arXiv:0906.2015v2 [hep-th] 6 Nov 2009

Preprint typeset in JHEP style - HYPER VERSION

Emission from the D1D5 CFT

Steven G. Avery

Department of Physics, The Ohio State University, 191 West Woodruff Avenue, Columbus, Ohio 43210-1117 U.S.A. E-mail: avery@mps.ohio-state.edu

Borun D. Chowdhury

Department of Theoretical Physics, Tata Institute of Fundamental Research, Homi Bhabha Road, Mumbai 400005, India E-mail: borundev@mps.ohio-state.edu

Samir D. Mathur

Department of Physics, The Ohio State University, 191 West Woodruff Avenue, Columbus, Ohio 43210-1117 U.S.A. E-mail: mathur@mps.ohio-state.edu

Abstract: It is believed that the D1D5 brane system is described by an ‘orbifold CFT’ at a special point in moduli space. We first develop a general formulation relating amplitudes in a d-dimensional CFT to absorption/emission of quanta from flat infinity. We then construct the D1D5 vertex operators for minimally coupled scalars in supergravity, and use these to compute the CFT amplitude for emission from a state carrying a single excitation. Using spectral flow we relate this process to one where we have emission from a highly excited initial state. In each case the radiation rate is found to agree with the radiation found in the gravity dual.

Keywords: Black Holes in String Theory, AdS–CFT Correspondence, Conformal Field Models in String Theory.

1. Introduction

The D1D5 system has been very useful in the study of black holes [1, 2, 3, 4, 5, 6]. This system arises from a bound state of D1 branes and D5 branes. The near horizon geometry of these branes is dual to a 1+1 dimensional CFT. While the 3+1 dimensional N = 4 Yang–Mills CFT (arising from D3 branes) has been extensively studied [7, 8, 9], there has been much less work with the 1+1 dimensional CFT [10].

The goal of this paper is to set up a formalism for computing amplitudes in the orbifold CFT and relating them to absorption/emission of quanta from the gravitational solution describing the D-branes. This requires two main steps. For the first, note that the CFT describes only the physics in the ‘near-horizon region’ of the branes; vertex operators in the CFT create excitations that must travel through the ‘neck’ of the D-brane geometry and then escape to infinity as traveling waves. Thus we set up a general formalism that relates CFT amplitudes to absorption/emission rates observed from infinity^1 . For the second step, note that early computations of radiation [1, 2, 3, 4, 5, 6] used the somewhat heuristic picture of an ‘effective string’ to describe the D1D5 bound state. We construct states and vertex operators in the orbifold CFT, setting up notation and tools that allow us to compute amplitudes with ease. We apply these steps to compute the emission rate of supergravity scalars from particular D1D5 states. In particular we can compute emissions in cases where it was unclear how to proceed with the effective string model. The CFT amplitudes, converted to radiation rates by our general formalism, show exact agreement with the emission rates in the dual gravitational geometry.

Specifically, we perform the following steps:

(i) Traditionally, one uses AdS/CFT to compute correlation functions in the CFT and compares them to quantities computed in the AdS geometry, but we are interested in finding the interactions of the brane system with quanta coming in from or leaving to flat infinity. Thus we must consider the full metric of the branes, where at large r the AdS region changes to a ‘neck’ and finally to flat space. We write a general expression for Γ, the rate of radiation to infinity, in terms of the CFT amplitude for the decay process.

(ii) As an example of our CFT techniques we consider minimal scalars in the D1D5 geometry. An example of such scalars is given by the graviton with indices along the compact torus directions. We construct the correctly normalized vertex operators for these scalars, which are obtained by starting with a twist operator in the CFT and dressing it with appropriate modes of the chiral algebra.

(iii) We use the notion of ‘spectral flow’ to map states from the Ramond sector (which describes the D1D5 bound state) to the NS sector (which has the vacuum |∅⟩_{NS} ). This

1In [11], the connection between waves coming from infinity and operators in the CFT was established for l = 0; however, the effect of the ‘neck’ was ignored since it is irrelevant for minimal scalars.

– 1 – map helps us in two ways. First, it is not clear which states in the Ramond sector correspond to supergravity excitations (as opposed to string excitations). In the NS sector there is a simple map: the supergravity excitations are given by chiral primaries and their descendants under the anomaly-free subalgebra of the chiral algebra. Thus the spectral flow map allows us to find the initial and final states of our emission process, given the quantum numbers of these states. Second, for the process of interest the final state turns out to be the vacuum in the NS description; thus we do not need an explicit vertex operator insertion to create this state when computing amplitudes after spectral flowing to the NS sector.

