arXiv:0906.0235v2 [gr-qc] 7 Aug 2009

Nonlinear electrodynamics in 3D gravity with torsion

M. Blagojević^1, B. Cvetković^1 and O. Mišković^{2 ∗}

1 Institute of Physics, University of Belgrade, P. O. Box 57, 11001 Belgrade, Serbia 2 Instituto de Física, Pontificia Universidad Católica de Valparaíso, Casilla 4059, Valparaíso, Chile

Abstract

We study exact solutions of nonlinear electrodynamics coupled to three-dimensional gravity with torsion. We show that in any static and spherically symmetric configuration, at least one component of the electromagnetic field has to vanish. In the electric sector of the theory, we construct an exact solution, characterized by the azimuthal electric field. When the electromagnetic action is modified by a topological mass term, we find two types of the self-dual solutions.

1 Introduction

Three-dimensional (3D) gravity has played an important role in our attempts to properly understand basic features of the gravitational dynamics [1]. The study of 3D gravity led to a number of outstanding results, among which the discovery of the Bañ ados-Teitelboim- Zanelli (BTZ) black hole was of particular importance [2]. While the geometric structure of the theory is traditionally treated as being Riemannian, Mielke and Baekler proposed a new approach to 3D gravity [3], based on the more general, Riemann-Cartan geometry [4]. In this approach, the geometric structure of spacetime is described by both the curvature and the torsion, which offers an opportunity to explore the influence of geometry on the gravitational dynamics.

Recent developments showed that 3D gravity with torsion has a respectable dynamical structure [5, 6, 7, 8]. In particular, it possesses a BTZ-like black hole solution, the black hole with torsion [5], which is electrically neutral. An extension of this result to the electrically charged sector has been studied in Refs. [9, 10]. The treatment is based on Maxwell electrodynamics, and it reveals new dynamical aspects of 3D gravity with torsion. In particular, the structure of the new solutions, representing the azimuthal electric and the self-dual Maxwell field, is to a large extent influenced by the values of two different central charges that characterize the asymptotic dynamics of the BTZ black hole with torsion.

In the 1930s, in an attempt to construct a classical theory of charged particles with a finite self-energy, Born and Infeld proposed a nonlinear generalization of Maxwell electrodynamics [11]. More recently, it was found that the nonlinear Born-Infeld electrodynamics arises naturally as an effective low-energy action in open string theory [12], which led to

∗Email addresses: mb@phy.bg.ac.yu, cbranislav@phy.bg.ac.yu, olivera.miskovic@ucv.cl

an increased interest for Born-Infeld-like theories. In general relativity with a cosmological constant, asymptotically (anti-)de Sitter black holes were found in any dimension, and their thermodynamic properties were discussed in a number of papers [13]. Here, we study exact solutions for the system of nonlinear electrodynamics of the Born-Infeld type coupled to 3D gravity with torsion, generalizing thereby the analysis of [9, 10], based on Maxwell electrodynamics.

The layout of the paper is as follows. In section 2, we derive general field equations describing the nonlinear electrodynamics coupled to 3D gravity with torsion. In section 3, we use these equations to study static and spherically symmetric field configurations. After proving a general no-go theorem, valid for an arbitrary effective cosmological constant Λ_{eff} , which states that at least one component of the electromagnetic field has to vanish, we restrict our attention to the electric sector of the theory. As in the Maxwell-Mielke-Baekler system [9, 10], there is no nontrivial solution corresponding to the radial electric field. In section 4, we construct a solution generated by the azimuthal electric field. In section 5, we consider the sector of stationary and spherically symmetric configurations. After modifying the electromagnetic action by a topological mass term, we find two types of the self-dual solutions. All the solutions are defined in the AdS sector, with Λ_{eff} < 0. Finally, appendices contain some technical details.

Our conventions are the same as in [9, 10]: the Latin indices (i, j, k, ...) refer to the local Lorentz frame, the Greek indices (μ, ν, λ, ...) refer to the coordinate frame, and both run over 0,1,2; the metric components in the local Lorentz frame are η_{ij} = (+, −, −); totally antisymmetric tensor ε^{ijk} and the related tensor density ε^{μνρ} are both normalized by ε^{012} = 1.

2 Nonlinear electrodynamics coupled to 3D gravity with torsion

2.1 Geometric structure in brief

Theory of gravity with torsion can be naturally described as a Poincaré gauge theory (PGT), with an underlying spacetime structure corresponding to Riemann-Cartan geometry [4].

