arXiv:0906.1363v5 [math.AT] 26 May 2010

QUANTUM EXTENDED CRYSTAL SUPER PDE’S

AGOSTINO PRÁSTARO

Department of Methods and Mathematical Models for Applied Sciences, University of Rome ”La Sapienza”, Via A.Scarpa 16, 00161 Rome, Italy.

E-mail: Prastaro@dmmm.uniroma1.it

ABSTRACT. We generalize our geometric theory on extended crystal PDE’s and their stability, to the category Q_S of quantum supermanifolds. By using algebraic topologic techniques, obstructions to the existence of global quantum smooth solutions for such equations are obtained. Applications are given to encode quantum dynamics of nuclear nuclides, identified with graviton-quark-gluon plasmas, and study their stability. We prove that such quantum dynamical systems are encoded by suitable quantum extended crystal Yang-Mills super PDE’s. In this way stable nuclear-charged plasmas and nuclides are characterized as suitable stable quantum solutions of such quantum Yang- Mills super PDE’s. An existence theorem of local and global solutions with mass-gap, is given for quantum super Yang-Mills PDE’s, ^(Y M), by identifying a suitable constraint, ^(Higgs) ⊂ ^ (Y M), Higgs quantum super PDE, bounded by a quantum super partial differential relation ^ (Goldstone) ⊂ ^(Y M), quantum Goldstone-boundary. A global solution V ⊂ ^(Y M), crossing the quantum Goldstone-boundary acquires (or loses) mass. Stability properties of such solutions are characterized.^1

AMS (MOS) MS CLASSIFICATION. 57R90, 53C99, 81Q99.

KEY WORDS AND PHRASES. Integral bordisms in quantum super PDE’s. Existence of local and global solutions in quantum super PDE’s. Conservation laws. Quantum (super)gravity. (Un)stable quantum super PDE’s. (Un)stable quantum solutions. (Un)stable quantum extended crystal super PDE’s. Quantum singular super PDE’s.

1. Introduction The mathematical heritage of the last century is essentially that Physics is Geometry and nothing else. This is, in fact, the main issue by the Einstein’s General Relativity theory [17], (previously supported also by the Maxwell’s theory of electromagnetism [53, 54]). Unfortunately this message was not well understood at the quantum level! The principal motivation was, we believe, that Mathematics was not ready to extend such a philosophy in the formulation of a geometric quantum theory. In fact, at the beginning of the last century the Ricci-Curbastro’s tensor calculus [102, 103, 108] was just enough developed to allow to Einstein his formulation of general gravitation. Instead, in order to formulate a ”quantum general relativity”, it was necessary yet to build a new geometric theory of quantum PDE’s!

1Some results of this paper were partially announced in [95].

Work partially supported by Italian grants MURST ”PDE’s Geometry and Applications”. 1

At the beginning of last century, however, was just well understood that the concept of ”mass” is synonymous of concentred energy. In fact, the General Relativity Theory proved that big masses are able to deform space-time geometry. Nowadays we can state that also at quantum level, high concentration of energy modifies geometry and produces noncommutative geometry. Thus the mass-energy, is nothing else that a property of the geometry involved to describe ”particles”. This becomes conjectured also after the first middle of the last century, thanks to the famous formula E = mc^2 and nuclear energy production experiments. To this purpose, let us recall the well known J. A. Wheeler’s slogans: ”mass without mass, charge without charge, field without field” and his pioneering works on the ”geometrodynamics”. (See, e.g., Refs.[130, 131, 132, 58].)

Our PDE’s Algebraic Topology, developed in the category of (non)commutative manifolds, aims to follow this philosophy, building a new mathematics just able to allow a full geometrization of Physics.

In some previous works we have characterized PDE’s as extended crystals, in the sense that their integral bordism groups can be considered as extensions of suitable crystallographic subgroups. For such structures a geometric formulation of stability theory has been developed also. More recently such theory has been extended also to quantum (super) PDE’s, i.e., PDE’s built in the category Q_S of quantum supermanifolds, as previously introduced by us. (See Refs.[86, 88, 89, 90, 91, 95].) Aim of the present paper is to specialize our study to quantum supergravity Yang- Mills PDE’s (quantum SG-Yang-Mills PDE’s). This type of equations have been previously introduced by us in some recent works and appears very useful to encode quantum dynamics unifying, just at quantum level, gravity with the other fundamental forces of Nature, i.e., electromagnetic, weak and strong forces.[71, 72, 75, 76, 77, 78, 82, 83, 84, 85, 92, 93, 94, 95]. These equations extend, at quantum level, some superclassical ones, well known in literature about supergravity. (See, e.g., Refs.[14, 25, 123, 127, 128, 133].) In fact supergravity, as has been usually considered, is a classical field theory, that, in some sense comes from a generalization of Charles Ehresmann and Èlie Cartan’s differential geometry [110].^2 Then classical supergravity requires to be quantized. But in this way one discards nonlinear phenomena. In fact this quantization is obtained by means of so-called quantum propagators, that are just associated to linearizations of classical PDE’s. Our formulation, instead, works directly on noncommutative manifolds (quantum supermanifolds), and the quantization is not more necessary. In fact, whether it is performed in this noncommutative framework, it can bee seen as a linear approximation of a more general nonlinear integration. In some previous papers this important aspect has been carefully proved. (See Refs.[85, 94].) This paper, after Introduction, splits in two more sections. Section 2. Here we characterize quantum super PDE’s like extended crystals, in the sense that their integral bordism groups can be considered as extensions of crystallographic subgroups. This approach generalizes our previous one for commutative PDE’s, and allows us to identify an algebraic topologic obstruction to the existence of global smooth solutions for PDE’s in the category Q_S . Furthermore, for such solutions we study their stability properties from a geometric point of view. Section 3. Here we consider ”quantum gravity” in the category Q_S , and encoded by suitable quantum

2It is well known that the mathematical foundation of all gauge theories is to ascribe to

C.Ehresmann, when he was a E. Cartan’s student [18].

Yang-Mills equations (quantum SG-Yang-Mills PDE’s), say ^(Y M). In this way we are able to characterize quantum (super)gravity like a secondary object, associated to some geometric fundamental objects (fields), solutions of ^(Y M). Then mass properties of such solutions are directly pointed-out, without the necessity to directly assume symmetry breaking Higgs-mechanisms. However, we recognize a constraint in ^(Y M), that gives a pure quantum geometrodynamic mechanism able to justify mass acquisition (or loss) to a quantum solution of ^(Y M). Furthermore, nuclear particles and nuclides can be seen as suitable p-chain solutions of ^(Y M), and their energy-thermodynamic contents and stability properties characterized. The main results of this paper are the following. Theorem 2.3 characterizes the crystal structure of quantum super PDE’s. Corollary 2.18 identifies the algebraic topologic obstruction to the existence of global smooth solutions of PDE’s in the category Q_S. Theorem 2.34 and Theorem 2.40 characterize the stability of quantum super PDE’s and their solutions. Theorem 2.46 gives a criterion to average stability. Theorem 3.4 and Theorem 3.8 encode dynamic for quantum (super)gravity and characterize the quantum Cartan geometry induced by solutions of quantum SG-Yang-Mills PDE’s, shortly denoted by ^(Y M). Theorem 3.11 gives a criterion, founded on the quantum Higgs-symmetry breaking mechanism, to recognize solutions of ^(Y M) whose quantum Levi-Civita connections induce zero covariant derivative on the corresponding quantum metric. Theorem 3.12 and Theorem 3.14 characterize the quantum crystal structure of ^(Y M). Theorem 3.19 gives a local mass-formula for solutions of ^(Y M). Theorem 3.20 identifies important quantum observed fields by means of a quantum relativistic frame. Theorem 3.21 characterizes the stability properties of ^(Y M) and its solutions. Theorem 3.23 identifies thermodynamic functions and thermodynamic equations associated to observed solutions of ^(Y M). Theorem 3.28, and Corollary 3.38 prove existence of a formally integrable and completely integrable quantum super PDE, ^(Higgs) ⊂ ^(Y M), where for any point, initial condition, there exist solutions with mass-gap.^3 We call such a constraint Higgs quantum super PDE. A global solution, V ⊂ ^(Y M), crossing the boundary, (denoted ^

(Goldstone)), of ^(Higgs) in ^(Y M), quantum Goldstoneboundary, acquires (resp. loses) mass going inside, (resp. outside), ^(Higgs). So that the quantum Goldstone-boundary can be considered as the quantum integral situs for mass-creation, or, vice versa, mass-destruction, according that one considers the solution going inside ^(Higgs), or outgoing from ^(Higgs). The stability of such solutions are studied and identified the corresponding stabilized quantum extended crystal super PDE, where all the smooth solutions have mass-gap and are stable at finite-times.

2. EXTENDED CRYSTAL SUPER PDE’s STABILITY IN Q_S

In this section we resume some recent characterizations of quantum PDE’s as quantum extended crystal PDE’s, made by us in the framework of our geometric theory

3Here and in the following, talking about quantum super PDE’s, we simply say formally

integrable, (resp. completely integrable), instead of formally quantum superintegrable, (resp. completely quantum superintegrable). (Compare with previous works on the same subjects.)

of quantum PDE’s.^4 Furthermore, we shall consider the stability of quantum super PDE’s in the framework of the geometric theory of quantum super PDE’s. We will follow the line just drawn in some our previous papers on this subject for commutative PDE’s, where we have interpreted stability of PDE’s on the ground of their integral bordism groups and related the quantum bordism of PDE’s to Ulam stability too.

Definition 2.1. We say that a quantum super PDE Ê_k ⊂ Ĵ^k_{m|n}(W ) is a quantum

extended 0-crystal super PDE, if its weak integral bordism group Ω^{Êk}_{m−1|n−1,w} is zero.

Theorem 2.2. (Criterion to recognize quantum extended 0-crystal super PDE’s). Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a formally integrable and completely integrable quantum super PDE such that W is contractible. If m−1 ≠ 0 and n−1 ≠ 0, then E_k is a quantum extended 0-crystal super PDE.

Proof. In fact, one has the following isomorphisms, (see [84]):

(1) Ω Ê_k m−1|n−1,w ∼= H_{m−1|n−1}(W ; A) ∼= (A_0 ⨂_K H_{m−1}(W ; K )) ⨁ (A_1 ⨂_K H_{n−1}(W ; K )) .

Thus, when W is contractible, and m − 1 ≠ 0, n − 1 ≠ 0, one has H_{m−1}(W ; K ) = H_{n−1}(W ; K ) = 0, hence we get Ω^{Êk}_{m−1|n−1,w} = 0. □

Theorem 2.3. (Crystal structure of quantum super PDE’s). Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a formally integrable and completely integrable quantum super PDE. Then its integral bordism group Ω^{Êk}_{m−1|n−1} is an extension of some crystallographic subgroup G ◁ G(d). We call d the crystal dimension of Ê_k and G(d) its crystal structure or crystal group.

Proof. We resume here the proof given in [95]. The first step is to note that there is a relation between lower dimensions integral bordisms in a commutative PDE. Lemma 2.4. (Relations between lower dimensions integral bordisms in commutative PDE’s). Let E_k ⊂ J^k_n (W ) be a PDE on the fiber bundle π : W → M, dim W = m + n, dim M = n. Let^S C_p(E_k ) be the set of all compact p-dimensional admissible integral smooth manifolds of E_k. The disjoint union gives an addition on^S C_p(E_k ) with ∅ as the zero element. Let us consider the homomorphisms ∂_p :^S C_p(E_k) →^S C_{p−1}(E_k ) that associates to any element a ∈^S C_p(E_k ) its boundary ∂a = ∂_p(a). So we obtain the chain complex (2)of abelian groups (integral smooth bordisms chain complex):

(2)^S C_n(E_k)^{∂n} //^S C_{n−1}(E_k )^{∂n−1} //^S C_{n−2}(E_k)^{∂n−2} // · · ·^{∂1} //^S C_0(E_k).

4For general informations on Algebraic (Co)homology see, e.g., the following Refs.[1, 6, 7, 8, 10, 24, 32, 41, 42, 46, 48, 49, 50, 51, 52, 55, 56, 59, 100, 105, 106, 113, 114, 116, 117, 119, 120, 121, 125, 126]. For general informations on crystallography, as used in this paper, see, e.g., Refs.[19, 28, 62, 101, 107, 109, 115]. For the geometric theory of PDE’s, see, e.g., Refs.[9, 20, 21, 26, 36, 37, 38, 39, 40, 43, 45, 61, 64, 65, 66, 67, 99, 111, 112, 118]. For the Algebraic Topology of PDE’s, super PDE’s, quantum PDE’s and quantum super PDE’s see Refs.[68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 78, 79, 80, 81, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95]. See also the following Refs.[2, 3, 4, 5, 96, 97, 98], where interesting applications of the PDE’s Algebraic Topology are given.

Then the p-bordism groups Ω^{Ek}_p , 0 < p < n, can be represented by means of the homology of the chain complex (2). Proof. Let us denote by {_S C_•(E_k ), ∂_• } the chain complex in (2). Then, we can build the exact commutative diagram (3). (3) 0 fflffl 0 fflffl 0 //^S B•(Ek ) fflffl

// S Z_•(E_k )

fflffl

// S H_•(E_k ) // 0

S C_•(E_k) fflffl S C_•(E_k) fflffl 0 // Ω^{Ek}_• //^S Bor_•(E_k ) fflffl

// S Cyc_•(E_k )

fflffl

// 0

0 0 where

S B_•(E_k ) = ker(∂|_•);^S Z_•(E_k) = im (∂_•); S H_•(E_k ) =^S Z_•(E_k)/^S B_•(E_k ), b ∈ [a] ∈^S Bor_•(E_k) ⇒ a − b = ∂c; c ∈^S C_•(E_k ); b ∈ [a] ∈^S Cyc_•(E_k ) ⇒ ∂(a − b) = 0; b ∈ [a] ∈ Ω^{Ek}_• ⇒ { ∂a = ∂b = 0 a − b = ∂c, c ∈^S C_•(E_k) } . Then from (3) it follows directly that Ω^{Ek}_p ∼=^S H_p(E_k), 0 < p < n. □

Lemma 2.5. (Relations between integral bordisms groups in commutative PDEs). One has the following canonical isomorphism: (4) Z ⨂ Ω^{Ek}_• Z^SBor_•(E_k) ∼= Z^SCyc_•(E_k). Proof. Follows directly from the extension of groups given at the bottom of the commutative exact diagram (3) and some properties between extension of groups. (See, e.g., [71].) □

Lemma 2.6. (Relations between integral bordisms groups in commutative PDEs- 2). If H^2(^S Cyc_•(E_k ), Ω^{Ek}_• ) = 0 one has the following canonical isomorphism: (5)^S Bor_•(E_k ) ∼= Ω^{Ek}_• ×^S Cyc_•(E_k ).

Proof. Follows directly from the extension of groups given at the bottom of the commutative exact diagram (3) and some properties between extension of groups. (See, e.g., [71].) □

Lemma 2.7. (Integral ringoid of PDE). A ringoid is a structure (A, +, ·), where A is a set and + is a binary operation such that (A, +) is an abelian additive group with zero 0 ∈ A; · is a partially binary operation, i.e., it is defined only for some couples (a, b) ∈ A × A, such that it is associative, and distributive with respect to

+, i.e., if a · b and a · c are defined, then it is defined also a · (b + c) = a · b + a · c. A graded ringoid is a set A = ⨁ n A_n, where each A_n is an abelian additive group and there is a partial binary operation ·, associative, and distributive with respect to +, such that if a ∈ A_n, b ∈ A_m, then a · b ∈ A_{m+n}, whenever it is defined. Let E_k ⊂ J^k_n (W ) be a PDE, with π : W → M a fiber bundle, dim W = m + n, dim M = n. Then the integral bordism groups Ω^{Ek}_p , 0 ≤ p ≤ n−1, identify a graded ringoid Ω^{Ek}_• , that we call integral ringoid of E_k, that is an extension of a graded ringoid contained in the nonoriented bordism ring Ω_•. One has the commutative diagram (6).

(6) 0 fflffl 0 Hom_{ringoid}(K^{Ek}_• ; R) oo Hom_{ringoid}(ΩEk_• ; R) oo

fflffl Hom_{ringoid}(^{(n−1)}Ω_•; R)

ttjjjj jjjj jjjj jjjj j oo 0oo

H_•(E_k )

where H_•(E_k ) ≡ ⨁ 0≤p≤n−1 Hp(Ek), that allows us to represent differential p-

conservation laws of order k by means of ringoid homomorphisms Ω^{Ek}_• → R.

Proof. Set

(7) Ω^{Ek}_• ≡ ⨁ 0≤p≤n−1 Ω^{Ek}_p . Each Ω^{Ek}_p are additive abelian groups, with addition induced by disjoint union, ⊔. Furthermore, there is a natural product induced by the cartesian product, i.e., [X_1] · [X_2] = [X_1 × X_2] ∈ Ω^{Ek}_{p1+p2} , for [X_i] ∈ Ω^{Ek}_{pi} , 0 ≤ p_i ≤ n − 1, i = 1, 2, 0 ≤ p_1 +p_2 ≤ n−1. This product it is not always defined for all couples (X_1, X_2) of closed admissible integral manifolds X_i, i = 1, 2, but only for ones such that X_1 ×X_2 is a closed integral admissible manifold. Therefore Ω^{Ek}_• is a graded ringoid. Set (n−1)Ω • ≡ ⨁ 0≤p≤n−1 Ωp. It has in a natural way a graded ringoid structure, with

respect the same operations with respect to which Ω_• is a graded ring. Furthermore, for any 0 ≤ p ≤ n − 1, one has the exact sequence (8), (see proof of Theorem 3.16 in [85]).

(8) 0 // K^{Ek}_p // Ω^{Ek}_p // Ωp // 0

As a by-product one has also the following exact commutative diagram:

(9) 0 fflffl 0 // K^{Ek}_• // Ω^{Ek}_• //^{(n−1)}Ω_• // fflffl 0

Ω_•

where K^{Ek}_• ≡ ⨁ 0≤p≤n−1 K E_k p . A full p-conservation law is any function f : Ω^{Ek}_p → R, 0 ≤ p ≤ n − 1. These, identify elements of H_•(E_k) ≡ ⨁ 0≤p≤n−1 Hp(Ek ) in a natural way. In H•(Ek) are

contained also ones identified by means of differential conservation laws of order k, belonging to the following quotient space, (space of characteristic integral q-forms on E_k ): I(E_k)^• ≡ ⨁ 0≤q≤n−1 I(Ek) q , with

(10) I(E_k )^q ≡

Ω^q (E_k) ∩ d^{−1}(CΩ^{q+1}(E_k )) dΩ^{q−1}(E_k ) ⊕ {CΩ^q (E_k) ∩ d^{−1}(CΩ^{q+1}(E_k ))} . Here, Ω^q (E_k) is the space of smooth q-differential forms on E_k and CΩ^q (E_k) is the space of Cartan q-forms on E_k, that are zero on the Cartan distribution E_k of E_k. Therefore, β ∈ CΩ^q (E_k ) iff β(ζ_1, · · · , ζ_q) = 0, for all ζ_i ∈ C^∞(E_k).^5 Any [α] ∈ I(E_k)^• identifies a ringoid homomorphism f[α] : Ω^{Ek}_• → R. More precisely one has f[α]([X_1] + [X_2]) =< α, X_1 > + < α, X_2 >, for [α] ∈ I(E_k)^p, [X_1], [X_2] ∈ Ω^{Ek}_p , and f[α]([X_1] · [X_2]) =< α_1, X_1 >< α_2, X_2 >, for [α] = [α_1] + [α_2] ∈ I(E_k )^{p1} ⊕ I(E_k)^{p2} , [X_1] ∈ Ω^{Ek}_{p1} , [X_2] ∈ Ω^{Ek}_{p2} . □

The next step is to extend above results to PDE’s in the category Q_S of quantum supermanifolds.

Lemma 2.8. (Relations between lower order integral bigraded-bordisms in quantum super PDE’s). Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a quantum super PDE on the fiber bundle π : W → M, dim_B W = (m|n, r|s), dim_A M = m|n, B = A × E, E a quantum superalgebra that is also a Z-module, with Z = Z(A) the centre of A. Let^S C_{p|q} (Ê_k) be the set of all compact p|q-dimensional, (with respect to A), admissible integral smooth manifolds of Ê_k, 0 ≤ p ≤ m, 0 ≤ q ≤ n. The disjoint union gives an addition on^S C_{p|q} (Ê_k ) with ∅ as the zero element. Let us consider the homomorphisms ∂_{p|q} :^S C_{p|q} (Ê_k ) →^S C_{p−1|q−1}(Ê_k) that associates to any element a ∈^S C_{p|q} (Ê_k) its boundary ∂a = ∂_{p|q}(a). So we obtain the chain complex (11) of abelian groups (integral smooth bigraded-bordisms chain complex) of Ê_k ⊂ Ĵ^k_{m|n}(W ). (11) S C_{m|n}(Ê_k )^{∂m|n} //^S C_{m−1|n−1}(Ê_k)^{∂m−1|n−1} //^S C_{m−2|n−2}(Ê_k)^{∂m−2|n−2} // · · · · · ·^{∂r|r} //^S C_{m−r|n−r}(Ê_k) where r = min{m, n}. Then the p|q-integral bordism groups Ω^{Êk}_{p|q} , (m − r) < p < m, (n − r) < q < n, can be represented by means of the homology of the chain complex (11).

One has the following canonical isomorphism:

(12) Z ⨂ Ω^{Êk}_{•|•} Z^SBor_{•|•}(Ê_k) ∼= Z^SCyc_{•|•}(Ê_k ).

Furthermore, if H^2(^S Cyc_{•|•}(Ê_k), Ω^{Êk}_{•|•}) = 0 one has the following canonical isomorphism: (13)^S Bor_{•|•}(Ê_k) ∼= Ω^{Êk}_{•|•} ×^S Cyc_{•|•}(Ê_k ). 5The space of conservation laws of E k, Cons(E_k), can be identified with the spectral term E^{0,n−1} 1 of the spectral sequence associated to the filtration induced in the graded algebra Ω^•(E_∞) ≡ ⊕_{q≥0}Ω^q (E_∞), by the subspaces CΩ^q (E_∞) ⊂ Ω^q (E_∞). (For abuse of language we shall call ”conservation laws of k-order”, characteristic integral (n − 1)-forms too. Note that CΩ^0(E_k) = 0. See also Refs.[71, 73, 75, 82].)

Proof. The proof can be conduced similarly to the ones for Lemma 2.4, Lemma 2.5 and Lemma 2.6. □

Similarly we can prove the following lemma concerning the total analogue of the complex (11) too.

Lemma 2.9. (Relations between lower order integral total-bordisms in quantum super PDE’s). Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a quantum super PDE on the fiber bundle π : W → M, dim_B W = (m|n, r|s), dim_A M = m|n, B = A × E, E a quantum superalgebra that is also a Z-module, with Z = Z(A) the centre of A. Let^S C_p(Ê_k ), 0 ≤ p ≤ m + n, be the set of all compact u|v-dimensional, (with respect to A), admissible integral quantum smooth manifolds of Ê_k, such that u + v = p. The disjoint union gives an addition on^S C_p(Ê_k ) with ∅ as the zero element. Thus we can write

(14)^S C_p(Ê_k ) = ⨁ u,v;u+v=p S C_{u|v} (Ê_k) =^{T ot,S} C_p(Ê_k). Let us consider the homomorphisms ∂_p :^S C_p(Ê_k) →^S C_{p−1}(Ê_k) that associates to any element a ∈^S C_p(Ê_k) its boundary ∂a = ∂_p(a), i.e., one has:

(15) ∂_pa = ∂_p(a_{p|0}, a_{p−1|1}, a_{p−2|2}, · · · , a_{0|p}) = (∂_{p|0}a_{p|0}, ∂_{p−1|1}a_{p−1|1}, ∂_{p−2|2}a_{p−2|2}, · · · , ∂_{0|p}a_{0|p}) ∈ ⨁ u,v;u+v=p−1 S C_{u|v} (Ê_k ) =^S C_{p−1}(Ê_k ).

