arXiv:0906.1177v2 [hep-th] 1 Oct 2009

KCL-MTH-09-05

The E_{11} origin of all maximal supergravities

The hierarchy of field-strengths

Fabio Riccioni , Duncan Steele and Peter West

Department of Mathematics

King’s College London

Strand London WC2R 2LS UK

Abstract

Starting from E_{11} and the space-time translations we construct an algebra that promotes the global E_{11} symmetries to local ones, and consider all its possible massive deformations. The Jacobi identities imply that such deformations are uniquely determined by a single tensor that belongs to the same representation of the internal symmetry group as the D−1 forms specified by E_{11}. The non-linear realisation of the deformed algebra gives the field strengths of the theory which are those of any possible gauged maximal supergravity theory in any dimension. All the possible deformed algebras are in one to one correspondence with all the possible massive maximal supergravity theories. The hierarchy of fields inherent in the E_{11} formulation plays an important role in the derivation. The tensor that determines the deformation can be identified with the embedding tensor used previously to parameterise gauged supergravities. Thus we provide a very efficient, simple and unified derivation of all the field strengths and gauge transformations of all maximal gauged supergravities from E_{11}. The dynamics arises as a set of first order duality relations among these field strengths.

1 Introduction

The maximal supergravity theories have played a key role in our understanding of string theory. The gauged supergravity theories have been studied for 25 years beginning with the first paper [1] which found an SO(8) gauged theory within the D = 4, N = 8 theory. These theories are sometimes called massive theories in that they are a deformation of the massless theory by a massive parameter. They have generally been found by starting from the massless supergravity theory in the dimension of interest and adding a deformation to the action such as a cosmological constant or a non-abelian interaction for the vectors and using supersymmetry closure to complete the theory. In relatively recent years all maximal gauged supergravity theories in each dimension D has been classified in terms of a single object called the embedding tensor which can be thought of as belonging to a representation of the internal symmetry group of the supergravity theory in D dimensions [2, 3, 4, 5, 6, 7, 8]. Thus for example all the gauged supergravity theories in five dimensions are parametrised modulo further constraints by an embedding tensor in the 351 of the symmetry group E_6.

Certain gauged supergravities have played an important role in more recent developments. Two of the most important examples are the five dimensional gauged supergravity theory which results from dimensionally reducing the ten dimensional IIB supergravity theory on S^5 which is central to the AdS/CFT conjecture and those theories that occur in flux compactifications with a view to moduli stabilisation. However, it is fair to say that gauged supergravities in general have not been fitted into any conventional discussions of M theory.

It was conjectured in 2001 that the theory underlying string theory should possess an E_{11} symmetry and indeed the non-linear realisation of this symmetry contained the eleven dimensional supergravity theory [9]. By taking different decompositions of E_{11} one finds different supergravity theories. In particular, to find the theory in D dimensions one performs the decomposition of E_{11} into GL(D, R) ⊗ G which corresponds to the algebra remaining after deleting the Dth node of the E_{11} Dynkin diagram. In particular in ten dimensions one finds two theories which have at low levels precisely the content of the IIA and IIB supergravity theories [9, 10]. Moreover, the Romans theory was found to be a non-linear realisation [11] which includes all form fields up to and including a 9-form with a corresponding set of generators. This 9-form is automatically encoded in the nonlinear realisation of E_{11} [12], and its 10-form field-strength is dual to Romans cosmological constant.

More recently the from fields, that is those field with only completely anti-symmetrised Lorentz indices, were found in all dimensions, D [13, 14]. These include the D − 1 forms in the D-dimensional theory whose equation of motion generically leads to a cosmological constant. As such the number of such forms should correspond to the number of gauged supergravity theories and indeed the representation of the D−1 forms is precisely the same as that of the embedding tensor used to classify the gauged supergravity theories. It was therefore apparent that E_{11} encoded all the possible maximal gauged supergravity theories. Thus for the first time the gauged supergravities were included in some underlying unifying formulation rather that found as the possible massive deformations in each dimension.

A feature that is always present in the E_{11} theories in different dimensions is that every form field has a corresponding dual field, indeed if the n-form fields belong to the representation R_n then we also find D − n − 2-dual form fields in the complex conjugate representation, i.e. R_{D−n−2} = R_n. This was already apparent in the case of eleven dimensions and the IIA and IIB theories [9, 10]. As mentioned above the rank D − 1 forms are dual to a cosmological constant while the rank D forms are not dual to anything but play an important role in brane associated dynamics. This can be thought of as a hierarchy of fields of ascending rank.

The results in the two paragraphs above are of a purely kinematical nature, however, progress has been made in constructing the dynamics of gauged supergravity theories using E_{11}. Initially this was achieved using the so called l_1 representation [15] to provide an E_{11} covariant generalised space-time [16]. While wishing to continue with this approach at a future date we also pursued an alternative more bottom up approach introducing only the usual D-dimensional space-time, with its corresponding space-time translations operator and at the same time extending the E_{11} algebra to include generators that had the effect of making local all the rigid Borel E_{11} transformations [17]. These so called Ogievetsky generators lead in the non-linear realisation to fields that can be eliminated covariantly and do not appear in the final dynamics. Nonetheless they play a crucial role in determining the field strengths of all the fields. Therefore, the algebra formed by the non-negative level E_{11} generators, the D-dimensional space-time translation generator and the above mentioned Ogievetsky generators, called E^{local}_{11,D} in [17], determines the field strengths of the massless maximal supergravity theories in any dimension. It also emerged in [17] that in the case of gauged supergravities the final dynamics is controlled by a massive deformation Ẽ^{local}_{11,D} of the algebra E^{local}_{11,D} , in which the deformed E_{11} generators have a nontrivial commutation relation with the momentum operator. This was shown in detail for the case of the Scherk-Schwarz reduction of IIB to nine dimensions, the five-dimensional gauged maximal supergravity and Romans massive IIA theory. In the first case it was also shown that Ẽ^{local}_{11,9} is a subalgebra of the algebra E^{local}_{11,10B} that describes the IIB theory in ten dimensions, while the last case reproduced the results of [11], where the field strengths of the Romans theory were constructed adopting a non-trivial commutator between the E_{11} generators and momentum.

We note that gauged supergravities have also been discussed from the E_{10} [18] viewpoint. In particular the case of Romans IIA was discussed in [19] while the case of maximal gauged supergravity in three dimensions was analysed in [20].

In this paper we continue the analysis of [17] and construct all the massive deformations in each dimension. We find that the underlying E_{11} algebra and the Jacobi identities imply that the deformations in a given dimension are uniquely determined by one object that belongs to the same representation as the D − 1 form generators and so can be identified with the embedding tensor used previously to classify gauged supergravity theories. We use the algebra to construct in a simple way all the fields strengths of all the gauged supergravities in all dimensions. The dynamics then arises as first order equations that are duality relations among these field strengths. In particular, the scalar equation results from the curl of the duality relation between the D − 2-form fields and the scalars, using also the fact that the D − 1-form field is dual to the embedding tensor. In general there is more than one gauge covariant quantity that one can construct contracting the scalars with the embedding tensor, and this procedure does not determine their relative coefficient, and therefore does not determine the exact form of the scalar potential. We analyse each dimension from three to nine, and these results, together with the ten-dimensional deformation corresponding to the Romans theory analysed in [17], give the field strengths of all possible massive maximal supergravities in any dimension.

The paper is organised as follows. In section 2 we derive the general method of constructing the deformed E_{11} algebra in any dimension. In section D, with D = 3, ...., 9, we explicitly derive the deformed algebra in a given dimension D. In section 10 we discuss the form of the duality relations that the various field strengths must satisfy in any dimension, and section 11 contains the conclusions. The paper also contains three appendices. In appendix A we review some group theoretic techniques and we derive from E_{11} the relevant projection formulae used in the paper. In appendix B we explicitly evaluate the field strengths in the general notation of section 2. In appendix C we derive the field strengths of the four-dimensional theory using a different method, that is based on the non-linear realisation of E_{11} ⊗_s l_1 and applies in four dimensions the analysis that was carried out in [16] in the five-dimensional case.

2 The general method

We wish to consider the formulation of the E_{11} algebra appropriate to D dimensions which can be found by decomposing E_{11} with respect to the algebra that results from deleting the Dth node of the E_{11} Dynkin diagram. This resulting algebra is SL(D, R) ⊗ G where SL(D, R) is associated with D-dimensional gravity and G is the internal symmetry algebra. The resulting form generators, that is those with only anti-symmetric Lorentz indices, are explicitly given in the later sections. In this section, we are interested in a universal treatment valid for every dimension and so we introduce a corresponding notation. We denote the form generators as R^{a1...an,Mn} and the generators with no Lorentz indices are written as R^α. The latter generators are those of the internal symmetry algebra, G and the generators R^{a1...an,Mn} carry the representation R_n of G which transforms the M_n indices. We note that in this notation R_0 is the adjoint representation. For example, in the case of five dimensions G = E_6 and the form generators are given in eq. (5.1).

The E_{11} algebra involving the form generators is then given by [R^{a1...am,Mm} , R^{b1...bn,Nn} ] = f^{MmNn}_{Pn+m} R^{a1...amb1...bn,Pn+m} (2.1) and [R^α, R^{a1...am,Mm} ] = (D^α)_{Nm}^{Mm} R^{a1...am,Nm} , [R^α, R^β] = f^{αβ}_γ R^γ , (2.2) where f^{MmNn}_{Pn+m} are generalised structure constants whose form will be shown in the following in several examples. By studying the table of [13] of forms contained in E_{11}, which is table 1 in this paper (observe that the table contains the representations of the fields, which are the complex conjugate of the representations of the corresponding generators), one finds that in all dimensions the representation of the 4-form generators is in the antisymmetric tensor representation formed from two representations R_2 and so it has indices [M_2N_2]. As such we may write the 4-form generators as R^{a1a2b1b2,M2N2} = R^{a1a2b1b2,[M2N2]}; in terms of our general notation the indices M_4 are for this generators represented by [M_2N_2]. As a result the commutator of two 2-form generators can be written as

[R^{a1 a2M2} , R^{b1b2N2} ] = R^{a1a2b1b2,M2N2} , (2.3)

where we have taken the constant of proportionality in the commutator to be one as this commutation relation can be taken to define the way the four form generator appears in the E_{11} algebra. The particularly simple form of this commutator will prove to be useful in this paper. Some other related observations that will be useful are that R_1 ⊗ R_n contains the representation R_{n+1} and that R_n = R_{D−n−2} for n ≠ D − 1, D. The first implies that one can find all form generators by taking repeated commutators of the one form generators and the second reflects that in the E_{11} formulation one finds dual fields for all the form fields usually associated with the physical degrees of freedom of the theory. Taking n = 0 we find that R_{D−2} = R_0 which is the adjoint representation and so it is real.

In fact the above algebra contains the E_{11} form generators that have positive level with respect to the level associated with node deletion discussed above. It is a truncation of the E_{11} algebra to contain just these generators. Clearly, eqs. (2.1) and (2.2) obey certain Jacobi identities which imply, for example, that the structure constants are invariant tensors of the internal symmetry group G. However, the structure constants also obey restrictions resulting from their E_{11} origin. These result from the Jacobi identities, but also from the construction of E_{11} from its Chevalley generators. In particular, the left hand side of the commutator of eq. (2.1) implies that the form generators on the right hand side must belong to the R_n ⊗ R_m representation of G, however, only the R_{n+m} representation arises. As a result, the structure constant f^{MmNn}_{Pn+m} must obey the conditions that project onto only this latter representation. A particular example, that will be important for what follows, is the case for m = 1 and n = D − 2 whose corresponding commutator has the form [R^{a1,N1} , R^{a2...aD−1,α}] = f^{N1α}_{MD−1} R^{a1a2...aD−1,MD−1} (2.4) where the generator on the right hand side corresponds to the next to space-filling form fields that give rise in the non-linear realisation to the cosmological constant. Here we have used that R_{D−2} is the adjoint representation and so is labelled by α, β, . . .. For the cases of D = 4, 5, 6 i.e. E_7 and E_6 and E_5 ≡ D_5 the R_1 ⊗ R_{adj} contains three irreducible representations, only one of which is the representation to which the next to space-filling generators belong. For the other dimensions one finds more representations in the tensor product, but in all cases there are two or more representations in the tensor product that must be projected out to find the representation, or for D = 9, 8, 7, 3 the two presentations to which the next to space-filling generators belong ( see table 2). As such the structure constants f^{N1α}_{ND−1} must obey at least two projections conditions that turn out to be of the form (D_α)_{N1}^{M1} f^{N1α}_{ND−1} = 0, (D^βD_α)_{N1}^{M1} f^{N1α}_{ND−1} = cf^{M1β}_{ND−1} (2.5) for a suitable constant c. Such projector conditions are discussed in more detail in appendix A. To the E_{11} algebra we add, as explained in reference [17], the space-time translation operator P_a and an infinite number of so called Ogievetsky generators. In fact for our purposes we need only add the lowest order such generators, K^{a,b1...bn,Mn} , which by definition obey the commutator [K^{a,b1...bn,Mn} , P_c] = δ^a_c R^{b1...bn,Mn} − δ^{[a}_c R^{b1...bn],Mn} . (2.6) As this equation makes clear the generator K^{a,b1...bn,Mn} is associated with the E_{11} generators R^{b1...bn,Mn} and carries the same internal symmetry representation, R_n. It also satisfies K^{[a,b1...bn],Mn} = 0. The Ogievetsky generators rotate into themselves under the action of the E_{11} generators and the commutator of two Ogievetsky generators gives another Ogievetsky generator. We take the space-time translation operator P_a to commute with the positive level generators of E_{11}. Indeed, it is this requirement that forces us to consider only the positive level generators of E_{11}.

We now consider a massive deformation of the above algebra which is parameterised by the symbol g and given by [R^{a1...am,Mm} , R^{b1...bn,Mn} ] = f^{MmNn}_{Pn+m} R^{a1...amb1...bn,Pn+m} +gL^{MmNn}_{Pn+m−1} K^{[a1,a2...am]b1...bn,Pn+m−1} (2.7) [R^α, R^{a1...am,Mm} ] = (D^α)_{Nm}^{Mm} R^{a1...am,Nm} (2.8) [R^{a1...am,Mm} , P_c] = −gW^{Mm}_{Mm−1} δ^{[a1} R^{a2...am],Mm−1} (2.9) [K^{a,b1...bn,Mn} , P_c] = δ^a_c R^{b1...bn,Mn} − δ^{[a}_c R^{b1...bn],Mn} + gU^{Mn}_{Mn−1} δ^{[b1}_c K^{|a|b2...bn],Mn−1} ,(2.10) while the deformation of eq. (2.3) for the commutator of two two forms is given by

[R^{a1a2M2} , R^{b1b2N2} ] = R^{a1a2b1b2,M2N2} + gV^{M2N2}_{P3} K^{[a1,a2]b1b2,P3} . (2.11)

For the case of the 4-form generator eq. (2.9) can be written as [R^{a1...a4,M2N2} , P_c] = −gW^{M2N2}_{P3} δ^{[a1} R^{a2...a4],P3} . (2.12) The above commutators preserve the grading [R] = 0, [P ] = −1, [K] = 1 provided we also assign [g] = −1 to the constant g. For each set of objects W we find a different deformation of the E_{11} algebra. The deformed algebra of eq. (2.7) to (2.12) is the general version of that given in [17] for special cases such as that for the the gauged nine-dimensional supergravity that arises from Scherk-Schwarz reduction of IIB, gauged five-dimensional maximal supergravity and Romans massive IIA.

We define W^{N1}_{Q0} ≡ Θ^{N1}_{Q0} = Θ^{N1}_α as the index Q_0 is the index on R^{Q0} which is just the index α. In terms of this notation the lowest order example of eq. (2.12) is given by

[R^{aN1} , P_b] = −gδ^a_b Θ^{N1}_α R^α . (2.13)

We will see that Θ^{N1}_α will turn out to be the embedding tensor discussed so much in the literature on gauged supergravities.

The Θ^{N1}_α , like all the objects W , are not invariant tensors of the internal symmetry group G. One can think of them as a kind of spurion; for each allowed value of Θ^{N1}_α one finds a different gauged supergravity, for example the local gauge group is determined by the value of Θ^{N1}_α .

We will now work out the consequences of the Jacobi identities for the deformed algebra of eqs. (2.7) to (2.11). We begin with the Jacobi identities that arise from taking two E_{11} generators and P_c. These will place linear conditions on W^{Pn+1}_{Sn} as we have only one P_c. In particular we first consider the identity [[R^{a1M1} , R^{b1...bn,Nn} ], P_c] = [R^{a1M1} , [R^{b1...bn,Nn} , P_c]] + [[R^{a1M1} , P_c], R^{b1...bn,Nn} ] . (2.14) We evaluate this using eqs. (2.7) to (2.13). Not all structures of Lorentz indices that arise are independent due to the identity nδ^{[b1|}_c R^{a|b2...bn]} = δ^a_c R^{b1b2...bn} − (n + 1)δ^{[a}_c R^{b1b2...bn]} . (2.15) As such it suffices to consider the coefficients of only the terms involving δ^{[a}c R^{b1b2...bn]} and those of the form δ^a_c R^{b1b2...bn} and use the above equation to express any other contributions in terms of these two forms. We find that at order g this leads, respectively, to the two equations f^{M1Nn}_{Pn+1} W^{Pn+1}_{Sn} = X_n^{M1}_{Sn}^{Nn} − f^{M1Qn−1}_{Sn} W^{Nn}_{Qn−1} (2.16) and L^{M1Nn}_{Pn} = − 1 n f^{M1Qn−1}_{Pn} W^{Nn}_{Pn} − X_n^{M1}_{Pn}^{Nn} (2.17) where X_n^{M1}_{Sn}^{Nn} = Θ^{M1}_α (D^α)_{Sn}^{Nn} .

As noted above, the representation R_1 ⊗ R_n always contains the representation R_{n+1} and so the structure constant f^{M1Nn}_{Pn+1} can be inverted to leave only W^{Pn+1}_{Sn} on the right-hand side of eq. (2.14). Thus this equation solves for W^{Pn+1}_{Sn} in terms of Θ^{M1}_α and the lower level W^{Pn}_{Sn−1} and these equations provide a set of recursion relations that allow one to solve for all the W^{Pn+1}_{Sn} ’s in terms of Θ^{M1}_α . Eq. (2.12) then just gives L^{M1Nn}_{Pn} in terms of Θ^{M1}_α .

At order g^2 we find that the Jacobi identity of eq. (2.16) implies the relation L^{M1Nn}_{Pn} U^{Pn}_{Sn−1} = L^{M1Qn−1}_{Sn−1} W^{Nn}_{Qn−1} . (2.18) At lowest order eq. (2.14) implies that

f^{M1N1}_{P2} W^{P2}_{S1} = 2X_1^{(M1}_{S1}^{N1)} . (2.19)

In deriving this relation we have used that

[R^{aM1} , Θ^{N1}_α R^α] = f^{M1Q0}_{S1} W^{N1}_{Q0} R^{aS1} = −X^{N1}_{1 S1}^{M1} R^{aS1} (2.20)

since in terms of our notation f^{M1Q0}_{S1} = −f^{Q0M1}_{S1} = −(D^α)_{S1}^{M1} and using our earlier definition Θ^{N1}_α = W^{N1}_{Q0} .

While we have solved for all the W ’s in terms of Θ using the above equations it is more practical to do this step for the W involved with the 4-form generator using the Jacobi identity

[[R^{a1a2M2} , R^{b1b2,N2} ], P_c] = [R^{a1 a2M2} , [R^{b1b2,N2} , P_c]] + [[R^{a1a2M2} , P_c], R^{b1b2,N2} ] (2.21)

and eqs. (2.11) and (2.12) rather than the Jacobi identity of eq. (2.14) for the case of m = 1 and n = 3. Using similar arguments to those deployed above, we find at order g^1 the two equations

W^{M2N2}_{R3} = −W^{N2}_{R1} f^{R1M2}_{R3} + W^{M2}_{R1} f^{R1N2}_{R3} (2.22) and V^{M2N2}_{R3} = W^{M2N2}_{R3} . (2.23)

Clearly, these solve for W^{M2N2}_{R3} and V^{M2N2}_{R3} in terms of W^{N2}_{R1} and so in terms of Θ^{N1}_α R^α, while at order g^2 we find that eq. (2.21) implies that 1 3 V^{M2N2}_{P3} U^{P3}_{P2} = −L^{R1M2}_{P2} W^{N2}_{R1} . (2.24) It will be useful to also consider the Jacobi identity [Θ^{N1}_α R^α, [R^{a1...an,Pn} , P_c]] = [Θ^{N1}_α R^α, R^{a1...an,Pn} ], P_c] (2.25) since [R^α, P_c] = 0. It implies that X^{N1}_{n−1Rn−1}^{Qn−1} W^{Pn}_{Qn−1} = X^{N1}_{n Qn}^{Pn} W^{Qn}_{Rn−1} . (2.26) We now consider the consequences of the Jacobi identities that involve one E_{11} generator R^{a1...an,Pn} and the generators P_c and P_d. This implies a quadratic constraint on W^{Pn}_{Qn−1} ’s that is given by W^{Pn}_{Qn−1} W^{Qn−1}_{Rn−2} = 0 . (2.27) At the lowest order, i.e. n = 1, eq. (2.26) implies that X^{N1}_{1 Q1}^{P1} Θ^{Q1}_α = Θ^{N1}_ϵ f^{ϵγ}_αΘ^{P1}_γ . (2.28) Finally we consider the Jacobi identity with K^{a,b1...bn,Mn} and P_c and P_d, namely [[K^{a,b1...bn,Mn} , P_c], P_d] − [[K^{a,b1...bn,Mn} , P_d], P_c] = 0 , (2.29) as [P_c, P_d] = 0. At order g^1 we find that U^{Pn}_{Pn−1} = − n n + 1

W^{Pn}_{Pn−1} , (2.30) while at order g^2 we find that U^{Pn}_{Pn−1} U^{Pn−1}_{Pn−2} = 0 . (2.31) The first equation solves for U^{Pn}_{Pn−1} in terms of W^{Pn}_{Pn−1} and so in terms of Θ^{N1}_α . Using eq. (2.28) and eq. (2.30) we observe that eq. (2.31) is automatically solved. Furthermore substituting eq. (2.30) into eq. (2.24) we find it is automatically satisfied using eq. (2.17).

We now summarise the content of this section so far. The deformation of the algebra of eqs. (2.7) to (2.12) involves a number of the constants, namely L^{MmNn}_{Pn+m−1} , W^{Mm}_{Mm−1} ,

U^{Pn}_{Pn−1} , V^{M2N2}_{P3} and W^{M2N2}_{P3} . However, the Jacobi identities imply that all of these may be solved in terms of the W ’s and these are in turn determined in terms of the single object Θ^{N1}_α . Thus the entire deformation is determined in terms of Θ^{N1}_α , or equivalently eq. (2.13).

However, the above equations also impose constraints on Θ^{N1}_α . Clearly, there are the quadratic constraints of eq. (2.28) which are a set of constraints on Θ^{N1}_α once we have substituted for the W ’s in terms of Θ^{N1}_α . However, we also have a set of linear constraints that originate from eq. (2.16) whose right hand side can be expressed entirely in terms of Θ^{N1}_α , a variable in which it is linear. As explained above the structure constant that occurs in the commutator of eq. (2.1) obeys projector conditions arising from the fact that the form generators on the right hand side do not belong to the representation R_m ⊗ R_n, but only to the representation R_{n+m} that it contains. The number of projection conditions correspond to the number of irreducible representation in R_m ⊗ R_n which are not contained in the representation R_{n+m}. However, certain of these structure constants, i.e. f^{M1Nn}_{Pn+1} appear on the left hand side of eq. (2.16) and so the object Θ^{N1}_α that appears on the right hand side of this equation will satisfy corresponding constraints. In particular, taking n = D − 2 in eq. (2.16) we find the structure constant f^{M1α}_{PD−1} on the left hand side which obeys the constraints of eq. (2.5) for the cases of dimensions four, five and six. This is evident from table 2 where we find that in these dimensions the representation R_1 ⊗ R_0 contains three irreducible representations only one of which is R_{D−1}. As explained in appendix A this is a consequence of the fact that for these dimensions R_1 is the fundamental representation of the internal symmetry group. In other dimensions one has to project out more than two irreducible representations from R_1 ⊗ R_0 to leave the representation R_{D−1} (see table 2) and so one has more projection conditions on the structure constant f^{M1α}_{PD−1} and so on Θ^{N1}_α . Thus in dimensions four, five and six we will find two linear conditions on Θ^{N1}_α which are evaluated in detail later in this paper and are found to be

(D^α)_{N1}^{M1} Θ^{N1}_α = 0 (2.32) and (D_βD^α)_{N1}^{M1} Θ^{N1}_α = cΘ^{M1}_β (2.33) where c is a constant plus possible further constraints. In dimension other than four, five and six we find these constraints as well as further constraints. However, in dimensions other than three, four, five and six one finds that all the conditions on Θ^{N1}_α already arise at lower levels than n = D − 2 from similar conditions on the corresponding lower level structure constants. Hence, a priori although Θ^{N1}_α could belong to the representation R_1 ⊗ R_0 the constraints discussed above, and derived in detail in each dimension in later sections, restrict it to actually belong to the same representation as the D − 1 form generators i.e. the R_{D−1} representation in all dimensions.

To summarise this section so far. We have found that the deformation is uniquely determined in terms of Θ^{N1}_α and will find, taking account of results in later sections, that this object obeys constraints that imply that it belongs to the same representation as the D − 1 form generators.

We turn our attention to the construction of the field strengths from the Cartan forms. We write the group element of the algebra of eqs. (2.7) to (2.12) in the form g = e^{xaPa} e^{Φ·K} e^{A·R} (2.34) where e^{A·R} = . . . e^{Aa1...am,Mm Ra1...am,Mm} e^{Aa1...am−1,Mm−1 Ra1...am−1,Mm−1} . . . e^{Aa1a2,M2 Ra1a2,M2} e^{Aa1,M1 Ra1,M1} g_φ (2.35) where g_φ = e^{φαRα} and e^{Φ·K} is a similar expression involving the Ogievetsky fields and generators. The field strengths are contained in the Cartan forms which we can write as

g^{−1}dg = V^{(0)} + V^{(1)} + . . . (2.36)

where V^{(n)} is the contribution at g^n. The full calculation involves many terms but we are only interested in the field strengths and so we will only keep terms that contain E_{11} generators. These contain terms of the form dx^μG_{μa1 ...an,Mn} R^{a1...an,Mn} . The coefficients G_{μa1...an,Mn} are not totally anti-symmetrised in all their μa_1 . . . a_n indices, but the terms that are not are set to zero using the inverse Higgs mechanism which solves for the corresponding Ogievetsky field. This mechanism is discussed in detail in reference [17]. The term that is totally anti-symmetrised is the field strength and as this is what is needed for the dynamics we will compute only this term. To carry out this task we only need the commutation relation of eqs. (2.7) and (2.9) and need not include the Ogievetsky fields in our computations.