Basic gravitational variables in PGT are the triad field b^i and the Lorentz connection A^{ij} = −A^{ji} (1-forms). The corresponding field strengths are the torsion and the curvature: T^i := db^i + A^i_m ∧ b^m, R^{ij} := dA^{ij} + A^i_m ∧ A^{mj} (2-forms). In 3D, we can use the simplifying notation A^{ij} =: −ε^{ij}_kω^k and R^{ij} =: −ε^{ij}_kR^k, which leads to

T^i = db^i + ε^i_{jk}ω^j ∧ b^k , R^i = dω^i + 1 2 ε^i_{jk}ω^j ∧ ω^k . (2.1)

The covariant derivative ∇(ω) acts on a general tangent-frame spinor/tensor in accordance with its spinorial/tensorial structure; when X is a form, ∇X := ∇ ∧ X. PGT is characterized by a useful identity:

ω^i ≡ ω̃^i + K^i , (2.2a)

where ω̃^i is the Levi-Civita (Riemannian) connection, and K^i is the contortion 1-form, defined implicitly by T^i =: ε^i_{mn}K^m ∧ b^n . (2.2b)

Using this identity, one can express the curvature R_i = R_i(ω) in terms of its Riemannian piece R̃_i = R_i(ω̃) and the contortion K_i:

2R_i ≡ 2R̃_i + 2 ~∇K_i + ε_{imn}K^m ∧ K^n . (2.2c)

The antisymmetry of the Lorentz connection A^{ij} implies that the geometric structure of PGT corresponds to Riemann-Cartan geometry, in which b^i is an orthonormal coframe, g := η_{ij} b^i ⊗ b^j is the metric of spacetime, and ω^i is the Cartan connection.

In local coordinates x^μ, we can write b^i = b^i_μdx^μ, the frame h_i = h_i^μ∂_μ dual to b^i is defined by the property h_i ⌋ b^j = h_i^μb^j_μ = δ^j_i , where ⌋ is the interior product. In what follows, we will omit the wedge product sign ∧ for simplicity.

2.2 Lagrangian

General gravitational dynamics in Riemann-Cartan spacetime is determined by Lagrangians which are at most quadratic in field strengths. Omitting the quadratic terms, we arrive at the topological Mielke-Baekler model for 3D gravity [3]:

I_0 = ∫ 2ab^iR_i − Λ 3 ε_{ijk}b^ib^j b^k + α_3L_{CS}(ω) + α_4b^iT_i . (2.3a)

Here, a = 1/16πG and L_{CS}(ω) is the Chern-Simons Lagrangian for the Lorentz connection, L_{CS}(ω) = ω^idω_i +^1_3 ε_{ijk}ω^iω^jω^k. The Mielke-Baekler (MB) model is a natural generalization of general relativity with a cosmological constant (GR_Λ).

The complete dynamics includes also the contribution of matter fields, minimally coupled to gravity. In this paper, we focus our attention to the case when matter is represented by the nonlinear electrodynamics:

I = I_0 + I_M , I_M ≡ ∫ L_M = ∫ d^3x bL_M (F^2) . (2.3b)

Here, the Lagrangian density L_M is a function of the invariant F^2 := F_{mn}F^{mn}, where F = dA and A is the electromagnetic potential, while b = det(b^i_μ). We also assume that in the weak field limit, i. e. for F^2 → 0, L_M reduces to the Maxwell form:

L_M (F^2) = − 1 4 F^2 + O(F^4) . (2.3c)

A particularly important case of such a nonlinear electrodynamics is the Born-Infeld theory:

L_M = − k^2 4 (√ 1 + 2F^2 k^2 − 1 ) =: L_{BI} , (2.4)

where k^2 is the Born-Infeld coupling. Any nonlinear electrodynamics that satisfies the weak field limit (2.3c) is said to be of the Born-Infeld type.

In our exposition, we shall maximally postpone using the explicit Born-Infeld form of L_M for two reasons: first, the field equations are more compact, and second, some of the conclusions are independent of the explicit form of L_M , and consequently, more general.

2.3 General field equations

The variation of I with respect to b^i and ω^i yields the gravitational field equations: 2aR_i + 2α_4T_i − Λε_{ijk}b^j b^k = Θ_i , 2α_3R_i + 2aT_i + α_4ε_{ijk}b^j b^k = 0 , (2.5) where Θ_i := −δL_M /δb^i is the energy-momentum current (2-form) of matter. In the nondegenerate sector with Δ := α_3α_4 − a^2 ≠ 0, these equations can be rewritten as 2T_i − pε_{ijk}b^j b^k = uΘ_i , (2.6a) 2R_i − qε_{ijk}b^j b^k = −vΘ_i , (2.6b) where

p := α_3Λ + α_4a Δ , u := α_3 Δ , q := − (α_4)^2 + aΛ Δ , v := a Δ . Introducing the energy-momentum tensor of matter by T^k_i :=^∗(b^kΘ_i), the matter current Θ_i can be expressed as follows:

Θ_i = 1 2 ( T^k_iε_{kmn} ) b^mb^n = ε_{imn}t^mb^n , (2.7a)

t^m := − ( T^m_k − 1 2 δ^m_k T ) b^k , (2.7b)

where T = T^k_k.

Following [9], we can now simplify the field equations (2.7). If we substitute the above Θ_i into (2.6a) and compare the result with (2.2b), we find the following form of the contortion:

K^m = 1 2 (pb^m + ut^m) . (2.8a) After that, we can rewrite the second field equation (2.6b) as 2R_i = qε_{imn}b^mb^n − vε_{imn}t^mb^n , (2.8b) where the Cartan curvature R_i can be conveniently calculated using the identity (2.2c):

2R_i = 2R̃_i + u ~∇t_i + ε_{imn} ( p^2 4 b^mb^n + up 2 t^mb^n + u^2 4 t^mt^n ) . (2.8c)

In this form of the gravitational field equations, the role of matter field as a source of gravity is clearly described by the 1-form t^i.