One has ∂_{p−1} ∘ ∂_p = 0. So we get the chain complex (16) of abelian groups (integral smooth bigraded-bordisms chain complex) of Ê_k ⊂ Ĵ^k_{m|n}(W ).

(16)^S C_n(Ê_k)^{∂n} //^S C_{n−1}(Ê_k)^{∂n−1} //^S C_{n−2}(Ê_k )^{∂n−2} // · · ·^{∂1} //^S C_0(Ê_k).

Then the p-integral total bordism groups Ω^{Êk}_p , 0 < p < m + n, can be represented by means of the homology of the chain complex (16). One has the following canonical isomorphism:

(17) Z ⨂ Ω^{Êk}_• Z^SBor_•(Ê_k) ∼= Z^SCyc_•(Ê_k).

Furthermore, if H^2(^S Cyc_•(Ê_k), Ω^{Êk}_• ) = 0 one has the following canonical isomorphism:

(18)^S Bor_•(Ê_k ) ∼= Ω^{Êk}_• ×^S Cyc_•(Ê_k ).

Proof. The proof is similar to the one of Lemma 2.8. □

Lemma 2.10. (Integral ringoid of PDE’s in Q_S and quantum conservation laws). Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a PDE in the category Q_S as defined in Lemma 2.9. Then, Ω^{Êk}_• ≡ ⨁ 0≤p≤m+n Ω Ê_k p , has a natural structure of graded ringoid, with respect to the (partial) binary operations similar to the commutative case. We call Ω^{Êk}_• the integral ringoid of Ê_k . Furthermore, quantum conservation laws of order k, f̂ ∈ Map(Ω^Êk_{p|q}, B_k) ≡ H_{p|q}(Ê_k ), can be projected on their classic limits f̂ → f̂_C ≡ c ∘ f̂ ∈ Map(Ω^{Êk}_{p|q}, K ) ≡ H_{p|q}(Ê_k )_C . By passing to the corresponding total spaces, we get the exact commutative diagram (19).

(19) 0 fflffl 0 fflffl H_{p|q} (Ê_k) fflffl

// H_{p|q} (Ê_k)_C

fflffl

// 0

H_•(Ê_k ) // H_•(Ê_k )_C // 0

Moreover, graded ringoid homomorphisms ĥ ∈ Hom_{ringoid}(Ω^{Êk}_• , K ), can be identified by means of classic limit quantum conservation laws of Ê_k. One has the exact commutative diagram (20).

(20) 0 //^RH_•(Ê_k ) // fflffl H_•(Ê_k ) fflffl 0 // Hom_{ringoid}(Ω^{Êk}_• , K ) // fflffl H_•(Ê_k )_C fflffl 0 0 that defines a subalgebra^RH_•(Ê_k ) of H_•(Ê_k ), whose elements we call rigid quantum conservation laws, and whose classic limit can be identified with ringoid homomorphisms Ω^{Êk}_• → K . In particular, quantum conservation laws arising by full quantum differential form classes

(21) { [α] ∈ ⨁ p,q≥0 Î(Êk) p|q Î(Ê_k)p|q ≡^{^Ωp|q (Ê}k^{)∩d−1(C ^Ωp+1|q+1 (Ê}k^{))} d^Ω^{p−1|q−1} (E_k )⊕{C ^Ω^{p|q} (Ê_k )∩d^{−1}(C ^Ω^{p+1|q+1} (Ê_k )))} belong to^RH_•(Ê_k).

Proof. The proof follows directly from above lemmas. (For details on spaces Î(Ê_k)^{p|q} see Refs.[77, 82, 84].) □

Let us, now, denote Ω_c^{Êk}_{p|q} (or Ω_c^{Êk}_{p+q} ), the classic limit of integral (p|q)-bordism group

of Ê_k, i.e., the (p + q)-bordism group of classic limits of integral supermanifolds N ⊂ Ê_k, such that dim_A N = p|q.^6 Furthermore, let us denote by Ω_c^{Êk}_{^p+q} the classic

limit of total integral (p + q)-bordism group of Ê_k, i.e., the (p + q)-bordism group of classic limits of integral supermanifolds N ⊂ Ê_k, such that dim_A N = u|v, with u + v = p + q. One has the exact commutative diagram (22).

6Let us recall that a (p|q)-dimensional integral quantum supermanifold V of Ê k, 0 ≤ p ≤ m, 0 ≤ q ≤ n, with boundary ∂V , (or eventually with ∂V = ∅), we mean an element V ∈ C_{p|q} (Ê_{k+h}, A), h ≥ 0, such that T V ⊂ E_{k+h} . So, if V = ∑ i a^iu_i + ∑ j b^j v_i, a_i ∈ A_0, b_j ∈ A_1, one has ∂V = ∑ i(−1)^ia^i∂_iu + ∑ j (−1)^j b^j ∂_j v. (For more details see [84].

(22) 0 // Ω^{Êk}_{p|q}

fflffl

// Ω^^Ek_{p+q}

fflffl 0 // Ω_c^{Êk}p+q

fflffl

// Ω_c^{Êk}_{^p+q}

fflffl 0 0 Taking into account Theorem 3.6 in [84] we get a relation between Ω^{Êk}_{m−1|n−1}, Ω_c^{Êk}_{p|q} and the bordism group Ω_{m+n−2}. In fact, we can see that there is a relation between integral bordism groups in quantum super PDEs and Reinhart integral bordism groups of commutative manifolds. More precisely, let N_0, N_1 ⊂ Ê_k ⊂ Ĵ^k_{m|n}(W ) be closed admissible integral quantum supermanifolds of a quantum super PDE Ê_k, of dimension (m − 1|n − 1) over A, such that N_0^. ⋃ N_1 = ∂V , for some admissible integral quantum supermanifold V ⊂ Ê_k, of dimension (m|n) over A. Then (N_0)_C^. ⋃ (N_1)_C = ∂V_C iff (N_0)_C and (N_1)_C have the same Stiefel-Whitney and Euler characteristic numbers. In fact, by denoting Ω^↑_p the Reinhart p-bordism groups and Ω_p the p-bordism group for closed smooth finite dimensional manifolds respectively, one has the exact commutative diagram (23). (23) 0 // K^{Êk}_{m−1|n−1;m+n−2} // Ω^{Êk}_{m−1|n−1} // Ω_c^{Êk}m+n−2

fflffl

//

$$II III III II 0

0 // K^↑_{m+n−2} // Ω^↑_{m+n−2} // Ωm+n−2 // 0

This has as a consequence that if N_0^. ⋃ N_1 = ∂V , then (N_0)_C^. ⋃ (N_1)_C = ∂V_C iff (N_0)_C and (N_1)_C have the same Stiefel-Whitney and Euler characteristic numbers.^7 From above exact commutative diagram one has that Ω^{Êk}_{m−1|n−1} is an extension of a subgroup of Ω_{m+n−2}.

Let us consider, now, the following lemmas.

Lemma 2.11. [87] Bordism groups, Ω_p, relative to smooth manifolds can be considered as extensions of some crystallographic subgroup G ◁ G(d).

Lemma 2.12. If the group G is an extension of H, any subgroup ~G ◁ G is an extension of a subgroup ~H ◁ H.

Proof. In fact ~G is an extension of p( ~G) ◁ H, with respect to the following short exact sequence: 0 // K // G^p // H // 0 . □

Therefore by using above two lemmas, we get also that Ω^{Êk}_{m−1|n−1} is an extension of some crystallographic subgroup G ◁ G(d). □

7Note that for p + q = 3 one has K↑ 3 = 0, hence one has Ω^↑_3 = Ω_3.

The theorem below relates the integrability properties of a quantum super PDE to crystallographic groups. Let us first give the following definition.

Definition 2.13. We say that a quantum super PDE Ê_k ⊂ Ĵ^k_{m|n}(W ) is an extended crystal quantum super PDE, if conditions of Theorem 2.3 are verified. Then, for such a PDE Ê_k are defined its crystal group G(d) and crystal dimension d.

In the following we relate crystal structure of quantum super PDE’s to the existence of global smooth solutions for smooth boundary value problems, by identifying an algebraic-topological obstruction.

Theorem 2.14. [95] Let B_k be the model quantum superalgebra of Ĵ^k_{m|n}(W ), k ≥ 0. (See [83, 84].) We denote also by B_∞ = lim_k B_k.^8 Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a formally integrable and completely integrable quantum super PDE. Then, in the algebra H_{m−1|n−1}(Ê_k) ≡ Map(Ω^{Êk}_{m−1|n−1}; B_k), Hopf quantum superalgebra of Ê_k, there is a quantum sub-superalgebra, (crystal Hopf quantum superalgebra) of Ê_k.^9 On such an algebra we can represent the quantum superalgebra B^{G(d)} associated to the quantum crystal supergroup G(d) of Ê_k. (This justifies the name.) We call quantum crystal conservation superlaws of Ê_k the elements of its quantum Hopf crystal superalgebra. Then, the obstruction to find global smooth solutions of Ê_k, for integral boundaries with orientable classic limit, can be identified with the quotient H_{m−1|n−1}(Ê_∞)/B^{Ωm+n−2}_∞ . Definition 2.15. We define crystal obstruction of Ê_k the above quotient of algebras, and put: cry(Ê_k ) ≡ H_{m−1|n−1}(Ê_∞)/B^{Ωm+n−2}∞ . We call quantum 0-crystal super PDE a quantum super PDE Ê_k ⊂ Ĵ^k_{m|n}(W ) such that cry(Ê_k ) = 0.

Remark 2.16. A quantum extended 0-crystal super PDE Ê_k ⊂ Ĵ^k_{m|n}(W ) does not necessitate to be a quantum 0-crystal super PDE. In fact Ê_k is an extended 0-crystal quantum super PDE if Ω^{Êk}_{m−1|n−1,w} = 0. This does not necessarily implies that Ω^{Êk}_{m−1|n−1} = 0. In fact, the different types of integral bordism groups of PDE’s in the category Q_S , are related by the following proposition.

Proposition 2.17. (Relations between integral bordism groups). [95][84] The different types of integral bordism groups for a quantum super PDE, are related by the exact commutative diagram reported in (24).

8We also adopt the notation B k(A) and B_∞(A), whether it is necessary to specify the starting original quantum super algebra A.

9Recall that with the term quantum Hopf superalgebra we mean an extension

A //_{C ≡ A ⊗K H} //_D //_{D/C} //_{0 , where H is an Hopf K-algebra and A is a}

quantum superalgebra. (For more details on generalized Hopf algebras, associated to PDE’s, see Refs.[72, 73, 84].)

(24) 0 fflffl 0 fflffl 0 fflffl 0 // K^{Êk}_{m−1|n−1,w/(s,w)} fflffl

// K^Êk_{m−1|n−1,w}

fflffl

// K^Êk_{m−1|n−1,s,w}

fflffl

// 0

0 // K^{Êk}_{m−1|n−1,s}

fflffl

// Ω^Êk_{m−1|n−1}

fflffl

// Ω^Êk_{m−1|n−1,s}

fflffl

// 0

0 // Ω^{Êk}_{m−1|n−1,w} fflffl

// Ω^Êk_{m−1|n−1,w}

fflffl

// 0

0 0 One has the canonical isomorphisms:

(25) K^{Êk}_{m−1|n−1,w/(s,w)} ∼= K^{Êk}_{m−1|n−1,s} Ω^{Êk}_{m−1|n−1}/K^{Êk}_{m−1|n−1,s} ∼= Ω^{Êk}_{m−1|n−1,s} Ω^{Êk}_{m−1|n−1,s}/K^{Êk}_{m−1|n−1,s,w} ∼= Ω^{Êk}_{m−1|n−1,w} Ω^{Êk}_{m−1|n−1}/K^{Êk}_{m−1|n−1,w} ∼= Ω^{Êk}_{m−1|n−1,w}. Corollary 2.18. Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a quantum 0-crystal super PDE. Let N_0, N_1 ⊂ Ê_k be two closed initial and final Cauchy data of Ê_k such that X ≡ N_0^. ⋃ N_1 ∈ [0] ∈ Ω_{m−1|n−1}, and such that X_C is orientable. Then there exists a smooth solution V ⊂ Ê_k such that ∂V = X.

Let us, now, revisit some definitions and results about stability of mappings and their relations with singularities of mappings, adapting them to the category Q_S .

Definition 2.19. Let X, (resp. Y ), be a quantum supermanifold of dimension m|n, (resp. r|s), with respect to a quantum superalgebra A = A_0 ⊕ A_1, (resp. B = B_0 ⊕ B_1). We shall assume that the centre Z = Z(A) of A, acts on B that becomes a Z-module.^{10} Let f ∈ Q^∞_w (X, Y ). Then f is stable if there is a neighborhood W_f ⊂ Q^∞_w (X, Y ) of f, in the natural Whitney-type topology of Q^∞_w (X, Y ), such that every W_f is contained in the orbit of f, via the action of the group D̂iff(X)×D̂iff(Y ).^{11} This is equivalent to say that for any f^′ ∈ W_f there exist quantum diffeomorphisms g : X → X and h : Y → Y such that h ∘ f = f^′ ∘ g. Furthermore, f is called infinitesimally stable if there exist a map ζ : X → T Y , such that π_Y ∘ ζ = f, where π_Y : T Y → Y is the canonical map, and integrable vector fields ν : Y → T Y ,

10In the following, whether it is not differently specified, X and Y are such quantum supermanifolds.

11Here D̂iff(X) denotes the group of quantum diffeomorphisms of a quantum super manifold X.

ξ : X → T X, such that ζ = T (f) ∘ ξ + ν ∘ f. Thus the diagram (26)is commutative.

(26) T X π_X �

T (f ) // T Y ⨁ T Y π_Y �

+ // T Y π_Y fflffl X ξ OO ζ 44iiii iiiii iiii iiiii iiii f // Y^ν OO

Y Theorem 2.20. Let X be a compact quantum supermanifold and f : X → Y be quantum smooth. Then f is stable iff f is infinitesimally stable. Furthermore, if f is a proper mapping, then does not necessitate assume that X is compact.^{12}

Proof. Note that the infinitesimal stability, requires existence of flows g_t : X → X, ∂g = ξ, h_t : Y → Y , ∂h = ν, such that for the infinitesimal variation ζ of f_t = h_t ∘ f ∘ g_t one has ζ = T (f) ∘ ξ + ν ∘ f. In fact, one has the following lemma.

Lemma 2.21. Let (W, V, π_W ; B ) be a bundle of geometric objects in the category Q_S and in the intrinsic sense [63, 64]^{13}. Let ϕ : R × V → V be a one-parameter group of Q^∞_w transformations of V , ξ = ∂ϕ its infinitesimal generator and s : V → W a field of geometric objects, i.e. a section of π_W . Then, ϕ induces a deformation ~s of s defined by means of the commutative diagram (27). (27) R × R × V (id_R,ϕ) fflffl ~s // W

R × V^{(idR,s)} // R × W ∘ ϕ_λ OO

where^∘ϕ_λ ≡ B (ϕ^{−1}_λ ), ∀λ ∈ R. One has ~s_{(0,0)} = s. Then, for the infinitesimal variation of ~s (Lie derivative of s with respect to the integrable field ξ), ∂(~s ∘ d) : V → s^∗vT W , one has: (28) ∂(~s ∘ d) = ∂(s ∘ ϕ) + ∂( ∘ ϕ) ∘ s = T (s) ∘ ξ + ν ∘ s. Proof. This lemma can be proved by copying the intrinsic proof for the commutative case given in [63]. □

In our case we can consider the following situation, with respect to Lemma 2.21, W ≡ X × Y , V ≡ X, B (g_λ ) = h_λ and s = (id_X , f).

Furthermore, in the case that X is compact, the proof follows the same lines of the proof given by Mather for commutative manifolds [49]. □

Theorem 2.22. Stable maps f : X → Y do not necessitate to be dense in Q^∞_w (X, Y ). Proof. This is just a corollary of the corresponding theorem for commutative manifolds given by Thom-Levine [41, 42]. □

12Recall that a map f : X → Y between topological spaces is a proper map if for every compact

subset K ⊂ Y , f^{−1}(K) is a compact subset of X.

13See also Refs.[71] for related subjects.

Example 2.23. (Submersions and stability). Let X be a compact quantum supermanifold. Let f : X → Y be a quantum differentiable mapping of maximum possible super-rank. If m ≥ r > 1, n ≥ s > 1, f is a quantum submersion and it is (infinitesimally) stable.

Example 2.24. (Immersions and stability). Let X be a compact quantum supermanifold. Let f : X → Y be a quantum differentiable mapping of maximum possible super-rank. If m ≤ r, n ≤ s, f is an immersion and if it is 1 : 1 then it is also stable. (Not all immersions are stable.)

Definition 2.25. (Singular solutions of quantum super PDE’s). Let π : W → M be a fiber bundle, where M is a quantum supermanifold of dimension (m|n) on the quantum superalgebra A and W is a quantum supermanifold of dimension (m|n, r|s) on the quantum superalgebra B ≡ A × E, where E is also a Z-module, with Z = Z(A) the centre of A.

Let E_k ⊂ JD^k(W ) be a quantum super PDE. By using the natural embedding JD̂^k(W ) ⊂ Ĵ^k_{m|n}(W ), we can consider quantum super PDEs Ê_k ⊂ JD̂^k(W ) like quantum super PDEs Ê_k ⊂ Ĵ^k_{m|n}(W ), hence we can consider solutions of Ê_k as (m|n)-dimensional, (over A), quantum supermanifolds V ⊂ Ê_k such that V can be represented in the neighborhood of any of its points q^′ ∈ V , except for a nowhere dense subset Σ(V ) ⊂ V , of dimension ≤ (m − 1|n − 1), as N^{(k)}, where N^{(k)} is the k-quantum prolongation of a (m|n)-dimensional (over A) quantum supermanifold N ⊂ W . In the case that Σ(V ) = ∅, we say that V is a regular solution of Ê_k ⊂ Ĵ k_{m|n}(W ). Solutions V of Ê_k ⊂ Ĵ k_{m|n}(W ), even if regular ones, are not, in general diffeomorphic to their projections π_k (V ) ⊂ M, hence are not representable by means of sections of π : W → M. Σ(V ) ⊂ V is the singular points set of V . Then V \ Σ(V ) = ⋃ r V_r is the disjoint union of connected components V_r. For every of such components π_{k,0} : V_r → W is an immersion and can be represented by means of k-prolongation of some quantum supermanifold of dimension m|n over A, contained in W . Whether we consider Ê_k as contained in JD̂^k(W ) then regular solutions are locally obtained as image of k-derivative of sections of π : W → M. So we can (locally) represent such solutions by means of mapping f : M → E_k, such that f = D^ks, for some section s : M → W .

We shall also consider solutions of Ê_k ⊂ Ĵ^k_{m|n}(W ), any subset V ⊂ Ê_k , that can be obtained as projections of ones of the previous type, but contained in some sprolongation Ê_{k+s} ⊂ Ĵ^{k+s}_{m|n} (W ), s > 0.

We define weak solutions, solutions V ⊂ Ê_k, such that the set Σ(V ) of singular points of V , contains also discontinuity points, q, q^′ ∈ V , with π_{k,0}(q) = π_{k,0}(q^′) = a ∈ W , or π_k(q) = π_k(q^′) = p ∈ M. We denote such a set by Σ(V )_S ⊂ Σ(V ), and, in such cases we shall talk more precisely of singular boundary of V , like (∂V )_S = ∂V \ Σ(V )_S . However for abuse of notation we shall denote (∂V )_S , (resp. Σ(V )_S ), simply by (∂V ), (resp. Σ(V )), also if no confusion can arise.

Definition 2.26. (Stable solutions of quantum super PDE’s). Let us consider a quantum super PDE Ê_k ⊂ JD̂^k(W ), and let us denote Sol(Ê_k) the set of regular solutions of E_k. This has a natural structure of locally convex manifold. Let f : X → E_k be a regular solution, where X ⊂ M is a smooth (m|n)-dimensional compact manifold with boundary ∂X. Then f is stable if there is a neighborhood

W_f of f in Sol(Ê_k ), such that each f^′ ∈ W_f is equivalent to f, i.e., f is transformed in f^′ by some integrable vertical symmetries of Ê_k.

(29) Ê_k¨ ˙ fflffl vT Ê_k¨˙ fflffl oo (Dks)∗vT Ê_k ˙? oo ¨˙ fflffl

∼ Ê_k[s]¨ ˙ fflffl JD̂^k(W )

π_k

ØØ

π_{k,0} fflffl vT JD̂^k(W ) oo

fflffl

(D^k s)^∗vT JD̂^k(W ) ˙? oo^∼ JD̂k(Ê[s]) π̄_{k,0} fflffl_{π̄} k ¨¨ W π fflffl vT W π^′ oo Ê[s]˙? oo π̄ fflffl M

D^k s ;;

s ““

M ν DD

D^k ν cc

Theorem 2.27. Let Ê_k ⊂ JD̂^k(W ) be a k-order quantum super PDE on the fiber bundle π : W → M in the category of quantum smooth supermanifolds. Let s : M → W be a section, solution of Ê_k, and let ν : M → s^∗vT W ≡ Ê[s] be an integrable solution of the linearized equation Ê_k[s] ⊂ JD̂^k(Ê[s]). Then to ν it is associated a flow {ϕ_λ}_{λ∈J} , where J ⊂ R is a neighborhood of 0 ∈ R, that transforms V into a new solution ~V ⊂ Ê_k .

Proof. Let (x^α, y^j ) be fibered coordinates on W . Let ν = ∂y_j (ν^j ) : M → s^∗vT W a vertical vector field on W along the section s : M → W . Then ν is a solution of Ê_k[s] iff the diagram (29) is commutative. Then Dkν(p) identifies, for any p ∈ M, a vertical vector on Ê_k in the point q = D^ks(p) ∈ V = D^ks(M) ⊂ Ê_k. On the other hand infinitesimal vertical symmetries on E_k are locally written in the form (30) ζ = ∑ 0≤|α|≤k ∂y α j (Y^j_α ), 0 = ζ.F^I =< dF^I , (∑ 0≤r≤k ∂y α_1···α_r j (Y^j_{α1 ···αr} ) ) > Y^j_α = Z^{(0)}α (Y^j ), Z^{(0)}α = ∂x_α + ∂y_sy^s_α Y^j_{α1···αr i} = Z^{(r)}_i (Y^j_{α1 ···αr} ), Z^{(r)}_i = Z^{(r−1)}_i + ∂y^{γ1···γr}_s y^s_{γ1···γr i}

where Y^j_α ∈ Q^∞_w (U ⊂ JD̂^k(W ); |α| ^A (E)), |α| ^A (E) ≡ Hom_Z ( |α| A ⊗_Z · · · ⊗_Z A; E), 0 ≤ |α| ≤ k. ∂y^α_j (q) ∈ Hom_Z ( |α| ^A (E); T_qJD̂k(W )), y^j_{α1···αr} ∈ Q∞_w (U;^r^A(E)). Then we can see that solutions of Ê_k[s] are vertical vector fields ν : M → s^∗vT W ≡ Ê[s], such that their prolongations D^kν = ζ ∘ D^ks, for some vertical symmetry ζ of Ê_k. Therefore, the flows of above integrable vertical vector fields, transform regular solutions V of Ê_k into new solutions of Ê_k. Solutions of the linearized equation Ê_k[s] give initial conditions for the determination of such vertical flows. □

The following lemmas are also important to understand how the structure of solutions of Ê_k[s] are related to the vertical symmetries of Ê_k. (For complementary informations on the contact structure of Ĵ^k_{m|n}(W ), see [83].)