(iv) We consider a simple decay process where an excited state of the CFT decays to the ground state and emits a supergravity quantum. We compute the CFT amplitude for this emission process. As mentioned above, the final state in the amplitude is nontrivial in the Ramond sector, but maps to the NS vacuum |∅⟩_{NS} under spectral flow. This converts a 3-point correlator in the Ramond sector to a 2-point correlator in the NS sector. With this amplitude, we use the result in (i) to compute Γ, the rate of emission to flat space.

(v) In the above computations we take the initial state to contain a few excitations above the ground state, and we compute the decay rate for these excitations. Alternatively, we can choose to start with the initial state having no excitations in the NS sector, and then perform a spectral flow on this state. This spectral flow adds a large amount of energy to the state, giving a configuration which is described in the dual gravity by a nonextremal classical metric [12]. This metric is known to emit radiation by ergoregion emission [13], and in [14, 15, 16] it was shown that for a subset of possible supergravity emissions the CFT rate agreed exactly with the gravity emission rate. We can now extend this agreement to all allowed emissions of supergravity quanta by using the orbifold CFT computations developed in the present paper. It turns out that the simple decay process computed in steps (iii) and (iv) can be used to give the emission rate from this highly excited initial state. This is because using spectral flow the initial state can be mapped to the vacuum, and in fact the entire amplitude maps under spectral flow to a time reversed version of the decay amplitude computed above. We find exact agreement with the radiation rate in the dual gravity description.

2. Coupling flat space fields to the CFT

Consider the geometry traditionally written down for branes that have a near-horizon AdS_{d+1} × S^p region. This geometry has the form

ds^2 = H^{− 2d} [ −dt^2 + d−1∑ i=1 dy_idy_i ] + H^{2p−1} [ dr^2 + r^2dΩ^2_p ] . (2.1)

– 2 –

(a) (b)

Figure 1: (a) The geometry of branes is flat at infinity, then we have a ‘neck’, and further in the geometry takes the form AdS_{d+1} × S^p (b) Still further in, the geometry ends in a ‘fuzzball cap’ whose structure is determined by the choice of microstate. For the simple state that we will choose for the D1D5 system, the Cap+AdS region is just a part of global AdS.

If there is only one kind of brane producing the metric (and hence only one length scale) the function H is given by H = 1 + Q r^{p−1} . (2.2)

The BPS black holes studied in string theory are constructed from B sets of mutually BPS branes. In these cases H is given by H = B∏ i=1 ( 1 + Q_i r^{p−1} ) 1_B . (2.3)

(This reduces to (2.2) for B = 1.) Let Q_{max} be the largest of the Q_i and Q_{min} the smallest. It is convenient to define the length scale

R_s = (_B ∏ i=1 Q_i )^1_{B(p−1)}

. (2.4)

For small r the angular directions give a sphere with radius R_s.

We picture such a geometry in Fig. 1(a). The geometry has three regions:

(i) The outer region: For large r, r ≫ Q 1 p−1 max, (2.5) we have essentially flat space.

(ii) The intermediate region: For smaller r we find a ‘neck’, which we write as CQ 1 p−1 min < r < DQ 1 p−1 max; (C ≪ 1, D ≫ 1). (2.6)

– 3 –

(iii) The inner region: For r < CQ 1 p−1 min , (2.7)

we can replace the harmonic function by a power: H → ( R_s r )_{p−1} . (2.8)

The directions y_i join up with r to make an AdS space, and the angular directions become a sphere of constant radius:

ds^2 ≈ ( r R_s )^{2(p−1)}_d (

−dt^2 + d−1∑ i=1 dy_idy_i ) + R^2_s dr^2 r^2

+ R^2_sdΩ^2_p, (2.9)

which is AdS_{d+1} × S^p. To see this we define the new radial coordinate r̃ by ( r̃ R_s ) = ( r R_s ) p−1_d . (2.10)

In terms of this new radial coordinate one has the inner region metric, ds^2 ≈ [( r̃ R_s )_2 ( −dt^2 + d−1∑ i=1 dy_idy_i ) + ( R_s d p − 1 )_2 dr̃^2 r̃^2 ] + R^2_sdΩ^2_p. (2.11)

We can scale t, y_i to put the AdS into standard form, but it is more convenient to leave it as above, since the coordinates t, y_i are natural coordinates at infinity and we need to relate the AdS physics to physics at infinity. The radius of AdS_{d+1} and the sphere S^p are given by R_{AdSd+1} = R_s d p − 1 , R_Sp = R_s. (2.12)

In region (iii), we can put a boundary at

r̃ = r̃_b, (2.13)

which we regard as the boundary of the AdS space. We can then replace the space at r̃ < r̃_b by a dual CFT. Thus, traditional AdS/CFT calculations are carried out only with the region r̃ < r̃_b. Our interest, however, is in the emission and absorption of quanta between the AdS region and asymptotic infinity. Thus we need a formalism to couple quanta in region (i) to the CFT.

