arXiv:0906.1570v1 [gr-qc] 8 Jun 2009

More about thin-shell wormholes associated to cosmic strings

Martín G. Richarte^∗ and Claudio Simeone^†

Departamento de Física, Facultad de Ciencias Exactas y Naturales, UBA Ciudad Universitaria, Pabellón I, 1428, Buenos Aires, Argentina

June 8, 2009

Abstract

Previous analysis about thin-shell wormholes associated to cosmic strings are extended. More evidence is found supporting the conjecture that, under reasonable assumptions about the equations of state of matter on the shell, the configurations are not stable under radial velocity perturbations.

1 Introduction

Following the leading work by Morris and Thorne [1], traversable Lorentzian wormholes received considerable attention [2]. Wormholes would imply a nontrivial topology, connecting two regions of the universe by a traversable throat. If they actually exist, such configurations could include some features of unusual interest, as for example the possibility of time travel [3]. However, the flare-out condition to be fulfilled at the wormhole throat requires –in the framework of General Relativity– the existence of matter which violates the energy conditions (“exotic matter”) [1, 2, 4]. Conditions reducing matter supporting wormhole geometries, consequently, have deserved a detailed analysis. Besides (as most solutions of the equations of gravitation), traversable wormhole geometries result of physical interest mainly as long as they are stable, at least under a simple kind of perturbation. Thus, beyond the mere characterization of static wormhole solutions, their stability under perturbations should always be explored.

Some years ago, the gravitational effects of topological deffects as domain walls and cosmic strings were the object of a thorough study, because of their possible relevance in

∗E-mail: martin@df.uba.ar †E-mail: csimeone@df.uba.ar.

structure formation in the early universe, and also for their possible manifestation as gravitational lenses (see Ref. [5]). On the other hand, present theoretical developments suggest a scenario in which the fundamental building blocks of nature are extended objects. In particular, one-dimensional objects –strings– constitute the candidates more often considered. Thus the interest in the gravitational effects of both cosmic and fundamental strings has been renewed in the last years (see, for example, Refs. [6]). Recent studies regarding cylindrical wormholes include the works by Clément [7, 8], Aros and Zamorano [9], Kuhfittig [10], Bronnikov and Lemos [11] and by Bejarano, Eiroa and one of us [12, 13]. The thin-shell wormhole configurations associated to local and global cosmic strings analyzed in Refs. [12, 13] turned to be unstable under velocity perturbations preserving the cylindrical symmetry. Moreover, it was noted [13] that this feature seemed to be independent of the particular geometry considered, as long as the symmetry and the form of the equations of state of the static configurations were preserved. Because for a far observer these wormholes would appear as cosmic strings, bounds on cosmic string abundance, which seem rather restrictive (see for instance Ref. [14]), could imply a first constraint on the existence of such wormholes. Mechanical unstability would mean an additional restriction to the possibility of finding these objects in the present day universe.

In the present work we perform two extensions of these previous analysis regarding cylindrical thin-shell wormholes associated to cosmic strings. We first construct thin-shell wormholes associated with two different global strings; then, starting from static wormhole configurations, we consider small velocity perturbations and determine the character of the subsequent dynamical evolution. Our results are consistent with the conjecture introduced in Ref. [13].

2 Thin–shell wormholes

The wormhole construction follows the usual steps of the cut and paste procedure [15]. Starting from a manifold M described by coordinates X^α = (t, r, ϕ, z) we remove the region defined by r < a and take two copies M^+ and M^− of the resulting manifold. Then we join them at the surface Σ defined by r = a, so that a new geodesically complete manifold M = M^+ ∪ M^− is obtained. The surface Σ is a minimal area hypersurface satisfying the flare-out condition: in both sides of the new manifold, surfaces of constant r increase their areas as one moves away from Σ; thus one says that M presents a throat at r = a. On the surface Σ we define coordinates ξ = (τ, ϕ, z), where τ is the proper time. Then to allow for a dynamical analysis, we let the radius depend on τ, so that the surface Σ is given by the function H which fulfills the condition H(r, τ) = r − a(τ) = 0. As a result of pasting the two copies of the original manifold, we have a matter shell placed at r = a. Its dynamical evolution is determined by the Einstein equations projected on Σ, that is, by the Lanczos equations [16] − [K^j_i ] + [K]δ^j_i = 8πS^j_i , (1)

where K^j_i is the extrinsic curvature tensor defined by K^±_{ij} = −n^±_γ ( ∂^2X^γ ∂ξ^i∂ξ^j + Γ^γ_{αβ} ∂X^α ∂ξ^i ∂X^β ∂ξ^j )| | Σ , (2)

with n^±_γ the unit normals (n^γ n_γ = 1) to Σ in M:

n^±_γ = ± | | |g^{αβ} ∂H ∂X^α ∂H ∂X^β | | | −1/2 ∂H ∂X^γ . (3)