Lemma 2.28. (Symmetries of horizontal k-order contact ideals). Let ⌉ : Ĵ^k_{m|n}(W ) → Ĵ^{k+1}_{m|n} (W ) be a quantum (k+1)-connection on W , i.e., a Q∞_w -section of π_{k+1,k}. (The restriction of ⌉ to Ĵ^k(W ) ⊂ Ĵ^k_{m|n}(W ) is also called quantum (k + 1)-connection). Let ^H_k(⌉) be the quantum horizontal k-order contact ideal of ^Ω^•(Ĵ^k_{m|n}(W )) given by ^H_k(⌉) ≡⌉^∗^C_{k+1}(W ), where ^C_{k+1}(W ) is the contact ideal of Ĵ^{k+1}_{m|n} (W ). Locally one can write ^H_k(⌉) =< ω^j , . . . , ω^j_{α1...αk−1} , Ĥ^j_{α1 ...αk} >, where Ĥ j_{α1...αk} ≡⌉∗ωj_{α1...αk} =⌉∗(dyj_{α1 ...αk} − y^j_{α1...αk β} dxβ ) = dy^j_{α1...αk} −⌉^j_{α1...αk β} dx^β ∈ ^Ω^1(Ĵ^k_{m|n}(W )), with ⌉^j_{α1...αk β} ≡ y^j_{α1 ...αk β} ∘⌉ ∈ ^Ω^0(J^k_{m|n}(W )). ^C_k(W ) is a subideal of ^H. Then the quantum horizontal k-order Cartan distribution H_k(⌉) ⊂ T J^k_{m|n}(W ) (identified by a (k+1)-connection ⌉) is the Cauchy characteristic distribution associated to H_k(⌉). d(H_k(⌉)) admits the following local (canonical basis):^{14}

ζ_α = ∂x_α + ∂y_j y^j_α + · · · + ∂y^{α1...αk−1} j y^j_{α1...αk−1 α} + ∂y^{α1...αk}_j ⌉^j_{α1 ...αk α}. For any quantum (k + 1)-connection ⌉ on W , one has the following direct sum decompositions:

(31) { E^k_{m|n}(W )_q ∼= H_k(⌉)_q ⨁ Hom_Z (S^k(T_aN); ν_a) ^Ω1(Ĵ k_{m|n}(W )) ∼= ^Ω1(Ĵ k_{m|n}(W ))_v ⨁ ^H_k(⌉)1

with a ≡ π_{k,0(q)} ∈ W , ⌉(q) = [N]^{k+1}_a , and H_k(⌉)_q ≡ T_q N^{(k)}, ^H_k(⌉)^1 ≡ ^H_k(⌉) ∩ ^Ω1(Ĵ k_{m|n}(W )). The connection ⌉ is flat, i.e., with zero curvature, iff the differential ideal ^H_k(⌉) is closed, or equivalently, iff H_k(⌉) is involutive. If ⌉ is a flat quantum (k + 1)-connection on W , then one has the following:^{15}

(32) { ^C_k(W ) ⊂ ^H_k(⌉) as a closed subideal H_k(⌉) ∼= C_{har}(^H_k(⌉)); char(^H_k(⌉)) ⊂ s(^H_k(⌉)).

Ĵ k_{m|n}(W ) is foliated by regular solutions Z such that ^H_k(⌉)|_Z = 0. The leaves of the foliation are given in implicit form by the following equations: f^I (x^α, y^j , . . . , y^j_{α1...αk} ) = κ^I ∈ B_k, 1 ≤ I ≤ p + q, dim J^k_{m|n}(W ) − (p|q) = m|n, where f^I represent a complete independent system of primitive integrals of the linear system of PDEs (ζ_α.f) = 0, 1 ≤ α ≤ m + n, where ζ_α is a basis (e.g., the canonical basis) of the horizontal

14For a distribution E ⊂ T X on a manifold X, we denote by d(E) the vector space of vector fields on X belonging to E. 15C har (^H_k(⌉)) denotes the characteristic distribution of ^H_k(⌉), and char(^H_k (⌉)) the corresponding vector space of its vector fields. Furthermore, s(^H_k (⌉)) denotes the vector space of infinitesimal symmetries of the ideal ^H_k(⌉). v_k(⌉) is the vector space of vertical infinitesimal symmetries of the ideal ^H_k(⌉).

distribution H_k(⌉).^{16} Any ζ ∈ s((H_k(⌉)) has the following local representation:

(33) ζ = ζ_α(X^α) + ∂y_j (Y^j ) + ∂y^α_j (ζ_α.Y^j ) + ∂y^{α1α2}_j (ζ_{α1} ζ_{α2} .Y^j ) + · · · + ∂y^{α1...αk}_j (ζ_{α1} . . . ζ_{αk} .Y^j ), for any choice of x^α ∈ Q^∞_w (U ⊂ Ĵ^k_{m|n}(W ), A), 1 ≤ α ≤ m + n, and Y^j ∈ Q^∞_w (U ⊂ Ĵ k_{m|n}(W ), E), 1 ≤ j ≤ r + s, such that

(34) (ζ_{α1} . . . ζ_{αk} .Y^j ) = (∂y_i.⌉^j_{α1 ...αk} )Y^i + (∂y^γ_i .⌉^j_{α1...αk} )(ζ_γ .Y^i) + · · · + (∂y^{γ1...γk}_i .⌉^j_{α1...αk} )(ζ_{γk} . . . ζ_{γ1} .Y^i). The space s(H_k(⌉)) admits the following direct sum decomposition:

s(H_k(⌉)) ∼= d(H_k(⌉)) ⨁ v_k (⌉),

where v_k(⌉) is the collection of all vectors of the form

(35) ξ = ζ − ζ_α(X^α) = ∂y_j (Y^j ) + ∂y^α_j (ζ_α.Y^j ) + ∂y^{αβ}_j (ζ_αζ_β .Y^j ) + · · · + ∂y^{α1...αk}_j (ζ_{α1} . . . ζ_{αk} .Y^j ), for any choice of Y^j ∈ Q^∞_w (U ⊂ Ĵ^k_{m|n}(W ), E), 1 ≤ j ≤ r + s, such that conditions (34) are satisfied. s(H_k(⌉)) is a Lie algebra that admits the subalgebra d(H_k (⌉)) as an ideal.

The general local expression for the symmetries of the (m|n)-dimensional involutive Cartan distribution E_∞(W ) ⊂ T Ĵ^∞_{m|n}(W ), can be also obtained by equations (33) with all k > 0, and forgetting conditions (34).^{17} So we get the following expression for ζ ∈ s(E^∞_{m|n}(W )): (36)

ζ = ∂_α(X^α) + ∑ r≥0 ∂y^{α1···αr} j (Y^j_{α1 ···αr} ) ∂_α = ∂x_α + ∑ r≥0 ∂y^{α1···αr} j (y^j_{αα1 ···αr} ) Y^j_{α1 ···αr} = (∂_{α1} · · · ∂_{αr} .Y^j ), Y^j ∈ Q^∞_w (U ⊂ Ĵ^∞_{m|n}(W ), E), 1 ≤ j ≤ r + s. Then the canonical splitting T_qĴ^∞_{m|n}(W ) ∼= (E^∞_{m|n}(W ))_q ⨁ vT_qĴ^∞_{m|n}(W ), q ∈ Ĵ^∞_{m|n}(W ), gives the following splitting in s(E^∞_{m|n}(W )) = d(E^∞_{m|n}(W )) ⨁ v_∞, ζ = ζ_o + ζ_v , with ζ_o = ∂_α(X^α) and ζ_v = ∑ r≥0 ∂y^{α1···αr} j (Y^j_{α1 ···αr} ), where Y^j_{α1 ···αr} are given in (36).

Definition 2.29. Let Ê_k ⊂ Ĵ^k_{m|n}(W ), where π : W → M is a fiber bundle, in the category of quantum smooth supermanifolds. We say that Ê_k is functionally stable if for any compact regular solution V ⊂ Ê_k, such that ∂V = N_0 ⋃ P ⋃ N_1 one has quantum solutions ~V ⊂ Ĵ^{k+s}_{m|n} (W ), s ≥ 0, such that π_{k+s,0}( ~N_0^. ⋃ ~ N_1) = π_{k,0}(N_0^. ⋃ N_1) ≡ X ⊂ W , where ∂ ~V = ~N_0 ⋃ ~ P ⋃ ~ N_1.

16A (local) section s of π identifies a flat (local) (k + 1)-connection ⌉j α1 ...αk+1 ≡ (∂x_{α1} . . . ∂x_{αk+1} .s^j ). 17In fact the Cartan distribution on Ĵ ∞ m|n(W ) can be considered an horizontal distribution induced by the canonical connection identified by the local canonical basis ζ_α = ∂x_α + ∑ |β|≥0 y j αβ ∂y^β_j just generating E^∞_{m|n}(W ).

We call the set Ω[V ] of such solutions ~V the full quantum situs of V . We call also each element ~V ∈ Ω[V ] a quantum fluctuation of V .^{18}

Definition 2.30. We call infinitesimal bordism of a regular solution V ⊂ Ê_k ⊂ JD̂^k(W ) an element ~V ∈ Ω[V ], defined in the proof of Theorem 2.27. We denote by Ω_0[V ] ⊂ Ω[V ] the set of infinitesimal bordisms of V . We call Ω_0[V ] the infinitesimal situs of V .

Let Ê_k ⊂ Ĵ^k_{m|n}(W ), where π : W → M is a fiber bundle, in the category of quantum smooth supermanifolds. We say that a regular solution V ⊂ Ê_k, ∂V = N_0 ⋃ P ⋃ N_1, is functionally stable if the infinitesimal situs Ω_0[V ] ⊂ Ω[V ] of V does not contain singular infinitesimal bordisms.

Theorem 2.31. Let Ê_k ⊂ Ĵ^k_{m|n}(W ), where π : W → M is a fiber bundle, in the category of quantum smooth supermanifolds. If Ê_k is formally integrable and completely integrable, then it is functionally stable as well as Ulam-extended superstable. A regular solution V ⊂ Ê_k is stable iff it is functionally stable.

Proof. In fact, if Ê_k is formally integrable and completely integrable, we can consider, for any compact regular solution V ⊂ Ê_k, its s-th prolongation V^{(s)} ⊂ (Ê_k)_{+s} ⊂ Ĵ^{k+s}_{m|n} (W ). Since one has the following short exact sequence

(37) Ω^{(Êk )+s}_{m−1|n−1} // Ω_{m−1|n−1}((Ê_k )_{+s}) // 0

where Ω^{(Êk )+s}_{m−1|n−1}, (resp. Ω_{m−1|n−1}((Ê_k )_{+s})), is the integral bordism group, (resp. quantum bordism group),^{19} we get that there exists a solution ~V ⊂ Ĵ^{k+s}_{m|n} (W ) such that

(38) { ∂ ~V = ~N_0 ⋃ ~ P ⋃ ~ N_1; ∂V^{(s)} = N^{(s)}_0 ⋃ P^{(s)} ⋃ N^{(s)}_1 ~N_0 = N^{(s)}_0 ; ~N_1 = N^{(s)}_1 .

Then, as a by-product we get also: π_{k+s,0}( ~N_0^. ⋃ ~ N_1) = π_{k,0}(N_0^. ⋃ N_1) ⊂ W . Therefore, Ê_k is functionally stable. Furthermore, Ê_k is also Ulam-extended superstable, since the integral bordism group Ω^{Êk}_{m−1|n−1} for smooth solutions and the integral

bordism group Ω^{Êk}_{m−1|n−1,s} for singular solutions, are related by the following short exact sequence: (39) 0 // K̂^{Êk}_{m−1|n−1,s} // Ω^{Êk}_{m−1|n−1} // Ω^{Êk}_{m−1|n−1,s} // 0. This implies that in the neighborhood of each smooth solution there are singular solutions.

Finally a regular solution V ⊂ Ê_k is stable iff the set of solutions of the corresponding linearized equation Ê_k[V ] does not contains singular solutions. But this is just the requirement that Ω_0[V ] does not contains singular solutions. Therefore, V is stable if it is functionally stable and vice versa. More precisely if f = D^ks : X → Ê_k

18Let us emphasize that to Ω[V ] belong also (non necessarily regular) solutions V ′ ⊂ E k such that N^′_0^. ⋃ N^′_1 = N_0^. ⋃ N_1, where ∂V^′ = N^′_0 ⋃ P^′ ⋃ N^′_1.

19Here the considered bordism groups are for admissible non-necessarily closed Cauchy hypersurfaces.

is a stable solution of Ê_k , then there exists an open set W_s ⊂ Sol(Ê_k) such that for any s^′ ∈ W_s, s^′ is equivalent to s.^{20} Let us consider the tangent space T_sSol(Ê_k). One has the following isomorphism (40) T_sSol(Ê_k) ∼= { ζ ∈ (Q^∞_w )_0((D^k s)^∗vT Ê_k) | ∃ξ ∈ T_sQ^∞_w (W ), ζ = |_k ∘ D^kξ } ∼= Ω_0[V ]

where |_k is the canonical isomorphism JD̂^k(s^∗vT W ) ∼= (D^ks)^∗vT JD̂^k(W ), and V = D^ks(X) ⊂ Ê_k. Since W_s is open in Sol(Ê_k ), one has also the following isomorphism T_s′ W_s ∼= T_sSol(Ê_k ). Thus also to s^′ there correspond vector fields ζ ∈ T_s′ W_s that must be regular ones, i.e., without singular points. Therefore Ω_0[V ] cannot contain singular solutions, hence V is functionally stable. Vice versa, if V is functionally stable, then we can find an open neighborhood W_s ⊂ Sol(Ê_k) built by perturbing V with all the flows induced by the regular vector fields belonging to Ω_0[V ]. This set is an open set of W_s ⊂ Sol(Ê_k) since its tangent space at any of its point s^′ is isomorphic to T_s′ Sol(Ê_k), since this last is isomorphic to Ω_0[V ]. Furthermore, any two of such points of such an open set are equivalent since they can be related both to s by local diffeomorphisms. Therefore, V that is functionally stable, is also stable. □

Remark 2.32. Let us emphasize that the definition of functionally stable quantum super PDE interprets in pure geometric way the definition of Ulam superstable functional equation just adapted to PDE’s.^{21} Definition 2.33. We say that Ê_k ⊂ JD̂^k(W ) is a stable extended crystal quantum super PDE if it is an extended crystal quantum super PDE that is functionally stable and all its regular quantum smooth solutions are (functionally) stable. We say that Ê_k ⊂ JD̂^k(W ) is a stabilizable extended crystal quantum super PDE if it is an extended crystal quantum super PDE and to Ê_k can be canonically associated a stable extended crystal quantum super PDE^{(S)}Ê_k ⊂ JD̂^{k+s}(W ). We call^{(S)}Ê_k just the stable extended crystal quantum super PDE of Ê_k.

We have the following criteria for functional stability of solutions of qunatum super PDE’s and to identify stable extended crystal quantum super PDE’s. Theorem 2.34. (Functional stability criteria). Let Ê_k ⊂ JD̂^k(W ) be a k-order formally integrable and completely integrable quantum super PDE on the fiber bundle π : W → M. 1) If the symbol ĝ_k = 0, then all the quantum smooth regular solutions V ⊂ Ê_k ⊂ JD̂^k(W ) are functionally stable, with respect to any non-weak perturbation. So Ê_k is a stable extended crystal.

2) If Ê_k is of finite type, i.e., ĝ_{k+r} = 0, for r > 0, then all the quantum smooth regular solutions V ⊂ Ê_{k+r} ⊂ JD̂^{k+r}(W ) are functionally stable, with respect to any non-weak perturbation. So Ê_k is a stabilizable extended crystal with stable extended crystal^{(S)}Ê_k = Ê_{k+r} .

3) If V ⊂ (Ê_k )_{+∞} ⊂ JD̂^∞(W ) is a smooth regular solution, then V is functionally stable, with respect to any non-weak perturbation. So any formally integrable end

20Recall that Q∞ w (W ) has a natural structure of quantum smooth supermanifold modeled on locally convex topological vector fields. Sol(Ê_k ) is a closed submanifold of Sol(Ê_k) ⊂ Q^∞_w (W ). (For details see ref.[71].)

21For informations on the Ulam stability see Refs.[33, 98, 122].

completely integrable quantum super PDE Ê_k ⊂ JD̂^k(W ), is a stabilizable quantum extended crystal PDE, with stable quantum extended crystal PDE^{(S)}Ê_k = (Ê_k)_{+∞}.

Proof. We shall use the following lemmas.

Lemma 2.35. Let Ê_k ⊂ JD̂^k(W ) be a formally integrable and completely integrable quantum super PDE the fiber bundle π : W → M. Then for any quantum smooth regular solution s : M → W , one has the following canonical isomorphism: (Ê_k[s])_{+h} ∼= ((Ê_k )_{+h})[s], ∀h ≥ 1, ∞.

Proof. In fact one has the following commutative diagram.

(41)

(Ê_k[s])_{+h} = JD̂^h((D^k s)^∗vT Ê_k) ⋂ JD̂^{k+h}(s^∗vT W ) ∼= (Dk+hs)∗vT JD̂h(Ê_k) ⋂(Dk+hs)∗vT JD̂k+h(W ) ∼= (Dk+hs)∗vT ( JD̂^h(Ê_k ) ⋂ JD̂^{k+h}(W ) ) ∼= (Dk+hs)∗vT ((Ê_k)_{+h}) = ((Ê_k)_{+h})[s]. □ Lemma 2.36. Let Ê_k ⊂ JD̂^k(W ) be a formally integrable and completely integrable PDE the fiber bundle π : W → M. Let ĝ_k = 0. Then also the prolonged equations (Ê_k)_{+r}, ∀r ≥ 1, ∞, have their symbols zero: (ĝ_k)_{+r} = 0, ∀r ≥ 1, ∞.

Proof. In fact, from the definition of symbol and prolonged symbols, it follows that the prolonged symbols coincide with the symbols of the corresponding prolonged equations. □

1) This follows from Lemma 2.35 and from the fact that if ĝ_k = 0 is also ĝ_k[s] = 0. This excludes that Ê_k[s] could have singular solutions. Furthermore, Lemma 2.36 excludes also that there are singular (nonweak) solutions in the prolonged equations Ê_k[s]_{+r}, ∀r ≥ 1, ∞.

2) If Ê_k is of finite type, with ĝ_{k+r} = 0, then it is also ĝ_{k+r}[s] = 0. Then Ê_{k+r}[s] cannot have singular (nonweak) solutions.

3) Ê_∞ has zero symbol, hence also Ê_∞[s] has zero symbol and cannot have singular (nonweak) solutions.

(So the proof follows the same lines drawn for commutative PDE’s.) □

Theorem 2.37. (Functional stable solutions and (k + 1)-connections). Let Ê_k ⊂ Ĵ k_{m|n}(W ) be a formally integrable and completely integrable quantum super PDE. Let ⌉ be a quantum flat (k + 1)-connection, such that ⌉|_{Êk} is a Q^∞_w -section of the affine fiber bundle π_{k+1,k} : (Ê_k )_{+1} → Ê_k . Then, the sub-equation^⌉E_k ⊂ Ê_k identified, by means of the ideal H(⌉)|_{Êk} , is formally integrable and completely integrable subequation with zero symbol^⌉ĝ_k. Then^⌉Ê_k ⊂ Ê_k is functionally stable and Ulamextended superstable. Furthermore any regular quantum smooth solution V ⊂^⌉Ê_k is also functionally stable in^⌉Ê_k, with respect to any non weak perturbation.

Proof. In fact, one has the commutative diagram (42) of exact lines.

(42) Ω^{(Êk )+s}_{m−1|n−1}

fflffl

// Ω_{m−1|n−1}((Ê_k )_{+s})

fflffl

// 0

Ω^{(⌉Êk )+s} m−1|n−1 fflffl

// Ω_{m−1|n−1}((⌉Ê_k)_{+s})

fflffl

// 0

0 0 Furthermore, since^⌉ĝ_k = 0,^⌉Ê_k is of finite type, hence its smooth regular solutions are functionally stable. □

Taking into account the meaning that connections assume in any physical theory, we can give the following definition.

Definition 2.38. Let Ê_k ⊂ Ĵ^k_{m|n}(W ) be a formally integrable and completely integrable quantum super PDE. Let ⌉ be a flat quantum (k + 1)-connection, such that ⌉|_{Êk} is a Q^∞_w -section of the affine fiber bundle π_{k+1,k} : (Ê_k )_{+1} → Ê_k . We call the couple (Ê_k, ⌉) a polarized quantum super PDE. We call also polarized quantum super PDE, a couple (Ê_k,^⌉Ê_k), where^⌉Ê_k ⊂ Ê_k, is defined in Theorem 2.37. We call^⌉Ê_k a polarization of Ê_k.

Corollary 2.39. Any quantum smooth regular solutions of a polarization of a polarized couple (Ê_k,^⌉Ê_k), is functionally stable, with respect to any non-weak perturbation.

Theorem 2.40. (Finite stable quantum extended crystal super PDE’s). Let Ê_k ⊂ JD̂^k(W ) be a formally integrable and completely integrable quantum super PDE, such that the centre Z(A) of the quantum superalgebra A, model for M, is Noetherian. Then, under suitable finite ellipticity conditions, there exists a stable extended crystal quantum super PDE^{(S)}Ê_k canonically associated to Ê_k, i.e., Ê_k is a stabilizable extended crystal.

Proof. In fact, we can use the following lemma.

Lemma 2.41. (Finite stability criterion). Let Ê_k ⊂ JD̂^k(W ) be a formally integrable and completely integrable quantum super PDE, such that the centre Z(A) of the quantum superalgebra A, model for M, is Noetherian. Then there exists an integer s_0 such that, under suitable finite ellipticity conditions, any regular quantum smooth solution V ⊂ (Ê_k )_{+s0} is functionally stable.

Proof. On the assumption that Z(A) is Noetherian, the proof can be conduced by following the same lines of the commutative case. (See [88].) □

Let us, now, use the hypothesis that Ê_k is formally integrable and completely integrable. Then all its regular quantum smooth solutions are all that of (Ê_k)_{+s0} . In fact, these are all the solutions of (Ê_k)_{+∞} ⊂ JD̂^∞(W ). However, even if a smooth regular solution V ⊂ Ê_k, and their s_0-prolongations, V^{(s0)} ⊂ (Ê_k)_{+s0} , are equivalent as solutions, they cannot be considered equivalent from the stability point of view !!! In fact, Ê_k can admit singular solutions, instead for (Ê_k )_{+s0} these are forbidden. Therefore, for Ê_k[s] singular perturbations are possible, i.e. are possible infinitesimal vertical symmetries of Ê_k, in a neighborhood of the solution s, having singular points. Instead for (Ê_k)_{+s0} [s] all solutions are without singular points, hence s considered as solution of (Ê_k)_{+s0} necessitates to be functionally stable.

By conclusions, Ê_k, under the finite ellipticity conditions is a stabilizable extended crystal quantum super PDE, and its stable extended crystal quantum super PDE is^{(S)}Ê_k = (Ê_k)_{+s0} , for a suitable finite number s_0. □

Remark 2.42. With respect to a quantum frame [77, 83, 84], we can consider the perturbation behaviours of global solutions for t → ∞, where t is the proper time of the quantum frame. Then, we can talk about asymptotic stability by reproducing similar situations for commutative PDE’s. (See Refs.[86, 91].) In particular we can consider the concept of ”averaged stability” also for solutions of quantum (super) PDE’s. With this respect, let us recall the following definition and properties of quantum (pseudo)Riemannian supermanifold given in [77, 85].

Definition 2.43. [77, 85] A quantum (pseudo)Riemannian supermanifold (M. ^A) is a quantum supermanifold M of dimension (m|n) over a quantum superalgebra A, endowed with a Q^∞_w section ^g : M → Hom_Z (T M ⊗_Z T M; A) such that the induced homomorphisms T_pM → (T_pM)^+, ∀p ∈ M, are injective.

Proposition 2.44. [77, 85] In quantum coordinates ^g(p) is represented by a matrix ^g_{αβ}(p) ∈ 2 ^A_{00}(A) ×^2^A_{10}(A) ×^2^A_{01}(A) ×^2^A_{11}(A). The corresponding dual quan-

tum metric gives ^g^{αβ}(p) ∈ 2 ^A^{00}(A) ×^2^A^{10}(A) ×^2^A^{01}(A) ×^2^A^{11}(A), with^2^A^{ij} (A) ≡ Hom_Z (A; A_i ⊗_Z A_j ), i, j ∈ Z_2, such that ^g_{γβ}(p)^g^{αβ}(p) = δ^α_γ ∈ ^A, ^g^{αβ} (p)^g_{γβ}(p) = δ^α_γ ∈ Hom_Z (A ⊗_Z A; A ⊗_Z A). In fact we have the following definition.

