^2 + y^2), xy → xy, φ → λ (1 − λ)^2 φ (55)

This striking relation, valid for both even and odd functions, is clearly a hint for some larger structure, which can be completely revealed only by the study of the 3-point and higher-point cases. Note also, that it is straightforward to extract correlation functions for particular N from the universal λ-dependent correlation function. However, the formulas become less explicit, i.e, involving an integral:

φ^−_N (x, y) = xy∫ 0 dt 2(x^2 + y^2) (( 1 + t^2 + x^2 + y^2 1 + t^2 − x^2 − y^2 )_N − 1 ) (56)

φ^+_N (x, y) = xy∫ 0 xydt (x^2 + y^2)^2 (( 1 + t^2 + x^2 + y^2 1 + t^2 − x^2 − y^2 )_N 2N(x^2 + y^2)(1 + t^2) + (x^2 + y^2)^2 − (1 + t^2)^2 (1 + t^2 + x^2 + y^2)(1 + t^2 − x^2 − y^2) + 1 ) (57)

Formulas (53) and (54) completely describe the exact 2-point correlators: it is enough to write

⟨⟨ tr ϕ^{2i+1}tr ϕ^{2j+1} ⟩⟩ (2i + 1)!!(2j + 1)!!

= coefficient of x^{2k+1}y^{2m+1}λ^N in λ (λ − 1)^{3/2} arctan ( xy √ λ − 1 √ λ − 1 + (λ + 1)(x^2 + y^2) )

√ λ − 1 + (λ + 1)(x^2 + y^2)

and similarly for even correlators. Generalisation of these formulas to 3-point and higher-point cases is not straightforward, since Toda equations become more complicated and explicit solution becomes increasingly hard to find. Generalization to non-Gaussian (say, Djkgraaf-Vafa [14]) models is even more obscure, since integrable equations (14) are non-trivially modified in these models.

5 Exponential correlation functions

5.1 Recursive relations

Direct generalization of (53) and (54) looks problematic. To bypass those difficulties, let us use the freedom in the choice of weight and consider not Harer-Zagier but exponential correlation functions:

e_N (x_1, . . . , x_m) = ⟨⟨ tr ( e^{x1ϕ} ) . . . tr ( e^{xmϕ} ) ⟩⟩ = ∞∑ i_1 ...i_m=0 K_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m i_1! . . . i_m!

Expressed in terms of these functions, the Toda equations do not contain any differential operators at all:

e_{N+1}(x) + e_{N−1}(x) = 2e_N (x) + x^2 N e_N (x)

e_{N+1}(x, y) + e_{N−1}(x, y) = 2e_N (x, y) +

(x + y)^2 N e_N (x, y) − x^2 N y^2 N e_N (x)e_N (y)

e_{N+1}(x, y, z) + e_{N−1}(x, y, z) = 2e_N (x, y, z) + (x + y + z)^2 N e_N (x, y, z) − (x + y)^2 N z^2 N e_N (x, y)e_N (z)−

− (x + z)^2 N y^2 N e_N (x, z)e_N (y) − (y + z)^2 N x^2 N e_N (y, z)e_N (x) + 2 x^2 N y^2 N z^2 N e_N (x)e_N (y)e_N (z)

and so on, generally

e_{N+1} + e_{N−1} = c_N e_N + g_N (58)

where

c_N = 2 + 2 N (x_1 + . . . + x_m)^2

and g_N (x_1, . . . , x_m) is the function which can be considered as already known – by recursion:

g_N (x) = 0

g_N (x, y) = − x^2 N y^2 N e_N (x)e_N (y)

g_N (x, y, z) = − (x + y)^2 N z^2 N e_N (x, y)e_N (z) − (x + z)^2 N y^2 N e_N (x, z)e_N (y)−

− (y + z)^2 N x^2 N e_N (y, z)e_N (x) + 2 x^2 N y^2 N z^2 N e_N (x)e_N (y)e_N (z)

We now turn to explicit solution of equations (58). In contrast with the Harer-Zagier case, where solution of Toda equations is a non-trivial procedure, in the exponential case solution has nothing to do with differential equations and is rather simple. We emphasise, that this simplicity is due to the choice of weight.

5.2 Determinantal solution

As usual for integrable equations, solution of eq. (58) can be given explicitly in terms of N ×N determinants:

e_N = det_{N×N} e_1 −g_1 g_2 −g_3 . . .

1 c_1 1 0 . . .

0 1 c_2 1 . . .

0 0 1 c_3 . . . . . . . . . . . . . . . . . .

(59)

To prove this, it suffices to expand (59) by elements of the last two rows. For example, for N = 3 we have

e_3 =

| | | | | | | | e_1 −g_1 g_2

1 c_1 1

0 1 c_2

| | | | | | | | = c_2 | | | | | e_1 −g_1

1 c_1

| | | | | − | | | | | e_1 g_2 1 1

| | | | | = c_2e_2 + g_2 − e_1 (60)

so that (58) holds, for N = 4 we have

e_4 =

| | | | | | | | | | | | | | e_1 −g_1 g_2 −g_3

1 c_1 1 0

0 1 c_2 1

0 0 1 c_3

| | | | | | | | | | | | | |

= c_3

| | | | | | | | e_1 −g_1 g_2

1 c_1 1

0 1 c_2

| | | | | | | | −

| | | | | | | | e_1 −g_1 −g_3

1 c_1 0

0 1 1

| | | | | | | | = c_3e_3 + g_3 − e_2 (61)

and (58) holds again. Generalisation is obvious.

5.3 Orthogonal polynomials

If, instead, one expands the determinant by elements of the first row, one obtains

e_N = e_1 det c_1 1 0 . . .

1 c_2 1 . . .

0 1 c_3 . . . . . . . . . . . . . . .

+ N−1∑ i=1 g_i det c_{i+1} 1 0 . . .

1 c_{i+2} 1 . . .

0 1 c_{i+3} . . . . . . . . . . . . . . .

(62)

Therefore, the answer for the arbitrary m-point exponential correlation function can be written as

e_N (x_1, . . . , x_m) = T^0_N ( (Σx)^2 ) e_1(x_1, . . . , x_m) + N−1∑ i=1 T^i_N ( (Σx)^2 ) g_i(x_1, . . . , x_m) (63) where T^i_j (u) are special polynomials

T^i_j (u) = det (j−1)×(j−1)

2 + u i + 1 1 0 . . . 1 2 + u i + 2 1 . . . 0 1 2 + u i + 3 . . . . . . . . . . . . . . .

(64)

with a general formula

T^i_j (u) = (j−1)/2 ∑ a=0 a∑ k_1+...+k_L=0

(−1)^a L∏ l=1 ( 2 + u i + l + 2k_1 + . . . + 2k_l ) , L = j − 2a − 1 (65)

A few first polynomials T^i_j (u) are:

T^0_0 (u) = 0, T^1_0 = 0, T^2_0 = 0, . . .

T^0_1 (u) = 1, T^1_1 = 1, T^2_1 = 1, . . .