Next, we note that this ‘traditional’ AdS geometry cannot be completely right. In the case of the D1D5 system, we know that the ground state has a large degeneracy ∼ exp[2 √ 2π √ N_1N_5]. At sufficiently large r, all these states have the form (2.1). But at smaller r these states differ from each other. None of the states has a horizon; instead each ends in a different ‘fuzzball cap’ [12, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31,

– 4 –

32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. We can choose special states where this cap is given by a classical geometry. In the simplest case the cap is such that the entire region r̃ < r̃_b has the geometry of global AdS_3 × S^3. We picture the full geometry for this state in Fig. 1(b).

The geometry without the cap (Fig. 1(a)) would have needed to be supplemented with a boundary condition for the gravity fields at r̃ = 0. But since the actual states of the system (e.g. Fig. 1(b)) have ‘caps’, we do have a well defined duality between the physics of the region r̃ < r̃_b and the CFT at r̃_b.

2.1 The coupling between gravity fields and CFT operators

Let us start with region (iii), where we have the AdS/CFT duality map. This map says that the partition function of the CFT, computed with sources ϕ_b, equals the partition function for gravity in the AdS, with field values at the boundary equal to ϕ_b [8]: ∫ D[X] e^{−SCFT [X]+μ} ∫ d^dy √ g_dϕ_b(y)V(y) = ∫ D[ϕ] e^{−SAdS[ϕ]} | | |_{ϕ(r̃b)=ϕb} . (2.14)

Here we have rotated to Euclidean spacetime, setting t = y_d. The symbol ϕ denotes fields in gravity, and V̂ are CFT operators (depending on X) coupling to the gravity fields. Our first task is to determine the coupling constant μ, for the normalizations of ϕ_b and V̂ that we choose.

Let us discuss the angular dependence in more detail. On S^p the fields ϕ(r̃, y, Ω) can be decomposed into spherical harmonics, ϕ(r̃, y, Ω) = ∑ l, ⃗m ϕ̃_{l, ⃗m}(r̃, y)Y_{l, ⃗m}(Ω). (2.15)

For the remainder of this discussion we consider a fixed l mode. Note that the reality of ϕ imposes the condition ϕ̃^∗_{l, ⃗m} = ϕ̃_{l,− ⃗m}. (2.16) Thus if we expand field in the usual spherical harmonics then we should write Equation (2.14) as ∫ D[X] exp ( −S_{CFT}[X] + μ ∑ ⃗m ∫ d^dy √ g_dϕ̃_{b, ⃗m}V_{⃗m} ) = ∫ D[ϕ]e^{−SAdS} | | |_{ϕ̃ ⃗m(r̃b,y)≡ϕ̃b, ⃗m(y)}. (2.17) Reality of the action requires V̂^†_{⃗m}(y) = V̂_{− ⃗m}(y). (2.18)

At leading order we can replace the gravity path integral by the classical action evaluated with the given boundary values of the gravity fields, ∫ D[ϕ]e^{−SAdS[ϕ]} | | ϕ(r_b)=ϕ_b = e^{−SAdS[ϕcl.]}. (2.19)

– 5 –

Then the 2-point function in the CFT is given by

⟨V̂_{⃗m}(y_1)V̂_{⃗m}′ (y_2)⟩ = 1 μ^2 δ δϕ̃_{b, ⃗m}(y_1) δ δϕ_{b, ⃗m}′ (y_2) ( − S_{AdS} ) . (2.20)

Let us now define the normalizations of ϕ and V̂. We consider a minimal scalar field for concreteness, though our computations should be extendable to other supergravity fields with no difficulty. The gravity action is

S_{AdS} = 1 16πG_D ∫ d^Dx √ g ( 1 2 ∂ϕ∂ϕ ) , (2.21)

where D = d + 1 + p is the dimension of the spacetime (D = 10 for string theory, D = 11 for M theory, and we have D = 6 for the D1D5 system after we reduce on a compact T^4). In region (iii), the spacetime has the form

AdS_{d+1} × S^p × M. (2.22)

For cases like the D1D5 system we have in addition a compact 4-manifold M = T^4 or M = K3. We take ϕ to be a zero mode on M and dimensionally reduce on M, so that we again have a space AdS_3 × S^3, with G now the 6-d Newton’s constant.