In the case of nonlinear electrodynamics, the energy-momentum tensor is given by T^k_i = 4L^{(1)}_M F^{km}F_{im} − δ^k_i L_M , (2.9) where L^{(1)}_M := ∂L_M /∂F^2.

Varying the action with respect to A, one obtains the electromagnetic field equations: d(L^{(1)}_M^⋆F ) = 0 . (2.10) Equations (2.8) and (2.10), together with a suitable set of boundary conditions, define the complete dynamics of both the gravitational and the electromagnetic field.

3 Static and spherically symmetric configurations

In order to explore basic dynamical features of the nonlinear electrodynamics coupled to 3D gravity with torsion, we begin by looking at static and spherically symmetric field configurations. Using the Schwarzschild-like coordinates x^μ = (t, r, φ), we make the following ansatz for the triad field,

b^0 = Ndt , b^1 = L^{−1}dr , b^2 = Kdφ , (3.1)

and for the Maxwell field:

F = E_rb^0b^1 − Hb^1b^2 + E_φb^2b^0 . (3.2)

Here, N, L, K and E_r, H, E_φ are the unknown functions of the radial coordinate r, and we have F^2 = (−E^2_r + E^2_φ + H^2)/2.

3.1 The field equations

Using the components of Riemannian connection α, β and γ, defined in appendix A, the electromagnetic field equations (2.10) take the form ( E_rL^{(1)}_M )_′ L + γE_rL^{(1)}_M = 0 , ( HL^{(1)}_M )_′ L + αHL^{(1)}_M = 0 , (3.3)

where prime denotes the radial derivative. Note that equations (3.3) do not determine E_φ, it remains an arbitrary function of r. The first integrals of these equations read:

−4L^{(1)}_M E_rK = Q_1 , −4L^{(1)}_M HN = Q_3 , (3.4)

where Q_1 and Q_3 are constants.

To find the form of the gravitational field equations, we first calculate the energymomentum tensor,

T^i_j = 4L^{(1)}_M − ( E^2_r + E^2_φ ) − L_M 4L^{(1)}_M −E_φH −E_rH E_φH (H^2 − E^2_r ) − L_M 4L^{(1)}_M E_φE_r E_rH E_φE_r ( H^2 − E^2_φ ) − L_M 4L^{(1)}_M

, (3.5)

and the corresponding expression for t^i:

t^0 = − ( 1 2 L_M − 4L^{(1)}_M H^2 ) b^0 + 4L^{(1)}_M E_φHb^1 + 4L^{(1)}_M E_rHb^2 ,

t^1 = −4L^{(1)}_M E_φHb^0 − ( 1 2 L_M + 4L^{(1)}_M E^2_φ ) b^1 − 4L^{(1)}_M E_rE_φb^2 ,

t^2 = −4L^{(1)}_M E_rHb^0 − 4L^{(1)}_M E_rE_φb^1 − ( 1 2 L_M + 4L^{(1)}_M E^2_r ) b^2 . (3.6)

Technical details leading to the explicit form of the gravitational field equations (2.8b) are summarized in appendix A. All the components of these equations can be conveniently divided in two sets: those with (i, m, n) = (0, 1, 2), (2, 0, 1), (1, 2, 0) are called diagonal, all the others are nondiagonal. Introducing V := v + up/2 to simplify the notation, the nondiagonal equations read: E_rH ( V − u^2 4 L_M ) = u [ L 2 ( E_rE^′_r + E_φE^′_φ + HH^′ ) + αE^2_φ ] , (3.7a) E_φH ( V − u^2 4 L_M ) = −uαE_rE_φ , (3.7b) E_rE_φ ( V − u^2 4 L_M ) = uH ( LE^′_φ + αE_φ ) , (3.7c) HE_r ( V − u^2 4 L_M ) = u [ L 2 ( E_rE^′_r − E_φE^′_φ + HH^′ ) − γE^2_φ ] , (3.7d) E_φE_r ( V − u^2 4 L_M ) = −uγHE_φ , (3.7e) HE_φ ( V − u^2 4 L_M ) = uE_r ( LE^′_φ + γE_φ ) , (3.7f)

while the diagonal ones are: −2 ( γ^′L + γ^2 ) = 2Λ_{eff} + V [ L_M + 4L^{(1)}_M ( E^2_r + E^2_φ )]

− u^2 4 L_M [ 1 2 L_M + 4L^{(1)}_M ( E^2_r + E^2_φ ) ] − 4uLE_rH^′L^{(1)}_M , (3.8a)

−2αγ = 2Λ_{eff} + V [ L_M + 4L^{(1)}_M ( E^2_r − H^2 )]