The bracket [K^j_i ] denotes the jump K^j_i^+ − K^j_i^− across the surface Σ, [K] = g^{ij} [K_{ij} ] is the trace of [K_{ij} ] and S^j_i = diag(−σ, p_θ, p_z) is the surface stress-energy tensor, with σ the surface energy density and p_θ, p_z the surface pressures.

3 Wormholes associated to cosmic strings

3.1 Nonsingular global string We first construct a thin-shell wormhole associated to a global cosmic string whose metric, differing from the case treated in [13], presents no curvature singularity; this is a consequence of relaxing the demand of boost invariance along the axis of symmetry [17]. The geometry has the form ds^2 = F (r) ( −dt^2 + dr^2 ) + H(r)dz^2 + G(r)dθ^2, (4) where

F (r) = [ P + 2 B^2 ln r r_0

]_{1−}^√_2

, (5) H(r) = [ P + 2 B^2 ln r r_0

]^√_2

, (6)

G(r) = 4B^2β^2 ( r r_0

)_2 [ P + 2 B^2 ln r r_0

]_{2−}^√_2

. (7)

The constant r_0 is the core radius, and P , B and β are integration constants fulfilling B^2 = 4πv^2/β^2, with v defining the value of the field associated to the string [17]. It is clear from the metric (4) that for P > 0, which corresponds to the case of no outer singularity, the area per unir length is an increasing function of the radial coordinate for r > r_0. Then the flare-out condition required for the wormhole construction is fulfilled. Also, note that the geodesics within a plane orthogonal to the string open up at the throat of the wormhole construction, because the metric component g_{θθ}(r) is itself an increasing function of r.

In terms of these functions the components of the extrinsic curvature read

K^τ_τ^± = ∓ √ F (a) 2 √ 1 + F (a)ȧ^2 ( 2ä +

F^′(a) F^2(a)

+ 2ȧ^2

F^′(a) F (a) ) (8)

K^θ_θ^± = ± G^′(a) √ 1 + F (a)ȧ^2 2G(a) √ F (a) , (9) and K^z_z^± = ± H^′(a) √ 1 + F (a)ȧ^2 2H(a) √ F (a) , (10)

where the dot means d/dτ and the prime indicates a derivative with respect to r. Replacing these expressions in the Lanczos equations we obtain the surface energy density σ = −S^τ and the pressures p_θ = S^θ and p_z = S^z : σ = − √ 1 + F (a)ȧ^2 8π √ F (a) ( G^′(a) G(a) + H^′(a) H(a) ) , (11)

p_θ = 1 8π √ F (a) √ 1 + F (a)ȧ^2 [ 2F (a)ä + F (a)ȧ^2 ( H^′(a) H(a) + 2F^′(a) F (a) ) + H^′(a) H(a) + F^′(a) F (a) ] , (12) p_z = 1 8π √ F (a) √ 1 + F (a)ȧ^2 [ 2F (a)ä + F (a)ȧ^2 ( G^′(a) G(a) + 2F^′(a) F (a) ) + G^′(a) G(a) + F^′(a) F (a) ] . (13) From these equations we find that for the static situation ȧ = ä = 0 the pressures and the surface energy density satisfy the equations of state p_θ = −σ G(a) [F (a)H^′(a) + F^′(a)H(a)] F (a) [G(a)H^′(a) + G^′(a)H(a)]

, (14) p_z = −σ H(a) [F (a)G^′(a) + F^′(a)G(a)] F (a) [G(a)H^′(a) + G^′(a)H(a)]

. (15)

If we are interested in small velocity perturbations, it is licit to assume that the evolution of the matter on the shell can be described as a succesion of static states. Thus we shall accept, as done before [12, 13], that the form of the equations of state corresponding to the static case is kept valid in the dynamical evolution^1. With this assumption, the equations above lead to the equation of motion 2F (a)ä + F^′(a)ȧ^2 = 0. (16)

1Besides, the perturbative treatement avoids possible subtleties regarding the validity of the static geometry for r > a in the presence of a cylindrical moving shell.