Definition 2.45. Let Ê_k ⊂ JD̂^k(W ) be a formally integrable and completely integrable quantum super PDE on the fiber bundle π : W → M, and let V = D^ks(M) ⊂ E_k be a regular smooth solution of Ê_k. Let ξ : M → E_k [s] be the general solution of E_k[s]. Let us assume that there is an Euclidean structure on the fiber of E[s] → M. Let (ψ : R × N → N; i : N → M) be a quantum frame [77, 83, 84]. Then, we say that V is average asymptotic stable, with respect to the quantum frame, if the function of time p[i](t) defined by the formula:

(43) p[i](t) = 1 2vol(B_t) ∫ B_t i^∗ξ^2 η

has the following behaviour: < p[i](t) >=< p[i](0) > e^{−ct} for some real number c > 0. Here B_t ≡ N_t ⋂ supp(i^∗ξ^2), where N = ⋃ t∈T N_t, is the fiber structure of N, over the proper-time of the quantum frame, and the cuspidated bracket < , > denotes expectation value, (or evaluation with respect to any quantum state of the corresponding quantum (super)algebra). We call τ_0 = 1/c_0 the characteristic stability time of the solution V . If τ_0 = ∞ it means that V is average instable.^{22}

22In the following, if there are not reasons of confusion, we shall call also stable solution a

smooth regular solution of a quantum super PDE Ê_k ⊂ JD̂^k(W ) that is average asymptotic stable. In this paper, as specified in Lemma 2.8, we shall in general assume that the fiber bundle

We have the following criterion of average asymptotic stability.

Theorem 2.46. (Criterion of average asymptotic stability). A regular global smooth solution s of Ê_k is average stable, with respect to the quantum frame (ψ : R × N → N; i : N → M), if the following conditions are satisfied: (44) <^•p[i](t) > ≤ −c < p[i](t) >, c ∈ R^+ , ∀t. where

(45) p[i](t) = 1 2 vol(B_t) ∫ B_t i^∗ξ^2η and (46)^•p[i](t) = 1 2 vol(B_t) ∫ B_t ( δi^∗ξ^2 δt ) η = 1 vol(B_t) ∫ B_t ( δi^∗ξ δt .i^∗ξ ) η. Here i^∗ξ represents the integrable general solution of the linearized equation Ê_k[s|i] of Ê_k at the solution s, and with respect to the quantum frame. Let us denote by c_0 the infimum of the positive constants c such that inequality (44) is satisfied. Then we call τ_0 = 1/c_0 the characteristic stability time of the solution V . If τ_0 = ∞ means that V is unstable.^{23} Furthermore, Let s be a smooth regular solution of a formally integrable and completely integrable quantum super PDE Ê_k ⊂ JD̂^k(W ), where π : W → M. There exists a differential operator P[s|i](ξ), on π̄ : Ê[s|i] ≡ i^∗(s^∗vT W ) → N, canonically associated to the solution s, and with respect to the quantum frame, such that s is average stable in Ê_k, or in some suitable prolongation (Ê_k)_{+h}, k + h = 2s ≥ k, if the following conditions are verified:

(i) P[s|i](ξ) is self-adjoint (or symmetric) on the constraint

(47) (Ê_k )_{(+r)}[s|i] ⊂ JD̂^{k+r}(Ê[s|i]), for some r ≥ 0.

(ii) The smallest eigenvalue λ_1 = λ_1(t) of P[s|i](ξ) is positive for any t ∈ T and lower bounded: λ_1 ≥ λ_1 > 0.

Furthermore, average stability can be also translated into a variational problem constrained by (Ê_k)_{(+h)}[s], for some h ≥ 0, such that k + h = 2s.

Proof. We shall use Theorem 2.27 and the following lemma.

Lemma 2.47. (Grönwall’s lemma)[27] Suppose f(t) is a real function whose derivative is bounded according to the following inequality:^{df}_{dt} ≤ g(t)f + h(t), for some real functions g(t) and h(t). Then, f(t) is bounded pointwise in time according to f(t) ≤ f(0)e^{G(t)} + ∫ [0,t] e G(t−s)h(s)ds, where G(t) = ∫ [0,t] g(r)dr. Then a sufficient condition for the solution V stability, with respect to the quantum frame, is that inequality (44) should be satisfied. In fact it is enough to use Lemma 2.47 with g(t) = −c and h(t) = 0, to have < p[i](t) >=< p[i](0) > e^{−ct}.

π : W → M, in the category D_S , has dim_A M = m|n and dim_B W = (m|n, r|s), with respect to a quantum superalgebra B = A × E, where E is a quantum superalgebra that is also a Z-module, with Z = Z(A) the centre of A. Therefore, i^∗ξ^2 is a E-valued function on N and the expectation value < i^∗ξ^2 > is a numerical function on N. Similar remarks hold for < p[i](t) > and <^•p[i](t) >. 23τ 0 has just the physical dimension of a time.

Furthermore, condition (44) is satisfied iff (48) I[ξ|i] ≡ ⟨ −2 ∫ B_t < δi^∗ξ δt + ci^∗ξ, i^∗ξ > η ⟩ ≥ 0, for some constant c > 0 and for any integrable solution i^∗ξ of Ê_k[s|i]. (The large cuspidated brackets <, > in (48) denotes expectation value) So the problem is converted to study the spectrum of the differential operator, P[s|i](ξ) ≡^{δi∗ ξ}_{δt} , on π̄ : Ê[s|i] → N, constrained by (Ê_k )_{(+r)}[s], for some r ≥ 0, since P [s|i](ξ) is of order ≥ k. If this is self-adjoint, (or symmetric), it follows that it has real spectrum and the stability of the solution is related to the sign of the smallest eigenvalue.^{24} If such an eigenvalue λ_1(t) is positive, ∀t ∈ T , and λ_1 = inf_{t∈T} λ_1(t) > 0, then the ratio < −^•p[i](t) > / < p[i](t) > is higher than a positive constant, hence the solution s is average stable. In fact, we get

(49) { −^•p[i](t) − λ_1p[i](t) = ∫ B_t [(P[s|i](ξ).ξ) − λ1i ∗ξ^2]η = ∫ B_t (λ1(t) − λ1)i ∗ξ^2η = (λ_1(t) − λ_1) ∫ B_t i ∗ξ^2η for any t ∈ T . Thus we have also, (for any ∫ B_t i ∗ξ^2η ≠ 0),

(50) < −^•p[i](t) > < p[i](t) > − λ_1 = (λ_1(t) − λ_1) ≥ 0 ⇒ < −^•p[i](t) > < p[i](t) > ≥ λ_1, ∀t ∈ T. So condition (44) is satisfied, hence the solution s is average stable. In order to complete the proof of Theorem 2.46, let us emphasize that in general P[s|i](ξ)−ci^∗ξ is not identified with the quantum Euler-Lagrange operator for some quantum Lagrangian. In fact, in general, the differential order of such an operator does not necessitate to be even. By the way, since Ê_k is assumed formally integrable and completely integrable, we can identify any smooth solution V ⊂ Ê_k, with its h-prolongation V^{(h)} ⊂ JD̂^{k+h}(W ), such that k + h = 2s. Thus the problem of average stability can be translated in a variational problem, constrained by solutions of (Ê_k )_{+(h)}[s|i].

(51) { − δi^∗ξ δt = 2λ(t)i^∗ξ, F^I_α [s|i] = 0, 0 ≤ |α| ≤ h, k + h = 2s } t=const on the fiber bundle π̄ : Ê[s|i] ≡ i^∗(s^∗vT W ) → N. Here F^I [s|i] = 0 are the equations encoding Ê_k [s|i]. This can be made not only locally but also globally. In fact one has the following lemmas. (See for the terminology [80, 94] and references quoted there.)

Lemma 2.48. [94] Let π : W → M, a fiber bundle in the category Q_S , dim_A M = m|n, dim_B W = (m|n, r|s). Let L : Ĵ^k_{m|n}(W ) → ^A be a k-order quantum Lagrangian function and θ ≡ Lη ∈ ^Ω^{m+n}(Ĵ^k_{m|n}(W )), locally given by θ = L ^dx^1△ · · · △dx^{m+n} =

24Really it should be enough to require that P[s|i] is a symmetric operator in the Hilbert space H_t, canonically associated to Ê[s]|_{Bt} . In fact the point spectrum Sp(A)_p of a symmetric linear operator A on H_t is real Sp(A)_p ⊂ R. (This is true also for its continuous spectrum: Sp(A)_c ⊂ R.) In our case it is enough that P[s|i] should symmetric on the space of Ê_k[s|i] solutions. However, it is well known in functional analysis that every symmetric operator has a self-adjoint extension, on a possibly larger space [16].

lμ̂_∗ ∘ dx^1△ · · · △dx^{m+n}, where (x^α, y^j ) are fibered quantum coordinates on W , and μ̂_∗ : Ṫ^{m+n}_0 (A) → A is the Z-homomorphism induced by the product on A. Then, extremals for θ, constrained by Ê_k, are solutions f : X → Ê_k, with X a quantum supermanifold of dimension m|n with respect to A, such that the following condition is satisfied:

(52) ⟨ ∑ 1≤j≤r+s ν^j ∑ 0≤|i|≤k (−1)^{|i|}∂_i ( ∂L ∂y^j_i ) η, X ⟩ = 0,

for any ν = ν^j ∂y_j , solution of the linearized equation of Ê_k at the solution s. In particular, if Ê_k = Ĵ^k_{m|n}(W )), then extremals are solutions of the following equation (quantum Euler-Lagrange super equation):

(53) Ê[θ] ⊂ Ĵ^{2k}_{m|n}(W ) : ∑ 0≤|i|≤k (−1)^{|i|}∂_i ( ∂L ∂y^j_i ) = 0 1_{≤j≤r+s} . This completes the proof. □

3. SUPERGRAVITY YANG-MILLS PDE’s IN Q_S

In a previous paper we have encoded quantum supergravity as suitable quantum super Yang-Mills PDE’s. Nowadays, there are experimental evidences that nuclides can be considered as quark-gluon plasmas. For example, in order to justify spin-nuclides, it is not enough to consider them as simply made by quarks. In fact, collective effects appear necessary to justify nuclides properties. (See, e.g., Refs. [11, 12, 104].) With this respect, we shall encode nuclear nuclides with suitable quantum supergravity Yang-Mills PDE’s as formally introduced in [95]. Then stable nuclides are stable solutions with mass-gap. An existence theorem for solutions with mass-gap is given. A quantum super partial differential relation, ^ (Goldstone), (quantum Goldstone-boundary), contained in a quantum super Yang- Mills equation, having the property to create, or destroy, mass is recognized and characterized. ^

(Goldstone) bounds an open constraint ^(Higgs) ⊂ ^(Y M), where live all the solutions with mass-gap. A stable quantum super PDE, where all the smooth solutions have mass-gap and are stable in finite times, is obtained. Let us introduce some fundamental geometric objects to encode quantum supergravity. (See also our previous works on this subjects that formulate quantum supergravity in the framework of our geometric theory of quantum super PDE’s [75, 80, 83, 90, 92].) The first geometric object to consider is an affine m-dimensional Minkowsky space-time (N, N, α; g), where N is a m-dimensional R-vector space, endowed with am hyperbolic metric g ∈ S^0_2 (N), with signature (+, − − − · · · ). α : N × N → N is the translation mapping. Then, we consider also a quantum Riemannian (super)manifold, (M, ^g), of dimension m, (m|n), with respect to a quantum algebra A, where ^g : M → Hom_Z (Ṫ^2_0 M; A) is a quantum metric. We shall assume that M is locally quantum (super) Minkowskian, i.e., there is a Zisomorphism, (quantum vierbein): (54) θ̂(p) : T_pM ∼= A ⊗_R N, ∀p ∈ M, where T_pM is the tangent space at p ∈ M to M. Equivalently a quantum vierbein is a section θ̂ : M → Hom_Z (T M; E) ∼= ^E ⊗_{^A} (T M)^+, where E is the trivial fiber bundle π̄ : E ≡ M ×A⊗_R N. Let us denote by g induces a A-valued scalar product, ĝ, on A ⊗_R N, given by ĝ(a ⊗ u, b ⊗ v) = ab g(u, v) ∈ A. By using the canonical splitting Hom_Z (Ṫ^2_0 (A ⊗_R N; A) ∼= Hom_Z (Ṡ^2_0 (A ⊗_R N; A) ⊕ Hom_Z (Λ̇^2_0(A ⊗_R N; A), we get also the split representation ĝ = ĝ_{(s)} + ĝ_{(a)}. More precisely one has (55) ĝ_{(s)}(a ⊗ u, b ⊗ v) = [a, b]_+g(u, v), ĝ_{(a)}(a ⊗ u, b ⊗ v) = [a, b]_−g(u, v). Furthermore, if (e_α) is a basis in N, and (e^β ) is its dual, characterized by the conditions e_αe^β = δ^β_α, let us denote respectively by ( ^1 ⊗ e_α) and ((1 ⊗ e^β )^+) the induced dual bases on the spaces ^A ⊗_R N and (A ⊗_R N)^+ respectively. Then one has the following representations

(56) ĝ = ĝ_{αβ} (1 ⊗ e^α)^+ ⊗ (1 ⊗ e^β )^+, ĝ_{αβ} ∈ 2 ^A ĝ_{(s)} = ĝ_{(s)αβ} (1 ⊗ e^α)^+ • (1 ⊗ e^β)^+, ĝ_{(s)αβ} ∈ 2 ^A ĝ_{(a)} = ĝ_{(a)αβ} (1 ⊗ e^α)^+△(1 ⊗ e^β)^+, ĝ_{(a)αβ} ∈ 2 ^A . By means of the isomorphism θ̂^⊗, we can induce on M a quantum metric, i.e., the quantum Minkowskian metric of M, ^g = ĝ ∘ θ̂^⊗. Conversely any quantum metric ^g on M, induces on the space A ⊗_R N, scalar products, for any p ∈ M: ĝ(p) = ^g(p) ∘ (θ̂^⊗(p))^{−1}. As a by-product, we get that any quantum metric ^g on M, induces a quantum metric on the fiber bundle π̄ : E → M, that we call the deformed quantum metrics of π̄ : E → M. Therefore, when we talk about locally Minkowskian quantum manifold M, we mean that on M is defined a Minkowskian quantum metric. Since Hom_Z (T M; A ⊗_R N) ∼= ^A ⊗_R N ⊗_{^A} (T M)^+, we can locally represent a quantum vierbein in the following form:

(57) θ̂ = ^1 ⊗ e_β ⨂ θ̂^β_α dx^α, where ^

1 ⊗ e_β ∈ Hom_Z (A; A⊗_RN), is the full quantum extension of a basis (e_α)_{0≤α≤m−1} of N, i.e., ^1 ⊗ e_β (a) = a ⊗ e_β . Furthermore, θ̂^β_α(p) ∈ ^A. Then, if ζ : M → ^T M ≡ Hom_Z (A; T M) is a full quantum vector field on M, locally represented by ζ = ∂x_αζ^α, we get that its local representation by means of quantum vierbein, is given by the following formula:

(58) θ̂(ζ) = ^1 ⊗ e_βθ̂^β_αζ^α,

where the product is given by composition:

(59) A^{ζα} // ∑ α,β =θ̂(ζ) 22 A^{θ̂} β α //A^{^1⊗eβ} //A ⊗_Z N

(For abuse of notation we can also denote θ̂(ζ) by ζ yet.) Whether ^g = ^g_{αβ}dx^α⊗dx^β, is the quantum Minkowskian metric of M, then its local representation by means of the quantum vierbein is the following:

(60) ^g = ^g_{αω}dx^α ⊗ dx^ω ^g_{αω} = θ̂^β_α ⊗ θ̂^γ_ω g_{βγ} = g_{βγ}θ̂^β_α ⊗ θ̂^γ_ω, ^g_{αω}(p) ∈ 2 ^A, ∀p ∈ M. where θ̂^β_α ⊗ θ̂^γ_ω(p), can be identified with θ̂^β_α ⊗ θ̂^γ_ω(p) ∈ Hom_Z (Ṫ^2_0 (A); Ṫ^2_0 (A)). In fact, one has the following extension θ̂^⊗ of θ̂:

(61) { θ̂⊗ ∈ Hom_Z (T M ⊗_Z T M; (A ⊗_R N) ⊗_Z (A ⊗_R N)) ∼= ^ (A ⊗_R N) ⊗_Z (A ⊗_R N) ⨂_^ A(T M ⊗_Z T M)^+. Locally one can write

(62) θ̂^⊗ = ^

(1 ⊗ e_γ ) ⊗ (1 ⊗ e_ω) ⊗ θ̂^γ_α ⊗ θ̂^ω_β dx^α ⊗ dx^β . In fact, we have

(63) ^g(ζ, ξ) = ^g( ^1 ⊗ e_βθ̂^β_αζ^α, ^1 ⊗ e_γθ̂^γ_ωξ^ω) = θ̂^β_αζ^αθ̂^γ_ωξ^ω g(e_β , e_γ ) = θ̂^β_αζ^αθ̂^γ_ωξ^ω g_{βγ} .

In the particular case that (e_β ) is an orthonormal basis, then we get the following quantum Minkowskian representation for ^g

(64) (^g_{αω}) = θ̂^β_α ⊗ θ̂^γ_ω η_{βγ} , (η_{βγ} ) =

1 0 · · · 0 0 −1 · · · 0 · · · · · · · · · · · · 0 0 · · · −1 .

The splitting in symmetric and skew-symmetric part of ^g, i.e., (65) ^g = ^g_{(s)} + ^g_{(a)} = ^g_{αβ} dx^α • dx^β + ^g_{αβ} dx^α△dx^β can be written in term of quantum vierbein in the following way:

(66) θ̂⊗ = θ̂⊙ + θ̂∧ θ̂⊙ = ^ (1 ⊗ e_γ ) ⊗ (1 ⊗ e_ω) ⊗ θ̂^γ_α ⊗ θ̂^ω_β dx^α • dx^β θ̂∧ = ^ (1 ⊗ e_γ ) ⊗ (1 ⊗ e_ω) ⊗ θ̂^γ_α ⊗ θ̂^ω_β dx^α△dx^β ^g_{(s)}(ζ, ξ) = [θ̂^β_αζ^α, θ̂^γ_ωξ^ω]_+ g_{βγ} , ⇒ ^g_{(s)αω} = θ̂^β_α • θ̂^γ_ω g_{βγ} ^g_{(a)}(ζ, ξ) = [θ̂^β_αζ^α, θ̂^γ_ωξ^ω]_− g_{βγ} , ⇒ ^g_{(a)αω} = θ̂^β_α△θ̂^γ_ω g_{βγ} . Conversely, the local expression of the quantum deformed metrics on π̄ : E → M, induced by a quantum metrics ^g on M, is given by the following formulas:

(67)

(θ̂^⊗)^{−1} = (θ̂^⊙)^{−1} + (θ̂^∧)^{−1} (θ̂^⊙)^{−1} = ∂x_α • ∂x_β ⊗ θ̂^α_γ ⊗ θ̂^β_ω (1 ⊗ e^γ )^+ • (1 ⊗ e^ω)^+ (θ̂^∧)^{−1} = ∂x_α△∂x_β ⊗ θ̂^α_γ ⊗ θ̂^β_ω (1 ⊗ e^γ )^+△(1 ⊗ e^ω)^+ ĝ(ζ^α ⊗ e_α, ξ^β ⊗ e_β) = ^g_{γω}θ̂^γ_αζ^α ⊗ θ̂^ω_β ξ^β , ⇒ ĝ_{αβ} = ^g_{γω}θ̂^γ_α ⊗ θ̂^ω_β ĝ_{(s)}(ζ^α ⊗ e_α, ξ^β ⊗ e_β ) = ^g_{(s)γω}[θ̂^γ_αζ^α, θ̂^ω_β ξ^β ]_+, ⇒ ĝ_{(s)αβ} = ^g_{(s)γω}θ̂^γ_α • θ̂^ω_β ĝ_{(a)}(ζ^α ⊗ e_α, ξ^β ⊗ e_β) = ^g_{(s)γω}[θ̂^γ_αζ^α, θ̂^ω_β ξ^β ]_−, ⇒ .ĝ_{(a)αβ} = ^g_{(a)γω}θ̂^γ_α△θ̂^ω_β .

In the particular case that ^g is Minkowskian, then we can use for ^g_{γω}, ^g_{(s)γω} and ^g_{(a)γω} the corresponding expressions in (60), and by using the property that θ̂δ_γθ̂γ_α = δδ_α, we get ĝ_{γω} = ĝ_{γω}, ĝ_{(s)γω} = ĝ_{(s)γω} and ĝ_{(a)γω} = ĝ_{(a)γω}. The con-

trovariant full quantum metric ^g of ^g : M → Hom_Z (Ṫ^2_0 M; A) is a section ^g : M → Hom_Z (A; Ṫ^2_0 M) such that the following conditions are satisfied: (68) ^g = ∂x_α ⊗ ∂x_βĝ^{αβ}, ^g = ĝ_{γω}dx^γ ⊗ dx^ω , ĝ^{αβ}(p) ∈ Hom_Z (A; A ⊗_Z A), ĝ_{αβ}(p) ∈ 2 ^A ĝ_{γω}(p)ĝ^{γβ}(p) = δ^β_ω ∈ R ⊂ ^A, ĝ^{γβ}(p)ĝ_{γω}(p) = δ^β_ω ∈ R ⊂ Hom_Z (A ⊗_Z A; A ⊗_Z A). The products in (68) are meant by composition: (69) A^ĝ αβ (p) //

δ^β_γ 44 A ⊗_Z A^{ĝαγ (p)} //A A ⊗_Z A^{ĝαγ (p)} // δ^β_γ 33 A^ĝ αβ (p) // A ⊗_Z A.

In the commutative diagram (70) it is shown the pairing working between the fiber bundles (Ṫ^2_0 M)^+ and ^Ṫ^2_0 M over M.

(70) ^Ṫ 2_0 M ×_M (Ṫ 2_0 M)+

fflffl

<,> // ^A

Hom_Z (Ṫ^2_0 M; Ṫ^2_0 M) ∼= ^Ṫ^2_0 M ⨂_^ A(Ṫ^2_0 M)^+ tr // M × ^A pr_2 OO

In particular, one has:

(71) 1 s < ^g, ^g >= 1 s ĝ^{αβ}ĝ_{αβ} = 1 s δ^β 1_{^A} = 1_{^A}, s = { m, dim_A M = m m + n, dim_A M = m|n. It is direct to verify that ^g^{αβ} = θ̂^α_ω ⊗ θ̂^β_ϵ ĝ^{ωϵ} is the controvariant expression of the full quantum metric ^g_{αβ} = θ̂^γ_α ⊗ θ̂^δ_βĝ_{γδ}, when ĝ^{ωϵ} is the controvariant one of ĝ_{γδ}. In other words if ĝ_{ωδ}ĝ^{ωϵ} = δ^ϵ_δ, then ^g_{αγ} ^g^{αβ} = δ^β_γ . This means that the full quantum metric ĝ, induced on A ⊗_R N by g, is not degenerate, i.e. one has the following short exact sequence:

(72) 0 // A ⊗_R N ′ĝ // (A ⊗_R N)+.

In fact, one can see that ker(^′ĝ) = {0}. Really,^′ĝ(a ⊗ v)(b ⊗ u) = abg(v, u) = 0, for all b ∈ A and u ∈ N iff a = 0 or v = 0. In fact we can take b = 1 and u any vector of N. So, since g is not degenerate, it follows that cannot be g(v, u) = 0, for a non zero v, and ∀u ∈ N. The nondegeneration of ĝ induces also the following isomorphism ^A ⊗_R N ∼= (A ⊗_R N)^+.

