arXiv:0906.0389v3 [math.DG] 5 Feb 2010

UNAMBIGUOUS FORMALISM FOR HIGHER-ORDER LAGRANGIAN FIELD THEORIES

CÉDRIC M. CAMPOS, MANUEL DE LEÓN, DAVID MARTÍN DE DIEGO, AND JORIS VANKERSCHAVER

Abstract. The aim of this paper is to propose an unambiguous intrinsic formalism for higherorder field theories which avoids the arbitrariness in the generalization of the conventional description of field theories, and implies the existence of different Cartan forms and Legendre transformations. We propose a differential-geometric setting for the dynamics of a higher-order field theory, based on the Skinner and Rusk formalism for mechanics. This approach incorporates aspects of both, the Lagrangian and the Hamiltonian description, since the field equations are formulated using the Lagrangian on a higher-order jet bundle and the canonical multisymplectic form on its affine dual. As both of these objects are uniquely defined, the Skinner-Rusk approach has the advantage that it does not suffer from the arbitrariness in conventional descriptions. The result is that we obtain a unique and global intrinsic version of the Euler-Lagrange equations for higher-order field theories. Several examples illustrate our construction.

1. Introduction

During the last decades of the past century, there have been different studies and attempts to define in a global and intrinsic way the higher-order calculus of variations in several independent variables. The standard geometric picture starts with a Lagrangian function L : J^kπ → R where J^kπ is the kth-order jet bundle of a fiber bundle π : E → M. The main objectives are to describe the associated Euler-Lagrange equations for sections of the fiber bundle, to derive Cartan forms for use in intrinsic versions of the above equations, and to construct adequate Legendre maps which permit to write the equations in the Hamiltonian side (see, for instance, [1, 2, 11, 12, 16, 19, 25, 27, 33, 34, 37] for further information).

The situation is well established for the case of one independent variable (higher order mechanics) and for the case of first order calculus of variations [14, 17, 18, 24]. In this last situation, the typical expression of the Cartan form associated in classical mechanics to a Lagrangian L : J^1π → R may be written as S^∗(dL) + Ldt, where S^∗ is the adjoint of the vertical endomorphism acting on 1-forms. In order to generalize this concept to higher order field theories, one needs to define a mapping from 1-forms (the differential of L) to m-forms and to incorporate in a global way the higher order derivatives. This is one of the reasons for the degree of arbitrariness in the definition of Cartan forms for Lagrangian functions L : J^kπ → R, if k > 1 and dim M > 1. In other words, there will be different Cartan forms which carry out the same function in order to define an intrinsic formulation of Euler-Lagrange equations. The main reason of this problem is the commutativity of repeated partial differentiation. Therefore, the Cartan form is unique if (and only if) either k or m equals one.

Date: November 9th, 2009.

2000 Mathematics Subject Classification. Primary 70S05, Secondary 70H50, 53C80, 55R10. Key words and phrases. higher order field theory, Euler-Lagrange equations, multisymplectic form. Plublished at J. Phys. A: Math. Theor. 42 (2009) 475207, doi:10.1088/1751-8113/42/47/475207. 1

In the literature, we find different approaches to fix the Cartan form for higher order field theories. A direct attempt is the approach by Aldaya and Azcárraga [1, 2]. Another point of view is that by Arens [3], which consists of injecting the jet bundle J^kπ to an appropriate firstorder jet bundle by the introduction of a great number of variables into the theory and Lagrange multipliers. From a more geometrical point of view, García and Muñoz described a method of constructing global Poincaré-Cartan forms in the higher order calculus of variations in fibered spaces by means of a linear connections (see [15, 16]). In particular they show that the Cartan forms depend on the choice of two connections, a linear connection on the base M and a linear connection on the vertical bundle V π. Later, Crampin and Saunders [37] proposed the use of an operator analogous to the almost tangent structure canonically defined on the tangent bundle of a given configuration manifold M for the construction of global Poincaré-Cartan forms; this operator depends on the chosen volume form on the base.

In our paper, we propose an alternative way, avoiding the use of additional structures, working only with intrinsic objects from both the Lagrangian and Hamiltonian sides. This formalism is strongly based on the one developed by Skinner and Rusk [38, 39, 40]. In order to deal with singular Lagrangian systems, Skinner and Rusk construct a Hamiltonian system on the Whitney sum T Q ⊕ T^∗Q of the tangent and cotangent bundles of the configuration manifold Q. The advantage of their approach lies on the fact that the second order condition of the dynamics is automatically satisfied. This does not happen in the Lagrangian side of the Gotay and Nester formulation, where the second-order condition problem has to be considered after the implementation of the constraint algorithm (see [20, 21, 22]), besides other formalisms which include the second-order condition from the very beginning (see [8, 10]).

For higher-order field theories, we start with a Lagrangian function defined on J^kπ. We consider the fibration π_{W0,M} : W_0 −→ M, where W_0 = J^kπ ×_J k−1_π Λ^m_2 (J^{k−1}π) is a fibered product, the velocity-momentum space. On W_0 we construct a (pre-)multisymplectic form by pulling back the canonical multisymplectic form on Λ^m_2 (J^{k−1}π), and we define a convenient Hamiltonian from a natural canonical pairing and the given Lagrangian function. The solutions of the field equations are viewed as integral sections of Ehresmann connections in the fibration π_{W0,M} : W_0 −→ M. In this space we obtain a global, intrinsic and unique expression for a Cartan type equation for the Euler-Lagrange equations for higher-order field theories. Additionally, we obtain a resultant constraint algorithm. Our scheme is applied to several examples to illustrate our method.

Apart from the lack of ambiguity inherent in our construction, we emphasize that our formalism can be easily extended to the case of higher-order field theories with constraints and optimal control problems for partial differential equations. In this way, we obtain a unified, geometric description of both types of systems, with possible future applications in the theory of symmetry reduction and the construction of numerical methods preserving geometric structure (see [28]). This will be the topic of future research.

While finalizing this paper, we found out about the work of L. Vitagliano [41] who independently used the unified formalism framework to study higher-order field theories, using techniques from secondary calculus.

Throughout the paper, lower case Latin (resp. Greek) letters will usually denote indexes that range between 1 and m (resp. 1 and n). Capital Latin letters will usually denote multi-indexes whose length ranges between 0 and k. In particular, in section §2 and all later sections, I and J will usually denote multi-indexes whose length goes from 0 to k − 1 and 0 to k, respectively; and K will denote multi-indexes whose length is equal to k. The Einstein notation for repeated indexes and multi-indexes is used but, for clarity, in some cases the summation for multi-indexes will be indicated.

2. Jet Bundles

Let (E, π, M) be a fiber bundle whose base space M is an orientable differentiable manifold of dimension m, and whose fibers have dimension n, thus E is (m + n)-dimensional. Adapted coordinated systems will be of the form (x^i, u^α), where (x^i) is a local coordinate system in M and (u^α) denotes fiber coordinates. We fix a volume form η on the base manifold M. For a compatible chart (x^i) with respect to the volume form, η is written d^mx = dx^1 ∧ · · · ∧ dx^m, and we will write d^{m−1}x_i for the contraction i_{∂/∂x}i d^mx (d^{m−2}x_{ij} = i_{∂/∂x}j d^{m−1}x_i and so on).

Given a point p ∈ M, let ϕ, ψ : M −→ E be two smooth local sections around p. We say that ϕ and ψ are k-equivalent at p (with k ≥ 1) if the sections and all their partial derivatives until order k coincide at p, that is, if

ϕ(p) = ψ(p) and ∂^kϕ^α ∂x^{i1} · · · ∂x^{ik} | | |_p = ∂^kψ^α ∂x^{i1} · · · ∂x^{ik} | | |_p , for all 1 ≤ α ≤ n, 1 ≤ i_j ≤ m, 1 ≤ j ≤ k. Note that this is independent of the chosen coordinate system (adapted or not) and, therefore, to be k-equivalent is an equivalence relation (see [32, 35, 36], for more details).

Definition 2.1. Let (E, π, M) be a fiber bundle and p ∈ M. Given a smooth local section ϕ ∈ Γ_p(π), the equivalence class of k-equivalent smooth local sections (with k ≥ 1) around p that contains ϕ is called the k-jet of ϕ at p and is denoted j^k_p ϕ. The set of all the k-jets of local sections, that is, { j^k_p ϕ : p ∈ M, ϕ ∈ Γ_p(π) } , is called the k-th jet manifold of π and denoted J^kπ.

These sets have interesting structures and relations between them, but before we present them, we will introduce a particular multi-index notation.

Note 2.2 (The multi-index notation, [36]). Given a function f : R^m −→ R, its partial derivatives are denoted by f_{i1i2···ik} = ∂^kf ∂x_{i1} ∂x_{i2} · · · ∂x_{ik} . Since all the functions that we consider are smooth enough, their crossed derivatives coincide. Thus, the order in which the derivatives are taken is not important, but the number of times with respect to each variable.

Another notation to denote partial derivatives is defined through multi-indexes. A multi-index I will be an m-tuple of non-negative integers. The i-th component of I is denoted I(i). Addition and substraction of multi-indexes are defined componentwise (whenever the result is still a multiindex), (I ± J)(i) = I(i) ± J(i). The length of I is the sum |I| = ∑ i I(i), and its factorial I! = Π_iI(i)!. In particular, 1_i will be the multi-index that is zero everywhere except at the i-th component which is equal to 1.