T^0_2 = u + 2, T^1_2 = 1 2 u + 2, T^2_2 = 1 3 u + 2, . . .

T^0_3 = 1 2 u^2 + 3u + 3, T^1_3 = 1 6 u^2 + 5 3 u + 3, T^2_3 = 1 12 u^2 + 7 6 u + 3, . . .

T^0_4 = 1 6 u^3 + 2u^2 + 6u + 4, T^1_4 = 1 24 u^3 + 3 4 u^2 + 43 12 u + 4, T^2_4 = 1 60 u^3 + 2 5 u^2 + 13 5 u + 4, . . .

It is easy to see, that polynomials T^i_j (u) satisfy recursive relations u i + j T^i_j (u) = T^i_{j+1}(u) − 2T^i_j (u) + T^i_{j−1}(u) (66)

which can be viewed as three-term relations in orthogonal polynomial theory. The three-term relation implies, that polynomials T^i_j (u) form an orthogonal set of polynomials with respect to some, yet unidentified, local measure [7]. For example, for i = 0 they are orthogonal on the segment (−∞, 0) with measure ue^udu:

0∫ −∞ T^0_j (u)T^0_k (u)ue^udu = jδ_{jk} (67)

i.e, for i = 0 they belong to the family of generalized Laguerre polynomials: T^0_N (u) = Laguerre^{(1)}_N ( − u ) . It would be interesting to find the local measure, corresponding to polynomials T^i_j (u) for arbitrary i > 0 (its existence is a consequence of three-term relations). In the next section, we derive an integral equation on it.

5.4 The local measure

For convenience, let us introduce normalised (with unit leading coefficient) polynomials

Q^i_j (u) =

(i + j − 1)! i! T^i_j (u) = u^{j−1} + . . . (68)

which satisfy recursive relations

uQ^i_j (u) = Q^i_{j+1}(u) − 2(i + j)Q^i_j (u) + i + j i + j − 2 Q^i_{j−1}(u) (69)

A first few polynomials Q^i_j (u) are

Q^i_0(u) = 0

Q^i_1(u) = 1

Q^i_2(u) = u + 2i + 2

Q^i_3(u) = u^2 + (4i + 6)u + 3i^2 + 9i + 6

and so on. For each particular value of i, the system of polynomials { Q^i_j } , j = 0, 1, 2, . . . is orthogonal with respect to the unknown measure dμ_i(u) = ω_i(u)du. The orthogonality relations can be written as 0∫ −∞ Q^i_j (u)Q^i_k(u)ω_i(u)du = 0, j ≠ k

(we assume that the segment is always (−∞, 0), just like for i = 0). The moments M_k(i) = 0∫ −∞ u^kω_i(u)du can be found from these orthogonality relations. Several first moments, obtained in this way, are

M_0(i) = 1, M_1(i) = −(2i + 2), M_2(i) = 5i^2 + 11i + 6, M_3(i) = −(14i^3 + 50i^2 + 60i + 24), . . . (70)

Direct calculation shows, that generating function for these moments has a form ∞∑ k=0 (−1)^kM_k z^{k+1} k + 1

= z + (2i + 2) z^2 2 + (5i^2 + 11i + 6) z^3 3 + (14i^3 + 50i^2 + 60i + 24) z^4 4 + . . . =

= 1 i(i + 1) log ( 1 + i(i + 1)z + i(i + 1)^2(i + 2) 2 z^2 + i(i + 1)^2(i + 2)^2(i + 3) 6 z^3 + . . .

) (71)

This relation can be written as an integral equation 0∫ −∞ log(1 + uz) ω_i(u) u du = 1 i(i + 1) log (_∞ ∑ k=0 (k + i)!(k + i − 1)!

i!(i − 1)! z^k k! ) = 1 i(i + 1) log_2F_0 (i, i + 1; z) (72)

where_2F_0 is the generalized hypergeometric function. The local measure ω_i(u)du can be found as its solution. It in present paper, we do not solve this equation and we do not use this measure in what follows.

5.5 1,2,3-point functions for particular N

Application of eq. (63) to particular correlation functions is straightforward. For m = 1 we have

e_N (x) = T^0_N ( x^2 ) e_1(x) (73)

for m = 2 we have

e_N (x, y) = T^0_N ( (x + y)^2 ) e_1(x, y) − N−1∑ i=1 (xy)^2 i^2 T^i_N ( (x + y)^2 ) e_i(x)e_i(y) (74)

for m = 3 we have

e_N (x, y, z) = T^0_N ( (x + y + z)^2 ) e_1(x, y, z) + 2 N−1∑ i=1 T^i_N ( (x + y + z)^2 ) (xyz)2 i^3 e_i(x)e_i(y)e_i(z)− (75)

− N−1∑ i=1 T^i_N ( (x + y + z)^2 ) ( (xz + yz)2 i^2 e_i(x + y)e_i(z) + (xy + yz)^2 i^2 e_i(x + z)e_i(y) + (xy + xz)^2 i^2 e_i(y + z)e_i(x) )

and so on. In this way, all the exponential correlation functions e_N (x_1, . . . , x_m) are expressed through polynomials T^i_j (u). These expressions are fully explicit and constructive (since all kinds of explicit formulas are available for T^i_j (u)) but they are not very illuminating, certainly less beautiful than eq.(4).

5.6 Universal 1,2,3-point functions

To cure this problem, one may switch to universal λ-dependent correlation functions, hoping that this will improve the situation. After conversion to universal functions

e(λ; x_1, . . . , x_m) = ∞∑ N=0 λ^N e_N (x_1, . . . , x_m) (76)

the Toda equation (58) transforms into a differential equation of first order:

λ ∂ ∂λ ( (1 − λ)^2 λ e(λ; x_1, . . . , x_m) − g(λ; x_1, . . . , x_m) ) = ( Σx )_2 e(λ; x_1, . . . , x_m) (77)

where Σx = x_1 + . . . + x_m and g(λ; x_1, . . . , x_m) is the differential equation’s free term:

g(λ; x_1, . . . , x_m) = ∞∑ N=0 λ^N g_N (x_1, . . . , x_m) (78)

Unique solution of eq. (77), satisfying the usual N = 1 initial condition

∂ ∂λ e(λ; x_1, . . . , x_m) | | |_{λ=0} = e1(x1, . . . , xm) (79)

is given by

e(λ; ⃗x) = λ (1 − λ)^2 exp ( (Σx)^2λ 1 − λ ) e_1(⃗x) + λ (1 − λ)^2 λ∫ 0 dt ∂g(t; ⃗x) ∂t exp ( (Σx)^2(λ − t) (1 − λ)(1 − t) ) (80)

Application of this formula to particular correlation functions is straightforward. Let us begin with the simplest case, i.e, with the 1-point correlation function. Since g(λ; x) = 0, it immediately follows, that e(λ, x) = λ (1 − λ)^2 exp ( x^2λ 1 − λ ) e_1(x)