− u^2 4 L_M [ 1 2 L_M + 4L^{(1)}_M ( E^2_r − H^2 ) ] + 4u (γ − α) E_rHL^{(1)}_M , (3.8b) −2 ( α^′L + α^2 ) = 2Λ_{eff} + V [ L_M + 4L^{(1)}_M ( E^2_φ − H^2 )]

− u^2 4 L_M [ 1 2 L_M + 4L^{(1)}_M ( E^2_φ − H^2 )] + 4uLHE^′_rL^{(1)}_M , (3.8c)

where Λ_{eff} := q − p^2/4 is the effective cosmological constant. These equations are invariant under the duality mapping α → γ , γ → α , E_r → iH , H → iE_r , (3.9) which has the same form as in GR_Λ [14]. Consequently, the set of all solutions is also invariant under (3.9).

3.2 A no-go theorem

In the case u = 0, the nondiagonal field equations imply

E_rE_φ = 0 , E_rH = 0 , E_φH = 0 .

This is a specific result, valid also in GR_Λ [14], which states that configurations with two nonvanishing components of the electromagnetic field are dynamically not allowed.

In the general case u ≠ 0, the analysis of the field equations leads to the general no-go theorem (appendix B):

E_rE_φH = 0 . (3.10)

Static and spherically symmetric configurations with three nonvanishing components of the electromagnetic field are dynamically forbidden.

The theorem is valid for any form of L_M (F^2), and for any value of Λ_{eff} . Thus, it generalizes the no-go theorem found in [14], based on Maxwell electrodynamics.

Motivated by this result, we now restrict our considerations to the electric sector of the theory, specified by H = 0.

3.3 Dynamics in the electric sector

The condition H = 0, which defines the electric sector, leads to a significant simplification of the field equations. The nondiagonal equations take the form L 2 ( E_rE^′_r + E_φE^′_φ ) + αE^2_φ = 0 , (3.11a)

αE_rE_φ = 0 , (3.11b) E_rE_φ ( V − u^2 4 L_M ) = 0 , (3.11c) E_r ( LE^′_φ + γE_φ ) = 0 , (3.11d) L 2 ( E_rE^′_r − E_φE^′_φ ) − γE^2_φ = 0 , (3.11e)

while the diagonal ones are −2 ( γ^′L + γ^2 ) = 2Λ_{eff} + V [ L_M + 4 ( E^2_r + E^2_φ ) L^{(1)}_M ]

− u^2 4 L_M [ 1 2 L_M + 4 ( E^2_r + E^2_φ ) L^{(1)}_M ] , (3.12a)

−2αγ = 2Λ_{eff} + V [ L_M + 4E^2_r L^{(1)}_M ] − u^2 4 L_M [ 1 2 L_M + 4E^2_r L^{(1)}_M ] , (3.12b) −2 ( α^′L + α^2 ) = 2Λ_{eff} + V [ L_M + 4E^2_φL^{(1)}_M ] − u^2 4 L_M [ 1 2 L_M + 4E^2_φL^{(1)}_M ] . (3.12c)

The analysis of these equations leads to the conclusion that the only interesting configuration is the one defined by the azimuthal electric field E_φ (appendix C).

4 Solution with azimuthal electric field

Since the electromagnetic field equations do not impose any restriction on the azimuthal electric field, it is completely determined by the gravitational field equations.

The nondiagonal gravitational field equations (3.11) are very simple: LE^′_φ + 2αE_φ = 0 , LE^′_φ + 2γE_φ = 0 . (4.1a) They imply α = γ and consequently N = C_1K , E_φK^2 = Q_2 , (4.1b) where C_1 and Q_2 are the integration constants.

With α = γ, the set of the diagonal field equations (3.12) reduces to

−α^′L = 2E^2_φ ( V − u^2 4 L_M ) L^{(1)}_M , (4.2a)

−2α^2 = 2Λ_{eff} + ( V − u^2 8 L_M ) L_M . (4.2b)

Moreover, since equation (4.2a) is obtained as the derivative with respect to r of (4.2b), only the last equation is relevant. It is convenient to fix the radial coordinate by choosing K = r, which yields

E_φ =

Q_2 r^2

, F^2 = −

2Q^2 r^4 , L^2 = −r^2Λ_{eff} − r^2 2 L̄_M ( V − u^2 8 L̄_M ) , where L̄_M = L_M ( −2Q^2 r^4 ) . The expression for L^2 is obtained using (4.2b).

The above expressions for N, L, K and E_φ represent a complete solution for any value of Λ_{eff} . In what follows, we shall restrict our considerations to the case of negative Λ_{eff} ,

Λ_{eff} = − 1 ℓ^2 , which corresponds asymptotically to an AdS configuration. Using C_1 = 1/ℓ, the complete solution takes the form b^0 = r ℓ dt , b^1 = L^{−1}dr , b^2 = rdφ , ω̃^0 = −Ldφ , ω̃^1 = 0 , ω̃^2 = − L ℓ dt , ω^i = ω̃^i + 1 2 ( pb^i + ut^i ) , F = Q_2 ℓ dφdt , (4.3) where t^0 = − rL̄_M 2ℓ dt , t^1 = − d(rL̄_M ) 2L , t^2 = − rL̄_M 2 dφ .