Let us denote the totally anti-symmetric part of V by V_A and write it as

V_A = ∑ m 1 m + 1 F̃_{μa1 ...am,Mm} R^a1^{...a}m^{,M}m = g^{−1}_φ ∑ m 1 m + 1 F_{μa1 ...am ,Mm} R^{a1...am,Mm} g_φ (2.37) where F_{μa1 ...am ,Mm} = F_{[μa1...am],Mm} . We denote the order g^p contribution by F^{(p)}_{μa1...am,Mm} , and the structure of the algebra is such that only the order zero and the first order in g occur. The factors of g_φ lead to the matrix functions (e^{−φαDα} )_{Mn}^{Nn} where (D^α)_{Mn}^{Nn} is in the corresponding representation R_m. That is F̃_{μa1 ...am,Mm} = (e^{−φαDα} )_{Mm}^{Nm} F_{μa1 ...am,Nm} . As these extra factors involving the scalars just complicate the formulae we will only explicitly compute the F_{μa1...am,Mm} . The scalar factor just converts F_{μa1 ...am,Mm} which is in the linear representation R_m into F̃_{μa1...am,Mm} which is in a non-linear representation of the internal symmetry, in fact transforming by a non-linear local subgroup rotation.

The terms in V^{(0)}_A are just the field strengths found from the E_{11} algebra without any deformation and these have been computed in several cases before. We will begin by computing these terms for any dimension making use of the notation developed above. We use the well known relation e^{−A}de^A = 1 − e^{−A} A ⋆ dA , (2.38)

where A is a generic operator and the ⋆-product is defined by A ⋆ B = [A, B] , A^p ⋆ B = [A, A^{p−1} ⋆ B] . (2.39) We note that [A_{a1 ...am,Mm} R^{a1...am,Mm} , R^{b1...bn,Nn} ] = L_{a1...am Pm+n}^{Nn} R^{a1...amb1...bn,Pm+n} , (2.40) where L_{a1...am Pm+n}^{Nn} = A_{a1...am,Mm} f^{MmNn}_{Pm+n} . (2.41) Using these conventions we may also evaluate A_{a1...am,Mm} R^{a1...am,Mm} ⋆ A_{b1...bn,Mn} R^{b1...bn,Mn} ⋆ R^{c1...cp,Pp} = {L_{a1...am} L_{b1...bn} }_{Pm+n+p}^{Pp} R^{a1...amb1...bn,c1...cpPm+n+p} , (2.42) where the two L factors are multiplied using matrix multiplication on their internal symmetry indices.

Denoting with g^m_A = e^{Aa1...am,Mm Ra1...am,Mm} (2.43) and g^{<m}_A = e^{Aa1...am−1,Mm−1 Ra1...am−1,Mm−1} . . . e^{Aa1a2,M2 Ra1a2,M2} e^{Aa1,M1 Ra1,M1} g_φ , (2.44) we write V^{(0)}_A = ∑ m (g^{<m}_A )^{−1}(g^m_A )^{−1}dg^m_A g^{<m}_A . (2.45)

This expression can be evaluated using eq. (2.38). The result is further simplified by using the language of forms. We find that F^{(0)}_{μa1...am,Nm} dx^μ ∧ dx^{a1} ∧ . . . ∧ dx^{am} = (m + 1) ∑ n_1,...,n_r (−1)^{n1} n_1! . . . (−1)^{nr−1} n_{r−1}! (−1)^{nr} (n_r + 1)!

dx^μ ∧ {(L^{(1)} ∧ . . . ∧ L^{(1)})(L^{(2)} ∧ . . . ∧ L^{(2)}) . . . (L^{(r)} ∧ . . . ∧ L^{(r)})}_{Nm}^{Nr} ∂_μA_{Nr} ,(2.46) where ∂_μA_{Nr} = ∂_μA_{a1 ...ar ,Nr} dx^{a1} ∧. . .∧dx^{ar} and L^{(m)}_•^• = A_{a1...am,Mm} dx^{a1} ∧. . .∧dx^{am} f^{Mm•}_•. The sum being over all integers n_p such that m = n_1 + 2n_2 + . . . + (r − 1)n_{r−1} + r(n_r + 1).

We now compute the analogous terms at order g^1, that is those involving totally antisymmetric indices and E_{11} generators. Using eq. (2.9) we find that V^{(1)}_A = e^{−A·R}dx^μP_μe^{A·R} = g ∑ m (g^{<m}_A )^{−1}

1 − (g^m_A )^{−1} A_{a1...am,Mm} R^{a1...am,Mm} W^{Nm}_{Nm−1} dx^μA_{μa1...am−1 ,Nm} R^{a1...am−1,Nm−1} g^{<m}_A +dx^μe_μ^aP_a . (2.47)

Further evaluating this expression using the above notation we find that F^{(1)}_{μa1 ...am,Nm} dx^μ ∧ dx^{a1} . . . ∧ dx^{am} = (m + 1)g ( ∑ n_1,...,n_r (−1)^{n1} n_1! . . . (−1)^{nr−1} n_{r−1}! (−1)^{nr} (n_r + 1)!

dx^μ ∧ {(L^{(1)} ∧ . . . ∧ L^{(1)})(L^{(2)} ∧ . . . ∧ L^{(2)}) . . . (L^{(r)} ∧ . . . ∧ L^{(r)})}_{Nm}^{Nr−1} W^{Nr}_{Nr−1} A^{(r)}_{μNr} − (−1)^m m + 1!

dx^μ ∧ {L^{(1)} ∧ . . . ∧ L^{(1)}}_{Nm}^{R1} X^{N1}_{1 R1}^{M1} A^{(1)}_{M1} A^{(1)}_{μN1} ) , (2.48)

where A^{(r)}_{μ,Nr} = A_{μa1 ...ar−1,Nr} dx^{a1} ∧ . . . ∧ dx^{ar−1} and A^{(1)}_{M1} = A_{a,M1} dx^a. The sum is such that m = n_1 + 2n_2 + . . . + (r − 1)(n_{r−1} + 1) + rn_r, there being n_p factors of L^{(p)} in the first term, where r must be greater than 1, and m − 1 factors of L^{(1)} in the second term. The contribution to the one form field strength consists of the term gA_{μM1} dx^μΘ^{M1}_α R^α.

To summarise this section. We have found all deformations of the form of eqs. (2.7) to (2.12) are determined by the one variable Θ^{N1}_α and this belongs to the same representation as the D − 1 forms, i.e. R_{D−1}, as well as satisfying certain quadratic constraints. We have computed the fields strengths that occur in the non-linear realisation of the deformed algebra. Thus we have found all the field strengths of all the maximal supergravities in all dimensions. We have therefore reduced the computation of the field strengths and gauge transformations of gauged supergravities to a purely algebraic construction based on E_{11}.

To conclude this section, we discuss the gauge transformations of the fields. These arise in the non-linear realisation as rigid transformations of the group element, g → g_0g, as long as one includes the Ogievetsky generators [17]. In particular, in the massless theory the action of g_0 = exp(a_{a1...an,Nn} R^{a1...an,Nn} ) (2.49) generates a global transformation of the fields of parameter a_{a1 ...an,Nn} , and the net effect of including the Ogievetsky generators is to promote this global symmetry to a local one via the identification a_{a1...an,Nn} → ∂_{[a1} Λ_{a2...an],Nn} . (2.50) In the massive theory, this is modified due to the fact that the E_{11} generators have nontrivial commutation relations with the momentum operator. If one acts with g_0 as in eq. (2.49) on the group element of eq. (2.34) and uses eq. (2.9), passing through e^{xaPa} generates the term exp(−gW^{Nn}_{Nn−1} x^{a1} a_{a1...an,Nn} R^{a2...an,Nn−1} ) . (2.51) Therefore, together with the constant transformation generated by the action of the term in eq. (2.49), the massive theory develops a transformation that is linear in x. The inclusion of the Og generators then has the net effect of promoting a_{a1...an,Nn} to a local parameter, and the gauge transformation of the fields is obtained by taking the global a_{a1...an,Nn} of the massless theory and making the identification a_{a1...an,Nn} → ∂_{[a1} Λ_{a2...an],Nn} − gW^{Nn+1}_{Nn} Λ_{a1...an,Nn+1} (2.52) instead of that of eq. (2.50). Indeed taking Λ_{a1...an−1,Nn} to be at most linear in x this identification reproduces the transformations generated by eqs. (2.49) and (2.51). Therefore the gauge transformations of all the fields in the massive theory are given by the ones of the massless theory, provided that one makes the change ∂_{[a1} Λ_{a2...an],Nn} → ∂_{[a1} Λ_{a2...an],Nn} − gW^{Nn+1}_{Nn} Λ_{a1...an,Nn+1} . (2.53)

A special case is the case n = 0 in eq. (2.52), for which although the first term on the right-hand side is not present, the second term gives a gauge transformation of parameter

− gΘ^{M1}_α Λ_{M1} . (2.54)

This determines the way in which all the fields transform under the gauge parameter Λ_{M1} at order g, the field A_{a1...an,Nn} transforming as δA_{a1...an,Nn} = −gΘ^{M1}_α Λ_{M1} D^α_{Nn}^{Mn} A_{a1...an,Mn} . (2.55) In sections from 3 to 9 we will apply the results of this section to all dimensions from 3 to 9, showing that in all cases Θ^{M1}_α and the D − 1 forms belong to the same representation and determining the field strengths and gauge transformations of all the form fields of any maximal supergravity theory in any dimension.

3 D=3

The bosonic sector of the massless maximal supergravity theory in three dimensions [21] describes 128 scalars parametrising the manifold E_{8(+8)}/SO(16) and the metric. This theory arises from the E_{11} decomposition appropriate to three dimensions, corresponding to the deletion of node 3 as shown in the Dynkin diagram of fig. 1. The 1-form generators of

1 2 3 4 5 6 7 8 9 10

11

Figure 1: The E_{11} Dynkin diagram corresponding to 3-dimensional supergravity. The internal symmetry group is E_{8(+8)}.

E_{11} that arise in this decomposition belong to the 248 of E_8. The corresponding fields are dual to the scalars. There are also 2-form generators in the 1 ⊕ 3875, the corresponding fields having vanishing field-strength in the massless theory. We will not consider in our analysis the 3-forms and all the generators with mixed symmetry. To summarise, we consider the form generators

R^α (248) R^{a,α} (248) R^{a1a2,M} (3875) R^{a1a2} (1) , (3.1) where α = 1, ..., 248 denotes the adjoint and M = 1, ..., 3875 denotes the 3875 of E_8.

The E_{11} commutation relations involving the generators in eq. (3.1) are [R^α, R^β] = f^{αβ}_γ R^γ [R^α, R^{a,β}] = f^{αβ}_γ R^{a,γ} [R^α, R^{a1a2} ] = 0 [R^α, R^{a1a2,M} ] = D^α_N^M R^{a1a2,N} [R^{a1 ,α}, R^{a2,β}] = g^{αβ}R^{a1 a2} + S^{αβ}_M R^{a1a2,M} , (3.2) where g^{αβ} is proportional to the Cartan-Killing metric and it is the metric we use to raise E_8 indices in the adjoint, D^α_N^M are the E_8 generators in the 3875 and S^{αβ}_M is an E_8 invariant tensor. This invariant tensor is such that S^{αβ}_M R^{a1a2,M} belongs to the 3875, and using the E_8 conventions and projection formulae of [22] one deduces that S^{αβ}_M must satisfy the further conditions g_{αβ}S^{αβ}_M = 0 S^{αβ}_M = − 1 12 f^ϵ_γ^αf_{ϵδ}^βS^{γδ}_M . (3.3)

Indeed S^{αβ}_M is symmetric in αβ, and the symmetric product of two 248 representations is [248 ⊗ 248]_S = 1 ⊕ 3875 ⊕ 27000 . (3.4) The conditions of eq. (3.3) project out 1 ⊕ 27000 to ensure that S^{αβ}_M R^{a1 a2,M} belongs to the 3875. The E_8 metric is related to the structure constant by [22] g^{αβ} = − 1 60 f^α_{γδ}f^{βγδ} , (3.5) while another useful E_8 identity is [22]

f_{αϵτ} f_β^ϵ_σf^γ_ρ^τ f^{δρσ} = 24δ^γ_{(α}δ^δ_{β)} + 12g_{αβ}g^{γδ} − 20f^ϵ_α^γ f_{ϵβ}^δ + 10f^ϵ_α^δf_{ϵβ}^γ . (3.6) From the group element g = e^{x·P} e^{Aa1a2 Ra1a2} e^{Aa1a2,M Ra1a2,M} e^{Aa,αRa,α} e^{ϕαRα} (3.7) one derives the field-strengths of the 1-forms and 2-forms. These indeed result from antisymmetrising the various terms in the Maurer-Cartan form, which is computed imposing that the generators in eq. (3.1) commute with momentum. We now consider the deformations of the algebra of eq. (3.2) resulting from imposing that the generators have a non-trivial commutation relation with momentum compatibly with the Jacobi identities.

We consider the general analysis of the previous section, applied to the three-dimensional case via the identifications R^{a1,M1} → R^{a1 ,α} R^{a1a2,M2} → R^{a1 a2} , R^{a1a2,M} Θ^{M1}_α → Θ^β_α W^{M2}_{M1} → W_α , W^M_α . (3.8)

Eq. (2.19), resulting from the Jacobi identity of two 1-forms and momentum, reads

W^M_δS^{αβ}_M + W_δg^{αβ} = Θ^α_γ f^{γβ}_δ + Θ^β_γ f^{γα}_δ . (3.9)

The embedding tensor Θ^α_β has no a priori symmetry, and thus is in the representations generated by the symmetric product of two 248 given in eq. (3.4) together with those generated in the antisymmetric product

[248 ⊗ 248]_A = 248 ⊕ 30380 . (3.10)

We now show that eq. (3.9) rules out the possibility that the embedding tensor is antisymmetric. Using eq. (3.3) one derives from eq. (3.9) the condition

Θ^α_γ f^{γβ}_δ + Θ^β_γ f^{γα}_δ − 1 31 g^{αβ}Θ_{γρ}f^{γρ}_δ + 1 12 Θ^γ_σf^{σρ}_δ[f^ϵ_γ^αf_{ϵρ}^β + f^ϵ_ρ^αf_{ϵγ}^β] = 0 . (3.11)

Taking Θ antisymmetric and contracting β and δ this equation gives

f^{αβγ} Θ_{βγ} = 0 , (3.12)

which rules out the 248. Using this and contracting eq. (3.11) with f_{τ β}^δ one then shows that the antisymmetric part of Θ vanishes completely, thus ruling out the 30380 too. The fact that the 248 is ruled out also implies

W_α = 0 , (3.13)

as can be seen contracting α and β in eq. (3.9).

We thus take Θ to be symmetric, which corresponds to the representations in eq. (3.4). The tensor W^M_α has indices in 3875 ⊗ 248, and this leads to the irreducible representations 3875 ⊗ 248 = 779247 ⊕ 147250 ⊕ 30380 ⊕ 3875 ⊕ 248 . (3.14) Therefore W^M_α is not along the 27000. From eq. (3.9) it then follows that taking Θ to be in the 27000 one gets

(Θ^α_γ )_{27000}f^{γβ}_δ + (Θ^β_γ )_{27000}f^{γα}_δ = 0 , (3.15)

which is inconsistent because it is the condition of invariance of Θ. Therefore the 27000 is also ruled out. The invariant tensor S^{αβ}_M satisfies

S^{αβ}_M S_{αβN} = δ_{MN} , (3.16)

where δ_{MN} is the invariant tensor in the product [3875 ⊗ 3875]_S, and using this and eq. (3.13) one can invert eq. (3.9) to get

W^M_δ = 2Θ^α_γ f^{γβ}_δS^M_{αβ} , (3.17)

that implies that W^M_α is in the 3875.

We have thus shown that the algebra can only be consistently deformed if the embedding tensor belongs to 1 ⊕ 3875. In the case of the singlet deformation, W^M_α vanishes and indeed eq. (3.9) becomes the invariance of Θ, which is the Cartan-Killing metric in this case. Therefore our results reproduce the constraints on the embedding tensor found using supersymmetry in [2]. We now show that also the quadratic constraints of [2] follow from the consistency of the deformed E_{11} algebra. These come again from the general analysis of the previous section. In particular, given that Θ is symmetric, both eq. (2.27) for n = 2 and eq. (2.28) give the same constraint, which is

Θ^α_β[f^{βϵ}_δΘ^{γδ} + f^{βγ}_δΘ^{δϵ}] = 0 . (3.18)

This is the condition that the embedding tensor is invariant when projected by the embedding tensor itself, and corresponds to the condition that the embedding tensor is invariant under the subgroup of E_8 which is gauged.

Here we have considered the Jacobi identities involving the 1-form and 2-form generators, but one can show that also the Jacobi identities involving the 3-forms close if one considers the deformations arising from the embedding tensor in the 1 ⊕ 3875, and more generally the whole E_{11} algebra can be deformed consistently introducing this embedding tensor.

In section 2 we have given a general procedure to compute the field strengths in any dimension. This is expanded in appendix B. In the three-dimensional case, from the group element in eq. (3.7) and the commutators derived in this section one then obtains the field strength for the 1-form, F_{ab,α} = 2[∂_{[a}A_{b],α} + 1 2 gΘ^β_δf^{δγ}_αA_{[a,β}A_{b],γ} + gW^M_αA_{ab,M} ] , (3.19) transforming covariantly under the gauge transformations δA_{a,α} = ∂_aΛ_α − gΘ^β_δf^{δγ}_αΛ_βA_{a,γ} − gW^M_αΛ_{a,M} δA_{ab,M} = ∂_{[a}Λ_{b],M} + 1 2 S^{αβ}_M ∂_{[a}Λ_αA_{b],β} − gΘ^β_αD^α_M^N Λ_βA_{ab,N} − g 2 S^{αβ}_M W^N_αΛ_{[a,N} A_{b],β} , (3.20) where D^α_M^N are the generators in the 3875. Given the results in this section, we can also compute the field strength of the 2-forms up to the term involving the 3-form. The result is F_{a1a2 a3,M} = 3[∂_{[a1} A_{a2a3],M} + 1 2 S^{αβ}_M ∂_{[a1} A_{a2,α}A_{a3],β} + gA_{[a1a2,N} A_{a3],α}W^N_β S^{αβ}_M + g 6 A_{[a1,α}A_{a2,β}A_{a3],γ} Θ^α_δf^{δβ}_σS^{γσ}_M ] F_{a1a2 a3} = 3[∂_{[a1} A_{a2a3]} + 1 2 g^{αβ}∂_{[a1} A_{a2,α}A_{a3 ],β} + gA_{[a1a2,N} A_{a3],α}W^N_βg^{αβ} + g 6 A_{[a1,α}A_{a2,β}A_{a3],γ} Θ^α_δf^{δβγ} ] . (3.21) To prove the gauge covariance of these field strengths of the 2-forms one must include the 3-forms and determine their gauge transformations.

To summarise, we have obtained the field strengths and gauge transformations of any gauged maximal supergravity theory in three dimensions. These field strengths satisfy duality conditions. In particular, the field strengths of the 1-forms are related to the derivative of the scalars, while the field strengths of the 2-forms are related to the embedding tensor.

4 D=4

In this section we consider the E_{11} decomposition relevant for the four-dimensional theory. The corresponding Dynkin diagram is shown in fig. 2. The global symmetry of fourdimensional massless maximal supergravity [23] is E_{7(+7)}. This symmetry rotates electric and magnetic vectors, and as such it is not a symmetry of the lagrangian, but only of the equations of motion. This is in agreement with E_{11}, in which fields and their magnetic duals are treated on the same footing.

1 2 3 4 5 6 7 8 9 10

11

Figure 2: The E_{11} Dynkin diagram corresponding to 4-dimensional supergravity. The internal symmetry group is E_{7(+7)}.

The bosonic field content of the supergravity theory contains 70 scalars parametrising the manifold E_{7(+7)}/SU(8), the metric and 28 vectors, that together with their magnetic duals make the 56 of E_7. E_{11} contains the corresponding generators, together with 2-form generators in the 133 of E_7, whose corresponding fields are dual to the scalars, 3-form generators in the 912, together with 4-form generators in the 8645 ⊕ 133 and an infinite number of generators with mixed symmetry in the spacetime indices. Summarising, the form generators are

R^α (133) R^{a,M} (56) R^{a1a2,α} (133) R^{a1a2 a3,A} (912) R^{a1 ...a4,αβ} (8645 ⊕ 133) , (4.1)

where α = 1, ..., 133, M = 1, ..., 56 and A = 1, ..., 912. The αβ indices of the 4-form are antisymmetric, which indeed corresponds to the reducible representation 8645 ⊕ 133.

The E_7 algebra is [R^α, R^β] = f^{αβ}_γ R^γ , (4.2) where f^{αβ}_γ are the E_7 structure constants. We also introduce the generators D^α_M^N in the 56, that satisfy the commutation relation

D^α_M^P D^β_P^N − D^β_M^P D^α_P^N = f^{αβ}_γ D^γ_M^N . (4.3)

The M indices are raised and lowered by the antisymmetric invariant metric Ω^{MN} , that is for a generic object V^M in the 56 we have

V^M = Ω^{MN} V_N V_M = V^N Ω_{NM} , (4.4) which implies Ω^{MN} Ω_{NP} = −δ^M_P . (4.5) Raising one index of the generator D^α_M^N one gets D^{α,MN} = Ω^{MP} D^α_P^N , (4.6) which is symmetric in MN.

We now write down the rest of the algebra. The commutators between the scalars and the other generators are dictated by the E_7 representation that the generators carry. In particular for the 1-form one has [R^α, R^{a,M} ] = D^α_N^M R^{a,N} (4.7) and for the 2-form [R^α, R^{a1a2,β}] = f^{αβ}_γ R^{a1a2,γ} . (4.8) The other commutators are [R^{a1 ,M} , R^{A2,N} ] = D^{MN}_α R^{a1 a2,α} [R^{a1 ,M} , R^{a2a3,α}] = S^{Mα}_A R^{a1a2a3,A} [R^{a1 a2,α}, R^{a3a4,β}] = R^{a1...a4,αβ} [R^{a1 ,M} , R^{a2a3a4,A}] = C^{MA}_{αβ} R^{a1...a4,αβ} , (4.9) where we have introduced the two E_7 invariant tensors S^{Mα}_A and C^{MA}_{αβ} , the last one being antisymmetric in αβ. Following [3], we are using the metric g^{αβ} = D^α_M^N D^β_N^M (4.10) to raise and lower indices in the adjoint. This metric is proportional to the Cartan-Killing metric, as can be seen from f_{αβγ} f^{αβδ} = −3δ^δ_γ . (4.11) A summary of the conventions for E_7 and E_6 is given in appendix A. The Jacobi identity involving three 1-forms produces the condition D^{(MN}_α S^{P )α}_A = 0 , (4.12) and S^{Mα}_A also satisfies D_{α,M}^N S^{Mα}_A = 0 , (4.13) which can be deduced from the fact that there is no singlet in the tensor product 56 ⊗ 912. Contracting eq. (4.12) with D^β_{NP} gives

S^{Mα}_A + 2(D^αD_β)_N^M S^{Nβ}_A = 0 . (4.14)

As will be described in detail in appendix A, the conditions of eqs. (4.13) and (4.14) project the Mα indices of S^{Mα}_A along the 912. Indeed, the only way of building an invariant from tensoring a 912 index with the product 56 ⊗ 133 is that this product is projected on the 912. The Jacobi identity between R^{a,M} , R^{b,N} and R^{cd,α} gives the condition

S^{Mα}_A C^{NA}_{βγ} + S^{Nα}_A C^{MA}_{βγ} + δ^α_{[β}D^{MN}_{γ]} = 0 . (4.15)

One can check that also all the other Jacobi identities are satisfied. We also define the invariant tensor Ω_{AB} in the antisymmetric product of two 912 representations, using the relation S^{Mα}_A S_{MαB} = Ω_{AB} , (4.16) and we use Ω_{AB} to raise and lower indices in the 912, adopting conventions analogous to those of eq. (4.4).

Writing down the group element g = e^{x·P} e^{Aa1...a4,αβ Ra1...a4,αβ} ...e^{Aa,M Ra,M} e^{ϕαRα} (4.17) one determines the field strengths of the massless theory by antisymmetrising the spacetime indices of the various terms in the Maurer-Cartan form, and the field equations of the supergravity theory arise as duality relations. In particular, the field-strength of the vector satisfies self-duality conditions, while the field-strength of the 2-form in dual to the scalar derivative. The field-strengths of the 3-forms vanish in the massless theory. In deriving the field strengths of the massless theory one takes the positive level E_{11} generators to commute with momentum. In the following we will consider the deformation of the E_{11} algebra which results from modifying the commutation relations of the E_{11} generators with momentum compatibly with the Jacobi identities, following the general results of section 2. Applying the general analysis of section 2 to the four-dimensional case, one makes the identifications R^{a1,M1} → R^{a1,M} Θ^{M1}_α → Θ^M_α R^{a1a2,M2} → R^{a1a2,α} W^{M2}_{M1} → W^α_{(2)M} R^{a1a2a3,M3} → R^{a1a2a3,A} W^{M3}_{M2} → W^A_{(3)α} R^{a1...a4,M4} → R^{a1...a4,αβ} W^{M4}_{M3} → W^{αβ}_{(4) A} . (4.18) Eq. (2.19), arising from the Jacobi identity between two 1-forms and momentum, reads in this case W^α_{(2)P} D^{MN}_α = 2X^{(MN)}_P , (4.19) where X^{MN}_P = Θ^M_α D^α_P^N . (4.20) Using eq. (4.10), from eq. (4.19) one gets W^α_{(2)M} = −2D^β_M^N D^α_{NP} Θ^P_β . (4.21) Eq. (2.16) for n = 2, which is the condition that the Jacobi identity involving the 1-form, the 2-form and momentum is satisfied, reads S^{Mα}_A W^A_{(3)β} = −W^α_{(2)N} D^{MN}_β + Θ^M_γ f^{γα}_β . (4.22) This has to be compatible with the conditions of eqs. (4.13) and (4.12) that S satisfies. The first condition gives 2Θ^M_α D_{β,M}^N D^α_N^P + Θ^P_β − X^{MN}_M D_{β,N}^P = 0 , (4.23) while the second is identically satisfied. If we then contract this last equation with D^β_P^Q we get X^{MN}_M = Θ^M_α D^α_M^N = 0 , (4.24) and plugging this into (4.23) and comparing with (4.21) one obtains W^α_{(2)M} = −Θ^α_M . (4.25) Substituting this in eq. (4.19) gives X^{(MNP )} = 0 , (4.26) and contracting this with D_{α,NP} gives

Θ^M_α = −2D_{α,N}^P Θ^N_β D^β_P^M . (4.27)

The two conditions of eqs. (4.24) and (4.27) project the embedding tensor Θ to belong to the 912 of E_7. Therefore we have shown that E_{11} produces all the linear (or representation) constraints on Θ^M_α . The Jacobi identities at the next level then give

W^{αβ}_{(4) A} = −2Θ^{[α}_M S^{Mβ]}_A . (4.28)

The embedding tensor also satisfies quadratic constraints that follow from the general analysis of section 2. In particular eq. (2.28), resulting from the Jacobi identity involving Θ^M_α R^α, R^{a,M} and momentum, together with eq. (2.27) for n = 2, resulting from the Jacobi identity involving the 2-form and two momentum operators, and which reads in this case

Ω_{MN} Θ^M_α Θ^N_β = 0 , (4.29)

imply that the quantities (X^M )^N_P are the generators of the subgroup of E_7 that in gauged. This analysis thus exactly reproduces all the constraints of [7]. It is important to stress that from E_{11} all the constraints arise from imposing the consistency of the deformed algebra.