Moreover, the initial function can be calculated explicitly:

e_1(x) = +∞∫ −∞ dϕe^{−ϕ2 /2+xϕ} = e^{x2/2} (81)

so that

e(λ, x) = ∞∑ N=0 λ^N e_N (x) = λ (1 − λ)^2 exp ( x^2 2 · 1 + λ 1 − λ ) (82)

This answer is consistent with the Harer-Zagier 1-point function (3) and transformation (36):

e(λ; x) = ∮ (1 + y)dy y φ(λ; y) exp ( x^2 2y^2 ) =

= λ (1 − λ)^2 ∮ (1 + y)dy y exp ( x^2 2y^2 )

1 − λ 1 + λ − y^2 = λ (1 − λ)^2 ∮ dy y exp ( x^2 2y^2 )

1 − λ 1 + λ − y^2 = λ (1 − λ)^2 exp ( x^2 2 · 1 + λ 1 − λ ) (83)

The last equality is a direct corollary of Cauchy residue theorem. Let us turn to the next-to-simplest case, i.e, to the exponential 2-point function. In this case, the free term g(λ; x, y) is no longer zero:

g(λ; x, y) = − ∞∑ N=0 λ^N x^2y^2 N^2 e_N (x)e_N (y) =

= − ∮ ∮ du_1du_2 u_1u_2 (_∞ ∑ N=0 u^{−N}_1 u^{−N}_2 λ^N ) exp ( x^2 2 · 1 + u_1 1 − u_1 + y^2 2 · 1 + u_2 1 − u_2 ) =

= ∮ ∮ du_1du_2 λ − u_1u_2 exp ( x^2 2 · 1 + u_1 1 − u_1 + y^2 2 · 1 + u_2 1 − u_2 ) (84)

Consequently, the 2-point function can be written as

(1 − λ)^2 λ e(λ; x, y) = exp ( (x + y)^2λ 1 − λ ) e_1(x, y) −

− λ∫ 0 dt ∮ ∮ du_1du_2 (t − u_1u_2)^2 exp ( (x + y)^2(λ − t) (1 − λ)(1 − t) + x^2 2 · 1 + u_1 1 − u_1 + y^2 2 · 1 + u_2 1 − u_2 ) (85)

where

e_1(x, y) = +∞∫ −∞ dϕe^{−ϕ2/2+xϕ+yϕ} − +∞∫ −∞ dϕe^{−ϕ2/2+xϕ} +∞∫ −∞ dϕe^{−ϕ2 /2+yϕ} = e^{(x+y)2/2} − e^{x2/2}e^{y2/2}

In principle, it should be possible to obtain the same formula with two contour integrals in a different way, directly applying the transformation (36) to the Harer-Zagier 2-point function. Note, that (85) is far less concise, than (4). Instead, its advantage is the possibility of generalization: it is not a problem to write its analogue for any m-point function. Say, for the 3-point function we have

(1 − λ)^2 λ e(λ; x, y, z) = exp ( (x + y + z)^2λ 1 − λ ) e_1(x, y, z) +

+ λ∫ 0 dt ∮ ∮ (y + z)^2du_1du_2 t(t − u_1u_2) exp ( (x + y + z)^2(λ − t) (1 − λ)(1 − t) + x^2 2 · 1 + u_1 1 − u_1 ) e(u_2; y, z) +

+ λ∫ 0 dt ∮ ∮ (x + z)^2du_1du_2 t(t − u_1u_2) exp ( (x + y + z)^2(λ − t) (1 − λ)(1 − t) + y^2 2 · 1 + u_1 1 − u_1 ) e(u_2; x, z) +

+ λ∫ 0 dt ∮ ∮ (x + y)^2du_1du_2 t(t − u_1u_2) exp ( (x + y + z)^2(λ − t) (1 − λ)(1 − t) + z^2 2 · 1 + u_1 1 − u_1 ) e(u_2; x, y) +

+ λ∫ 0 dt ∮ ∮ ∮ 2du_1du_2du_3 (t − u_1u_2u_3)^2 exp ( (x + y + z)^2(λ − t) (1 − λ)(1 − t) + x^2 2 1 + u_1 1 − u_1 + y^2 2 1 + u_2 1 − u_2 + z^2 2 1 + u_3 1 − u_3 )

(86)

where

e_1(x, y, z) = e^{(x+y+z)2/2} − e^{(x+y)2/2}e^{z2 /2} − e^{(x+z)2/2}e^{y2/2} − e^{(y+z)2/2}e^{x2/2} + 2e^{x2/2}e^{y2/2}e^{z2/2}

Clearly, functions (82), (85) and (86) belong to a family of exact solutions, which are less elegant, than (4).

6 Standard correlation functions (resolvents)

6.1 Genus expansion

Among the all correlation functions, the most widely used ones are the standard correlation functions:

ρ_N (x_1, . . . , x_m) = ⟨⟨ tr ( 1 1 − x_1ϕ ) . . . tr ( 1 1 − x_mϕ ) ⟩⟩ = ∞∑ i_1 ...i_m=0 K_{i1 ...im} (N) x^{i1}_1 . . . x^{im}_m (87)

As we already mentioned in s.3, they are better known as resolvents and usually defined as

W_N (x_1, . . . , x_m) = ⟨⟨ tr ( 1 x_1 − ϕ ) . . . tr ( 1 x_m − ϕ ) ⟩⟩ = ∞∑ i_1 ...i_m =0 K_{i1...im} (N) x^{−i1 −1}_1 . . . x^{−im −1}_m (88)

All-genera resolvents are divergent series, because the number of fat graphs of arbitrary genus grows rapidly. This property is typical for any perturbation theory, where the number of Feynman diagrams of order n usually grows as n!. In practice this means that one can at best hope to represent the full ρ_N as an integral, just like it happens with the archetypical divergent sum ∞∑ n=0 n!x^n = ∞∫ 0 e^{−t}dt 1 − tx

which is actually divergent only for x ∈ R_+. Such integral representation for resolvents is naturally provided by Harer-Zagier correlation functions: if the latter are known, the resolvents are given by

ρ_N (x_1, . . . , x_m) = ∞∫ −∞ (1 + y_1)dy_1 . . . ∞∫ −∞ (1 + y_m)dy_m φ_N (x_1y_1, . . . , x_my_m) e^{−y21 /2−...−y2m/2} (89)

Another way to deal with divergence of resolvents, often used in practice, is to introduce the genus expansion: namely, to consider generating functions for fat graphs of fixed genus g:

ρ_{(g)}(x_1, . . . , x_m) = ∞∑ i_1 ...i_m =0 K^{(g)}_{i1...im} x^{i1}_1 . . . x^{im}_m (90)

where

K^{(g)}_{i1...im} = coefficient of N^{deg(g)} in K_{i1...im} (N), deg(g) = (i_1 + . . . + i_m)/2 + (2 − 2g) − m (91)

Recall, that genus g contribution to the connected correlator of tr ϕ^{i1} . . . tr ϕ^{im} scales as N to the power (i_1 + . . . + i_m)/2 + (2 − 2g) − m. Defined in this way, the genus g standard correlation functions (the genus g resolvents) are no longer divergent: the number of fat graphs of fixed genus grows much slower, than the total number of fat graphs. We will now demonstrate that relation (89) indeed allows to describe the genus expansion and find resolvents for any particular genus g.

