arXiv:0906.0117v4 [math.DG] 4 Feb 2013

String Connections and Chern-Simons Theory

Konrad Waldorf

Department of Mathematics University of California, Berkeley 970 Evans Hall #3840 Berkeley, CA 94720, USA

waldorf@math.berkeley.edu

Abstract

We present a finite-dimensional and smooth formulation of string structures on spin bundles. It uses trivializations of the Chern-Simons 2-gerbe associated to this bundle. Our formulation is particularly suitable to deal with string connections: it enables us to prove that every string structure admits a string connection and that the possible choices form an affine space. Further we discover a new relation between string connections, 3-forms on the base manifold, and degree three differential cohomology. We also discuss in detail the relation between our formulation of string connections and the original version of Stolz and Teichner.

Keywords: geometric string structure, string connection, 2-gerbe, Chern- Simons theory, extended topological field theory.

MSC classification: primary 53C08, secondary 57R56, 57R15.

Contents

Introduction 2

1 Summary of the Results 5 1.1 String Structures as Trivializations . . . . . . . . . . . . . . . 5 1.2 String Connections as Connections on Trivializations . . . . . 8 1.3 Results on String Connections . . . . . . . . . . . . . . . . . . 10

2 Bundle 2-Gerbes and their Trivializations 12 2.1 The Chern-Simons Bundle 2-Gerbe . . . . . . . . . . . . . . . 12 2.2 Trivializations and String Structures . . . . . . . . . . . . . . 16

3 Connections on Bundle 2-Gerbes 19 3.1 Connections on Chern-Simons 2-Gerbes . . . . . . . . . . . . . 19 3.2 Connections and Geometric String Structures . . . . . . . . . 21 3.3 Existence and Classification of compatible Connections on Trivializations . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Trivializations of Chern-Simons Theory 26 4.1 Chern-Simons Theory as an Extended 3d TFT . . . . . . . . . 27 4.2 Models for n-Bundles with Connection . . . . . . . . . . . . . 29 4.3 Sections of n-Bundles and Trivializations . . . . . . . . . . . . 32

5 Background on Bundle Gerbes 35 5.1 Bundle Gerbes . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.2 Connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

6 Technical Details 40 6.1 Lemma 2.2.4: Trivializations form a 2-Groupoid . . . . . . . . 41 6.2 Lemma 2.2.5: Bundle Gerbes act on Trivializations . . . . . . 42 6.3 Lemma 3.2.2: Existence of Trivializations with Connection . . 46 6.4 Lemma 3.3.3: Connections on Trivializations pull back . . . . 47 6.5 Lemma 3.3.7 (a): Well-definedness of the Action on compatible Connections . . . . . . . . . . . . . . . . . . . . . . . . . . 48 6.6 Lemma 3.3.7 (b): The Action on compatible Connections is free and transitive . . . . . . . . . . . . . . . . . . . . . . . . . 51

References 53

Introduction

This article is concerned with a smooth manifold M, a principal spin bundle P over M, and an additional structure on P called string structure. From a purely topological point of view, a string structure on P is a certain cohomology class ξ ∈ H^3(P, Z).

We show that a string structure on P can equivalently be understood as a trivialization of a geometrical object over M, a bundle 2-gerbe C S_P . This bundle 2-gerbe comes associated with P and plays an important role in classical Chern-Simons theory. Our aim is to use this new formulation of string structures as a suitable setup to study string connections.

A string connection is an additional structure for a connection A on P and a string structure on P . The combination of a string structure and a string connection is called a geometric string structure on (P, A). We give a new definition of a string connection in terms of connections on bundle 2-gerbes, and discuss in which sense it is equivalent to the original concept introduced by Stolz and Teichner [ST04]. Then, we provide the following list of new results on string connections:

• Geometric string structures form a 2-category. The set of isomorphism classes of geometric string structures is parameterized by degree three differential cohomology of M.

• Every string connection defines a 3-form on M, whose pullback to P differs from the Chern-Simons 3-form associated to A by a closed 3-form with integral periods.

• For every string structure on P and every connection A there exists a string connection. The set of possible string connections is an affine space.

Back in the eighties, string structures emerged from two-dimensional supersymmetric field theories in work by Killingback [Kil87] and Witten [Wit86], and several definitions have been proposed so far. Firstly, McLaughlin [McL92] defines a string structure on P as a lift of the structure group of the “looped” bundle LP over LM from LSpin(n) to its universal central extension. Secondly, Stolz and Teichner define a string structure on P as a lift of the structure group of P from Spin(n) to a certain three-connected extension, the string group. This group is not a Lie group, but can be realized either as an infinite-dimensional, strict Fréchet Lie 2-group [BCSS07], or as a finite-dimensional, non-strict Lie 2-group [SP11]. Thirdly, a string structure can be understood as a class ξ ∈ H^3(P, Z), as mentioned in the beginning. This approach is equivalent to the Stolz-Teichner definition, and one can show that string structures in that sense exist if and only if a certain class^1_2 p_1(P ) ∈ H^4(M, Z) vanishes.

Our formulation of string structures is based on the idea of Brylinski and McLaughlin to realize the obstruction class^1_2 p_1(P ) in a geometrical way

[BM92, BM94, BM96]. The bundle 2-gerbe C S_P we use here is such a geometrical realization, and goes back to work of Carey, Johnson, Murray and Stevenson [CJM^++05]. In this paper we go one step further: by considering string structures as trivializations of the bundle 2-gerbe C S_P , we also geometrically realize in which way the obstruction may vanish.

The main innovation of our new formulation of a string structure is that it remains in the category of finite-dimensional, smooth manifolds, in contrast to the formulations of McLaughlin and Stolz-Teichner. This becomes possible by feeding the basic gerbe of Gawȩdzki-Reis [GR02] and Meinrenken [Mei02] into the construction of the bundle 2-gerbe C S_P . A second novelty is that our formulation exhibits string structures as objects in a 2-category rather than in a category: we thus uncover a further layer of structure. The more recent formalism of Schommer-Pries [SP11] has the same advantages, but has so far not been extended to string connections.

String connections on top of string structures have been introduced by Stolz and Teichner as “trivializations” of a certain version of classical Chern- Simons theory [ST04]. The definition we give here is again purely finitedimensional and smooth: it can be expressed as a couple of real-valued differential forms of degrees one and two. Our concept can systematically be understood as an application of the theory of connections on bundle 2-gerbes. In the proofs of our results we use and extend this existing theory.

Our results on string connections make progress in three aspects. Firstly, the action of degree three differential cohomology on geometric string structures that we have found generalizes the well-known action of ordinary degree three cohomology on string structures to a setup with connections. Secondly, we provide a new explanation for the appearance of 3-forms on M in the presence of string structures. Such 3-forms have appeared before in work of Redden about string manifolds [Red06]. We have now identified 3-forms as a genuine feature of a string connection. Thirdly, our results about the existence of string connections and the structure of the space of string connections verify a conjecture of Stolz and Teichner [ST04].

One thing one could further investigate is the role of string connections in two-dimensional supersymmetric non-linear sigma models. In such models, string connections are supposed to provide for well-defined Feynman amplitudes [AS02, FM06]. Further, sigma model actions can contain Wess- Zumino terms; these are best understood in terms of gerbes with connection [Gaw88]. It would be interesting to better understand the interplay between string connections and Wess-Zumino terms, given that both structures are now available in a formulation with gerbes.

This article is organized in the following way. In the next section we present a detailed overview on our results. Sections 2 and 3 provide full definitions and statements, and sketch the proofs. Section 4 is devoted to the comparison of our concepts with those of Stolz and Teichner. In Section 5 we provide some background in bundle gerbe theory. Remaining technical lemmata are collected in Section 6.

Acknowledgements. I gratefully acknowledge support by a Feodor-Lynen scholarship, granted by the Alexander von Humboldt Foundation. I thank Martin Olbermann, Arturo Prat-Waldron, Urs Schreiber and Peter Teichner for exciting discussions, and two referees for their helpful comments and suggestions.

1 Summary of the Results

We explain in Section 1.1 how string structures can be understood as trivializations of the Chern-Simons 2-gerbe. In Section 1.2 we upgrade to a setup with connections, and explain the relation between string connections and Chern-Simons theory. In Section 1.3 we present our results on string connections.

1.1 String Structures as Trivializations

Let us start with reviewing the notion of a string structure on the basis of Stolz and Teichner [ST04] and Redden [Red06]. Throughout this article M is a smooth manifold and n is an integer, n = 3 or n > 4. Note that Spin(n) is simple, connected, simply-connected and compact. In particular, there is a standard generator of H^3(Spin(n), Z) ∼= Z.

Stolz and Teichner [ST04] define a string structure on a principal Spin(n)- bundle P as a lift of the structure group of P from Spin(n) to a certain extension BU(1) // String(n) // Spin(n),

the string group. In this article we are not going to use the string group directly, since it is not a finite-dimensional Lie group, and our aim is to work in the finite-dimensional setting. Instead, we use the following simple replacement:

Definition 1.1.1 ([Red06, Definition 6.4.2]). Let P be a principal Spin(n)- bundle over M. A string class on P is a class ξ ∈ H^3(P, Z), such that for every point p ∈ P the associated inclusion

ι_p : Spin(n) // P : g Ø // p.g

pulls ξ back to the standard generator of H^3(Spin(n), Z).

The string classes of Definition 1.1.1 are in bijection to equivalence classes of Stolz-Teichner string structures [Red06, Proposition 6.4.3]. Basically, this bijection is obtained by considering a lift of the structure group of P as a BU(1)-bundle over P . Such bundles have Dixmier-Douady classes ξ ∈ H^3(P, Z), and properties of String(n) imply that these are string classes.

In the following, we give a new definition of a string structure that is equivalent to Definition 1.1.1, and hence also equivalent to the definition of Stolz and Teichner. Before, we recall an important classification result for string structures. One can ask whether a principal Spin(n)-bundle P admits string structures, and if it does, how many. Associated to P is a class in H^4(M, Z) which is, when multiplied by two, the first Pontryagin class of the underlying SO(n)-bundle. Therefore it is denoted by^1_2 p_1(P ). In terms of string classes, the classification result is as follows.

Theorem 1.1.2 ([ST04, Section 5]). Let π : P // M be a principal Spin(n)- bundle over M.

(a) P admits string classes if and only if^1_2 p_1(P ) = 0.

(b) If P admits string classes, the possible choices form a torsor over the group H^3(M, Z), where the action of η ∈ H^3(M, Z) takes a string class ξ to the string class ξ + π^∗η.

Next we report the first results of this article. It is well-known that the group H^4(M, Z) classifies geometrical objects over M called bundle 2-gerbes [Ste04]. In this article, bundle 2-gerbes are defined internally to the category of smooth, finite-dimensional manifolds (see Definition 2.1.1). The beforementioned classification result for bundle 2-gerbes implies that there exists an isomorphism class of bundle 2-gerbes over M with characteristic class equal to^1_2 p_1(P ). Our first result is the observation that this isomorphism class has a distinguished representative: the Chern-Simons 2-gerbe C S_P .

Theorem 1.1.3. Let P be a principal Spin(n)-bundle over M. Then, the Chern-Simons 2-gerbe C S_P has characteristic class^1_2 p_1(M).

We explain the construction of the Chern-Simons 2-gerbe C S_P in Section 2.1 following Carey et al. [CJM^++05]: its first step is to pull back the basic gerbe G over Spin(n) along the map P ×_M P // Spin(n). The characteristic class of C S_P is calculated by combining a result of McLaughlin ([McL92, Lemma 2.2], recalled below as Lemma 2.1.2) with a general result about Chern-Simons 2-gerbes (Lemma 2.1.3). A different method carried out in [Ste04, Proposition 9.3] (with an infinite-dimensional version of the Chern- Simons 2-gerbe) is to extract an explicit Čech 4-cocycle, and noticing that it is the same as found by Brylinski and McLaughlin in the world of sheaves of 2-groupoids [BM92].

In order to detect whether or not^1_2 p_1(P ) vanishes, we use a geometrical criterion for the vanishing of the characteristic class of a bundle 2-gerbe, called trivialization. In Section 2.2 we will see that trivializations of a bundle 2-gerbe G form a 2-groupoid Triv(G ) (Lemma 2.2.4). Here we just mention that a trivialization T of C S_P determines a class ξ_T ∈ H^3(P, Z); see Proposition 2.2.3. Our second result is the following theorem.

Theorem 1.1.4. The bundle P admits string classes if and only if the Chern-Simons 2-gerbe C S_P has a trivialization. In that case, the assignment T Ø // ξ_T establishes a bijection { Isomorphism classes of trivializations of C S_P } ∼= { String classes on P } .

The first part follows directly from a general result of Stevenson [Ste04], see Lemma 2.2.2. The second part is Proposition 2.2.6 in Section 2.2: there we observe that both sides are torsors over the group H^3(M, Z), and prove that T Ø // ξ_T is equivariant.

Theorem 1.1.4 motivates the following new definition of a string structure:

Definition 1.1.5. Let P be a principal Spin(n)-bundle over M. A string structure on P is a trivialization of the Chern-Simons 2-gerbe C S_P .

As a direct consequence of this definition, string structures are not just a set (like string classes), or a category (as in [ST04]):

Corollary 1.1.6. String structures on a principal Spin(n)-bundle P over M in the sense of Definition 1.1.5 form a 2-groupoid Triv(C S_P ).

We remark that the notions of string structures introduced later by Schommer-Pries [SP11] and Fiorenza, Schreiber and Stasheff [FSS] have the same feature.

1.2 String Connections as Connections on Trivializations

The main objective of this article is to show that Definition 1.1.5 — understanding a string structure as a trivialization of the Chern-Simons 2-gerbe — has many advantages, in particular when additional, differential-geometric structures become involved.

An example for such a differential-geometric structure is a string connection. Our first goal is to give a thorough definition of a string connection. We will use existing concepts and results on connections on bundle 2-gerbes. Basically, a connection on a bundle 2-gerbe is the same type of additional structure an ordinary connection is for an ordinary principal bundle. For example, every connection on a bundle 2-gerbe has a curvature, which is a closed 4-form on M that represents the characteristic class of the underlying bundle 2-gerbe in the real cohomology of M.

Theorem 1.2.1. Any connection A on a principal Spin(n)-bundle P over M determines a connection ∇_A on the Chern-Simons 2-gerbe C S_P . The curvature of ∇_A is one-half of the Pontryagin 4-form associated to A.

In Section 3.1 we give an explicit construction of the connection ∇_A based on results about connections on multiplicative bundle gerbes [CJM^++05, Wal10]. It involves the Chern-Simons 3-form T P (A) ∈ Ω^3(P ) which is fundamental in Chern-Simons theory [CS74]; hence the name of the 2-gerbe C S_P . The curvature of ∇_A is calculated in Lemma 3.1.2.

Now that we have equipped the Chern-Simons 2-gerbe C S_P with the connection ∇_A, we consider trivializations of C S_P that preserve the connection ∇_A in an appropriate way. However, the term “preserve” is not accurate: for a morphism between two bundle 2-gerbes with connections, being “connectionpreserving” is structure, not property. So we better speak of trivializations with compatible connection. Generally, if G is a bundle 2-gerbe with connection ∇, there is a 2-groupoid Triv(G , ∇) of trivializations of G with connection compatible with ∇.