Definition 3.1. (Quantum SG-Yang-Mills PDE’s). A quantum supergravity Yang- Mills PDE, (quantum SG-Yang-Mills PDE), is a quantum super Yang-Mills PDE where the quantum super Lie algebra g in the configuration bundle π : W ≡ Hom_Z (T M; g) → M is a quantum superextension of the Poincaré Lie algebra and admits the following splitting of vector spaces: (73) g = g_® + g_© + g_✠ where g_® = A⊗_R N, (resp. g_© is the quantum superextension of the Lorentz part of the Poincaré algebra). Here A is a quantum (super)algebra on which is modeled the quantum (super)manifold M, and N is the 4-dimensional Minkowsky vector space. Furthermore, one assumes that there exists a non-degenerate metric g on g. Taking into account the canonical splitting:

(74) Hom_Z (T M; g) ∼= Hom_Z (T M; g_®) × Hom_Z (T M; g_© ) × Hom_Z (T M; g_✠) we get that the fundamental field μ̂ : M → W , in a quantum supergravity Yang-Mills PDE, admits the following canonical splitting:^{25} (75) μ̂ = μ̂_® + μ̂_© + μ̂_✠.

Definition 3.2. We say that μ̂ is non-degenerate if μ̂_® identifies, for any p ∈ M, an isomorphism μ̂_®(p) : T_pM ∼= A⊗_RN, hence μ̂_® can be identified with a quantum vierbein on M: μ̂_® ≡ θ̂. Then we define μ̂_®, (resp. μ̂_© , resp. μ̂_✠), the vierbeincomponent, (resp. Lorentz-component, resp. deviatory-component), of μ̂. Definition 3.3. Similarly to the quantum connection μ̂, i.e., the fundamental quantum field, we get the following splitting of the quantum curvature: (76) R̂ =_®R̂ +_©R̂ +_✠R̂.

We call also quantum torsion the component_®R̂ of the quantum curvature. With this respect the_®μ̂-component of the quantum field equation is also called quantum torsion equation.

Theorem 3.4. (SG-Yang-Mills PDE’s) The dynamic equation ^(Y M) for a second order SG-Yang-Mills PDE assumes in quantum coordinates the expression reported in Tab.1. In Tab.2 there is also its unified expression.^{26}

Tab.1 - Quantum Dynamic Equation ^(Y M )⊂JD̂^2(W ) and Quantum Bianchi identity. Quantum fields equation (∂_©μ̂^A_K .L)−∂_B (∂_©μ̂^{AB}_K .L)=0

(quantum curvature-Lorentz equation) (∂_®μ̂^A_K .L)−∂_B (∂_®μ̂^{AB}_K .L)=0 (quantum curvature-verbein equation)

(Ê_2) (∂_✠μ̂^A_K .L)−∂_B (∂_✠μ̂^{AB}_K .L)=0

(quantum curvature-deviatory equation)

Quantum Bianchi identity (∂x_H ._©R̂^K_{AB} )+^1_{2 ©}Ĉ^K_{IJ} [μ̂^I_H ,R̂^J_{AB} ]_+=0 (∂x_H ._®R̂^K_{AB} )+^1_{2 ®}Ĉ^K_{IJ} [μ̂^I_H ,R̂^J_{AB} ]_+=0 (∂x_H ._✠R̂^K_{AB} )+^1_{2 ✠}Ĉ^K_{IJ} [μ̂^I_H ,R̂^J_{AB} ]_+=0 Quamtum fields_®R̂^K_{BA} =(∂x_B ._®μ̂^K_A )+_®Ĉ^K_{IJ} [μ̂^I_B ,μ̂^J_A]_+ (quantum verbein-curvature) ©R̂^K_{BA}=(∂x_B ._©μ̂^K_A )+_© C^K_{IJ} [μ̂^I_B ,μ̂^J_A]_+ (quantum Lorentz-curvature) ✠R̂^K_{BA}=(∂x_B ._✠μ̂^K_A )+_✠Ĉ^K_{IJ} [μ̂^I_B ,μ̂^J_A]_+ (quantum deviatoty-curvature)

25We shall use also the following notation μ̂ = ®μ̂ + c_◯μ̂ +_✠μ̂, that can be useful when one must add some indexes, e.g._®μ̂^K_A .

26For example for the case of quantum gravity-Yang-Mills PDE, corresponding to systems considered in Example 3.9, one obtains a quantum gravity with quantum torsion.

Proof. Let (Z_K ∈ Hom_Z (A; g)) be the basis for the quantum extension ^g of g. Let us denote (Z_K ) = (_®Z_R,_© Z_S ,_✠Z_T ) the split induced by the one in (74). Similarly we get an induced notation on the quantum structure constants:

(77) [Z_I , Z_J ] =_®Ĉ^K_{IJ ®}Z_K +_©Ĉ^K_{IJ ©} Z_K +_✠Ĉ^K_{IJ ✠}Z_K .

Then this property is represented, in local quantum coordinates, by the fact that in the following formula

(78) μ̂ = Z_K ⊗ μ̂^K_A dx^A =_®Z_R ⊗_®μ̂^R_Adx^A +_© Z_S ⊗_©μ̂^S_Adx^A +_✠Z_T ⊗_✠μ̂^T_Adx^A

one has (_®μ̂^K_A (p)) ∈ GL( ^A; 4).

The curvature, corresponding to μ̂, can be locally written in the form: R̂ = Z_K ⊗ R̂^K_{AB} dx^A△dx^B , with R̂^K_{BA} = (∂x_Bμ̂^K_A ) + Ĉ^K_{IJ} [μ̂^I_B , μ̂^J_A]_+. The quantum curvature also admits the splitting induced by the quantum lie algebra, as well as the corresponding Bianchi identities. Furthermore, we shall assume a first order quantum Lagrangian L : JD̂(W ) → ^A, L ∘ Ds =^1_2 R̂^K_{AB}R̂^{AB}_K , ∀s ∈ Q^∞_w (W ),^{27} The local expression of ^(Y M) is given in Tab.2. Note that the quantum super Yang-Mills equation is now (∂μ̂^A_K .L) − (∂_B (∂μ̂^{AB}_K .L)) = 0. Furthermore, it results (∂μ̂^A_K .L) = [ ^C^H_{KR}μ̂^R_C , R̂^{[AC]}_H ]_+ and (∂μ̂^{AB}_K .L) = R̂^{BA}_K . (For more details on quantum gauge theories see also Refs.[71, 77, 85, 92, 94, 95].) □

Remark 3.5. So in a quantum SG-Yang-Mills PDE, the quantum Riemannian metric ^g is not a fundamental field, but a secondary field, obtained by means of the quantum vierbein θ̂ = μ̂_®, that, instead is a fundamental dynamic field.^{28} Of course since there is a relation one-to-one between quantum vierbein and quantum metric, on a locally Minkowskian quantum (super)manifold, one can choice also quantum metric as a fundamental field, instead of the quantum vierbein. However, in a quantum SG-Yang-Mills PDE it is more natural to adopt quantum vierbein as independent field, since it is just enclosed in the fundamental field μ̂. The dynamic equation are resumed in Tab.2.

Tab.2 - Local expression of ^(Y M )⊂JD̂^2(W ) and Bianchi identity (B)⊂JD̂^2 (W ).

(Field equations) E^A_K ≡−(∂_B .R̂^{BA}_K )+[ ^C^H_{KR}μ̂^R_C ,R̂^{[AC]}_H ]_+=0 ^(Y M)

(Fields) F̂^K_{A1 A2} ≡R̂^K_{A1A2} −[(∂X_{A1} .μ̂^K_{A2} )+^1_2 ^C^K_{IJ} [μ̂^I_{A1} ,μ̂^J_{A2} ]_+]=0

(Bianchi identities) B^K_{HA1 A2} ≡(∂X_H .R̂^K_{A1A2} )+^1_2 ^C^K_{IJ} [μ̄^I_H ,R̂^J_{A1A2} ]_+=0 (B)

F^K_{A1 A2} :Ω_1 ⊂JD̂(W )→ 2 ^A; B^K_{HA1 A2} :Ω_2 ⊂JD̂^2 (W )→^3^A; E^A_K :Ω_2⊂JD̂^2 (W )→^3^A .

Definition 3.6. We call quantum graviton a quantum metric ^g obtained by a solution μ̂ of ^(Y M), via the corresponding quantum vierbein.

Definition 3.7. In relation to the splitting (76), and with respect to the possible triviality of such quantum curvatures, we can classify solutions of Ê_2, as reported in Tab.3.

27The rising and lowering of indexes is obtained by means of the fullquantum metrics ^g on M and g on g respectively.

28Another suitable name for θ̂ could be quantum dynamical fundamental solder form. In fact, it solders the quantum Minkowsky vector space A ⊗_R N at all the points p ∈ M. But the previous name is more handable.

Tab.3 - Local quantum-curvature clasification of ^(Y M ) solutions.

Definition Name R̂^K_{AB} =0 quantum full-flat

®R̂^K_{AB} =0 quantum torsion-free

©R̂^K_{AB} =0 quantum Lorentz-flat

✠R̂^K_{AB} =0 quantum deviatory-flat

Theorem 3.8. (Quantum Cartan geometry). Any non-degenerate solution μ̂ of a quantum SG-Yang-Mills PDE, identifies on the base quantum supermanifold M a quantum Cartan supergeometry, i.e., a Cartan geometry in the category Q_S .

Proof. A quantum Cartan supergeometry on a the quantum supermanifold M, is the natural extension, in the category Q_S , of Cartan geometry in the category of smooth finite dimensional manifolds [110]. More precisely it is a principal fiber bundle π : G → M, with structure group H, where G is a group in the category Q_S, such that the following conditions are satisfied: (i) M admits as quantum model the quantum Klein geometry (G, H), i.e., T_xM ∼= g/h, for any x ∈ M, and (G, H) is a quantum Klein model in Q_S , i.e., G/H is an homogeneus space in Q_S, with G containing the subgroup H; (ii) there exists a section ω : M → Hom_Z (T G; g), of class Q^∞_w , such that ω(p) is an isomorphism ω(p) : T_pG → g, for all p ∈ G; (iii) ω(p)|_{vTpG} : vT_pP ∼= h; (iv) (R_h)^∗ω = Ad(h^{−1})ω, ∀h ∈ H, where R_h denotes right multiplication translation for h. Then a quantum SG-Yang-Mills PDE identifies the following quantum Cartan supergeometry : π : G → M, where G is any quantum superextension Lie group of the Poincaré group, such that its quantum super Lie algebra is just g, and containing a subgroup H, with quantum super Lie algebra h =_© g ⊕_✠g. Then M admits as model the quantum Klein geometry (G, H), since one has the isomorphism T_xM ∼=_®g ∼= g/(_© g ⊕_✠g), ∀x ∈ M. Furthermore, any quantum fundamental field μ̂ comes from a quantum principal connection on such a principal bundle, as it results from the commutative diagram (79).^{29}

(79) G π fflffl ω // Hom_Z (T G; g)

M_{μ̂} // HomZ (T M; g) π_∗ OO

□ Example 3.9. (Quantum gravity-Yang-Mills PDE’s in D = 4). This is the most simple situation where g =_®g ⊕_© g. In such a case the quantum Klein geometry is (P (N̂), SO(A⊗_RN)), where A⊗_RN is the 4-dimensional quantum Minkowsky vector space, extension of the Minkowsky vector space N, with respect to the quantum algebra A, endowed with the quantum metric ^g ≡ 1 ⊗ g, natural extension of the

29Let us emphasize that a section ω, considered in the above point (ii), is just a quantum

pseudoconnection in the sense introduced in Refs.[77, 84] . (See also Refs.[70, 99] for superclassical analogous ones.) Then, one can see that ω is just a principal connection, (Ehresmann connection [18]), on the g-principal fiber bundle P ≡ G × g → G. (The proof can be copied from an intrinsic previous one given in [99] for the superclassical case.) Recall that in a Cartan geometry π : G → M, the torsion is obtained by composition T = ~π ∘ R : Λ^2_0G → g → g/h, where R is the curvature associated to the connection ω and ~π is the canonical projection.

Minkowsky metric g on N. SO(A ⊗_R N), is the symmetry group of (A ⊗_R N, ^g). One can see that this is just isomorphic to the classic Lorentz group SO(A ⊗_R N) ∼= SO(1, 3). In fact, any element Λ̂ ∈ SO(A ⊗_R N) is necessarily of the type Λ̂ = 1_A ⊗ Λ, with Λ ∈ SO(N). In fact, by the condition ĝ(a⊗u, b⊗v) = ĝ(Λ̂(a⊗u), Λ̂(b⊗v)), we get

(80) ĝ(a ⊗ u, b ⊗ v) = ĝ(a^α1 ⊗ e_α, b^β 1 ⊗ e_b) = a^αb^βg(e_α, e_β) = a^αb^βg_{αβ} = ĝ(Λ̂(a ⊗ u), Λ̂(b ⊗ v)) = ĝ(Λ̂(a^α1 ⊗ e_α), Λ̂(b^β1 ⊗ e_b)) = ĝ(Λ̂^γ_α(a^α)1 ⊗ e_γ , Λ̂^δ_β (b^β)1 ⊗ e_δ) = Λ̂^γ_α(a^α)Λ̂^δ_β (b^β)g_{γδ}

with a^α, b^β ∈ A, Λ̂^γ_α ∈ ^A, g_{αβ} ∈ R. Therefore we get

(81) a^αb^β g_{αβ} = Λ̂^γ_α(a^α)Λ̂^δ_β(b^β )g_{γδ}.

For the arbitrariness of a^α and b^β, we get that must be also (82) g_{αβ} = Λ̂^γ_αΛ̂^δ_βg_{γδ}.

Since g_{αβ} ∈ R, must necessarily be Λ̂^γ_α ∈ R. This means that it is Λ̂ = 1_A ⊗ Λ, with Λ ∈ SO(N). Therefore one has the following isomorphisms:

(83) SO(A ⊗_R N) ∼= SO(N) ∼= SO(1, 3) ⇒ (Λ̂^γ_α) = (Λ^γ_α).

P (N̂) is the symmetry group of the 4-dimensional affine quantum Minkowsky spacetime (N̂, A ⊗_R N, ^g). One has the following isomorphisms:

(84) P (N̂) ∼= A ⊗_R N ⋊ SO(A ⊗_R N) ∼= A ⊗_R N ⋊ SO(N) ∼= A ⊗_R R^{1,3} ⋊ SO(1, 3). One has the following short exact sequence:

(85) 0 // A ⊗_R N // A ⊗_R N ⋊ SO(A ⊗_R N) // SO(A ⊗_R N) // 0

The semidirect product means that the product in P (N̂) is given by the following:

(86)

(a ⊗ u, Λ̂).(b ⊗ v, Λ̂^′) = (a ⊗ u + Λ̂(b ⊗ v), Λ̂Λ̂^′) = (a ⊗ u + b ⊗ Λ(v), (1 ⊗ Λ)(1 ⊗ Λ^′)) = (a ⊗ u + b ⊗ Λ(v), 1 ⊗ ΛΛ^′).

The quantum Cartan geometry is given by the SO(A ⊗_R N)-principal group, in the category Q, π : P (N̂) → M, where M is a 4-dimensional quantum manifold, with respect to the quantum algebra A, whose tangent spaces T_pM ∼= A ⊗_R N ∼= P (N̂)/SO(A ⊗_R N). Therefore M is locally quantum Minkowskian. The quantum Lie algebra g of P (N̂) has the following splitting: (87) g ∼= A ⊗_R N ⊕ so(1, 3) ≡_®g ⊕_© g.

Let us denote by P̂_μ = 1 ⊗ P_μ the generators of_®g, where P_μ are the corresponding translation-generators in the Poincaré algebra. The can see that one has (88) [P̂_μ, P̂_ν ] = 1 ⊗ [P_μ, P_ν ] = 1 ⊗ C^α_{μν} P_α = C^α_{μν} 1 ⊗ P_α = C^α_{μν}P̂_α

with C^α_{μν} ∈ R. In fact, one can put on A ⊗_R N quantum coordinates x̂^A : A ⊗_R N → A, adapted to the structure A ⊗_R N, i.e., x̂^A(a ⊗ u) = ax^A(u) = au^A ∈ A, where x^A : N → R are coordinates on the 4-dimensional affine Minkowsky space-time N. Then, for any function f : A ⊗_R N → A of class Q^1_w, one has:

(89) P_A.f = (∂x_A.f) = (∂x̂_B .f)(∂x_A.x̂^B ) = (∂x̂_B .f)(1 ⊗ δ^B_A ) = (∂x̂_A.f) = (P̂_A.f)

since (∂x_A.x̂^B ) = (∂x_A.(1 ⊗ x^B )) = (∂x_A.1) ⊗ x^B + 1 ⊗ (∂x_A.x^B ) = 1 ⊗ δ^B_A . By resuming all the quantum structure constants, for this quantum gravity Yang- Mills PDE’s, are real numbers. So all the generators of the quantum Poincaré algebra just coincide with the ones of the Poincaré algebra. The situation is summarized in Tab.4.

Tab.4 - Quantum Poincaré algebra in D=4. [J_{αβ} ,J_{γδ} ]=η_{βγ} J_{αδ} +η_{αδ} J_{βγ} −η_{αγ} J_{βδ} −η_{βδ} J_{αγ} [P_α,P_β ]=0, [J_{αβ} ,P_γ ]=η_{βγ} P_α−η_{αγ} P_β Boosts: K_k =J_{0k} ; Rotations: J_k =ϵ_{ijk} J^{ij} , i,j,k∈{1,2,3}.

Example 3.10. (Quantum N-superextensions of the Poincaré algebra in D = 4). In D = 4, the usual N-supersymmetric extension g of the Poincaré algebra p = so(1, 3) ⊕ t, is a Z_2-graded vector space g = g_0 ⊕ g_1, with a graded Lie bracket, such that g_0 = p ⊕ b, where b is a reductive Lie algebra, such that its self-adjoint part is the tangent space to a real compact Lie group.^{30} Furthermore g_1 = (^1_2 , 0) ⊗ s ⊕ (0,^1_2 ) ⊗ s^∗, where (^1_2 , 0) and (0,^1_2 ) are specific representations of the Poincaré algebra. Both components are conjugate to each other under the ∗ conjugation. s is a N-dimensional complex representation of b and s^∗ its dual representation.^{31} Note also that the Lie bracket for the odd part is usually denoted by {, } in theoretical physics. Then with such a notation one has

(90) {Q^i_α, Q^j_β } = δ^{ij} (γ^μC)_{αβ} P_μ + U^{ij} (C)_{αβ} + V^{ij} (Cγ_5)_{αβ}

where U^{ij} = −U^{ji}, V^{ij} = −V^{ji} are the (N − 1)N central charges, C is the (antisymmetric) charge conjugation matrix, (Q^i_α)_{i=1,...,N} , are the N Majorana spinor supersymmetry charge generators. The dynamical components μ̂^i, i = 1, . . . , N, of the quantum fundamental field, corresponding to the generators Q^i, are called quantum gravitinos. So in a quantum N-SG-Yang-Mills PDE, one distinguishes N quantum gravitino types, (and (N − 1)N central charges).^{32} The more simple case are ones with N = 1, and N = 2. More precisely, for N = 1, with b = u(1) and s the 1D representation of u(1). In such a case one has an electric charge, (i.e., u(1)-charge), but there are not central charges. In Tab.5 are reported the brackets in the case N = 1 and N = 2.^{33} Then a quantum superextension of p is A ⊗_R g, where A is a quantum superalgebra. This can be taken A ⊆ L(H), where

30A reductive Lie algebra is the sum of a semisimple and an abelian Lie algebra. Since a

semisimple Lie algebra is the direct sum of simple algebras, i.e., non-abelian Lie algebras, l_i, where the only ideals are {0} and {l_i}, it follows that b can be represented in the form b = a ⊕ ∑ i l_i.

31If ρ : g → L(V ) is a representation of Lie algebra, its dual ρ̄ : g → L(V̄ ), working on the

dual space V̄ , is defined by ρ̄(u) = −ρ(u), ∀u ∈ g.

32Since the central charges in (90) have physical dimension of mass, they cannot be carried by

massless solutions.

33For the case N = 2, and with respect to equation (90), one should also have [Q βi, Q_{μj} ] = (Cγ^α)_{βμ}δ_{ij} P_α + C_{βμ}ϵ_{ij} Z + ϵ_{ij} (Cγ_5 )_{βμ}Z^′. But the term ϵ_{ij} (Cγ_5 )_{βμ}Z^′ can always be rotated into C_{βμ}ϵ_{ij} Z by a chiral transformations, and therefore does not represent a further charge.

H is a super-Hilbert space. (See also Refs.[85, 94].) With respect to the splitting (75) we get: (91)

(N = 1) : ®μ̂ = P_αθ̂^α_γ dx^γ ©μ̂ = J_{αβ}ω̂^{αβ}_γ dx^γ ✠μ̂ = Q_αϕ^α_γ dx^γ . ; (N = 2) : ®μ̂ = P_αθ̂^α_γ dx^γ ©μ̂ = J_{αβ}ω̂^{αβ}_γ dx^γ ✠μ̂ = [ZÂ_γ + Q_{αi}ϕ^{αi}_γ ]dx^γ . .

Tab.5 - N =1,2 Super Poincaré algebra in D=4.

N =1 [J_{αβ} ,J_{γδ} ]=η_{βγ} J_{αδ} +η_{αδ} J_{βγ} −η_{αγ} J_{βδ} −η_{βδ} J_{αγ} [P_α,P_β ]=0, [J_{αβ} ,P_γ ]=η_{βγ} P_α −η_{αγ} P_β , [P_α,Q_γ ]=0 [J_{αβ} ,Q_γ ]=(σ_{αβ} )^μ_γ Q_μ , [Q_β ,Q_μ]=(Cγ^α)_{βμ} P_α N =2 [J_{αβ} ,J_{γδ} ]=η_{βγ} J_{αδ} +η_{αδ} J_{βγ} −η_{αγ} J_{βδ} −η_{βδ} J_{αγ} [P_α,P_β ]=0, [J_{αβ} ,P_γ ]=η_{βγ} P_α −η_{αγ} P_β , [P_α,Q_{γi}]=0 [J_{αβ} ,Q_{γi}]=(σ_{αβ} )^μ_γ Q_{μi}, [Q_{βi},Q_{μj} ]=(Cγ^α)_{βμ}δ_{ij} P_α +C_{βμ}ϵ_{ij} Z, [Z.·]=0 Tab.6 - Supersymmetric semi-simple tensor extension Poincaré algebra in D=4. [J_{αβ} ,J_{γδ} ]=η_{βγ} J_{αδ} +η_{αδ} J_{βγ} −η_{αγ} J_{βδ} −η_{βδ} J_{αγ} , [P_α,P_β ]=cZ_{αβ} [J_{αβ} ,P_γ ]=η_{βγ} P_α−η_{αγ} P_β , [J_{αβ} ,Z_{γδ} ]=η_{αδ} Z_{βγ} +η_{βγ} Z_{αδ} −η_{αγ} Z_{βδ} −η_{βδ} Z_{αγ} [Z_{αβ} ,P_γ ]=^{4a2}_c (η_{βγ} P_α−η_{αγ} P_β ), [Z_{αβ} ,Z_{γδ} ]=^{4a2}_c (η_{αδ} Z_{βγ} +η_{βγ} Z_{αδ} −η_{αγ} Z_{βδ} −η_{βδ} Z_{αγ} ) [J_{αβ} ,Q_γ ]=−(σ_{αβ} Q)_γ , [P_α,Q_γ ]=a(γ_αQ)_γ , [Z_{αβ} ,Q_γ ]=−^{4a2}_c (σ_{αβ} Q_γ ) [Q_α,Q_β ]=−b[^{2a}_c (γ^δ C)_{αβ} P_δ +(σ^{γδ} C)_{αβ} Z_{γδ} ]

In Tab.6 are reported supersymmetric semi-simple tensor extensions of Poincaré algebra in D = 4 too. There a, b and c are constants. This algebra admits the following splitting: so(3, 1) ⊕ osp(1, 4), where so(3, 1) is the 4-dimensional Lorentz algebra and osp(1, 4) is the orthosymplectic algebra. Then, by considering the quantum superextension A ⊗_R [so(3, 1) ⊕ osp(1, 4)], where A is a quantum superalgebra, and with respect to the splitting (75) we get:

(92) ®μ̂ = P_αθ̂^α_γ dx^γ ©μ̂ = J_{αβ}ω̂^{αβ}_γ dx^γ ✠μ̂ = [Z_{αβ}Â^{αβ}_γ + Q_{αi}ϕ^{αi}_γ ]dx^γ . Theorem 3.11. (Quantum Levi-Civita connection and quantum Higgs fields in ^ (Y M)). Quantum Levi-Civita connections ω̂, belonging to a solution μ̂ of ^(Y M), identify covariant derivative on the quantum metric g, corresponding to μ̂, such that^{ω̂}∇^g = 0, when ω̂ comes from a quantum Higgs-symmetry breaking mechanism, where ^g can be identified with a quantum Higgs field.