6.2 1-point function

The exact 1-point resolvent is given by

ρ_N (x) = ∞∫ −∞ dy e^{−y2/2} φ_N (xy) (92)

where the 1-point Harer-Zagier function is given by

φ_N (x) = 1 2x^2 (( 1 + x^2 1 − x^2 )_N − 1 ) (93)

Technically, to extract the genus expansion it is most convenient to introduce another variable X = x √ N (see s. IV of [3]). As a consequence of the scaling rule (91), in terms of X the genus expansion becomes simply the 1/N expansion. Indeed, in terms of X the Harer-Zagier function takes form

φ_N ( X √ N ) = N 2X^2 (( N + X^2 N − X^2 )_N − 1 )

and posesses an expansion in negative powers of N: ( N + X^2 N − X^2 )_N = exp { N log ( N + X^2 N − X^2 )} = exp ( 2X^2 +

2X^6 3N^2 + 2X^{10} 5N^4 + . . . ) = exp (_∞ ∑ k=0 2X^{4k+2} (2k + 1)N^{2k} )

The exponent of a series can be represented as a series again:

exp ( 2X^2 +

2X^6 3N^2 + 2X^{10} 5N^4 + . . . ) = e^{2X 2} · 1 + 2X^6 3N^2 + 2 5 X^{10} + 2 9 X^{12} N^4 + 2 7 X^{14} + 4 15 X^{16} + 4 81 X^{18} N^6 + . . .

or, in a general form,

exp (_∞ ∑ k=0 2X^{4k+2} (2k + 1)N^{2k} ) = e^{2X 2} · ∞∑ p=0 p∑ q=0 1 q! X^{4p+2q} N^{2p} ∑ i_1 +...+i_q =p 2^q (2i_1 + 1) . . . (2i_q + 1)

Accordingly, the Harer-Zagier function takes form

φ_N ( X √ N ) = N e^{2X 2} − 1

2X^2 + e^{2X 2} N X^4 3 + e^{2X 2} N^3 ( X^8 5 + X^{10} 9 ) + e^{2X 2} N^6 ( X^{12} 7 + 2X^{14} 15 + 2X^{16} 81 ) + . . .

or, generally,

φ_N ( X √ N ) = N e^{2X 2} − 1 2X^2

+ e^{2X 2} · ∞∑ p=1 p∑ q=1 1 q! X^{4p+2q−2} N^{2p−1} ∑ i_1 +...+i_q =p 2^{q−1} (2i_1 + 1) . . . (2i_q + 1)

(94)

The leading contribution here is the genus 0 Harer-Zagier correlation function:

φ_{(0)}(X) = e^{2X 2} − 1 2X^2

(95)

Accordingly, the next-to-leading contribution corresponds to genus 1, and so on:

φ_{(1)}(X) =

X^4 3 e^{2X 2} (96)

φ_{(2)}(X) = ( X^8 5 + X^{10} 9 ) e^{2X 2} (97)

φ_{(3)}(X) = ( X^{12} 7 + 2X^{14} 15 + 2X^{16} 81 ) e^{2X 2} (98)

. . .

φ_{(g)}(X) = g∑ q=1 X^{4g+2q−2}e^{2X 2} q! ∑ i_1 +...+i_q =g 2^{q−1} (2i_1 + 1) . . . (2i_q + 1)

(99)

Passing back to resolvents by taking Gaussian integrals (92), we obtain in genus zero

ρ_{(0)}(X) = ∞∫ −∞ dY e^{−Y 2/2} e^{2X 2Y 2} − 1 2X^2Y^2 = 1 − √ 1 − 4X^2 2X^2

(100)

This is the celebrated Wigner semi-circle distribution [20]. Similarly, in higher genera we obtain

ρ_{(1)}(X) = 3X^4 ( 1 − 4X^2 )_{−5/2} (101)

ρ_{(2)}(X) = ( 21X^8 + 21X^{10} )( 1 − 4X^2 )_{−11/2} (102)

ρ_{(3)}(X) = ( 1485X^{12} + 6138X^{14} + 1738X^{16} )( 1 − 4X^2 )_{−17/2} (103)

. . .

ρ_{(g)}(X) = g∑ q=1 (4g + 2q − 3)!!X^{4g+2q−2}(1 − 4X^2)^{1/2−2g−q} q! ∑ i_1+...+i_q =g 2^{q−1} (2i_1 + 1) . . . (2i_q + 1)

(104)

As one can see, it is a straightforward exercise to extract the genus expansion from the Harer-Zagier 1-point function – it is even possible to write a formula for arbitrary g. Using the main result of present paper – the exact 2-point Harer-Zagier function – we can do a similar calculation at the 2-point level.

6.3 2-point function

The exact 2-point odd and even resolvents are given by

ρ^+_N (x, y) = ∞∫ −∞ du ∞∫ −∞ dv exp ( − u^2 + v^2 2 ) φ^+_N (xu, yv) (105)

ρ^−_N (x, y) = ∞∫ −∞ udu ∞∫ −∞ vdv exp ( − u^2 + v^2 2 ) φ^−_N (xu, yv) (106)

where the 2-point odd and even Harer-Zagier functions are given by (56) and (57):

φ^−_N (x, y) = xy∫ 0 dt 2(x^2 + y^2) (( 1 + t^2 + x^2 + y^2 1 + t^2 − x^2 − y^2 )_N − 1 )

φ^+_N (x, y) = xy∫ 0 xydt (x^2 + y^2)^2 (( 1 + t^2 + x^2 + y^2 1 + t^2 − x^2 − y^2 )_N 2N(x^2 + y^2)(1 + t^2) + (x^2 + y^2)^2 − (1 + t^2)^2 (1 + t^2 + x^2 + y^2)(1 + t^2 − x^2 − y^2) + 1 )

The full resolvent is a sum of odd and even parts:

ρ_N (x, y) = ρ^{(+)}_N (x, y) + ρ^{(−)}_N (x, y) (107)

Again, to extract the genus expansion we introduce another variables X = x √ N, Y = y √ N. As a consequence of the scaling rule (91), in terms of X and Y the genus expansion becomes simply the 1/N expansion. Taking the intermediate t-integral (we do not go into details here) we obtain in the odd case

φ^−_N ( X √ N , Y √ N ) = XY ( e^{2X 2+2Y 2} − 1 ) 2(X^2 + Y^2) + e^{2X 2+2Y 2}

N^2 ( X^3Y^3 3 + X^5Y 3 + XY^5 3 ) + . . .

and in the even case

φ^+_N ( X √ N , Y √ N ) = X^2Y^2 (X^2 + Y^2)^2 ( (2X^2 + 2Y^2 − 1)e^{2X 2+2Y 2} − 1 ) +

+ e^{2X 2+2Y 2} N^2 ( 4 3 X^6Y^2 + 4 3 X^4Y^4 + 4 3 X^2Y^6 + 4 3 X^4Y^2 + 4 3 X^2Y^4 ) + . . .