Accompanying Definition 1.1.5 we propose the following definition.

Definition 1.2.2. Let P be a principal Spin(n)-bundle over M with connection A, and let T be a string structure on P . A string connection for (T, A) is a connection ▼ on T that is compatible with ∇_A. A geometric string structure on (P, A) is a pair (T, ▼) of a string structure T on P and a string connection ▼ for (T, A).

We suppress the details behind this definition until Section 3.2. We only remark that every string connection ▼ determines a closed 3-form K_▼ ∈ Ω^3_{cl}(P ) that represents the string class ξ_T ∈ H^3(P, Z) corresponding to T under the bijection of Theorem 1.1.4. This 3-form appears below in Theorem 1.3.3.

In the remainder of this subsection we compare Definition 1.2.2 with the original concept of a geometric string structure introduced by Stolz and Teichner [ST04]. There, a geometric string structure on a principal Spin(n)-bundle P with connection A is by definition a trivialization of the extended Chern-Simons theory Z_{P,A} associated to (P, A) [ST04, Definition 5.3.4]. Chern-Simons theory is viewed as a three-dimensional extended topological field theory: it assigns values Z_{P,A}(ϕ^d) to smooth maps ϕ^d : X^d // M where X^d is a d-dimensional oriented manifold and d varies from 0 to 3. These values are supposed to be compatible with the gluing of manifolds along boundaries, and are supposed to depend in a smooth way on the map ϕ^d. In the top dimension, Z_{P,A}(ϕ^3) is an element of U(1), namely the ordinary classical Chern-Simons invariant of X^3. According to Stolz and Teichner, a trivialization of Z_{P,A} is a similar assignment that “lifts” the values of Z_{P,A} in a certain way; for example, it assigns to ϕ^3 a real number whose exponential is Z_{P,A}(ϕ^3).

Our argument uses that the extended Chern-Simons theory Z_{P,A} can directly be formulated in terms of the Chern-Simons 2-gerbe C S_P and its connection ∇_A (Definition 4.2.1). This formulation is close to Freed’s original definition of extended Chern-Simons theory by transgression [Fre02]. The difference to the formulation used by Stolz and Teichner is essentially a different choice of a geometrical model for K(Z, 4): Stolz and Teichner use the space of torsors over the outer automorphisms of a certain von Neumann algebra, while the model that stands behind bundle 2-gerbes is the topological group BBBU(1).

In this article we use the formulation of the Chern-Simons theory Z_{P,A} in terms of the Chern-Simons 2-gerbe C S_P , and adopt the Stolz-Teichner concept of a trivialization to this formulation (Definition 4.3.1). Now, our concept of a geometric string structure matches almost literally the definition of Stolz and Teichner: it trivializes the Chern-Simons 2-gerbe C S_P and the connection ∇_A and thereby the Chern-Simons theory Z_{P,A}. More precisely, in Section 4.3 we construct a map S : Isomorphism classes of geometric string structures on (P, A) // Isomorphism classes of trivializations of the extended Chern-Simons theory Z_{P,A} where the geometric string structures on the left hand side are those of Definition 1.2.2, and the trivializations on the right hand side are the ones of Stolz and Teichner.

Theorem 1.2.3. Let P be a principal Spin(n)-bundle over M with connection A, and let Z_{P,A} be the extended Chern-Simons theory associated to (P, A). Then, the map S is injective. Moreover, under the assumption that the cobordism hypothesis holds for Z_{P,A}, it is also surjective.

In that sense, our concept of a geometric string structure coincides with the one of Stolz and Teichner. We prove Theorem 1.2.3 in Section 4 as a combination of Lemmata 4.3.2 and 4.3.3. As we will see, the injectivity of S relies on the smoothness of the assignments of Z_{P,A}. Surjectivity holds if we assume that both Z_{P,A} and its trivializations are already determined by their value on a point ϕ^0 : X^0 // M, which is essentially the statement of the cobordism hypothesis recently proved by Lurie [Lur09]. Whether or not that assumption is true remains undecidable because some aspects of the field theory Z_{P,A} are not treated sufficiently in [ST04] — most importantly their functorality with respect to manifolds with corners.

1.3 Results on String Connections

We have argued that trivializations of the Chern-Simons 2-gerbe C S_P with compatible connection are an appropriate formulation for geometric string structures on a pair (P, A) of a principal Spin(n)-bundle P over M and a connection A on P . In this formulation, we prove the following results on string connections.

Two results are direct consequences of the general theory of bundle 2- gerbes with connection, stated as Lemma 3.2.3 below. The first is an analog of Corollary 1.1.6.

Corollary 1.3.1. Geometric string structures on a principal Spin(n)-bundle P over M with connection A form a 2-groupoid Triv(C S_P , ∇_A).

We remark that the formalism of “string bundles with connection” introduced later in [FSS] has the same feature. The second result extends Theorem 1.1.2 from string structures to geometric string structures.

Corollary 1.3.2. Let P be a principal Spin(n)-bundle over M with connection A, and suppose^1_2 p_1(P ) = 0. Then, (P, A) admits a geometric string structure. The set of isomorphism classes of geometric string structures is a torsor over the differential cohomology group Ĥ^3(M, Z).

Here we understand differential cohomology in the axiomatic sense of Simons and Sullivan [SS08]. In the context of bundle gerbes and bundle 2-gerbes, Deligne cohomology is often an appropriate realization. We recall that one feature of differential cohomology is a commutative diagram:

Ĥk(M, Z)^{pr} // Ω fflffl H^k(M, Z) ι^∗ fflffl Ω^k_{cl}(M) // H^k(M, R).

Acting with a class κ ∈ Ĥ^3(M, Z) on a geometric string structure covers the action of pr(κ) ∈ H^3(M, Z) on the underlying string structure from Theorem 1.1.2 (b).

The next result is an interesting relation between geometric string structures and 3-forms on M.

Theorem 1.3.3. Let π : P // M be a principal Spin(n)-bundle over M with a connection A. Let (T, ▼) be a geometric string structure on (P, A). Then, there exists a unique 3-form H_▼ ∈ Ω^3(M) such that

π^∗H_▼ = K_▼ + T P (A), (1.3.1)

where K_▼ is the 3-form that represents the string class ξ_T ∈ H^3(P, Z), and T P (A) is the Chern-Simons 3-form associated to the connection A. Moreover, H_▼ has the following properties:

(a) Its derivative dH_▼ is one-half of the Pontryagin 4-form of A.

(b) It depends only on the isomorphism class of (T, ▼).

(c) For κ ∈ Ĥ^3(M, Z) we have

H_{▼.κ} = H_▼ + Ω(κ).

under the action of Corollary 1.3.2.

This theorem follows from general results about connections on bundle 2-gerbes that we derive in Lemmata 3.2.4 and 3.2.5.

Redden shows with analytical methods [Red06] in the case that P is a spin structure on a Riemannian manifold (M, g) and A is the Levi-Cevita connection, a string class ξ determines a 3-form H_ξ on M with properties analogous to (1.3.1) and (a) of Theorem 1.3.3. One can show that for every string class ξ there exists a string connection ▼ such that H_ξ = H_▼ [RW], but it is an open problem whether or not such a string connection is determined by the given data.

Our last result is the following theorem.

Theorem 1.3.4. For P a principal Spin(n)-bundle over M, let T be a string structure. For any choice of a connection A on P , there exists a string connection ▼ on T. The set of string connections on T is an affine space.

This result verifies a conjecture remarked by Stolz and Teichner [ST04, Theorem 5.3.5], when this conjecture is interpreted in our framework. For the proof of Theorem 1.3.4, we show in full generality that every trivialization of every bundle 2-gerbe with connection admits a connection (Proposition 3.3.1), and that the set of such connections is an affine space (Proposition 3.3.4).

2 Bundle 2-Gerbes and their Trivializations

We provide definitions of bundle 2-gerbes and trivializations, describe their relation to string structures and prove the results stated in Section 1.1. Connections will be added to the picture in Section 3.

2.1 The Chern-Simons Bundle 2-Gerbe

We give the details for the proof of Theorem 1.1.3: we describe the construction of the Chern-Simons 2-gerbe C S_P associated to a principal Spin(n)- bundle P .

First we recall the definition of a bundle 2-gerbe, which is based very much on the notion a bundle (1-)gerbe introduced by Murray [Mur96]. All bundle gerbes in this article have structure group U(1). Since bundle gerbes become more and more common, I only recall a few facts at this place; additional background is provided in Section 5. Apart from these, the reader is referred to [Mur10, SW10] for introductions, and to [Ste00, Wal07b] for detailed treatments.

1. For M a smooth manifold, bundle gerbes over M form a strictly monoidal 2-groupoid Grb(M). Its 1-morphisms will be called isomorphisms, and its 2-morphisms will be called transformations.

2. Denoting by h_0Grb(M) the group of isomorphism classes of bundle gerbes over M, there is a group isomorphism

DD : h_0Grb(M) // H^3(M, Z).

For G a bundle gerbe, DD(G) is called the Dixmier-Douady class of G. 3. For f : M // N a smooth map, there is a pullback 2-functor f^∗ : Grb(N) // Grb(M), and whenever smooth maps are composable, the associated 2-functors compose strictly.

Let us fix some notation. We say that a covering of a smooth manifold M is a surjective submersion π : Y // M. We denote the k-fold fibre product of Y with itself by Y^{[k]}. This is again a smooth manifold, and for integers k > p, all the projections π_{i1,...,ip} : Y^{[k]} // Y^{[p]} : (y_1, ..., y_k) Ø // (y_{i1} , ..., y_{ip} ) are smooth maps.

Definition 2.1.1 ([Ste04, Definition 5.3]). A bundle 2-gerbe over M is a covering π : Y // M together with a bundle gerbe P over Y^{[2]}, an isomorphism M : π^∗_{12}P ⊗ π^∗_{23}P // π^∗_{13}P of bundle gerbes over Y^{[3]}, and a transformation π^∗_{12}P ⊗ π^∗_{23}P ⊗ π^∗_{34}P^{π∗123M⊗id} //

id⊗π^∗_{234}M fflffl

π^∗_{13}P ⊗ π^∗_{34}P μ nn

nnnn nnn nn nnnn nnn nnnn

s– nnn nnn nnn n nnn nnn nnn n^{π∗}134^M fflffl π^∗_{12}P ⊗ π^∗_{24}P_{π∗124M} // π^∗_{14}P

over Y^{[4]} that satisfies the pentagon axiom shown in Figure 1.

The isomorphism M is called product and the transformation μ is called the associator. The pentagon axiom implies the cocycle condition for a certain degree three cocycle on M with values in U(1), which defines — via the exponential sequence — a class CC(G ) ∈ H^4(M, Z);

see [Ste04, Proposition 7.2] for the details. In the following we call CC(G ) the characteristic class of the bundle 2-gerbe G .

∗ id ∘ (π^∗_{1234}μ ⊗ id)

y� –– –– –– –– –– – –– –– – π^∗_{1345}μ ∘ id Æ%C CC CC CC CC CC CC CC CC CC CC C

∗ π^∗_{1245}μ ∘ id ˇø 11 11 11 11 11 11 11 11 ∗ π^∗_{1235}μ ∘ id

� flfl flfl flfl flfl flfl flfl flfl flfl ∗ id ∘ (id ⊗ π^∗_{2345}μ)

+3 ∗

Figure 1: The pentagon axiom for a bundle gerbe product μ. It is an equality between transformations over Y^{[5]}.

Now let G be a Lie group. In fact we are only interested in G = Spin(n), but the following construction applies in general. For more details on this construction, we refer the reader to [CJM^++05].

Let π : P // M be a principal G-bundle over M. The key idea in the construction of the Chern-Simons 2-gerbe C S_P is to take the bundle projection π : P // M as its covering. Its two-fold fibre product comes with a smooth map g : P^{[2]} // G defined by p^′.g(p, p^′) = p, for p, p^′ ∈ P two points in the same fibre. Suppose now we have a bundle gerbe G over G available. Then we put P := g^∗G as the bundle gerbe of C S_P . It turns out that the remaining structure, namely the product M and the associator μ, can be induced from additional structure on the bundle gerbe G over G, called a multiplicative structure. Bundle gerbes with multiplicative structure are called multiplicative bundle gerbes.

We have thus a bundle 2-gerbe C S_P (G) associated to every principal Gbundle P and every multiplicative bundle gerbe G over G. We remark that multiplicative bundle gerbes G over G are classified up to isomorphism by H^4(BG, Z) via a multiplicative class MC(G) ∈ H^4(BG, Z) [CJM^++05]. The transgression homomorphism

H^4(BG, Z) // H^3(G, Z)

takes the multiplicative class to the Dixmier-Douady class of the underlying bundle gerbe; see [Wal10, Proposition 2.11].

The relation between the multiplicative class of a multiplicative bundle gerbe G over G and the characteristic class of the associated Chern-Simons 2-gerbe C S_P (G) is the following.

Lemma 2.1.2 ([Wal10, Theorem 3.13]). Let P be a principal G-bundle over M, and let η_P : M // BG be a classifying map for P . Then,

CC(C S_P (G)) = η^∗_P MC(G).

Let us restrict to G = Spin(n), and assume a principal Spin(n)-bundle P over M with a classifying map η_P . Suppose we have a multiplicative bundle gerbe G over G such that

η^∗_P MC(G) =^1_2 p_1(P ) ∈ H^4(M, Z). (2.1.1)

Then, by Lemma 2.1.2, we obtain

CC(C S_P (G)) =^1_2 p_1(P ),

which proves Theorem 1.1.3.

In order to find a multiplicative bundle gerbe G satisfying (2.1.1) we use the following result of McLaughlin.

Lemma 2.1.3 ([McL92, Lemma 2.2]). Let P be a principal Spin(n)-bundle over M, and let η_P : M // BSpin(n) be a classifying map for P . Then, there is a unique τ ∈ H^4(BSpin(n), Z) whose transgression is the standard generator of H^3(Spin(n), Z). Moreover,

η^∗_P τ =^1_2 p_1(P ).

The lemma tells us that the multiplicative bundle gerbe G we want to find has multiplicative class equal to τ. In turn, this means that the underlying bundle gerbe G has a Dixmier-Douady class equal to the standard generator of H^3(Spin(n), Z). Such a bundle gerbe is well-known: the basic gerbe over Spin(n). The basic gerbe has been constructed by Gawȩdzki-Reis [GR02] and Meinrenken [Mei02] in a smooth and finite-dimensional way using Lietheoretical methods.

Over simple, connected, simply-connected Lie groups such as Spin(n), every bundle gerbe carries a unique multiplicative structure, up to 1- isomorphism. In fact, Schommer-Pries has proved that the multiplicative structure is unique up to a contractible choice of isomorphisms, i.e. each two 1-isomorphisms are related by a unique 2-isomorphism [SP11, Theorem 99].