Keeping in mind the above notations, we will denote the partial derivatives of a function f : R^m −→ R by:

f_I = ∂^{|I|}f ∂x^I = ∂^{I(1)+I(2)+···+I(m)}f ∂x^{I(1)}_1 ∂x^{I(2)}_2 · · · ∂x^{I(m)}m . Thus, given a multi-index I, I(i) denotes the number of times the function is differentiated with respect to the i-th component. The former notation should not be confused with the latter one. For instance, the third order partial derivative^{∂3f}_{∂x2∂x3∂x2} (with f : R^3 −→ R) is denoted f_{232} and f_{(0,2,1)} respectively.

Let (E, π, M) be a fiber bundle as before. An adapted coordinate system (x^i, u^α) on the total space E induces adapted coordinates (x^i, u^α_I ) (with 0 ≤ |I| ≤ k) on the k-jet manifold J^kπ given by: u^α_I (j^k_p ϕ) = ∂^{|I|}ϕ^α ∂x^I | | |_p , from where we deduce that the dimension of J^kπ is

dim J^kπ = m + n · k∑ l=0 ( m − 1 + l m − 1 ) . It is readily seen that (J^kπ, π_k, M) is a fiber bundle, where π_k(j^k_p ϕ) = p (in coordinates π_k(x^i, u^α_I ) = (x^i)).

Note that any local section ϕ ∈ Γ_p(π) can be lifted to a local section in Γ_p(π_k) defining its lift by (see Diagram 1): (j^kϕ)(p) = j^k_p ϕ. It is also clear that the k-jet manifold J^kπ fibers over the lower order l-jet manifolds J^lπ (see Diagram 1), with 0 ≤ l < k, where by convention J^0π = E and where the projections are given by: π_{k,l}(j^k_p ϕ) = j^l_pϕ (in coordinates π_{k,l}(x^i, u^α_I ) = (x^i, u^α_J ), with 0 ≤ |I| ≤ k, 0 ≤ |J| ≤ l).

In particular, (J^kπ, π_{k,k−1}, J^{k−1}π) is an affine fiber bundle (see Cariñena et al. [9] for the case

E π fflffl

J^1π π_{1,0} oo

π_1 � � � � � � � J^2π π_{2,1} oo

π_2

––vvv vvv vvv vvv vvv vvv v · · · oo J^kπ oo

π_k uukkkk kkkk kkkk kkkk kkkk kkkk kkkk kkkk kkkk k

M ϕ EE

j^kϕ

¿¿

Diagram 1. Chain of jets

k = 1, or Saunders [36] for the general case), which is modeled on the vector bundle π^∗_{k−1}(S^kT^∗M) ⊗ π^∗_{k−1,0}(V π), where S^kT^∗M is the space of symmetric k-tensors on M and V π is the vertical fiber bundle on π. Thus, taking repeated jets, (J^1π_k, (π_k)_{1,0}, J^kπ) is also an affine fiber bundle. Furthermore, J^{k+1}π can be naturally embedded into J^1π_k (see Diagram 2). The inclusion map i_{1,k} : J^{k+1}π → J^1π_k is given by i_{1,k}(j^{k+1}_p ϕ) = j^1_p (j^kϕ).

If we consider fiber coordinates (x^i, u^α_I , u^α_{I;i}) on J^1π_k (with 0 ≤ |I| ≤ k), then i_{1,k}(J^{k+1}π) is given by the equations { u^α_{I;i} = u^α_{I+1i} , for 0 ≤ |I| ≤ k − 1; and u^α_{I;i} = u^α_{J;j}, when |I| = |J| = k and I + 1_i = J + 1_j.

J^{k+1}π π_{k+1,k} fflffl i_{1,k} zzvvv vvv vvv J^1π_k^{(πk)1,0} //

(π_k )_1 $$III III III J^kπ π_k fflffl M Diagram 2. Iterated jet

As we have said, π_{k,k−1} : J^kπ −→ J^{k−1}π is an affine bundle, so we may consider its extended dual affine bundle π^†_{k,k−1} : J^kπ^† −→ J^{k−1}π and its dual affine bundle π^∗_{k,k−1} : J^kπ^∗ −→ J^{k−1}π. The extended dual bundle (J^kπ^†, π^†_{k,k−1}, J^{k−1}π) is a fiber bundle whose fibers consist of affine maps of the corresponding fibers of the affine bundle (J^kπ, π_{k,k−1}, J^{k−1}π). In its turn, (J^kπ^∗, π^∗_{k,k−1}, J^{k−1}π) is a fiber bundle whose fibers consist of classes of affine maps of the corresponding fibers of the affine bundle (J^kπ, π_{k,k−1}, J^{k−1}π), which differ by a constant. It can be shown that there exist canonical isomorphisms such that J^kπ^† ≈ Λ^m_2 (J^{k−1}π) and J^kπ^∗ ≈ Λ^m_2 (J^{k−1}π)/Λ^m_1 (J^{k−1}π), where Λ^m_r (J^{k−1}π) is the bundle of those m-forms over J^{k−1}π that are annihilated when r of their arguments are vertical with respect to π_{k−1} : J^{k−1}π −→ M. Locally, the elements of Λ^m_2 (J^{k−1}π) are of the form p d^mx + p^{I,i}_α du^α_I ∧ d^{m−1}x_i, where 0 ≤ |I| ≤ k − 1. Thus, adapted coordinates on J^{k−1}π induce coordinates on Λ^m_2 (J^{k−1}π) and Λ^m_2 (J^{k−1}π)/Λ^m_1 (J^{k−1}π) of the form (x^i, u^α_I , p, p^{I,i}_α ) and (x^i, u^α_I , p^{I,i}_α ), respectively.

While J^kπ^† is naturally paired with J^kπ, Λ^m_2 (J^{k−1}π) has a canonical multisymplectic form (see [6, 7, 9]). The pairing between the elements of J^kπ and Λ^m_2 (J^{k−1}π) is given by

(2.1) Φ(j^k_x ϕ, ω_jk−1_{x ϕ}) = a(x), such that a(x)η(x) = (j^{k−1}ϕ)^∗ω_jk−1_{x ϕ};

which is written in adapted coordinates

(2.2) Φ(x^i, u^α_I , u^α_K , p^{I,i}_α , p) = p^{I,i}_α u^α_{I+1i} + p, where |I| = 0, . . . , k − 1 and |K| = k. The canonical multisymplectic (m + 1)-form on Λ^m_2 (J^{k−1}π), which will be denoted Ω, is written in coordinates (2.3) Ω = −dp ∧ d^mx − dp^{I,i}_α ∧ du^α_I ∧ d^{m−1}x_i. 3. The Skinner-Rusk formalism The generalization of the Skinner-Rusk formalism to higher order classical field theories will take place in the fibered product (3.1) W_0 = J^kπ ×_J k−1_π Λ^m_2 (J^{k−1}π).

The first order case is covered in [31, 13]; see also [39, 40] for the original treatment by Skinner and Rusk. The projection on the i-th factor will be denoted pr_i (with i = 1, 2) and the projection as fiber bundle over J^{k−1}π will be π_{W0,J} k−1_π = π_{k,k−1} ∘ pr_1 (see Diagram 3). On W_0, adapted coordinate systems are of the form (x^i, u^α_I , u^α_K, p^{I,i}_α , p), where |I| = 0, . . . , k − 1 and |K| = k.

W_0

pr_1

wwooo ooo ooo ooo oo π_{W0,Jk−1π}

fflffl

pr_2

))RRR

RRRR

RRRR

RRRR J^kπ_{πk,k−1} ’’OO OOO OOO OOO OO Λ^m_2 (J^{k−1}π)

uullll llll llll ll J^{k−1}π π_{k−1} fflffl M Diagram 3. The Skinner-Rusk framework Assume that L : J^kπ −→ R is a Lagrangian function. Together with the pairing Φ (equations (2.1) and (2.2)), we use this Lagrangian L to define a dynamical function H_0 (corresponding to the Hamiltonian) on W_0:

(3.2) H_0 = Φ − L ∘ pr_1.

Consider the canonical multisymplectic (m + 1)-form Ω on Λ^m_2 (J^{k−1}π) (equation (2.3)), whose pullback to W_0 shall be denoted also by Ω. We define on W_0 the (m + 1)-form (3.3) Ω_{H0} = Ω + dH_0 ∧ η. In adapted coordinates

H_0 = p^{I,i}_α u^α_{I+1i} + p − L(x^i, u^α_I , u^α_K)

(3.4) Ω_{H0} = −dp^{I,i}_α ∧ du^α_I ∧ d^{m−1}x_i + ( p^{I,i}_α du^α_{I+1i} + u^α_{I+1i} dp^{I,i}_α − ∂L ∂u^α_J du^α_J ) ∧ d^mx, (3.5) where |I| = 0, . . . , k − 1 and |J| = 0, . . . , k.

3.1. The dynamical equation. We search for an Ehresmann connection Γ in the fiber bundle π_{W0,M} : W_0 −→ M whose horizontal projector be a solution of the dynamical equation (see Appendix A):

(3.6) i_hΩ_{H0} = (m − 1)Ω_{H0} .