We stop at genus one and do not write the genus two and higher contributions, it is absolutely straightforward to obtain them as higher 1/N corrections. To write a formula for arbitrary g (like we did in the 1-point case) is a more involved, but still feasible exercise, which remains to be done. For the Harer-Zagier functions in genus zero, we obtain

φ^+_{(0)}(X, Y ) =

X^2Y^2 (X^2 + Y^2)^2 ( (2X^2 + 2Y^2 − 1)e^{2X 2+2Y 2} − 1 ) (108)

φ^−_{(0)}(X, Y ) = XY ( e^{2X 2+2Y 2} − 1 ) 2(X^2 + Y^2)

(109)

In genus one we have

φ^+_{(1)}(X, Y ) = ( 4 3 X^6Y^2 + 4 3 X^4Y^4 + 4 3 X^2Y^6 + 4 3 X^4Y^2 + 4 3 X^2Y^4 ) e^{2X 2 +2Y 2} (110)

φ^−_{(1)}(X, Y ) = ( X^3Y^3 3 + X^5Y 3 + XY^5 3 ) e^{2X 2+2Y 2} (111)

Passing back to resolvents by taking Gaussian integrals (105) and (106), we obtain in genus zero

ρ^+_{(0)}(X, Y ) =

X^2Y^2 (X^2 − Y^2)^2 ( 1 − 2X^2 − 2Y^2 √ 1 − 4X^2 √ 1 − 4Y^2 − 1 ) (112)

ρ^−_{(0)}(X, Y ) = XY 2(X^2 − Y^2)^2 ( X^2 + Y^2 − 8X^2Y^2 √ 1 − 4X^2 √ 1 − 4Y^2

− X^2 − Y^2 ) (113)

and in genus one

ρ^+_{(1)}(X, Y ) =

8X^2Y^4 + 8X^4Y^2 + 8X^2Y^6 − 104X^4Y^4 + 8X^6Y^2 − 32X^4Y^6 − 32X^6Y^4 + 640X^6Y^6 (1 − 4X^2)^{7/2}(1 − 4Y^2)^{7/2}

(114)

ρ^−_{(1)}(X, Y ) =

5XY^5 + 3X^3Y^3 + 5X^5Y − 52X^3Y^5 − 52X^5Y^3 + 208X^5Y^5 (1 − 4X^2)^{7/2}(1 − 4Y^2)^{7/2}

(115)

Similarly, contribution of any higher genus can be found by expanding the exact functions (56) and (57). This method should be also applicable to 3-point and higher resolvents, but, unfortunately, 3-point and higher analogues of (56) and (57) are not found yet.

7 Conclusion

Despite the apparent simplicity and transparency of the Gaussian Hermitian model, which is beyond any doubt one of the most studied and best understood matrix models, its correlators form a complicated combinatorial system. Given a family of correlators, we can rarely explicitly describe its behaviour. Miriads of integer numbers, counting appropriate fat graphs or discrete Riemann surfaces, appear in a seemingly random fashion. Integer numbers form patterns, they grow and they change according to laws which, despite

the model is Gaussian, are far from being simple. In the case of one-point correlators ⟨⟨ tr ϕ^2 ⟩⟩ = N^2 ⟨⟨ tr ϕ^4 ⟩⟩ = 2N^3 + N ⟨⟨ tr ϕ^6 ⟩⟩ = 5N^4 + 10N^2 ⟨⟨ tr ϕ^8 ⟩⟩ = 14N^5 + 70N^3 + 21N ⟨⟨ tr ϕ^{10} ⟩⟩ = 42N^6 + 420N^4 + 483N^2 . . . these laws can be summarised in one compact formula, found by Harer and Zagier: ⟨⟨ tr ϕ^{2k} ⟩⟩ (2k − 1)!!

= coefficient of x^{2k}λ^N in λ 1 − λ 1 (1 − λ) − (1 + λ)x^2

The modest aim of our research was to find analogous formula for the two-point correlators ⟨⟨ tr ϕ tr ϕ ⟩⟩ = N ⟨⟨ tr ϕ tr ϕ^3 ⟩⟩ = 3N^2 ⟨⟨ tr ϕ tr ϕ^5 ⟩⟩ = 10N^3 + 5N ⟨⟨ tr ϕtr ϕ^7 ⟩⟩ = 35N^4 + 70N^2 ⟨⟨ tr ϕ^3 tr ϕ^3 ⟩⟩ = 12N^3 + 3N ⟨⟨ tr ϕ^3 tr ϕ^5 ⟩⟩ = 45N^4 + 60N^2 ⟨⟨ tr ϕ^3 tr ϕ^7 ⟩⟩ = 168N^5 + 630N^3 + 147N ⟨⟨ tr ϕ^5 tr ϕ^5 ⟩⟩ = 180N^5 + 600N^3 + 165N ⟨⟨ tr ϕ^5 tr ϕ^7 ⟩⟩ = 700N^6 + 4900N^4 + 4795N^2 ⟨⟨ tr ϕ^7 tr ϕ^7 ⟩⟩ = 2800N^7 + 34300N^5 + 81340N^3 + 16695N . . .

and it appears to be

⟨⟨ tr ϕ^{2i+1}tr ϕ^{2j+1} ⟩⟩ (2i + 1)!!(2j + 1)!!

= coefficient of x^{2k+1}y^{2m+1}λ^N in λ (λ − 1)^{3/2} arctan ( xy √ λ − 1 √ λ − 1 + (λ + 1)(x^2 + y^2) )

√ λ − 1 + (λ + 1)(x^2 + y^2)

This is of course just the first step (or, better to say, the second step). Three-point and higher correlators

are still under-investigated. We are yet very far from complete understanding of integer numbers related to fatgraphs: hopefully, many more compact and beautiful formulas lie in wait.

8 Acknowledgements

We are grateful to D.Vasiliev for stimulating discussions. Our work is partly supported by Russian Federal Nuclear Energy Agency and the Russian President’s Grant of Support for the Scientific Schools NSh- 3035.2008.2, by RFBR grant 07-02-00547, by the joint grants 09-01-92440-CE, 09-02-91005-ANF and 09-02- 93105-CNRS. The work of Sh.Shakirov is also supported in part by the Moebius Contest Foundation for Young Scientists and by the Dynasty Foundation.

References

[1] J. Harer, D. Zagier, The Euler Characteristic of the Moduli Space of Curves, Inv. Math. 85 (1986) 457-485

[2] C. Itzykson, J.-B. Zuber, Matrix integration and combinatorics of modular groups, Comm. Math. Phys.