If the spherical harmonics are normalized such that, ∫ dΩ |Y_{l, ⃗m}(Ω)|^2 = 1, (2.23)

then dimensionally reducing on S^p yields

S_{AdS} = R^p_s 16πG_D ∑ ⃗m ∫ d^{d+1}y √ g_{d+1} [ 1 2 |∂ϕ̃_{⃗m}|^2 + 1 2 m^2|ϕ̃_{⃗m}|^2 ] . (2.24)

The l-dependent mass, m, comes from

m^2 = Λ R^2_s

, △_pY (Ω) = −ΛY (Ω), Λ = l(l + p − 1). (2.25)

The CFT lives on the surface r̃ = r̃_b. The metric on this surface is (from (2.11))

ds^2 = ( r̃_b R_s )_{2 d}∑ i=1 dy_idy_i. (2.26)

We choose the normalization of the operators V̂ by requiring the 2-point function to have the short distance expansion ∼^1_{(distance)2Δ} :

⟨V̂_{⃗m}(y_1)V̂_{⃗m}′ (y_2)⟩ = δ_{⃗m+ ⃗m}′_{,0} [ (^{r̃b}_{Rs} )|y_1 − y_2|

]_{2Δ} . (2.27)

– 6 –

Following [8], we define the boundary-to-bulk propagator which gives the value of ϕ in the AdS region given its value on the boundary at r_b: ϕ̃_{⃗m}(r̃, y) = ∫ K(r̃, y; y^′)ϕ̃_{b, ⃗m}(y^′) √ g_dd^dy^′, (2.28)

where √ g_dd^dy^′ is the volume element on the metric (2.26) on the boundary. We have

K(r̃, y; y^′) = R^{2Δ−d} AdS r̃^Δ_b π^d2

Γ(Δ) Γ(Δ −^d_2 ) [ r̃ R^2_{AdS} +^{r̃2}_{R2s} |y − y^′|^2

]_Δ

, (2.29)

where Δ = 1 2 (d + √ d^2 + 4m^2R^2_{AdS}) = (l + p − 1) d p − 1 . (2.30)

We then have δ δϕ̃_{b, ⃗m}(y_1) δ δϕ_{b, ⃗m}′ (y_2) ( − S_{AdS} ) = − R^p_s 16πG_D δ_{⃗m+ ⃗m}′_{,0} ( 2Δ − d Δ ) ∂_{r̃}K(r̃, y_1; y_2) (√ g^{r̃r̃} | |_{r̃=r̃b} ) , (2.31) where the extra factor^{2Δ−d}_Δ comes from taking care with the limit r̃_b → ∞ when using the kernel (2.29) [46].

Putting (2.27) and (2.31) into (2.20) we get

μ = [ R^{2Δ−(d+1)+p} s (_d p−1 )_{2Δ−(d+1)} 16πG_D (2Δ − d)

π^d2

Γ(Δ) Γ(Δ −^d_2 )

] 1_2

. (2.32)

2.2 The outer region

The wave equation for the minimal scalar is

□ϕ = 0. (2.33)

We write ϕ = h(r)Y (Ω)e^{−iEt}e^{i⃗λ·⃗y}, (2.34) getting the solution h = 1 r^{p−1}2 [ C_1 J_{l+} p−1_2 (√ E^2 − λ^2 r ) + C_2 J_{−l−} p−1_2 (√ E^2 − λ^2 r )] . (2.35)

Note that we can define a CFT in the AdS region only if the excitations in the AdS region decouple to leading order from the flat space part of the geometry [10]. Such an approximate decoupling happens for quanta with energies E ≪ 1/R_s: waves incident from infinity with wavelengths much longer than the AdS curvature scale almost completely reflect off the ’neck’ region and there is only a small probability of absorption into the AdS part of the geometry.

– 7 –

Correspondingly, waves with such energies trapped in the AdS region have only a small rate of leakage to flat space. Thus we work throughout this paper with the assumption E ≪ 1 R_s . (2.36)

With this, we find that to leading order the wave in the outer region has the C_2 ≈ 0 [47]:

h ≈ C_1 1 Γ(l +^{p+1}_2 ) [√ E^2 − λ^2 2 ]_{l+} p−1_2 r^l. (2.37)

A general wave is a superposition of different modes of the form (2.34). We wish to extract a given spherical harmonic from this wave, so that we can couple it to the appropriate vertex operator of the CFT. Define [ ∂^lϕ ]_{l, ⃗m} = Y^{k1k2...kl} l, ⃗m ∂k1 ∂k2 . . . ∂kl ϕ, (2.38) where the above differential operator is normalized such that^2 Y^{k1k2···kl} l, ⃗m ∂k1 ∂k2 . . . ∂kl [ r^{l′} Y_l′_{, ⃗m}′ (Ω) ] = δ_{ll}′ δ_{⃗m, ⃗m}′ . (2.39) Thus the required angular component of ϕ at small r satisfies ϕ ≈ [∂^lϕ] | |^{l, ⃗m}_{r→0} r^lY_{l, ⃗m}(Ω). (2.40) 2.3 The intermediate region

In the ‘neck’ region we can set E, λ to zero in solving the wave equation, since we assume that we are at low energies and momenta so the wavelength is large compared to the size of the intermediate region. Thus the E, λ terms do not induce oscillations of the waveform in the limited domain of the intermediate region.