We will show that such a solution does not exist on the whole W_0. Thus, we need to restrict to the space on where such a solution exists, that is on

(3.7) W^1 = {w ∈ W^0 / ∃h^w : T^wW^0 −→ T^wW^0 linear such that h^{2w} = h^w, ker h_w = (V π_{W0,M} )_w, i_{hw} Ω_{H0} (w) = (m − 1)Ω_{H0} (w)}.

Remark 3.1. Equation (3.6) is a generalization of equations that usually appear in first order field theories. In this particular case, from a given Lagrangian function L : J^1π → R we may construct a unique (n + 1)-form Ω_L (the Poincaré-Cartan (n+1)-form). Hence, we have a geometrical characterization of the Euler-Lagrange equations for L as follows. Let Γ be an Ehresmann connection in π_{1,0} : J^1π → M, with horizontal projector h. Consider the equation

(3.8) i_hΩ_L = (n − 1)Ω_L.

If h has locally the from h ( ∂ ∂x^i ) = ∂ ∂x^i + A^α_i ∂ ∂u^α + A^α_{ji} ∂ ∂u^α_j , then a direct computation shows that equation (3.8) holds if and only if

(A^α_i − u^α_i ) ( ∂^2L ∂u^α_i ∂u^β_j ) = 0,

(3.9) ∂L ∂u^α − ∂^2L ∂x^i∂u^α_i − A^β_i ∂^2L ∂u^β ∂u^α_i − A^β_{ji} ∂^2L ∂u^β_j ∂u^α_i + (A^β_j − u^β_j )

∂^2L ∂u^α∂u^β_j = 0.

(3.10)

(see [29]). If the lagrangian L is regular, then Eq. (3.9) implies that A^α_i = u^α_i and therefore Eq. (3.10) becomes

(3.11) ∂L ∂u^α − ∂^2L ∂x^i∂u^α_i − A^β_i ∂^2L ∂u^β ∂u^α_i − A^β_{ji} ∂^2L ∂u^β_j ∂u^α_i = 0.

Now, if σ(x^i) = (x^i, σ^α(x), σ^α_i (x)) is an integral section of h we would have

u^α_i = ∂σ^α ∂x^i and A^α_{ij} = ∂σ^α_i ∂x^j , which proves that Eq. (3.11) is nothing but the Euler-Lagrange equations for L.

We may think Equation (3.6) as a generalization of equation 3.8 giving the Euler-Lagrange equations for higher-order field theories in a univocal way, as we will see.

In a local chart (x^i, u^α_J , p^{I,i}_α , p) of W_0, a horizontal projector h must have the expression:

(3.12) h = ( ∂ ∂x^j + A^α_{Jj} ∂ ∂u^α_J + B^{Ii}_{αj} ∂ ∂p^{I,i}α + C_j ∂ ∂p ) ⊗ dx^j, where |I| = 0, . . . , k − 1 and |J| = 0, . . . , k. We then obtain that

i_hΩ_{H0} − (m−1)Ω_{H0} = ( B^{Ii}_{αi}du^α_I − A^α_{Ii}dp^{I,i}_α + p^{I,i}_α du^α_{I+1i} + u^α_{I+1i} dp^{I,i}_α − ∂L ∂u^α_J du^α_J ) ∧ d^mx

= ( B^i_{αi} − ∂L ∂u^α ) du^α + k−1∑ |I^′|=1 ( B^{I′i}_{αi} − ∂L ∂u^α_I′ ) du^α_I′ + k−2∑ |I|=0 p^{I,i}_α du^α_{I+1i}

− ∑ |K|=k ∂L ∂u^α_K du^α_K + ∑ |I|=k−1 p^{I,i}_α du^α_{I+1i}

+ k−1∑ |I|=0 ( u^α_{I+1i} − A^α_{Ii} ) dp^{I,i}_α ∧ d^mx. Equating this to zero and using Lemma B.3 from Appendix B, we have that A^α_{Ii} = u^α_{I+1i} , |I| = 0, . . . , k − 1, i = 1, . . . , m; (3.13)

B^j_{αj} = ∂L ∂u^α ; (3.14) p^{I,i}_α = I(i) + 1 |I| + 1 ( ∂L ∂u^α_{I+1i} − B^{I+1ij}_{αj} + Q^{Ii}_α ) , |I| = 0, . . . , k − 2, i = 1, . . . , m; (3.15) p^{I,i}_α = I(i) + 1 |I| + 1 ( ∂L ∂u^α_{I+1i} + Q^{Ii}_α ) , |I| = k − 1, i = 1, . . . , m; (3.16)

where the Q’s are arbitrary functions such that

(3.17) ∑ I+1_i=J

I(i) + 1 |I| + 1 Q^{Ii}_α = 0, with |J| = 1, . . . , k. Remark 3.2. The ambiguity in the definition of the Legendre transform, and therefore of the Cartan form, becomes apparent in the equations (3.15) and (3.16), as noted by Crampin and Saunders (see [37]). There are too many momentum variables to be related univocally with the velocity counterpart. To fix this, a choice of arbitrary functions Q satisfying (3.17) must be done. The choice may be encoded as an additional geometric structure, like a connection.

Applying (3.17) to (3.15) and (3.16), and using the identity (B.2), we finally obtain the equations A^α_{Ii} = u^α_{I+1i} , with |I| = 0, . . . , k − 1, i = 1, . . . , m; (3.18)

B^j_{αj} = ∂L ∂u^α ; (3.19) ∑ I+1_i=J p^{I,i}_α = ∂L ∂u^α_J − B^{Jj}_{αj} , with |J| = 1, . . . , k − 1; (3.20) ∑ I+1_i=K p^{I,i}_α = ∂L ∂u^α_K , with |K| = k. (3.21)

Notice that equation (3.21) is the constraint that defines the space W_1; and that (3.18), (3.19) an d(3.20) are conditions on coefficients of the horizontal projectors h. Note also that, for the time being, the A’s with greatest order index and the C’s remain undetermined, as well as the most part of the B’s. From the definition of W_1, we know that for each point w ∈ W_1 there exists a horizontal projector h_w : T_wW_0 −→ T_wW_0 satisfying equation (3.6). However, we cannot ensure that such h_w, for each w ∈ W_1, will take values in T_wW_1. Therefore, we impose the natural regularizing condition h_w(T_wW_0) ⊂ T_wW_1, ∀w ∈ W_1. This latter condition is equivalent to having h ( ∂ ∂x^j ) ( ∑ I+1_i=K p^{I,i}_α − ∂L ∂u^α_K ) = 0,

which in turn is equivalent (using (3.12) and (3.18)) to

(3.22) ∑ I+1_i=K B^{Ii}_{αj} = ∂^2L ∂x^j ∂u^α_K + k−1∑ |I|=0 u^β_{I+1j} ∂^2L ∂u^β_I ∂u^α_K + ∑ |J|=k A^β_{Jj} ∂^2L ∂u^β_J ∂u^α_K , with |K| = k. Thus, if the matrix of second order partial derivatives of L with respect to the “velocities” of highest order

(3.23) ( ∂^2L ∂u^β_J ∂u^α_K )

is non-degenerate, then the highest order A’s are completely determined in terms of the highest order B’s. In the sequel, we will say that the Lagrangian L : J^1π −→ R is regular if, for any system of adapted coordinates the matrix, (3.23) is non-degenerate.

Up to now, no meaning has been assigned to the coordinate p. Consider the submanifold W_2 of W_1 defined by the restriction H_0 = 0. In other words, W_2 is locally characterized by the equation p = L − p^{I,i}_α u^α_{I+1i} . As before, we cannot ensure that a solution h of the dynamical equation (3.6) takes values in T W_2. We thus impose to h the regularizing condition h_w(T_wW_0) ⊂ T_wW_2, ∀w ∈ W_2, or equivalently h(∂/∂x^j )(H_0) = 0. Therefore, the coefficients of the linear mapping h are governed by the equations (3.18), (3.19), (3.20), (3.22) and in addition

(3.24) C_j = ∂L ∂x^j + A^α_{Jj} ∂L ∂u^α_J − A^α_{I+1ij} p^{I,i}_α − B^{Ii}_{αj} u^α_{I+1i} . Note that, thanks to the Lemma B.3 and equation (3.21), the terms with A’s with multi-index of length k cancel out, and the A’s with lower multi-index are already determined. So, in some sense, the C’s depend only on the B’s.

3.2. Description of the solutions. The relations (3.20) (with |J| = k − 1) and (3.22) can be seen as a system of linear equations with respect to the B’s. When k = 1, equation (3.19) should be considered instead of equation (3.20). In the following, we are going to suppose that n = 1, since the dimension of the fibres is irrelevant for our purposes and we may ignore it. The number of B’s with order k − 1 (with multi-index length k − 1) is given by ( m − 1 + k − 1 m − 1 ) · m^2 and the number of equations with such B’s is ( m − 1 + k m − 1 ) · m + ( m − 1 + k − 1 m − 1 ) . An easy computation shows that the system is overdetermined if and only if k = 1 or m = 1 (examples 4.1 and 4.2), and completely determined when k = m = 2. In all other cases the system is underdetermined, but it still has maximal rank.