However, for the basic gerbe G it is possible to select a specific multiplicative structure, as explained in detail in [Wal12]. Briefly, we consider the

(infinite-dimensional) bundle gerbe R(T_G ) over G, obtained from G by transgression T , followed by regression R; see [Walb]. By [Walb, Theorem A], the two bundle gerbes G and R(T_G ) are isomorphic via a canonical isomorphism A : G // R(T_G ). The point is that the infinite-dimensional bundle gerbe R(T_G ) carries a multiplicative structure given by the Mickelsson product (see [Wal10] and [Mic87]). The isomorphism A pulls back this multiplicative structure to the basic gerbe G. Since G is a finite-dimensional bundle gerbe, all its isomorphisms and transformations descend to finite-dimensional ones [Wal07b, Theorem 1]. That way, the pulled back infinite-dimensional multiplicative structure descends to a finite-dimensional one.

Summarizing, the basic gerbe G over Spin(n) comes equipped with a multiplicative structure. The associated Chern-Simons bundle 2-gerbe C S_P (G) is the one that is relevant in this article, and therefore abbreviated by C S_P .

Remark 2.1.4. Multiplicative gerbes over a compact Lie group G are the same as central Lie 2-group extensions of G by BU(1) in the sense of Schommer-Pries [SP11]; see [SP11, Remark 101] and [Wal12, Theorem 3.2.5]. Under this equivalence, the infinite-dimensional multiplicative bundle gerbe R(T_G ) corresponds to an infinite-dimensional model for the string group, similar to the one of [BCSS07], but still different. The finite-dimensional, multiplicative bundle gerbe G corresponds to a finite-dimensional, smooth model for the string group.

2.2 Trivializations and String Structures

Next is the proof of Theorem 1.1.4: we explain the relation between trivializations of the Chern-Simons 2-gerbe C S_P and string classes on P in the sense of Definition 1.1.1.

Definition 2.2.1 ([Ste04, Definition 11.1]). Let G = (Y, P, M, μ) be a bundle 2-gerbe over M. A trivialization of G is a bundle gerbe S over Y , together with an isomorphism

A : P ⊗ π^∗_2 S // π^∗_1 S

of bundle gerbes over Y^{[2]} and a transformation

π^∗_{12}P ⊗ π^∗_{23}P ⊗ π^∗_3 S^{id⊗π∗23A} // M⊗id fflffl

π^∗_{12}P ⊗ π^∗_2 S

σ mm

mmmm mm mmmm mmmm

rz mmmm mmmm mmmm mmmm^π ∗ 12A fflffl π^∗_{13}P ⊗ π^∗_3 S_{π∗13A} // π^∗_1 S

π^∗_{14}A ∘ (π^∗_{134}M ⊗ id) ∘ (π^∗_{123}M ⊗ id ⊗ id)

π^∗_{134}σ ffl˚ id ∘ (μ ⊗ id) �fl π^∗_{14}A ∘ (π^∗_{124}M ⊗ id) ∘ (id ⊗ π^∗_{234}M ⊗ id)

π^∗_{124}σ ∘ id ¸ π^∗_{13}A ∘ (π^∗_{123}M ⊗ id) ∘ (id ⊗ id ⊗ π^∗_{34}A)

π^∗_{123}σ ∘ id � π^∗_{12}A ∘ (id ⊗ π^∗_{24}A) ∘ (id ⊗ π^∗_{234}M ⊗ id)

id ∘ (id ⊗ π^∗_{234}σ)

5= π^∗_{12}A ∘ (id ⊗ π^∗_{23}A) ∘ (id ⊗ id ⊗ π^∗_{34}A)

Figure 2: The compatibility condition between the associator μ of a bundle 2-gerbe and the transformation σ of a trivialization. It is an equality of transformations over Y^{[4]}.

over Y^{[3]} that is compatible with the associator μ in the sense of Figure 2.

The purpose of a trivialization is the following.

Lemma 2.2.2 ([Ste04, Proposition 11.2]). The characteristic class of a bundle 2-gerbe vanishes if and only if it admits a trivialization.

Applied to the Chern-Simons 2-gerbe C S_P , Lemma 2.2.2 proves the first part of Theorem 1.1.4: P admits a string class if and only if C S_P has a trivialization. The second part follows from Propositions 2.2.3 and 2.2.6 below. The first proposition explains how a trivialization defines a string class.

Proposition 2.2.3. Let P be a principal Spin(n)-bundle over M, and let T = (S, A, σ) be a trivialization of the Chern-Simons 2-gerbe C S_P . Then,

ξ_T := DD(S) ∈ H^3(P, Z)

is a string class on P .

Proof. We have to show that the pullback of DD(S) along an inclusion ι_p : Spin(n) // P is the generator of H^3(Spin(n), Z). By construction, this is nothing but the Dixmier-Douady class of the basic gerbe G which entered the structure of the Chern-Simons 2-gerbe C S_P .

Consider the isomorphism A : g^∗G ⊗ π^∗_2 S // π^∗_1 S of bundle gerbes over P^{[2]} which is part of T. For s_p : Spin(n) // P^{[2]} : g Ø // (p.g, p), we observe that g ∘ s_p = id, π_1 ∘ s_p = ι_p, and π_2 ∘ s_p is a constant map. Thus, the pullback s^∗_pA implies on the Dixmier-Douady classes DD(G) = DD(ι^∗_pS), since a bundle gerbe over a point has vanishing Dixmier-Douady class. □

For the second proposition we need two lemmata.

Lemma 2.2.4. Trivializations of a fixed bundle 2-gerbe G form a 2-groupoid denoted Triv(G ).

This also implies Corollary 1.1.6. For the moment it is enough to note that a 1-morphism between trivializations (S_1, A_1, σ_1) and (S_2, A_2, σ_2) involves an isomorphism B : S_1 // S_2 between the two bundle gerbes. We defer a complete treatment of the 2-groupoid Triv(G ) to Section 6.1.

The next lemma equips the 2-groupoid Triv(G ) with an additional structure.

Lemma 2.2.5. The 2-groupoid Triv(G ) has the structure of a module over the monoidal 2-groupoid Grb(M) of bundle gerbes over M. Moreover:

(i) If T = (S, A, σ) is a trivialization of G , and K is a bundle gerbe over M, the new trivialization T.K has the bundle gerbe S ⊗ π^∗K.

(ii) On isomorphism classes, a free and transitive action of the group h_0Grb(M) on the set h_0Triv(G ) is induced.

The definition of this action and the proof of its properties is an exercise in bundle gerbe theory and deferred to Section 6.2.

Now we can complete the proof of Theorem 1.1.4.

Proposition 2.2.6. Let P be a principal Spin(n)-bundle over M. Then, the assignment { Isomorphism classes of trivializations of C S_P } // { String classes on P }

(S, A, σ) Ø // DD(S) is a bijection.

Proof. After what we have said about the 1-morphisms between trivializations, the assignment (S, A, σ) Ø // DD(S) does not depend on the choice of a representative. With Proposition 2.2.3, it is hence well-defined. It is a bijection because it is an equivariant map between H^3(M, Z)-torsors: domain and codomain are torsors due to Lemma 2.2.5 (ii) and Theorem 1.1.2 (b). The equivariance follows from Lemma 2.2.5 (i). □

Remark 2.2.7. One can regard a trivialization of a bundle 2-gerbe G as a “twisted gerbe”, analogous to the notion of a twisted line bundle, which is nothing but a trivialization of a gerbe [Wal07b, Section 3]. In [FSS, Section 6] this analogy is extended to twisted string structures.

3 Connections on Bundle 2-Gerbes

We provide definitions of connections on bundle 2-gerbes and on their trivializations, introduce our notion of a string connection and outline the proofs of our results on string connections.

3.1 Connections on Chern-Simons 2-Gerbes

We prove Theorem 1.2.1: for C S_P , the Chern-Simons 2-gerbe associated to a principal Spin(n)-bundle P , we construct the connection ∇_A on C S_P associated to a connection A on P .

Again, I only want to recall a few facts about connections on bundle gerbes at this place. Basic definitions are provided in Section 5.2, and more detail is provided in [Ste00, Wal07b]. An important feature of a connection ∇ on a bundle gerbe G is its curvature, which is a closed 3-form curv(∇) ∈ Ω^3(M) and represents the Dixmier-Douady class DD(G) in real cohomology. Bundle gerbes with connection form another 2-groupoid Grb^∇(M), which has a forgetful 2-functor Grb^∇(M) // Grb(M). As already mentioned in Section 1.2 one has to be aware that for a 1- morphism to be “connection-preserving” is structure, not property; see Definition 5.2.3. Thus, the 1-morphisms of Grb^∇(M) are isomorphisms with compatible connections. The 2-morphisms are connection-preserving transformations; here it is only property.

Definition 3.1.1. Let G = (Y, P, M, μ) be a bundle 2-gerbe over M. A connection on G is a 3-form B ∈ Ω^3(Y ), together with a connection ∇ on P of curvature curv(∇) = π^∗_2 B − π^∗_1 B, (3.1.1)

and a compatible connection on the product M, such that the associator μ is connection-preserving.

Analogously to bundle gerbes with connection, every connection on a bundle 2-gerbe has a curvature. It is the unique 4-form F ∈ Ω^4(M) such that π^∗F = dB. It is closed and its cohomology class coincides with the image of CC(G ) in real cohomology [Ste04, Proposition 8.2].

We recall from Section 2.1 that the Chern-Simons 2-gerbe C S_P (G) is specified by two parameters: the principal G-bundle P and a multiplicative bundle gerbe G over G. It turns out that a connection on C S_P (G) is determined by three parameters: a connection A on P , an invariant bilinear form ⟨−, −⟩ on the Lie algebra g of G, and a certain kind of connection on the multiplicative bundle gerbe G [Wal10].

In the case G = Spin(n), we choose the bilinear form to be the Killing form on spin(n), normalized such that the closed 3-form

H =^1_6 ⟨θ ∧ [θ ∧ θ]⟩ ∈ Ω^3(Spin(n)), (3.1.2)

with θ the left-invariant Maurer-Cartan form, represents the image of the standard generator 1 ∈ H^3(Spin(n), Z) in real cohomology.

Let us briefly recall the construction of connections on Chern-Simons 2- gerbes C S_P (G) following [Joh02, CJM^++05]. The first ingredient, the 3-form on P , is the Chern-Simons 3-form

T P (A) := ⟨A ∧ dA⟩ +^2_3 ⟨A ∧ A ∧ A⟩ ∈ Ω^3(P ).

The reason to choose this particular 3-form becomes clear when one computes the difference between its two pullbacks to P^{[2]},

π^∗_2 T P (A) − π^∗_1 T P (A) = g^∗H + dω,

with H the 3-form (3.1.2) and a certain 2-form ω ∈ Ω^2(P^{[2]}). According to condition (3.1.1), this difference has to coincide with the curvature of the connection on the bundle gerbe P = g^∗G of C S_P (G).

The basic gerbe G of Gawȩdzki-Reis and Meinrenken comes with a connection of curvature H. So, the pullback gerbe P = g^∗G carries a connection of curvature g^∗H. This connection can further be modified using the 2-form ω (see Lemma 3.3.5), such that the resulting connection ∇_ω on P has the desired curvature g^∗H + dω. Thus, the connection ∇_ω on P qualifies as the second ingredient of the connection on C S_P .

We continue the construction of the connection ∇_A following [Wal10], where the remaining steps have been reduced to the problem of finding a (multiplicative) connection on the multiplicative structure on G satisfying a certain curvature constraint. Such connections are unique (up to an action of closed, simplicially closed 1-forms on G × G, which does not change the isomorphism class of the multiplicative gerbe G with connection); see [Wal10, Corollary 3.1.9]. Even better, the construction of the multiplicative structure on the basic gerbe described in Section 2.1 produces exactly such a connection.

Thereby, we have the connection ∇_A on C S_P .

Lemma 3.1.2 ([Wal10, Theorem 3.12 (b)]). The curvature of the connection ∇_A on the Chern-Simons 2-gerbe C S_P is the 4-form

⟨Ω_A ∧ Ω_A⟩ ∈ Ω^4(M),

where Ω_A is the curvature of A.

Since the curvature of any bundle 2-gerbe represents its characteristic class, which is here^1_2 p_1(P ), it follows that the curvature of ∇_A is one-half of the Pontryagin 4-form of P . (The factor^1_2 does not appear in the formula, because we have normalized the bilinear form ⟨−, −⟩ with respect to Spin(n) and not with respect to SO(n).)

3.2 Connections and Geometric String Structures

We give the details of our new notion of a string connection (Definition 1.2.2) as a compatible connection on a trivialization of the Chern-Simons 2-gerbe C S_P . Then we prove Theorem 1.3.3, the relation between geometric string structures and 3-forms.

Definition 3.2.1. Let G be a bundle 2-gerbe over M with connection, and let T = (S, A, σ) be a trivialization of G . A compatible connection ▼ on T is a connection on the bundle gerbe S and a compatible connection on the isomorphism A, such that the transformation σ is connection-preserving.

The 3-form K_▼ we have mentioned in Section 1.2 is the curvature of the connection on the bundle gerbe S. Under the bijection of Proposition 2.2.6, it thus represents the string class ξ_T = DD(S) in real cohomology.

First we generalize Lemma 2.2.2 to the setup with connection.

Lemma 3.2.2. Let G be a bundle 2-gerbe with connection. Then, CC(G ) = 0 if and only if G admits a trivialization with compatible connection.

It is clear that if a trivialization with compatible connection is given, then CC(G ) = 0 by Lemma 2.2.2. We prove the converse in Section 6.3 using the fact that bundle 2-gerbes are classified by degree four differential cohomology.

Concerning the algebraic structure of trivializations with connection, we have the following lemma.

Lemma 3.2.3. Let G be a bundle 2-gerbe with connection ∇ and CC(G ) = 0.

(i) The trivializations of G with compatible connection form a 2-groupoid Triv(G , ∇). (ii) The 2-groupoid Triv(G , ∇) is a module for the monoidal 2-groupoid Grb^∇(M) of bundle gerbes with connection over M.

(iii) On isomorphism classes, a free and transitive action of the group h_0Grb^∇(M) on the set h_0Triv(G , ∇) is induced.

This lemma is a straightforward generalization of our previous results (Lemmata 2.2.4 and 2.2.5) on trivializations without connection in the sense that all constructions are literally the same; see Remarks 6.1.1 and 6.2.1.

We recall from [MS00, Theorem 4.1] that bundle gerbes with connection are classified by degree three differential cohomology,

h_0Grb^∇(M) ∼= Ĥ^3(M, Z). (3.2.1)

Under this identification, the two maps

pr : Ĥ^3(M, Z) // H^3(M, Z) and Ω : Ĥ^3(M, Z) // Ω^3_{cl}(M)

are given by the Dixmier-Douady class of the bundle gerbe, and the curvature of its connection, respectively. Together with Lemma 3.2.3, this implies Corollaries 1.3.1 and 1.3.2.

Now we are heading towards the proof of Theorem 1.3.3, the relation between geometric string structures and 3-forms.

Lemma 3.2.4. Let G be a bundle 2-gerbe with covering π : Y // M and a connection with 3-form B ∈ Ω^3(Y ). Let T = (S, A, σ) be a trivialization of G with compatible connection ▼, the connection on the bundle gerbe S denoted by ∇. Then, there exists a unique 3-form H_▼ on M such that

π^∗H_▼ = curv(∇) + B.