4.1 Geometric structure

The metric of the solution (4.3) has the form:

ds^2 = r^2 ℓ^2 dt^2 − dr^2 r^2 ℓ^2 − r^2 2 L̄_M ( V − u^2 8 L̄_M ) − r^2dφ^2 . (4.4)

The expressions for the scalar Cartan curvature and the pseudoscalar torsion read: R = −ε^{imn}R_{imn} = −6q − v(r^3L̄_M )^′ r^2 . T = −ε^{imn}T_{imn} = −6p + u(r^3L̄_M )^′ r^2 . The metric is free of coordinate singularities in the range of r for which L^2(r) > 0. To examine this range, we rewrite L^2(r) in the form

L^2(r) = r^2 u^2 16 (¯ L_M − y^− ) (¯ L_M − y^+ ) , y^± := 4 u^2 ( V ± √ V^2 − u^2 ℓ^2 ) . As shown in section 5 of Ref. [9], the positivity of the classical central charges c^∓ ensures the conditions V < 0 and V^2 − u^2/ℓ^2 > 0. Thus, both y^+ and y^− are real and negative, and the metric (4.4) is well-defined for those r, for which:

L̄_M (r) < y^− or y^+ < L̄_M (r) .

In further analysis, we need to know the explicit form of L̄_M . In the Born-Infeld theory, we have L̄_{BI} = −k^2 4 (√ 1 − r^4_0 r^4 − 1 ) , where r^4_0 = 4Q^2/k^2, the scalar curvature is given by

R_{BI} = −6q + 3vk^2 4 ( 1 − r^4_0/3r^4 √ 1 − r^4_0/r^4 − 1 ) , and similarly for T_{BI}. Thus, the metric is well-defined for r ≥ r_0, and both the scalar curvature and the pseudoscalar torsion are singular at r = r_0.

In the Born-Infeld theory, the solution (4.4) is regular for r > r_0, but it does not have the black hole structure. For Q_2 = 0, it coincides with the black hole vacuum.

It is interesting to note that the replacement k^2 → −k^2 in the Born-Infeld Lagrangian makes the solution (4.4) regular in the whole region r > 0.

4.2 Conserved charges

Following the standard canonical procedure described in Ref. [9], the conserved charges defined by the Born-Infeld electrodynamics (energy, angular momentum and the electric charge) are found to vanish:

E = 0 , M = 0 , Q = 0 . (4.5)

The vanishing of Q is related to the fact that the azimuthal electric field does not produce the radial flux, while the vanishing of E and M is a consequence of the rapid asymptotic fall-off of the solution (4.3).

5 Solutions with self-dual electromagnetic field

The solution with azimuthal electric field is the only interesting configuration in the sector of static and spherically symmetric configurations (Appendix C). In this section, we discuss another exact solution, the solution with self-dual electromagnetic field, which belongs to the sector of stationary and spherically symmetric configurations.

5.1 The field equations

We consider an action for the nonlinear electrodynamics, modified by a topological (Chern- Simons) mass term: I_M = ∫ d^3x (bL_M − με^{μνρ}A_μ∂_ν A_ρ) , (5.1a)

where μ is the mass parameter. The presence of the mass term modifies the field equations for the electromagnetic field: d ( L^{(1)}_M^⋆F − 1 4 μF ) = 0 , (5.1b)

Looking for stationary and spherically symmetric field configurations, we adopt the following ansatz for the triad field,

b^0 = Ndt , b^1 = L^{−1}dr , b^2 = K(dφ + Cdt) , (5.2a)

and for the electromagnetic field strength:

F = Eb^0b^1 − Hb^1b^2 . (5.2b)

Here, N, L, C, K and E, H are six unknown functions of the radial coordinate r.

Now, we assume the generalized self-duality condition for the electromagnetic field:

E = ϵH , ϵ^2 = 1 . (5.3)

Combining the self-duality condition with the adopted behavior of L_M in the weak field limit (2.3c), we obtain the following relations:

F^2 = 0 , L^{(1)}_M = − 1 4 . (5.4)

After that, the electromagnetic field equations (5.1b) reduce to the simple form

d (^⋆F + μF ) = 0 ,

which coincides with the Maxwell field equations [10].

Now, we focus our attention on the gravitational field equations. Using again (5.4), one finds the simplified form of the electromagnetic energy-momentum tensor:

T^i_j =

E^2 0 EH 0 0 0 −EH 0 −H^2 , (5.5)

which turns out to be identical to the corresponding Maxwell energy-momentum tensor. Consequently, the gravitational field equations take the same form as in Maxwell theory coupled to 3D gravity with torsion [10]:

2R̃_i = Λ_{eff} ε_{imn}b^mb^n − Ṽ (ϵ)ε_{imn}t^mb^n , (5.6)

Ṽ (ϵ) := v + pu 2 + ϵ u ℓ ≡ 1 Δ 1 24πℓ c(ϵ) , where c(ϵ) are classical central charges, characterizing the asymptotic conformal structure of 3D gravity with torsion [6]. Hence, we arrive at the following conclusion:

Consider the nonlinear electrodynamics modified by a topological mass term, and the corresponding Maxwell theory; in the self-dual sector of stationary and spherically symmetric configurations, these two theories in interaction with 3D gravity with torsion have identical field equations.