Proposition 3.3. Suppose that k ≥ 2 and m ≥ 2. Then, the system of linear equations with respect to the B’s m∑ j=1 B^{Jj}_j = ∂L ∂u_J − ∑ I+1_i=J p^{I,i}; (3.25) ∑ I+1_i=K B^{Ii}_j = ∂^2L ∂x^j ∂u_K + k−1∑ |I|=0 u_{I+1j} ∂^2L ∂u_I ∂u_K + ∑ |J|=k A_{Jj} ∂^2L ∂u_J ∂u_K ; (3.26)

where |J| = k − 1, j = 1, . . . , m and |K| = k, has maximal rank.

Proof. In a first step, we are going to describe how to write the matrix of coefficients. Then, we will select the proper columns of this matrix to obtain a new square matrix of maximal size. We finally shall prove that this matrix has maximal rank.

The matrix of coefficients will be a rectangular matrix formed by 1’s and 0’s. The columns will be indexed by the indexes of the B’s, and the rows by the indexes of the first partial derivatives that appear in the equations (3.25) and (3.26). As B^{Ii}_j has three indexes, the columns of the matrix of coefficients will organized in a superior level by the index i, in a middle level by the index j and in an inferior level by the multi-index I. The rows will be organized at the top by the index J for the first equation, (3.25), and at the bottom by the index j and then by the multi-index K for the second equation, (3.26).

As the matrix of coefficients has more columns than rows, we shall build a second matrix that has as many columns and rows as the matrix of coefficients has rows. To do that, we select a column of the matrix of coefficients for each row index using the following algorithm (for the sake of simplicity):

01 ForEach (j,K) 02 Define G={(I,i):I+1_i=K} 03 If Cardinal(G)=1 04 Select the column (i,j,I) 05 ElseIf 06 Select a column (i,j,I) such that (I,i) is in G and i\neq j 07 EndIf 08 EndFor 09 ForEach J 10 If J(1)=k-1 11 Select the column (m,m,J) 12 ElseIf 13 Select the column (1,1,J) 14 EndIf

15 EndFor

Now, this matrix being defined and since it is full of 0’s and has only few 1’s, we are going to develop its determinant by rows and columns. Notice that the columns selected at line 6 have only one 1 each, thus we can cross out the rows an columns related to these 1’s. Now the rows at the bottom part of the remaining matrix (related to the second equations) have only one 1 each, thus we can also cross out the rows an columns related to these 1’s. Now, the remaining matrix has the property of having only one 1 per column and row (there must be at least one 1 per row and column, and no two 1’s may be at the same row or column), thus its determinant is not zero and the matrix of coefficients has maximal rank. □

Another way to interpret the tangency condition (3.22) is the following one: Let us suppose we are dealing with a first order Lagrangian (example 4.1, equation (4.8)). One could apply the theory of connections to the Lagrangian setting and the Hamiltonian one as separate frameworks. We know that they must be related by means of the Legendre transform and so are the horizontal projectors induced by these connections. Thus, equation (4.8) is nothing else than the relation between the coefficients of these horizontal projectors.

3.3. The reduced mixed space W_2. In section §3.2 we reduced the space W_1 to W_2 by considering the constraint H_0 = 0, which is a way of interpreting the coordinate p as the Hamiltonian function. But W_2 is not a mere instrument to get rid off the coordinate p or the coefficients C_j. As the premultisymplectic form Ω_{H0} , it encodes the dynamics of the system and, when L is regular, it is a multisymplectic space. Indeed, when k = 1, W_2 is diffeomorphic to J^1π (cf. de León et al. [31]), which is not true for higher order cases.

Proposition 3.4. Let W_2 = {w ∈ W_1 : H_0(w) = 0} and define the (m + 1)-form Ω_2 as the pullback of Ω_{H0} to W_2 by the natural inclusion i : W_2 → W_0, that is Ω_2 = i^∗(Ω_{H0} ). Suppose that dim M > 1, then, the (m + 1)-form Ω_2 is multisymplectic if and only if L is regular.

Proof. First of all, let us make some considerations. By definition, Ω_2 is multisymplectic whenever Ω_2 has trivial kernel, that is,

if v ∈ T W_2, i_vΩ_2 = 0 ⇐⇒ v = 0 .

This is equivalent to say that

if v ∈ i_∗(T W_2), i_vΩ_{H0} |_{i∗(T W2)} = 0 ⇐⇒ v = 0 .

Let v ∈ T W_0 be a tangent vector whose coefficients in an adapted basis are given by v = λ^i ∂ ∂x^i + A^α_J ∂ ∂u^α_J + B^{Ii}_α ∂ ∂p^{Ii}_α + C ∂ ∂p . Using the expression (3.5), we may compute the contraction of Ω_{H0} by v,

(3.27) i_vΩ_{H0} = −B^{Ii}_α du^α_I ∧ d^{m−1}x_i + A^α_I dp^{Ii}_α ∧ d^{m−1}x_i − λ^j dp^{Ii}_α ∧ du^α_I ∧ d^{m−2}x_{ij} + ( A^α_{I+1i} p^{Ii}_α + B^{Ii}_α u^α_{I+1i} − A^α_J^{∂L}_{∂u}α_J ) d^mx −λ^j ( p^{Ii}_α du^α_{I+1i} + u^α_{I+1i} dp^{Ii}_α −^{∂L}_{∂uαJ} du^α_J ) ∧ d^{m−1}x_j .

On the other hand, if we now suppose that v is tangent to W_2 in W_0, that is v ∈ i_∗(T W_2), we then have that

(3.28) d ( ∑ I+1_i=K p^{Ii}_α − ∂L ∂u^α_K ) (v) = 0 and dH_0(v) = 0,

which leads us to the following relations for the coefficients of v, ∑ I+1_i=K B^{Ii}_α = λ^i ∂^2L ∂x^i∂u^α_K + A^β_J ∂^2L ∂u^β_J ∂u^α_K and (3.29) A^α_{I+1i} p^{Ii}_α + B^{Ii}_α u^α_{I+1i} + C − λ^{i ∂L}_{∂xi} − A^α_J^{∂L}_{∂u}α_J = 0. (3.30)

It is important to note that thanks to Lemma B.1 and the equation (3.21) which defines W_1 (and hence W_2), the terms in (3.27) and (3.30) involving A’s with multi-index of length k cancel each other out.

These considerations being made, suppose that Ω_2 is multisymplectic and, by reductio ad absurdum, suppose in addition that L is not regular, which means that the matrix ( ∂^2L ∂u^β_K′ ∂u^α_K )

has non-trivial kernel. Let v ∈ T W_0 be a tangent vector such that all its coefficients are null except the A’s of highest order which are in such a way they are mapped to zero by the “hessian” of L. Such a vector v fulfills the restrictions (3.29) and (3.30), thus it must be tangent to W_2 in W_0, v ∈ i_∗(T W_2). But, as i_vΩ_{H0} has no A’s of highest order, it must be zero, i_vΩ_{H0} = 0, which is a contradiction.

Conversely, let us suppose that L is regular, then equation (3.21) defines implicitly the coordinates u^α_K as functions of the other coordinates. That is, locally there exist functions f^α_K (x^i, u^α_I , p^{I,i}_α ) such that u^α_K = f^α_K on i(W_2). Furthermore, given a system of adapted coordinates (x^i, u^α_I , u^α_K, p^{I,i}_α , p) on W_0, (x^i, u^α_I , p^{I,i}_α ) defines a coordinate system on W_0 and the inclusion is given by: (x^i, u^α_I , p^{I,i}_α ) ∈ W_2 → (x^i, u^α_I , f^α_K , p^{I,i}_α , L − k−2∑ |I|=0 p^{I,i}_α u^α_{I+1i} − ∑ |I|=k−1 p^{I,i}_α f^α_{I+1i} ) ∈ W_0.

From equation (3.5), we can compute an explicit expression of the (m + 1)-form Ω_2 in this coordinate system,

Ω_2 = − k−1∑ |I|=0 dp^{I,i}_α ∧ du^α_I ∧ d^{m−1}x_i

+ k−2∑ |I|=0 ( p^{I,i}_α du^α_{I+1i} + u^α_{I+1i} dp^{I,i}_α ) − k−1∑ |I|=0 ∂L ∂u^α_I du^α_I ∧ d^mx

+ ∑ |I|=k−1 ( p^{I,i}_α df^α_{I+1i} + f^α_{I+1i} dp^{I,i}_α ) − ∑ |K|=k ∑ I+1_i=K p^{I,i}_α df^α_K ∧ d^mx, where we have used equation (3.21) in the last term. Note that, by Lemma B.1, the first and last terms of the last bracket cancel each other out. Now, i_{∂/∂x}j Ω_2 = dp^{I,i}_α ∧ du^α_I ∧ d^{m−2}x_{ij} − [. . . ] ∧ d^{m−1}x_j i_{∂/∂u}α_I Ω_2 = dp^{I,i}_α ∧ d^{m−1}x_i + ∑ J+1_j =I p^{Jj}_α − ∂L ∂u^α_I d^mx i_{∂/∂p}I,i_α Ω_2 = du^α_I ∧ d^{m−1}x_i + u^α_{I+1i} d^mx, where 0 ≤ |I| ≤ k − 1. We deduce from here that the kernel of Ω_2 is trivial, ker Ω_2 = {0}, and Ω_2 is multisymplectic. □

Note 3.5. In the particular case when dim M = 1, the Lagrangian function L : J^kπ −→ R is regular if and only if the pair (Ω_2, τ^∗_{W2,M} dt) is a cosymplectic structure on W_2. We recall that a cosymplectic structure on a manifold N of odd dimension 2n̄ + 1 is a pair which consists of a closed 2-form Ω and a closed 1-form η such that η ∧ Ω^{n̄} is a volume form.