Proof. Quantum Higgs fields and symmetry breaking are two aspects of an unique mathematical phenomenon: reduction of a G-principal fiber bundle to a closed subgroup H ⊂ G, considered in the category Q_S . When this happens one has the commutative diagram (93) of fiber bundles.

(93) ĥ^∗P ≡ π^{−1}_H (ĥ(M))

fflffl

∼^ hP π_ĥ fflffl

Ø ¨ // P π ˝˝zz zz zz zz z π_H fflffl M M ĥ 88P/H π_{/H} oo

π_H : P → P/H is a principal bundle with structure group H and π_{/H} : P/H → M is a fiber bundle associated to π : P → M, with the natural action of G on the fiber type G/H. π_ĥ :^ĥP → M is a H-principal bundle, reduction of P . Any of such reduction is identified with a global section ĥ : M → P/H of π_{/H} , such that^ĥP = π^{−1}_H (ĥ(M)) ∼= h^∗P . Any principal connection^ĥω̂ on^ĥP identifies a principal connection on P , hence a covariant derivative^{ĥω̂}∇ on sections of π_{/H} , such that^{ĥω̂}∇ĥ = 0. Conversely a principal connection ω̂ on P is projected onto ĥP iff^{ĥω̂}∇ĥ = 0. Furthermore, if the quantum Lie (super)algebra g of G, splits into g = h ⨁ a, where h is associated to H and a is a subspace of g on which G acts for adjointness, then i^∗_ĥω̂_h :^ĥP → Hom_Z (T^ĥP ; h) is a principal connection on ĥP , as defined by the commutative diagram (94).

(94) Hom_Z (T P ; g) // Hom_Z (T P ; h) // Hom_Z (T^ĥP ; h)

P ω̂ OO

P ω̂_h OO

ĥP i_ĥ oo i^∗_ĥω̂_h OO

In the case that P ≡ E(M) is the principal bundle of linear frames on M, with structure group GL(4, A), that is reducible to SO(1, 3), then global sections of E(M)/SO(1, 3) → M are related to quantum metrics on M, as it is shown by the commutative and exact diagram (95).

(95) 0 // E(M)/SO(1, 3)^i // Hom_Z (Ṫ^2_0 M; A)

M ĥ OO

M ^g OO

0

OO

0

OO

such that (96) i ∘ ĥ = ^g = g_{αβ}dx^α ⊗ dx^β = θ̂^a_αθ̂^b_β η_{ab}dx^α ⊗ dx^β . So, in this case, a quantum Higgs field is identified with a locally Minkowskian quantum metric. Since any principal connection^ĥω̂ on^ĥE(M) ⊂ E(M) is extendable to a principal connection ω̂ on E(M), and identifies a linear quantum connection on T M, and on other associated vector bundles, such that^{ω̂}∇^g = 0, when ^g is just the quantum metric-Higgs field defined in (96). This proves that quantum Levi-Civita connections, corresponding to solutions of ^(Y M), such that condition ω̂∇^g = 0, are particular cases, related to the quantum Higgs-symmetry breaking mechanisms. □

Theorem 3.12. (Quantum crystal structure of ^(Y M)). If H_3(M; K ) = 0 the dynamic equation ^(Y M) is a quantum extended crystal super PDE. Moreover, under the full admissibility hypothesis, it becomes a quantum 0-crystal PDE.

Proof. In Refs.[75, 83] it is proved that ^(Y M) ⊂ JD̂^2(W ) is formally integrable and also completely integrable.^{34} That proof works well also in this situation, since it is of local nature, and remains valid also for quantum supermanifolds that are only locally quantum super-Minkowskian ones. Then, by using Theorem 2.2 we get Ω^{^(Y M)} 3|3,w ∼= Ω^{^(Y M)}_{3|3,s} = A_0 ⊗_K H_3(W ; K ) ⨁ A_1 ⊗_K H_3(W ; K ). Since the fiber of W

is contractible, we have Ω^{^(Y M)}_{3|3,w} ∼= Ω^{^(Y M)}_{3|3,s} = A_0 ⊗_K H_3(M; K ) ⨁ A_1 ⊗_K H_3(M; K ).

Thus, under the condition that H_3(M; K ) = 0, one has Ω^{^(Y M)}_{3|3,w} ∼= Ω^{^(Y M)}_{3|3,s} = 0, hence ^ (Y M) becomes a quantum extended crystal super PDE. This is surely the case when M is globally quantum super Minkowskian. (See Refs.[76, 80, 83, 90, 92].) In

such a case one has Ω^{^(Y M)}_{3|3} = K_{3|3} ^(Y M), where

(97) K_{3|3} ^(Y M) ≡

[N]_{^(Y M)} ∈ Ω_{3|3} ^(Y M) | | | | | N = ∂V, for some (singular) (4|4)-dimensional quantum supermanifold V ⊂ W . So ^

(Y M) is not a quantum 0-crystal super PDE. However, if we consider admissible only integral boundary manifolds, with orientable classic limit, and with zero characteristic quantum supernumbers, (full admissibility hypothesis), one has:

Ω^{^(Y M)}

3|3 = 0, and ^(Y M) becomes a quantum 0-crystal super PDE. Hence we get existence of global Q^∞_w solutions for any boundary condition of class Q^∞_w . With respect to the commutative exact diagram in (23) we get the exact commutative diagram (98).

(98) 0 // K^{^(Y M)}_{3|3;2} // Ω^{^(Y M)}_{3|3} // Ω_c^{^(Y M)}_6

fflffl

//

B BB BB BB B 0

0 // K^↑_6 // Ω^↑_6 // Ω6 // 0

Taking into account the result by Thom on the unoriented cobordism groups [119], we can calculate Ω_6 ∼= Z_2 ⨁ Z_2 ⨁ Z_2. Then, we can represent Ω_6 as a subgroup of a 3-dimensional crystallographic group type [G(3)]. In fact, we can consider the

34We shall assume that the A is a quantum (super)algebra, over K = R, or K = C , with

Noetherian centre Z ≡ Z(A). In general A is a subalgebra of L(H), where H is a (super)Hilbert space. Then A is Noetherian since L(H) is so. In fact, L(H) is Morita equivalent to K. (Two rings R and S are Morita equivalent, R^M∼ S, if there is a R-module W_R, (progenerator), such that S ≡ End(W_R).) If R is Noetherian, then S^M∼ R is Noetherian too. As a by-product, it follows that also the centre Z ⊂ A is a Noetherian ring. Note also that the derived quantum algebra ^A ≡ Hom_Z (A; A) is a Noetherian ring. In fact, in this case ^A^M∼ Z, with progenerator the Z-module A.

amalgamated subgroup D_2 × Z_2 ⋆_{D2} D_4, and monomorphism Ω_6 → D_2 × Z_2 ⋆_{D2} D_4, given by (a, b, c) → (a, b, b, c). Alternatively we can consider also Ω_6 → D_4 ⋆_{D2} D_4. (See Appendix C in [87] for amalgamated subgroups of [G(3)].) In any case the crystallographic dimension of ^(Y M) is 3 and the crystallographic space group type are D_{2d} or D_{4h} belonging to the tetragonal syngony. (See Tab.6 in [87] and, for further informations, [28].) □ Example 3.13. If M is the quantum superextension, with respect to the quantum superalgebra A, of the 4-dimensional affine Minkowsky space-time, then ^(Y M) is a quantum extended crystal PDE.

Theorem 3.14. (Quantum crystal structure of ^(Y M)[i]). The observed dynamic equation ^(Y M)[i], by means of a quantum relativistic frame, is a quantum extended crystal super PDE. Moreover, under the full admissibility hypothesis, it becomes a quantum 0-crystal super PDE.

Proof. The evaluation of ^(Y M) on a macroscopic shell i(M_C ) ⊂ M is given by the equations reported in Tab.7.

Tab.7 - Local expression of ^(Y M )[i]⊂JD̂^2(i^∗W ) and Bianchi idenity (B)[i]⊂JD̂^2 (i^∗W ).

(Field equations) (∂_α .R̃^{Kαβ} )+[ ^C^K_{IJ} μ̃^I_α,R̃^{Jαβ} ]_+=0 ^(Y M)[i] (Fields) R̄^K_{α1 α2} =(∂ξ_{[α1} .μ̃^K_{α2]})+^1_2 ^C^K_{IJ} μ̃^I_{[α2} μ̃^J_{α1]} (Bianchi identities) (∂ξ_{[γ} .R̃^K_{α1α2]})+^1_2 ^C^K_{IJ} μ̃^I_{[γ} R̃^J_{α1α2]}=0 (B)[i]

This equation is also formally integrable and completely integrable. Furthermore, the 3-dimensional integral bordism group of ^(Y M)[i] and its infinity prolongation ^

(Y M)[i]_+∞ are trivial, under the full admissibility hypothesis: Ω^{^(Y M)[i]}_3 ∼= Ω^{^(Y M)[i]+∞} 3 ∼= 0. So equation ^(Y M)[i] ⊂ JD̂2(i∗W ) becomes a quantum 0- crystal super PDE and it admits global (smooth) solutions for any fixed time-like 3-dimensional (smooth) boundary conditions. □

Proposition 3.15. The quantum vierbein curvature_®R̂ identifies, by means of the quantum vierbein θ̂ a quantum field Ŝ : M → Hom_Z (Λ̇^2_0M; T M), that we call quantum torsion, associated to μ̂. In quantum coordinates one can write (99) Ŝ = ∂x_C ⊗ Ŝ^C_{AB} dx^A△dx^B , Ŝ^C_{AB} = θ̂^C_{K ®}R̂^K_{AB} . Furthermore, with respect to a quantum relativistic frame i : N → M, the quantum torsion Ŝ identifies a A-valued (1, 2)-tensor field on N, ~S ≡ i^∗Ŝ : N → A ⊗_R Λ^0_2N ⊗_R T N, that we call quantum torsion of the observed solution.

Proof. In fact Ŝ = θ̂^{−1}_∗ ∘_®R̂, i.e., the diagram (100) is commutative. (100) Hom_Z (Λ̇^2_0M;_®g) θ̂^{−1}_∗ fflffl M

®R̂ 55kkk kkkk kkkk kkkk k Ŝ //Hom_Z (Λ̇2_0M; T M)

where θ̂^{−1}_∗ (p) ≡ Hom_Z (1_{Λ̇}2_{0 (TpM)}; θ̂^{−1}(p)), ∀p ∈ M. □

Definition 3.16. Furthermore, we say that an observed solution has a quantum spin, if the observed solution has an observed torsion (101) ~S ≡ i^∗Ŝ = ∂x_γ ⊗ ∑ 0≤α<β≤3 ~S^γ_{αβ} dx^α∧dx^β : N → A⊗_RN⊗_RΛ^0_2(N) ∼= A⊗_RΛ^0_2(N)⊗_RT N

with ~S^γ_{αβ} (p) = − ~S^γ_{βα}(p) ∈ A, p ∈ N, that satisfies the following conditions, (quantum-spin-conditions):

(102)

~S = ~s ⊗ ψ̇ ~s = ∑ 0≤α<β≤3 ~sαβ dx α ∧ dx^β : N → A ⊗_R Λ^0_2N, ~s_{αβ} (p) = −~s_{βα}(p) ∈ A, p ∈ N, ψ̇⌋ ~S = 0 ⇓{ ~Sλ_{αβ} = ~s_{αβ}ψ̇λ ~Sλ_{αβ}ψ̇α = 0 } . where ψ̇ is the velocity field on N of the time-like foliation representing the quantum relativistic frame on N. When conditions (102) are satisfied, we say that the solution considered admits a quantum spin-structure, with respect to the quantum relativistic frame. We call ~s the quantum 2-form spin of the observed solution. Let {ξ^α}_{0≤α≤3} be coordinates on N, adapted to the quantum relativistic frame. Then one has the following local representations: (103) { ~s = ~s_{ij} dξ^i ∧ dξ^j } . We define quantum spin-vector-field of the observed solution (104) ~s =< ϵ, ~S >= [ϵ_{μνλρ}ψ̇^μ~s^{νλ}]dξ^ρ ≡ ~s_ρdξ^ρ = ~s_kdxξ^k ⇒ ~s = ∂ξ_i~s_kg^{ki} = ∂ξ_i~s^i where ϵ_{μνλρ} = √ |g|δ^{0123}_{μνλρ} is the completely antisymmetric tensor density on N. One has ~s^ρ(p) ∈ A, p ∈ N. The classification of the observed solution on the ground of the spectrum of |~s|^2 ≡ ~s^ρ~s_ρ, and its (quantum helicity), i.e., component ~s_z, is reported in Tab.8.^{35}

Tab.8 - Local quantum spectral-spin-classification of ^(Y M )[i] solutions.

Definition Name Sp(|~s(p)|^2)⊂b≡{ℏ^2s(s+1)|s∈N≡{0,1,2,... }}, Sp(~s_z (p))⊂c bosonic-polarized Sp(|~s(p)|^2)⊂f≡{ℏ^2s(s+1)|s=^{2n+1}_2 ,n∈N≡{0,1,2,... }}, Sp(~s_z (p))⊂c fermionic-polarized Sp(|~s(p)|^2)∩b=Sp(|~s(p)|^2)∩f=∅ unpolarized Sp(|~s(p)|^2)∩b≠∅,and/or Sp(|~s(p)|^2)∩f≠∅ mixt-polarized |~s(p)|^2≡~s^ρ (p)~s_ρ (p), p∈N. c≡{ℏm_s|m_s=−s,−s+1,··· ,s−1,s}. ~s_z quantum helicity s= spin quantum number; m_s = spin orientation quantum number.

Remark 3.17. May be useful to emphasize that since here the quantum spin content of an observed solution is a geometric object of local nature, does not necessitate that its property, in relation to the classification in Tab.7, should be constant in any

35In particle physics with the term helicity one usually means the component of the spin along the momentum. In this way one should obtain only the contribution by the ”intrinsic spin”, decoupled by the angular momentum. However, in our geometric formulation one talks of spin of an observed solution, since the macroscopic model may be inadequate, and also undesirable.

part of the solution. In fact, e.g., for solutions representing particles reactions, can happen that the spin-content changes during the reaction process. For example the spins of composite particles, such as protons and atomic nuclides, are not just the sum of their constituent particles. The usual justification is ascribed to the contribution of the total angular momenta, in some mechanical simulations. On the other hand this game does not work well. For example for the proton there are experimental evidences that such mechanical models are inadequate. (See e.g. [104].) Some approaches similar to graviton-quark-gluon plasma appear more appropriate. But it is unknown if gluons have spin... So, instead to insist with naif and unjustified mechanical models, it is more appropriate describe quantum particles like p-chains solutions of suitable quantum Yang-Mills PDE’s.^{36} In some previous works we have proved the following important result. Theorem 3.18. (Obstruction-mass-gap-existence).[78, 85, 94] A quantum full-flat solution cannot have mass-gap. In order that an observed solution admits mass-gap it is enough that the following conditions should be satisfied:

(105) { tr ( ~R^K_{βα}(p) ~R^{βα}_H (p) − ~μ^K_{αβ} (p) ~R^{βα}_H )(p) ≠ 0; ∃^1 tr (^~R^K_{βα}(p)^~R^{βα}_H (p)−~μ^K_{αβ} (p)^~R^{βα}_H )(p) ∈ ^A. } p∈N Theorem 3.19. (Local mass-formula). If an observed solution of ^(Y M) is with mass-gap, one has the following local mass-formula: (106) m(p) =_®m(p) +_© m(p) +_✠m(p), p ∈ N. We call_®m(p), (resp._© m(p), resp._✠m(p))), the local torsion mass, (resp. local Lorentz-mass, resp. local deviatory-mass), of the observed solution.^{37} Proof. In fact, the splitting on the quantum Lie superalgebra g, induces the following splitting on the quantum Hamiltonian observed by the quantum relativistic frame:

(107) H =_®H +_© H +_✠H ®H =_® ~R^K_{βα®} ~R^{βα}_K −_® ~μ^K_{αβ ®} ~R^{βα}_K © H =_© ~R^K_{βα ©} ~R^{βα}_K −_© ~μ^K_{αβ ©} ~R^{βα}_K ✠H =_✠ ~R^K_{βα✠} ~R^{βα}_K −_✠ ~μ^K_{αβ ✠} ~R^{βα}_K . Therefore, if the observed solution is with mass gap, we get that spectrum of the hamiltonian has a splitting induced by the corresponding hamiltonian splitting (107). □

Theorem 3.20. (Observed objects and splitting formulas). To any observed solution of ^

(Y M) one can associate the following geometric objects: (108)

(quantum-electric-charge-field): Ê = ψ̇⌋R̃ = Z_K ⊗ ÊK_α dxα = Z_K ⊗ R̃K_{αβ}ψ̇β dxα : N → g ⨂_R T ∗N (quantum-magnetic-charge-field): B̂ = ψ̇⌋(⋆R̃) = Z_K ⊗ Ĥ K_μ dxμ = Z_K ⊗ ϵκλ_{μν}R̃K_{κλ}ψ̇ν dxμ : N → g ⨂_R T ∗N. 36With a language nearer to physicists, p-chains can be called p-dimensional extendons. 37Note that the formula (106) interprets the local mass m(p) as a local-charge, emphasizing

the role playied by the different charge-components of the systems.

In adapted coordinates {ξ^α}_{0≤α≤3}, to the relativistic quantum frame, Ê and B̂ have the following representations:

(109) Ê = Z_K ⊗ ÊK_i dξi = Z_K ⊗ R̃K_{0i} dξi, ÊK_i (p) ∈ A, ∀p ∈ N B̂ = Z_K ⊗ B̂K_i dξi = Z_K ⊗ ϵrs_{m0}R̃K_{rs}dξm, B̂K_i (p) ∈ A, ∀p ∈ N. This means that in the quantum relativistic frame system Ê and B̂ are A-valued space-like objects, whose components belong to the quantum superalgebra A. Therefore, their quantum content is given by the spectra of Ê^K_i (p) and B̂^K_i (p), for p ∈ N. One has the following splittings:

(110) {^ E =_®Ê +_©Ê +_✠Ê B̂ =_®B̂ +_©B̂ +_✠B̂.

We call_®Ê, (resp._©Ê, resp._✠Ê)), the torsion-quantum electric-charge-field, (resp. Lorentz-quantum electric-charge-field, resp. deviatory-quantum electriccharge-field), of the observed solution. Similarly, we call_®B̂, (resp._©B̂, resp. ✠B̂)), the torsion-quantum magnetic-charge-field, (resp. Lorentz-quantum magneticcharge-field, resp. deviatory-quantum magnetic-charge-field), of the observed solution.

If the solution has a spin-structure, then_®Ê = 0 and_®B̂ is related to the quantum spin-vector field ~s by the following formula:

(111) θ̂^γ_{K ®}B̂^K_μ = −ψ̇^γ ~s_μ ⇒ (in frame-adapted coordinates): θ̂^0_{K ®}B̂^K_i = −~s_i.

Therefore, in an observed solution with spin-structure, it is recognized that the opposite torsion-quantum magnetic-charge-field identifies a distribution of quantum spin-vector fields, ~s^k = g^{ki}~s_i, with ~s_i given in (111). Thus,_®B̂ determines the spectral-spin-classification of the solution, according to Tab.7.

Proof. It follows directly from the definitions and previous results. Let us only to emphasize that in coordinates on N, adapted to the frame ψ̇ = ∂ξ_0, and that the metric g = g_{αβ}d^α ⊗ dx^β and its controvariant form ḡ = g^{αβ}∂x_α ⊗ ∂x_β assume respectively the following forms: (112)

(g_{αβ} ) =

1 0 0 0 0 g_{11} g_{12} g_{13} 0 g_{21} g_{22} g_{23} 0 g_{31} g_{32} g_{33} (g^{αβ}) = 1 0 0 0 0 g^{11} g^{12} g^{13} 0 g^{21} g^{22} g^{23} 0 g^{31} g^{32} g^{33} , g^{ij} g^{jk} = δ^{ik}.

Furthermore taking into account that ϵ^{κλ}_{μν} = g^{κα}g^{λβ} ϵ_{αβμν} , with ϵ_{αβμν} = √ |g|δ^{0123}_{αβμν} , the formulas (109) follow directly. When the observed solution admits spin-structure, then, since ~S^λ_{αβ} = θ̂^λ_{K ®} ~R^K_{αβ} , we get also 0 = ~S^λ_{αβ}ψ̇^α = θ̂^λ_{K ®}Ê^K_α . Thus we have 0 = θ̂^H_λ θ̂^λ_{K ®}Ê^K_α = δ^H_{K ®}Ê^K_α . Therefore must necessarily be_®Ê^H_α = 0. Finally we can write θ̂^γ_{K ®}B̂^K_μ = ϵ^{κλ}_{μν}θ̂^γ_{K ®} ~R^K_{κλ}ψ̇^ν . If the observed solution admits a spin-structure, then θ̂^γ_{K ®} ~R^K_{κλ} = ~s_{κλ}ψ̇^γ . Therefore, we can write {^ θ^γ_{K ®}B̂^K_μ = ϵ^{κλ}_{μν} ~s_{κλ}ψ̇^γψ̇^ν = g^{ακ}g^{βλ}ϵ_{αβμν} ~s_{κλ}ψ̇^γψ̇^ν = −ϵ_{ναβμ}~s^{αβ}ψ̇^νψ̇^γ = −~s_μψ̇^γ . □

Theorem 3.21. (Stability properties of ^(Y M)). ^(Y M) is a functional stable quantum super PDE. In general a global solution V ⊂ ^(Y M) is unstable and the corresponding observed solution, by means of a quantum relativistic frame, is unstable at finite times. However, ^(Y M) admits a stable quantum extended crystal PDE. There all the observed smooth solutions are stable at finite times. Furthermore, to study the asymptotic stability of a global solution V ⊂ ^(Y M), with respect to a quantum relativistic frame, we can apply Theorem 2.46.

Proof. ^

(Y M) is a functional stable quantum super PDE since it is completely integrable and formally integrable. (See Theorem 2.34). For the same reason it admits ^ (Y M)_{+∞} ⊂ JD̂^∞(W ) like stable quantum extended crystal PDE. Furthermore, since its symbol ĝ_2 is not trivial, any global solution V ⊂ ^(Y M) can be unstable, and the corresponding observed solution, can appear unstable in finite times. However, global smooth solution, result stable in finite times in ^(Y M)_{+∞}. Finally the asymptotic stability study of global solutions of ^(Y M), with respect to a quantum relativistic frame, can be performed by means of Theorem 2.46, since, for any section s : M → W , on the fibers of Ê[s] → M there exists a non-degenerate scalar product. In fact, Ê[s] ∼= W , as W is a vector bundle over M. Furthermore, for any section s, we can identify on M a non degenerate metric ^g,^{38} that beside the rigid metric g on g, identifies a non-degenerate metric on each fiber Ê[s]_p ∼= W_p = Hom_Z (T_pM; g), ∀p ∈ M. In fact we get ξ̂(p) · ξ̂(p)^′ = g_{KH} ^g^{AB} (p)ξ^K_A (p) ⊗ ξ^{′H}_B (p) ∈ A. □

Example 3.22. (Stable nuclear-charged plasmas and nuclides). Of particular relevance are solutions of ^(Y M) that encode nuclear-charged plasmas, or nuclides, dynamics. These are described by solutions that, when observed by means of a quantum relativistic frame have at any t ∈ T , i.e., frame-proper time, compact sectional support B_t ⊂ N. The global mass at the time t, i.e. the evaluation m_t = ∫ B_t m(t, ξ k) √ det(g_{ij} )dξ^1 ∧dξ^2 ∧dξ^3 of such mass on the space-like section B_t, gives the global mass-contents of the nuclear-plasmas or nuclides, in their groundeigen-states, at the proper time t. Whether such solutions are asymptotically stable, then they interpret the meaning of stable nuclear-plasmas or nuclides.