Studying the Maxwell-Mielke-Baekler system, the authors of [10] found two self-dual solutions, one for μ = 0 and the other for μ ≠ 0. They represent natural generalizations of the Riemannian Kamata-Koikawa [15] and Fernando-Mansouri [16] solutions, respectively. It is now simple to conclude that these solutions are also solutions of the nonlinear electrodynamics in interaction with 3D gravity with torsion. Their explicit form can be found in sections 4 and 5 of Ref. [10].

5.2 Conserved charges

Since the energy-momentum tensor takes the same form as in [10], the corresponding expressions for the energy and angular momentum of the self-dual solutions remain unchanged.

The electric charge can be calculated using the Noether or the canonical approach, with the result Q = − ∫_{2π} 0 (4bL^{(1)}_M F^{tr} − μA_φ)dφ , (5.7)

where the integral is taken over the boundary at spatial infinity. For the specific case of the Born-Infeld theory, where the self-duality implies 4L^{(1)}_M = −1, the electric charge takes the same value as in Maxwell electrodynamics.

Consequently, the self-dual solutions with μ = 0 and μ ≠ 0 for the Born-Infeld and Maxwell electrodynamics coupled to 3D gravity with torsion, have the same values of the energy, angular momentum and electric charge.

6 Concluding remarks

In this paper, we studied exact solutions of the nonlinear electrodynamics in interaction with 3D gravity with torsion.

(1) We proved a general no-go theorem, stating that in any static and spherically symmetric configuration, at least one component of the electromagnetic field has to vanish. The theorem holds for a general nonlinear electrodynamics, independently of its weak field limit, and for any value of Λ_{eff} .

(2) Restricting our attention to the electric sector with Λ_{eff} < 0, we constructed a solution with azimuthal electric field, which represents a generalization of the Cataldo solution found in GR_Λ [14], and of the related solution for the Maxwell-Mielke-Baekler system [9]. In the case of Born-Infeld electrodynamics, the geometric content of the solution is clarified.

(3) In the self-dual sector of stationary and spherically symmetric configurations, the field equations are seen to coincide with those for the Maxwell-Mielke-Baekler system [10]. These equations reveal a new dynamical role of the classical central charges. Relying on the results of [10], we found two types of the self-dual solutions, both for Λ_{eff} < 0, which are natural generalizations of the Kamata-Koikawa and Fernando-Mansouri solutions [15, 16], known from GR_Λ.

Acknowledgements

This work was supported in part by the Serbian Science Foundation under Grant No. 141036 (M.B. and B.C.), and in part by the Chilean Grant Nos. FONDECYT 11070146 and PUCV 123.797/2007 (O.M.).

A The Cartan curvature

In this appendix, we present some technical details regarding the structure of the field equations (2.8b) for static and spherically symmetric configurations.

In Schwarzschild-like coordinate (t, r, φ), the form of the static and spherically symmetric triad field is defined in (3.1). After calculating the Levi-Civita connection,

ω̃^0 = −γb^2 , ω̃^1 = 0 , ω̃^2 = −αb^0 ,

where α = LN^′/N, γ = LK^′/K, we find the Riemannian curvature:

R̃_0 = −(γ^′L + γ^2)b^1b^2 , R̃_1 = −αγb^2b^0 , R̃_2 = −(α^′L + α^2)b^0b^1 .

In the next step, we calculate the expressions B_i := ε_{imn}t^mb^n and C_i := ε_{imn}t^mt^n:

B_0 = 4E_rHL^{(1)}_M b^0b^1 − [ L_M + 4 ( E^2_φ + E^2_r ) L^{(1)}_M ] b^1b^2 + 4E_φHL^{(1)}_M b^2b^0 ,

B_1 = 4E_φE_rL^{(1)}_M b^0b^1 − 4E_φHL^{(1)}_M b^1b^2 − [ L_M + 4 ( E^2_r − H^2 ) L^{(1)}_M ] b^2b^0 ,

B_2 = − [ L_M + 4 ( E^2_φ − H^2 ) L^{(1)}_M ] b^0b^1 − 4E_rHL^{(1)}_M b^1b^2 + 4E_φE_rL^{(1)}_M b^2b^0 .

C_0 = −4E_rHL_M L^{(1)}_M b^0b^1 + L_M [ 1 2 L_M + 4 ( E^2_φ + E^2_r ) L^{(1)}_M ] b^1b^2 − 4HE_φL_M L^{(1)}_M b^2b^0 ,

C_1 = −4E_φE_rL_M L^{(1)}_M b^0b^1 + 4E_φHL_M L^{(1)}_M b^1b^2 + L_M [ 1 2 L_M + 4 ( E^2_r − H^2 ) L^{(1)}_M ) b^2b^0 ,

C_2 = L_M [ 1 2 L_M + 4 ( E^2_φ − H^2 ) L^{(1)}_M ] b^0b^1 + 4E_rHL_M L^{(1)}_M b^1b^2 − 4E_φE_rL_M L^{(1)}_M b^2b^0 .