We remark that, if the Lagrangian L is regular or (from Proposition 3.3) if k, m > 1, then there locally exist solutions h of the dynamical equations (3.6) on W_2 that give rise to connections Γ in the fibration π_{W0M} : W_0 −→ M along the submanifold W_2 (see Appendix A). In such a case, a global solution is obtained using partitions of the unity, and we obtain by restriction a connection Γ̄, with horizontal projector h̄, in the fibre bundle π_{W2M} : W_2 −→ M, which is a solution of equation (3.6) when it is restricted to W_2 (in fact, we have a family of such solutions).

In some cases, but only when dim M = 1 or k = 1, it would be necessary to consider a subset W_3 defined in order to satisfy the tangency conditions (3.22) and (3.24):

W_3 = {w ∈ W_2 / ∃h_w : T_wW_0 −→ T_wW_2 linear such that h^2_w = h_w, ker h_w = (V π_{W0,M} )_w, i_{hw} Ω_{H0} (w) = (m − 1)Ω_{H0} (w)}.

We will assume that W_3 is a submanifold of W_2. If h_w(T_wW_0) is not contained in T_wW_3, we go to the third step, and so on. At the end, and if the system has solutions, we will find a final constraint submanifold W_f , fibered over M (or over some open subset of M) and a connection Γ_f in this fibration such that Γ_f is a solution of equation (3.6) restricted to W_f .

In any case, one obtains the Euler-Lagrange equations. In the following result, W_f denotes the final constraint manifold, which is W_2 when k, m > 1, and h the horizontal projector of a connection in π_{W2,M} : W_f −→ M along W_f , which is solution of the dynamical equation.

Proposition 3.6. Let σ̄ be a section of π_{Wf ,M} : W_f −→ M and denote σ = i ∘ σ̄, where i : W_f → W_0 is the canonical inclusion. If σ̄ is an integral section of h, then σ̄ is holonomic, in the sense that

(3.31) pr_1 ∘ σ = j^k(π_{Wf ,E} ∘ σ̄),

and satisfies the higher-order Euler-Lagrange equations:

(3.32) j^{2k}(π_{Wf ,E} ∘ σ̄)^∗ k∑ |J|=0 (−1)^{|J|} d^{|J|} dx^J ∂L ∂u^α_J = 0.

Proof. If σ = (x^i, σ^α_J , σ^{I,i}_α , σ̃) is an integral section of h, then ∂σ^α_J ∂x^j = A^α_{Jj}, ∂σ^{Ii}_β ∂x^j = B^{Ii}_{βj} and ∂σ̃ ∂x^j = C_j ,

where the A’s, B’s and C’s are the coefficients given in (3.12). From equation (3.18), we have that σ is holonomic, in the sense that σ^α_{I+1i} = ∂σ^α_I /∂x^i. On the other hand, using the equations (3.19), (3.20) and (3.21), we obtain the relations (where ϕ = pr_1 ∘ σ): 0 = ∂L ∂u^α ∘ ϕ − ∂σ^j_α ∂x^j ; (3.33) ∑ I+1_i=J σ^{I,i}_α = ∂L ∂u^α_J ∘ ϕ − ∂σ^{Jj}_α ∂x^j , with |J| = 1, . . . , k − 1; (3.34) ∑ I+1_i=K σ^{I,i}_α = ∂L ∂u^α_K ∘ ϕ, with |K| = k. (3.35)

From the equations (3.33) and (3.34) for |J| = 1 we get 0 = ∂L ∂u^α ∘ ϕ − ∂σ^j_α ∂x^j = (j^0ϕ)^∗ ∂L ∂u^α − ∑ |I|=1 (j^1ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) + ∑ |I|=1 ∑ i ∂^{|I|} ∂x^I ∂σ^{Ii}_α ∂x^i . Applying now Lemma B.1 on the last term and repeating this process until |I| = k − 1 we reach

0 = (j^0ϕ)^∗ ∂L ∂u^α − ∑ |I|=1 (j^1ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) + ∑ |J|=2 ∂^{|J|} ∂x^J ∑ I+1_i=J σ^{Ii}_α

= (j^0ϕ)^∗ ∂L ∂u^α − ∑ |I|=1 (j^1ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) + ∑ |I|=2 (j^2ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) − ∑ |I|=2 ∑ i ∂^{|I|} ∂x^I ∂σ^{Ii}_α ∂x^i = k−1∑ |I|=0 (−1)^{|I|}(j^{|I|}ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) − (−1)^{k−1} ∑ |I|=k−1 ∑ i ∂^{|I|} ∂x^I ∂σ^{Ii}_α ∂x^i = k−1∑ |I|=0 (−1)^{|I|}(j^{|I|}ϕ)^∗ ( d^{|I|} dx^I ∂L ∂u^α_I ) − (−1)^{k−1} ∑ |K|=k ∂^{|K|} ∂x^K ∑ I+1_i=K σ^{Ii}_α , where by abuse of notation j^lϕ = j^{k+l}(π_{Wf ,E} ∘ σ̄). Finally, it only rest to use equation (3.35) to prove the desired result. □

4. Examples First, we are going to study the particular cases when k = 1 and m = 1, which correspond to the First Order Classical Field Theory and to the Higher Order Mechanical Systems, respectively. Theoretic results for these cases are very well known [4, 31, 13, 23] and we are only going to recover these results from our general setting.

Example 4.1 (First order Lagrangians (k = 1)). Let us suppose that k = 1, which corresponds to the case of first order Lagrangians. In that case the velocity-momentum space is W_0 = J^1π ⊗_E Λ^m_2 E, with adapted coordinates (x^i, u^α, u^α_i , p, p^i_α). The premultisymplectic (m + 1)-form would be

(4.1) Ω_{H0} = −dp^i_α ∧ du^α ∧ d^{m−1}x_i + ( p^i_αdu^α_i + u^α_i dp^i_α − ∂L ∂u^α du^α − ∂L ∂u^α_i du^α_i ) ∧ d^mx, and horizontal projectors on T W_0 would have locally the form:

(4.2) h = ( ∂ ∂x^j + A^α_j ∂ ∂u^α + A^α_{ij} ∂ ∂u^α_i + B^i_{αj} ∂ ∂p^i_α + C_j ∂ ∂p ) ⊗ dx^j . Solutions of the dynamical equation would satisfy the relations m∑ j=1 B^j_{αj} = ∂L ∂u^α ; (4.3)

p^i_α = ∂L ∂u^α_i , for i = 1, . . . , m; (4.4)

A^α_i = u^α_i , for i = 1, . . . , m;

(4.5) from which we deduce the Euler-Lagrange equations

(4.6) j^2(π_{W2,M} ∘ σ)^∗ ( ∂L ∂u^α − m∑ i=1 d dx^i ∂L ∂u^α_i ) = 0,

where W_2 is defined by

(4.7) W_2 = { (x^i, u^α, u^α_i , p, p^i_α) ∈ W_1 : p^i_α = ∂L ∂u^α_i , p = L − m∑ i=1 p^iu_i } . We then obtain the tangency conditions:

B^i_{αj} =

∂^2L ∂x^j ∂u^α_i + u^β_j ∂^2L ∂u^β ∂u^α_i + m∑ l=1 A^β_{lj} ∂^2L ∂u^β_l ∂u^α_i , (4.8)

C_j = ∂L ∂x^j + u^α_j ∂L ∂u^α − B^i_{αj} u^α_i . (4.9)

Note that (4.8) is the relation that would appear between the coefficients of a Lagrangian and a Hamiltonian setting through the Legendre transform. For simplicity, suppose that n = 1 and ignore the α’s and β’s that appear above. Consider the linear system of equations with respect to the B’s formed by equations (4.3) and (4.8). This system is overdetermined since it has m^2 + 1 equations and only m^2 variables (B^i_j ).

Example 4.2 (Higher order mechanical systems (m = 1)). Let us suppose that m = 1, which corresponds to the case of mechanical systems. In that case the velocity-momentum space is W_0 = J^kπ ×_J k−1_π Λ^m_2 (J^{k−1}π). Since here a multi-index J is of the form (l) with 1 ≤ l ≤ k, we change the usual notation for coordinates to u^α_J −→ u^α_{|J|} and p^{I,1}_α −→ p^{|I|+1}_α , and we adapt the remaining objects to this notation. So adapted coordinates on W_0 are of the form (x, u^α, u^α_l , p, p^l_α), where l = 1, . . . , k. The premultisymplectic (m + 1)-form would be

(4.10) Ω_{H0} = − k−1∑ l=0 dp^{l+1}_α ∧ du^α_l + k∑ l=1 ( p^l_αdu^α_l + u^α_l dp^l_α ) ∧ dx − k∑ l=0 ∂L ∂u^α_l du^α_l ∧ dx, and horizontal projectors on T W_0 would have locally the form:

(4.11) h = ( ∂ ∂x + k∑ l=0 A^α_l ∂ ∂u^α_l + k∑ l=1 B^l_α ∂ ∂p^l_α + C ∂ ∂p ) ⊗ dx. Solutions of the dynamical equation would satisfy the relations

B^1_α = ∂L ∂u^α ; (4.12)

p^l_α = ∂L ∂u^α_l − B^{l+1}_α , for l = 1, . . . , k − 1;

(4.13)

p^k_α = ∂L ∂u^α_k ; (4.14)

A^α_l = u^α_{l+1}, for l = 0, . . . , k − 1.