The following theorem shows how thermodynamic functions can be associated to solutions of ^(Y M).

Definition 3.23. (Thermodynamic states). A thermodynamic state is characterized by a set of independent parameters (s, c_α)_{1≤α≤n}, that identify the internal energy: e = e(s, c_α, a^i), where a^i identifies the i-th material particle, s is the specific entropy, (with physical dimension energy /temperature mass), and c_α are electric or mechanical parameters. The system is said to be thermodynamically homogeneous if the following equations are satisfied: (∂a_α · e) = 0.^{39} Important thermodynamic functions and thermodynamic equations are given in Tab.9.^{40}

38It should be more precise to denote ^g with the symbol ^g[s], since it is identified by means of the section s.

39One has θ = θ(s, cα, ai), tα = tα(s, cα, ai). Of course one can choose θ and cα as independent thermodynamic functions: s = s(θ, c^α, a^i), t^α = t^α(θ, c^α, a^i) and e = e(θ, c^α, a^i).

40With respect to the quantum relativistic frame it is identified on N a time-like vector field v, such that for any scalar R-valued thermodynamic function f one has^{δf}_{δt} = (∂t.f) + v^k (∂x_k .f).

Tab.9 - Distinguished thermodynamic functions and equations. Name Definition temperature θ≡(∂s·e) thermodynamic stresses t^α≡(∂c^α·e) thermodynamic pressure p≡t^1=−(∂(^1_ρ )·e) (∗) chemical potential t^α≡p^α≡(∂e^α·e) (∗∗) specific heats C≡^{δq}_{δθ} =^1_{θ̇} (ė−t^αċ_α) latent heats ^e^α ≡^{δq}_{δtα} =^1_{ṫα} (ė−t^βċ_β ) ^m_α≡^{δq}_{δCα} =^1_{ċα} (ė−t^βċ_β ) specific heat at c^α= cost. C_c≡(∂θ·e)_cα specific heat at t^α= cost. C_t=C_c+[(∂c_β ·e)_{θ,cα} −t^β ](∂θ·c_β )_t γ≡C_t/C_c free energy density (Helmholtz density) f =e−θs hentalpy density h=e−t^α c_α free hentalpy density (Gibbs function) g=h−θs Gibbs-equations of first type de=θds+t^αdc_α, fixed a. Gibbs-equations of second type^{δe}_{δt} =θ^{δs}_{δt} +t^{α δcα}_{δt} Thermodynamic evolution along thermodynamic curve C=^1_{dθ} (de−t^β dc_β )=θ(∂θ·s) ^e_α =^1_{dtα} (de−t^β dc_β )=θ(∂t_α·s) ^m_α=^1_{dcα} (de−t^β dc_β )=θ(∂c_α·s) (∗) One denotes −t^1 if c_1=^1_ρ .

(∗∗) e_α =c_α is the concentration of the α-component in a system with different components. An observed thermodynamic curve, λ=λ(t) is identified at fixed a^α.

Theorem 3.24. (Thermodynamics of ^(Y M)). There exists a canonical way to characterize thermodynamic states of observed solutions of ^(Y M). Thermodynamic functions and equations of observed solutions of ^(Y M) can be encoded as scalarvalued differential operator on the extended fiber bundle W [i] ×_N T^0_0 N ∼= W [i] × R ≡ ~W [i], over N, whose sections (~μ, β) over N, represent an observed quantum fundamental field, ~μ, and a function β : N → R, thermal function. If β =^1_{κB θ} , where κ_B is the Boltzmann constant and θ is the temperature, then the observed solution encodes a system in equilibrium with a heat bath.

Proof. Let ~H be the Hamiltonian corresponding to an observed solution of ^(Y M).^{41} Let us denote by E ∈ Sp( ~H). If N(E) = tr δ(E − ~H) denotes the degeneracy of E, let us define local partition function of the observed solution the Laplace transform of the degeneracy N(E), with respect the spectrum Sp( ~H) of ~H. We get

(113) Z(β) = ∫ Sp( ~H) e −βEN(E)dE = ∫ Sp( ~H) e −βEtr δ(E − ~H)dE = tr e^{−β ~H} . So we get the following formula (114) Z(β) = tr e^{−β ~H}

41Let us recall that ~H is a ^A-valued function on the 4-dimensional space-time N, considered in the quantum relativistic frame.

where β is the Laplace transform variable and it does not necessitate to be interpreted as the ”inverse temperature”, i.e., β =^1_{κB θ} , where κ_B is the Boltzmann’s constant.^{42} Note that all above objects are local functions on the space-time N. The same holds for β. We can interpret Z(β) as a normalization factor for the local probability density (115) P (E) = 1 Z N(E)e^{−βE} that the system, encoded by the observed solution, should assume the local energy E, with degeneration N(E). In fact we have:

(116) 1 = ∫ Sp( ~H) P (E)dE = 1 Z ∫ Sp( ~H) N(E)e^{−βE} dE = Z Z . As a by-product we get that the local average energy < E >≡ e can be written, by means of the partition function, in the following way:

(117) e = −(∂β ln Z). In fact, one has

(118) e = ∫ Sp( ~H) EP (E)dE = 1 Z ∫ Sp( ~H) EN(E)e −βE dE =^1_Z ∫ Sp( ~H) Etr δ(E − ~H)e−βEdE =^1_Z tr ( ~He^{−β ~H} ) = −^1_Z (∂β.Z) = −(∂β. ln Z).

When we can interpret β =^1_{κB θ} , then one can write (119) e = κ_B θ^2(∂θ. ln Z).

Then we get also that the local energy fluctuation is expressed by means of the variance of e: (120) < (△E)^2 >≡< (E − e)^2 >= (∂β∂β. ln Z). Furthermore, we get for the local heat capacity C_v the following formula: (121) C_v = (∂θ.e) = 1 κ_B θ^2 < (△E)^2 > . We can define the local entropy by means of the following formula:

(122) s = −κ_B ∫ Sp( ~H) P (E) ln P (E)dE. In fact one can prove that one has the usual relation by means of the energy. (See Tab.9.) Really we get:

(123) { s = −κ_B ∫ Sp( ~H) P (E) ln P (E)dE = κ_B (ln Z + βe) = (∂θ.(κ_B θ ln Z)).

Then from the relation s = κ_B (ln Z + βe) we get e = θs − κ_B ln Z, hence also (∂s.e) = θ. This justifies the definition of entropy given in (122). Furthermore, from (123) we get also^1_β ln Z = e − θs = f, where fis the Helmoltz free energy. It

42If β = 1

κB θ then the system encoded by the observed solution of ^ (Y M), is in equilibrium with a heat bath (canonical system).

follows the following expression of the local Helmoltz free energy, by means of the local partition function Z: (124) f ≡ e − θs = −κ_B θ ln Z. Conversely, from (124) it follows that the partition function can be expressed by means of the local Helmoltz free energy

(125) Z = e^{−βf} .

So we see that the local thermodynamic functions, can be expressed as scalarvalued differential operators on the fiber bundle W [i] ×_N T^0_0 N → N. The situation is resumed in Tab.10.

Tab.10 - Local thermodynamics functions of ^(Y M )[i] solutions.

Name Definition Remark Order

partition function Z=tr (e^{−β ~H} ) Z=Z(β,~μ^K_α ) 1

interior energy e=−(∂β. ln Z) e=κ_B θ^2(∂θ. ln Z) 1

fluctuation interior energy <(△E)^2>=<(E−e)^2> <(△E)^2>=(∂β∂β. ln Z) 2

entropy s=κ_B (ln Z+βe) s=∂θ.(κ_B ln Z) 1

free energy f =e−θs f =−κ_B θ ln Z 1

It is assumed a Lagrangian of first derivation order.

The following lemmas relate spectral measures identified by ~H(p), p ∈ N, and the local partition function introduced in (114). It is useful to recall some definitions and results about quantum states. More precisely a quantum state of a quantum algebra A, is a function S : A → C , that satisfies the following properties: (i) S is C - linear; (ii) S is self-adjoint; (iii) normalized by the constraint sup_{‖a‖≤1} S(a^∗a) = 1. a quantum pure state is one which is not a linear combination with positive coefficients of two other states, otherwise it is called mixed. A mixed state is described by its associated density operator ρ = ∑ s p_s|ψ_s >< ψ_s|, where p_s is the fraction of the set in each pure state |ψ_s >. A criterion to see whether a density operator is describing a pure or mixed state is that tr (ρ^2) = 1 for pure state, and tr (ρ^2) < 1 for mixed state.

Lemma 3.25. (Gelfand-Naimark-Segal construction). If A is a C^∗-algebra, then every state on A is of the following type a →< ξ, π(a)(ξ) >, where π : A → L(H) is a representation of A in an Hilbert space H, and ξ ∈ H is a cyclic vector for π, i.e., π(A)(ξ) is norm dense in H, hence π is a cyclic representation.

A set of quantum states of A is called complete if the only element of A which vanishes in every state of the set is zero. The variance of a self-adjoint element a ∈ A, in a quantum state S, is defined by S(a^2)−S(a)^2. a is said to have the exact value S(a), in the state S, in the case its variance vanishes in this state. A quantum value of ~H(p) is a point λ(p) ∈ Sp( ~H(p)). The probability to find a quantum value of ~H(p) in the Borel set U ⊂ R, if the system is in the quantum state S, is given by the following formula

(126) p( ~H(p); S, U) = tr (E_{~H(p)}(U)S) = tr (SE_{~H(p)}(U)),

where E_{~H(p)} is the spectral measure of E_{~H(p)}. If S = ψ ⊗ ψ, we have

(127) p( ~H(p); S, U) = ∫ U d(E_{~H(p)})_ψ (λ), where (E_{~H(p)})_ψ : B(R) → R is the measure on the σ-algebra of Borel subsets of R, given by (E_{~H(p)}(U))_ψ =< E_{~H(p)}(U)(ψ), ψ >. Then the mean value, or expectation value, of ~H(p) in the state S is given by the following formula:

(128) { < ~H(p) >_S = ∫ Sp( ~H(p)) λdE ~H(p)S = tr ( ~H(p)S) = tr (S ~H(p)).

If S = ψ ⊗ ψ we have

(129) < ~H(p) >_S= ∫ Sp( ~H(p)) λd(E_{~H(p)}(λ))_ψ . The corresponding variance, in the state S, is given by the following:

(130) { σ^2( ~H(p))_S = ∫ Sp( ~H(p))(λ− < ~H(p) >)2dp( ~H(p); S, λ) = tr ( ~H(p)^2S) − tr ( ~H(p)).

If S = ψ ⊗ ψ we have

(131) { σ^2( ~H(p))_S = ∫ Sp( ~H(p))(λ− < ~H(p) >)2d(E_{~H(p)})_ψ(λ) = ‖ ~H(p)(ψ)‖^2− < ~H(p)(ψ)|ψ >^2 . Lemma 3.26. (Gibbs canonical quantum state). The local partition function given in (113) is normalization factor of a quantum state called Gibbs canonical quantum state.

Proof. Let E_{~H(p)} : (R, B)∘→ ^A be the spectral measure on the σ-algebra B ≡ B(R) of Borel subsets of R, uniquely identified by ~H(p), p ∈ N. Then, given a state S, the distribution of ~H(p) under S is the probability measure on B, given by (132) D_{~H(p)}(U) = tr (E_{~H(p)}(U)S) and the expected value, in the state S, of ~H(p), is

(133) < ~H(p) >_S = ∫ R λdD_{~H(p)}(λ). One has < ~H(p) >_S = tr ( ~H(p)S) = tr (S ~H(p)). If S is a pure state corresponding to the vector ψ, then < ~H(p) >_S =< ψ| ~H(p)|ψ >. Furthermore, let Sp( ~H(p)) = Sp( ~H(p))_p, i.e., let us assume that ~H(p) has a pure point-spectrum with eigenvalues E_n, that go to +∞ as sufficiently fast, then e^{−β(p) ~H(p)} will be a non-negative traceclass operator for every positive β(p) ∈ R. One defines Gibbs canonical quantum state

(134) S = e^{−β ~H} tr (e^{−β ~H} ) = e^{−β ~H} ∑ n e^{−βEn} . Then, tr (S ~H) = e, as obtained in (114). Furthermore, the definition of entropy given in (123) just coincides with the von Neumann entropy of the state S: s_{von−Neumann} = tr (S ln S) [124].^{43} □ 43The state S can be diagonalized and one can write s von−Neumann = − ∑ i λ_i ln λ_i, with the convention 0. ln 0 = 0. This is a real number belonging to [0, +∞]. s_{von−Neumann} measures the amount of randomness in the state S. (Larger entropy corresponds to more dispersed eigenvalues.)

From above results it follows that the way to define local thermodynamic functions, by means of local partition function, coincides with the expectation value of energy in a Gibbs canonical state, when the spectrum of the observed Hamiltonian is only a point spectrum. □

Remark 3.27. The approach given here to formulate the local thermodynamics of quantum systems, differs from one actually adopted in the literature. In fact, this last, usually necessitates to quantize classical systems and then characterizes associated thermodynamic functions by means of the energy-momentum tensor anomaly < ~T^μ_μ >≡ ϵ. (See, e.g., Refs.[11, 12].) Really the trace of the classic energymomentum tensor is zero, but in the process of quantization this conservation is not more assured and the trace of the quantized classic energy-momentum tensor can take a non-zero value: ϵ ≠ 0. This discrepancy between classic and quantum formulation is to ascribe to the fact that the process of quantization is performed by means of a linearization of the dynamic in the neighborhood of the classic solution, hence it discards non-linear effects. However, in our non-commutative framework, there is not discrepancy in the covariant description of quantum systems, with respect to eventual classic or superclassic analogues. Therefore, we can directly implement thermodynamic function on the observed quantum solutions, characterizing their spectral properties.

The concept of quantum states can be also related to a proof for existence of solutions with mass-gap. In fact, we have the following theorem, that completes Theorem 3.18, and recognizes an interior constraint in ^(Y M), where live solutions with mass gap.

Theorem 3.28. (Existence of ^(Y M) solutions with mass-gap.) Equation ^(Y M) admits local and global solutions with mass-gap. These are contained into a subequation, (Higgs-quantum super PDE), ^(Higgs) ⊂ ^(Y M), that is formally integrable and completely integrable, and also a stable quantum super PDE. If H_3(M; K ) = 0, ^

(Higgs) is also a quantum extended crystal super PDE. In general solutions contained in ^

(Higgs) are not stable in finite times. However there exists an associated stabilized quantum super PDE, (resp. quantum extended crystal super PDE), where all global smooth solutions are stable in finite times. Furthermore, there exists a quantum super partial differential relation, (quantum Goldstone-boundary), ^ (Goldstone) ⊂ ^(Y M), bounding ^(Higgs), such that any global solution of ^(Y M), loses/acquires mass, by crossing ^(Goldstone).^{44}

Proof. The Hamiltonian of ^(Y M) can be identified with a Q^ω_w-function Ĥ : JD̂(W ) → ^A. Therefore, the set of solutions, with mass-gap, of the trivial equation JD̂(W ) ⊆ JD̂(W ) can be identified with the subset ^H_{(Higgs)} ≡ Ĥ^{−1}(G( ^A)) ⊂ JD̂(W ), where G( ^A) is the abelian group of units of ^A. In general one has G( ^A) ⊆ ^A, where the

The quantum state S is called maximally mixed quantum state if it maximalizes s_{von−Neumann}. s_{von−Neumann}(S) = 0 iff S is a pure state, i.e., S = |ψ >< ψ|.

44Since the symmetries properties of the Higgs-quantum super PDE ^(Higgs) are different from

the ones of the quantum super Yang-Mills equation ^(Y M), we can consider this theorem like a quantum dynamic generalization of the usual Higgs-breaking-symmetry mechanism. This justifies the name given, and the symbol, used to denote the constraint in ^(Y M) where live the solutions with mass-gap.

equality happens iff ^A is a division algebra. It is well known that the only associative division algebras are the real R, complex C , and quaternion H numbers. Let us exclude these cases.^{45} Therefore solutions of ^(Y M) with mass-gap are all the solutions of the following augmented partial differential relations:

(135) { ^ (Higgs) ≡ ^(Y M) ⋂ ^H_{(Higgs)} ⊂ JD̂^2(W ) } . In order to study the topological-differential structure of ^H_{(Higgs)} , and hence that of ^ (Higgs), let us consider the quantum states. In fact, between quantum states, useful to characterize energetic contents of ^(Y M) solutions, there are ones coming from characters of quantum algebras. More precisely we give the following definition. Definition 3.29. We define character-quantum state a character of the quantum algebra ^A, i.e., a unitary multiplicative linear function χ : ^A → C . We denote by Ch( ^A) the set of such quantum states.^{46} One has the following lemma that gives an alternative way to identify solutions of ^ (Y M) with mass-gap.

Lemma 3.30. (Character-quantum states and mass-gap). A solution of ^(Y M) has mass-gap in p ∈ M, iff for any character-quantum-state χ ∈ Ch( ^A), one has χ(H(p)) ≠ 0.

Proof. It is a direct consequence of the following lemma.

Lemma 3.31. Let B be a K -algebra. Then b ∈ G(B) iff χ(b) ≠ 0, ∀χ ∈ Ch(B), where Ch(B) is the set of characters of B. (One has also χ(b) ∈ Sp(b), ∀b ∈ B.) Proof. It is standard. (See e.g., Ref.[8].) □

In fact we have H(p) ∈ ^A, for any p ∈ N. □

Lemma 3.32. (Topology of G( ^A)). G( ^A) is an open set in ^A. Proof. Let us emphasize that the group of units of a topological ring may not be a topological group using the subspace topology, as inversion on the unit group need not be continuous with the subspace topology. However, we have the following lemma.

Lemma 3.33. The operation of taking an inverse is continuous on quantum algebras.

Proof. In fact, a quantum (super)algebra is a Fréchet algebra, and for such algebras it is well known that the operation of taking an inverse is continuous [29]. □

Let us use, now, the following lemma.

Lemma 3.34. The operation of taking an inverse is continuous for a general F - algebra A iff the group G(A) of its invertible elements is a G_δ-set.^{47}

45If A is an associative division algebra, identified with K ≡ R or K ≡ C , the constraint ^H_{(Higgs)} is trivially an open set ^H_{(Higgs)} ⊂ JD̂(W ). In fact, when A = K, one has Z(A) = K

and ^K = K = A, hence G( ^A) is the open set G( ^A) = A\{0}. Therefore, ^H_{(Higgs)} ≡ H^{−1}(A\{0}), is necessarily an open quantum submanifold of JD̂(W ).

46We call Ch( ^A) also spectrum of ^A and we write Sp( ^A) = Ch( ^A). 47In a topological space, a G δ -set is one countable intersection of open sets.

Proof. See, e.g., [29] and references quoted there. □

Then taking into account that a quantum (super)algebra is a Fréchet algebra, hence must necessarily G(A) be a G_δ -set, therefore an open set in A. Note that this result could directly follow from Lemma 3.31 if we could state that all characters of ^A are continuous functions. But this is not assured for a topological algebra. (Michael- Mazur’s problem [57].) By the way, we can state that there exists a countable subset Ch( ^A)^0_c ⊆ Ch( ^A) of continuous characters such that G( ^A) = ⋂ χ∈Ch( ^A)^0_c G( ^A)χ, where G( ^A)_χ ≡ χ^{−1}(C \ {0}) is an open set in ^A. This open set cannot be empty, since it surely contains the identity map 1_A ∈ ^A. □

Lemma 3.35. (Topology of ^H_{(Higgs)} ). ^H_{(Higgs)} is an open quantum submanifold of JD̂(W ).

Proof. From above lemma it follows that ^H_{(Higgs)} is an open set in JD̂(W ) since H is a continuous map as it is of class Q^ω_w. □

Let us, now, remark that the restriction π̄_{2,1} to ^(Y M) of the canonical projection π_{2,1} : JD̂^2(W ) → JD̂(W ), gives a surjective mapping π̄_{2,1} : ^(Y M) → JD̂(W ) too. Therefore, we can identify the following constraint ^(Higgs) ≡ π̄^{−1}_{2,1}( ^H_{(Higgs)} ) ⊂ ^ (Y M). One has the following commutative diagram, with vertical exact lines. (136) ^(Higgs) π̃_{2,1}≡π̄_{2,1}|_^ (Higgs) fflffl

Ø ¨ // ^ (Y M) π̄_{2,1} ≡π_{2,1}|_{^(Y M )} fflffl

Ø ¨ // JD̂^2(W ) π_{2,1} fflffl ^H_{(Higgs)} fflffl

Ø ¨ // JD̂(W ) fflffl JD̂(W ) fflffl 0 0 0

Taking into account that π̄_{2,1} is a continuous mapping and that ^H_{(Higgs)} is an open subset of JD̂(W ), it follows that also ^(Higgs) is an open quantum submanifold of ^

(Y M) over the open quantum submanifold ^H_{(Higgs)} of JD̂(W ). Since ^(Y M) is formally integrable and completely integrable, it follows that also ^(Higgs) is so. By conclusion, the situs of solutions of ^(Y M) with mass-gap is the formally integrable and completely integrable quantum super PDE ^(Higgs) ⊂ ^(Y M). For any point q ∈ ^ (Higgs) there exists a solution of ^(Y M), having mass-gap. The characterization of global solutions is made by means of integral bordism groups of ^(Higgs). Since this last equation is an open quantum submanifold of ^(Y M) its integral bordism groups coincide with the ones of ^(Y M). (See Theorem 3.12.) Therefore, if H_3(M; K ) = 0, equation ^

(Higgs) is a quantum extended crystal super PDE. Moreover, under the full admissibility hypothesis, it becomes a quantum 0-crystal super PDE. From Theorem 2.34 it follows that ^(Higgs) is a stable quantum extended crystal super PDE. Since its symbol is not trivial, we get also that in general such solution with mass-gap are not stable in finite times. However, we get also that for the infinity

Figure 1. Quantum matter-solution and elementary bordismdecompositions. a, b, c and d are quantum-matter solutions. r, s and t are quantum-matter-free solutions. All the solution V ≡ a ∪ r ∪ b ∪ s ∪ t ∪ c ∪ d is a quantum-matter-solution.

prolongation of such an equation, one has ^(Higgs)_{+∞} ⊂ ^(Y M)_{+∞}. Hence we can state that ^

(Higgs) is a stabilizable quantum extended crystal super PDE, with stable quantum extended crystal super PDE just ^(Higgs)_{+∞}. There all global smooth solutions have mass-gap, and are stable in finite times. In order to fix ideas, let us, before to complete the proof of Theorem 3.28, consider the following example containing also some useful definitions.