134 (1990) 197-207;

B. Lass, Demonstration combinatoire de la formule de Harer-Zagier, C. R. Acad. Sci. Paris, Se’rie, I, 333, No.3 (2001), 155-160;

S.K. Lando, A.K. Zvonkine, Graphs on Surfaces and Their Applications, Springer (2003); I. P. Goulden and A. Nica, A direct bijection for the Harer-Zagier formula, J. Comb. Theory, A, 111, No. 2 (2005), 224-238;

E.Akhmedov and Sh.Shakirov, Gluing of Surfaces with Polygonal Boundaries, to appear in Funkts. Anal. Prilozh., arXiv:0712.2448

[3] A.Alexandrov, A.Mironov and A.Morozov, Partition functions of matrix models as the first special functions of string theory. I: Finite size Hermitian 1-matrix model, Int.J.Mod.Phys. A19 (2004) 4127, hep-th/0310113;

[4] E.Brezin, C.Itzykson, G.Parisi and J.-B.Zuber, Comm. Math. Phys. 59 (1978) 35;

D.Bessis, C.Itzykson and J.-B.Zuber, Adv. Appl. Math. 1 (1980) 109 ;

M.-L. Mehta, A method of integration over matrix variables, Comm. Math. Phys. 79 (1981) 327; Random Matrices, 2nd edition, Acad. Press., N.Y., 1991;

J.Ambjorn, L.Chekhov, C.F.Kristjansen and Yu.Makeenko, Matrix Model Calculations beyond the Spherical Limit, Nucl.Phys. B404(1993) 127-172, Erratum B449 (1995) 681, hep-th/9302014; B.Eynard, Large Random Matrices: Eigenvalue Distribution, hep-th/9401165; L. Chekhov and C. Kristjansen, Hermitian Matrix Model with Plaquette Interaction, Nucl.Phys. B479 (1996) 683-696, hep-th/9605013;

A. Zvonkin, Matrix integrals and map enumeration: an accessible introduction, Combinatorics and Physics (Marseilles 1995), Math. Comput. Model. 26 (1997) 281-304;

T.Guhr, A.Mueller-Groeling and H.A.Weidenmueller, Random Matrix Theories in Quantum Physics: Common Concepts, Phys. Rep. 299 (1998) 189–425, cond-mat/9707301;

I. Kostov, Conformal Field Theory Techniques in Random Matrix models, Les Houches 2004, 459-487, hep-th/9907060;

P. Forrester, N. Snaith and J. Verbaarschot, Developments in Random Matrix Theory, J. Phys. A36 2859–3645, cond-mat/0303207;

A.Morozov, Challenges of matrix models, hep-th/0502010;

A.Morozov and Sh.Shakirov, Combinatorial Solution of Hermitian Model at Low Genera, to appear

[5] A.Alexandrov, A.Mironov and A.Morozov, M-theory of matrix models, Theor.Math.Phys. 150 (2007) 179-192, hep-th/0605171; Instantons and merons in matrix models, Physica D 235 (2007) 126-167, hep-th/0608228;

N.Orantin, Symplectic invariants, Virasoro constraints and Givental decomposition , arXiv:0808.0635

[6] D.Bessis, A new method in the combinatorics of the topological expansion, Comm.Math.Phys. 69 (1979) 147;

A.Migdal, Loop equations and 1/N expansion, Phys.Rep. 102 (1983) 199;

Yu.Makeenko, A.Marshakov, A.Mironov and A.Morozov, Continuum versus discrete Virasoro in onematrix models, Nucl.Phys. B356 (1991) 574;

J. Ambjorn and C.F. Kristjansen, From 1-matrix model to Kontsevich model, Mod.Phys.Lett. A8 (1993) 2875-2890, hep-th/9307063;

B.Eynard, Master loop equations, free energy and correlations for the chain of matrices, JHEP 0311 (2003) 018, hep-th/0309036; Large N expansion of the 2-matrix model, JHEP 0301 (2003) 051, hepth/0210047; All genus correlation functions for the hermitian 1-matrix model, JHEP 0411 (2004) 031, hep-th/0407261;

B.Eynard and N.Orantin, Topological expansion of the 2-matrix model correlation functions: diagrammatic rules for a residue formula, JHEP 0612 (2006) 026, math-ph/0504058; L.Chekhov and B.Eynard, Hermitian matrix model free energy: Feynman graph technique for all genera, JHEP 0603 (2006) 014, hep-th/0504116; Matrix eigenvalue model: Feynman graph technique for all genera, JHEP 0612 (2006) 026, math-ph/0604014

[7] A.Morozov, Integrability and Matrix Models, Phys.Usp. 37(1994) 1-55, hep-th/9303139;

Matrix Models as Integrable Systems, hep-th/9502091;

A.Mironov, Matrix Models vs. Matrix Integrals, Theor.Math.Phys. 146 (2006) 63-72, hep-th/0506158

[8] F.David, A Model of Random Surfaces with Nontrivial Critical Behavior, Nucl. Phys. B257 [FS14] (1985) 45, 543;

J. Ambjorn, B. Durhuus and J. Frohlich, Diseases of Triangulated Random Surface Models, and Possible Cures, Nucl. Phys. B257 [FS14] (1985) 433;

V. A. Kazakov, I. K. Kostov and A. A. Migdal, Critical Properties of Randomly Triangulated Planar Random Surfaces, Phys. Lett. 157B (1985) 295;

D.Boulatov, V. A. Kazakov, I. K. Kostov and A. A. Migdal, Possible Types Of Critical Behavior And The Mean Size Of Dynamically Triangulated Random Surfaces, Phys. Lett. B174 (1986) 87; Analytical and Numerical Study of the Model of Dynamically Triangulated Random Surfaces, Nucl. Phys. B275 [FS17] (1986) 641;

L. Alvarez-Gaume, Random surfaces, statistical mechanics, and string theory, Lausanne lectures, 1990; P. Di Francesco and C. Itzykson, A Generating Function for Fatgraphs, Annales Poincare Phys.Theor. 59 (1993) 117-140, hep-th/9212108

[9] V.Kazakov, The appearance of matter fields from quantum fluctuations of 2D-gravity, Mod.Phys.Lett.

A4 (1989) 2125;

E.Brezin and V.Kazakov, Exactly Solvable Field Theories Of Closed Strings, Phys. Lett. B236 (1990) 144;

D.Gross and A.Migdal, A Nonperturbative Treatment Of Two-Dimensional Quantum Gravity, Nucl.Phys. B340 (1990) 333;

A.Levin and A.Morozov, On the Foundations of the Random Approach to Quantum Gravity, Phys.Lett. 243B (1990) 207-214;

J. Ambjorn, J. Jurkiewicz, and Yu. M. Makeenko, Multiloop correlators for two-dimensional quantum gravity, Physics Letters B., 251 (1990), 517-524; P.Ginsparg, Matrix Models of 2d Gravity, hep-th/9112013;

A.Marshakov, A.Mironov and A.Morozov, Generalized matrix models as conformal field theories: Discrete case, Phys.Lett. B 265 (1991) 99-107;

J. Ambjorn and C.F. Kristjansen, Non-perturbative 2d quantum gravity and hamiltonians unbounded from below, Int.J.Mod.Phys. A8 (1993) 1259-1282, hep-th/9205073;

P.Di Francesco, P. Ginsparg and J. Zinn-Justin, 2D Gravity and Random Matrices, Phys. Rep. 254 (1995) 1-133, hep-th/9306153;