Proof. We can prove this right away. For the 3-form

C := curv(∇) + B ∈ Ω^3(Y ),

we compute

π^∗_2 C − π^∗_1 C = (π^∗_2 curv(∇) − π^∗_1 curv(∇)) + (π^∗_2 B − π^∗_1 B) = curv(P) − curv(P) = 0.

Here we have used condition (3.1.1) and that the isomorphism

A : P ⊗ π^∗_2 S // π^∗_1 S

is equipped with a compatible connection (which implies the equality of the curvatures of the target and the source bundle gerbes). The computation means (see the exact sequence in Lemma 5.2.2), that C is the pullback of a unique 3-form H_▼ along π : Y // M. □

The 3-form H_▼ depends only on the isomorphism class of T in Triv(G , ∇), since the curvature of S does so. Thus, the proof of Theorem 1.3.3 is finished with the following calculation, which follows directly from the definitions. Lemma 3.2.5. Let G be a bundle 2-gerbe with connection, and let T be a trivialization with connection ▼. The 3-form H_▼ has the following properties:

1. dH_▼ = curv(G ),

2. H_{▼.K} = curv(K) + H_▼,

where K is a bundle gerbe with connection over M, and ▼.K the connection on T.K for the action from Lemma 3.2.3 (ii).

3.3 Existence and Classification of compatible Connections on Trivializations

Concerning our results on string connections, we are left with the proof of Theorem 1.3.4. In fact a more general statement is true for trivializations of any bundle 2-gerbe. The first part is as follows.

Proposition 3.3.1. Suppose T is a trivialization of a bundle 2-gerbe G , and suppose ∇ is a connection on G . Then, there exists a connection ▼ on T compatible with ∇.

For G = C S_P , Proposition 3.3.1 implies the first part of Theorem 1.3.4. Its proof requires two lemmata.

Lemma 3.3.2 ([Mur96, Section 6]). Let K be a bundle gerbe over M. Then, K admits a connection.

Lemma 3.3.3. Let G be a bundle 2-gerbe, let T_1 and T_2 be trivializations and let B : T_1 // T_2 be a 1-morphism. Let ∇ be a connection on G , and let ▼ be a connection on T_2 compatible with ∇. Then, there exists a connection on T_1 compatible with ∇ such that B becomes a 1-morphism in Triv(G , ∇).

The proof of this lemma is carried out in Section 6.4. Now we give the proof of the above proposition.

Proof of Proposition 3.3.1. Since G has by assumption the trivialization T, we have CC(G ) = 0 by Lemma 2.2.2. Hence, by Lemma 3.2.2, there exists a trivialization T^′ of G with connection ▼^′ compatible with ∇. Of course T^′ is not necessarily equal or isomorphic to the given trivialization T, but by Lemma 2.2.5 (ii) the isomorphism classes of trivializations of G form a torsor over h_0Grb(M). Thus, there exists a bundle gerbe K over M and a 1-morphism B : T // K.T^′ . According to Lemma 3.3.2 every bundle gerbe admits a connection; so we may choose one on K. Now we use the action of Lemma 3.2.3 (ii) according to which K.T^′ also has a compatible connection. Finally, by Lemma 3.3.3, the 1-morphism B induces a compatible connection on T. □

Now we want to describe the space of compatible connections on a fixed trivialization T = (S, A, σ) of a bundle 2-gerbe G with a covering π : Y // M. In order to make the following statements, we have to infer that part of the structure of the bundle gerbe S over Y is another covering ω : W // Y (see Definition 5.1.1). The following vector space V_T associated to the trivialization T will be relevant. It is the quotient

V_T := ( Ω^2(M) ⊕ Ω^1(Y ) ⊕ Ω^1(W ) ) / U, where the linear subspace U we divide out is given by

U := { (dχ, π^∗χ + ν, ω^∗ν) | χ ∈ Ω^1(M), ν ∈ Ω^1(Y ) } . Now, the second part of Theorem 1.3.4 is implied by the following proposition.

Proposition 3.3.4. Suppose T = (S, A, σ) is a trivialization of G , and suppose ∇ is a connection on G . Then, the set of compatible connections on T is an affine space over V_T.

The proof of Proposition 3.3.4 is technical, and most of the work is deferred to Sections 6.5 and 6.6. At this place I want to at least give a hint as to why the vector space V_T appears. We require the following two lemmata. The first describes how to act on the set of connections of a fixed bundle gerbe.

Lemma 3.3.5. The set of connections on a bundle gerbe S over Y is an affine space over the real vector space

V_S := ( Ω^2(Y ) ⊕ Ω^1(W ) ) / (d ⊕ ω^∗) Ω^1(Y ),

where ω : W // Y is the covering of S.

We prove this lemma in Section 5.2 based on results of Murray. The second lemma describes how to act on the set of connections on an isomorphism. Here we have to infer that an isomorphism also comes with its own covering.

Lemma 3.3.6. Let A : G // H be an isomorphism between bundle gerbes with covering Z. Then, the set of connections on A is an affine space over Ω^1(Z).

Notice that this is a statement on the set of connections that are not necessarily compatible with connections on the bundle gerbes G and H. Its proof can also be found in Section 5.2.

Proof of Proposition 3.3.4. Let us describe the action of the vector space V_T on the set of (not necessarily compatible) connections on T = (S, A, σ). For (ψ, ρ, φ) ∈ V_T, consider the pair (η, φ) ∈ V_S with η := dρ − π^∗ψ ∈ Ω^2(Y ). It operates on the connection on the bundle gerbe S according to Lemma 3.3.5. For Z the covering space of the 1-isomorphism A : P ⊗ π^∗_2 S // π^∗_1 S of bundle gerbes over Y^{[2]}, Z has a projection p : Z // W ×_M W . Consider

ϵ := p^∗(δ(ω^∗ρ − φ)) ∈ Ω^1(Z),

where δ is the linear map

δ := ω^∗_2 − ω^∗_1 : Ω^1(W ) // Ω^1(W ×_M W ),

(cf. Lemma 5.2.2). The 1-form ϵ operates on the 1-isomorphism A according to Lemma 3.3.6.

It is straightforward to check that this action is well-defined under dividing out the subvectorspace U: suppose we have 1-forms χ ∈ Ω^1(M) and ν ∈ Ω^1(Y ) and act by the triple consisting of ψ := dχ, ρ := π^∗χ + ν and φ := ω^∗ν. It follows that η = dν so that (η, φ) ∈ V_S acts trivially by Lemma

3.3.5. Furthermore, we find ω^∗ρ − φ = ω^∗π^∗χ, so that its alternating sum δ vanishes (see again Lemma 5.2.2). Hence, ϵ = 0.

The remaining steps are the content of the following lemma, which is to be proven in Sections 6.5 and 6.6. □

Lemma 3.3.7. The action of V_T on connections on T has the following properties:

(a) It takes compatible connections to compatible connections.

(b) It is free and transitive on compatible connections.

4 Trivializations of Chern-Simons Theory

In this section we compare the geometric string structures introduced in Definition 1.2.2 with the concept introduced by Stolz and Teichner:

Definition 4.1 ([ST04, Definition 5.3.4]). A geometric string structure on a principal Spin(n)-bundle P with connection A over M is a trivialization of the extended Chern-Simons theory Z_{P,A}. [...]

In Section 4.1 we explain what the extended Chern-Simons theory Z_{P,A} is in a generic model of “n-bundles with connection”. In Section 4.2 we mention three possible models, and discuss in detail the one formed by “bundle ngerbes with connection”. In Section 4.3 we discuss trivializations of Z_{P,A} and prove Theorem 1.2.3, which states a certain equivalence between Definition 4.1 and our Definition 1.2.2. Before going on, I have to mention two aspects of Definition 4.1 that are not completely covered in [ST04].

(a) The first aspect concerns smoothness conditions that have to be imposed on Chern-Simons theories and their trivializations. Such conditions are mentioned is the last sentence of [ST04, Definition 5.3.4] (that is what “[...]” in Definition 4.1 refers to):

“... these data fit together to give bundles (respectively sections in these bundles) over the relevant mapping spaces.”

(4.1)

The structure group of some of these bundles is the group Out(A) of outer automorphisms of a certain von Neumann algebra — this group is not a Lie group (not even infinite-dimensional), so that it is not totally obvious in which sense these bundles can be smooth. Below, we will interpret the above quote as close as possible in the context of bundle n-gerbes with connection.

I remark that Stolz, Teichner and Hohnhold recently came up with a rigorous treatment of smoothness for field theories (and supersymmetry) in terms of categories fibred over manifolds (resp. supermanifolds) [HST10, ST].

(b) The second aspect concerns the values of Chern-Simons theories and their trivializations on manifolds with boundaries or corners. Here [ST04, Definition 5.3.4] says: “There are also data associated to manifolds with boundary and these data must fit together when gluing manifolds and connections.” Recent results of Hopkins and Lurie [Lur09] suggest that a rigorous formulation of such gluing conditions must be based on (∞, n)-categories of cobordisms. However, these results are newer than the paper [ST04] (and in fact, to some extent, emerged from it). For that reason we are going to ignore manifolds with corners or boundaries in the following.

In contrast to these issues with the pioneering definition of Stolz and Teichner, Definition 1.2.2 that we propose in this article is complete. In particular, a theorem that literally states the equivalence between the two definitions cannot be expected, and I think that Theorem 1.2.3 that we prove below is the best approximation one can have.

4.1 Chern-Simons Theory as an Extended 3d TFT

At first sight, the biggest difference between the formalism of Stolz and Teichner and ours is a different geometric model “n-bundles with connection” — geometrical objects classified by the differential cohomology group Ĥ^{n+1}(M, Z) mentioned in Section 1.3. We consider this difference as unessential for the following constructions, and start by talking generically about n-bundles with connection as geometrical representatives for classes in Ĥn+1(M, Z). We assume the following minimal requirements for this abstract model:

(i) n-bundles with connection over M form a category n-Bun∇(M). In particular, this category could be the homotopy 1-category of some ncategory. Moreover, the categories n-Bun∇(M) form a presheaf over smooth manifolds, i.e. n-bundles with connection can consistently be pulled back along smooth maps. In particular, we have a category

C_n := n-Bun∇(∗) of “fibres”, and for every point x ∈ M a functor ι^∗_x : n-Bun∇(M) // C_n is induced by the inclusion ι_x of x into M.

(ii) For X^d a closed oriented d-dimensional smooth manifold, there is a “transgression” functor T_Xd : n-Bun∇(M) // (n − d)-Bun∇(C^∞(X^d, M)). This functor covers, on the level of differential cohomology, the usual transgression homomorphism, which can for instance be treated in terms of Deligne cohomology [GT01]. For d = 0 and X^0 a single point, we require T_X0 to coincide with the pullback along the “evaluation map” ev : C^∞(X^0, M) // M.

In this abstract setting, an n-dimensional extended topological field theory Z over M assigns to every closed oriented smooth manifold X^d of dimension 0 ≤ d ≤ n an (n − d)-bundle Z(X^d) with connection over C^∞(X^d, M). This is neither (a) the most general nor (b) a complete definition. Concerning (a), it actually only includes classical field theories. Concerning (b), one would additionally require relations over manifolds with boundaries — as explained above, we decided to ignore these.

In spite of that, the above notion of an n-dimensional extended TFT is not completely naive: it implements exactly the smoothness condition (4.1) of Stolz and Teichner. This becomes explicit by saying that the value of a TFT Z at a point ϕ ∈ C^∞(X^d, M) is the object object ι^∗_ϕZ(X^d) in the category C_{d−n} of fibres. By construction, these values form a bundle over the mapping space C^∞(X^d, M).

Chern-Simons theories over M are examples of extended 3-dimensional TFTs. They are parameterized by 3-bundles with connection over M, where the Chern-Simons theory Z_F associated to a 3-bundle F with connection is defined by transgression,

Z_F (X^d) := T_Xd (F ). (4.1.1)

In the following, we specify a concrete model for n-bundles with connection, and then use definition (4.1.1) to compare our concept of geometric string structures with the one of Stolz and Teichner.

Remark 4.1.1. In the classical picture of Chern-Simons theory one has M = BG. In this case, the 3-bundle F with connection represents a level k ∈ Ĥ^4(BG, Z). The maps ϕ : X^d // BG classify principal G-bundles over X^d. Under these identifications, (4.1.1) is Freed’s original concept of Chern- Simons theory in its extended version [Fre02, Section 3.2]. In order to avoid certain problems that come from the fact that BG is not a smooth manifold, one inserts the “target manifold” M, factors the maps ϕ : X^d // BG through a fixed map ξ : M // BG and replaces the class ξ^∗k ∈ Ĥ^4(M, Z) by a fixed 3-bundle F with connection — this is the above point of view. The same strategy is also applied in [ST04].

4.2 Models for n-Bundles with Connection

We mention three different models for “n-bundles with connection” that could furnish the categories n-Bun∇(X) and the transgression functors T_Xd .

(a) The first model is the Hopkins-Singer model [HS05, Definition 2.5] that Freed uses for his definition of Chern-Simons theory [Fre02]. It can be seen as a categorical version of Cheeger-Simons differential characters, where cocycles form the objects and coboundaries the morphisms.

(b) Stolz and Teichner understand an n-bundle over X as a (at least continuous) map f : X // B_n, where B_n is a topological space playing the role of a K(Z, n + 1) [ST04, page 78]:

n 0 1 2 3

B_n S^1 P U(A) Out(A) space of Out(A)-torsors

Here, A is a type III_1 factor. The morphisms are homotopies between these maps. As remarked above, it is not totally clear what the smoothness assumptions on these maps are. Clearly, a 0-bundle must be a smooth map f : X // S^1. In the next instance, it is possible to specify what smooth maps into P U(A) are, in such a way that an equivalence with the category of principal S^1-bundles over X is obtained. Another point is that there are no connections in this picture and, accordingly, transgression (and thus, the Chern-Simons theory) cannot completely be defined in this setting [ST04, Remark 5.3.2].

(c) The third model is “bundle n-gerbes with connection”, where — unfortunately — an n-bundle corresponds to an (n − 1)-gerbe; see Figure 3. All definitions are available (see Definitions 2.1.1, 3.1.1, 5.1.1, 5.2.1), together with discussions of their categorical structure, e.g. in Section 6.3. The transgression functors T_Xd can be defined completely, n n-bundle with connection over a point

0 smooth function f : X // U(1) element of U(1)

1 principal U(1)-bundle with connection

U(1)-torsor

2 bundle gerbe with connection U(1)-groupoid

3 bundle 2-gerbe with connection (omitted)

Figure 3: Our model of n-bundles with connection.

although not all definitions have appeared in the literature and here we will limit ourselves to the relevant aspects.

From that point on, we use the model (c) for n-bundles with connection, because (A) in that model we have the Chern-Simons 2-gerbe constructed in Sections 2.1 and 3.1, and (B) because of the existing discussions of transgression functors in this context. Let us first explain the relevant aspects of it. The categories C_n of fibres can be derived by looking at bundle n-gerbes over a point — this is left as an exercise.