After using the relations (3.3), we obtain the simplified form of ~∇t_i:

~∇t_0 = −4 [ L 2 ( E_rE^′_r + E_φE^′_φ + HH^′ ) + αE^2_φ ] L^{(1)}_M b^0b^1

+4LH^′E_rL^{(1)}_M b^1b^2 + 4αE_φE_rL^{(1)}_M b^2b^0 , ~∇t_1 = −4 (LE^′_φ + αE_φ) HL^{(1)}_M b^0b^1 + 4 (LE^′_φ + γE_φ) E_rL^{(1)}_M b^1b^2

−4 (γ − α) HE_rL^{(1)}_M b^2b^0 , ~∇t_2 = −4LHE^′_rL^{(1)}_M b^0b^1 + 4 [ L 2 ( E_rE^′_r − E_φE^′_φ + HH^′ ) − γE^2_φ ] L^{(1)}_M b^1b^2

+4γHE_φL^{(1)}_M b^2b^0 .

The above results completely determine the Cartan curvature (2.8c), and lead to the second gravitational field equation as displayed in (3.7) and (3.8).

B The proof of E_rE_φH = 0

In this appendix, we prove the general no-go theorem formulated in section 3.

We begin by assuming E_rE_φH ≠ 0. Then, the consistency of the first three and the last three nondiagonal equations in (3.7) is ensured by a single relation:

E^′_φL + E_φ(α + γ) = 0 ⇒ E_φAK = C_1 ,

where C_1 is a constant. After that, the set of equations (3.7) reduces to: E_rH ( V − u^2 4 L_M ) = u 2 [ L(E_rE^′_r + HH^′) + (α − γ)E^2_φ ] , E_φH ( V − u^2 4 L_M ) = −uαE_rE_φ , E_rE_φ ( V − u^2 4 L_M ) = −uγHE_φ . Now, the last two equations imply:

αE^2_r = γH^2 , V − u^2 4 L_M = −uα E_r H , whereupon (3.8b) reduces to

Λ_{eff} + ( u 4 L_M − α E_r H )_2

= 0 , or equivalently:

Λ_{eff} + ( V u )_2 = 0 . (B.1)

Using V = v+up/2 and the identity ap+α_3q+α_4 = 0, the last relation leads to α_3α_4−a^2 = 0, which is in contradiction with the property Δ ≠ 0, adopted in section 2.

This completes the proof that the configuration E_rE_φH ≠ 0 is not allowed dynamically, which is exactly the content of the no-go theorem.

C Field configurations with E_r ≠ 0

In this appendix, we show that static and spherically symmetric field configurations with the radial electric field E_r ≠ 0 either do not exist or are physically irrelevant.

C.1 H = 0

Let us first assume the existence of a general electric field, E_rE_φ ≠ 0. In this case, equations (3.11b) and (3.11c) imply α = 0 , V − u^2 4 L_M = 0 ,

whereupon equation (3.12b) leads to (B.1), which is a contradiction. Hence, our assumption cannot be true, i.e. at least one of the components E_r, E_φ must vanish.

Next, we assume E_φ = 0, whereupon equation (3.11a) implies E_r = const. We have here a solution with constant electric field, which is of no physical interest.

C.2 H ≠ 0

In this sector, we have both electric and magnetic fields, and the duality symmetry (3.9) implies that the only nontrivial case is E_φ = 0. If we limit our attention to the AdS sector and choose K = r, the asymptotic behavior of N and L is given by N ∼ r ℓ + η r^{n−1} , L N ∼ 1 + χ r^m , with n, m > 0. Since the electromagnetic field is asymptotically weak, we have L^{(1)}_M ∼ −1/4.

The nondiagonal equations (3.7) reduce to a single relation, E_rH ( V − u^2 4 L_M ) = uL 2 (E_rE^′_r + HH^′) , (C.1)

while the difference between (3.8a) and (3.8b), combined with (C.1) and (3.3), leads to: ( Q^2_3 Q^1 − N^2 r^2 ) H^′ H = 4N^3 uQ_1r^2H ( N r )_′ − 3 2 ( N^2 r^2 )_′ H . (C.2)

The consistency of (C.2) to leading order requires Q_1 = ϵℓQ_3, where ϵ^2 = 1, and we have the asymptotic duality relation E_r ∼ ϵH, as expected. However, the consistency of (C.2) to higher orders yields additionally one of the following two conditions:

3n = 2 , χ = 0 ,

m = n + 2 , χ = uℓ^2Q^2_1 4 3n − 2 n + 2 η . In both cases (χ = 0 and χ ≠ 0), the diagonal equations imply Δ = 0, which is not allowed. Hence, asymptotically AdS solutions we were looking for do not exist.