(4.15) which we use to get the Euler-Lagrange equations

(4.16) j^{2k}(π_{W2,M} ∘ σ)^∗ (_k ∑ l=0 (−1)^l d^l dx^l ∂L ∂u^α_l ) = 0,

where W_2 is defined by

(4.17) W_2 = { (x^i, u^α, u^α_l , p, p^l_α) ∈ W_1 : p^k_α = ∂L ∂u^α_k , p = L − k∑ l=1 p^l_αu^α_l } . We then obtain the tangency conditions:

B^k_α =

∂^2L ∂x∂u^α_k + k−1∑ l=0 u^β_{l+1} ∂^2L ∂u^β_l ∂u^α_k + A^β_k′ ∂^2L ∂u^β_k′ ∂u^α_k = 0;

(4.18)

C = ∂L ∂x + k−1∑ l=0 u^α_{l+1} ∂L ∂u^α_l + A^α_k ∂L ∂u^α_k − k∑ l=1 ( A^α_l p^l_α + B^l_{αj} u^α_l ) . (4.19)

Note that, thanks to equation (4.14), the terms in (4.19) with coefficient A_k cancel out. Now, for simplicity, suppose that n = 1 and ignore the α’s and β’s that appear above. Consider the linear system of equations with respect to the B’s formed by equations (4.13) (with l = k − 1) and (4.18). This system is overdetermined since it has 2 equations and only one variable (B^k).

Example 4.3 (The loaded and clamped plate). Let us set M = R^2 and E = R^2 × R = R^3 , and consider the Lagrangian L(x, y, u, u_x, u_y, u_{xx}, u_{xy}, u_{yy}) = 1 2 (u^2_{xx} + 2u^2_{xy} + u^2_{yy} − 2qu), where q = q(x, y) is the normal load on the plate. Given a regular region R of the plane, we look for the extremizers of the functional I(u) = ∫ R L such that u = ∂u/∂n = 0 on the border ∂R, where n is the normal exterior vector. The Euler-Lagange equation associated to the problem is (4.20) u_{xxxx} + 2u_{xxyy} + u_{yyyy} = q. Written in the multi-index notation, the Lagrangian has the form

L(j^2ϕ) = 1 2 (u^2_{(2,0)} + 2u^2_{(1,1)} + u^2_{(0,2)} − 2qu)

and the Euler-Lagrange equation reads

u_{(4,0)} + 2u_{(2,2)} + u_{(0,4)} = q.

The velocity-momentum space is W_0 = J^2π ×_J 1_π Λ^2(J^1π), with adapted coordinates (x, y, u_x, u_y, u_{xx}, u_{xy}, u_{yy}, p, p^x, p^y, p^{yy}, p^{xy}, p^{yx}, p^{yy}). It is straightforward to write down the premultisymplectic 3-form and a general horizontal projector on T W_0, so we are not going to do it here. Even so, the coefficients of solutions of the dynamical equation would satisfy the relations

(4.21) B^{,x}_x + B^{,y}_y = −2q −p^x = B^{x,x}_x + B^{x,y}_y −p^y = B^{y,x}_x + B^{y,y}_y p^{xx} = u_{xx} p^{xy} + p^{yx} = 2u_{xy} p^{yy} = u_{yy} where the latter ones are the equations that define W_1. The tangency condition on W_1 gives us the relations

(4.22) B^{x,x}_x = A_{xx,x} B^{x,y}_x + B^{y,x}_x = 2A_{xy,x} B^{y,y}_x = A_{yy,x} B^{x,x}_y = A_{xx,y} B^{x,y}_y + B^{y,x}_y = 2A_{xy,y} B^{y,y}_y = A_{yy,y} from where we can see that the Lagrangian is “regular”, since

(4.23) ( ∂^2L ∂u_K ∂u_K′ ) |K|=|K^′|=2 = 1 0 0 0 2 0 0 0 1 . Finally, we remark that the middle equations of (4.21) and (4.22) form a 8 × 8 linear system of equations on the B’s, which is completely determined.

Example 4.4 (The Camassa-Holm equation). In 1993, Camassa and Holm introduced the following completely integrable bi-Hamiltonian equation (see [5]): (4.24) v_t − v_{yyt} = −3vv_y + 2v_yv_{yy} + vv_{yyy}, which is used to model the breaking waves in shallow waters as the Korteweg–de Vries equation. But, as the former is of higher order, we are going to use it as example.

The CH equation (4.24) is expressed in terms of the Eulerian or spatial velocity field u(y, t), and it is the Euler-Poincaré equation of the reduced Lagrangian

(4.25) l(v) = 1 2 ∫ ( v^2 + v^2_y ) dy. To give a multisymplectic approach to the problem, as Kouranbaeva and Shkoller did (see [26]), we must express the CH equation (4.24) in Lagrangian terms. Thus, we shall use the Lagrangian variable u(x, t) that arises as the solution of

(4.26) ∂u(x, t) ∂t = v(u(x, t), t). The independent variables (x, t) are coordinates for the base space M = S^1×R, and the dependent variable u(x, t) is a fiber coordinate for the total space E = S^1 ×R ×R = S^1 ×R^2 . The Lagrangian action is now written as (4.27) L(x, t, u, u_x, u_t, u_{xx}, u_{xt}, u_{tt}) = 1 2 (u_xu^2_t + u^{−1}_x u^2_{xt})

The coefficients of a horizontal projector which is solution of the dynamical equation must satisfy

(4.28)

B^{,x}_x + B^{,t}_t = 0 p^x = 1/2(u^2_t − (u_{xt}/u_x)^2) − (B^{x,x}_x + B^{x,t}_t ) p^t = u_xu_t − (B^{t,x}_x + B^{t,t}_t ) p^{xx} = 0 p^{xt} + p^{tx} = u_{xt}/u_x p^{tt} = 0

where the last three are the equations that define W_1. The tangency condition on W_1 gives us the relations

(4.29) B^{x,x}_x = 0 B^{x,t}_x + B^{t,x}_x = −u^{−1}_x u_{xx}u_{xt} + A_{xt,x}u^{−1}_x B^{t,t}_x = 0 B^{x,x}_t = 0 B^{x,t}_t + B^{t,x}_t = −(u_{xt}/u_x)^2 + A_{xt,t}u^{−1}_x B^{t,t}_t = 0 from where we can see that the Lagrangian is clearly “singular”, since

(4.30) ( ∂^2L ∂u_K ∂u_K′ ) |K|=|K^′|=2 = 0 0 0 0 u^{−1}_x 0 0 0 0

Again, we may form a completely determined system of linear equations on the B’s with the corresponding relations of (4.21) and the equations (4.29).

Example 4.5 (First order Lagrangian as second order). For the sake of simplicity, let suppose that n = 1. Given a first order Lagrangian L : J^1π −→ R, extend it to a second order Lagrangian, L̄ = L ∘ π_{2,1}. Consider the first and second order velocity-momenta mixed spaces W^1_0 = J^1π ×_E Λ^m_2 E and W^2_0 = J^2π ×_J 2_π Λ^m_2 (J^2π), with adapted coordinates (x^i, u, u_i, p, p^i) and (x^i, u, u_i, u_K, p, p^i, p^{ij}) (with |K| = 2), respectively. Let π^{2,1}_0 : W^2_0 −→ W^1_0 be the natural projection (Diagram 4).

We are going to apply the theory we have developed here to the systems given by each Lagrangian. Consider the premultisymplectic forms Ω_{H0} and Ω¯_{H0} , where H_0 and H̄_0 are the corresponding dynamical functions (equations (3.2) and (3.3)). Let h and h̄ denote solutions of the

W^2_0^π 2,1 0 //

’’OO OOO OOO OOO OO fflffl W^1_0

&&NN NNN NNN NNN NNN fflffl J^2π^{π2,1} //_{L̄}

’’OO OOO OOO OOO OOO J^1π //_{π1}

’’OO OOO OOO OOO OO L fflffl E π fflffl R M Diagram 4. The 1st and 2nd order Lagrangian settings

respective dynamical equations on (W^1_0 , Ω_{H0} ) and (W^2_0 , Ω¯_{H0} ). They would locally have the form h = ( ∂ ∂x^j + A_j ∂ ∂u + A_{ij} ∂ ∂u_i + B^i_j ∂ ∂p^i + C_j ∂ ∂p ) ⊗ dx^j , h̄ = ( ∂ ∂x^j + Ā_j ∂ ∂u + Ā_{ij} ∂ ∂u_i + Ā_{Kj} ∂ ∂u_K + B̄^i_j ∂ ∂p^i + B̄^{ki}_j ∂ ∂p^{ki} + C̄_j ∂ ∂p ) ⊗ dx^j , where |K| = 2. We then obtain the relations

B^j = ∂L ∂u , (4.31)

p^i = ∂L ∂u_i , (4.32)

A_i = u_i,

(4.33) for (W^1_0 , Ω_{H0} , h); and B̄^j = ∂L ∂u , (4.34)

p^i = ∂L ∂u_i − B̄^{ij}_j , (4.35)

p^{ij} + p^{ji} = (1_i + 1_j)! · ∂L̄ ∂u_{1i+1j} = 0,

(4.36)

Ā_i = u_i, (4.37) Ā_{ij} = u_{1i+1j} , (4.38) for (W^2_0 , Ω¯_{H0} , h̄). Equations (4.32) and (4.36), together with H_0 = 0 and H̄_0 = 0, define the corresponding submanifolds W^1_2 and W^2_2 of W^1_0 and W^2_0 .