The transgression functors T_Xd are a little bit more involved, but only the cases d = 0, 3 will be important later and these are the easiest ones. Let G be a bundle 2-gerbe with connection.

• For d = 3, the smooth function T_X3 (G ) : C^∞(X^3, M) // U(1) is the holonomy of G . Its value at a map ϕ : X^3 // M is obtained by choosing a trivialization T of ϕ^∗G with compatible connection ▼, and integrating the associated 3-form H_▼ from Lemma 3.2.4 over X^3:

T_X3 (G )(ϕ) := exp (∫ X^3 H_▼ ) . (4.2.1)

If H is an isomorphic bundle 2-gerbe with connection, its holonomy coincides with the one of G , and so T_X3 (G ) = T_X3 (H ) as required since there are only identity morphisms in the category of smooth U(1)- valued functions.

• In the case d = 2 we are concerned with a closed oriented surface X^2 ≡ Σ. We will follow the strategy of transgressing a bundle gerbe to the loop space [Wal10, Section 3.1]. The fibre of the principal U(1)-bundle

T_Σ(G ) over a map ϕ consists of 1-isomorphism classes of trivializations of ϕ^∗G with compatible connections, i.e.

T_Σ(G )|_ϕ := h_0Triv^∇(ϕ^∗G ).

These fibres have the structure of U(1)-torsors in virtue of Lemma 3.2.3 (iii) and the identifications h_0Grb^∇(Σ) ∼= H^2(Σ, U(1)) ∼= U(1). Analogously to [Wal10, Proposition 3.1.2] one can show that this yields a Fréchet principal U(1)-bundle over C^∞(Σ, M).

The connection on T_Σ(G ) is defined by prescribing its parallel transport using tools developed jointly with Schreiber [SW09, Wala] analogously to [Walb, Section 4.2]. All this is functorial: if A : G // H is a morphism with compatible connection, one gets a bundle morphism

T_Σ(A ) : T_Σ(G ) // T_Σ(H ) : [T] Ø // [T ∘ ϕ^∗A^{−1} ]

that regards a trivialization as a morphism T : ϕ^∗G // I to the trivial bundle 2-gerbe I (see (6.3.2)) and pre-composes it with the inverse of A . • The case d = 1 and X^1 ≡ S^1 can be treated in a simple way by making the assumption that the surjective submersion π : Y // M of the bundle 2-gerbe G is “loopable”, i.e. we assume that the map Lπ : LY // LM is again a surjective submersion. The assumption is satisfied in the case of the Chern-Simons 2-gerbe C S_P , since its submersion is the projection of a principal bundle with connected structure group (see e.g. [SW07, Proposition 1.9] and [Wal11, Lemma 5.1]). Our main input is the well-established transgression of bundle gerbes loop spaces, discussed in detail in [Wal10, Section 3.1]. This transgression is a monoidal functor T and commutes with pullbacks along smooth maps.

The bundle gerbe T_S1 (G ) over LM has the surjective submersion Lπ, over LY^{[2]} it has the principal U(1)-bundle P := T (P) with connection and over LY^{[3]} it has the isomorphism

T (M) : Lπ^∗_{12}P ⊗ Lπ^∗_{23}P // Lπ^∗_{13}P .

The associator μ of G transgresses to the associativity condition for the bundle gerbe product T (M). The curving 3-form of T_S1 (G ) is simply the transgression of the curving 2-form of G . In the same straightforward manner, any 1-isomorphism G // H with compatible connection transgresses to a 1-isomorphism T_S1 (G ) // T_S1 (H ) with compatible connection.

• For d = 0, we put T_X0 = ev^∗ as required.

With the above definitions of the transgression functors T_Xd , and definition (4.1.1) of a Chern-Simons theory we make the following definition.

Definition 4.2.1. Let P be a principal Spin(n)-bundle over M with connection A, and let F = (C S_P , ∇_A) be the Chern-Simons 2-gerbe together with its connection ∇_A. Then, Z_{P,A} := Z_F ,

is called the Chern-Simons theory associated to (P, A).

In the next subsection, we will apply Stolz-Teichner’s definition of a trivialization to this version of Chern-Simons theory. Just in order to verify that Definition 4.2.1 is correct, we get the following consequence of Theorem 1.3.3.

Corollary 4.2.2. The value of the Chern-Simons theory Z_{P,A} on a closed oriented 3-manifold ϕ : X^3 // M is the classical Chern-Simons invariant:

ι^∗_ϕZ_{P,A}(X^3) = exp (∫ X^3 s^∗T P (A) ) , where T P (A) ∈ Ω^3(P ) is the Chern-Simons 3-form and s : X^3 // P is a section along ϕ.

Proof. The section exists because Spin(n) is simply connected. To prove the formula, one combines (4.2.1) and (1.3.1) with the fact that the 3-form K_▼ in (1.3.1) has integral class and thus vanishes under the integral. □

The same result has been proved in [CJM^++05]. In that paper, the relation between the bundle 2-gerbe C S_P and Chern-Simons theory has originally been established [CJM^++05, Theorem 6.7].

4.3 Sections of n-Bundles and Trivializations

According to Stolz and Teichner, a trivialization of an extended TFT consists of “sections” into the respective n-bundles with connections; see (4.1). Next we will describe what a section of an n-bundle with connection is in terms of our model, bundle n-gerbes with connection. The results are summarized in Figure 4.

The case n = 0 is somewhat exceptional — also in [ST04]. There, a section of a smooth function f : X // U(1) is by definition a smooth function n Object Section over a point x

0 function f R-valued smooth function that exponentiates to f t ∈ R with exp(2πit) = f(x)

1 U(1)-bundle P smooth section of P point t ∈ P_x

2 bundle gerbe G trivialization of G with compatible connection

Morita equivalence G_x ∼= BU(1)

3 bundle 2-gerbe G trivialization of G with compatible connection

(omitted)

Figure 4: Sections of n-bundles with connection.

g : X // R such that f = exp(2πig). For n = 1, the prescription is literally true: a section of a principal U(1)-bundle P over X with connection is just a (smooth) section. It is important to notice that this section is not required to be flat.

For n = 2, 3 it is not a priori clear what the correct notion of a section of a bundle gerbe or a bundle 2-gerbe is. We have to impose additional constraints. A plausible condition is that sections are certain morphisms in the categories n-Bun∇(X) and that the transgression functors T_Xd send sections to sections. Indeed, for the cases n = 0, 1 above this is true: consider a section σ of a principal U(1)-bundle P with connection ω. It can be considered as a connection-preserving morphism between P and the trivial bundle I_σ∗_ω equipped with the connection 1-form σ^∗ω. Transgressing such a morphism gives

Hol_ω(τ) = exp ( 2πi ∫ τ σ^∗ω )

for all loops τ ∈ LM, which means exactly that the function g(τ) := ∫ τ σ^∗ω is a section of T_S1 (P, ω) = Hol_ω.

The requirement that sections are morphisms in n-Bun∇(X) enforces us to define a section of a bundle n-gerbe with connection to be a trivialization with compatible connection. Indeed, for a bundle gerbe G with connection, such a trivialization is the same as an isomorphism T : G // I_ρ with compatible connection (see Definition 5.2.3), for a 2-form ρ, as noticed in [Wal07b, Section 3.1]. For a bundle 2-gerbe, an analogous statement is explained in Section 6.3; see (6.3.2). Since we have introduced transgression as a functor, and trivial bundle n-gerbes transgress to trivial bundle (n − 1)-gerbes, it follows that sections transgress to sections. We have summarized our notion of sections in Figure 4.

Definition 4.3.1. Let G be a bundle 2-gerbe with connection over M and let Z_G be the extended Chern-Simons theory over M in the sense of (4.1.1). A trivialization of Z_G assigns to each oriented closed manifold X^d of dimension 0 ≤ d ≤ n a section S(X^d) of Z_G (X^d).

Naturally, in a more advanced version of extended TFTs trivializations would show a specific behaviour on manifolds with boundaries. Also, we have to take isomorphism classes of trivializations because sections of bundle n-gerbes are morphisms in an n-groupoid, whereas the values Z_G (X^d) are objects in the (truncated) category (n − d)-Bun∇(X^d). We obtain an obvious map S : { Isomorphism classes of

trivializations of G with compatible connection } // { Isomorphism classes of

trivializations of the extended Chern-Simons theory Z_G }

defined by S (T)(X^d) := T_Xd (T).

This is the map announced in Section 1.2 that compares (for G = (C S_P ,∇_A)) our notion of geometric string structures with the one of Stolz and Teichner in Theorem 1.2.3. The first part of the proof of Theorem 1.2.3 is as follows.

Lemma 4.3.2. The map S is injective.

Proof. Let T_1 and T_2 be two trivializations with compatible connections, and assume that S (T_1 ) = S (T_2). Over the point X^0, we have for k = 0, 1,

S (T_k )(X^0) = T_X0 (T_k ) = ev^∗T_k .

So the equality S (T_1 )(X^0) = S (T_2 )(X^0) implies that the isomorphism classes of ev^∗T_1 and ev^∗T_2 are equal. Since ev is a diffeomorphism, this implies T_1 ∼= T_2 . □

Finally, we want to formulate an assumption under which the map S is also surjective. We say that the cobordism hypothesis holds for the Chern- Simons theory Z_G if Z_G and all trivializations S of Z_G are determined by their value on the point. That means, in particular, if S_1 and S_2 are trivializations of Z_G such that S_1(X^0) = S_2(X^0), then S_1 = S_2.

Whether or not the cobordism hypothesis does hold for Z_G cannot be answered unless the exact assignments and conditions are formulated, which Z_G has for manifolds with boundaries and corners. As mentioned above, this has been done neither here nor in [ST04]. However, I want to bring up two arguments that might make our assumption plausible.

1. Whichever way the behaviour of Z_G for manifolds with boundary is formulated, it should fit into Lurie’s definition of extended topological field theories [Lur09, Definition 1.2.13]. But in that context, Lurie proved the cobordism hypothesis [Lur09, Theorem 1.2.16].

2. A 3-dimensional extended TFT Z in the sense of Lurie with Z(X^0) = G exists. This also follows from the cobordism hypothesis [Lur09, Theorem 1.2.16] and the fact that every bundle 2-gerbe G with connection is a fully dualizable object in the 3-groupoid of bundle 2-gerbes with connection (it is even invertible, indicating that the corresponding TFT is a classical one).

The main purpose of the assumption that the cobordism hypothesis holds for Z_G is to provide a basis for the following.

Lemma 4.3.3. Under the assumption that the cobordism hypothesis holds for the extended Chern-Simons theory Z_G , the map S is surjective.

Proof. Suppose S is a trivialization of Z_G . Consider its value S(X^0), which is a section of T_X0 (G ) = ev^∗G . Since ev is a diffeomorphism, we may put T := (ev^{−1})^∗S(X^0) which is a section of G , i.e. a trivialization with compatible connection. Then, S (T) = S. □

5 Background on Bundle Gerbes

This section introduces some of the basic definitions concerning bundle gerbes and connections on bundle gerbes on the basis of [Wal07b]. There are a few new results about spaces of connections on bundle gerbes and isomorphisms.

5.1 Bundle Gerbes

Let M be a smooth manifold. We recall that a covering is a surjective submersion, and we refer to Section 2.1 for our conventions concerning fibre products and the labelling of projections.

Definition 5.1.1 ([Mur96, Section 3]). A bundle gerbe over M is a covering π : Y // M together with a principal U(1)-bundle P over Y^{[2]} and a bundle isomorphism μ : π^∗_{12}P ⊗ π^∗_{23}P // π^∗_{13}P

over Y^{[3]} which is associative over Y^{[4]}.

The notion of an isomorphism between bundle gerbes took some time to develop; most appropriate for our purposes is the following generalization of a “stable isomorphism”. We consider two bundle gerbes G_1 and G_2 over M, whose structure is denoted in the same way as in Definition 5.1.1 but with indices 1 or 2.

Definition 5.1.2 ([Wal07b, Definition 2]). An isomorphism A : G_1 // G_2 is a covering ζ : Z // Y_1 ×_M Y_2 together with a principal U(1)-bundle Q over Z and a bundle isomorphism

α : P_1 ⊗ ζ^∗_2 Q // ζ^∗_1 Q ⊗ P_2 (5.1.1)

over Z ×_M Z, which satisfies a compatibility condition with μ_1 and μ_2.

In order to make the notation less complicated we fix the convention that we suppress writing pullbacks along maps whenever it is clear which map is meant. For example, in (5.1.1) the bundles P_1 and P_2 are understood to be pulled back along the evident maps Z ×_M Z // Y^{[2]}_k .

The first example of an isomorphism is the identity isomorphism id_G of a bundle gerbe G. It has the identity covering ζ := id_Y [2] , the principal bundle Q := P and an isomorphism α defined from the isomorphism μ in a straightforward way.

Suppose that A_1 and A_2 are two isomorphisms from G_1 to G_2.

Definition 5.1.3 ([Wal07b, Definition 3]). A transformation β : A_1 +3 A_2 is a covering k : V // Z_1 ×_{(Y1×M Y2)} Z_2

together with a bundle isomorphism β_V : Q_1 // Q_2 between the pullbacks of the bundles of A_1 and A_2 to V , which satisfies a compatibility condition with the isomorphisms α_1 and α_2.

Additionally, transformations (V_1, β_{V1} ) and (V_2, β_{V2} ) are identified whenever the bundle isomorphisms β_{V1} and β_{V2} agree after being pulled back to the fibre product of V_1 and V_2.

All the operations that turn bundle gerbes, isomorphisms and transformations into a monoidal 2-groupoid are straightforward to find. For example, the tensor product of two bundle gerbes G_1 and G_2 over M has the covering Z := Y_1 ×_M Y_2 // M and over Z^{[2]} the principal U(1)-bundle P_1 ⊗ P_2, where again our convention of suppressing evident maps from the notation is employed. The tensor unit is the trivial bundle gerbe I, which has the identity covering id_M , the trivial principal U(1)-bundle, and whose isomorphism μ is fibrewise multiplication. For a full treatment, we refer to Section 1 of [Wal07b].

In Section 6.2 we also need duals of bundle gerbes. To every bundle gerbe G one assigns a dual bundle gerbe G^∗, and similar to every isomorphism A : G // H a dual isomorphism A^∗ : H^∗ // G^∗, and to every transformation β : A_1 +3 A_2 a dual transformation β^∗ : A^∗_2 +3 A^∗_1. Complete definitions can be found in [Wal07b, Section 1.3]. Basically, the dual bundle gerbe G^∗ has the dual principal U(1)-bundle P^∗ (i.e. the same set but with U(1) acting by inverses). The dual isomorphism A^∗ has the same principal U(1)-bundle Q as before, and the dual transformation also has the same bundle isomorphism as before.