C.F. Kristjansen, Random Geometries in Quantum Gravity, Doctoral Thesis, The Niels Bohr Institute, University of Copenhagen, 1993, hep-th/9310020;

P.Di Francesco, 2D Quantum Gravity, Matrix Models and Graph Combinatorics, math-ph/0406013

[10] E. Witten, On the structure of the topological phase of two-dimensional gravity, Nucl. Phys. B340 (1990) 281332; Two-dimensional gravity and intersection theory on moduli space, Surveys Diff. Geom. 1 (1991) 243310; On the Kontsevich model and other models of two-dimensional gravity, 91/24, Princeton Univ., Princeton, NJ (1991);

M. Kontsevich, Intersection theory on the moduli space of curves, Funk. Anal. Prilozh., 25:2 (1991) 50-57; Intersection theory on the moduli space of curves and the Airy function, Comm.Math.Phys. 147 (1992) 1-23;

A.Marshakov, A.Mironov and A.Morozov, On the Equivalence of Topological and Quantum 2d Gravity, Phys.Lett. 274B (1992) 280-288, hep-th/9201011;

S.Kharchev, A.Marshakov, A.Mironov, A.Morozov and A.Zabrodin, Unification of All String Models with c < 1, Phys. Lett. B275 (1992) 311-314, hep-th/9111037; Towards unified theory of 2d gravity, Nucl.Phys. B380 (1992) 181-240, hep-th/9201013; M.Adler and P. van Moerbeke, Comm.Math.Phys. 147 (1992) 25;

P. Di Francesco, C. Itzykson and J.-B.Zuber, Polynomial averages in the Kontsevich model, Comm.Math.Phys. 151 (1993) 193-219, hep-th/9206090;

S.Kharchev, A.Marshakov, A.Mironov and A.Morozov, Landau-Ginzburg Topological Theories in the Framework of GKM and Equivalent Hierarchies, Mod.Phys.Lett. A8 (1993) 1047-1062, Theor. Math. Phys. 95 (1993) 571-582, hep-th/9208046; Generalized Kontsevich Model Versus Toda Hierarchy and Discrete Matrix Models, Nucl.Phys. B397 (1993) 339-378, hep-th/9203043; S.Kharchev, A.Marshakov, A.Mironov and A.Morozov, Generalized Kazakov-Migdal-Kontsevich Model: group theory aspects, Int.J.Mod.Phys. A10 (1995) 2015, hep-th/9312210;

A.Mironov, A.Morozov and G.Semenoff, Unitary matrix integrals in the framework of Generalized Kontsevich Model. I. Brezin-Gross-Witten Model, Int.J.Mod.Phys. A11 (1996) 5031-5080, hep-th/9404005; A.Alexandrov, A.Mironov, A.Morozov and P.Putrov, Partition Functions of Matrix Models as the First Special Functions of String Theory. II. Kontsevich Model, arXiv:0811.2825;

[11] R. Gopakumar and C. Vafa, M-theory and topological strings. I, hep-th/9809187;

R. Gopakumar and C. Vafa, M-theory and topological strings. II, hep-th/9812127; C. Vafa, Superstrings and topological strings at large N, J. Math. Phys. 42 (2001) 27982817, hepth/0008142;

M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino and C. Vafa, Topological strings and integrable hierarchies, arXiv:hep-th/0312085;

M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino, and C. Vafa, Topological strings and integrable hierarchies, hep-th/0312085;

J. Gomis and A. Kapustin, Two-Dimensional Unoriented Strings And Matrix Models, JHEP 0406 (2004) 002, hep-th/0310195;

A. Kapustin, Gauge theory, topological strings, and S-duality, JHEP0409:034,2004, hep-th/0404041; Topological strings on noncommutative manifolds, hep-th/0310057, Int.J.Geom.Meth.Mod.Phys. 1

(2004) 49-81;

A. Kapustin, L. Rozansky, On the relation between open and closed topological strings, Commun.Math.Phys. 252 (2004) 393-414, hep-th/0405232;

U. Danielsson, M. Olsson, and M. Vonk, Matrix models, 4D black holes and topological strings on noncompact Calabi-Yau manifolds, JHEP 11 (2004) 007, hep-th/0410141; M. Marino, Les Houches lectures on matrix models and topological strings, hep-th/0410165; A. Neitzke and C. Vafa, Topological strings and their physical applications, hep-th/0410178; M. Aganagic, A. Klemm, M. Marino and C. Vafa, The Topological Vertex, Commun.Math.Phys. 254 (2005) 425-478, arXiv:hep-th/0305132;

M. Temurhan, Random matrices in topological string theory, Doctoral Thesis, University of Amsterdam, 2005

[12] A.Morozov, String Theory, What is it?, Sov. Phys. Usp. 35 (1992) 671-714

[13] K. Demeterfi, N.Deo, S.Jain and C.-I Tan, Phys.Rev. D42 (1990) 4105-4122;

J. Jurkiewicz, Phys.Lett. 245 (1990) 178;

C. Crnkovicz and G.Moore, Phys.Lett. B257 (1991) 322;

G. Akemann and J.Ambjorn, J.Phys. A29 (1996) L555-L560, cond-mat/9606129; G.Akemann, Higher genus correlators for the Hermitian matrix model with multiple cuts, Nucl.Phys. B482 (1996) 403-430, hep-th/9606004

[14] R.Dijkgraaf and C.Vafa, Matrix Models, Topological Strings, and Supersymmetric Gauge Theories, Nucl.Phys. B644 (2002) 3-20, hep-th/0206255; On Geometry and Matrix Models, Nucl.Phys. B644 (2002) 21-39, hep-th/0207106; A Perturbative Window into Non-Perturbative Physics, hep-th/0208048; L.Chekhov and A.Mironov, Matrix models vs. Seiberg-Witten/Whitham theories, Phys.Lett. B552 (2003) 293-302, hep-th/0209085;

R.Dijkgraaf, S.Gukov, V.Kazakov and C.Vafa, Analysis of Gauged Matrix Models, Phys.Rev. D68 (2003) 045007, hep-th/0210238;

V.Kazakov and A.Marshakov, Complex Curve of the Two Matrix Model and its Tau-function, J.Phys. A36 (2003) 3107-3136, hep-th/0211236;

H.Itoyama and A.Morozov, The Dijkgraaf-Vafa prepotential in the context of general Seiberg-Witten theory, Nucl.Phys.B657 (2003) 53-78, hep-th/0211245; Experiments with the WDVV equations for the gluino-condensate prepotential: the cubic (two-cut) case, Phys.Lett. B555 (2003) 287-295, hep-th/0211259; Calculating Gluino-Condensate Prepotential, Prog.Theor.Phys. 109 (2003) 433-463, hep-th/0212032; Gluino-Condensate (CIV-DV) Prepotential from its Whitham-Time Derivatives, Int.J.Mod.Phys. A18 (2003) 5889-5906, hep-th/0301136;