With this approximation we now have to solve the wave equation in the intermediate region. From this solution, we need the following information to construct our full solution. Suppose in the outer part of the intermediate region r ∼ Q 1 p−1 max we have the solution

ϕ ≈ r^l. (2.41)

Evolved to the inner part of the intermediate region r ≪ Q^{1p−1} , we have a form given by AdS physics:

ϕ ≈ b_lr̃^{Δ−d}. (2.42)

These two numbers, b_l, Δ, give the information we need about the effect of the intermediate region on the wavefunction. Δ is known from the CFT, while the number b_l appears in our

2See Appendix B for more details.

– 8 – final expression for the emission amplitude as representing the physics of the intermediate region which connects the AdS region to flat infinity.

We now note that for the case that we work with, the minimally coupled scalar, we can in fact write down the values of b_l, Δ. The wave equation for a minimally coupled scalar in the background (2.1) with the ansatz (2.34) takes the form H^{2(d+p−1)} d(p−1) (E2 − λ2)r2h(r) + 1 r^{p−2} ∂_r(r^p∂_rh(r)) − l(l + p − 1)h(r) = 0. (2.43)

The term H^{2(d+p−1)} d(p−1) r2 (2.44)

is bounded in the ‘neck’ region (2.6). Therefore, assuming small E, λ, the wave equation in the neck is 1 r^{p−2} ∂_r(r^p∂_rh(r)) − l(l + p − 1)h(r) = 0. (2.45)

This has the solution h(r) = Ar^l + Br^{−l−p+1}. (2.46)

Thus we see that if we use the coordinate r throughout the intermediate region, then there is no change in the functional form of ϕ as we pass through the intermediate region. We are interested in the r^l solution, so we set B = 0. We must now write this in terms of the coordinate r̃ appropriate for the AdS region. First consider the case d = p − 1 which holds for the D3 and D1D5 cases. Then we see that

r̃ = r, b_l = 1. (2.47)

Now consider d ≠ p − 1. From (2.10) and (2.30) we get

b_l = R^{l(1−} d p−1 ) s . (2.48)

In general the scalars are not ‘minimal’; i.e., they can have couplings to the gauge fields present in the geometry. Then b_l needs to be computed by looking at the appropriate wave equation. Examples of such non-minimal scalars are ‘fixed’ scalars discussed in [48].

To summarize, we find that the change of the waveform through the intermediate region is given by b_l, Δ. The wave at the boundary r̃ = r̃_b is then ϕ̃_{b, ⃗m}(y) = b_l r̃^{Δ−d}_b [∂^lϕ(y)] | |^{l, ⃗m}_{r=0}. (2.49)

2.4 The interaction We can break the action of the full problem into three parts

S_{total} = S_{CFT} + S_{outer} + S_{int}, (2.50)

where the contribution of the interaction between the CFT and the outer asymptotically flat region, S_{int}, vanishes in the strict decoupling limit. We work in the limit where the interaction is small but nonvanishing, to first order in the interaction.

– 9 –

The coupling of the external wave at r_b to the CFT is given by the interaction

S^l_{int} = −μ ∑ ⃗m ∫ √ g_d d^dy ϕ̃_{b, ⃗m}(y)V̂_{l, ⃗m}(y). (2.51) If we want to directly couple to the modes in the outer region, then we can incorporate the intermediate region physics into S_{int} by writing

S^l_{int} = −c_l ∑ ⃗m ∫ √ g_d d^dy [∂^lϕ(y)] | |^{l, ⃗m}_{r=0} V̂_{l, ⃗m}(y), (2.52) where c_l = μ b_l r̃^{Δ−d}_b . (2.53) This is the general action connecting modes in the AdS/CFT with the modes in the asymptotically flat space. We focus specifically on (first-order) emission processes, but one can consider more general interactions (absorption, scattering, etc.).

2.5 Emission Suppose we have an excited state in the ‘cap’ region, |i⟩, and the vacuum in the outer region, |∅⟩_{outer}. Because of the coupling (2.53), a particle can be emitted and escape to infinity, changing the state in the cap to a lower-energy state |f⟩, and leaving a 1-particle state in the outer region, |E, l, ⃗m, ⃗λ⟩_{outer}. We wish to compute the rate for this emission, Γ. We can write the total amplitude for this process as A = ( outer ⟨E, l, ⃗m, ⃗λ| ⟨f| ) iS_{int} ( |i⟩ |∅⟩_{outer} ) . (2.54)