References

[1] For a review of the subject and an extensive list of references, see: S. Carlip, Quantum Gravity in 2+1 Dimensions (Cambridge University Press, Cambridge, 1998); Conformal Field Theory, (2+1)-dimensional Gravity, and the BTZ Black Hole, Class. Quant. Grav. 22 (2005) R85-R124.

[2] M. Bañados, C. Teitelboim and J. Zanelli, The Black Hole in Three-Dimensional Spacetime, Phys. Rev. Lett. 16 (1992) 1849;

M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of 2+1 Black Hole, Phys. Rev. D 48 (1993) 1506.

[3] E. W. Mielke, P. Baekler, Topological gauge model of gravity with torsion, Phys. Lett.

A 156 (1991) 399;

P. Baekler, E. W. Mielke, F. W. Hehl, Dynamical symmetries in topological 3D gravity with torsion, Nuovo Cim. B 107 (1992) 91.

[4] M. Blagojević, Gravitation and gauge symmetries (IoP Publishing, Bristol, 2002);

T. Ortín, Gravity and strings, (Cambridge University Press, Cambridge, 2004). [5] A. García, F. W. Hehl, C. Heinecke and A. Macías, Exact vacuum solutions of (1+2)- dimensional Poincaré gauge theory: BTZ solution with torsion, Phys. Rev. D 67 (2003) 124016;

M. Blagojević and M. Vasilić, 3D gravity with torsion as a Chern-Simons gauge theory, Phys. Rev. D 68 (2003) 104023;

E. W. Mielke and A. A. R. Maggiolo, Rotating black hole solution in a generalized topological 3D gravity with torsion, Phys. Rev. D 68 (2003) 104026.

[6] M. Blagojević and B. Cvetković, Canonical structure of 3D gravity with torsion, in:

Progress in General Relativity and Quantum Cosmology, vol. 2, ed. Ch. Benton (Nova Science Publishers, New York, 2006), pp. 103-123 [gr-qc/0412134]; Black hole entropy in 3D gravity with torsion, Class. Quantum Grav. 23 (2006) 4781.

[7] Y. Obukhov, New solutions in 3D gravity, Phys. Rev. D 68 (2003) 124015;

S. Cacciatori, M. Caldarelli, A. Giacomini, D. Klemm and D. Mansi, Chern-Simons formulation of three-dimensional gravity with torsion and nonmetricity, J. Geom. Phys. 56 (2006) 2523;

D. Klemm, G. Tagliabue, The CFT dual of AdS gravity with torsion, Class. Quant. Grav. 25 (2008) 035011.

[8] A. Giacomini, R. Troncoso and S. Willison, Three-dimensional supergravity reloaded, Class. Quantum Grav. 24 (2007) 2845;

B. Cvetković and M. Blagojević, Supersymmetric 3D gravity with torsion: asymptotic symmetries, Class. Quantum Grav. 24 (2007) 3933; Stability of 3D black hole with torsion, Mod. Phys. Lett. A 22 (2007) 3047.

[9] M. Blagojević and B. Cvetković, Electric field in 3D gravity with torsion, Phys. Rev.

D78 (2008) 044036.

[10] M. Blagojević and B. Cvetković, Self-dual Maxwell field in 3D gravity with torsion, Phys. Rev. D78 (2008) 044037.

[11] M. Born and L. Infeld, Foundations of the new field theory, Proc. Roy. Soc. (London) A 144 (1934) 425-451.

[12] E. S. Fradkin, A. A. Tseytlin, Nonlinear Electrodynamics from Quantized Strings, Phys. Lett. B 163 (1985) 123;

A. A. Tseytlin, Vector Field Effective Action in the Open Superstring Theory, Nucl. Phys. B 276 (1986) 391.

[13] S. Fernando and D. Krug, Charged black hole solutions in Einstein-Born-Infeld gravity with a cosmological constant, Gen. Rel. Grav. 35 (2003) 129;

T. K. Dey, Born-Infeld black holes in the presence of a cosmological constant, Phys. Lett. B 595 (2004) 484;

R. Cai, D. Pang and A. Wang, Born-Infeld black holes in (A)dS spaces, Phys. Rev. D 70 (2004) 124034;

S. Fernando, Thermodynamics of Born-Infeld-anti-de Sitter black holes in the grand canonical ensemble, Phys. Rev. D 74 (2006) 104032 ;

O. Mišković and R. Olea, Thermodynamics of Einstein-Born-Infeld black holes with negative cosmological constant, Phys. Rev. D 77 (2008) 124048.

[14] M. Cataldo, Azimuthal electric field in a static rotationally symmetric (2+1)- dimensional spacetime, Phys. Lett. B 529 (2002) 143.

[15] M. Kamata and T. Koikawa, The electrically charged BTZ black hole with self (antiself) dual Maxwell field, Phys. Lett. B 353 (1995) 196.

[16] S. Fernando and F. Mansouri, Rotating Charged Solutions to Einstein-Maxwell- ChernSimons Theory in 2+1 Dimensions, Indian Journal of Theoretical Physics 1 (1998) 14.