S.Naculich, H.Schnitzer and N. Wyllard, Matrix model approach to the N=2 U(N) gauge theory with matter in the fundamental representation, JHEP 0301 (2003) 015, hep-th/0211254; B.Feng, Geometric Dual and Matrix Theory for SO/Sp Gauge Theories, Nucl.Phys. B661 (2003) 113- 138, hep-th/0212010;

I.Bena, S.de Haro and R.Roiban, Generalized Yukawa couplings and Matrix Models, Nucl.Phys. B664 (2003) 45-58, hep-th/0212083;

Ch.Ann, Supersymmetric SO(N)/Sp(N) Gauge Theory from Matrix Model:Exact Mesonic Vacua, Phys.Lett. B560 (2003) 116-127, hep-th/0301011;

L.Chekhov, A.Marshakov, A.Mironov and D.Vasiliev, DV and WDVV, hep-th/0301071; Complex Geometry of Matrix Models, Proc. Steklov Inst.Math. 251 (2005) 254, hep-th/0506075; A. Dymarsky and V. Pestun, On the property of Cachazo-Intriligator-Vafa prepotential at the extremum of the superpotential, Phys.Rev. D67 (2003) 125001, hep-th/0301135;

Yu.Ookouchi and Yo.Watabiki, Effective Superpotentials for SO/Sp with Flavor from Matrix Models, Mod.Phys.Lett. A18 (2003) 1113-1126, hep-th/0301226;

H.Itoyama and H.Kanno, Supereigenvalue Model and Dijkgraaf-Vafa Proposal, Phys.Lett. B573 (2003) 227-234, hep-th/0304184; Whitham Prepotential and Superpotential, Nucl.Phys. B686 (2004) 155-164, hep-th/0312306;

M.Matone and L.Mazzucato, Branched Matrix Models and the Scales of Supersymmetric Gauge Theories, JHEP 0307 (2003) 015, hep-th/0305225;

R.Argurio, G.Ferretti and R.Heise, An Introduction to Supersymmetric Gauge Theories and Matrix Models, Int.J.Mod.Phys. A19 (2004) 2015-2078, hep-th/0311066;

M.Gomez-Reino, Exact Superpotentials, Theories with Flavor and Confining Vacua, JHEP 0406 (2004) 051, hep-th/0405242;

K.Fujiwara, H.Itoyama and M.Sakaguchi, Supersymmetric U(N) Gauge Model and Partial Breaking of N=2 Supersymmetry, Prog.Theor.Phys. 113 (2005) 429-455, hep-th/0409060; Partial Breaking of N=2 Supersymmetry and of Gauge Symmetry in the U(N) Gauge Model, Nucl.Phys. B723 (2005) 33- 52, hep-th/0503113; Supersymmetric U(N) Gauge Model and Partial Breaking of N=2 Supersymmetry, Prog.Theor.Phys.Suppl. 164 (2007) 125-137, hep-th/0602267;

Sh.Aoyama, The Disc Amplitude of the Dijkgraaf-Vafa Theory: 1/N Expansion vs Complex Curve Analysis, JHEP 0510 (2005) 032, hep-th/0504162;

A.Alexandrov, A.Mironov and A.Morozov, Solving Virasoro Constraints in Matrix Models, Fortsch.Phys. 53 (2005) 512-521, hep-th/0412205; Unified description of correlators in non-Gaussian phases of Hermitian matrix model, Int.J.Mod.Phys. A21 (2006) 2481-2518, hep-th/0412099; D.Berenstein and S.Pinansky, Counting conifolds and Dijkgraaf-Vafa matrix models for three matrices, hep-th/0602294

[15] F. Cachazo, K. Intriligator and C. Vafa A Large N Duality via a Geometric Transition, Nucl.Phys.

B603 (2001) 3-41, hep-th/0103067;

F.Cachazo and C.Vafa, N=1 and N=2 Geometry from Fluxes, hep-th/0206017; M.Matone and L.Mazzucato, Branched Matrix Models and the Scales of Supersymmetric Gauge Theories, JHEP 0307 (2003) 015, hep-th/0305225;

R.Argurio, G.Ferretti and R.Heise, An Introduction to Supersymmetric Gauge Theories and Matrix Models, Int.J.Mod.Phys. A19 (2004) 2015-2078, hep-th/0311066;

M.Gomez-Reino, Exact Superpotentials, Theories with Flavor and Confining Vacua, JHEP 0406 (2004) 051, hep-th/0405242;

K.Fujiwara, H.Itoyama and M.Sakaguchi, Supersymmetric U(N) Gauge Model and Partial Breaking of N=2 Supersymmetry, Prog.Theor.Phys. 113 (2005) 429-455, hep-th/0409060; Partial Breaking of N=2 Supersymmetry and of Gauge Symmetry in the U(N) Gauge Model, Nucl.Phys. B723 (2005) 33- 52, hep-th/0503113; Supersymmetric U(N) Gauge Model and Partial Breaking of N=2 Supersymmetry, Prog.Theor.Phys.Suppl. 164 (2007) 125-137, hep-th/0602267

[16] A.Morozov and Sh.Shakirov, Generation of Matrix Models by Ŵ -operators, JHEP, 0904 (2009) 064, arXiv: 0902.2627

[17] A.Morozov and Sh.Shakirov, Harer-Zagier correlation functions in matrix models, to appear

[18] M.Fukuma, H.Kawai and R.Nakayama, Int.J.Mod.Phys. A6 (1991) 1385;

R.Digkgraaf, E.Verlinde and H.Verlinde, Nucl.Phys. B348 (1991) 565; A.Mironov and A.Morozov, Phys.Lett. B252(1990) 47-52;

F.David, Loop Equations and Nonperturbative Effects in Two-Dimensional Quantum Gravity, Mod.Phys.Lett. A5 (1990) 1019;

J.Ambjorn and Yu.Makeenko, Mod.Phys.Lett. A5 (1990) 1753; H.Itoyama and Y.Matsuo, Phys.Lett. B255 (1991) 202;

A.Marshakov, A.Mironov and A.Morozov, From Virasoro Constraints in Kontsevich’s Model to Wconstraints in 2-matrix Models, Mod. Phys. Lett. A7 (1992) 1345-1360, hep-th/9201010; A.Mironov and A.Morozov, Virasoro constraints for Kontsevich-Hurwitz partition function, JHEP 0902 (2009) 024, arXiv:0807.2843

[19] A. Gerasimov, A. Marshakov, A. Mironov, A. Morozov, and A. Orlov, Matrix Models of Two- Dimensional Gravity and Toda Theory, Nucl. Phys. B357 (1991) 565-618

[20] E.Wigner, Characteristic Vectors of Bordered Matrices with Infinite Dimensions, Ann.Math. 62 (1955) 548; On the Distribution of the Roots of Certain Symmetric Matrices, Ann. of Math. 67 (1958) 325-328; F.Dyson, J.Math.Phys. 3 (1962) 140, 157,166, 1191, 1199; F.Dyson and M. Mehta, J. Math. Phys. 4, 701 (1963)