There is an isomorphism D_G : G^∗ ⊗ G // I that expresses that G^∗ is dual to G. It has the identity covering ζ := id_Y [2] , the dual bundle Q := P^∗, and its isomorphism is defined from the bundle isomorphism μ; see [Wal07a, Section 1.2]. In Section 6.2 we need two properties of D_G . The first is the existence of a transformation G^∗ ⊗ G D_G øø9 99 99 99 99 99 99 A^{∗−1}⊗A // H∗ ⊗ H φ_A ll lll llll l rz lll l llll_{DH} � � � � � � �

I associated to every isomorphism A : G // H. It can be seen as a “naturality” property of D_G . The second property is the existence of a transformation between the isomorphism

G^{id⊗DG} // G ⊗ G^∗ ⊗ G^{DG∗ ⊗id} // G

and the identity isomorphism id_G . It can be seen as a “zigzag” property for D_G . The definitions of these two transformations are easy to find once one has the one of D_G at hand.

5.2 Connections

Let G = (Y, P, μ) be a bundle gerbe over M.

Definition 5.2.1 ([Mur96, Section 6]). A connection on G is a 2-form C ∈ Ω^2(Y ) and a connection ω on P of curvature curv(ω) = π^∗_2 C − π^∗_1 C, such that μ is connection-preserving.

We have already mentioned that every bundle gerbe admits a connection (see Lemma 3.3.2). One can see this by choosing some connection on P , some 2-form C, and then correcting them using the following result of Murray.

Lemma 5.2.2 ([Mur96, Section 8]). Let π : Y // M be a surjective submersion and p ≥ 0 be an integer. Consider

δ_π := k∑ i=1 (−1)^kπ^∗_{1,...,i−1,i+1,...,k} : Ω^p(Y^{[k−1]}) // Ω^p(Y^{[k]}).

Then, the sequence

0 // Ω^p(M)^{π∗=δπ} // Ω^p(Y )^{δπ} // Ω^p(Y^{[2]})^{δπ} // . . .

is exact.

For example, we see that for a connection (C, ω) on a bundle gerbe G,

δ_πdC = π^∗_2 dC − π^∗_1 dC = dcurv(ω) = 0.

This means that dC is the pullback of a unique 3-form H ∈ Ω^3(M). This 3- form is the curvature of the connection (C, ω). We can now give the following proof.

Proof of Lemma 3.3.5 from Section 3.3. We have to show that the set of connections on G is an affine space over the vector space

V_G := ( Ω^2(M) ⊕ Ω^1(Y ) ) / (d ⊕ π^∗) Ω^1(M).

We shall first define the action and then show that it is free and transitive.

1. If (C, ω) is a connection on G, and (η, φ) ∈ V_G, we have a new connection (C^′, ω^′) defined by C^′ := C + dφ − π^∗η and ω^′ := ω + δ_πφ. Here we recall our convention according to which δφ is understood to be pulled back to the total space of P . Indeed,

curv(ω^′) = curv(ω) + dδ_πφ = δ_π(C + dφ) = δ_π(C^′ + π^∗η) = δ_πC^′,

which is the first condition. Further, since δ_π(δ_πφ) = 0, the isomorphism μ over Y^{[3]} preserves ω^′. This shows that (C^′, ω^′) is again a connection on G. It is clear that this action is well-defined on the quotient V_G .

2. The action is free: suppose (η, φ) ∈ V_G acts trivially. Then, δ_πφ = 0 so that there exists ν ∈ Ω^1(M) with π^∗ν = φ by Lemma 5.2.2. Further, dφ − π^∗η = 0 which implies π^∗(dν − η) = 0. Since π^∗ is injective by Lemma 5.2.2, η = dν. Thus, (η, φ) = 0 in the quotient space V_G .

3. The action is transitive: suppose (C, ω) and (C^′, ω^′) are connections.

Then, there is a 1-form ψ ∈ Ω^1(Y^{[2]}) such that ω^′ = ω + ψ. Since μ is connection-preserving for both ω and ω^′, we see that δ_πψ = 0. By Lemma 5.2.2, there is a 1-form φ ∈ Ω^1(Y ) such that δ_πφ = ψ. We compute

δ_π(C^′ − C − dψ) = curv(ω^′) − curv(ω) − δ_πdψ = dψ − dδ_πψ = 0,

which means that there exists η ∈ Ω^2(M) with −π^∗η = C^′ − C − dψ. Then, the action of (η, φ) ∈ V_G takes (C, ω) to (C^′, ω^′).

We also remark that the action of an element (η, φ) ∈ V_G changes the curvature of G by dη. □

Next is the discussion of connections on isomorphisms.

Definition 5.2.3. Let A : G_1 // G_2 be an isomorphism between bundle gerbes over M.

1. A connection on A is a connection κ on its principal U(1)-bundle Q.

2. Suppose ∇_1 = (C_1, ω_1) and ∇_2 = (C_2, ω_2) are connections on G_1 and G_2. Then, a connection κ on A is called compatible with ∇_1 and ∇_2, if curv(κ) = ζ^∗(C_2 − C_1) and α is connection-preserving.

Now we see immediately the claim of Lemma 3.3.6: the (non-compatible) connections on A are an affine space over the 1-forms on Z.

The next lemma shows how to pullback a bundle gerbe connection along an isomorphism.

Lemma 5.2.4. Suppose A : G_1 // G_2 is a 1-isomorphism, and ∇_2 is a connection on G_2. Then, there exists a connection κ on A and a connection ∇_1 on G_1, such that κ is compatible with ∇_1 and ∇_2.

Proof. We choose any connection (C_1, ω_1) on the bundle gerbe G_1, and any connection κ on A. We compare the pullback connection α^∗(ζ^∗_1 κ + ω_2) with the connection ω_1 + ζ^∗_2 κ on P_1 ⊗ ζ^∗_2 Q. They differ by a 1-form β ∈ Ω^1(Z^{[2]}). The condition on α implies that δβ = 0 over Z^{[3]}, so that there exists a

1-form γ ∈ Ω^1(Z) with β = δγ. Operating with γ on κ, we obtain a new connection κ^′ on A such that α is connection-preserving. Consider now the 2-form B := curv(κ^′) − C_2 + C_1 ∈ Ω^2(Z).

One readily computes δB = 0 over Z^{[2]} so that there exists a 2-form η ∈ Ω^2(M) such that B = π^∗η. Operating with η on the connection (C_1, ω_1) yields a new connection on G_1 for which κ^′ is compatible. □

Next, we need to pull back connections on isomorphisms along transformations. We say that a transformation β : A +3 A^′ between isomorphisms with connections is connection-preserving, if the bundle isomorphism β_V is connection-preserving.

Lemma 5.2.5. Let G_1 and G_2 be bundle gerbes with connection, A : G_1 // G_2 and A^′ : G_1 // G_2 be isomorphisms, and β : A +3 A^′ is a transformation. Suppose κ^′ is a compatible connection on A^′. Then, there exists a unique compatible connection on A such that β is connection-preserving.

Proof. Suppose κ is a compatible connection on A. We consider the pullback connection k^∗κ on k^∗Q for the projection k : V // Z ×_{(Y1 ×M Y2)} Z^′ from Definition 5.1.3. The assumption that β is connection-preserving is k^∗κ = β^∗k^∗κ^′, and since k is a surjective submersion, this fixes κ uniquely (see Lemma 5.2.2). To prove the existence, we define a connection κ̃ := β^∗k^∗κ^′ on k^∗Q. Then, the compatibility of κ^′ together with the relation between the isomorphism β and the isomorphisms α and α^′ that belong to A and A^′, respectively, show that κ̃ descends to a compatible connection κ on A. □

Finally, let me mention that all additional structure on the 2-groupoid Grb(M) that we have listed in the previous section, also exists for the 2- groupoid Grb^∇(M) formed by bundle gerbes over M with connection, isomorphisms with compatible connections and connection-preserving transformations; see [Wal07b].

6 Technical Details

In this section we provide the proofs of all remaining lemmata.

6.1 Lemma 2.2.4: Trivializations form a 2-Groupoid

We prove Lemma 2.2.4: we define a 2-groupoid Triv(G ) of trivializations of a bundle 2-gerbe G . The bundle 2-gerbe G may consist of a covering π : Y // M, a bundle gerbe P over Y^{[2]}, a product M over Y^{[3]} and an associator μ over Y^{[4]}.

We recall from Definition 2.2.1 that a trivialization T of G consists of a bundle gerbe S over Y , an isomorphism A : P ⊗ π^∗_2 S // π^∗_1 S over Y^{[2]}, and a transformation σ. Given trivializations T = (S, A, σ) and T^′ = (S^′, A^′, σ^′) of G , a 1-morphism B : T // T^′ is an isomorphism B : S // S^′ between bundle gerbes over Y together with a transformation

P ⊗ π^∗_2 S^A //

id⊗π^∗_2 B fflffl π^∗_1 S β u uuu uuu u v~ uuu uuuuu^{π∗1 B} fflffl P ⊗ π^∗_2 S^′_{A′} // π^∗_1 S^′

over Y^{[2]} which is compatible with the transformations σ and σ^′ in the sense of the pentagon diagram shown in Figure 5.

The identity 1-morphism as well as the composition between 1-morphisms are straightforward to find using the structure of the 2-groupoid of bundle gerbes.

If B_1 = (B_1, β_1) and B_2 = (B_2, β_2) are both 1-morphisms between T and T^′ , a 2-morphism is a transformation φ : B_1 +3 B_2 which is compatible with the transformations β_1 and β_2 in such a way that the diagram

π^∗_1 B_1 ∘ A

π^∗_1 φ∘id ff´

β_1 +3

A^′ ∘ (id ⊗ π^∗_2 B_1)

id∘(id⊗π^∗_2 φ) ff´ π^∗_1 B_2 ∘ A_{β2} +3 A^′ ∘ (id ⊗ π^∗_2 B_2)

is commutative. Horizontal and vertical composition of 2-morphisms are the ones of the 2-groupoid of bundle gerbes.

It is clear that every 2-morphism is invertible, since every transformation is invertible. In the same way, every 1-morphism is invertible (up to 2- morphisms), since every 1-isomorphism between bundle gerbes is invertible up to a transformation.

The axioms of the 2-groupoid Triv(G ) can easily be deduced from those of the 2-groupoid of bundle gerbes.

π^∗_{12}A^′ ∘ (id ⊗ π^∗_2 B) ∘ (id ⊗ π^∗_{23}A)

π^∗_{12}β ∘ id

w¨ ww www www www www www www www w

www www www www www www www www id ∘ π^∗_{23}β

Æ%C CC CC CC CC CC CC CC CC CC CC C

CC CC CC CC CC CC CC CC CC CC CC

π^∗_1 B ∘ π^∗_{12}A^′ ∘ (id ⊗ π^∗_{23}A)

id ∘ σ ı¸ (( (( (( (( (( (( (( (

(( (( (( (( (( (( (( ( π^{∗12}A^′ ∘ (id ⊗ π^{∗23}A^′) ∘ (id ⊗ id ⊗ π^{∗3} B)

σ^′ ∘ id �ffi˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘

˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘

π^∗_1 B ∘ (id ⊗ π^∗_{13}A) ∘ (M ⊗ id) π^∗_{13}β ∘ id

+3 π∗_{13}A′ ∘ (M ⊗ π∗_3 B)

Figure 5: The compatibility between the transformations σ and σ^′ of two trivializations T and T^′ and the transformation β of a 1-morphism B = (B, β) between T and T^′ . It is an equality of transformations over Y^{[3]}.

Remark 6.1.1. If ∇ is a connection on the bundle 2-gerbe G , it is straightforward to repeat the above definitions in the 2-category of bundle gerbe with connection. Explicitly, all bundle gerbes are equipped with connections, all isomorphisms with compatible connections, and all transformations are connection-preserving. The result is again a 2-groupoid Triv(G , ∇) whose objects are the trivializations with connection compatible with ∇.

6.2 Lemma 2.2.5: Bundle Gerbes act on Trivializations

We exhibit the 2-groupoid Triv(G ) of trivializations of a bundle 2-gerbe G over M as a module for the 2-category Grb(M) of bundle gerbes over M. The module structure is a strict 2-functor Triv(G ) × Grb(M) // Triv(G ) (6.2.1) satisfying the usual axioms in a strict way.

We remark that all results of this section generalize analogous results for an action of principal U(1)-bundles over M on trivializations of bundle (1-)gerbes; see [Wal07a, Theorem 2.5.4] and references therein.

If T = (S, A, σ) is a trivialization and K is a bundle gerbe over M, we obtain a new trivialization T.K consisting of the bundle gerbe S ⊗ π^∗K over Y . Since π^∗_1 π^∗K = π^∗_2 π^∗K, its isomorphism is simply

A ⊗ id : P ⊗ π^∗_2 S ⊗ π^∗_2 π^∗K // π^∗_1 S ⊗ π^∗_1 π^∗K.

In the same way, its transformation is σ ⊗ id. If B = (B, β) : T // T^′ is a 1-morphism between trivializations and J : K // K^′ is an isomorphism between bundle gerbes, we obtain a new 1-morphism B .J : T.K // T^′.K^′ consisting of the isomorphism B ⊗ π^∗J : S ⊗ π^∗K // S^′ ⊗ π^∗K^′ and of the transformation β ⊗ id. Finally, if φ : B +3 B^′ is a 2-morphism between trivializations, and ϕ : J +3 J^′ is a transformation between isomorphisms of bundle gerbes over M, we have a new 2-morphism φ.ϕ : B .J +3 B^′ .J^′ simply defined by φ⊗π^∗ϕ. The compatibility condition for the transformation φ ⊗ π^∗ϕ is satisfied since ϕ drops out due to π^∗_1 π^∗ϕ = π^∗_2 π^∗ϕ over Y^{[2]}.

Summarizing, the action of bundle gerbes on trivializations is a combination of the pullback π^∗ and the tensor product of the monoidal 2-category of bundle gerbes. From this point of view, all the axioms of the action 2-functor (6.2.1) follow from those of the monoidal structure. It is also immediately clear that a genuine action on isomorphism classes is induced. It remains to show that this action is free and transitive.

To see that the action is free, assume that there exists a 1-morphism T.K // T for T a trivialization of G and K an isomorphism. This implies

DD(S) + π^∗DD(K) = DD(S),

so that π^∗DD(K) = 0. Since π is a covering, DD(K) = 0. Thus, K is a trivial bundle gerbe up to isomorphism.

To see that the action is transitive we infer that bundle gerbes form a 2-stack over smooth manifolds. The gluing property of this 2-stack has been shown in [Ste00, Proposition 6.7]. We also use the duality on the 2-groupoid of bundle gerbes (see Section 5.1).

Suppose T_1 = (S_1, A_1, σ_1) and T_2 = (S_2, A_2, σ_2) are trivializations of a bundle 2-gerbe G . We will show that the bundle gerbe G := S^∗_1 ⊗ S_2 over Y is a descent object for the 2-stack of bundle gerbes: there is an isomorphism J : π^∗_2 G // π^∗_1 G of bundle gerbes over Y^{[2]} and a 2-isomorphism

φ : π^∗_{12}J ∘ π^∗_{23}J +3 π^∗_{13}J over Y^{[3]} which satisfies an associativity condition over Y^{[4]}. Then, the gluing property implies the existence of a bundle gerbe K over M, of an isomorphism C : π^∗K // G and of a transformation

γ : π^∗_1 C +3 J ∘ π^∗_2 C

such that the diagram

π^∗_{12}J ∘ π^∗_2 C^{id∘π∗23γ} +3 π^∗_{12}J ∘ π^∗_{23}J ∘ π^∗_3 C φ∘id ff´ π^∗_1 C_{π∗13γ} +3

π^∗_{12}γ KS

π^∗_{13}J ∘ π^∗_3 C

(6.2.2)

is commutative. We will then finish the proof of the transitivity by showing that (C, γ) gives rise to a 1-morphism T_1 .K // T_2.