To summarise, the Jacobi identities impose that the commutators of the deformed E_{11} generators with momentum are [R^{a,M} , P_b] = −gδ^a_b Θ^M_α R^α [R^{a1 a2,α}, P_b] = gΘ^α_M δ^{[a1}_b R^{a2],M} [R^{a1 a2a3,A}, P_b] = −gS^A_{Mα}[Θ^α_N D^{MN}_β + Θ^M_γ f^{γα}_β]δ^{[a1}_b R^{a2a3],β} [R^{a1 ...a4,αβ} , P_b] = 2gΘ^{[α}_M S^{Mβ]}_A δ^{[a1}_b R^{a2...a4],A} . (4.30) From these commutators, as well as the E_{11} commutators of eq. (4.9), and using the group element in eq. (4.17), one determines the field strengths and gauge transformations of the fields. The result is

F_{a1a2,M} = 2[∂_{[a1} A_{a2 ],M} − gΘ^α_M A_{a1a2,α} + g 2 A_{[a1,N} A_{a2],P} X^{NP}_M ] F_{a1a2a3,α} = 3[∂_{[a1} A_{a2a3],α} + 1 2 ∂_{[a1} A_{a2,M} A_{a3],N} D^{MN}_α + gS^A_{Mβ}(Θ^β_N D^{MN}_α + Θ^M_γ f^{γβ}_α)A_{a1a2a3,A} −gΘ^β_M D^{MN}_α A_{[a1a2,β}A_{a3],N} + g 6 A_{[a1,M} A_{a2,N} A_{a3],P} X^{MN}_QD^{QP}_α ] F_{a1...a4,A} = 4[∂_{[a1} A_{a2a3a4 ],A} − S^{Mα}_A ∂_{[a1} A_{a2a3,α}A_{a4 ],M} − 1 6 D^{MN}_α S^{P α}_A ∂_{[a1} A_{a2,M} A_{a3,N} A_{a4],P} −2gΘ^α_M S^{Mβ}_A A_{a1...a4,αβ} − gS^B_{Mα}(Θ^α_N D^{MN}_β + Θ^M_γ f^{γα}_β)S^{P β}_A A_{[a1a2a3,B} A_{a4],P} − g 2 Θ^α_M S^{Mα}_A A_{[a1a2,α}A_{a3 a4],β} + g 2 Θ^α_P D^{MP}_β S^{Nβ}_A A_{[a1a2,α}A_{a3,M} a_{a4],N} − g 24 X^{MN}_RD^{P R}_α S^{Qα}_A A_{[a1,M} A_{a2 ,N} A_{a3 ,P} A_{a4],Q}] , (4.31)

transforming covariantly under δA_{a,M} = a_{a,M} − gX^{NP}_M Λ_N A_{a,P} δA_{a1 a2,α} = a_{a1a2,α} + 1 2 D^{MN}_α a_{[a1,M} A_{a2],N} − gΘ^M_β Λ_M f^{βγ}_αA_{a1 a2,γ} δA_{a1 a2a3,A} = a_{a1a2a3,A} + S^{Mα}_A a_{[a1,M} A_{a2 a3],α} − 1 6 S^{Mα}_A D^{NP}_α A_{[a1,M} A_{a2,N} a_{a3],P} −gΘ^M_α D^α_A^BΛ_M A_{a1a2a3,B} δA_{a1 ...a4,αβ} = ∂_{[a1} Λ_{a2a3a4],αβ} + 1 2 a_{[a1a2 ,α}A_{a3a4],β} + C^{MA}_{αβ} a_{[a1,M} A_{a2a3a4],A} − 1 24 D^{P Q}_γ C^{MA}_{αβ} S^{Nγ}_A A_{[a1,M} A_{a2 ,N} A_{a3,P} a_{a4],Q} + 1 4 D^{MN}_{[α} A_{[a1a2,β]}A_{a3,M} a_{a4],N} +2gΘ^M_δ f^{δγ}_{[α}Λ_M A_{a1...a4,β]γ} , (4.32)

where D^α_A^B are the generators in the 912 and the parameters a_{a,M} , a_{a1a2,α} and a_{a1a2a3,A} are defined in terms of the gauge parameters as

a_{a,M} = ∂_aΛ_M + gΘ^α_M Λ_{a,α} a_{a1a2,α} = ∂_{[a1} Λ_{a2],α} − gS^A_{Mβ}(Θ^β_N D^{MN}_α + Θ^M_γ f^{γβ}_α)Λ_{a1a2,A} a_{a1a2a3,A} = ∂_{[a1} Λ_{a2a3],A} + 2gΘ^α_M S^{Mβ}_A Λ_{a1a2a3,αβ} . (4.33)

These are the field strengths and gauge transformations of any gauged maximal supergravity theory in four dimensions.

5 D=5

We now consider the five-dimensional case. The bosonic sector of the maximal massless supergravity theory in five dimensions [24] contains 42 scalars parametrising the manifold E_{6(+6)}/USp(8), the metric and a 1-form in the 27. This theory arises from the decomposition of E_{11} appropriate to five dimensions whose Dynkin diagram is shown in fig. 3. The

1 2 3 4 5 6 7 8 9 10

11

Figure 3: The E_{11} Dynkin diagram corresponding to 5-dimensional supergravity. The internal symmetry group is E_{6(+6)}.

form generators up to the 4-form included that occur in this decomposition of E_{11} with respect to GL(5, R) ⊗ E_6 are [13]

R^α (78) R^{a,M} (27) R^{ab}_M (27) R^{abc,α} (78) R^{abcd}_{MN} (351) , (5.1)

where R^α, α = 1, . . . , 78 are the E_6 generators, and an upstairs M index, M = 1, . . . , 27, corresponds to the 27 representation of E_6, a downstairs M index to the 27 of E_6 and the 4-forms are antisymmetric in MN, thus belonging to the 351. The commutation relations for the E_6 generators is [R^α, R^β] = f^{αβ}_γ R^γ , (5.2) where f^{αβ}_γ are the structure constants of E_6. The commutation relations of R^α with all the other generators is determined by the E_6 representations that they carry. This gives

[R^α, R^{a,M} ] = (D^α)_N^M R^{a,N} [R^α, R^{ab}_M ] = −(D^α)_M^N R^{ab}_N [R^α, R^{abc,β}] = f^{αβ}_γ R^{abc,γ} [R^α, R^{abcd}_{MN} ] = −(D^α)_M^P R^{abcd}_{P N} − (D^α)_N^P R^{abcd}_{MP} , (5.3) where (D^α)_N^M obey [D^α, D^β]_M^N = f^{αβ}_γ (D^γ )_M^N . (5.4)

The commutation relations of all the other generators are [R^{a,M} , R^{b,N} ] = d^{MNP} R^{ab}_P [R^{a,N} , R^{bc}_M ] = g_{αβ}(D^α)_M^N R^{abc,β} [R^{ab}_M , R^{cd}_N ] = R^{abcd}_{MN} [R^{a,P} , R^{bcd,α}] = S^{αP,MN} R^{abcd}_{MN} (5.5) where d^{MNP} is the completely symmetric invariant tensor of E_6 and g^{αβ} is defined by the relation D^α_M^N D^β_N^M = g^{αβ} (5.6) and is thus proportional to the Cartan-Killing metric of E_6, and is the metric that is used to raise and lower indices in the adjoint (we are using the E_6 conventions of [3], that are summarised in appendix A). Another useful identity is

f_{αβγ} f^{αβδ} = −4δ^δ_γ , (5.7)

where f^{αβγ} are the structure constants of E_6. S^{αP,MN} is also an invariant tensor, antisymmetric with respect to MN, and the Jacobi identity between two 1-forms and one 2-form gives g_{αβ}D^α_Q^{(P} S^{βR),MN} = − 1 2 δ^{[M}_Q d^{N]P R} . (5.8) Using the fact that d^{MNP} is completely antisymmetric one derives from this the condition

g_{αβ}D^α_M^N S^{βM,P Q} = 0 . (5.9)

One can show that all the Jacobi identities involving the generators are satisfied using the commutators listed above [13].

We now show that S^{αM,NP} is proportional to D^α_Q^{[N} d^{P ]MQ} and determine the coefficient of proportionality. We introduce the invariant tensor d_{MNP} in the completely symmetric product of three 27 indices, that satisfies [4]

d^{MNP} d_{MNQ} = δ^P_Q . (5.10)

Observe that the normalisation used here differs from the one used in [16], where the same contraction produced the delta function with a factor 5. This simply corresponds to a rescaling of d by √ 5. In appendix A we derive the useful relation

g_{αβ}D^α_M^N D^β_P^Q = 1 6 δ^N_P δ^Q_M + 1 18 δ^N_M δ^Q_P − 5 3 d^{NQR}d_{MP R} . (5.11)

Using this relation one shows that eq. (5.8) implies S^{αM,NP} = −3D^α_Q^{[N} d^{P ]MQ} . (5.12) Notice that this relation differs from the one in [16] because of the different conventions used in that paper. In particular in [16] the generators were normalised in such a way that the first coefficient in eq. (5.11) was equal to 1. Contracting eq. (5.8) with D^γ_P^Q and using eq. (5.12) one finally gets S^{αM,NP} + 3 2 (D^αD_β)_Q^M S^{βQ,NP} = 0 . (5.13)

As we will describe in detail in appendix A, the conditions of eqs. (5.9) and (5.13) are the conditions that the indices αM in S^{αM,NP} are in the 351. Indeed, given that the NP indices are antisymmetric and thus form the 351, the only way of building an invariant tensor from tensoring this with the product 27 ⊗ 78 is to project this product on the 351. Later in this section we will derive from E_{11} the same projection rules for the embedding tensor.

From the group element g = e^{x·P} e^{AMNa}1^{...a}4^{Ra1...a4MN} e^{Aa1a2a3,αRa1a2a3,α} e^{AMa}1^a2^{Ra1a2M} e^{Aa,M Ra,M} e^{ϕαRα} , (5.14) one can compute the Maurer-Cartan form using the fact that the generators commute with momentum in the massless theory. The complete antisymmetrisation of the indices leads to the gauge-invariant field-strengths of the massless theory obtained in [13].

We now consider the deformed case. This was analysed in detail in [17], where it was shown that introducing the Ogievetsky generators and deforming the algebra one obtains the field strengths of all the fields and dual fields of the gauged maximal five-dimensional supergravity which had been previously obtained in [16]. We now only concentrate on the deformed E_{11} generators, as we do in all other cases in this paper, which is all one needs to determine the field strengths of the massive theory. This is completely consistent if one simply assumes that the indices are antisymmetrised, and indeed the completely antisymmetric part of the Ogievetsky generators vanishes. As it is clear from the discussion in section 2, considering only the constraints coming from taking into account the deformed E_{11} generators is enough to determine the whole deformed algebra. The following analysis thus determines all the possible massive deformations of the algebra of eq. (5.5).

The general analysis of section 2 can be applied to the five-dimensional case making the identifications R^{a1,M1} → R^{a1,M} Θ^{M1}_α → Θ^M_α R^{a1a2 ,M2} → R^{a1a2}_M W^{M2}_{N1} → W_{MN} R^{a1a2 a3,M3} → R^{a1a2a3,α} W^{M3}_{M2} → W^{αM}_{(3)} R^{a1...a4,M4} → R^{a1 ...a4}_{MN} W^{M4}_{M3} → W_{(4)MNα} . (5.15) The Jacobi identity among two 1-forms and momentum gives eq. (2.19), which in this case is d^{MNQ}W_{QP} = 2X^{(MN)}_P , (5.16) where as usual X^{MN}_P = Θ^M_α D^α_P^N . (5.17) Contracting with d_{MNR} one then gets W_{RP} = 2d_{MN[R}Θ^M_α D^α_{P ]}^N − d_{RP N} X^{MN}_M , (5.18) where the first term is antisymmetric and the second is symmetric in RP . The Jacobi identity involving the 1-form, the 2-form and momentum gives eq. (2.16) for n = 2, which is W_{NP} d^{P MQ} + X^{MQ}_N = −W^Q_{(3)α}D^α_N^M , (5.19) while the Jacobi identity involving two 2-forms and momentum gives W^α_{(4)MN} = W_{MP} D^α_N^P − W_{NP} D^α_M^P (5.20) and the Jacobi identity involving the 1-form, the 3-form and momentum gives W^γ_{(4)NP} S^{M,NP}_α = Θ^M_β f^β_{αγ} − W^N_{(3)α}D_{γ,N}^M . (5.21) Substituting W^α_{(4)MN} given in eq. (5.20) in this last equation and contracting α and γ gives 2W_{NQ}D_{α,P}^QS^{αM,NP} = −W^N_{(3)α}D_{α,N}^M , (5.22) and using eq. (5.19), as well as eqs. (5.12) and (5.11), one obtains W_{MN} d^{MNP} = 0 . (5.23)

From eq. (5.19) one can deduce that this implies X^{MN}_M = D^α_M^N Θ^M_α = 0 , (5.24) so that from eq. (5.18) one gets that W_{MN} must be antisymmetric, that is it belongs to the 351. This also implies that W^M_{(3)α} = Θ^M_α , (5.25) and substituting everything in eq. (5.21) one gets f^{αβ}_γ Θ^Q_β − D^α_P^QΘ^P_γ = 2D^α_M^P W_{P N} g_{βγ} S^{βQ,MN} , (5.26) where W_{MN} is in the 351. If Θ was not along the 351 this equation would be inconsistent because it would imply the invariance of Θ under E_6. Therefore the embedding tensor has to belong to the 351. To determine this more rigorously, we now show that eq. (5.26) leads to the projection for Θ analogous to that in eq. (5.13). Contracting eq. (5.26) with D^α_Q^R gives 26 9 Θ^R_γ + (D_γ D^β)_Q^RΘ^Q_β = 20 9 W_{NP} S^{R,NP}_γ , (5.27) while contracting it with f_{αγδ} gives 4Θ^R_γ + (D_γ D^β)_Q^RΘ^Q_β = 10 3 W_{NP} S^{R,NP}_γ , (5.28) and combining these two equations one gets Θ^R_γ + 3 2 (D_γ D^β)_Q^RΘ^Q_β = 0 . (5.29) This equation, together with eq. (5.24), projects the embedding tensor on the 351.

The embedding tensor also satisfies quadratic constraints, as discussed in complete generality in section 2. The Jacobi identity between Θ^M_α R^α, R^{a,N} and P_b gives Θ^M_α Θ^N_β f^{αβ}_γ − Θ^P_γ X^{MN}_P = 0 , (5.30) while the Jacobi identity between the 2-form and two momentum operators gives Θ^M_α W_{MN} = 0 . (5.31) Combining these two conditions one obtains the condition that the embedding tensor is invariant under the gauge group, which is the subgroup of E_6 generated by Θ^M_α R^α.

To summarise, we have shown that the Jacobi identities constrain the commutators of the deformed E_{11} generators and momentum to be [R^{a,M} , P_b] = −gδ^a_b Θ^M_α R^α [R^{a1 a2}_M , P_b] = −gW_{MN} δ^{[a1}_b R^{a2],N} [R^{a1 a2a3}_α, P_b] = −gΘ^M_α δ^{[a1}_b R^{a2a3]}_M [R^{a1 ...a4}_{MN} , P_b] = −2gW_{[M|P |}D^α_{N]}^P δ^{[a1}_b R^{a2 a3a4]}_α . (5.32)

From this commutators,as well as the E_{11} commutators of eq. (5.5), and using the group element of eq. (5.14), we determine the field strengths of the fields using the general results of section 2. The result is

F_{a1a2 ,M} = 2[∂_{[a1} A_{a2],M} + 1 2 gX^{[NP ]}_M A_{[a1,N} A_{a2],P} − gW_{MN} A^N_{a1a2} ] F^M_{a1a2 a3} = 3[∂_{[a1} A^M_{a2a3]} + 1 2 ∂_{[a1} A_{a2 ,N} A_{a3 ],P} d^{MNP} − 2gX^{(MN)}_P A^P_{[a1a2} A_{a3 ],N} + 1 6 gX^{[NP ]}_R d^{RQM} A_{[a1,N} A_{a2 ,P} A_{a3],Q} + gΘ^M_α A^α_{a1 a2a3} ] F^α_{a1...a4} = 4[∂_{[a1} A^α_{a2...a4]} − 1 6 ∂_{[a1} A_{a2,M} A_{a3 ,N} A_{a4 ],P} d^{MNQ}D^α_Q^P − ∂_{[a1} A^M_{a2a3} A_{a4],N} D^α_M^N +gD^α_M^P Θ^M_β A_{[a1,P} A^β_{a2...a4]} + 2gD^α_M^P W_{P N} A^{MN}_{a1...a4} − g 2 D^α_M^P W_{P N} A^M_{[a1a2} A^N_{a3a4]} −gD^α_M^P X^{(MR)}_Q A_{[a1,P} A_{a2,R}A^Q_{a3a4]} − 1 24 gX^{[MN]}_R d^{RP S} D^α_S^QA_{[a1,M} A_{a2,N} A_{a3,P} A_{a4],Q}] .(5.33) These are the field-strengths of the five-dimensional gauged maximal supergravity [16]. One can also derive the gauge transformations of the fields from the non-linear realisation. The result is δA_{a,M} = a_{a,M} − gΛ_N X^{NP}_M A_{a,P} δA^M_{a1a2} = a^M_{a1a2} + 1 2 a_{[a1,N} A_{a2]P} d^{MNP} + gΛ_N X^{NM}_P A^P_{a1a2} δA^α_{a1a2a3} = a^α_{a1a2a3} + a_{[a1,M} A^N_{a2a3]}D^α_N^M + 1 6 a_{[a1,M} A_{a2,N} A_{a3],P} d^{MNQ}D^α_Q^P −gΛ_M Θ^M_β f^{αβ}_γ A^γ_{a1a2a3} δA^{MN}_{a1...a4} = ∂_{[a1} Λ^{MN}_{a2a3a4]} + 1 2 a^{[M}_{[a1a2} A^{N]}_{a3a4} + a_{[a1,P} A^α_{a2 a3a4]}g_{αβ}S^{βP,MN} − 1 24 a_{[a1,P} A_{a2,Q}A_{a3 ,R}A_{a4],S}d^{P QT} D^α_T^RS^{βS,MN} g_{αβ} − 1 4 a_{[a1,P} A_{a2,Q}A^{[M}_{a3a4]}d^{N]P Q} −2gΛ_P X^{P [M}_QA^{N]Q}_{a1 ...a4} , (5.34) where the parameters a_{a,M} , a^M_{a1a2} and a^α_{a1 a2a3} are defined in terms of the gauge parameters as a_{a,M} = ∂_aΛ_M + gW_{MN} Λ^N_a a^M_{a1a2} = ∂_{[a1} Λ^M_{a2]} − gΘ^M_α Λ^α_{a1a2} a^α_{a1a2a3} = ∂_{[a1} Λ^α_{a2a3]} − 2gW_{MP} D^α_N^P Λ^{MN}_{a1a2a3} . (5.35)

We also compute the field strength of the 4-form up to a term involving the 5-form, the result being F^{MN}_{a1...a5} = 5[∂_{[a1} A^{MN}_{a2...a5]} + ∂_{[a1} A^α_{a2...a4} A_{a5 ],P} S^{βP,MN} g_{αβ} − 1 2 D_{αP}^QS^{αR,MN} ∂_{[a1} A^P_{a2 a3} A_{a4,Q}A_{a5],R} + 1 2 ∂_{[a1} A^{[M}_{a2 a3} A^{N]}_{a4a5]} − 1 24 d^{P RQ}D_{αR}^S S^{αT,MN} ∂_{[a1} A_{a2,P} A_{a3,Q}A_{a4,S} A_{a5],T} +2gW_{RQ}D_{αS}^QS^{αP,MN} A^{RS}_{[a1...a4} A_{a5],P} + gΘ^{[M}_α A^α_{[a1a2a3} A^{N]}_{a4a5 ]} − g 2 Θ^P_α D_{β,P}^QS^{βR,MN} A^α_{[a1a2a3} A_{a4,Q}A_{a5],R} + g 2 W_{RQ}D_{α,S}^QS^{αP,MN} A^R_{[a1a2} A^S_{a3 a4} A_{a5],P} − g 6 W_{T R}d^{RUS} D_{αS}^P S^{αQ,MN} A^T_{[a1a2} A_{a3,U} A_{a4,P} A_{a5 ],Q} − g 5! X^{P Q}_U d^{URV} D_{β,V}^SS^{βT,MN} A_{[a1,P} A_{a2,Q}A_{a3 ,R}A_{a4,S}A_{a5 ],T} ] . (5.36) In order to compute the complete field strength for the 4-form one should consider the contribution of the 5-form generators in the deformed algebra.

6 D=6

In this section we consider the six-dimensional case. The symmetry of the massless maximal supergravity theory in 6 dimensions [25] is SO(5, 5), and the bosonic sector of the theory describes 25 scalars parametrising SO(5, 5)/[SO(5) × SO(5)], the metric, a 1-form in the 16 and a 2-form in the 10, whose field strength satisfies a self-duality condition. From E_{11} this theory arises after deleting node 6 in the E_{11} Dynkin diagram, as shown in fig. 4. From the diagram it is manifest that the 1-forms belong to the spinor representation.

The positive level E_{11} generators with completely antisymmetric spacetime indices that arise in six dimensions, without considering the 6-forms, are

R^{MN} (45) R^{a,α̇} (16) R^{a1 a2,M} (10) R^{a1a2a3,α} (16) R^{a1 a2a3a4,MN} (45) R^{a1...a5,Mα} (144) , (6.1)

1 2 3 4 5 6 7 8 9 10

11

Figure 4: The E_{11} Dynkin diagram corresponding to 6-dimensional supergravity. The internal symmetry group is SO(5, 5).

where M = 1, . . . , 10 is a vector index of SO(5, 5) and α, α̇ = 1, . . . , 16 denote the two spinor representations of SO(5, 5). The scalar generators R^{MN} and the 4-form generators R^{a1a2a3a4,MN} are antisymmetric in MN and thus belong to the 45 of SO(5, 5). Note that the 1-form generators belong to the 16 of SO(5, 5), which is denoted by the α̇ index, as they belong to the representation complex conjugate to the one of the vector fields. The 2-forms belong to the 10, the 3-forms belong to the 16 and the 5-forms to the 144.

It is useful to list the conventions for the SO(5, 5) Gamma matrices that we are using. In particular, we are using a Weyl basis, so that the Gamma matrices have the form

Γ_{M,A}^B = ( 0 Γ_{M,α}^{β̇} Γ_{M,α̇}^β 0 ) , (6.2)

where A = 1, ..., 32. They satisfy the Clifford algebra

{Γ_M , Γ_N } = 2η_{MN} (6.3)

where η_{MN} is the Minkowski metric. The charge conjugation matrix is C^{AB} = ( 0 C^{αβ̇} C^{α̇β} 0 ) , (6.4)

which is antisymmetric and unitary, that is

C^{αβ̇} = −C^{β̇α} (6.5) and C^†_{αβ̇}C^{β̇γ} = δ^γ_α C^†_{α̇β}C^{βγ̇} = δ^{γ̇}_{α̇} , (6.6)

and satisfies the property CΓ_M C^† = −Γ^T_M . (6.7)

In this section we will make use of various Fierz identities, the most relevant being (CΓ_M )^{(αβ} Γ^M_{α̇}^{γ)} = 0 (CΓ_M )^{(α̇β̇}Γ^M_α^{γ̇)} = 0 , (6.8) which is the well-known identity of Gamma matrices in ten dimensions. The 5-form generators satisfy the constraint R^{a1...a5,Mα}Γ_{Mα}^{α̇} = 0 , (6.9) which indeed restricts them in the 144 of SO(5, 5).

We now analyse the commutation relations. The SO(5, 5) algebra is [R^{MN} , R^{P Q}] = η^{MP} R^{NQ} − η^{NP} R^{MQ} + η^{NQ}R^{MP} − η^{MQ}R^{NP} (6.10) while the commutators of the SO(5, 5) generators is [R^{MN} , R^{a,α̇}] = − 1 2 Γ^{MN}˙_β^{α̇}R^{a,β̇} [R^{MN} , R^{ab,P} ] = η^{MP} R^{ab,N} − η^{NP} R^{ab,M} [R^{MN} , R^{abc,α}] = − 1 2 Γ^{MN}_β^αR^{abc,β} (6.11) and similarly for the higher rank generators. The commutators of the positive level generators of eq. (6.1) are [R^{a1,α̇}, R^{a2,β̇}] = (CΓ_M )^{α̇β̇} R^{a1a2,M} [R^{a1,α̇}, R^{a2a3,M} ] = Γ^M_α^{α̇}R^{a1a2a3,α} [R^{a1a2,M} , R^{a3a4,N} ] = R^{a1...a4,MN} [R^{a1,α̇}, R^{a2a3a4,α}] = 1 4 (CΓ_{MN} )^{α̇α}R^{a1...a4,MN} [R^{a1,α̇}, R^{a2...a5,MN} ] = Γ^{[M}_α^{α̇}R^{a1...a5,N]α} [R^{a1a2,M} , R^{a3a4a5,α}] = − 1 2 R^{a1...a5,Mα} . (6.12) One can show that all the Jacobi identities are satisfied. From this algebra, one can write down the group element g = e^{x·P} e^{Aa1...a5,MαRa1...a5,Mα} e^{Aa1...a4,MN Ra1...a4,MN} e^{Aa1a2a3,αRa1a2a3,α} e^{Aa1a2,M Ra1a2,M} e^{Aa,α̇Ra,α̇} e^{ϕMN RMN} (6.13) and compute the Maurer-Cartan form. The field strengths of the massless theory are then obtained antisymmetrising the spacetime indices of the various terms in the Maurer- Cartan form, and the field equations of the supergravity theory arise as duality relations.