By writing ä = ȧdȧ/da we can recast this equation (for ȧ ≠ 0) as 2F (a) dȧ da + F^′(a)ȧ = 0. (17)

This equation is solved by

ȧ(τ) = ȧ_0 √ F (a_0) F (a) , (18)

where a_0 and ȧ_0 are, respectively, the initial wormhole radius and its inicial velocity. This shows that the sign of the velocity is determined by its initial sign, that is, after a small velocity perturbation the throat undergoes a monotonous evolution; no oscillatory behaviour exists, at least under the approximations assumed. Note that, because F is a decreasing function of a, then the absolute value of the throat velocity decreases when ȧ_0 is negative, while the velocity grows when ȧ_0 points outwards (so, after a finite time the assumption of a low velocity is no more valid).

3.2 Global string with curvature singularity After studying the nonsingular metric case, we now address a generalization of the analysis carried out in Ref. [13]. The starting point is the metric [18]

ds^2 = −U(r)dt^2 + W (r)dz^2 + V (r) ( dr^2 + r^2dθ^2 ) (19)

with the functions U, W and V defined as follows: U(r) = [ 1 − ln r ln r_s ]_{1+ω} , (20)

W (r) = [ 1 − ln r ln r_s ]_{1−ω} , (21)

V (r) = γ^2 [ 1 − ln r ln r_s

] 1_{2 (ω}2_{−1)} exp ( − ln^2 r ln r_s ) . (22)

This metric presents a curvature singularity placed at finite proper distance r_s = (8πF^2)^{−1}, where F is the vacuum expectation value of the scalar field whose symmetry breaking leads to the global string. The parameter ω is related to the mass excess (per unit length and as a fraction of M^2_P , being M_P the Planck mass) resulting from the existence of a time-like current along the string. The constant γ can be determined by matching the metric (19) with the metric inside he core; the radius of the core is r_{core} ≈ 1 (see Ref. [18]). We shall assume 0 < ω < 1; in the limit ω → 0 the case studied in Ref. [13] is recovered.

The extension of our analysis to this metric is slightly more complicated than the preceding one. It requires some care with the preliminary study of the original manifold, because of the existence of a curvature singularity at finite r and because the flare-out condition is not fulfilled everywhere for arbitrary values of the parameters. However, the steps leading to an equation allowing for a qualitative understanding of the dynamical evolution turn out to be straightforward. The area per unit of z coordinate, for a given value of the radius, is determined by the product of W , V and r^2. Taking the corresponding derivative with respect to r, it is easy to show that the flare-out condition required for the possible existence of the associated thin-shell wormhole can be satisfied. Indeed, we find that the flare-out condition is fulfilled as long as a < r_s exp ( −|ω − 1| √ (ln r_s)/2 ) is selected as the wormhole throat radius. Applying the cut and paste procedure, the components of the extrinsic curvature now turn to be

K^τ_τ^± = ∓ 1 2 √ V (a) 1 + V (a)ȧ^2 [ 2ä + ȧ^2 ( U^′(a) U(a) + V^′(a) V (a) ) + U^′(a) U(a)V (a) ] , (23)

K^θ_θ^± = ± 1 2 √ 1 + V (a)ȧ^2 V (a) ( 2 a + V^′(a) V (a) ) , (24) and K^z_z^± = ± 1 2 √ 1 + V (a)ȧ^2 V (a) W^′(a) W (a) . (25)

The resulting expressions for the energy density and pressures are σ = − 1 8π √ 1 + V (a)ȧ^2 V (a) ( 2 a + W^′(a) W (a) + V^′(a) V (a) ) , (26)

p_θ = 1 8π √ V (a) 1 + V (a)ȧ^2 [ 2ä + ȧ^2 ( U^′(a) U(a) + V^′(a) V (a) + W^′(a) W (a) ) + 1 V (a) ( U^′(a) U(a) + W^′(a) W (a) )] , (27)

p_z = 1 8π √ V (a) 1 + V (a)ȧ^2 [ 2ä + ȧ^2 ( U^′(a) U(a) + 2 V^′(a) V (a) + 2 a ) + 1 V (a) ( U^′(a) U(a) + V^′(a) V (a) + 2 a )] . (28) In the static case ȧ = ä = 0 the pressures are related with the energy density by the equations of state p_z = −σ U^′(a)V (a)W (a)a + U(a)V^′(a)W (a)a + 2U(a)W (a)V (a) U(a)V (a)W^′(a)a + U(a)V^′(a)W (a)a + 2U(a)W (a)V (a) . (29)

p_θ = −σ U^′(a)V (a)W (a)a + U(a)V (a)W^′(a)a U(a)V (a)W^′(a)a + U(a)V^′(a)W (a)a + 2U(a)W (a)V (a) . (30)