Let us first define the descent data (J , φ) for G = S^∗_1 ⊗ S_2. The isomorphism J is defined as the composition

π_2(S^∗_1 ⊗ S_2) π^∗_2 S^∗_1 ⊗ I ⊗ π^∗_2 S_2

id⊗D^{−1}_P ⊗id fflffl π^∗_2 S^∗_1 ⊗ P^∗ ⊗ P ⊗ π^∗_2 S_2

A^{∗−1}_1 ⊗A_2 fflffl π^∗_1 S^∗_1 ⊗ π^∗_1 S_2 π^∗_1 (S^∗_1 ⊗ S_2).

The transformation φ is defined using the transformations σ_1 and σ_2, namely as the composition

π^∗_{12}J ∘ π^∗_{23}J +3 (π^∗_{12}A^{∗−1}_1 ⊗ π^∗_{12}A_2) ∘ (π^∗_{23}A^{∗−1}_1 ⊗ π^∗_{23}A_2) ∘ D^{−1}_π∗_{12P⊗π}∗_{23P}

σ^{∗−1}_1 ⊗σ_2 ff´ (π^∗_{13}A^{∗−1}_1 ⊗ π^∗_{13}A_2) ∘ (M^{∗−1} ⊗ M) ∘ D^{−1}_π∗_{12P⊗π}∗_{23P}

naturality of D w.r.t. M ff´ (π^∗_{13}A^{∗−1}_1 ⊗ π^∗_{13}A_2) ∘ D^{−1}_π∗_{13P} π^∗_{13}J .

Here, the first arrow summarizes transformations that come from the monoidal structure on the 2-category of bundle gerbes, and that are used to commute tensor products with composition. The associativity condition for φ follows from the compatibility of σ_1 and σ_2 with the associator μ of G (see Figure 2 on page 17).

By the gluing axiom, we now have a bundle gerbe K, an isomorphism C, and a transformation γ as claimed above. We define an isomorphism B : S_1 ⊗ π^∗K // S_2 as the composition

S_1 ⊗ π^∗K^{id⊗C} // S_1 ⊗ S^∗_1 ⊗ S_2^{DS∗1 ⊗id} // I ⊗ S_2 = S_2.

By a similar argument one can produce a transformation

P ⊗ π^∗_2 S_1 ⊗ π^∗_2 π^∗K

id⊗π^∗_2 B fflffl

A_1⊗id // π∗

1 S_1 ⊗ π^∗_1 π^∗K

β mm

mmmm mmm mmmm mmmm m

rz mmmm mmmm m mmmm mmmm m^{π∗}1^B fflffl P ⊗ π^∗_2 S_{2 A2} // π^∗_1 S_2

using γ. More precisely, β is defined as

π^∗_1 B ∘ (A_1 ⊗ id) (D_π∗_{1 S}∗_1 ⊗ id) ∘ (A_1 ⊗ id^{⊗2}) ∘ (id^{⊗2} ⊗ π^∗_1 C)

id∘id∘(id^{⊗2}⊗γ) ff´ (D_π∗_{1 S}∗_1 ⊗ id) ∘ (A_1 ⊗ id^{⊗2}) ∘ (id^{⊗2} ⊗ J ) ∘ (id^{⊗2} ⊗ π^∗_2C)

Def. of J ff´ (D_π∗_{1 S}∗_1 ⊗ id) ∘ (A_1 ⊗ A^{∗−1}_1 ⊗ id) ∘ (id^{⊗4} ⊗ A_2) ∘ (id^{⊗3} ⊗ D^{−1}_P ⊗ id) ∘ (id^{⊗2} ⊗ π^∗_2 C)

naturality of D applied to A_1 ff´ (D_π∗_{2 S1} ⊗ D_P ∗ ) ∘ (id^{⊗4} ⊗ A_2) ∘ (id^{⊗3} ⊗ D^{−1}_P ⊗ id) ∘ (id^{⊗2} ⊗ π^∗_2 C)

compatibility between ⊗ and ∘ ff´ (D_P ∗ ⊗ id) ∘ (id^{⊗2} ⊗ A_2) ∘ (id^{⊗3} ⊗ D^{−1}_P ⊗ id) ∘ (id ⊗ D_π∗_{2 S}∗_1 ⊗ id) ∘ (id^{⊗2} ⊗ π^∗_2 C)

zigzag for D_P ff´ A_2 ∘ (id ⊗ D_π∗_{2 S}∗_1 ⊗ id) ∘ (id^{⊗2} ⊗ π^∗_2 C) A_2 ∘ (id ⊗ π^∗_2 B).

Finally, one can deduce from the commutativity of (6.2.2) and the definition of the transformation φ that β is compatible with the transformations σ_1 and σ_2 in the sense of Figure 5. Hence, (B, β) is a 1-morphism from T_1 .K to T_2 .

Remark 6.2.1. All constructions and results of this section can straightforwardly be generalized to bundle gerbes with connection in the sense of Remark 6.1.1. The module structure is then a strict 2-functor Triv(G , ∇) × Grb^∇(M) // Triv(G , ∇). In the proof that the action is free, one substitutes characteristic degree three classes (3.2.1) in differential cohomology for the Dixmier-Douady classes. In the proof that the action is transitive, one uses that bundle gerbes with connection also form a 2-stack: the gluing condition is shown in [Nik09, Section 3.3].

6.3 Lemma 3.2.2: Existence of Trivializations with Connection

We show that every bundle 2-gerbe G with connection and vanishing characteristic class in H^4(M, Z) admits a trivialization with compatible connection. For the proof we use the fact that bundle 2-gerbes are classified up to isomorphism by degree four differential cohomology Ĥ^4(M, Z). This cohomology group fits into the exact sequence

Ω^3(M) // Ĥ^4(M, Z)^{CC} // H^4(M, Z) // 0. (6.3.1)

Suppose G is a bundle 2-gerbe with connection ∇ and with vanishing characteristic class CC(G ). By exactness of (6.3.1), it is isomorphic to a certain bundle 2-gerbe I with connection ∇_H defined by a 3-form H ∈ Ω^3(M). We will show that such an isomorphism is precisely a trivialization of G with connection compatible with ∇. This proves Lemma 3.2.2.

Let us first describe the bundle 2-gerbe I and the connection ∇_H which is associated to any 3-form H on M. The covering of I is the identity id : M // M whose fibre products we can identify with M itself. Its bundle gerbe is the trivial bundle gerbe I, which is the tensor unit of the monoidal 2-category Grb(M). Its product is the identity id : I ⊗ I // I, and its associator is also the identity. The only non-trivial information is the connection ∇_H . It consists simply of the 3-form H; the bundle gerbe I and the product of I carry trivial connections.

Next we give a brief definition of an isomorphism between two bundle 2-gerbes G_1 and G_2 . It is a straightforward generalization of the notion of an isomorphism between bundle gerbes (see Definition 5.1.2). An isomorphism A : G_1 // G_2 consists of a bundle gerbe S over a covering ζ : Z // Y_1 ×_M Y_2, an isomorphism A : P_1 ⊗ ζ^∗_2 S // ζ^∗_1 S ⊗ P_2 between bundle gerbes over Z ×_M Z, and a transformation σ which expresses the compatibility between A and the products M_1 and M_2. This transformation has to satisfy an evident coherence condition involving the associators μ_1 and μ_2 of the two bundle 2-gerbes.

If the bundle 2-gerbes G_1 and G_2 are equipped with connections, we say that a compatible connection on the isomorphism A is a connection on the bundle gerbe S of curvature

curv(S) = π^∗_2 B_2 − π^∗_1 B_1,

and a compatible connection on the isomorphism A such that σ is connectionpreserving.

The claimed relation to differential cohomology (realized by Deligne cohomology) is established in [Joh02, Proposition 4.2] in terms of a bijection { Bundle 2-gerbes over M with

connection, up to isomorphisms with compatible connection } ∼= Ĥ^4(M, Z).

Comparing the definition of an isomorphism between bundle 2-gerbes and Definition 2.2.1 of a trivialization makes it obvious that a trivialization T of G is the same thing as an isomorphism T : G // I. This coincidence generalizes to a setup with compatible connections: there is a bijection { Isomorphisms T : G // I with

connection compatible with ∇ and ∇_H for some 3-form H } ∼= { Trivializations of

G with connection compatible with ∇ } (6.3.2)

for every bundle 2-gerbe G and any connection ∇ on G .

6.4 Lemma 3.3.3: Connections on Trivializations pull back

Let G be a bundle 2-gerbe with connection, and let T = (S, A, σ) and T^′ = (S^′, A^′, σ^′) be trivializations of G . We prove that one can pull back a compatible connection ▼^′ on T^′ along any 1-morphism B : T // T^′ to a compatible connection on T.

We recall that a compatible connection on T^′ is a pair ▼^′ = (∇^′, ω^′) with ∇^′ a connection on S^′ and ω^′ a connection on A^′, such that σ^′ is connectionpreserving.

By Lemma 5.2.4, there exists a connection κ on the isomorphism B : S // S^′ and a connection on S such that κ is compatible. Next we need a connection on the isomorphism A. We look at the transformation A^ρ −1 A +3 id ∘ A^{π∗1 ir ⊗id} +3 π^∗_1 B ∘ π^∗_1 B^{−1} ∘ A^{id∘β} +3 π^∗_1 B^{−1} ∘ A^′ ∘ π^∗_2 B. (6.4.1)

Here we have used the transformation ρ_A : id ∘ A +3 A which belongs to the structure of the 2-groupoid of bundle gerbes [Wal07b, Section 1.2], and the transformation i_r : id +3 B ∘ B^{−1} which expresses the invertibility of the isomorphism B [Wal07b, Section 1.3]. Notice that the target isomorphism of (6.4.1) is equipped with a compatible connection. Thus, by Lemma 5.2.5, this connection pulls back to a compatible connection on A. Furthermore, since the transformations (6.4.1), ρ_A and i_r are connection-preserving, the transformation id ∘ β is also connection-preserving. This implies in turn that β itself is connection-preserving.

It remains to check that the transformation σ preserves connections. In order to see this, consider the commutative diagram of Figure 5, which expresses the compatibility between σ, σ^′ and β. Since all transformations that appear in this diagram are invertible, we can rearrange it as an equation

id ∘ σ = (π^∗_{13}β ∘ id)^{−1} • (σ^′ ∘ id) • (id ∘ π^∗_{23}β) • (π^∗_{12}β ∘ id)^{−1},

where • denotes the vertical composition of transformations. Now, since the right hand side of this equation is a connection-preserving transformation, id∘ σ is also connection-preserving. Just as above, it follows that σ is connectionpreserving.

6.5 Lemma 3.3.7 (a): Well-definedness of the Action on compatible Connections

We prove that the action of the vector space V_T on the connections on a trivialization T of a bundle 2-gerbe G with connection takes compatible connections to compatible connections.

The bundle 2-gerbe G has a covering π : Y // M and a bundle gerbe P over Y^{[2]}. The bundle gerbe P in turn has a covering χ : X // Y^{[2]}. The trivialization T has a bundle gerbe S over Y , an isomorphism A over Y^{[2]} and a transformation σ. Its bundle gerbe S has a covering ω : W // Y . Expanding the definitions of tensor products and isomorphisms between bundle gerbes, the isomorphism A : P ⊗ π^∗_2 S // π^∗_1 S comes with a covering

ζ : Z // X ×_Y [2] (W ×_M W ).

The projections x : Z // X and p : Z // W ×_M W are again coverings. By construction, there is a commutative diagram: Z p fflffl W ×_M W ω×ω fflffl

p_1

&&NN NNN N p_2

xxppp ppp W ω fflffl

W ω fflffl Y^{[2]}_π 2 MMM &&MM M π_1qq q xxqqq Y π ’’NN NNN NNN Y π wwppp ppp pp M

(6.5.1)

We keep a connection on G fixed, and assume a compatible connection ▼ = (C, ω, κ) on T, where (C, ω) is a connection on S. Let (ψ, ρ, φ) ∈ V_T represent an element in the vector space that acts on the set of connections of T. Its action on ▼ has been defined in Section 3.3 to result in ▼^′ = (C^′, ω^′, κ^′) with

C^′ = C + dφ − ω^∗(dρ − π^∗ψ), ω^′ = ω + δ_ωφ, (6.5.2) κ^′ = κ + ϵ with ϵ := p^∗(δ_{π∘ω}(φ − ω^∗ρ)).

Here we have used the notation δ_{π∘ω}, δ_ω for the alternating sum over pullbacks along a surjective submersion, as explained in Lemma 5.2.2.

Let us first check that κ^′ is a compatible connection on A. The first condition is the equation

curv(κ^′) = p^∗p^∗_2C^′ − (x^∗C_P + p^∗p^∗_1C^′) (6.5.3)

of 2-forms over Z, where C_P is the 2-form of the connection on P. This equation can be verified using the fact that κ was assumed to be compatible, and using the commutative diagram (6.5.1) to sort out the various pullbacks. The second condition for κ^′ is that the isomorphism

α : (x^∗P_P ⊗ w^∗_1P_S ) ⊗ ζ^∗_2 Q // ζ^∗_1 Q ⊗ w^∗_2P_S

of principal U(1)-bundles over Z ×_Y [2] Z is connection-preserving. Here, ζ_1, ζ_2 : Z ×_Y [2] Z // Z denote the two projections, x : Z ×_Y [2] Z // X ×_Y [2] X is just the map x from above on each factor, and w_i : Z ×_Y [2] Z // W ×_Y W is the map p_i ∘ p : Z // W on each factor. There is a commutative diagram exploiting the various relations between these maps (k = 1, 2):

Z ×_Y [2] Z

ζ_1 � � � � � � � ζ_2 ŒŒ= == == == == == == w_k fflffl Z p_k ¸¸11 11 1 W ×_Y W ω_1—— — ˝˝———^{ω2} CCC !!CC C Z p_k�flflfl flfl W ω !!C CC CC CC W ω ˝˝–– –– –– – Y

(6.5.4)

To check that α is connection-preserving, one verifies that the connections on both sides change by the same 1-form on Z ×_Y [2] Z under the action (6.5.2). On the left hand side, this is w^∗_1δ_ωφ + ζ^∗_2 ϵ. On the right hand side, it is ζ^∗_1 ϵ + w^∗_2δ_ωφ. Using diagram (6.5.4), it is straightforward to check that these 1-forms coincide.