We notice that, even though L̄ is in some sense the same Lagrangian than L, a solution of the dynamical equation on W^1_0 may be easily determined, while in W^2_0 the space of solutions has grown (there are more coefficients to be determined). We thus infer from here, that a solution h̄ of the dynamical equation in W 2_0 must satisfy an extra condition. Since p = L − piu_i + 0 in W^2_2 , the projection π^{2,1}_0 maps W^2_2 to W^1_2 . We therefore impose to a solution h̄ of the dynamical equation along W^2_2 to be in addition projectable to a solution h of the dynamical equation along W^1_2 . In such a case, we would have that (4.39) B̄^{ij}_j = 0 which implies that the following equation

(4.40) p^i = ∂L ∂u_i is now a restriction in W^2_2 . So, by tangency condition, we get

(4.41) B̄^i_j =

∂^2L ∂x^j ∂u_i + u_j ∂^2L ∂u∂u_i + u_{1k+1j}

∂^2L ∂u_k∂u_i + 0 = d dx^j ∂L ∂u_i . Combining this with equation (4.31), we finally obtain

(4.42) ∂L ∂u − d dx^j ∂L ∂u_j = 0,

which is the Euler-Lagrange equation.

It is worth to remark here that, at this time, the Euler-Lagrange equation has not been deduced by the process shown in the proof of Proposition 3.6, but directly from the projectability condition, although the previous Euler-Lagrange equation may be recovered from any of the two settings.

5. Conclusion We have developed an intrinsic and global expression for the Euler-Lagrange equations for higher-order field theories. The main ingredients of this setting are the mixed space of velocities and momenta W_0 = J^kπ ×_J k−1_π Λ^m_2 (J^{k−1}π) and the premultisymplectic form Ω_{H0} = Ω + dH_0 ∧ η defined on it, which encodes the dynamics of the system through the dynamical equation i_hΩ_{H0} = (m − 1)Ω_{H0} .

We have analyzed in detail the existence of solution of this equation. Our approach gives rise to an unambiguous formulation of Lagrangian field theories of higher order.

In a future paper we will explore the extension of our techniques to the case of higher-order field theories with constraints, optimal control problems for partial differential equations and the implementation of numerical methods obtained directly from our approximation.

Appendix A. Connections A connection Γ in a fibration π_{P,M} : P −→ M is given by a horizontal distribution H which is complementary to the vertical one V π_{P,M} , that is T P = H ⊕ V π_{P,M} . Associated to the connection there exists a horizontal projector h : T P −→ H defined in the obvious manner. If (x^i, y^a) are fibered coordinates on P , then H is locally spanned by the local vector fields ( ∂ ∂x^i )_h = ∂ ∂x^i + Γ^a_i (x, y) ∂ ∂y^a ; (∂/∂x^i)^h is called the horizontal lift of ∂/∂x^i, and Γ^a_i are the Christoffel components of the connection.

Assume that π_P ′_{,M} : P^′ −→ M and π_{P,M} : P −→ M are two fibrations with the same base manifold M, and that Υ : P^′ −→ P is a surjective submersion (in other words, a fibration as well) preserving the fibrations, say, π_{P,M} ∘ Υ = π_P ′_{,M} (Diagram 5). Let Γ^′ be a connection in π_P ′_{,M} : P^′ −→ M with horizontal projector h.

P^{′ Υ} //

π_P ′_{,M} BBB BBB BB P π_{P,M} fflffl M Diagram 5. Preserved fibration

Definition A.1. Γ^′ is said to be projectable if the subspaces T Υ(z^′)(H_z′ ) do not depend on z^′ ∈ Υ^{−1}(Υ(z^′)).

If Γ^′ is projectable, then we define a connection Γ in the fibration π_{P,M} : P −→ M as follows: The horizontal subspace at z ∈ P is given by H̄_z = T Υ(z^′)(H_{z′} ) ,

for an arbitrary z^′ in the fibre of Υ over z. It is routine to prove that H̄ defines a horizontal distribution in the fibration π_{P,M} : P −→ M.

We can choose fibered coordinates (x^i, y^a, z^α) on P^′ such that (x^i, y^a) are fibered coordinates on P . The Christoffel components of Γ^′ are obtained by computing the horizontal lift ( ∂ ∂x^i )_h = ∂ ∂x^i + Γ^a_i (x, y, z) ∂ ∂y^a + Γ^α_i (x, y, z) ∂ ∂z^α . A simple computation shows that Γ^′ is projectable if and only if the Christoffel components Γ^a_i are constant along the fibres of Υ, say Γ^a_i = Γ^a_i (x, y). In this case, the horizontal lift of ∂/∂x^i with respect to Γ is just ( ∂ ∂x^i )_h = ∂ ∂x^i + Γ^a_i (x, y) ∂ ∂y^a . As an exercise, the reader can easily check that, conversely, given a connection Γ in the fibration π_{P,M} : P −→ M and a surjective submersion Υ : P^′ −→ P preserving the fibrations, one can construct a connection Γ^′ in the fibration π_P ′_{,M} : P^′ −→ M which projects onto Γ.

The notion of connection in a fibration admits a useful generalization to submanifolds of the total space. Let π_{P,M} : P −→ M be a fibration and N a submanifold of P . Definition A.2. A connection in π_{P,M} : P −→ M along the submanifold N consists of a family of linear mappings h_z : T_zP −→ T_zN for all z ∈ N, satisfying the following properties h^2_z = h_z, ker h_z = V π_{P,M} )_z, for all z ∈ N. The connection is said to be differentiable (flat) if the distribution im h ⊂ T N is smooth (integrable).

We have the following.

Proposition A.3. Let h be a connection in π_{P,M} : P −→ M along a submanifold N of P . Then:

(1) π_{P,M} (N) is an open subset of M. (2) (π_{P,M} )_{|N} : N −→ π_{P,M} (N) is a fibration.

(3) The 1-jet prolongation J^1(π_{P,M} )_{|N} is a submanifold of J^1π_{P,M} .

(4) There exists an induced true connection Γ_N in the fibration (π_{P M} )_{|N} : N −→ π_{P M} (N) with the same horizontal subspaces.

(5) Γ_N is flat if and only if h is flat.

Proof. See [30, 31]. □

Appendix B. Multi-index properties This section is devoted to some simple, but useful, properties of multi-indexes.

Lemma B.1. Let {a_{I,i}}_{I,i} be a family of real numbers indexed by a multi-index I ∈ N^m and by an integer i such that 1 ≤ i ≤ m. Given an integer l ≥ 1, we have that

(B.1) ∑ |I|=l−1 m∑ i=1 a_{I,i} = ∑ |J|=l ∑ I+1_i=J a_{I,i}. Proof. The proof is trivial when we realize that the sets {(I, i) : |I| = l − 1, 1 ≤ i ≤ m} and {(I, i) : I + 1_i = J, |J| = l} are in bijective correspondence. □ Lemma B.2. Let J ∈ N^m be a fixed multi-index. We have that

(B.2) ∑ I+1_i=J

I(i) + 1 |I| + 1 = 1.

Proof. 1 = m∑ i=1 J(i) |J| = ∑ I+1_i=J J(i) |J| = ∑ I+1_i=J

I(i) + 1 |I| + 1 □ Lemma B.3. Let { a_J , b^J } J be a family of real numbers indexed by a multi-index J ∈ N^m . Given an integer l ≥ 1, we have that

(B.3) ∑ |J|=l b^J a_J = ∑ |I|=l−1 m∑ i=1 I(i) + 1 |I| + 1 (b^{I+1i} + Q^{I,i})a_{I+1i} , where { Q^{I,i} } I,i is a family of real numbers such that for any multi-index J ∈ N^m (with |J| ≥ 1) we have that

(B.4) ∑ I+1_i=J

I(i) + 1 |I| + 1 Q^{I,i} = 0. Proof. ∑ |J|=l b^J a_J = ∑ |J|=l ( ∑ I+1_i=J

I(i) + 1 |I| + 1 ) b^J a_J

= ∑ |J|=l ∑ I+1_i=J

I(i) + 1 |I| + 1 (b^{I+1i} + Q^{I,i})a_{I+1i} .