In particular, the field-strength of the vector is dual to the field-strength of the 3-form, while the field strength of the 4-form is dual to the derivative of the scalars. The 2-forms satisfy self-duality conditions, while the field strength of the 5-form vanishes in the massless theory. In deriving the field strengths of the massless theory one takes the positive level E_{11} generators to commute with momentum. In the following we will consider the deformation of the E_{11} algebra which results from modifying the commutation relations of the E_{11} generators with momentum compatibly with the Jacobi identities. As already shown in other cases these deformations exactly coincide with all the possible massive deformations of the corresponding supergravity theory.

We thus consider all the consistent deformations of the massless algebra. Restricting the general analysis of section 2 to the particular case of six dimensions, we write the most general commutators of the first three positive level E_{11} generators with momentum as [R^{a,α̇}, P_b] = −gΘ^{α̇,MN} R_{MN} [R^{a1a2,M} , P_b] = −gW^M_{(2)α̇}δ^{[a1}_b R^{a2],α̇} [R^{a1a2a3 ,α}, P_b] = −gW^α_{(3)M} δ^{[a1}_b R^{a2a3],M} , (6.14)

where Θ is antisymmetric in MN. It turns out that the Jacobi identities involving these operators are enough to restrict the representation of Θ completely and to determine W_{(2)} and W_{(3)} uniquely in terms of Θ. This is what we are showing now. As done already in other sections for different dimensions, we can assume that the upstairs spacetime indices are all antisymmetrised when we compute the Jacobi identities. Indeed, the terms which are not completely antisymmetric are cancelled by deforming the E_{11} commutation relations in terms of Og 1 operators. The details of this mechanism were shown in [17] for various examples. In this paper we are only interested in the part of the algebra which is relevant for the determination of the field strengths, and thus we do not need to determine the part of the deformation which involves the Og generators.

The Jacobi identity between two 1-forms and momentum gives the relation

(CΓ)^{α̇β̇}W^M_{(2)γ̇} = − 1 2 Γ_{MN,γ̇}^{α̇}Θ^{β̇,MN} − 1 2 Γ_{MN,γ̇}^{β̇}Θ^{α̇,MN} , (6.15)

while the Jacobi identity between the 1-form, the 2-form and momentum gives

Γ^M_α^{α̇}W^{α,N}_{(3)} = 2Θ^{α̇,MN} − W^M_{(2)}˙_β(CΓ^N )^{α̇β̇} (6.16)

The antisymmetry of Θ in MN in the last equation implies

W^{α,M}_{(3)} = C^{αα̇}W^M_{(2)α̇} , (6.17)

as can be shown taking the part of eq. (6.16) which is symmetric in MN, and therefore does not contain Θ, and suitably contracting with Gamma matrices. Eq. (6.16) thus becomes Θ^{α̇,MN} = −(CΓ^{[M} )^{α̇β̇} W^{N]}_{(2)}˙_β , (6.18) and substituting this back in eq. (6.15) gives

[(CΓ_M )^{α̇β̇} δ^{δ̇}_{γ̇} + 1 2 (CΓ^N )^{β̇δ̇}Γ_{MN,γ̇}^{α̇} + 1 2 (CΓ^N )^{α̇δ̇}Γ_{MN,γ̇}^{β̇}]W^M_{(2)}˙_δ = 0 . (6.19)

Using the Fierz identity of eq. (6.8) one can show that this equation implies

Γ_{M,α}^{α̇}W^M_{(2)α̇} = 0 . (6.20)

This analysis shows that the most general deformation of the algebra is encoded in the embedding tensor Θ^M_{α̇} = −W^M_{(2)α̇} (6.21) which belongs to the 144. This is exactly the embedding tensor of the maximal supergravity theory in six dimensions [8], and this analysis shows again, as in any dimension, that the linear (or representation) constraint of the embedding tensor is completely encoded in the (deformed) E_{11} algebra.

One can determine the commutation relation of the 4-form and the 5-form with momentum requiring that all the Jacobi identities close. The final result is

[R^{a,α̇}, P_b] = −g(CΓ^M )^{α̇β̇}Θ^N_{β̇} δ^a_b R_{MN} [R^{a1 a2,M} , P_b] = gΘ^M_{α̇} δ^{[a1}_b R^{a2],α̇} [R^{a1 a2a3,α}, P_b] = gC^{αα̇}Θ^M_{α̇} δ^{[a1}_b R^{a2a3]}_M (6.22) [R^{a1 ...a4,MN} , P_b] = −2gΓ^{[M}_α^{α̇}Θ^{N]}_{α̇} δ^{[a1}_b R^{a2a3a4],α} [R^{a1 ...a5,Mα}, P_b] = −2gC^{αα̇}Θ_{Nα̇}δ^{[a1}_b R^{a2...a5],MN} − g 2 (CΓ_{NP} )^{α̇α}Θ^M_{α̇} δ^{[a1}_b R^{a2...a5],NP} All the quadratic constraints on the embedding tensor result from the Jacobi identities involving a positive level E_{11} generator and two momentum operators, as well as the Jacobi identities involving a positive level E_{11} generator, the momentum operator and the scalar operator R_{MN} Θ^M_{α̇} .

It is straightforward to compute the field strengths from the algebra above, using the general results of section 2 and appendix B. The field strength of the vectors is F_{a1a2,α̇} = 2[∂_{[a1} A_{a2 ],α̇} − gΘ^M_{α̇} A_{a1a2,M} + g 4 Θ^M_{γ̇} (CΓ^N )^{β̇γ̇} Γ_{MN,α̇}^{δ̇}A_{[a1,}˙_βA_{a2],}˙_δ] , (6.23) the field strength of the 2-form is

F_{a1a2a3,M} = 3[∂_{[a1} A_{a2a3,M} + 1 2 (CΓ_M )^{α̇β̇}∂_{[a1} A_{a2,α̇}A_{a3],}˙_β − gC^{αα̇}Θ_{Mα̇}A_{a1a2a3,α} −g(CΓ_M )^{α̇β̇}Θ^N_{β̇} A_{[a1a2,N} A_{a3],α̇} + g 12 (CΓ_{MNP} )^{β̇γ̇} (CΓ^N )^{α̇δ̇}Θ^P_{δ̇} A_{[a1,α̇}A_{a2,}˙_βA_{a3],γ̇} ] , (6.24) the field strength of the 3-form is F_{a1 ...a4,α} = 4[∂_{[a1} A_{a2...a4],α} − Γ^M_α^{α̇}∂_{[a1} A_{a2a3,M} A_{a4],α̇} − 1 6 (CΓ_M )^{α̇β̇}Γ^M_α^{γ̇} ∂_{[a1} A_{a2,α̇}A_{a3 ,}˙_βA_{a4 ],γ̇} + 2gΓ^M_α^{α̇}Θ^N_{α̇} A_{a1...a4,MN} +gC^{ββ̇}Θ^M_{β̇} Γ_{M,α}^{α̇}A_{[a1a2a3 ,β}A_{a4],α̇} − g 2 Θ^M_{α̇} Γ^N_α^{α̇}A_{[a1a2 ,M} A_{a3a4],N} + g 2 Θ^M_{γ̇} (CΓ_N )^{α̇γ̇} Γ^N_α^{β̇}A_{[a1a2,M} A_{a3,α̇}A_{a4],}˙_β − g 48 (CΓ^M )^{α̇ϵ̇}Θ^N_{ϵ̇} (CΓ_{MNP} )^{β̇γ̇} Γ^P_α^{δ̇}A_{[a1,α̇}A_{a2,}˙_βA_{a3,γ̇} A_{a4],}˙_δ] (6.25) and the field strength of the 4-form is F_{a1...a5,MN} = 5[∂_{[a1} A_{a2...a5],MN} + 1 4 (CΓ_{MN} )^{α̇α}A_{[a1,α̇}∂_{a2} A_{a3a4a5],α} − 1 2 A_{[a1a2,[M} ∂_{a3} A_{a4a5],N]} + 1 8 (CΓ_{MNP} )^{α̇β̇}A_{[a1,α̇}A_{a2,}˙_β∂_{a3} A^P_{a4a5]} + 1 4 · 4!

(CΓ_{MNP} )^{α̇β̇}(CΓ^P )^{γ̇δ̇}A_{[a1,α̇}A_{a2}˙_β A_{a3,γ̇} ∂_{a4} A_{a5],}˙_δ +2gA_{a1...a5,[Mα}C^{αα̇}Θ_{N]α̇} + g 2 A_{a1...a5,P α}(CΓ_{MN} )^{α̇α}Θ^P_{α̇} + g 2 (CΓ_{MN} )^{α̇α}Γ^P_α^{β̇}Θ^Q_{β̇} A_{[a1,α̇}A_{a2 ...a5],P Q} − gC^{αα̇}Θ_{[Mα̇}A_{[a1a2,N]}A_{a3a4a5],α} − g 8 (CΓ_{MNP} )^{α̇β̇}C^{αγ̇} Θ^P_{γ̇} A_{[a1,α̇}A_{a2,}˙_βA_{a3a4a5 ],α} − g 8 (CΓ_{MN} )^{α̇α}Γ^P_α^{β̇}Θ^Q_{β̇} A_{[a1,α̇}A_{a2a3,P} A_{a4a5],Q} − g 4 · 3!

(CΓ_{MNQ})^{α̇β̇}(CΓ^Q)^{γ̇δ̇}Θ^P_{δ̇} A_{[a1,α̇}A_{a2 ,}˙_βA_{a3 ,γ̇} A_{a4a5],P} + g 8 · 5!

(CΓ_{MNR})^{α̇β̇}(CΓ^R_{P Q})^{γ̇δ̇}(CΓ^P )^{ϵ̇ρ̇}Θ^Q_{ρ̇} A_{[a1,α̇}A_{a2 ,}˙_βA_{a3,γ̇} A_{a4,}˙_δA_{a5],ϵ̇}] . (6.26)

Using the general results of section 2 that are summarised in appendix B we also determine the gauge transformations of the fields under which the field strengths above transform covariantly. The gauge transformation of the 1-form is δA_{a,α̇} = a_{a,α̇} − 1 2 a^{MN} Γ_{MN,α̇}^{β̇}A_{a,}˙_β , (6.27) the gauge transformation of the 2-form is δA_{a1a2 ,M} = a_{a1 a2,M} − 1 2 (CΓ_M )^{α̇β̇}A_{[a1,α̇}a_{a2],}˙_β + 2a_M^N A_{a1a2,N} , (6.28) the gauge transformation of the 3-form is δA_{a1 a2a3,α} = a_{a1a2a3 ,α} + Γ^M_α^{α̇}A_{[a1a2,M} a_{a3],α̇} − 1 3! (CΓ_M )^{β̇γ̇} Γ^M_α^{α̇}A_{[a1,α̇}A_{a2,}˙_βa_{a3],γ̇} − 1 2 a^{MN} Γ_{MN,α}^βA_{a1a2a3,β} , (6.29) the gauge transformation of the 4-form is δA_{a1...a4,MN} = a_{a1...a4,MN} − 1 2 A_{[a1a2,[M} a_{a3a4],N]} − 1 4 (CΓ_{MN} )^{α̇α}A_{[a1a2a3,α}a_{a4 ],α̇} − 1 4 · 4!

(CΓ_{MNP} )^{α̇β̇}(CΓ^P )^{γ̇δ̇}A_{[a1,α̇}A_{a2,}˙_βA_{a3,γ̇} a_{a4],}˙_δ + 1 4 (CΓ_{[M} )^{α̇β̇}A_{[a1a2 ,N]}A_{a3,α̇}a_{a4 ],}˙_β + 4a_{[M}^P A_{a1 ...a4,|P |N]} (6.30) and the gauge transformation of the 5-form is δA_{a1...a5,Mα} = ∂_{[a1} Λ_{a2...a5],Mα} − 1 2 A_{[a1a2a3,α}a_{a4a5],M} − Γ^N_α^{α̇}A_{[a1...a4,MN} a_{a5 ],α̇} − 1 4 Γ^N_α^{α̇}A_{[a1a2,M} A_{a3a4,N} a_{a5],α̇} + 1 2 · 3!

(CΓ_N )^{β̇γ̇} Γ^N_α^{α̇}A_{[a1a2 ,M} A_{a3,α̇}A_{a4 ,}˙_βa_{a5 ],γ̇} + 1 4 · 5!

(CΓ_{MNP} )^{β̇α̇}Γ^N_α^{α̇}(CΓ^P )^{δ̇ϵ̇}A_{[a1,α̇}A_{a2,}˙_βA_{a3,γ̇} A_{a4 ,}˙_δa_{a5],ϵ̇} − 1 2 a^{NP} Γ_{NP,α}^β A_{a1...a5,Mβ} + 2a_M^N A_{a1...a5,Nα} , (6.31) where the parameters a are given in terms of the gauge parameters Λ according to eqs. (2.52) and (2.55), which in the six-dimensional case are

a_{MN} = −gΛ_{α̇}(CΓ_{[M} )^{α̇β̇}Θ_{N]}˙_β a_{a,α̇} = ∂_aΛ_{α̇} + gΘ^M_{α̇} Λ_{a,M} a_{a1a2,M} = ∂_{[a1} Λ_{a2],M} + gC^{αα̇}Θ_{Mα̇}Λ_{a1a2 ,α} a_{a1a2a3,α} = ∂_{[a1} Λ_{a2a3],α} − 2gΓ^M_α^{α̇}Θ^N_{α̇} Λ_{a1a2a3,MN} a_{a1...a4,MN} = ∂_{[a1} Λ_{a2a3a4],MN} − (2gC^{αα̇}δ^P_{[M} Θ_{N]α̇} + g 2 (CΓ_{MN} )^{α̇α}Θ^P_{α̇} )Λ_{a1...a4,P α} .(6.32)

One can easily determine also the field strength of the 5-form (up to the term containing the 6-form potential) using the formulae in appendix B.

7 D=7

The multiplet describing massless maximal supergravity theory in 7 dimensions [26] has a bosonic sector containing 14 scalars parametrising SL(5, R)/SO(5), the metric, a 1-form in the 10 and a 2-form in the 5 of SL(5, R). This theory results from E_{11} after deletion of node 7, as shown in the Dynkin diagram of fig. 5. One can see from the diagram that the 1-forms carry two antisymmetric indices of SL(5, R).

1 2 3 4 5 6 7 8 9 10

11

Figure 5: The E_{11} Dynkin diagram corresponding to 7-dimensional supergravity. The internal symmetry group is SL(5, R).

The positive-level E_{11} generators with completely antisymmetric spacetime indices and up to the 6-form included are

R^M_N (24) R^{a,MN} (10) R^{a1a2}_M (5) R^{a1a2a3,M} (5) R^{a1a2a3a4}_{MN} (10) R^{a1...a5,M}_N (24) R^{a1...a6}_{MN,P} (40) R^{a1...a6,MN} (15) , (7.1) where M = 1, ..., 5. The scalar generators and the 5-forms are in the adjoint of SL(5, R) and thus satisfy R^M_M = R^{a1...a5,M}_M = 0. The 1-form and the 4-form are antisymmetric in MN. The 6-form R^{a1...a6}_{MN,P} is antisymmetric in MN and satisfies R^{a1...a6}_{[MN,P ]} = 0, which corresponds to the 40 of SL(5, R). Finally, the 6-form R^{a1...a6,MN} is symmetric in MN, corresponding to the 15 of SL(5, R).

The scalars generate SL(5, R),

[R^M_N , R^P_Q] = δ^P_N R^M_Q − δ^M_Q R^P_N , (7.2) while the commutators of the other generators with the scalars are [R^M_N , R^{a,P Q}] = δ^P_N R^{a,MQ} + δ^Q_N R^{a,P M} − 2 5 δ^M_N R^{a,P Q} [R^M_N , R^{ab}_P ] = −δ^M_P R^{ab}_N + 1 5 δ^M_N R^{ab}_P (7.3) and similarly for the higher level generators.

The commutators of the positive level generators in eq. (7.1) are [R^{a1 ,MN} , R^{a2,P Q}] = ϵ^{MNP QR}R^{a1 a2}_R [R^{a1 ,MN} , R^{a2a3}_P ] = δ^{[M}_P R^{a1a2a3,N]} [R^{a1 a3}_M , R^{a3a4}_N ] = R^{a1...a4}_{MN} [R^{a1 ,MN} , R^{a2a3a4,P} ] = ϵ^{MNP QR}R^{a1...a4}_{QR} [R^{a1 a2}_M , R^{a3a4a5,N} ] = R^{a1...a5,N}_M [R^{a1 ,MN} , R^{a2...a5}_{P Q}] = −2δ^{[M}_{[P} R^{a1...a5,N]}_{Q]} [R^{a1 a2a3,M} , R^{a4a5a6,N} ] = R^{a1...a6,MN} [R^{a1 a2}_M , R^{a3...a6}_{NP} ] = R^{a1...a6}_{NP,M} [R^{a1 ,MN} , R^{a2...a6,Q}_P ] = ϵ^{MNQRS} R^{a1...a6}_{RS,P} + δ^{[M}_P R^{a1...a6,N]Q} . (7.4) To prove that all the Jacobi identities close one makes use of the identity ϵ^{M1..M5} ϵ_{N1...N5} = 5!δ^{[M1...M5]}_{[N1...N5]} . (7.5) If one considers the group element g = e^{x·P} e^{Aa1...a6,MN Ra1...a6,MN} e^{AMN,Pa1...a6 Ra1...a6 MN,P} e^{Aa1...a5,M N Ra1...a5,M N} e^{AMNa}1^{...a}4^{Ra1...a4 MN} e^{Aa1a2a3,M Ra1a2a3,M} e^{AMa}1^a2^{Ra1a2M} e^{Aa,MN Ra,MN} e^{ϕM N RM N} (7.6) and compute the Maurer-Cartan form using the fact that the positive level generators commute with momentum, the field strengths of the massless theory are obtained antisymmetrising the spacetime indices of the various terms in the Maurer-Cartan form. Requiring that the field strengths satisfy duality relations, that is the field-strength of the vector is dual to the field-strength of the 4-form, the field strength of the 2-form is dual to the field strength of the 3-form and the field strength of the 6-form is dual to the derivative of the scalars, one recovers the field equations of the massless supergravity theory. We now consider the deformations of the E_{11} algebra resulting from modifying the commutation relations of the E_{11} generators with momentum compatibly with the Jacobi identities. In this way we will derive all the gauged supergravities in seven dimensions.

Following the results of section 2, the most general deformation that we can write down is [R^{a,MN} , P_b] = −gΘ^{MN,P}_QR^Q_P [R^{a1a2}_M , P_b] = −gW^{(2)}_{M,NP} δ^{[a1}_b R^{a2],NP} [R^{a1a2a3,M} , P_b] = −gW^{M,N}_{(3)} δ^{[a1}_b R^{a2a3]}_N , (7.7)

where Θ^{MN,P}_Q is antisymmetric in MN and Θ^{MN,P}_P = 0, and W^{(2)}_{M,NP} is antisymmetric in NP . For simplicity we have only considered the E_{11} generators up to level 4. Indeed it turns out that the constraints that the Jacobi identities impose on Θ, W_{(2)} and W_{(3)} are enough to restrict the representations of Θ uniquely.

The Jacobi identity involving two 1-forms and the momentum operator gives

Θ^{P Q,[M}_{[S}δ^{N]}_{T ]} + Θ^{MN,[P}_{[S}δ^{Q]}_{T ]} = 1 2 ϵ^{MNP QR}W^{(2)}_{R,ST} , (7.8) which can be solved for W^{(2)} in terms of Θ giving W^{(2)}_{R,ST} = ϵ_{MT P QR}Θ^{P Q,M}_S − ϵ_{MSP QR}Θ^{P Q,M}_T . (7.9) The Jacobi identity involving the 1-form, the 2-form and the momentum operator gives W^{(2)}_{P,RS} ϵ^{MNQRS} + Θ^{MN,Q}_P = − 1 2 W^{N,Q}_{(3)} δ^M_P + 1 2 W^{M,Q}_{(3)} δ^N_P . (7.10)

We can analyse the solutions of eqs. (7.9) and (7.10) for different representations of Θ. If we take Θ^{MN,P}_Q such that Θ^{[MN,P ]}_Q = 0, then eq. (7.9) implies

W^{(2)}_{M,NP} = 0 . (7.11)

Substituting this in eq. (7.10) and using Θ^{[MN,P ]}_Q = 0 and Θ^{MN,P}_P = 0 one obtains that W^{M,N}_{(3)} is symmetric in MN. One thus obtains the embedding tensor Θ^{MN} = W^{MN}_{(3)} in the 15 of SL(5, R) and we will then show that the inclusion of the forms of rank higher that 3 is also compatible with this deformation. If we instead take Θ^{MN,P}_Q to be completely antisymmetric in MNP , then we can write Θ^{MN,P}_Q = ϵ^{MNP RS} Θ_{RS,Q} , (7.12) and the condition Θ^{MN,P}_P = 0 implies Θ_{[MN,Q]} = 0. Therefore the embedding tensor Θ_{MN,P} belongs to the 40 of SL(5, R). Eq. (7.9) then gives W^{(2)}_{M,NP} = −Θ_{NP,M} , (7.13) and eq. (7.10) gives W^{M,N}_{(3)} = 0 . (7.14) Also in this case we will show that one can consistently include in the algebra the higher rank form generators. We now proceed with the analysis of the algebra and the derivation of the field strengths and gauge transformations for the two different cases corresponding to an embedding tensor in the 15 and in the 40. One can show that a linear combination of these two deformations is not allowed because of the quadratic constraints.

7.1 Embedding tensor in the 15 of SL(5, R)

We now determine the commutation relations or all the generators in eq. (7.1) with the momentum operator requiring the closure of the Jacobi identities. In the case of the embedding tensor Θ^{MN} in the 15 we get [R^{a,MN} , P_b] = −gΘ^{[M|P |}δ^a_b R^{N]}_P [R^{a1a2}_M , P_b] = 0 [R^{a1a2a3,M} , P_b] = −gΘ^{MN} δ^{[a1}_b R^{a2a3 ]}_N [R^{a1a2a3a4}_{MN} , P_b] = 0 [R^{a1...a5,M}_N , P_b] = gΘ^{MP} δ^{[a1}_b R^{a2...a5]}_{P N} [R^{a1...a6}_{MN,P} , P_b] = 0 [R^{a1...a6,MN} , P_b] = −2gΘ^{P (M} δ^{[a1}_b R^{a2...a6,N)}_P . (7.15) From the algebra above one computes the field strengths using the general results of section 2 and appendix B. The field strength of the vectors is F_{a1a2,MN} = 2[∂_{[a1} A_{a2],MN} + gΘ^{P Q}A_{[a1,P M} A_{a2],QN} ] , (7.16) the field strength of the 2-form is F^M_{a1a2a3} = 3[∂_{[a1} A^M_{a2a3]} + 1 2 ϵ^{MNP QR}∂_{[a1} A_{a2,NP} A_{a3],QR} + gΘ^{MN} A_{a1a2a3,N} + g 6 Θ^{NQ}ϵ^{MP RST} A_{[a1,NP} A_{a2,QR}A_{a3],ST} ] , (7.17) the field strength of the 3-form is F_{a1...a4,M} = 4[∂_{[a1} A_{a2...a4],M} − ∂_{[a1} A^N_{a2a3} A_{a4],NM} − 1 6 ∂_{[a1} A_{a2,NP} A_{a3 ,QR}A_{a4 ],SM} ϵ^{SNP QR} −gΘ^{NP} A_{[a1a2a3,N} A_{a4],P M} − g 12 Θ^{NQ}ϵ^{P RST U} A_{[a1,NP} A_{a2 ,QR}A_{a3,ST} A_{a4],UM} ] (7.18) and the field strength of the 4-form is F^{MN}_{a1...a5} = 5[∂_{[a1} A^{MN}_{a2...a5]} + ϵ^{P QRMN} A_{[a1,P Q}∂_{a2} A_{a3...a5],R} − 1 2 A^{[M}_{[a1a2} ∂_{a3} A^{N]}_{a4a5]} + 1 2 ϵ^{P QSMN} A_{[a1,P Q}A_{a2,RS} ∂_{a3} A^R_{a4a5]} + 1 4! ϵ^{T UV W R}ϵ^{P QSMN} A_{[a1,P Q}A_{a2,RS} A_{a3,T U} ∂_{a4} A_{a5 ],V W} −gΘ^{P [M} A^{N]}_{a1...a5} − gΘ^{P [M} A^{N]}_{[a1a2} A_{a3a4a5],P} + g 2 ϵ^{P QSMN} Θ^{RT} A_{[a1,P Q}A_{a2 ,RS} A_{a3a4a5],T} − g 2 · 5! ϵ^{P QSMN} ϵ^{T UY W R}Θ^{V X} A_{[a1,P Q}A_{a2,RS} A_{a3,T U} A_{a4,V W} A_{a5],XY} ] . (7.19) These field strengths transform covariantly under the gauge transformations δA_{a,MN} = a_{a,MN} + 2a_{[M}^P A_{a,|P |N]} δA^M_{a1a2} = a^M_{a1a2} − 1 2 ϵ^{MNP QR}A_{[a1,NP} a_{a2],QR} − a_N^M A^N_{a1a2} δA_{a1a2a3 ,M} = a_{a1 a2a3,M} + A^N_{[a1a2} a_{a3],NM} + 1 3! ϵ^{NQRST} A_{[a1,MN} A_{a2,QR}a_{a3],ST} +a_M^N A_{a1a2 a3,N} δA^{MN}_{a1...a4} = a^{MN}_{a1...a4} − 1 2 A^{[M}_{[a1a2} a^{N]}_{a3 a4]} − ϵ^{MNP QR}A_{[a1a2a3,P} a_{a4],QR} − 1 4! ϵ^{T UV W R}ϵ^{P QSMN} A_{[a1,P Q}A_{a2,RS} A_{a3,T U} a_{a4],V W} + 1 4 ϵ^{QRST [M} A^{N]}_{[a1a2} A_{a3,QR}a_{a4],ST} δA_{a1...a5,M}^N = ∂_{[a1} Λ_{a2...a5],M}^N − A_{[a1a2a3 ,M} a^N_{a4a5]} − 2A^{P N}_{[a1...a4} a_{a5],P M} + 1 2 A^N_{[a1a2} A^Q_{a3a4} a_{a5],QM} + 2 5! ϵ^{V W XY T} ϵ^{RSUP N} A_{[a1,P M} A_{a2 ,RS} A_{a3,T U} A_{a4,V W} a_{a5 ],XY} − 1 3! ϵ^{ST UV Q}A^N_{[a1a2} A_{a3 ,QM} A_{a4,ST} a_{a5],UV} − 2a_P^{[M} A^{|P |N]}_{a1 ...a5} , (7.20) where the parameters a are given in terms of the gauge parameters as

a_M^N = gΛ_{MP} Θ^{P N} a_{a,MN} = ∂_aΛ_{MN} a^M_{a1a2} = ∂_{[a1} Λ^M_{a2]} − gΘ^{MN} Λ_{a1a2,N} a_{a1a2a3,M} = ∂_{[a1} Λ_{a2a3],M} a^{MN}_{a1...a4} = ∂_{[a1} Λ^{MN}_{a2..a4]} + gΘ^{P [M} Λ_{a1...a4.P}^{N]} . (7.21)