The remaining check is that the transformation σ is still connectionpreserving. We note that σ is some isomorphism of principal U(1)-bundles over a smooth manifold V . There are projections k_s and k_t into the covering spaces of the source isomorphism π^∗_{12}A ∘ (id_π∗_{12P} ⊗ π^∗_{23}A) and the target isomorphism π^∗_{13}A ∘ (M ⊗ id_π∗_{3 S} ). We can safely ignore the contributions of the isomorphism M and of the identity isomorphism id_π∗_{12P} in the following discussion, since the connections on M and on P did not change under our action. What we must not ignore is the identity isomorphism id_π∗_{3 S} : its connection changes with the connection on S!

After these premises, the two projections are k_s : V // Z ×_W Z and k_t : V // (W ×_Y W ) ×_W Z, with Z the covering space of the isomorphism A and W ×_Y W the covering space of the identity isomorphism. We claim that the following diagrams are commutative by construction: V k_s �fifi fifi fifi_{kt} ØØ¿ ¿¿ ¿¿ ¿¿ Z×_WZ p∘ζ_1 fflffl (W×_Y W )×_WZ pr_1 fflffl W×_MW ω_1 ßß2 22 22 2 W×^Y W_{ω2} ØØ? ?? ?? ?? ω_1¨ ¨¨ ¨¨¨¨¨ W ω ØØ@ @@ @@ @@ W ω ¨¨~~ ~~ ~~ ~ Y

V k_s fflffl Z×_WZ ζ_1 � � �_{ζ2} ßß4 44 44 4 Z p fflffl Z p fflffl W×_MW ω_2 ßß4 44 44 4 W×^MW ω_1 � � � W

V k_t ØØ¿ ¿¿ ¿¿ ¿¿ k_s �fifi fifi fifi Z×_WZ ζ_2 fflffl (W×_Y W )×_WZ pr_2 fflffl Z p fflffl Z p fflffl W×_MW ω_2 ßß2 22 22 2 W×^MW ω_2

¨¨¨¨ ¨¨ ¨¨ ¨ W We compute the changes in the connections on the target and on the source isomorphism of σ. These are, respectively, the 1-forms

k^∗_t (pr^∗_1δφ + pr^∗_2ϵ) and k^∗_s (ζ^∗_1 ϵ + ζ^∗_2 ϵ) (6.5.5)

over V . Using the diagrams above it is a straightforward calculation to check that these 1-forms coincide. Thus, σ is a connection-preserving transformation.

Summarizing, we have shown that the action of an element of V_T on a compatible connection ▼ on T is again a compatible connection ▼^′.

6.6 Lemma 3.3.7 (b): The Action on compatible Connections is free and transitive

We prove that the action of the vector space V_T on the compatible connections of a bundle 2-gerbe G with connection is free and transitive.

Showing that the action is free is the easy part. We assume that an element (ψ, ρ, φ) ∈ V_T acts trivially on a connection ▼ = (C, ω, κ) on a trivialization T = (S, A, σ). That means that the 1-form ϵ = p^∗δ_{π∘ω}(φ−ω^∗ρ) vanishes and that (η, φ) ∈ V_S with η = dρ − π^∗ψ vanishes in V_S .

Since p is a covering, the vanishing of ϵ implies that already δ_{π∘ω}(φ − ω^∗ρ) = 0. By Lemma 5.2.2, this implies the existence of a 1-form χ ∈ Ω^1(M) such that (I) ω^∗π^∗χ = ω^∗ρ − φ. The vanishing of (η, φ) implies the existence of a 1-form ν ∈ Ω^1(Y ) such that (II) η = dν and (III) φ = ω^∗ν. (I) and (III) imply (IV) ρ = π^∗χ + ν. (II) and (IV) imply (V) dχ = ψ. Equations (V), (IV) and (III) show that (ψ, ρ, φ) lies in the subspace U we divide out in Proposition 3.3.4.

Now we prove that the action is transitive. We assume that ▼ = (C, φ, κ) and ▼^′ = (C^′, φ^′, κ^′) are two compatible connections on a trivialization T. From Lemmata 3.3.5 and 3.3.6 we obtain ϵ ∈ Ω^1(Z), φ ∈ Ω^1(W ) and η ∈ Ω^2(Y ) such that

C^′ = C + dφ − ω^∗η , ω^′ = ω + δ_ωφ and κ^′ = κ + ϵ. First we consider the 1-form ρ̃ := ϵ − p^∗_2φ + p^∗_1φ ∈ Ω^1(Z) with p_k : Z // W the projections from Section 6.5. We denote the evident projection to the base space of A by ℓ : Z // Y^{[2]}. Using the identity ζ^∗_2 ϵ = ζ^∗_1 ϵ + w^∗_2δ_ωφ − w^∗_1δ_ωφ that we have derived in Section 6.5, it is straightforward to check that δ_ℓρ̃ = ζ^∗_2ρ̃ − ζ^∗_1 ρ̃ = 0, so that by Lemma 5.2.2, there exists a 1-form ρ^′ ∈ Ω^1(Y^{[2]}) such that ℓ^∗ρ^′ = ρ̃.

Now we denote by V the covering space of the transformation σ, and we denote by k : V // Y^{[3]} the evident projection to the base space of the involved bundle gerbes. Note that the following diagrams are commutative: V^{ζ2∘ks} // k fflffl Z ℓ fflffl Y^{[3]}_{π21} // Y^{[2]}

V^{ζ1∘ks} // k fflffl Z ℓ fflffl Y^{[3]}_{π32} // Y^{[2]}

V^{pr2∘kt} // k fflffl Z ℓ fflffl Y^{[3]}_{π31} // Y^{[2]}

V^{pr2∘kt} //

pr_1∘k_t fflffl Z p_1 fflffl W×_Y W_{ω2} // W .

Using these diagrams and the coincidence of the 1-forms (6.5.5), one readily verifies

k^∗(π^∗_{21}ρ^′ − π^∗_{31}ρ^′ + π^∗_{32}ρ^′) = k^∗_s ζ^∗_2 ρ̃ − k^∗_t pr^∗_2ρ̃ + k^∗_s ζ^∗_1ρ̃ = 0, so that again by Lemma 5.2.2, there exists a 1-form ρ ∈ Ω^1(Y ) such that δ_πρ = ρ^′.

Finally we consider ψ^′ := dρ − η ∈ Ω^2(Y ). We compute ℓ^∗(π^∗_2 ψ^′ − π^∗_1 ψ^′) = 0, using the remaining condition (6.5.3). Thus, we find a 1-form ψ ∈ Ω^2(M) such that π^∗ψ = ψ^′. Tracing all definitions back, we see that acting with (ψ, ρ, ϵ) on ▼ we obtain ▼^′.

References

[AS02] O. Alvarez and I. M. Singer, “Beyond the elliptic genus”. Nuclear Phys. B, 633(3):309–344, 2002.

[arxiv:hep-th/0104199]

[BCSS07] J. C. Baez, A. S. Crans, D. Stevenson, and U. Schreiber, “From loop groups to 2-groups”. Homology, Homotopy Appl., 9(2):101–135, 2007. [arxiv:math.QA/0504123]

[BM92] J.-L. Brylinski and D. McLaughlin, “A geometric construction of the first Pontryagin class”. In H. Kauffman and R. A. Baadhio, editors, Series on knots and everything, pages 209–220. World Scientific, Singapore, 1992.

[BM94] J.-L. Brylinski and D. A. McLaughlin, “The geometry of degree four characteristic classes and of line bundles on loop spaces I”. Duke Math. J., 75(3):603–638, 1994.

[BM96] J.-L. Brylinski and D. A. McLaughlin, “The geometry of degree four characteristic classes and of line bundles on loop spaces II”. Duke Math. J., 83(1):105–139, 1996.

[CJM^++05] A. L. Carey, S. Johnson, M. K. Murray, D. Stevenson, and B.-L. Wang, “Bundle gerbes for Chern-Simons and Wess-Zumino-Witten theories”. Commun. Math. Phys., 259(3):577–613, 2005. [arxiv:math/0410013]

[CS74] S.-S. Chern and J. Simons, “Characteristic forms and geometric invariants”. Ann. of Math., 99(1):48–69, 1974.

[FM06] D. S. Freed and G. W. Moore, “Setting the quantum integrand of M-theory”. Commun. Math. Phys., 263(1):89–132, 2006.

[arxiv:hep-th/0409135]

[Fre02] D. S. Freed, “Classical Chern Simons theory, II”. Houston J. Math., 28(1):293–310, 2002. Available as:

http://www.ma.utexas.edu/users/dafr/cs2.pdf

[FSS] D. Fiorenza, U. Schreiber, and J. Stasheff, “Cech cocycles for differential characteristic classes – An infinity-Lie theoretic construction”. Preprint. [arxiv:1011.4735]

[Gaw88] K. Gawȩdzki, “Topological actions in two-dimensional quantum field theories”. In G. ’t Hooft, A. Jaffe, G. Mack, K. Mitter, and R. Stora, editors, Non-perturbative quantum field theory, pages 101–142. Plenum Press, 1988.

[GR02] K. Gawȩdzki and N. Reis, “WZW branes and gerbes”. Rev. Math. Phys., 14(12):1281–1334, 2002.

[arxiv:hep-th/0205233]

[GT01] K. Gomi and Y. Terashima, “Higher-dimensional parallel transports”. Math. Res. Lett., 8:25–33, 2001.

[HS05] M. J. Hopkins and I. M. Singer, “Quadratic functions in geometry, topology and M-theory”. J. Differential Geom., 70(3):329–452, 2005. [arxiv:math/0211216]

[HST10] H. Hohnhold, S. Stolz, and P. Teichner, “From minimal geodesics to supersymmetric field theories”. In P. R. Kotiuga, editor, A celebration of the mathematical legacy of Raoul Bott, volume 50 of CRM Proceedings and Lecture Notes, pages 207–276. 2010. Available as:

http://math.berkeley.edu/~teichner/Papers/Bott-EFT.pdf

[Joh02] S. Johnson, Constructions with bundle gerbes. PhD thesis, University of Adelaide, 2002. [arxiv:math/0312175]

[Kil87] T. Killingback, “World sheet anomalies and loop geometry”. Nuclear Phys. B, 288:578, 1987.

[Lur09] J. Lurie, “On the classification of topological field theories”. In Current developments in mathematics, volume 2008, pages 129–280. International Press of Boston, 2009. Available as:

math.mit.edu/~lurie/papers/cobordism.pdf

[McL92] D. A. McLaughlin, “Orientation and string structures on loop space”. Pacific J. Math., 155(1):143–156, 1992.

[Mei02] E. Meinrenken, “The basic gerbe over a compact simple Lie group”. Enseign. Math., II. Sr., 49(3–4):307–333, 2002.

[arxiv:math/0209194]

[Mic87] J. Mickelsson, “Kac-Moody groups, topology of the Dirac determinant bundle and fermionization”. Commun. Math. Phys., 110:173–183, 1987.

[MS00] M. K. Murray and D. Stevenson, “Bundle gerbes: stable isomorphism and local theory”. J. Lond. Math. Soc., 62:925–937, 2000. [arxiv:math/9908135]

[Mur96] M. K. Murray, “Bundle gerbes”. J. Lond. Math. Soc., 54:403–416, 1996. [arxiv:dg-ga/9407015]

[Mur10] M. K. Murray, “An introduction to bundle gerbes”. In O. Garcia-Prada, J. P. Bourguignon, and S. Salamon, editors, The many facets of geometry. A tribute to Nigel Hitchin. Oxford Univ. Press, 2010. [arxiv:0712.1651]

[Nik09] T. Nikolaus, Äquivariante Gerben und Abstieg. Diplomarbeit, Universität Hamburg, 2009.

[Red06] D. C. Redden, Canonical metric connections associated to string structures. PhD thesis, University of Notre Dame, 2006.

[RW] C. Redden and K. Waldorf. Private discussion.

[SP11] C. Schommer-Pries, “Central extensions of smooth 2-groups and a finite-dimensional string 2-group”. Geom. Topol., 15:609–676, 2011. [arxiv:0911.2483]

[SS08] J. Simons and D. Sullivan, “Axiomatic characterization of ordinary differential cohomology”. J. Topology, 1(1):45–56, 2008. [arxiv:math/0701077v1]

[ST] S. Stolz and P. Teichner, “Supersymmetric euclidean field theories and generalized cohomology”. Preprint.

[arxiv:1108.0189]

[ST04] S. Stolz and P. Teichner, “What is an elliptic object?” In Topology, geometry and quantum field theory, volume 308 of London Math. Soc. Lecture Note Ser., pages 247–343. Cambridge Univ. Press, 2004. Available as:

http://math.berkeley.edu/~teichner/Papers/Oxford.pdf

[Ste00] D. Stevenson, The geometry of bundle gerbes. PhD thesis, University of Adelaide, 2000. [arxiv:math.DG/0004117]

[Ste04] D. Stevenson, “Bundle 2-gerbes”. Proc. Lond. Math. Soc., 88:405–435, 2004. [arxiv:math/0106018]

[SW07] M. Spera and T. Wurzbacher, “Twistor spaces and spinors over loop spaces”. Math. Ann., 338:801–843, 2007.

[SW09] U. Schreiber and K. Waldorf, “Parallel transport and functors”. J. Homotopy Relat. Struct., 4:187–244, 2009.

[arxiv:0705.0452v2]

[SW10] C. Schweigert and K. Waldorf, “Gerbes and Lie groups”. In K.-H. Neeb and A. Pianzola, editors, Developments and trends in infinite-dimensional Lie theory, volume 600 of Progr. Math. Birkhäuser, 2010. [arxiv:0710.5467]

[Wala] K. Waldorf, “Transgression to loop spaces and its inverse, I: Diffeological bundles and fusion maps”. Cah. Topol. Géom. Différ. Catég., to appear. [arxiv:0911.3212]

[Walb] K. Waldorf, “Transgression to loop spaces and its inverse, II: Gerbes and fusion bundles with connection”. Preprint.

[arxiv:1004.0031]

[Wal07a] K. Waldorf, Algebraic structures for bundle gerbes and the Wess-Zumino term in conformal field theory. PhD thesis, Universitt Hamburg, 2007. Available as:

http://www.sub.uni-hamburg.de/opus/volltexte/2008/3519

[Wal07b] K. Waldorf, “More morphisms between bundle gerbes”. Theory Appl. Categ., 18(9):240–273, 2007.

[arxiv:math.CT/0702652]

[Wal10] K. Waldorf, “Multiplicative bundle gerbes with connection”. Differential Geom. Appl., 28(3):313–340, 2010.

[arxiv:0804.4835v4]

[Wal11] K. Waldorf, “A loop space formulation for geometric lifting problems”. J. Aust. Math. Soc., 90:129–144, 2011.

[arxiv:1007.5373]

[Wal12] K. Waldorf, “A construction of string 2-group models using a transgression-regression technique”. In C. L. Aldana, M. Braverman, B. Iochum, and C. Neira-Jimnez, editors, Analysis, Geometry and Quantum Field Theory, volume 584 of Contemp. Math., pages 99–115. AMS, 2012.

[arxiv:1201.5052]

[Wit86] E. Witten, “The index of the Dirac operator on loop space”. In Elliptic curves and modular forms in algebraic topology, number 1326 in Lecture Notes in Math., pages 161–181. Springer, 1986.