□

Acknowledgements

This work has been partially supported by the MICINN, Ministerio de Ciencia e Innovación (Spain), project MTM2007-62478, project “Ingenio Mathematica” (i-MATH) No. CSD 2006- 00032 (Consolider-Ingenio 2010) and S-0505/ESP/0158 of the CAM (SIMUMAT). The first author (C. C.) also acknowledges the MICINN for an FPI grant.

J. V. is a Postdoctoral Fellow from the Research Foundation – Flanders (FWO-Vlaanderen), and a Fulbright Research Scholar at the California Institute of Technology. Additional financial support from the Fonds Professor Wuytack is gratefully acknowledged.

References

[1] V. Aldaya and J. A. de Azcárraga, Variational principles on rth order jets of fibre bundles in field theory, J. Math. Phys., 19 (1978), pp. 1869–1875.

[2] , Higher-order Hamiltonian formalism in field theory, J. Phys. A, 13 (1980), pp. 2545–2551. [3] R. Arens, Reducing the order of a Lagrangian, Pacific J. Math., 93 (1981), pp. 1–11. [4] R. Benito and D. Martín de Diego, Hidden symplecticity in Hamilton’s principle algorithms, in Differential geometry and its applications, Matfyzpress, Prague, 2005, pp. 411–419.

[5] R. Camassa and D. D. Holm, An integrable shallow water equation with peaked solitons, Phys. Rev. Lett., 71 (1993), pp. 1661–1664.

[6] F. Cantrijn, A. Ibort, and M. de León, Hamiltonian structures on multisymplectic manifolds, Rend.

Sem. Mat. Univ. Politec. Torino, 54 (1996), pp. 225–236. Geometrical structures for physical theories, I (Vietri, 1996).

[7] , On the geometry of multisymplectic manifolds, J. Austral. Math. Soc. Ser. A, 66 (1999), pp. 303–330. [8] J. F. Cariñena, Theory of singular Lagrangians, Fortschr. Phys., 38 (1990), pp. 641–679. [9] J. F. Cariñena, M. Crampin, and L. A. Ibort, On the multisymplectic formalism for first order field theories, Differential Geom. Appl., 1 (1991), pp. 345–374.

[10] J. F. Cariñena, C. Lopez, and N. Román-Roy, Geometric study of the connection between the Lagrangian and Hamiltonian constraints, J. Geom. Phys., 4 (1987), pp. 315–334.

[11] P. Dedecker, Existe-t-il, en calcul des variations, un formalisme de Hamilton-Jacobi-E. Cartan pour les intégrales multiples d’ordre supérieur?, C. R. Acad. Sci. Paris Sér. I Math., 298 (1984), pp. 397–400.

[12] , Sur le formalisme de Hamilton-Jacobi-É. Cartan pour une intégrale multiple d’ordre supérieur, C. R.

Acad. Sci. Paris Sér. I Math., 299 (1984), pp. 363–366.

[13] A. Echeverría-Enríquez, C. López, J. Marín-Solano, M. C. Muñoz-Lecanda, and N. Román- Roy, Lagrangian-Hamiltonian unified formalism for field theory, J. Math. Phys., 45 (2004), pp. 360–380.

[14] P. L. García, The Poincaré-Cartan invariant in the calculus of variations, in Symposia Mathematica, Vol. XIV (Convegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Academic Press, London, 1974, pp. 219–246.

[15] P. L. García and J. Muñoz, On the geometrical structure of higher order variational calculus, in Proceedings of the IUTAM-ISIMM symposium on modern developments in analytical mechanics, Vol. I (Torino, 1982), vol. 117, 1983, pp. 127–147.

[16] P. L. García Pérez and J. Muñoz Masqué, Higher order regular variational problems, in Symplectic geometry and mathematical physics (Aix-en-Provence, 1990), vol. 99 of Progr. Math., Birkhäuser Boston, Boston, MA, 1991, pp. 136–159.

[17] G. Giachetta, L. Mangiarotti, and G. Sardanashvily, New Lagrangian and Hamiltonian methods in field theory, World Scientific Publishing Co. Inc., River Edge, NJ, 1997.

[18] H. Goldschmidt and S. Sternberg, The Hamilton-Cartan formalism in the calculus of variations, Ann.

Inst. Fourier (Grenoble), 23 (1973), pp. 203–267.

[19] M. J. Gotay, An exterior differential systems approach to the Cartan form, in Symplectic geometry and mathematical physics (Aix-en-Provence, 1990), vol. 99 of Progr. Math., Birkhäuser Boston, Boston, MA, 1991, pp. 160–188.

[20] M. J. Gotay and J. M. Nester, Presymplectic Lagrangian systems. I. The constraint algorithm and the equivalence theorem, Ann. Inst. H. Poincaré Sect. A (N.S.), 30 (1979), pp. 129–142.

[21] , Presymplectic Lagrangian systems. II. The second-order equation problem, Ann. Inst. H. Poincaré Sect.

A (N.S.), 32 (1980), pp. 1–13.

[22] M. J. Gotay, J. M. Nester, and G. Hinds, Presymplectic manifolds and the Dirac-Bergmann theory of constraints, J. Math. Phys., 19 (1978), pp. 2388–2399.

[23] X. Gràcia, J. M. Pons, and N. Román-Roy, Higher-order Lagrangian systems: geometric structures, dynamics, and constraints, J. Math. Phys., 32 (1991), pp. 2744–2763.

[24] R. Hermann, Geometry, physics, and systems, Marcel Dekker Inc., New York, 1973. Pure and Applied Mathematics, Vol. 18.

[25] M. Horák and I. Kolář, On the higher order Poincaré-Cartan forms, Czechoslovak Math. J., 33(108) (1983), pp. 467–475.

[26] S. Kouranbaeva and S. Shkoller, A variational approach to second-order multisymplectic field theory, J. Geom. Phys., 35 (2000), pp. 333–366.

[27] D. Krupka, Lepagean forms in higher order variational theory, in Proceedings of the IUTAM-ISIMM symposium on modern developments in analytical mechanics, Vol. I (Torino, 1982), vol. 117, 1983, pp. 197–238.

[28] B. Leimkuhler and S. Reich, Simulating Hamiltonian dynamics, vol. 14 of Cambridge Monographs on Applied and Computational Mathematics, Cambridge University Press, Cambridge, 2004.

[29] M. de León, J. Marín-Solano, and J. C. Marrero, Ehresmann connections in classical field theories, in Differential geometry and its applications (Granada, 1994), vol. 2 of An. Fís. Monogr., CIEMAT, Madrid, 1995, pp. 73–89.

[30] , A geometrical approach to classical field theories: a constraint algorithm for singular theories, in New developments in differential geometry (Debrecen, 1994), vol. 350 of Math. Appl., Kluwer Acad. Publ., Dordrecht, 1996, pp. 291–312.

[31] M. de León, J. C. Marrero, and D. Martín de Diego, A new geometric setting for classical field theories, in Classical and quantum integrability (Warsaw, 2003), vol. 59 of Banach Center Publ., Polish Acad. Sci., Warsaw, 2003, pp. 189–209.

[32] M. de León and P. R. Rodrigues, Generalized classical mechanics and field theory, vol. 112 of North- Holland Mathematics Studies, North-Holland Publishing Co., Amsterdam, 1985. A geometrical approach of Lagrangian and Hamiltonian formalisms involving higher order derivatives, Notes on Pure Mathematics, 102.

[33] , Comments on the canonical formalism of time-dependent higher order Lagrangians, Rev. Colombiana Mat., 21 (1987), pp. 47–64.

[34] , A contribution to the global formulation of the higher-order Poincaré-Cartan form, Lett. Math. Phys., 14 (1987), pp. 353–362.

[35] , Methods of differential geometry in analytical mechanics, vol. 158 of North-Holland Mathematics Studies, North-Holland Publishing Co., Amsterdam, 1989.

[36] D. J. Saunders, The geometry of jet bundles, vol. 142 of London Mathematical Society Lecture Note Series, Cambridge University Press, Cambridge, 1989.

[37] D. J. Saunders and M. Crampin, On the Legendre map in higher-order field theories, J. Phys. A, 23 (1990), pp. 3169–3182.

[38] R. Skinner, First-order equations of motion for classical mechanics, J. Math. Phys., 24 (1983), pp. 2581– 2588.

[39] R. Skinner and R. Rusk, Generalized Hamiltonian dynamics. I. Formulation on T^∗Q ⊕ T Q, J. Math.

Phys., 24 (1983), pp. 2589–2594.

[40] , Generalized Hamiltonian dynamics. II. Gauge transformations, J. Math. Phys., 24 (1983), pp. 2595– 2601.

[41] L. Vitagliano, The lagrangian-hamiltonian formalism for higher order field theories, arXiv:0905.4580v1 (2009).

Instituto de Ciencias Matemáticas, CSIC-UAM-UC3M-UCM, Serrano 123, 28006 Madrid, Madrid (Spain)

E-mail address, C. M. Campos: cedricmc@imaff.cfmac.csic.es

E-mail address, M. de León: mdeleon@imaff.cfmac.csic.es

E-mail address, D. Martín de Diego: d.martin@imaff.cfmac.csic.es

Control and Dynamical Systems, California Institute of Technology, California (USA), Department of Mathematical Physics and Astronomy, Ghent University, Krijgslaan 281, B-9000 Ghent (Belgium)

E-mail address, J. Vankerschaver: jv@caltech.edu