Example 3.36. We call a global solution V ⊂ ^(Y M) a quantum matter-solution when V ∩ ^

(Higgs) ≠ ∅, otherwise we say that V is a quantum matter-free-solution. Of the first type are solutions describing, e.g., the following particles or nuclear reactions: γ+p → π^{∘±} +p, π^+ → μ^+ +ν_μ, Li+H → 2He+22.4Mev. Instead examples of quantum matter-free-solutions are ones encoding electro-magnetic fields or gluons fields. A generic global solution can be made by pieces that are completely inside ^ (Higgs), quantum pure-matter-solution, and other ones that are outside ^(Higgs), quantum matter-free-solution. The case of photoproduction of pions is an example of solutions of this type. Another one is a monopole-vortex chain in SU(2) gauge theory. Then Theorem 2.19 in [93] gives a decomposition of such solutions as union of a finite number of (integral) bordisms between elementary bordisms. Some of these are quantum pure-matter-bordisms (resp. quantum matter-free-bordisms), since completely inside, (resp. outside) ^(Higgs). (See Fig.1.) Let V ⊂ ^(Y M) be such a quantum matter-solution, such that ∂V = N_0 ⋃ P ⋃ N_1, with N_0 ⊂ ^(Higgs) and N_1 ⊊ ^ (Higgs). Set_0V ≡ V ⋂ ^ (Higgs) and_•V ≡ V \_0V ⊂\ ^(Higgs). Then we can write V =_0V ⋃_• V . Since ^

(Higgs) is open in ^(Y M), it follows that 0V ⋂ ( ^ (Higgs) \ ^ (Higgs)) = ∅ and_•V ⋂ ( ^ (Higgs) \ ^ (Higgs)) ≡ V_∂ ⊂\ ^(Higgs). Fur- thermore one has V_∂ ∈ [N_1] = [N_0] ∈ Bor_{m−1|n−1}( ^(Y M); A).

Let us conclude the proof of the theorem by considering the boundary ^(Goldstone) ≡ ∂ ^ (Higgs) of ^ (Higgs), i.e., ^ (Goldstone) ≡ ^(Higgs) \ ^(Higgs). Since ^(Goldstone) ⊂ ^ (Y M), for any point q ∈ ^(Goldstone) there exists a solution r ⊂ ^(Y M) of ^(Y M). r can be a quantum matter-free-solution. However, since ^(Goldstone) is dense in ^ (Higgs), q is limit point of a sequences of points q_i ∈ ^(Higgs), i ∈ J. To each point q_i there corresponds a quantum matter-solution s_i ⊂ ^(Higgs). This means that for any quantum matter-free-condition q ∈ ^(Goldstone), we can always find quantum matter-solutions s_i ⊂ ^(Higgs) converging to q. Then by a surgery technique we can prolong such quantum matter-solutions to a solution V , across ^(Goldstone), soldering with the quantum matter-free solution r. Since ^(Y M) and ^(Higgs) are formally integrable and completely integrable, we can repeat this surgery technique to the infinity prolongations of these equations, i.e., by considering the sequence: ^ (Higgs)_{+∞} ⊂ ^ (Goldstone)_{+∞} ⊂ ^(Y M)_{+∞}, by obtaining also quantum smooth solutions that passing across ^(Goldstone)_{+∞} acquire/lose mass. Such solutions, are therefore stable in finite times. □

Definition 3.37. Let V ⊂ ^(Y M) be a global solution crossing the quantum Goldstoneboundary ^ (Goldstone). Let us call V_∂ ≡ V ⋂ ^ (Goldstone) the Goldstone-piece of V . Corollary 3.38. (Goldstone-piece characterization of ^(Y M) solutions). In any connected global solution V ⊂ (Y M) bording Cauchy data N_0 ⊂ ^(Y M) \ ^(Higgs) and N_1 ⊂ ^

(Higgs), there exists a Goldstone piece.^{48} . References

[1] E. Abe, Hopf Algebras, Cambridge Univ. Press, Cambridge, 1980.

[2] R. P. Agarwal & A. Prástaro, Geometry of PDE’s.III(I): Webs on PDE’s and integral bordism groups. The general theory, Adv. Math. Sci. Appl. 17(1)(2007), 239–266.

[3] R. P. Agarwal & A. Prástaro, Geometry of PDE’s.III(II): Webs on PDE’s and integral bordism groups. Applications to Riemannian geometry PDE’s, Adv. Math. Sci. Appl. 17(1)(2007), 267–281.

[4] R. P. Agarwal & A. Prástaro, Singular PDE’s geometry and boundary value problems, J.

Nonlinear Convex Anal. 9(3)(2008), 417–460.

[5] R. P. Agarwal & A. Prástaro, On singular PDE’s geometry and boundary value problems, Appl. Anal. 88(8)(2009), 1115–1131.

[6] M. Atiyah, Topological quantum field theory, Pub. Math. Inst. Hautes Études Sci. 68( 1988), 175–186; The Geometry and Physics of Knots, Cambridge University Press, Gambridge 1990.

[7] J. M. Boardman, Singularities of differentiable maps, Pub. Math. Inst. Hautes Études Sci.

33(1967), 21–57.

[8] N. Bourbaki, Theorie Spectrales, Hermann, Paris 1969

48Theorem 3.28 and Corollary 3.37, thanks to our geometric theory of quantum (super)PDE’s, give a full quantum dynamical justification to mass production/destruction mechanism in quantum solutions of ^(Y M). These results can be considered generalizations, in the geometric theory of quantum PDE’s, of the well-known Goldstone’s theorem, and ”Higgs symmetry-breaking mechanism” conjectured, in the second middle of the last century, in order to justify mass in a gauge theory. (See Refs.[22, 23, 30, 31].)

[9] R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt & P. A. Griffiths, Exterior differential systems, Springer-Verlag, New York, 1991.

[10] S. Cappel, A. Ranicki & J. Rosenberg (eds.), (1999), Surveys on Surgery Theory: Volume 1, Papers dedicated to C. T. C. Wall, Princeton University Press, Princeton, New Jersey.

[11] M. N. Chernodub, A. Nakamura & V. I. Zakharov, Manifestations of magnetic vortices in equation of state of Yang-Mills plasma, arXiv:0807.5012v1[hep-ph]31 Jul.2008.

[12] M. N. Chernodub, A. Nakamura & V. I. Zakharov, Abelian monopoles and center vortices in Yang-Mills plasmas, arXiv:0812.4633v1[hep-ph]25 Dec.2008.

[13] M. Demuth & M. Krishna, Determining Spectra in Quantum Theory, Prog. Math. Phys.

44, Birkhäuser, Boston, 2005.

[14] B. de Witt, Supermanifolds, Cambridge Univers. Press, Cambridge 1986. [15] P. M. A. Dirac, The Principles of Quantum Mechanics, Oxford University Press, London 1958.

[16] N. Dunford & J. T. Shwartz, Linear Operators, Part II, Interscience, 1958. [17] A. Einstein, Die grundlage der allgemeinen relativitätstheorie, Ann. Phys. 49(4)(1916), 769–822.

[18] C. Ehresmann, Les connexions infinitésimales dans un espace fibfré différentiable, Colloque de Topologie, Bruxelles (1950), 29–55.

[19] E. S. Fedorov, The Symmetry and Structure of Crystals. Fundamenta Works., Moscow (1949), 111-255. (In Russian).

[20] H. Goldshmidt, Integrability criteria for systems of non-linear partial differential equations, J. Differential Geom. 1(1967), 269–307.

[21] H. Goldshmidt & D. Spencer, Submanifolds and over-determined differential operators, Complex Analysis & Algebraic Geometry, Cambridge, 1977, 319–356.

[22] J. Goldstone, Field theories with ”superconductor” solutions, Nuovo Cimento X(19)(1961), 154–164.

[23] J. Goldstone, A. Salam & S. Weinberg, Broken symmetries, Phys. Rev. 127(3)(1962), 965– 970.

[24] M. Golubitsky & V. Guillemin, Stable Mappings and Their Singularities, Springer-Verlag, New York, 1973.

[25] M. B. Green, J. H. Schwarz & E. Witten, Superstring Theory. Vols. 1 and 2, Cambridge University Press, Cambridge (1987), (Cambridge Monographs Math. Phys.).

[26] M. Gromov, Partial Differential Relations, Springer-Verlag, Berlin, 1986. [27] T. H. Grönwall, Note on the derivative with respect to a parameter of the solutions of a system of differential equations, Ann. of Math. 20(1919), 292–296.

[28] Th. Hahn, International Tables for Crystallography. Volume A: Space-groups Symmetry, Springer, 2006.

[29] M. Hazewinkel, Encyclopaedia of Mathematics. Supplement Volume I, Springer, 1988. [30] P. W. Higgs, Broken symmetries, massless particles and gauge fields, Phys. Lett.

12(2)(1964), 132–133.

[31] P. W. Higgs, Broken symmetries and the masses of gauge bosons, Phys. Rev. Lett.

13(16)(1964), 508–509.

[32] M. W. Hirsh, Differential Topology, Springer-Verlag, Berlin, 1976.

[33] D. H., Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. USA 27(1941), 222–224.

[34] T. Kato, Perturbation Theory for Linear Operators, second edition, Springer-Verlag, Berlin, 1976.

[35] H. H. Keller, Differential Calculus in Locally Convex Spaces, Lecture Notes in Math. 417, 1974, Springer-Verlag, Berlin.

[36] I. S. Krasilśhchik, V. Lychagin & A. M. Vinogradov, Geometry of Jet Spaces and Nonlinear Partial Differential Equations, Gordon and Breach Science Publishers S.A., Amsterdam 1986.

[37] M. Kuranishi, On E. Cartan’s prolongation theorem of exterior differential systems, Amer.

J. Math. 79(1957), 1–47.

[38] M. Kuranishi, Lectures on exterior differantial systems, Tata Inst. Fund. Res. Stud. Math., 1962.

[39] M. Kuranishi, Sheaves defined by deformation theory of pseudogroup structures, Amer. J.

Math. 86(1964), 379–391.

[40] M. Kuranishi, Lectures on involutive systems, Publications Institute Mathematics, Sao Paolo, 1969.

[41] H. I. Levine, The singularities of S^q_1 , Ill. J. Math. 8(1964), 152–168. [42] H. I. Levine, Elimination of cusps, Topology 3(1965), 263.

[43] P. Libermann, Introduction à l’étude de certaines systèmes différentiels, Lecture Notes in Math., Springer-Verlag, Berlin 792(1979), 363–382; Remarques sur les systèmes diffèrentielles, Cah. Topol. Géom. Différ. Catég. 23(1982), 55–72.

[44] A. M. Ljapunov, Stability of Motion, with an contribution by V. A. Pliss and an introduction by V. P. Basov. Mathematics in Science and Engineering, 30, Academic Press, New York- London, 1966.

[45] V. Lychagin and A. Prástaro, Singularities of Cauchy data, characteristics, cocharacteristics and integral cobordism, Differential Geom. Appl. 4(1994), 287–300.

[46] I. B. Madsen & R. J. Milgram, The Classifying Spaces for Surgery and Bordism of Manifolds, Ann. Math. Studies, Princeton Univ. Press, NJ, 1979.

[47] Yu. Manin, Topics in Noncommutative Geometry, Princeton University Press, Princeton, NJ., 1991.

[48] J. N. Mather, Stability of C^∞ mappings. I: The division theorem, Ann. of Math.

87(1)(1968), 89–104.

[49] J. N. Mather, Stability of C^∞ mappings. II: Infinitesimal stability implies stability, Ann. of Math. 87(2)(1969), 254–291.

[50] J. N. Mather, Stability of C^∞ mappings. III: Finitely determined maps germs, Publ. Math.

Inst. Hautes Études Sci. 35(1968), 127–156.

[51] J. N. Mather, Stability of C^∞ mappings. IV: Classification of stable germs by R-algebras, Publ. Math. Inst. Hautes Études Sci. 37(1969), 223–248.

[52] J. N. Mather, Stability of C^∞ mappings. V: Transversality, Adv. Math. 4(3)(1970), 301– 336.

[53] J. C. Maxwell, A Treatise on Electricity and Magnetisme, Vol.1, Vol.2, Oxford, First Edition 1873, Third Edition 1904.

[54] J. C. Maxwell, Matter and Motion, Society for Promoting Christian Knowledge, London, 1895.

[55] J. McCleary, User’s Guide to Spectral Sequences, Publish or Perish in., USA 1985. [56] J. C. McConnel & J. C. Robson, Noncommutative Noetherian Rings, Amer. Math. Soc., Graduate Stud. Math, 30, Providence, Rhode Island, USA, 2001, 636 pp.

[57] E. A. Michael, Locally multiplactivelly-convex topological algebras, Mem. Amer. Math. Soc.

11(1952).

[58] C. W. Misner, K. S. Thorne & J. A. Wheeler, Gravitation, W. H. Freeman, San Francisco, 1973.

[59] J. Milnor & J. Stasheff, Characteristic Classes, Ann. Math. Studies 76, Princeton Univ.

Press, 1974.

[60] J. von Neumann, The Mathematical Foundations of Quantum Mechanics, Investigations in Physics 2, Princeton University Press, Princeton, 1955.

[61] R. S. Palais, Manifolds of sections of the fiber bundles and the calculus of variations, Nonlinear Functional Analysis, Amer. Math. Soc., Providence, R.I. (1970), 195–205; Foundations of Global Non-linear Analysis, W. A. Benjamin Inc., New York-Amsterdam, 1968, 131 pp.

[62] W. Plesken & M. Pest, On maximal finite irreducible subgroup of GL(n, Z), I, II, Math.

Computation 31 (1977), 536–551; 552–573.

[63] A. Prástaro, On the general structure of continuum physics.I: Derivative spaces, Boll.

Unione Mat. Ital. 5(17-B)(1980), 704–726; On the general structure of continuum physics.II: Differential operators, Boll. Unione Mat. Ital. 5(S-FM)(1981), 69–106; On the general structure of continuum physics.III: The physical picture, Boll. Unione Mat. Ital. 5(S-FM)(1981), 107–129.

[64] A. Prástaro, Gauge Geometrodynamics, Riv. Nuovo Cimento 5(4)(1982), 1–122. [65] A. Prástaro, Dynamic conservation laws, Geometrodynamics Proceedings 1985, A. Prástaro (ed.), World Scientific Publishing Co., Singapore, 1985.

[66] A. Prástaro, Cobordism of PDE’s, Boll. Unione Mat. Ital. 30(5-B)(1991), 977–1001. [67] A. Prástaro, Quantum geometry of PDE’s, Rep. Math. Phys. 30(3)(1991), 273–354.

[68] A. Prástaro, Geometry of super PDE’s., Geometry in Partial Differential Equations, A.

Prástaro and Th. M. Rassias (eds.), World Scientific Publishing Co., Singapore (1994), 259–315.

[69] A. Prástaro, Geometry of quantized super PDE’s, Amer. Math. Soc. Transl. 167(2)(1995), 165–192.

[70] A. Prástaro, Quantum geometry of super PDE’s, Rep. Math. Phys 37(1)(1996), 23–140. [71] A. Prástaro, Geometry of PDEs and Mechanics, World Scientific Publishing Co., Singapore, 1996.

[72] A. Prástaro, (Co)bordisms in PDE’s and quantum PDE’s, Rep. Math. Phys. 38(3)(1996), 443–455.

[73] A. Prástaro, Quantum and integral (co)bordism groups in partial differential equations, Acta Appl. Math. 51(3)(1998), 243–302.

[74] A. Prástaro, (Co)bordism groups in PDE’s, Acta Appl. Math. 59(2)(1999), 111–202. [75] A. Prástaro, (Co)bordism groups in quantum PDE’s, Acta Appl. Math. 64(2/3)(2000), 111–217.

[76] A. Prástaro, Quantum manifolds and integral (co)bordism groups in quantum partial differential equations, Nonlinear Anal. Theory Meth. Appl. 47/4(2001), 2609–2620.

[77] A. Prástaro, Quantized Partial Differential Equations, World Scientific Publishing Co., 2004. [78] A. Prástaro, Quantum super Yang-Mills equations: Global existence and mass-gap, (eds. G.

S. Ladde, N. G. Madhin & M. Sambandham), Proceedings Dynamic Systems Appl. 4(2004), 227–234.

[79] A. Prástaro, Geometry of PDE’s. I: Integral bordism groups in PDE’s, J. Math. Anal. Appl.

319(2006), 547–566.

[80] A. Prástaro, Geometry of PDE’s. II: Variational PDE’s and integral bordism groups, J.

Math. Anal. Appl. 321(2006), 930–948.

[81] A. Prástaro, Geometry of PDE’s. IV: Navier-Stokes equation and integral bordism groups, . Math. Anal. Appl. 338(2)(2008), 1140–1151.

[82] A. Prástaro, Conservation laws in quantum super PDE’s, Proceedings of the Conference on Differential & Difference Equations and Applications, (eds. R. P. Agarwal & K. Perera), Hindawi Publishing Corporation, New York (2006), 943–952.

[83] A. Prástaro, (Co)bordism groups in quantum super PDE’s.I: Quantum supermanifolds, Nonlinear Anal. Real World Appl. 8(2)(2007), 505–533.

[84] A. Prástaro, (Co)bordism groups in quantum super PDE’s.II: Quantum super PDE’s, Nonlinear Anal. Real World Appl. 8(2)(2007), 480–504.

[85] A. Prástaro, (Co)bordism groups in quantum super PDE’s.III: Quantum super Yang-Mills equations, Nonlinear Anal. Real World Appl. 8(2)(2007), 447–479.

[86] A. Prástaro, (Un)stability and bordism groups in PDE’s, Banach J. Math. Anal. 1(1)(2007), 139–147.

[87] A. Prástaro, Extended crystal PDE’s, arXiv: 0811.3693[math.AT].

[88] A. Prástaro, Extended crystal PDE’s stability.I: The general theory, Math. Comput. Modelling, 49(9-10)(2009), 1759–1780. DOI: 10.1016/j.mcm.2008.07.020.

[89] A. Prástaro, Extended crystal PDE’s stability.II: The extended crystal MHD-PDE’s, Math.

Comput. Modelling, 49(9-10)(2009), 1781–1801. DOI: 10.1016/j.mcm.2008.05.141. [90] A. Prástaro, On the extended crystal PDE’s stability.I: The n-d’Alembert extended crystal PDE’s, Appl. Math. Comput. 204(1)(2008), 63–69..

[91] A. Prástaro, On the extended crystal PDE’s stability.II: Entropy-regular-solutions in MHD- PDE’s, Appl. Math. Comput. 204(1)(2008), 82–89.

[92] A. Prástaro, On quantum black-hole solutions of quantum super Yang-Mills equations, Proceedings Dynamic Systems Appl. 5(2008), 407–414.

[93] A. Prástaro, Surgery and bordism groups in quantum partial differential equations.I: The quantum Poincaré conjecture, Nonlinear Anal. Theory Meth. Appl. 71(12)(2009), 502–525. DOI: 10.1016/j.na.2008.11.077.

[94] A. Prástaro, Surgery and bordism groups in quantum partial differential equations.II: Variational quantum PDE’s, Nonlinear Anal. Theory Meth. Appl. 71(12)(2009), 526–549. DOI: 10.1016/j.na.2008.10.063.

[95] A. Prástaro, Quantum extended crystal PDE’s, Nonlinear Studies, (to appear).

[96] A. Prástaro & Th. M. Rassias, A geometric approach to an equation of J.d’Alembert, Proc. Amer. Math. Soc. 123(5)(1995), 1597–1606: A geometric approach of the generalized d’Alembert equation, J. Comput. Appl. Math. 113(1-2)(2000), 93–122.

[97] A. Prástaro & Th. M. Rassias, A geometric approach to a noncommutative generalized d’Alembert equation, C. R. Acad. Sc. Paris 330(I-7)(2000), 545-550.

[98] A. Prástaro & Th. M. Rassias, Ulam stability in geometry of PDE’s, Nonlinear Funct. Anal.

Appl. 8(2)(2003), 259–278.

[99] A. Prástaro & T. Regge, The group structure of supergravity, Ann. Inst. H. Poincaré Phys.

Théor. 44(1)(1986), 39–89.

[100] D. Quillen, Elementary proofs of some results of cobordism theory using Steenrod operators, Adv. Math. 7(1971), 29–56.

[101] M. S. Raghunathan, Discrete Subgroups of Lie Groups, Springer-Verlag, New York, 1972. [102] G. Ricci-Curbastro, Opere. Vol.I, Un. Mat. Ital & Cons. Naz. Ricerche, Ed. Cremonese, Roma, 1956.

[103] G. Ricci-Curbastro, Opere. Vol.II, Un. Mat. Ital & Cons. Naz. Ricerche, Ed. Cremonese, Roma, 1957.

[104] E. Rondio, Gluons’ polarization in the nucleon, SPIN 2008, The 18th International Spin Physics Symposium, University of Virginia, October 6-11, 2008, USA.

[105] J. J. Rotman, An Introduction to Homological Algebra, Academic Press, San Diego, 1979. [106] Y. B. Rudyak, On Thom Spectra, Orientability and Cobordism, Springer-Verlag, Berlin 1998.

[107] A. Schönflies, Krystallsysteme und Kristallstruktur, Teubner (1891). [108] J. A. Schouten, Ricci-Calculus, Springer-Verlag, Berlin - Gottingen - Heidelberg, 1954. [109] R. L. E. Schwartzenberger, N-Dimensional Crystallography, Pitman (1980). [110] R. W. Sharpe, Differential Geometry: Cartan’s Generalization of Klein’s Erlangen Program, Springer, New York, 1997.

[111] D. C. Spencer, Determination of structures on manifolds defined by transitive continuous pseudogroups, I. II. III., Ann. of Math. 7(1965), 51–114.

[112] D. C. Spencer, Overdetermined systems of linear partial differential equations, Bull. Amer.

Math. Soc. 75(1969), 79–239.

[113] R. E. Stong Notes on Bordism Theories, Ann. Math. Studies. Princeton Univ. Press 1968. [114] D. Sullivan, René Thom’s work on geometric homology and bordism, Bull. Amer. Math.

Soc. 41(3)(2004), 341–350.

[115] T. Sunada, Crystals that Nature might miss creating, Notices Amer. Math. Soc.

55(2)(2008), 209–215.

[116] M. E. Sweedler, Hopf Algebras, Benjamin, New York, 1969.

[117] R. Switzer, Algebraic Topology-Homotopy and Homology, Springer-Verlag, Berlin 1975. [118] F. Takens, A global version of the inverse problem of the calculus of variations, J. Differential Geom. 14(4)(1979), 543–562.

[119] R. Thom, Quelques propriété globales des variétés différentieles, Comm. Math. Helv.

28(1954), 17–86.

[120] R. Thom, Remarques sur les problemes comportant des inéqualities différentielles globales, Bull. Soci. Math. France 87(1954), 455–468.

[121] R. Thom, Les singularités des applications differentiables, Ann. Inst. Fourier(Grenoble) 6(1955-56), 43–87.

[122] S. M. Ulam, A collection of Mathematical Problems, Interscience Publ., New York, 1960. [123] P. van Nieuvwenhuizen, Supergravity, Phys. Rep. 68(4)(1981), 189–39. [124] J. von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton Univ. Press, Princeton 1955.

[125] C. T. C. Wall, Determination of the cobordism ring, Ann. of Math. 72(1960), 292–311. [126] C. T. C. Wall, Surgery on Compact Manifolds, London Math. Soc. Monographs 1, Academic Press, New York, 1970; 2nd editition (ed. A. A. Ranicki), Amer. Math. Soc. Surveys and Monographs 69, Amer. Math. soc., 1999.

[127] J. Wess & J. Bagger, Supersymmetry and Supergravity, Princeton Series in Physics, Princeton University Press, Princeton, New Jersey, 1983.

[128] P. West, Introduction to Supersymmetry and Supergravity, World Scientific Publishing Co., Singapore, 1986.

[129] H. Weyl, The Theory of Groups and Quantum Mechanics, University Press, Princeton, N.Y., 1931.

[130] J. A. Wheeler, On the nature of quantum geometrodynamics, Ann. Phys. 2(1957), 604–614. [131] J. A. Wheeler, Geometrodynamics and the problem of motion, Rev. Mod. Phys. 44(1)(1961). [132] J. A. Wheeler, Geometrodynamics, Academic Press, New York, 1963. [133] E. Witten, Supersymmetric Yang-Mills theory on a four-manifold, J. Math. Phys. 35(1994), 5101–5135.