We quantize the field ϕ in the outer region as

ϕ̂ = √ 16πG_D 2V_y ∑ ⃗λ,l, ⃗m ∫_∞ 0 dE^{Jl+ p+12 (} √ E^2−λ^2 r)

r^{p−1}2 [ â_{E,l, ⃗m,λ}Y_{l, ⃗m}e^{i(⃗λ·⃗y−Et)}

+ (â_{E,l, ⃗m,λ})^†Y^∗_{l, ⃗m}e^{−i(⃗λ·⃗y−Et)} ] , (2.55)

where [â_{E,l, ⃗m,λ}, (â_E′_{,l}′_{, ⃗m}′_{,λ}′ )^†] = δ_{ll}′ δ_{⃗m, ⃗m}′ δ_{λλ}′ δ(E − E^′). (2.56) Using the asymptotic behavior, J_ν (z) ≈ 1 Γ(ν + 1) (z 2 )_ν , (2.57)

we find that

[∂^lϕ̂] | |^{⃗m} r=0 = √ 16πG_D 2V_y ∑ ⃗λ ∫_∞ 0 dE ( √ E^2−λ^2

2 )^{l+ p−1}2 Γ(l +^{p+1}_2 ) [ â_{E,l, ⃗m,λ}e^{i(⃗λ·⃗y−Et)}

+ (â_{E,l,− ⃗m,λ})^†e^{−i(⃗λ·⃗y−Et)} ] . (2.58)

– 10 –

Using the coupling c_l from (2.53) we get the interaction Lagrangian

S_{int} = −μb_lr̃^{Δ−d}_b √ 16πG_D 2V_y ∑ ⃗λ, ⃗m ∫ √ g_dd^dy ∫_∞ 0 dE ( √ E^2−λ^2

2 )^{l+ p−1}2 Γ(l +^{p+1}_2 ) [ â_{E,l, ⃗m,λ}e^{i(⃗λ·⃗y−Et)} + (â_{E,l,− ⃗m,λ})^†e^{−i(⃗λ·⃗y−Et)} ] V̂_{l, ⃗m}(t, ⃗y). (2.59) We can pull out the (t, ⃗y) dependence of the CFT part of the amplitude by writing ⟨f| V̂(t, ⃗y) |i⟩ = e^{−iE0t+i⃗λ0 ·⃗y} ⟨f| V̂(t = 0, ⃗y = 0) |i⟩ , (2.60) where E_0 and λ_0 can be determined from the initial and final states of the CFT, |i⟩ and |f⟩. We also work in the case where the initial and final CFT states select out a single l, m mode in the interaction, whose indices have been suppressed. The CFT lives on a space of (coordinate) volume V_y. When computing CFT correlators we work in a ‘unit-sized’ space with volume (2π)^{d−1}. Scaling the operator V̂ we have ⟨f| V̂(t = 0, ⃗y = 0) |i⟩ = [ (2π)^{d−1} (^{r̃b}_{Rs} )^{d−1}V_y ] Δ_{d−1} ⟨f| V̂(t = 0, ⃗y = 0) |i⟩_{unit} . (2.61)

Rotating back to Lorentzian signature, the amplitude for emission of a quantum from an excited state of the CFT is A = −iμb_lr̃^{Δ−d}_b √ 16πG_D 2V_y ( √ E^2−λ^2

2 )^{l+ p−1}2 Γ(l +^{p+1}_2 ) [ (2π)^{d−1} (_{r̃b} R_s )_{d−1} V_y ] Δ_{d−1} ⟨f| V̂_{l, ⃗−m}(t = 0, ⃗y = 0) |i⟩_{unit}

× ∫_T 0 dt ∫ (_{r̃} b R_s )_d d^{d−1}y e^{−i(E0−E)t}e^{i(⃗λ0 −⃗λ)·⃗y}. (2.62) The amplitude gives the emission rate in a straightforward calculation: dΓ dE = lim_{T →∞} |A|^2 T = (2π)^{2Δ+1} R^{4Δ−3d+p−1} s (_d p−1 )_{2Δ−(d+1)}

V 2Δ−d+1 d−1 y [ (2Δ − d) 2π^d2

Γ(Δ) Γ(Δ −^d_2 ) ] |b_l|^2 [ 1 Γ(l +^{p+1}_2 )

]_2

× ( E^2 − λ^2 4 )_{l+}^{p−1}_2 | | | ⟨0| V̂_{l,− ⃗m}(0) |1⟩_{unit} | |^2 δ_{⃗λ,⃗λ0} δ(E − E0). (2.63) From this expression, we see that in the strict decoupling limit where ER_s → ∞ this rate vanishes as expected.

We have derived the above result for a general CFT and its corresponding brane geometry. In the remainder of the paper we work with the D1D5 system. For a minimal scalar in the D1D5 geometry we have

d = 2, p = 3 Δ_{tot.} = l + 2 b_l = 1 R_s = (Q_1Q_5)^{14} V_y = 2πR. (2.64)

– 11 –

Plugging in, we reduce the decay rate formula to the form dΓ dE = 2π 2^{2l+1} l!^2

(Q_1Q_5)^{l+1} R^{2l+3}

(E^2 − λ^2)^{l+1} | ⟨0| V̂ |1⟩_{unit} |^2 δ_{λ,λ0} δ(E − E_0). (2.65)

3. The D1D5 CFT at the orbifold point

3.1 The CFT Consider type IIB string theory, compactified as

M_{9,1} → M_{4,1} × S^1 × T^4. (3.1)

Wrap N_1 D1 branes on S^1, and N_5 D5 branes on S^1 × T^4. The bound state of these branes is described by a field theory. We think of the S^1 as being large compared to the T^4, so that at low energies we look for excitations only in the direction S^1. This low energy limit gives a conformal field theory (CFT) on the circle S^1.