One can easily determine the field strengths and the gauge transformations of the fields of higher rank using the general results on section 2 which are explicitly expanded in appendix B. 7.2 Embedding tensor in the 40 of SL(5, R)

In the case of the embedding tensor Θ_{MN,P} , which belongs to the 40, one gets [R^{a,MN} , P_b] = −gϵ^{MNP QR}Θ_{P Q,S}δ^a_b R^S_R [R^{a1a2}_M , P_b] = gΘ_{NP,M} δ^{[a1}_b R^{a2],NP} [R^{a1a2a3,M} , P_b] = 0 [R^{a1a2a3a4}_{MN} , P_b] = −gΘ_{MN,P} δ^{[a1}_b R^{a2 a3a4],P} [R^{a1...a5,M}_N , P_b] = gϵ^{MP QRS}Θ_{P Q,N} δ^{[a1}_b R^{a2...a5]}_{RS} [R^{a1...a6}_{MN,P} , P_b] = −gΘ_{NP,Q}δ^{[a1}_b R^{a2...a6],Q}_M − gΘ_{NQ,M} δ^{[a1}_b R^{a2...a6],Q}_P +gΘ_{P Q,M} δ^{[a1}_b R^{a2...a6],Q}_N [R^{a1...a6,MN} , P_b] = 0 . (7.22) For this deformation the field strength of the vector is F_{a1 a2,MN} = 2[∂_{[a1} A_{a2],MN} − gΘ_{MN,P} A^P_{a1 a2} + gϵ^{P QRT U} Θ_{T U,[M} A_{[a1,|P Q}A_{a2],R|N]}] , (7.23) the field strength of the 2-form is

F^M_{a1a2a3} = 3[∂_{[a1} A^M_{a2a3]} + 1 2 ϵ^{MNP QR}∂_{[a1} A_{a2,NP} A_{a3 ],QR} − gΘ_{ST,P} ϵ^{MST QR}A^P_{[a1a2} A_{a3],QR} + g 3 ϵ^{P QV W R}Θ_{V W,N} ϵ^{MNST U} A_{[a1,P Q}A_{a2,RS} A_{a3],T U} ] , (7.24) the field strength of the 3-form is F_{a1 ...a4,M} = 4[∂_{[a1} A_{a2 ...a4],M} − ∂_{[a1} A^N_{a2a3} A_{a4 ],NM} − 1 6 ∂_{[a1} A_{a2,NP} A_{a3,QR}A_{a4],SM} ϵ^{SNP QR} +gΘ_{NP,M} A^{NP}_{a1 ...a4} − g 2 Θ_{P M,N} A^N_{[a1a2} A^P_{a3a4]} + g 2 Θ_{T U,N} ϵ^{T UP QR}A^N_{[a1a2} A_{a3,P Q}A_{a4],RM} − g 12 ϵ^{NP W XQ}Θ_{W X,Z} ϵ^{UZRST} A_{[a1,NP} A_{a2,QR}A_{a3,ST} A_{a4],UM} ] (7.25) and the field strength of the 4-form is F^{MN}_{a1...a5} = 5[∂_{[a1} A^{MN}_{a2...a5]} + ϵ^{P QRMN} A_{[a1,P Q}∂_{a2} A_{a3...a5],R} − 1 2 A^{[M}_{[a1a2} ∂_{a3} A^{N]}_{a4a5]} + 1 2 ϵ^{P QSMN} A_{[a1,P Q}A_{a2,RS} ∂_{a3} A^R_{a4a5]} + 1 4! ϵ^{T UV W R}ϵ^{P QSMN} A_{[a1,P Q}A_{a2,RS} A_{a3,T U} ∂_{a4} A_{a5 ],V W} −gϵ^{MNP QS}Θ_{P Q,T} A_{a1...a5,S}^T + gϵ^{MNP QT} Θ_{RS,T} A_{[a1,P Q}A^{RS}_{a2...a5]} − g 2 ϵ^{MNP QT} Θ_{RT,S}A_{[a1,P Q}A^R_{a2a3} A^S_{a4 a5]} − g 3! ϵ^{MNP QS}ϵ^{T UW XR}Θ_{W X,V} A_{[a1,P Q}A_{a2,RS} A_{a3,T U} A^V_{a4a5]} − 2g 5! ϵ^{MNP QS}ϵ^{T UDW R}ϵ^{XY ABV} Θ_{AB,D}A_{[a1,P Q}A_{a2,RS} A_{a3,T U} A_{a4,V W} A_{a5],XY} ] .(7.26) The field strengths transform covariantly under the gauge transformations of eq. (7.20) where the parameters a are given as a_M^N = −gΛ_{P Q}ϵ^{P QRSN} Θ_{RS,M} a_{a,MN} = ∂_aΛ_{MN} + gΘ_{MN,P} Λ^P_a a^M_{a1a2} = ∂_{[a1} Λ^M_{a2]} a_{a1a2a3,M} = ∂_{[a1} Λ_{a2a3],M} − gΘ_{NP,M} Λ^{NP}_{a1a2a3} a^{MN}_{a1...a4} = ∂_{[a1} Λ^{MN}_{a2a3a4]} + gϵ^{P QRMN} Θ_{QR,S}Λ_{a1...a4,P}^S . (7.27) The field strengths and the gauge transformations of the higher rank fields can also easily been determined from the above algebra.

8 D=8

The bosonic sector of maximal massless eight-dimensional supergravity [27] contains seven scalars parametrising the manifold SL(3, R)/SO(3)×SL(2, R)/SO(2), the metric, a vector in the (3, 2) of the internal symmetry group SL(3, R) × SL(2, R), a 2-form in (3, 1) and an SL(2, R) doublet of 3-forms which satisfy self-duality conditions. The E_{11} Dynkin diagram corresponding to this theory is shown in fig. 6.

1 2 3 4 5 6 7 8 9 10

11

Figure 6: The E_{11} Dynkin diagram corresponding to 8-dimensional supergravity. The internal symmetry group is SL(3, R) × SL(2, R).

The positive-level E_{11} generators with completely antisymmetric spacetime indices and up to the 6-form included, together with their SL(3, R) × SL(2, R) representations, are R^i (1, 3) R^M_N (8, 1) R^{a,Mα} (3, 2) R^{a1a2}_M (3, 1) R^{a1a2a3,α} (1, 2) R^{a1a2a3a4 ,M} (3, 1) R^{a1 ...a5,α}_M (3, 2) R^{a1...a6,i} (1, 3) R^{a1...a6,M}_N (8, 1) R^{a1...a7,α}_{MN} (6, 2) R^{a1...a7,Mα} (3, 2) . (8.1) Here the index i = 1, 2, 3 and α = 1, 2 denote the adjoint and the fundamental of SL(2, R) respectively, while the upstairs index M = 1, 2, 3 denotes the fundamental of SL(3, R). The scalars R^i, i = 1, 2, 3, are the SL(2, R) generators, while the scalars R^M_N are the SL(3, R) generators and thus satisfy the constraint R^M_M = 0. The 6-form R^{a1...a6,M}_N also satisfies the constraint R^{a1 ...a6,M}_M = 0, while the 7-form R^{a1...a7,α}_{MN} is symmetric in MN.

The algebra of the scalars is [R^i, R^j] = f^{ij}_kR^k [R^M_N , R^P_Q] = δ^P_N R^M_Q − δ^M_Q R^P_N , (8.2) while the other commutation relations with the scalar generators are [R^i, R^{a,Mα}] = D^i_β^αR^{a,Mβ} [R^M_N , R^{a,P α}] = δ^P_N R^{a,Mα} − 1 3 δ^M_N R^{a,P α} (8.3) and similarly for the higher rank forms. Here D^i_β^α are the generators of SL(2, R) satisfying [D^i, D^j]_β^α = f^{ij}_kD^k_β^α (8.4) and f^{ij}_k are the structure constants of SL(2, R). In terms of Pauli matrices, a choice of D^i_β^α is D_1 = σ_1 2 D_2 = iσ_2 2 D_3 = σ_3 2 . (8.5) We raise and lower SL(2, R) indices using the antisymmetric metric ϵ^{αβ} , that is, for a generic doublet V^α, V^α = ϵ^{αβ} V_β V_α = V^βϵ_{βα} , (8.6) which implies ϵ^{αβ} ϵ_{βγ} = −δ^α_γ . (8.7) The generators D^{i,αβ} = ϵ^{αγ} D^i_γ^β (8.8) are symmetric in αβ. Useful identities relating the SL(2, R) generators are D^{αβ}_i D^{i,γδ} = − 1 4 [ϵ^{αγ} ϵ^{βδ} + ϵ^{αδ} ϵ^{βγ} ] (8.9) and D^i_β^γ D^j_γ^α + D^j_β^γ D^i_γ^α = 1 2 g^{ij}δ^α_β , (8.10) where g^{ij} is the SL(2, R) Killing metric.

The non-vanishing commutation relations involving all the non-scalar generators of eq.

(8.1) are [R^{a1,Mα}, R^{a2,Nβ}] = ϵ^{αβ} ϵ^{MNP} R^{a1a2}_P [R^{a1,Mα}, R^{a2a3}_N ] = δ^M_N R^{a1 a2a3,α} [R^{a1a2}_M , R^{a3a4}_N ] = ϵ_{MNP} R^{a1a2a3a4,P} [R^{a1,Mα}, R^{a2a3a4,β}] = −ϵ^{αβ} R^{a1a2 a3a4,M} [R^{a1,Mα}, R^{a2...a5,N} ] = ϵ^{MNP} R^{a1...a5,α}_P [R^{a1a2}_M , R^{a3a4a5,α}] = R^{a1...a5,α}_M [R^{a1,Mα}, R^{a2...a6,β}_N ] = ϵ^{αβ} R^{a1...a6,M}_N + D^{αβ}_i δ^M_N R^{a1...a6,i} [R^{a1a2}_M , R^{a3...a6,N} ] = −R^{a1 ...a6,N}_M [R^{a1a2a3,α}, R^{a4a5a6,β}] = D^{αβ}_i R^{a1 ...a6,i} [R^{a1,Mα}, R^{a2...a7,i}] = D^i_β^αR^{a1...a7,Mβ} [R^{a1,Mα}, R^{a2...a7,N}_P ] = 3 8 δ^M_P R^{a1...a7,Nα} − 1 8 δ^N_P R^{a1...a7,Mα} + ϵ^{MNQ}R^{a1...a7,α}_{P Q} [R^{a1a2}_M , R^{a3...a7,α}_N ] = 1 8 ϵ_{MNP} R^{a1...a7,P α} − R^{a1...a7,α}_{MN} [R^{a1a2a3,α}, R^{a4a5a6a7,M} ] = − 1 4 R^{a1 ...a7,Mα} . (8.11) One can show that all Jacobi identities are satisfied. This requires the use of the identities of eqs. (8.6)-(8.10), as well as the identities ϵ^{M1M2M3} ϵ_{N1N2N3} = 6δ^{[M1M2M3]}

[N_1N_2N_3] (8.12) and ϵ^{αβ} ϵ_{γδ}V^γ W^δ = V^αW^β − V^βW^α , (8.13) where in the last equation V and W are two generic SL(2, R) doublets.

The derivation of the field strengths of all the fields and dual fields of massless maximal supergravity follows exactly the same steps as in the other cases. One considers the group element g = e^{x·P} e^{Aa1...a7,MαRa1...a7,Mα} ...e^{AMa}1^a2^{Ra1a2M} e^{Aa,MαRa,Mα} e^{ϕM N RM N} e^{ϕiRi} , (8.14) and computes the Maurer-Cartan form using the fact that in the massless case the positive level generators commute with momentum. In this way one derives the field strengths of the massless theory antisymmetrising the spacetime indices of the various terms in the

Maurer-Cartan form. The field equations are then obtained imposing duality conditions for the various field strengths. We now consider all the consistent deformations of the E_{11} algebra resulting from modifying the commutation relations of the E_{11} generators with momentum compatibly with the Jacobi identities. In this way we will derive all the gauged supergravities in eight dimensions.

The representation of the embedding tensor is contained in the tensor product of the representation of the 1-form generator and of the scalar generators. In eight dimensions this leads to

(3, 2) ⊗ [(1, 3) ⊕ (8, 1)] = (3, 2) ⊕ (3, 2) ⊕ (3, 4) ⊕ (6, 2) ⊕ (15, 2) . (8.15)

We now show that only including an embedding tensor in the (6, 2) or in one of the two (3, 2) representations leads to a consistent deformation of the algebra.

We first show that the deformations in the (15, 2) and in the (3, 4) are ruled out. The first case corresponds to the embedding tensor Θ^{MN,α}_P , symmetric in MN and satisfying the traceless condition Θ^{MN,α}_N = 0. We want to write down the commutator [R^{a,Mα}, P_b] = −gΘ^{MN,α}_P δ^a_b R^P_N , (8.16) but the Jacobi identity between R^{a,Mα}, R^{b,Nβ} and P_c shows that this is ruled out because of symmetry arguments. Analogously, in the (3, 4) case we would write [R^{a,Mα}, P_b] = −gΘ^{M,αβγ} D_{i,βγ} δ^a_b R^i , (8.17) where Θ^{M,αβγ} is completely symmetric in αβγ, but again the Jacobi identity between R^{a,Mα}, R^{b,Nβ} and P_c rules this out.

We now consider the two (3, 2) deformations. These lead to

[R^{a,Mα}, P_b] = −gδ^a_b [aΘ^{Nα}R^M_N + bΘ^{Mβ}D_{i,β}^αR^i] (8.18)

where the parameters a and b are in principle arbitrary, and we now determine the constraints on these parameters that come from the Jacobi identities. The Jacobi identity between R^{a,Mα}, R^{b,Nβ} and P_c gives b = − 8 3 a , (8.19)

and we can fix the parameter a to 1. Therefore, only one of the two (3, 2) deformations can lead to a consistent algebra. In the remaining of this section we show that this deformation is indeed consistent, and we also show that the embedding tensor in the (6, 2) leads to a consistent deformation. We do this determining the commutation relations of all the generators in eq. (8.1) with momentum consistently with the Jacobi identities.

8.1 Embedding tensor in the (3, 2) of SL(3, R) × SL(2, R)

We first consider the deformation in the (3, 2), that is the embedding tensor Θ^{Mα}. The result is [R^{a,Mα}, P_b] = −gδ^a_b [Θ^{Nα}R^M_N − 8 3 Θ^{Mβ}D_{i,β}^αR^i] [R^{a1a2}_M , P_b] = − 1 3 gϵ_{MNP} ϵ_{αβ} Θ^{Nα}δ^{[a1}_b R^{a2],P β} [R^{a1a2a3,α}, P_b] = 2 3 gΘ^{Mα}δ^{[a1}_b R^{a2a3]}_M [R^{a1...a4,M} , P_b] = 2 3 gϵ_{αβ}Θ^{Mα}δ^{[a1}_b R^{a2 a3a4],β} [R^{a1...a5,α}_M , P_b] = 1 3 gϵ_{MNP} Θ^{Nα}δ^{[a1}_b R^{a2...a5],P} [R^{a1...a6,i}, P_b] = − 8 3 gD^i_{αβ}Θ^{Mα}δ^{[a1}_b R^{a2...a6],β}_M [R^{a1...a6,N}_M , P_b] = −gϵ_{αβ}[Θ^{Nα}δ^P_M − 1 3 Θ^{P α}δ^N_M ]δ^{[a1}_b R^{a2...a6],β}_P [R^{a1...a7,Mα}, P_b] = − 8 3 gΘ^{Mβ}D_{i,β}^αδ^{[a1}_b R^{a2...a7],i} + 8 3 gΘ^{Nα}δ^{[a1}_b R^{a2...a7],M}_N [R^{a1...a7,α}_{MN} , P_b] = 0 . (8.20) From the algebra above as well as the algebra in eq. (8.11) and using the group element of eq. (8.14) one can compute the field strengths and the gauge transformations of the fields following the general analysis of section 2. The field strength of the 1-form is

F_{a1 a2,Mα} = 2[∂_{[a1} A_{a2],Mα} + g 3 ϵ_{MNP} ϵ_{αβ} Θ^{Nβ}A^P_{a1a2} − 5g 6 Θ^{Nβ}A_{[a1,Nα}A_{a2 ],Mβ} + g 6 Θ^{Nβ}A_{[a1,Mα}A_{a2],Nβ} − g 3 Θ^N_α A^β_{[a1,M} A_{a2],Nβ}] , (8.21)

the field strength of the 2-form is

F^M_{a1a2a3} = 3[∂_{[a1} A^M_{a2a3]} + 1 2 ϵ^{αβ} ϵ^{MNP} A_{[a1,Nα}∂_{a2} A_{a3],P β} − 2g 3 Θ^{Mα}A_{a1a2a3,α} + g 3 Θ^{Nα}A_{[a1,Nα}A^M_{a2a3]} − g 3 Θ^{Mα}A_{[a1,Nα}A^N_{a2a3]} + 7g 3 · 3! Θ^{P β}ϵ^{MNQ}A^α_{[a1,N} A_{a2,P α}A_{a3],Qβ}] (8.22) and the field strength of the 3-form is F_{a1 ...a4,α} = 4[∂_{[a1} A_{a2a3a4],α} + A_{[a1,Mα}∂_{a2} A^M_{a3a4]} + 1 3! ϵ^{βγ} ϵ^{MNP} A_{[a1,Mα}A_{a2,Nβ}∂_{a3} A_{a4],P γ} + 2g 3 ϵ_{αβ} Θ^{Mβ}A_{a1...a4,M} − 2g 3 Θ^{Mβ}A_{[a1,Mα}A_{a2a3a4],β} + g 6 Θ^{Nβ}A_{[a1,Mα}A_{a2,Nβ}A^M_{a3a4]} − g 6 Θ^{Mβ}A_{[a1,Mα}A_{a2 ,Nβ}A^N_{a3 a4]} − 7g 3 · 4! Θ^{P δ}ϵ^{βγ} ϵ^{MNQ}A_{[a1,Mα}A_{a2,Nβ}A_{a3,P γ} A_{a4],Qδ}] . (8.23) These field strengths transform covariantly under the gauge transformations δA_{a,Mα} = a_{a,Mα} + a_M^N A_{a,Nα} − 1 3 a_N^N A_{a,Mα} + a_iD^i_α^β A_{a,Mβ} δA^M_{a1a2} = a^M_{a1a2} − 1 2 ϵ^{αβ}ϵ^{MNP} A_{[a1,Nα}a_{a2 ],P β} − a_N^M A^N_{a1a2} + 1 3 a_N^N A^M_{a1a2} δA_{a1a2a3,α} = a_{a1a2a3,α} + A^M_{[a1a2} a_{a3 ],Mα} − 1 3! ϵ^{MNP} ϵ^{βγ} A_{[a1,Mα}A_{a2Nβ} a_{a3],P γ} + a_iD^i_α^βA_{a1 a2a3,β} δA_{a1...a4,M} = ∂_{[a1} Λ_{a2a3a4],M} − 1 2 ϵ_{MNP} A^N_{[a1a2} a^P_{a3a4]} − ϵ^{αβ} A_{[a1a2 a3,α}a_{a4],β} + 1 4! ϵ^{αβ} ϵ^{γδ} ϵ^{NP Q}A_{[a1,Mα}A_{a2,Nβ}A_{a3,P γ} A_{a4],Qδ} − 1 4 ϵ^{αβ} A^N_{[a1a2} A_{a3,Mα}a_{a4 ],Nβ} + 1 4 ϵ^{αβ} A^N_{[a1a2} A_{a3,Nα}a_{a4],Mβ} + a_M^N A_{a1...a4,N} − 1 3 a_N^N A_{a1...a4,M} , (8.24) where the parameters a are given in terms of the gauge parameters Λ as a_M^N = −gΛ_{Mα}Θ^{Nα} a^i = 8 3 gΘ^{Mβ}D^i_α^βΛ_{Mα} a_{a,Mα} = ∂_aΛ_{Mα} + g 3 ϵ_{MNP} ϵ_{αβ} Λ^N_a Θ^{P β} a^M_{a1a2} = ∂_{[a1} Λ^M_{a2]} + 2 3 gΘ^{Mα}Λ_{a1a2,α} a_{a1a2a3,α} = ∂_{[a1} Λ_{a2a3],α} − 2 3 gϵ_{αβ}Θ^{Mβ}Λ_{a1a2a3,M} . (8.25)

Using the formulae given in this paper, the reader can easily determine the field strengths and gauge transformations for the remaining fields.

8.2 Embedding tensor in the (6, 2) of SL(3, R) × SL(2, R)

The deformation (6, 2), corresponding to the embedding tensor Θ^α_{MN} symmetric in MN, leads to the commutation relations [R^{a,Mα}, P_b] = −gϵ^{MNP} Θ^α_{NQ}δ^a_b R^Q_P [R^{a1a2}_M , P_b] = gϵ_{αβ}Θ^α_{MN} δ^{[a1}_b R^{a2 ],Nβ} [R^{a1a2a3,α}, P_b] = 0 [R^{a1...a4,M} , P_b] = 0 [R^{a1...a5,α}_M , P_b] = gΘ^α_{MN} δ^{[a1}_b R^{a2...a5],N} [R^{a1...a6,i}, P_b] = 0 [R^{a1...a6,N}_M , P_b] = gϵ_{αβ}ϵ^{NP Q}Θ^α_{MP} δ^{[a1}_b R^{a2...a6],β}_Q [R^{a1...a7,Mα}, P_b] = 0 [R^{a1...a7,α}_{MN} , P_b] = 2gΘ^α_{P (M} δ^{[a1}_b R^{a2...a7],P}_{N)} + gΘ^β_{MN} D_{i,β}^αδ^{[a1}_b R^{a2...a7],i} . (8.26) From the algebra above as well as the algebra in eq. (8.11) and using the group element of eq. (8.14) one can compute the field strengths and the gauge transformations of the fields corresponding to this deformation. We obtain F_{a1a2 ,Mα} = 2[∂_{[a1} A_{a2],Mα} + gϵ_{αβ}Θ^β_{MN} A^N_{a1a2} − g 2 ϵ^{NP Q}Θ^β_{QM} A_{[a1,Nα}A_{a2],P β}] (8.27) for the field strength of the 1-form,

F^M_{a1a2a3} = 3[∂_{[a1} A^M_{a2a3]} + 1 2 ϵ^{αβ}ϵ^{MNP} A_{[a1,Nα}∂_{a2} A_{a3],P β} − gϵ^{MNQ}Θ^α_{P Q}A_{[a1,Nα}A^P_{a2 a3]} − g 3! ϵ^{αβ} ϵ^{MNT} ϵ^{P QR}Θ^γ_{RT} A_{[a1,Nα}A_{a2 ,P β}A_{a3],Qγ}] (8.28) for the field strength of the 2-form, F_{a1...a4,α} = 4[∂_{[a1} A_{a2a3a4],α} + A_{[a1,Mα}∂_{a2} A^M_{a3 a4]} + 1 3! ϵ^{βγ} ϵ^{MNP} A_{[a1,Mα}A_{a2,Nβ}∂_{a3} A_{a4],P γ} + g 2 ϵ_{αβ} Θ^β_{MN} A^M_{[a1a2} A^N_{a3a4]} − g 2 ϵ^{MNQ}Θ^β_{P Q}A_{[a1,Mα}A_{a2 ,Nβ}A^P_{a3 a4]} − g 4! ϵ^{MNT} ϵ^{βγ} ϵ^{P QR}Θ^δ_{RT} A_{[a1,Mα}A_{a2,Nβ}A_{a3,P γ}A_{a4 ],Qδ}] (8.29) for the field strength of the 3-form. These field strengths transform covariantly under the gauge transformations determined from eq. (8.24) once one expresses the parameters a in terms of the gauge parameters as a_M^N = gϵ^{NP Q}Θ^α_{MP} Λ_{Qα} a^i = 0 a_{a,Mα} = ∂_aΛ_{Mα} − gϵ_{αβ} Θ^β_{MN} Λ^N_a a^M_{a1a2} = ∂_{[a1} Λ^M_{a2]} a_{a1a2a3,α} = ∂_{[a1} Λ_{a2a3 ],α} . (8.30)

Also for this deformation one can determine the field strengths and the gauge transformations of the higher rank fields using the formulae in section 2 and appendix B.

9 D=9

The three scalars of maximal massless nine-dimensional supergravity parametrise the manifold R^+ × SL(2, R)/SO(2). The theory also contains the metric, a doublet and a singlet of vectors, a doublet of 2-forms and a 3-form. The decomposition of E_{11} appropriate to the nine-dimensional theory is shown in fig. 7. The form generators of rank less that 8 that result are associated to the fields of the supergravity theory and their duals. The

1 2 3 4 5 6 7 8 9 10

11

Figure 7: The E_{11} Dynkin diagram corresponding to 9-dimensional supergravity. The non-abelian part of the internal symmetry group is SL(2, R).

E_{11} algebra also contains 8 and 9 forms, as well as generators with mixed symmetry. The generators with completely antisymmetric indices, not including the 9-forms, are R R^i R^a R^{a,α} R^{a1a2,α} R^{a1 a2a3} R^{a1 a2a3a4} R^{a1 ...a5,α} R^{a1...a6} R^{a1 ...a6,α} R^{a1...a7} R^{a1...a7,i} R^{a1...a8,α} R^{a1...a8,i} , (9.1) where the SL(2, R) conventions are as in the previous section.