If we propose, as before, that the static equations of state remain valid for the dynamic case (as long as the same hypothesis above are satisfied) then, after some algebraic manipulations, we obtain the equation of motion

2V (a)ä + V^′(a)ȧ^2 = 0 (31)

The form of the equation of motion is the same of that obtained before, and the solution for the throat velocity is then

ȧ(τ) = ȧ_0 √ V (a_0) V (a) . (32)

Therefore, after a small velocity perturbation the wormhole throat undergoes a monotonous evolution. In other words, no oscillatory behaviour exists after perturbing an initially static configuration. Within the range r_− < r < r_+ with r_± = √ r_s exp ( ± √ ln r_s(ln r_s + ω^2 − 1)/2 ) the function V decreases with r. For 0 < ω < 1, the radius r_− turns to be smaller than the core radius, while r_+ results greater than the singularity radius. Thus for such values of ω we have V^′ < 0 for any physically meaningful radius beyond the core and satisfying the flare-out condition. Consequently, the throat contracts decelerating if ȧ < 0, while in the case of of an initial velocity pointing outwards the result is an accelerated expansion (as before, the low velocity assumption is eventually no more fulfilled).

4 Conclusion

Summarizing, for both extensions of previous analysis within the framework of thin-shell wormholes associated to cosmic strings, we find that no oscillatory solutions exist for the class of equations of state adopted. A small inicial velocity pointing to the axis of symmetry leads to a decelerated contraction of the wormhole throat, while an initial slow expansion is accelerated. Our results, thus, provide more evidence supporting the recent conjecture that this class of wormholes would not be stable under small velocity perturbations, as long as the cylindrical symmetry and the static equations of state for matter on the shell are preserved.

References

[1] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988).

[2] M. Visser, Lorentzian Wormholes (AIP Press, New York, 1996).

[3] M. S. Morris, K. S. Thorne and U. Yurtsever, Phys. Rev. Lett 61, 1446 (1989); V. P.

Frolov and I. D. Novikov, Phys. Rev. D 42, 1057 (1990).

[4] D. Hochberg and M. Visser, Phys. Rev. D 56, 4745 (1997); D. Hochberg and M. Visser, Phys. Rev. Lett. 81, 746 (1998); D. Hochberg and M. Visser, Phys. Rev. D 58, 044021 (1998).

[5] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge, 1994).

[6] H. H. Soleng, Gen. Relativ. Gravit. 27, 367 (1995); P. S. Letelier and V. T. Zanchin, Phys. Lett A198, 79 (1995); M. Nouri-Zonoz, N. Dadhich and D. Lynden-Bell, Class. Quantum Grav. 16, 1021 (1999); I. Yilmaz, I. Yavuz, H. Baysal, I. Tarhan and U. Camci, Int. J. Mod. Phys. D8, 659 (1999); H. Baysal and I. Yilmaz, Class. Quantum Grav. 19, 6435 (2002).

[7] G. Clément, Phys. Rev. D 51, 6803 (1995). [8] G. Clément, J. Math. Phys. 38, 5807 (1997). [9] R.O. Aros and N. Zamorano, Phys. Rev. D 56, 6607 (1997). [10] P. K. F. Kuhfittig, Phys. Rev. D 71, 104007 (2005) [11] K. Bronnikov and J. P. S. Lemos, arXiv:0902.2360[gr-qc]. [12] E. F. Eiroa and C. Simeone, Phys. Rev. D 70, 044008 (2004). [13] C. Bejarano, E. F. Eiroa and C. Simeone, Phys. Rev. D 75, 027501 (2007). [14] S. L. Larson and W. A. Hiscock, Phys. Rev. 56, 3242 (1997).

[15] P. Musgrave and K. Lake, Class. Quantum Grav. 13, 1885 (1996); M. Visser, Lorentzian Wormholes (AIP Press, New York, 1996).

[16] N. Sen, Ann. Phys. (Leipzig) 73, 365 (1924); K. Lanczos, ibid. 74, 518 (1924); G. Darmois, Mémorial des Sciences Mathématiques, Fascicule XXV ch V (Gauthier-Villars, Paris, 1927); W. Israel, Nuovo Cimento 44B, 1 (1966); 48B, 463(E) (1967).

[17] A. A. Sen and N. Banerjee, Phys. Rev. D 62, 047302 (2000). [18] A. G. Cohen and D. B. Kaplan, Phys. Lett. B 215, 67 (1988).