We can vary the moduli of string theory (the string coupling g, the shape and size of the torus, the values of flat connections for gauge fields etc.). These changes move us to different points in the moduli space of the CFT. It has been conjectured that we can move to a point called the ‘orbifold point’ where the CFT is particularly simple [49, 50, 51, 52, 53, 54, 55, 56]. At this orbifold point the CFT is a 1+1 dimensional sigma model. The 1+1 dimensional base space is spanned by (y, t), where 0 ≤ y < 2πR (3.2)

is a coordinate along the S^1, and t is the time of the 10-d string theory. For our CFT computations, we rotate time to Euclidean time, and also use scaled coordinates (σ, τ) where the space direction of the CFT has length 2π: τ = i t R σ = y R . (3.3)

Moreover, we find it convenient to work in the complex plane with coordinates (z, z̄) defined by the exponential map, z = e^{τ +iσ} z̄ = e^{τ −iσ}. (3.4) We continue back to Lorentzian signature at the end.

The target space of the sigma model is the ‘symmetrized product’ of N_1N_5 copies of T^4,

(T_4)^{N1N5} /S_{N1N5} , (3.5)

with each copy of T^4 giving 4 bosonic excitations X^1, X^2, X^3, X^4. It also gives 4 fermionic excitations, which we call ψ^1, ψ^2, ψ^3, ψ^4 for the left movers, and ψ̄^1, ψ̄^2, ψ̄^3, ψ̄^4 for the right movers. The fermions can be antiperiodic or periodic around the σ circle. If they are antiperiodic on the S^1 we are in the Neveu-Schwarz (NS) sector, and if they are periodic on the S^1 we are in the Ramond (R) sector^3.

3The periodicities flip when mapping to the complex plane because of a Jacobian factor.

– 12 –

3.1.1 Twist operators

Since we orbifold by the symmetric group S_{N1N5} , we generate ‘twist sectors’, which can be obtained by acting with ‘twist operators’ σ_n on an untwisted state. Suppose we insert a twist operator at a point z in the base space. As we circle the point z, different copies of T^4 get mapped into each other. Let us denote the copy number by a subscript a = 1, 2, . . . n. The twist operator is labeled by the permutation it generates. For instance, every time one circles the twist operator σ_{(123...n)}, (3.6)

the fields X^i_{(a)} get mapped as

X^i_{(1)} → X^2_{(2)} → · · · → X^i_{(n)} → X^i_{(1)}, (3.7)

and the other copies of X^i_{(a)} are unchanged. We have a similar action on the fermionic fields. We depict this ‘twisting’ in Fig. 2. Each set of linked copies of the CFT is called one ‘component string’.

(a) Untwisted component strings

σ_3 −−−→

(b) The twisted component string

Figure 2: The twist operator σ_3. Each loop represents a ‘copy’ of the CFT wrapping the S^1. The twist operator joins these copies into one single copy of the CFT living on a circle of three times the length of the original circle.

We often abbreviate a twist operator like the one in Equation (3.6) with σ_n for simplicity (we have to give the indices involved in the permutation explicitly when we use σ_n in a correlator). We call these operators, σ_n, ‘bare twists’ to distinguish them from the more relevant operators for our purpose, which have additional ‘charges’ added to the ‘bare twist’ forming operators that are chiral primaries for the supersymmetric CFT.

3.1.2 Symmetries of the CFT

The D1D5 CFT has (4, 4) supersymmetry, which means that we have N = 4 supersymmetry in both the left and right moving sectors. This leads to a superconformal N = 4 symmetry in both the left and right sectors, generated by operators L_n, G^±_r , J^a_n for the left movers and L̄_n, Ḡ^±_r , J̄^a_n for the right movers. The expressions for the left generators in terms of the X^i, ψ^i are given in Equation (A.6). The OPEs are given in Equation (A.15), and the (anti-)commutation relations between modes is given in Equation (A.18).