We now list all the non-vanishing commutators involving the operators in eq. (9.1). The scalars satisfy [R^i, R^j] = f^{ij}_kR^k , (9.2) while all the commutators producing the 1-forms are [R, R^a] = −R^a [R, R^{a,α}] = R^{a,α} [R^i, R^{a,α}] = D^i_β^αR^{a,β} . (9.3) The 2-form occurs in [R^i, R^{a1a2,α}] = D^i_β^αR^{a1a2,β} [R^{a1} , R^{a2,α}] = −R^{a1 a2,α} , (9.4) the 3-form in [R, R^{a1a2a3} ] = R^{a1a2a3} [R^{a1,α}, R^{a2a3,β}] = ϵ^{αβ} R^{a1a2a3} (9.5) and the 4-form in

[R^{a1a2,α}, R^{a3a4,β}] = ϵ^{αβ} R^{a1a2 a3a4} [R^{a1} , R^{a2a3a4} ] = −R^{a1 a2a3a4} . (9.6) The 5-form results from the commutators [R, R^{a1...a5,α}] = R^{a1...a5,α} [R^i, R^{a1...a5,α}] = D^i_β^αR^{a1...a5,β} [R^{a1,α}, R^{a2...a5} ] = R^{a1...a5,α} [R^{a1a2,α}, R^{a3a4a5} ] = R^{a1...a5,α} , (9.7) the 6-forms from the commutators [R, R^{a1...a6} ] = 2R^{a1...a6} [R^i, R^{a1...a6,α}] = D^i_β^αR^{a1...a6,β} [R^{a1,α}, R^{a2...a6,β}] = ϵ^{αβ} R^{a1...a6} [R^{a1a2a3} , R^{a4a5a6} ] = R^{a1...a6} [R^{a1} , R^{a2...a6,α}] = −R^{a1...a6,α} [R^{a1a2,α}, R^{a3...a6} ] = R^{a1 ...a6,α} (9.8) and the 7-forms from the commutators [R, R^{a1...a7} ] = R^{a1...a7} [R, R^{a1...a7,i}] = R^{a1...a7,i} [R^i, R^{a1...a7,j}] = f^{ij}_kR^{a1...a7,k} [R^{a1} , R^{a2...a7} ] = R^{a1 ...a7} [R^{a1 ,α}, R^{a2...a7,β}] = D^{αβ}_i R^{a1...a7,i} + 3 4 ϵ^{αβ} R^{a1...a7} [R^{a1 a2,α}, R^{a3...a7,β}] = D^{αβ}_i R^{a1...a7,i} − 1 4 ϵ^{αβ} R^{a1...a7} [R^{a1 a2a3} , R^{a4a5a6a7} ] = 1 2 R^{a1...a7} . (9.9)

Finally, the commutators giving rise to the 8-forms are [R, R^{a1...a8,α}] = 2R^{a1...a8,α} [R^i, R^{a1...a8,α}] = D^i_β^αR^{a1...a8,β} [R^i, R^{a1...a8,j}] = f^{ij}_kR^{a1 ...a8,k} [R^{a1} , R^{a2...a8,i}] = −R^{a1...a8,i} [R^{a1,α}, R^{a2...a8} ] = R^{a1...a8,α} [R^{a1 ,α}, R^{a2...a8,i}] = 3D^i_β^αR^{a1...a8,β} [R^{a1a2,α}, R^{a3...a8,β}] = D^{αβ}_i R^{a1 ...a8,i} [R^{a1a2,α}, R^{a3...a8} ] = −R^{a1 ...a8,α} [R^{a1a2a3} , R^{a3...a8,α}] = − 1 2 R^{a1...a8,α} . (9.10) One can check that all Jacobi identities are satisfied.

The algebra of eqs. (9.2)-(9.10) determines the fields strengths of all the forms of massless maximal supergravity in nine-dimensions, with the exception of the 9-forms that require the taking into account the 9-form generators. The Maurer-Cartan form that results from the group element g = e^{x·P} e^{Aa1...a8,αRa1...a8,α} ...e^{Aa1a2,αRa1a2,α} e^{Aa,αRa,α} e^{AaRa} e^{ϕiRi} e^{ϕR} (9.11) produces indeed these field-strengths once all the spacetime indices are antisymmetrised. In this derivation of the massless theory, one imposes that all the generators in eq. (9.1) commute with momentum. We now show that, exactly as in all the other cases discussed in this paper, the field strengths of all the fields of the gauged maximal supergravities in nine dimensions result from a deformed algebra, called Ẽ^{local}_{11,9} , in which the generators in eq. (9.1) have non-trivial commutation relations with the momentum operator compatibly with the Jacobi identities.

As usual, from the E_{11} perspective the commutator of the 1-form generators with momentum give rise to the scalar generators contracted with the embedding tensor. Therefore, in this nine-dimensional case the embedding tensor in contained in the SL(2, R) tensor product (1 ⊕ 2) ⊗ (1 ⊕ 3) = 4 ⊕ 3 ⊕ 2 ⊕ 2 ⊕ 1 . (9.12) The singlet Θ would correspond to the commutator

[R^a, P_b] = −gΘδ^a_b R , (9.13)

which is ruled out because of the Jacobi identity involving R^a, R^b and P_c. Similarly, the quadruplet Θ^{αβγ} would lead to the commutator [R^{a,α}, P_b] = −gΘ^{αβγ} D_{i,βγ} δ^a_b R^i , (9.14) which is ruled out because of the Jacobi identity involving R^{a,α}, R^{b,β} and P_c. The two doublet deformations lead to the commutator [R^{a,α}, P_b] = −gδ^a_b [aΘ^αR + bΘ^βD_{i,β}^αR^i] , (9.15) and the Jacobi identities impose the condition b = −4a . (9.16) This leads to one possible doublet deformation, and we fix the parameter a to 1. To summarise, the only representations of the embedding tensor which are not ruled out are the triplet and one of the two doublets. We now show that both these embedding tensors lead to a consistent algebra. In [28] all the possible gauged maximal supergravities in nine dimensions were constructed. They indeed correspond to an embedding tensor in either the triplet or the doublet of SL(2, R).

9.1 Embedding tensor in the 3 of SL(2, R)

We first consider the deformation in the triplet, which corresponds to the embedding tensor Θ_i. This case as been considered in [17] up to the 5-forms. In that paper the deformation parameter was denoted with m_i, and our conventions here are such that m_i = −gΘ_i. Deforming from the commutator of R^a with momentum, all the other commutators are determined by requiring that the Jacobi identities close. The final result is [R^a, P_b] = −gδ^a_b Θ_iR^i [R^{a,α}, P_b] = 0 [R^{a1 a2,α}, P_b] = gΘ_iD^i_β^αδ^{[a1}_b R^{a2],β} [R^{a1 a2a3} , P_b] = 0 [R^{a1 ...a4} , P_b] = 0 [R^{a1 ...a5,α}, P_b] = 0 [R^{a1 ...a6} , P_b] = 0 [R^{a1 ...a6,α}, P_b] = gΘ_iD^i_β^αδ^{[a1}_b R^{a2...a6],β} [R^{a1 ...a7} , P_b] = 0 [R^{a1 ...a7,i}, P_b] = −gΘ^iδ^{[a1}_b R^{a2...a7]} [R^{a1 ...a8,α}, P_b] = 0 [R^{a1 ...a8,i}, P_b] = −gΘ^iδ^{[a1}_b R^{a2...a8]} − gf^{ij}_kΘ_jδ^{[a1}_b R^{a2...a8],k} . (9.17)

From these commutation relations and the massless algebra of eqs. (9.2)-(9.10), using the group element in eq. (9.11), one determines the field strengths and the gauge transformations on the fields. The field strengths of the 1-forms are F_{a1 a2} = 2∂_{[a1} A_{a2]} F_{a1 a2,α} = 2[∂_{[a1} A_{a2],α} − gΘ_iD^i_α^βA_{a1a2,β}] , (9.18) the field-strength of the 2-form is F_{a1a2a3,α} = 3[∂_{[a1} A_{a2a3],α} − A_{[a1} ∂_{a2} A_{a3],α} + gΘ_iD^i_α^βA_{[a1} A_{a2a3],β}] , (9.19) the field strength of the 3-form is

F_{a1 ...a4} = 4[∂_{[a1} A_{a2...a4]} + ϵ^{αβ} A_{[a1} ∂_{a2} A_{a3a4],β} + g 2 Θ^iD^{αβ}_i A_{[a1a2,α}A_{a3a4],β}] , (9.20) the field strength of the 4-form is F_{a1...a5} = 5[∂_{[a1} A_{a2 ...a5]} − A_{[a1} ∂_{a2} A_{a3a4a5]} − 1 2 ϵ^{αβ} A_{[a1a2,α}∂_{a3} A_{a4a5],β} −ϵ^{αβ} A_{[a1} A_{a2,α}∂_{a3} A_{a4a5],β} − g 2 Θ^iD^{αβ}_i A_{[a1} A_{a2 a3,α}A_{a4a5],β}] (9.21) and the field strength of the 5-from is F_{a1...a6,α} = 6[∂_{[a1} A_{a2...a6],α} + A_{[a1,α}∂_{a2} A_{a3...a6]} − A_{[a1a2,α}∂_{a3} A_{a4a5a6]} − 1 2 ϵ^{βγ} A_{[a1,α}A_{a2a3,β}∂_{a4} A_{a5a6],γ} − g 3! Θ^iD^{βγ}_i A_{[a1a2,α}A_{a3a4,β}A_{a5a6],γ} −gΘ_iD^i_α^βA_{a1...a6,β}] . (9.22)

These field strengths transform covariantly under the gauge transformations δA_a = a_a − aA_a δA_{a,α} = a_{a,α} − aA_{a,α} + a_iD^i_α^β A_{a,β} δA_{a1a2,α} = a_{a1a2,α} + A_{[a1,α}a_{a2]} + a_iD^i_α^βA_{a1 a2,β} δA_{a1a2a3} = a_{a1a2a3} − ϵ^{αβ} A_{[a1a2,α}a_{a3],β} + 1 2 ϵ^{αβ} A_{[a1,α}A_{a2,β}a_{a3]} + aA_{a1 a2a3} δA_{a1...a4} = a_{a1...a4} − 1 2 ϵ^{αβ} A_{[a1a2,α}a_{a3a4],β} + A_{[a1a2a3} a_{a4]} + 1 2 ϵ^{αβ} A_{[a1a2,α}A_{a3,β}a_{a4]} δA_{a1...a5,α} = a_{a1 ...a5,α} + A_{[a1a2a3} a_{a4a5],α} + A_{[a1...a4} a_{a5],α} − 1 2 ϵ^{βγ} A_{[a1a2,α}A_{a3a4,β}a_{a5 ],γ} + 1 2 ϵ^{βγ} A_{[a1a2,α}A_{a3,β}A_{a4,γ} a_{a5 ]} + aA_{a1 ...a5,α} + a_iD^i_α^βA_{a1...a5,β} δA_{a1...a6} = ∂_{[a1} Λ_{a2...a6]} − 1 2 A_{[a1a2a3} a_{a4a5a6]} + ϵ^{αβ} A_{[a1...a5,α}a_{a6],β} − 1 2 ϵ^{αβ} A_{[a1a2a3} A_{a4a5,α}a_{a6 ],β} + 1 4 A_{[a1a2a3} A_{a4 ,α}A_{a5,β}a_{a6]} + 2aA_{a1...a6} δA_{a1...a6,α} = ∂_{[a1} Λ_{a2...a6],α} + A_{[a1...a4} a_{a5a6],α} − 1 3! ϵ^{βγ} A_{[a1a3,α}A_{a3 a4,β}a_{a5a6],γ} + A_{[a1...a5,α}a_{a6 ]} − 1 2 ϵ^{βγ} A_{[a1a2,α}A_{a3a4,β}A_{a5,γ} a_{a6]} + a_iD^i_α^βA_{a1..a6,β} , (9.23) where the parameters a are given in terms of the gauge parameters Λ as a = 0 a^i = −gΛΘ^i a_a = ∂_aΛ a_{a,α} = ∂_aΛ_α + gΘ_iD^i_α^βΛ_{a,β} a_{a1a2,α} = ∂_{[a1} Λ_{a2],α} a_{a1a2a3} = ∂_{[a1} Λ_{a2a3]} a_{a1...a4} = ∂_{[a1} Λ_{a2a3a4]} a_{a1...a5,α} = ∂_{[a1} Λ_{a2...a5],α} + gΘ_iD^i_α^βΛ_{a1...a5,β} . (9.24) The reader can easily evaluate the remaining field strengths and gauge transformations.

9.2 Embedding tensor in the 2 of SL(2, R)

We now consider the doublet deformation, corresponding to the embedding tensor Θ^α. We start from the commutator between the 1-form and momentum as in eq. (9.15) with the parameters as in eq. (9.16) with a = 1. Imposing the closure of the Jacobi identities gives [R^a, P_b] = 0 [R^{a,α}, P_b] = −gδ^a_b [Θ^αR − 4Θ^βD_{i,β}^αR^i] [R^{a1a2,α}, P_b] = gΘ^αδ^{[a1}_b R^{a2]} [R^{a1a2a3} , P_b] = −gϵ_{αβ} Θ^αδ^{[a1}_b R^{a2a3],β} [R^{a1...a4} , P_b] = 0 [R^{a1...a5,α}, P_b] = 0 [R^{a1...a6} , P_b] = −2gϵ_{αβ} Θ^αδ^{[a1}_b R^{a2...a6],β} [R^{a1...a6,α}, P_b] = 0 [R^{a1...a7} , P_b] = −2gϵ_{αβ} Θ^αδ^{[a1}_b R^{a2...a7],β} [R^{a1...a7,i}, P_b] = −2gΘ^αD^i_{αβ}δ^{[a1}_b R^{a2...a7],β} [R^{a1...a8,α}, P_b] = 1 2 gΘ^αδ^{[a1}_b R^{a2...a8]} − 2gD_{i,β}^αΘ^βδ^{[a1}_b R^{a2...a8],i} [R^{a1...a8,i}, P_b] = 0 . (9.25) From these commutation relations and the massless algebra of eqs. (9.2)-(9.10), using the group element in eq. (9.11), one determines the field strengths and the gauge transformations on the fields. The field strengths of the 1-forms are F_{a1a2} = 2[∂_{[a1} A_{a2]} − gΘ^αA_{a1 a2,α} + gΘ^αA_{[a1} A_{a2 ],α}] F_{a1a2,α} = 2[∂_{[a1} A_{a2],α} − gΘ^βA_{[a1,α}A_{a2],β} − g 2 Θ_αA^β_{[a1} A_{a2],β}] , (9.26) the field-strength of the 2-form is

F_{a1a2 a3,α} = 3[∂_{[a1} A_{a2a3],α} − A_{[a1} ∂_{a2} A_{a3 ],α} − gϵ_{αβ}Θ^βA_{a1 a2a3} + gΘ^βA_{[a1,α}A_{a2a3],β} +gΘ^βA_{[a1} A_{a2,α}A_{a3],β} + g 2 Θ_αA_{[a1} A^β_{a2} A_{a3],β}] , (9.27) the field strength of the 3-form is F_{a1...a4} = 4[∂_{[a1} A_{a2 ...a4]} + ϵ^{αβ} A_{[a1} ∂_{a2} A_{a3a4],β} + gΘ^αA_{[a1,α}A_{a2a3 a4]} − g 2 Θ^αA^β_{[a1} A_{a2 ,β}A_{a3 a4],α}] , (9.28) the field strength of the 4-form is F_{a1...a5} = 5[∂_{[a1} A_{a2 ...a5]} − A_{[a1} ∂_{a2} A_{a3a4a5]} − 1 2 ϵ^{αβ} A_{[a1a2,α}∂_{a3} A_{a4a5],β} −ϵ^{αβ} A_{[a1} A_{a2,α}∂_{a3} A_{a4a5],β} − gΘ^αA_{[a1a2 ,α}A_{a3a4a5]} −gΘ^αA_{[a1} A_{a2 ,α}A_{a3a4a5]} − g 2 ϵ^{αβ} Θ^γ A_{[a1} A_{a2,α}A_{a3,β}A_{a4a5],γ} ] (9.29) and the field strength of the 5-from is F_{a1...a6,α} = 6[∂_{[a1} A_{a2...a6],α} + A_{[a1,α}∂_{a2} A_{a3 ...a6]} − A_{[a1a2,α}∂_{a3} A_{a4a5a6]} − 1 2 ϵ^{βγ} A_{[a1,α}A_{a2a3,β}∂_{a4} A_{a5a6],γ} − 2gϵ_{αβ}Θ^βA_{a1...a6} −gΘ^βA_{[a1,α}A_{a2a3,β}A_{a4a5a6]}] . (9.30) These field strengths transform covariantly under the gauge transformations in eq. (9.23), with the parameters a given in terms of the gauge parameters Λ as a = −gΘ^αΛ_α a^i = 4gΘ^βD^i_β^αΛ_α a_a = ∂_aΛ + gΘ^αΛ_{a,α} a_{a,α} = ∂_aΛ_α a_{a1a2 ,α} = ∂_{[a1} Λ_{a2],α} + gϵ_{αβ}Θ^βΛ_{a1a2} a_{a1a2 a3} = ∂_{[a1} Λ_{a2a3]} a_{a1...a4} = ∂_{[a1} Λ_{a2a3a4]} a_{a1...a5,α} = ∂_{[a1} Λ_{a2...a5],α} + 2gϵ_{αβ}Θ^βΛ_{a1...a5} . (9.31) The reader can easily evaluate the remaining field strengths and gauge transformations corresponding to this deformation.

10 Form field equations and duality conditions

In this section we write down the equations of motion for the form fields taking into account that we have fields and their duals. Such equations have been studied on an ad-hoc basis previously beginning with [29]. However, our discussions will be in the context of E_{11} and in particular the representations and hierarchy of form fields it predicts [13] and as is given in the table of [13] that is table 1 of this paper.

If we assume that the form field equations are first order in space-time derivatives they can only be duality relations between the field strengths obtained in this paper. Let us first consider gauge fields whose field strengths have a rank that is not half that of the dimensions of space-time, that is those that do not obey some kind of generalised self duality condition. Examining the table 1 of the representations of G of the form fields we find that for every gauge field of rank n for n <^1_2 D, with a field strength F_{n+1} of rank

D G 1-forms 2-forms 3-forms 4-forms 5-forms 6-forms 7-forms 8-forms 9-forms 10-forms

10A R+ 1 1 1 1 1 1 1 1 1 1

10B SL(2, R) 2 1 2 3 4 2

9 SL(2, R) × R+ 2 2 1 1 2

2 3 3 4 2 1 1 1 2 2

8 SL(3, R) × SL(2, R) (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)

(15, 1) (8, 1) (6, 2) (3, 3) (1, 3) (3, 2) (3, 1) (3, 1)

7 SL(5, R) 10 5 5 10 24

40 70 45 15 5

6 SO(5, 5) 16 10 16 45 144 320 126 10

5 E6(+6) 27 27 78 351 1728 27

4 E7(+7) 56 133 912 8645 133

3 E8(+8) 248 3875 147250 3875 1 248

Table 1: Table giving the representations of the symmetry group G of all the forms fields of maximal supergravities in any dimension [13]. The 3-forms in three dimensions were determined in [14]. It is important to observe that these are the representations of the fields, which are the contragredient of the representations of the corresponding generators, which have been considered in this paper.

n + 1, that belongs to a representation R_n there is a dual gauge field of rank D − n − 2 with a field strength F_{D−n−1} of rank D − n − 1 which is in that representation R_{D−n−2} which turns out to be the conjugate representation, i.e. R_{D−n−2} = R_n. The field strengths that occur in the Cartan forms transform under G with a non-linear action that is only a transformation under the Cartan involution invariant subgroup I(G) rather than the above mentioned linear representations of G. This is due to the scalar factors mentioned above which convert the linear representation into the non-linear representation in the well know manner. Thus demanding invariant field equations reduces to finding those invariant under only I(G) transformations. Examining all such gauge fields for D ≤ 7, we find that under the decomposition of their representations of G from G to I(G) we find one irreducible real representation of I(G). Hence the gauge fields and their duals belong to the same representation of I(G). For example in seven dimensions the two forms belong to the 5 of SL(5, R) while their dual gauge fields, the three forms, belong to the 5 of SL(5, R). The Cartan involution invariant subgroup is I(SL(5, R)) = SO(5) and these two gauge fields both belong to the real 5 representation of this group.

The field equations for all such gauge fields can only be of the form

F_{n+1} = ⋆F_{D−n−1} , (10.1)

where ⋆ is the space-time dual, since they each belong to the same irreducible representation of I(G). For dimensions D ≥ 8 the gauge fields belong to representations of G that decompose into at most two distinct irreducible real representations of I(G) and their dual gauge fields belong to precisely the same representations of I(G). Then the duality condition consists of as many equations as there are representations of I(G), which are of the form of eq. (10.1) and they relate the gauge field and its dual in the same representation of I(G).

The scalars are a non-linear realisation of G and obey duality relations with the rank D − 2 forms which are in the adjoint representation. Under the decomposition from G to I(G) the adjoint representation of the latter breaks into the adjoint of I(G) and the “coset” part. Only the latter enters into the duality condition with the coset part of the Cartan form formed from the scalars. The scalar equation results from the curl of these duality relations. Such curl reproduces the field strengths of the D − 1 form fields, which are dual to the embedding tensor, and this gives rise to the scalar potential. In general there is more than one gauge covariant quantity that one can construct contracting the scalars with the embedding tensor, and the method we have presented in this paper of determining all the gauge covariant quantities of the theory does not determine their relative coefficient, and therefore does not determine the exact form of the scalar potential.

For odd dimensions space-times there are clearly no generalised self duality conditions. However, the cases when D = 4m and D = 4m+2, for integer m are different due to the fact that ⋆⋆ = −1 and ⋆⋆ = +1 respectively when acting on a^D_2 -form. Let us begin with the latter case, that is dimensions ten and six. As is well known in ten dimensions we have a four form gauge field that is a singlet of SL(2, R) and obeys a self duality condition of the form F_5 = ⋆F_5. In six dimensions that two forms belong to the 10 of SO(5,5) which decomposes into the reducible representation (5, 1) ⊕ (1, 5) of SO(5) ⊗ SO(5) = I(SO(5, 5)). The duality condition which is invariant under the SO(5) ⊗ SO(5) transformations of the field strength can only be of the form ( F_3 F^′_3 ) = ⋆ ( F_3 −F^′_3 ) , (10.2)

where F_3 and F^′_3 belong to the (5, 1) and (1, 5) representations of SO(5) ⊗ SO(5) respectively. The minus sign is required as there must be the same number of self-dual and anti-self-dual forms as the resulting theory describes 5 tensors that do not satisfy selfduality conditions.

Let us now consider the case of D = 4m + 2 that is dimensions eight and four. In this case the forms belong to an irreducible representation of G that breaks into two irreducible representations of I(G) which are related by complex conjugation. In eight dimensions the three forms belong to the (1, 2) representation of SL(3, R) ⊗ SL(2, R) which breaks into (1, 1^+) and (1, 1^−) representations of I(SL(3, R) ⊗ SL(2, R)) = SO(3) ⊗ SO(2). As such the unique invariant field equation is of the form ( F_4 F^∗_4 ) = i ⋆ ( F_4 −F^∗_4 ) , (10.3)

where F_4 and F^∗_4 belong to the (1, 1^+) and (1, 1^−) representations of SO(3) ⊗ SO(2). The i found in this equation is due to the fact that ⋆⋆ = −1 in this dimension and the minus sign then results from the consistency with respect to complex conjugation. In four dimensions the one forms belong to the 56 dimensional representation of E_7 which decompose into the 28 ⊕ 28 of representations I(E_7) = SU(8). The self duality condition can only be of the form ( F_2 F^∗_2 ) = i ⋆ ( F_2 −F^∗_2 ) , (10.4) where F_2 and F^∗_2 are the 28 ⊕ 28 representations of SU(8).

These equations of motion are the correct equations although we have not derived these duality relations as following from E_{11} in this paper. This remains a future project. There is a certain freedom to rescale the form fields by constants which is reflected that these duality relations can have constants that are not explicitly shown above. These constants are fixed once one also writes down the field equation for gravity as this involves the stress tensor. It is impressive to see the way the representations of the form fields, dictated by E_{11}, cooperate with the demands that the form field equations be duality conditions.

The duality relations discussed in this section have a crucial role in determining the closure of the supersymmetry algebra. Indeed, these relations are first order in derivatives, and the closure of the supersymmetry algebra on fields and dual fields, as well as on D − 1 and D forms, only occurs provided that they are satisfied. In [30] and [31] it was shown that the supersymmetry algebra of IIB and IIA respectively close on all the fields and dual fields provided that the duality relations are satisfied. The supersymmetry algebra also fixes the D − 1 and D forms that one can include, the result being exactly in agreement with the predictions of E_{11} [12] (subsequently, it was shown in [32] that also the detailed coefficients of the gauge algebra of the IIB theory are reproduced by E_{11}). In particular the IIA algebra describes both the massive and massless field equations, as the field strength of the 9-form can be set equal to the Romans cosmological constant [33] or to zero respectively. More recently, the closure of the supersymmetry algebra on higher rank forms was shown for the case of gauged maximal supergravities in five dimensions [16] and in three dimensions [34].

11 Conclusions

It was previously found [13, 14] that the maximal gauged supergravity theories were classified by E_{11}. In particular the forms of rank D − 1 in the D dimensional supergravity theory, which lead to a cosmological constants, are in the contragredient representation of the internal symmetry group of the tensor which was known to label all such theories. Although this discovery was kinematical in nature it demonstrated that E_{11} provided, for the first time, a unifying scheme within which to consider all such theories. In this paper we show that E_{11}, by the steps described in this paper, leads to all the field strengths of the maximal gauged supergravity theories. The embedding tensor arises as the tensor that uniquely determines the deformation of the E_{11} algebra from which the gauged supergravities arise as non-linear realisations and we show that it is in the same representation as the D − 1 form generators. We have analysed each dimension from three to nine, and these results, together with the ten-dimensional deformation corresponding to the Romans theory analysed in [17], give the field strengths of all possible massive maximal supergravities in any dimension.

If one assumes, as is the case, that the dynamics of the form fields are first order in space-time derivatives then they must be given by duality relations on the field strengths calculated in this paper. As a result, for all the fields apart from the scalars, the dynamics of the bosonic sector is then determined up to a few constants that multiply the field strengths. In the absence of the gravity equation that contains the stress tensor one can fix these constants by field redefinitions, hence in this sense the dynamics is determined in the absence of gravity (in the case of the scalar equation in general there is more than one gauge covariant quantity that one can construct contracting the scalars with the embedding tensor, and the procedure presented in this paper does not determine their relative coefficient, and therefore does not determine the exact form of the scalar potential). Thus most results on the maximal gauged supergravity theories, including those that have been derived over many years, can be found in a very quick, efficient and unified manner from E_{11}.

In the E_{11} formulation of the maximal gauged supergravities theories the field content in a given dimension is the same although the actual physical degree of freedom in any given gauged supergravity theory may differ. In particular the number of D − 1 forms is the same and so a given maximal gauged supergravity theory has a knowledge of all the other possible gauged supergravity theories in the same dimension. This is analogous to having various different theories and then discovering that there is a potential from which they can all be derived as different minima.

In this paper we have used a deformation of an algebra Ẽ_{11} containing the E_{11} algebra, the usual space-time translation and the Ogievetsky generators. However, in reference [17] a detailed study of the nine dimensional gauged supergravities was carried out and it was found that these theories arose from the full E^{local}_{11,10B} including the parts associated with ten dimensions. However, these gauged supergravities could be constructed from only a subalgebra of Ẽ^{local}_{11,9} which appeared to be a deformed E^{local}_{11,9} algebra as a result of the complicated field redefinitions of the generators and the generators that were dropped as they played no role in the dynamics. As such in these theories one is dealing with a subalgebra of Ẽ^{local}_{11,9} which only appears as a deformation as a consequence of the way the calculation is carried out. It would be of interest to see if this is a general phenomenon.

As discussed in the introduction, the original gauged supergravities were derived by adding a deformations to the massless theory and using supersymmetry to find the complete the theory. In such an approach one did not use fields that were in representations of the internal symmetry group G. Later gauged maximal supergravities were constructed using fields that were representations of G, but the theory also contained an embedding tensor that labelled the theories and broke the internal symmetry group G. In this way of proceeding the fields always occurred together with this tensor in just such a way that the full G representations of the fields was not present into the equations of motion. However, in the last few years the bosonic sector of certain gauged supergravities have been constructed [35] by taking the physical degrees of freedom to be described by fields that are representations of the internal symmetry and demanding that these unconstrained fields carry a gauge algebra extending the gauging of part of the local internal symmetry. In carrying out this programme these authors have found a hierarchy of fields of increasing rank [34]. However, these are just those found previously in the E_{11} approach [13]. It is obvious that this procedure is just a bottom up way of discovering the form sector of E_{11} and it is not necessary to speculate about the mysterious degrees of freedom of M theory that such a process may have uncovered.

While there can be no doubt of the calculational efficiency of the approach of this paper it leaves open a number of more conceptual questions. For example, what mathematical object do the Ogievetsky generators belong to. Also even though one uses only the positive and zero level part of the E_{11} algebra in the deformed algebra, this algebra is only defined from the full E_{11} algebra. As a result many properties of, and deductions from, the full E_{11} algebra are imported into the calculation. This would at best seem unnatural. In a previous paper it was proposed to derive the gauged supergravity theories, and explicitly the five dimensional gauged supergravities, from a non-linear realisation of E_{11} ⊗_s l_1 where l_1 is the fundamental representation associated to the first node of E_{11} and leads to a generalised space-time. This approach has the advantage that it is conceptually well defined from the mathematical viewpoint, but it is less clear how some of the physical aspects of the gauged supergravity theories emerge in a natural way. These include how the local gauge transformations arise and how the slice of generalised space-time that is active arises from the full generalised space-time. Thus one has a dilemma how to include space-time, local gauge transformations within E_{11}. In this context we might mention the interesting work of reference [36] that concerns the role of diffeomorphism symmetries in the context of the non-linear realisation relevant to supergravity theories. We hope to report elsewhere on progress in this area.

Acknowledgments

This work is supported by the PPARC rolling grant PP/C5071745/1, the EU Marie Curie research training network grant MRTN-CT-2004-512194 and the STFC rolling grant ST/G000/395/1.

A Group theory conventions and projectors

In this appendix we first review some of the group-theoretic techniques that have been used in this paper, and we then discuss the E_{11} derivation of various representation projectors, fucusing in particular on the cases of E_7 and E_6 which have been discussed in sections 4 and 5. These projectors arise in E_{11} as conditions on the structure constants that contract the D−1 form generators, and the fact that the consistency of the algebra imposes that the embedding tensor must satisfy the same projection conditions proves that the embedding tensor and the D − 1-form generators must belong to the same representation. At the end of this appendix we then show that these projectors are precisely the ones that result from a purely group theoretic analysis based on the representations of the internal symmetry group.

The Cartan-Killing metric κ^{αβ} is defined as

C_{Adj}κ^{αβ} = f^{αγ}_ϵf^{βϵ}_γ , (A.1)

where C_{Adj} is the quadratic Casimir in the adjoint representation. Denoting with D_Λ the fundamental representation, one then defines the quadratic Casimir in the fundamental representation C_Λ from the relation

C_Λδ^N_M = κ_{αβ} D^α_M^P D^β_P^N . (A.2)

When not otherwise specified in the paper, we use to raise and lower indices in the adjoint representation the metric

g^{αβ} = Tr(D^αD^β) = D^α_M^N D^β_N^M , (A.3)

where the trace is in the fundamental, i.e. lowest dimensional, representation. This metric differs from the Cartan-Killing metric of eq. (A.1) by a constant, and indeed from eq. (A.2) one finds κ^{αβ} = d C_Λd_Λ g^{αβ} , (A.4) where d is the dimension of the adjoint and d_Λ is the dimension of the fundamental representation. Substituting the inverse of eq. (A.4) in eq. (A.2) one also derives

g_{αβ}D^α_M^P D^β_P^N = d d_Λ δ^N_M , (A.5)

while substituting it in eq. (A.1) one gets f^{αβγ} f_{αβδ} = − d d_Λ

C_{Adj} C_Λ δ^γ_δ , (A.6)

as follows from raising the indices using the metric in eq. (A.3). The ratio^{CAdj}_{CΛ} is given by the relation C_{Adj} C_Λ = d_Λ d g^∨ Ĩ_Λ , (A.7) where g^∨ is the dual Coxeter number and Ĩ_Λ is the Dynkin index of the fundamental representation.

In this paper we have shown that the deformed E_{11} algebras resulting from suitably modifying the commutation relations of the E_{11} generators with momentum are entirely classified by the tensor Θ^{M1}_α arising in eq. (2.13), where M_1 denotes the representation of the 1-form E_{11} generator R^{a1,M1} in a given dimension. As we have shown, this tensor is identified with the embedding tensor. Denoting with R_1 this representation, and with R_0 the adjoint, the embedding tensor is contained in the tensor product R_1 ⊗ R_0. Since the D − 2-form generators also belong to the adjoint, that is R_{D−2} = R_0, this tensor product is the same as the tensor product R_1 ⊗ R_{D−2}, which occurs in the commutator between the 1-form and the D − 2-form. This commutator gives rise to the D − 1-forms, that belong to a representation R_{D−1} inside R_1 ⊗ R_{D−2}. However, R_1 ⊗ R_{D−2} contains at least three irreducible representations, and the E_{11} derivation of the projection conditions on R_{D−1} plays an important role in this paper. In particular, it is responsible for the demonstration that the D − 1-form generators and the embedding tensor belong to the same representation. This was proven in detail for any dimension in this paper.

In table 2 we list all the irreducible representations arising in the tensor product R_1 ⊗ R_0 in any dimension, underlying the ones to which the embedding tensor and the D − 1 forms actually belong. As can be noticed from the table, in four, five and six dimensions R_1 ⊗ R_0 generates three representations. These cases are those in which the 1-form generator belongs to the fundamental representation D_Λ. Therefore, in four, five and six dimensions the embedding tensor Θ^{M1}_α is contained in the tensor product D_Λ ⊗ R_0. In the following we will in general denote the adjoint representation by Adj. It is a property of any simple group with the exception of E_8 that the tensor product D_Λ ⊗ Adj always gives D_Λ ⊗ Adj = D_Λ ⊕ D_1 ⊕ D_2 , (A.8) where D_1 and D_2 are two other representations, and we take the dimension of D_1 to be lower than the dimension of D_2. As can be seen from the table, in four, five and six dimensions the embedding tensor belongs to D_1. Using the fact that this is also the representation of the D − 1-form, we now show that one can derive from E_{11} the projectors on these three representations. We will focus in particular on the cases of E_7 and E_6, corresponding to four and five dimensions respectively.

Given the tensor product D_Λ ⊗ Adj, the projectors P_{DΛ} , P_{D1} and P_{D2} on the representations of eq. (A.8) can be constructed in terms of δ^M_N , δ^α_β and D^α_M^N as [3]

P_{DΛ}^{Mβ}_{αN} = d_Λ d D^β_N^P D_{αP}^M P_{D1}^{Mβ}_{αN} = aD^β_N^P D_{αP}^M + bD_{αN}^P D^β_P^M + cδ^M_N δ^β_α P_{D2}^{Mβ}_{αN} = −(a + d_Λ d )D^β_N^P D_{αP}^M − bD_{αN}^P D^β_P^M + (1 − c)δ^M_N δ^β_α , (A.9) where one makes use of eq. (A.5) and the fact that the sum of the projectors is the identity. Note that the three coefficients a, b and c are not specified and will be given later. We require the projectors to satisfy P_{DΛ}^{Mβ}_{αN} P_{DΛ}^{Nγ}_{βP} = P_{DΛ}^{Mγ}_{αP} P_{DΛ}^{Mβ}_{αN} P_{Di}^{Nγ}_{βP} = 0 P_{Di}^{Mβ}_{αN} P_{Dj}^{Nγ}_{βP} = δ_{ij} P_{Di}^{Mγ}_{αP} i, j = 1, 2 . (A.10)

D G R_1 ⊗ R_0 9 SL(2, R) 1 ⊕ 2 ⊕ 2 ⊕ 3 ⊕ 4 8 SL(3, R) × SL(2, R) (3, 2) ⊕ (3, 2) ⊕ (3, 4) ⊕ (6, 2) ⊕ (15, 2) 7 SL(5, R) 10 ⊕ 15 ⊕ 40 ⊕ 175 6 SO(5, 5) 16 ⊕ 144 ⊕ 560 5 E_{6(+6)} 27 ⊕ 351 ⊕ 1728 4 E_{7(+7)} 56 ⊕ 912 ⊕ 6480 3 E_{8(+8)} 1 ⊕ 248 ⊕ 3875 ⊕ 27000 ⊕ 30380

Table 2: Table giving the irreducible representations that arise in the product R_1 ⊗ R_0 in various dimensions. The representations to which the embedding tensor and the D−1-form generators belong are underlined.

We now show that for E_7 and E_6 these projectors are determined using E_{11}. In principle the E_{11} derivation of the projectors can be also carried out for D_5, which corresponds to the six-dimensional case, but it is not needed because in section 6 we have used the explicit form of the structure constants, which encodes automatically the projectors.

We first consider the case of E_7. In section 4 we have shown that the invariant tensor S^{Mα}_A resulting from the commutator of the 1-form and the 2-form satisfies the constraints of eqs. (4.13) and (4.14). These constraints follow from the Jacobi identities of the E_{11} algebra. On the other hand, the E_{11} algebra imposes that the 3-form generators in four dimensions belong to the 912, which implies that the indices Mα must be projected on the 912. This can be seen from the index structure of S^{Mα}_A because the only way of building an invariant from tensoring a 912 index with the product 56 ⊗ 133 is that this product is indeed projected on the 912. By looking at the general form of the projectors in eq. (A.9), we thus must require that S^{Mα}_A satisfies the conditions

P_{56}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = 0 P_{912}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = S^{Mγ}_A g_{αγ} P_{6480}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = 0 , (A.11)

and comparing these three conditions with eqs. (4.13) and (4.14) we determine a constraint on the parameters a, b and c in eq. (A.9). Indeed, the first condition is automatically satisfied because it reproduces eq. (4.13), while the second and the third reproduce eq.

(4.14) provided that b 1 − c = −2 . (A.12)

We now derive the constraints resulting from eq. (A.10) in case of E_7. The first condition is automatically satisfied, while the second condition gives 19 8 a + 7 8 b + c = 0 , (A.13)

where we have made use of eq. (A.6) in which we have substituted the dual Coxeter number and the Dynkin index for E_7, which are listed in table 3. In order to derive the other constraints, one makes use of the identities D_{αN}^M D_{βMP} D^{βNQ} = 7 8 D_{αP}^Q , (A.14)

D_{βM}^N D^β_P^Q = 1 12 δ^Q_M δ^N_P + 1 24 δ^N_M δ^Q_P − 1 24 Ω^{NQ}Ω_{MP} + D^{NQ}_β D^β_{MP} , (A.15) and (D^γ D_α)_Q^RD^β_P^QD_{βR}^M = 1 24 δ^M_P δ^γ_α − 3 8 (D^γ D_α)_P^M − 5 12 (D_αD^γ )_P^M , (A.16)

which can all be proven using the results listed in this appendix and in section 4. Using these results, the last condition in eq. (A.10), with i = j = 1, gives 19 8 a^2 + 7 4 ab + 2ac − 3 8 b^2 = a 2bc − 5 12 b^2 = b

c^2 + 1 24 b^2 = c . (A.17)

Substituting eq. (A.12) into the last of these equations gives c = 1 7 b = − 12 7 , (A.18)

and from eq. (A.13) one gets a =^4_7 . One can show that all the other projector conditions are satisfied. Substituting this in eq. (A.9) finally gives the E_7 projectors

P_{56}^{Mβ}_{αN} = 8 19 D^β_N^P D_{αP}^M P_{912}^{Mβ}_{αN} = 4 7 D^β_N^P D_{αP}^M − 12 7 D_{αN}^P D^β_P^M + 1 7 δ^M_N δ^β_α P_{6480}^{Mβ}_{αN} = − 132 133 D^β_N^P D_{αP}^M + 12 7 D_{αN}^P D^β_P^M + 6 7 δ^M_N δ^β_α . (A.19)

We now derive from E_{11} the projectors of eq. (A.9) for the case of E_6. We first derive the identities that will be needed. Is section 5 we have introduced the completely symmetric invariant tensors d^{MNP} and d_{MNP} , satisfying d^{MNP} d_{MNQ} = δ^P_Q . (A.20) From eq. (A.20) and the condition that d^{MNP} and d_{MNP} are invariant tensors, D^α_M^{(N} d^{P Q)M} = D^α_{(M}^N d_{P Q)N} = 0 , (A.21) one gets D^α_M^N d^{MP Q}d_{NSQ} = − 1 2 D^α_S^Q . (A.22) One can write the product of two generators in the 27 contracted by the metric g_{αβ} as g_{αβ}D^α_M^N D^β_P^Q = αδ^N_P δ^Q_M + βδ^N_M δ^Q_P + γd^{NQR}d_{MP R} , (A.23) as can be deduced from the fact that the product 27 ⊗ 27 ⊗ 27 ⊗ 27 leads to three different E_6 invariants, and the three invariant quantities on the right hand side of eq. (A.23) are the most general objects one can write down in terms of δ^N_M , d^{MNP} and d_{MNP} . Eq. (A.5), applied to the E_6 case in which d = 78 and d_Λ = 27, is g_{αβ}D^α_M^N D^β_N^P = 26 9 δ^P_M . (A.24) Contracting N and P in eq. (A.23) thus leads to 27α + β + γ = 26 9 , (A.25) while contracting M and N gives α + 27β + γ = 0 . (A.26) A third relation comes from the identity g_{αβ}D^α_M^N D^β_P^Qd_{NQR} = − 13 9 d_{MP R} , (A.27) which can be derived using eq. (A.21) iteratively, and leads to α + β + γ = − 13 9 , (A.28) or alternatively from contracting eq. (A.23) with D^γ_N^M , which leads to α − 1 2 γ = 1 . (A.29)

The final result is α = 1 6 β = 1 18 γ = − 5 3 , (A.30) so that g_{αβ}D^α_M^N D^β_P^Q = 1 6 δ^N_P δ^Q_M + 1 18 δ^N_M δ^Q_P − 5 3 d^{NQR}d_{MP R} . (A.31) Another useful relation is (D^γ D_α)_Q^Rd^{QMT} d_{P RT} = − 1 5 (D^γ D_α)_P^M + 3 10 (D_αD^γ )_P^M + 1 30 δ^M_P δ^γ_α , (A.32)

which can be derived using the relations given in this appendix.

In section 5 we have shown that the invariant tensor S^{αM,NP} resulting from the commutator of the 1-form and the 3-form satisfies the constraints of eqs. (5.9) and (5.13). These constraints follow from requiring the closure of the Jacobi identities of the E_{11} algebra. On the other hand, the form of this invariant tensor is dictated by the fact that E_{11} imposes that the 4-form generator is in the 351, and therefore the indices αM of 351 must be projected on the 351. This can be seen from the index structure of S^{αM,NP} because the NP antisymmetric indices correspond to the 351 and the only way of building an invariant from tensoring a 351 representation with the product 27 ⊗ 78 is that this product is indeed projected on the 351. By looking at the general expressions of eq. (A.9) for the projectors, we therefore must impose the conditions

P_{27}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = 0 P_{351}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = S^{Mγ}_A g_{αγ} P_{1728}^{Mβ}_{αN} S^{Nγ}_A g_{βγ} = 0 , (A.33)

and comparing these three conditions with eqs. (5.9) and (5.13) we determine a constraint on the parameters a, b and c in eq. (A.9). In particular, the first condition is automatically satisfied because it reproduces eq. (5.9), while eq. (5.13) implies that the second and the third equations give the same constraint, that is b 1 − c = − 3 2 . (A.34)

We now derive the constraints resulting from eq. (A.10) in case of E_6. The first condition is automatically satisfied, while the second condition gives 26 9 a + 8 9 b + c = 0 , (A.35) where we have made use of eq. (A.6) in which we have substituted the dual Coxeter number and the Dynkin index for E_6, which are listed in table 3. The last condition in eq. (A.10), with i = j = 1, gives 26 9 a^2 + 16 9 ab + 2ac + 7 18 b^2 = a 2bc − 1 2 b^2 = b

c^2 + 1 9 b^2 = c . (A.36) Substituting eq. (A.34) into the last of these equations gives c = 1 5 b = − 6 5 , (A.37) and from eq. (A.35) one gets a =^3_{10} . One can show that all the other projector conditions are satisfied. Substituting this in eq. (A.9) finally gives the E_6 projectors P_{27}^{Mβ}_{αN} = 9 26 D^β_N^P D_{αP}^M P_{351}^{Mβ}_{αN} = 3 10 D^β_N^P D_{αP}^M − 6 5 D_{αN}^P D^β_P^M + 1 5 δ^M_N δ^β_α P_{1728}^{Mβ}_{αN} = − 45 65 D^β_N^P D_{αP}^M + 6 5 D_{αN}^P D^β_P^M + 4 5 δ^M_N δ^β_α . (A.38) The projectors of eqs. (A.19) and (A.38) that we have obtained from E_{11} exactly coincide with the projectors that one obtains from group theory. In table 3 we list the dual Coxeter number, the Dynkin index of the fundamental representation, the dimension of the group d, the dimension of the fundamental representation d_Λ and the dimension d_1 of the representation D_1, as well as the values of the coefficients a, b and c in eq. (A.9), for some simple Lie groups. One can see in particular that the values of a, b and c in the table for E_6 and E_7 are exactly those that we have derived from E_{11}.

B Field strengths and gauge transformations

In this appendix we explicitly evaluate the deformed part of the field strengths up to rank six from eqs. (2.46) and (2.48). For the scalar derivative we find F_a = g^{−1}_φ (∂_a + gA_{a,N1} Θ^{N1}_α R^α)g_φ . (B.1)

G g^∨ Ĩ_Λ d d_Λ d_1 a b c A_r r + 1^1_2 r^2 + 2r r + 1^1_2 (r − 1)(r + 1)(r + 2) −^1_{2r} −^1_2^1_2 G_2 4 1 14 7 27 −^3_{14} −^6_7^3_7 F_4 9 3 52 26 273^1_4 −^3_2^1_4 E_6 12 3 78 27 351^3_{10} −^6_5^1_5 E_7 18 6 133 56 912^4_7 −^{12}_7^1_7

Table 3: Table giving the dual Coxeter number, the Dynkin index, the dimension of the adjoint, the fundamental and the D_1 representations, as well as the parameters a, b and c occurring in eq. (A.9), for some simple Lie groups (see also [3]).

We now write down the field strengths for the gauge fields, which by assumption have all their Lorentz indices anti-symmetrised and as discussed in section two we do not explicitly display their scalar factors converting from a linear representation to a non-linear representation of G. We first display the massless part of the field strengths up to rank 6 included, determined using eq. (2.46). The result is

F^{(0)}_{ca1,N1} = 2∂_cA_{a1,N1} (B.2) F^{(0)}_{ca1a2 ,N2} = 3[∂_cA_{a1a2,N2} − 1 2 L_{a1 ,N2}^{N1} ∂_cA_{a2,N1} ] (B.3)

F^{(0)}_{ca1a2 a3,N3} = 4[∂_cA_{a1a2 a3,N3} − L_{a1,N3}^N_2 ∂_cA_{a2a3,N2} + 1 3! (L_{a1} L_{a2} )_{N3}^{N1} ∂_cA_{a3 ,N1} ] (B.4) F^{(0)}_{ca1...a4,N4} = 5[∂_cA_{a1...a4,N4} + L_{a1,N4}^{N3} ∂_cA_{a2 a3a4,N3} + 1 2 (L_{a1} L_{a2} )_{N4}^{N2} ∂_cA_{a3a4,N2} − 1 2 L_{a1a2,N4}^{N2} ∂_cA_{a3 a4,N2} − 1 4! (L_{a1} L_{a2} L_{a3} )_{N4}^{N1} ∂_cA_{a4,N1} ] (B.5) F^{(0)}_{ca1...a5,N5} = 6[∂_cA_{a1...a5,N5} − L_{a1 ,N5}^{N4} ∂_cA_{a2...a5,N4} − L_{a1 a2,N5}^{N3} ∂_cA_{a3a4a5,N3} + 1 2 (L_{a1} L_{a2} )_{N5}^{N3} ∂_cA_{a3a4a5,N3} − 1 3! (L_{a1} L_{a2} L_{a3} )_{N5}^{N2} ∂_cA_{a4 a5,N2} + 1 2 (L_{a1} L_{a2 a3} )_{N5}^{N2} ∂_cA_{a4a5,N2} + 1 5! (L_{a1} L_{a2} L_{a3} L_{a4} )_{N5}^{N1} ∂_cA_{a5 ,N1} ] . (B.6)

The order g part of the same field strengths follows from eq. (2.48). The result is F^{(1)}_{ca1,N1} = 2g[W^{N2}_{N1} A_{ca1,N2} + 1 2 X^{M1P1}_{N1} A_{a1 ,P1} A_{c,M1} ] (B.7) F^{(1)}_{ca1a2,N2} = 3g[W^{N3}_{N2} A_{ca1a2,N3} − L_{a1 ,N2}^{N1} W^{M2}_{N1} A_{ca2,M2} − 1 3! L_{a1 ,N2}^{P1} X^{N1M1}_{P1} A_{a2,M1} A_{c,N1} ] (B.8) F^{(1)}_{ca1a2a3,N3} = 4g[W^{N4}_{N3} A_{ca1a2a3,N4} − L_{a1 ,N3}^{N2} W^{M3}_{N2} A_{ca2a3 ,M3} − 1 2 L_{a1 a2,N3}^{N1} W^{N2}_{N1} A_{ca3,N2} + 1 2 (L_{a1} L_{a2} )_{N3}^{N1} W^{N2}_{N1} A_{ca3,N2} + 1 4! (L_{a1} L_{a2} )_{N3}^{P1} X^{N1M1}_{P1} A_{a3 ,M1} A_{c,N1} ] (B.9) F^{(1)}_{ca1...a4,N4} = 5g[W^{N5}_{N4} A_{ca1...a4,N5} − L_{a1,N4}^{N3} W^{M4}_{N3} A_{ca2a3a4,M4} −L_{a1 a2,N4}^{N2} W^{N3}_{N2} A_{ca3a4,N3} + 1 2 (L_{a1} L_{a2} )_{N4}^{N2} W^{N3}_{N2} A_{ca3a4,N3} + 1 2 (L_{a1} L_{a2 a3} )_{N4}^{N1} W^{N2}_{N1} A_{ca4,N2} − 1 3! (L_{a1} L_{a2} L_{a3} )_{N4}^{N1} W^{N2}_{N1} A_{ca4,N2} − 1 5! (L_{a1} L_{a2} L_{a3} )_{N4}^{P1} X^{N1M1}_{P1} A_{a4,M1} A_{c,N1} ] (B.10) F^{(1)}_{ca1...a5,N5} = 6g[W^{N6}_{N5} A_{ca1...a5,N6} − L_{a1,N5}^{N4} W^{M5}_{N4} A_{ca2...a5,M5} −L_{a1 a2,N5}^{N3} W^{N4}_{N3} A_{ca3...a5,N4} + 1 2 (L_{a1} L_{a2} )_{N5}^{N3} W^{N4}_{N3} A_{ca3...a5,N4} − 1 2 L_{a1 a2a3,N5}^{N2} W^{N3}_{N2} A_{ca4a5,N3} + (L_{a1} L_{a2a3} )_{N5}^{N2} W^{N3}_{N2} A_{ca4a5,N3} − 1 3! (L_{a1} L_{a2} L_{a3} )_{N5}^{N2} W^{N3}_{N2} A_{ca4a5,N3} + 1 3! (L_{a1a2} L_{a3 a4} )_{N5}^{N1} W^{N2}_{N1} A_{ca5,N2} − 1 4 (L_{a1} L_{a2} L_{a3 a4} )_{N5}^{N1} W^{N2}_{N1} A_{ca5,N2} + 1 4! (L_{a1} L_{a2} L_{a3} L_{a4} )_{N5}^{N1} W^{N2}_{N1} A_{ca5,N2} + 1 6! (L_{a1} L_{a2} L_{a3} L_{a4} )_{N5}^{P1} X^{N1M1}_{P1} A_{a5,M1} A_{c,N1} ] . (B.11) The reader can easily evaluate the remaining field strengths.

The rigid transformations of the group element also determine the gauge transformations of the various fields. We list here the gauge transformations for all the forms up to the 6-form. The 1-form transforms as δA_{a1 ,N1} = a_{a1,N1} − gΛ_{M1} X^{M1}_{1 N1}^{P1} A_{a1,P1} , (B.12) the 2-form as δA_{a1a2,N2} = a_{a1 a2,N2} − 1 2 A_{a1 ,N1} a_{a2,M1} f^{N1M1}_{N2} − gΛ_{M1} X^{M1}_{2 N2}^{P2} A_{a1a2,P2} , (B.13) the 3-form as δA_{a1 a2a3,N3} = a_{a1 a2a3,N3} − A_{a1a2,N2} a_{a3 ,N1} f^{N2N1}_{N3} − 1 3! A_{a1 ,N1} A_{a2,M1} a_{a3,P1} f^{N1N2}_{N3} f^{M1P1}_{N2} − gΛ_{M1} X^{M1}_{3 N3}^{P3} A_{a1a2a3,P3} ,(B.14) the 4-form transforms as δA_{a1..a4,N4} = a_{a1...a4,N4} − 1 2 A_{a1a2,N2} a_{a3 a4,M2} f^{N2M2}_{N4} − A_{a1a2a3 ,N3} a_{a4,N1} f^{N3N1}_{N4} − 1 4! A_{a1,N1} A_{a2,M1} A_{a3,P1} a_{a4,Q1} f^{N1N3}_{N4} f^{M1N2}_{N3} f^{P1Q1}_{N2} − 1 4 A_{a1a2,N2} A_{a3,N1} a_{a4,M1} f^{N2M2}_{N4} f^{N1M1}_{M2} − gΛ_{M1} X^{M1}_{4 N4}^{P4} A_{a1...a4,P4} , (B.15) and the 5-form transforms as δA_{a1..a5,N5} = a_{a1...a5,N5} − A_{a1 ...a3,N3} a_{a4a5,N2} f^{N3N2}_{N5} − A_{a1...a4,N4} a_{a5,N1} f^{N4N1}_{N5} − 1 2 A_{a1a2,N2} A_{a3a4,M2} a_{a5,N1} f^{N2N3}_{N5} f^{M2N1}_{N3} − 1 5! A_{a1,N1} A_{a2,M1} A_{a3,P1} A_{a4,Q1} a_{a5,R1} f^{N1N4}_{N5} f^{M1N3}_{N4} f^{P1N2}_{N3} f^{Q1R1}_{N2} − 1 3! A_{a1a2,N2} A_{a3,N1} A_{a4,M1} a_{a5 ,P1} f^{N2N3}_{N5} f^{N1M2}_{N3} f^{M1P1}_{M2} −gΛ_{M1} X^{M1}_{5 N5}^{P5} A_{a1...a5,P5} . (B.16) The parameters a are given in eq. (2.52) in terms of the gauge parameters Λ. The reader can easily evaluate the gauge transformations for the higher rank fields.

C Extended spacetime in four dimensions

In this appendix we will consider the four dimensional maximal gauged supergravities using a non-linear realisation of E_{11} ⊗_s l_1. This closely follows the similar derivation of the maximal gauged supergravities in five dimensions given in reference [16] to which we refer for the details of how this method works.

C.1 The l_1 multiplet in four dimensions

The l_1 multiplet can be thought of as the E_{11} representation that contains the momentum generator P_c as its lowest component. The l_1 multiplet is the representation of E_{11} with highest weight λ_1, where λ_1 is the fundamental weight associated with node 1 of the Dynkin diagram of E_{11}. By definition it satisfies the relation (λ_1, α_i) = δ_{1i}, where α_i is the simple root associated with node i on the Dynkin diagram of E_{11}. For our derivation we will need the l_1 multiplet of E_{11} suitable to four dimensions at low levels.

The most straightforward way to find the components of the l_1 multiplet as it occurs in four dimensions at low levels is just to take the l_1 multiplet in eleven dimensions [15], carry out the dimensional reduction to four dimensions by hand, and then collect the result into representations of the internal symmetry group E_7. A more sophisticated method is to realise that the l_1 representation of E_{11} can be obtained by considering the adjoint representation of E_{12}. The Dynkin diagram of E_{12} is just that of E_{11}, but with one node, the starred node, added with one line attached to node one as in fig. 8. To find the l_1 representation suitable to eleven dimensions we decompose the adjoint representation of E_{12} into representations of the E_{11} obtained by deleting the starred node in the E_{12} Dynkin diagram and keeping only the level one generators; by level we mean the level associated with node one [15]. Clearly, as the commutation relations respect the level we must find a representation of E_{11} and it is in fact the l_1 representation. To find the l_1 representation in four dimensions one then carries out the decomposition GL(4, R) ⊗ E_7 corresponding to deleting in addition node four.

⋆ 1 2 3 4 5 6 7 8 9 10

11

Figure 8: The E_{12} Dynkin diagram.

Following either method the low level elements of the l_1 multiplet in four dimensions are found to be given by [37, 38]

P_a (1) Z^M (56) Z^{a,α} (133 ⊕ 1) Z^{ab,Nβ} (912 ⊕ 56 ⊕ 1) Z^{abc,[δϵ]} (8645 ⊕ 1539 ⊕ 133 ⊕ 1) · · · (C.1)

The indices a, b, . . . = 0, 1, 2, 3 transform under GL(4, R) in the obvious way while the numbers in brackets indicate the dimensions of the E_7 representations to which the charges belong.

The commutators of E_{11} appropriate to four dimensions are given in section four. The commutators of the E_7 generators with the l_1 generators are determined by the E_7 representation that the charges belong to and are given by

[R^α, Z^M ] = (D^α)_N^M Z^N [R^α, Z^{a,β}] = f^{αβ}_γ Z^{a,γ} [R^α, Z^{ab,Nβ}] = (D^α)_M^N Z^{ab,Mβ} + f^{αβ}_γ Z^{ab,Nγ} [R^α, Z^{abc,[δϵ]}] = f^{αδ}_βZ^{abc,[βϵ]} + f^{αϵ}_βZ^{abc,[δβ]} . (C.2) The remaining commutators between E_{11} generators and those of the l_1 multiplet can be deduced from their E_{12} origin, or just writing down relations compatible with the level assignments, GL(4, R) character, and using the Jacobi identities. We may define the way the l_1 generators occur in the E_{11} ⊗_s l_1 algebra by the relations

[R^α, P_a] = 0, [R^{a,N} , P_b] = δ^a_b Z^N , [R^{ab,α}, P_c] = 2δ^{[a}_c Z^{b],α} [R^{abc,Nβ} , P_d] = 3δ^{[a}_d Z^{bc],Nβ} , [R^{abcd,[αβ]}, P_e] = 4δ^{[a}_e Z^{bcd],[αβ]} . (C.3) The normalisation of the l_1 generators is then fixed by the choice of coefficients on the right hand side. The fact that the representation of the charges and the E_{11} generators coincide on each side of these equations is a consequence of the relationship that exists between the l_1 representation and the adjoint representation of E_{11} [37]. Physically this is the usual relationship between fields and the charges to which they couple in the Wess-Zumino term of a brane action.

The remainder of the commutators may be fixed through the Jacobi identities. For example, let us consider the Jacobi identity involving [R^{a,M} , [R^{b,N} , P_c]]. We find, using the E_{11} commutators of eq. (4.9), that [R^{a,M} , Z^N ] = −D^{MN}_α Z^{a,α} . (C.4) Now, for convenience we define Z^{ab,Nβ} = S^{Nβ}_A Z^{ab,A}, and the Jacobi relation [R^{a,M} , [R^{bc,α}, P_d]] implies that [R^{ab,α}, Z^M ] = −Z^{ab,Mα} and [R^{a,M} , Z^{b,α}] = −Z^{ab,Mα} . (C.5) The Jacobi relation [R^{ab,α}, [R^{cd,β}, P_e]] leads to [R^{ab,α}, Z^{c,β}] = Z^{abc,[αβ]} . (C.6)

The final Jacobi identity [R^{abc,A}, [R^{d,M} , P_e]] implies both [R^{a,M} , Z^{bc,A}] = −c^{MA}_{αβ} Z^{abc,[αβ]} and [R^{abc,A}, Z^M ] = −c^{MA}_{αβ} Z^{abc,[αβ]} . (C.7) Thus the commutators between the E_{11} generators and those of l_1 at low levels are given in equations (C.3) to (C.7).

C.2 Construction of the four dimensional gauged maximal supergravities

The field strengths and gauge transformations of the massless theory follow in a straightforward way from the E_{11} algebra, they are essentially the Cartan forms subject to the appropriate anti-symmetrisation. They are given by the general formula in eq. (2.46) and more explicitly in section four by setting g = 0. We will now derive the field strengths for the gauged theory following closely the argument given in [16] for the five-dimensional case.

We begin by choosing the group element of the non-linear realisation of E_{11} ⊗_s l_1 to be g = g_{l1} g_A = e^{xaPa} e^{y·Y} e^{A(x)·R} , (C.8) where e^{A(x)·R} = e^{Aa1...a4,αβ Ra1...a4,αβ} ...e^{Aa,M Ra,M} e^{ϕαRα} (C.9) and e^{y·Y} = e^{yM (ZM +gT M )}e^{ya,α(Za,α+gT a,α)}e^{yab,Mα(Zab,Mα+gT ab,Mα)} · · · . (C.10) The symbols in this latter equation are defined by

T^M = Θ^M_α R^α, T^{a,α} = W^α_M R^{a,M} T^{ab,Mα} = 1 3 (Θ^M_β f^{βα}_γ − 2W^α_N D^{MN}_γ )R^{ab,γ} , T^{abc,[ϵδ]} = W^δ_M R^{abc,Mϵ}, . . . . (C.11) The coefficients in these expressions are taken from the results of section 4. The tensor W^α_M defined here differs from the tensor denoted in the same way in section 4 by a factor of 2, and indeed it is defined as W^α_M = − 1 2 Θ^α_M (C.12) which differs from eq. (4.25). Again, this coefficient is taken to reproduce the results of section 4.

At first sight it may appear that the above group element contains all the generators of the l_1 multiplet, but this is not the case. In fact the coordinates y obey projections conditions that mean that part of the l_1 multiplet is absent and plays no role in the calculation. As discussed in reference [16], the part of l_1 which is present is the image of a map from E_{11} into the l_1 representation. It is argued [16] that demanding certain natural properties of this map leads to the constraints on Θ^M_α , etc found as a consequence of Jacobi identities of the deformed algebra in this paper. These constraints on Θ etc are reflected in the projections arising from the y coordinates. One may hope that such an argument may fix the coefficients in eqs. (C.11) and (C.12).

For reasons to do with the preservation of the form of the group element under the action of the group and the required compensating transformations the field strengths of the gauged supergravity are not given in a simple way by the Cartan forms. However, as explained in reference [16] we can calculate the variation of the fields in the usual way by taking a group element g_0 and considering its effect on the coset representative g_0g −→ g^′ and find the field strengths by demanding that they be invariant under these transformations. In particular let us consider g → g_0g taking g_0 = e^{b·Z} where the parameter b obeys the same constraints as the y coordinates. As discussed in reference [16] e^{b·Z} e^{y·Y} = e^{y′·Z} e^{−gb·T} . However, as the final field strengths do not depend on the y coordinates we need only calculate the the effect of e^{−gb·T} on the e^{A·R} term and do not require to know how the y coordinates change.

Let us first consider the transformation g → g_0g with g_0 = e^{bM ZM} this leads to the factor e^{−gbM ΘMα Rα} acting on the E_{11} coset representative which is just the same as an E_{11} transformation of the ungauged theory, but with parameter a_α = b_M Θ^M_α . At the next level we consider the transformation g_0 = e^{ba,αZa,α} , which results in the factor e^{−gba,αT a,α} = e^{−gba,αW αM Ra,M} which is just an E_{11} transformation with the parameter a_{a,M} = −gb_{a,α}W^α_M . Similarly the effect of g_0 = e^{bab,MαZab,Mα} is equivalent to an E_{11} transformation with parameter a_{ab,α} = −gb_{ab,Mβ}^1_3 (Θ^M_γ f^{γβ}_α − 2W^β_N D^{MN}_α ) and g_0 = e^{babc,[ϵδ]V abc,[ϵδ]} is equivalent to an E_{11} transformation with parameter a_{abc,A} = −gb_{abc,[ϵδ]}W^δ_M S^{Mϵ}_A . The result of all these transformations on the fields is given by δA_{a,M} = −gb_P Θ^P_α (D^α)_M^N A_{a,N} δA_{a1a2,α} = −gb_P Θ^P_β f^{βα}_γ A_{a1 a2,α} δA_{a1...a3,Mα} = −gb_P Θ^P_β (D^β_M^N A_{a1...a3,Nα} + f^{βγ}_αA_{a1...a3,Mγ} ) . (C.13)

We now consider an E_{11} transformations for the gauged theory, that is we take g_0 = e^{a·R} to act on the group element of eq. (C.8); g_0g = e^{a·R}e^{xaPa} e^{y·Y} e^{A·R} = e^{xaPa+[a·R,xaPa]}e^{y·Y +[a·R,y·Y ]}e^{a·R}e^{A·R} . (C.14) As discussed in [16] the transformations resulting from the [R, Y ] in the second term do not affect the dynamics as the final dynamics does not depend on the y coordinates and so we may ignore this term. The final a · R term has the same effect on the E_{11} fields as the equivalent transformation in the ungauged theory. In the first factor we find e^{xaPa+[a·R,xaPa]} which leads to higher generators in the l_1 multiplet. For example, if we take g_0 = e^{aa,M Ra,M} we find it leads to the term e^{xbPb} e^{xaaa,M ZM} . This latter factor then acts like a l_1 transformation on the rest of the coset representative and, as discussed above, it leads to an x-dependent E_{11} transformation.

As a result we can combine the effect of the l_1 transformations and the x dependence E_{11} transformation together by taking an l_1 transformation with the parameter

b_M (x) = b_M + x^aa_{a,M} b_{a,α}(x) = b_{a,α} + x^ba_{ba,α} b_{ab,Mα}(x) = b_{ab,Mα} + x^ca_{cab,Mα} b_{abc,[δϵ]} = b_{abc,[δϵ]} + x^da_{dabc,[δϵ]} . (C.15) As noted above we have in addition the usual E_{11} transformations with the a parameters which are related to the above parameters by a_{a,M} = ∂_ab_M (x) a_{ab,α} = 1 2 ∂_ab_{b,α}(x) a_{abc,Mα} = 1 3 ∂_ab_{bc,Mα}(x) a_{abcd,[δϵ]} = 1 4 ∂_ab_{bcd,[δϵ]}(x) . (C.16) Thus all the transformations can be expressed in terms of the x-dependent parameters b(x).

The resulting transformations of the fields are given by δA_{a,M} = ∂_ab_M (x) − gb_M (x)A_{a,N} X^{MN}_P − gb_{a,α}(x)W^α_M δA_{a1a2,γ} = 1 2 ∂_{[a1} b_{a2],γ} (x) + 1 2 ∂_{[a1|}b_M (x)A_{|a2],N} (D_γ )^{MN} − gb_M (x)Θ^M_α f^{αβ}_γ A_{a1a2,β} − 1 2 gb_{a1,α}(x)W^α_M A_{a2,N} D^{MN}_γ − 1 3 gb_{a1a2,Mα}(x)(Θ^M_β f^{βα}_γ − 2W^α_N D^{MN}_γ ) δA_{a1a2a3,Mα} = 1 3 ∂_{[a1} b_{a2a3],Mα}(x) + ∂_{[a1|}b_M (x)A_{|a2a3],α} − 1 6 A_{[a1|,M} A_{|a2|,N} ∂_{|a3]}b_P (x)(D_α)^{NP} −gb_N (x)Θ^N_β (D^β)_M^P A_{a1...a3,P α} − gb_N (x)Θ^N_β f^{βγ}_αA_{a1...a3,P γ} − gW^β_M b_{a1 ,β}(x)A_{a2a3,α} − 1 6 gW^β_N b_{a1 ,β}(x)A_{a2,P} A_{a3,M} D^{NP}_α − gb_{a1...a3,[βα]}(x)W^β_M δA_{a1...a4,[δϵ]} = 1 4 c^{M,Nβ}_{[δϵ]} ∂_{a1} b_M (x)A_{a2 ...a4 ,Nβ} − 1 24 D^{NP}_α c^{M,Qα}_{[δϵ]} A_{a1,M} A_{a2 ,Q}A_{a3,N} ∂_{a4} b_P (x) + 1 4 D^{NP}_δ A_{a1,N} ∂_{a2} b_P (x)A_{a3a4,ϵ} + 1 4 ∂_{a1} b_{a2 ,δ}(x)A_{a3 a4,ϵ} + 1 4 ∂_{a1} b_{a2...a4,[δϵ]}(x) . (C.17) The field strengths are just the objects which are covariant under the above E_{11} ⊗ l_1 transformations which at order g^0 agree with those of the massless theory. Thus the order g^1 variation of F^{(0)}, i.e. the variation of the massless field strengths, must cancel the order g^0 variation of the order g^0 variation of the order g^1 part of the field strength, F^{(1)}. This computation implies that the field strengths of the gauged theory are given by

F_{a1a2,M} = 2∂_{[a1} A_{a2],M} + gX^{NP}_M A_{[a1N} A_{a2 ]P} + 4gA_{a1a2α}W^α_M F_{a1...a3,α} = 3∂_{[a1} A_{a2a3],α} + 3 2 (∂_{[a1} A_{a2,M} )A_{a3],N} (D_α)^{MN} + 1 2 gA_{[a1,M} A_{a2,N} A_{a3],P} X^{[MN}_Q D^{P ]Q}_α + 6gA_{[a1a2,β}A_{a3],M} W^β_N D^{MN}_α +3g(Θ^M_γ f^{γβ}_α + 2gW^β_N D^{MN}_α )A_{a1...a3,Mβ} F_{a1...a4,T η} = 4∂_{[a1} A_{a2...a4],T η} − 4(∂_{[a1} A_{a2 a3,η})A_{a4],T} − 2 3 (∂_{[a1} A_{a2,N} )A_{a3,P} A_{a4 ],T} (D_η)^{NP} −16gW^α_T A_{a1...a4,[αη]} + 4g(Θ^M_β f^{βα}_η + 2gW^α_P D^{MP}_η )A_{[a1...a3,Mα}A_{a4]T} −4gW^α_M A_{[a1a2,α}A_{a3a4],η} + 4gW^α_P D^{P M}_η A_{[a1a2,α}A_{a3,M} A_{a4],T} + 1 6 gX^{MN}_RD^{RP}_η A_{[a1,M} A_{a2,N} A_{a3,P} A_{a4],T} . (C.18) The field strengths and the gauge transformations agree with those found in section 4, as one can see comparing eqs. (4.31) and (4.32) with eqs. (C.18) and (C.17), if we identify the gauge parameters of section 4 as

Λ_M = b_M (x) Λ_{a,α} = 1 2 b_{a,α} Λ_{ab,Mα} = 1 3 b_{ab,Mα} Λ_{abc,[αβ]} = 1 4 b_{abc,[αβ]} . (C.19)

References

[1] B. de Wit and H. Nicolai, “N=8 Supergravity With Local SO(8) X SU(8) Invariance,” Phys. Lett. B 108 (1982) 285; “N=8 Supergravity,” Nucl. Phys. B 208 (1982) 323.

[2] H. Nicolai and H. Samtleben, “Maximal gauged supergravity in three dimensions,” Phys. Rev. Lett. 86 (2001) 1686 [arXiv:hep-th/0010076]; “Compact and noncompact gauged maximal supergravities in three dimensions,” JHEP 0104 (2001) 022 [arXiv:hep-th/0103032].

[3] B. de Wit, H. Samtleben and M. Trigiante, “On Lagrangians and gaugings of maximal supergravities,” Nucl. Phys. B 655 (2003) 93 [arXiv:hep-th/0212239].

[4] B. de Wit, H. Samtleben and M. Trigiante, “The maximal D = 5 supergravities,” Nucl. Phys. B 716 (2005) 215 [arXiv:hep-th/0412173].

[5] H. Samtleben and M. Weidner, “The maximal D = 7 supergravities,” Nucl. Phys. B 725 (2005) 383 [arXiv:hep-th/0506237].

[6] B. de Wit, H. Samtleben and M. Trigiante, “Magnetic charges in local field theory,” JHEP 0509 (2005) 016 [arXiv:hep-th/0507289].

[7] B. de Wit, H. Samtleben and M. Trigiante, “The maximal D = 4 supergravities,” JHEP 0706 (2007) 049 [arXiv:0705.2101 [hep-th]].

[8] E. Bergshoeff, H. Samtleben and E. Sezgin, “The Gaugings of Maximal D=6 Supergravity,” JHEP 0803 (2008) 068 [arXiv:0712.4277 [hep-th]].

[9] P. C. West, “E(11) and M theory,” Class. Quant. Grav. 18 (2001) 4443 [arXiv:hep-th/0104081].

[10] I. Schnakenburg and P. C. West, “Kac-Moody symmetries of IIB supergravity,” Phys.

Lett. B 517 (2001) 421 [arXiv:hep-th/0107181].

[11] I. Schnakenburg and P. C. West, “Massive IIA supergravity as a non-linear realisation,” Phys. Lett. B 540 (2002) 137 [arXiv:hep-th/0204207].

[12] A. Kleinschmidt, I. Schnakenburg and P. C. West, “Very-extended Kac-Moody algebras and their interpretation at low levels,” Class. Quant. Grav. 21 (2004) 2493 [arXiv:hep-th/0309198].

[13] F. Riccioni and P. C. West, “The E(11) origin of all maximal supergravities,” JHEP 0707 (2007) 063 [arXiv:0705.0752 [hep-th]].

[14] E. A. Bergshoeff, I. De Baetselier and T. A. Nutma, “E(11) and the embedding tensor,” JHEP 0709 (2007) 047 [arXiv:0705.1304 [hep-th]].

[15] P. West, “E(11), SL(32) and central charges,” Phys. Lett. B 575 (2003) 333 [arXiv:hep-th/0307098].

[16] F. Riccioni and P. C. West, “E(11)-extended spacetime and gauged supergravities,” JHEP 0802 (2008) 039 [arXiv:0712.1795 [hep-th]].

[17] F. Riccioni and P. West, “Local E(11),” JHEP 0904 (2009) 051 [arXiv:0902.4678 [hep-th]].

[18] T. Damour, M. Henneaux and H. Nicolai, “E10 and a ’small tension expansion’ of M Theory,” Phys. Rev. Lett. 89 (2002) 221601 [arXiv:hep-th/0207267].

[19] M. Henneaux, E. Jamsin, A. Kleinschmidt and D. Persson, “On the E10/Massive IIA Correspondence,” arXiv:0811.4358 [hep-th]; M. Henneaux, E. Jamsin, A. Kleinschmidt and D. Persson, “Massive Type IIA Supergravity and E10,” arXiv:0901.4848 [hep-th].

[20] E. A. Bergshoeff, O. Hohm, A. Kleinschmidt, H. Nicolai, T. A. Nutma and J. Palmkvist, “E10 and Gauged Maximal Supergravity,” JHEP 0901 (2009) 020 [arXiv:0810.5767 [hep-th]].

[21] N. Marcus and J. H. Schwarz, “Three-Dimensional Supergravity Theories,” Nucl.

Phys. B 228 (1983) 145.

[22] K. Koepsell, H. Nicolai and H. Samtleben, “On the Yangian (Y(e(8))) quantum symmetry of maximal supergravity in two dimensions,” JHEP 9904 (1999) 023 [arXiv:hep-th/9903111].

[23] E. Cremmer and B. Julia, “The N=8 Supergravity Theory. 1. The Lagrangian,” Phys.

Lett. B 80 (1978) 48; “The SO(8) Supergravity,” Nucl. Phys. B 159 (1979) 141. [24] B. Julia, “Group Disintegrations,” in Superspace and Supergravity, Eds. S.W. Hawking and M. Rocek (Cambridge Univ. Press, 1981); E. Cremmer, “Supergravities In 5 Dimensions,” in Superspace and Supergravity, Eds. S.W. Hawking and M. Rocek (Cambridge Univ. Press, 1981).

[25] Y. Tanii, “N=8 Supergravity In Six-Dimensions,” Phys. Lett. B 145 (1984) 197. [26] E. Sezgin and A. Salam, “Maximal Extended Supergravity Theory In Seven- Dimensions,” Phys. Lett. B 118 (1982) 359.

[27] A. Salam and E. Sezgin, “D = 8 Supergravity,” Nucl. Phys. B 258 (1985) 284. [28] E. Bergshoeff, T. de Wit, U. Gran, R. Linares and D. Roest, “(Non-)Abelian gauged supergravities in nine dimensions,” JHEP 0210 (2002) 061 [arXiv:hep-th/0209205].

[29] E. Cremmer, B. Julia, H. Lu and C. N. Pope, “Dualisation of dualities. II: Twisted self-duality of doubled fields and superdualities,” Nucl. Phys. B 535 (1998) 242 [arXiv:hep-th/9806106].

[30] E. A. Bergshoeff, M. de Roo, S. F. Kerstan and F. Riccioni, “IIB supergravity revisited,” JHEP 0508 (2005) 098 [arXiv:hep-th/0506013].

[31] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin and F. Riccioni, “IIA ten-forms and the gauge algebras of maximal supergravity theories,” JHEP 0607 (2006) 018 [arXiv:hep-th/0602280].

[32] P. C. West, “E(11), ten forms and supergravity,” JHEP 0603 (2006) 072 [arXiv:hep-th/0511153].

[33] J. Polchinski and E. Witten, “Evidence for Heterotic - Type I String Duality,” Nucl. Phys. B 460 (1996) 525 [arXiv:hep-th/9510169]; E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend, “Duality of Type II 7-branes and 8-branes,” Nucl. Phys. B 470 (1996) 113 [arXiv:hep-th/9601150].

[34] B. de Wit, H. Nicolai and H. Samtleben, “Gauged Supergravities, Tensor Hierarchies, and M-Theory,” JHEP 0802 (2008) 044 [arXiv:0801.1294 [hep-th]].

[35] B. de Wit and H. Samtleben, “Gauged maximal supergravities and hierarchies of nonabelian vector-tensor systems,” Fortsch. Phys. 53 (2005) 442 [arXiv:hep-th/0501243].

[36] C. Hillmann, “Generalized E(7(7)) coset dynamics and D=11 supergravity,” JHEP 0903 (2009) 135 [arXiv:0901.1581 [hep-th]].

[37] P. West, “E(11) origin of brane charges and U-duality multiplets,” JHEP 0408 (2004) 052 [arXiv:hep-th/0406150].

[38] P. P. Cook and P. C. West, “Charge multiplets and masses for E(11),” JHEP 0811 (2008) 091 [arXiv:0805.4451 [hep-th]].