– 13 –

Each N = 4 algebra has an internal R symmetry group SU(2),^4 so there is a global symmetry group SU(2)_L × SU(2)_R. We denote the quantum numbers in these two SU(2) groups as SU(2)_L : (j, m); SU(2)_R : (j̄, m̄). (3.8) In the geometrical setting of the CFT, this symmetry arises from the rotational symmetry in the 4 space directions of M_{4,1} in Equation (3.1),

SO(4)_E ≃ SU(2)_L × SU(2)_R. (3.9)

Here the subscript E stands for ‘external’, which denotes that these rotations are in the noncompact directions. These quantum numbers therefore give the angular momentum of quanta in the gravity description. We have another SO(4) symmetry in the four directions of the T^4. This symmetry we call SO(4)_I (where I stands for ‘internal’). This symmetry is broken by the compactification of the torus, but at the orbifold point it still provides a useful organizing principle. We write

SO(4)_I ≃ SU(2)_1 × SU(2)_2. (3.10)

We use spinor indices α, α̇ for SU(2)_L and SU(2)_R respectively. We use spinor indices A, Ȧ for SU(2)_1 and SU(2)_2 respectively.

The 4 real fermions of the left sector can be grouped into complex fermions ψ^{αA} with the reality constraint ( ψ^{αȦ} )_† = −ϵ_{αβ}ϵ_{ȦḂ}ψ^{βḂ} = −ψ_{αȦ}. (3.11)

The right fermions have indices ψ̄^{α̇Ȧ} with a similar reality constraint. The bosons X^i are a vector in the T^4. Thus they have no charge under SU(2)_L or SU(2)_R and are given by

[X]^{ȦA} = X^i(σ^i)^{ȦA}. (3.12)

where σ^i, i = 1, . . . 4 are the three Pauli matrices and the identity. (The notations described here are explained in full detail in Appendix A.)

3.2 States of the CFT The CFT arising from the D1D5 brane bound state is in the Ramond (R) sector. One can understand this because the periodicities of the fermions around the S^1 are inherited from the behavior of fermionic supergravity fields around the S^1 in (3.1). These supergravity fields must be taken to be periodic, since otherwise we would generate a nonzero vacuum energy in our spacetime and the metric far from the branes would not be flat.

Even though the physical CFT problem is in the R sector, we find it convenient to map our R sector states to the NS sector using spectral flow, which simplifies the calculation. Using spectral flow we can relate one calculation to a whole family of related processes. Thus let us first look at states in the NS sector.

4In fact, the full R symmetry group of the N = 4 algebra is SO(4); however, the other SU(2) does not have a current associated with it within the algebra.

– 14 –

3.3 States in the NS sector

There are two general pieces of information needed to describe the states of the orbifold CFT. First we have to look at the ‘twist sector’; i.e., note which copies of the CFT are linked to which copies as we go around the S^1. The second thing we have to look at are the bosonic and fermionic excitations in the given twist sector.

The simplest sector is the ‘untwisted sector’, where the copies are all delinked from each other. Let us take the state in this sector with no excitations. This state is depicted in Fig. 3(a). It is the NS vacuum, and has quantum numbers

|∅⟩_{NS} : h = h̄ = 0; j = m = j̄ = m̄ = 0. (3.13)

The gravity dual of this state is ‘global AdS’, depicted in Fig. 3(b).

(a) The NS vacuum state (b) The gravity dual of the NS vacuum state

Figure 3: (a) The NS vacuum state in the CFT and (b) its gravity dual, which is global AdS. The NS vacuum is the simplest possible state having no twists, no excitations, and no base spin.

Now consider excited states. The simplest states are ‘chiral primaries’, which have ‘dimension=charge’:

h = m, h̄ = m̄. (3.14)

We can start with a chiral primary and act with the ‘anomaly-free subalgebra’ of the chiral algebra to make descendants. This subalgebra is spanned by { L_{−1}, L_0, L_1, G^±_{12} , J^a_0 } . (3.15)

All states obtained by starting with a chiral primary and applying operators (3.15) correspond to supergravity excitations in the dual gravity theory. Other states correspond to ‘stringy’ states. We are interested in the emission of a supergravity quantum from the CFT state, so let us look at such states in more detail.

– 15 –

3.3.1 The basic chiral primary operators σ^0_{l+1} Let us recall the construction of chiral primary operators introduced in [57].

Start with the NS vacuum state |∅⟩_{NS} , which is in the completely untwisted sector, where all the component strings are ‘singly wound’. The gravity dual is global AdS.

Now suppose in this gravity dual we want to add one supergravity quantum carrying angular momentum^l_2 in each of the two factors of SU(2)_L × SU(2)_R (scalars must have j = j̄). We take a set of l + 1 copies of the CFT and join them by using a twist operator σ_{l+1} into one ‘multiply wound’ component string. Let us take the lowest energy state in this twist sector. This state has dimensions [57]

h = h̄ = c 24 [ (l + 1) − 1 (l + 1) ] , (3.16)

but it does not yet have any charge, so it is not a chiral primary; it has more dimension than charge. The current operator J^+ carries positive charge, and we can apply contour integrals of J^+ to our state to raise its charge. Since all operators in the theory have h > |m|, one might think that we cannot reach a chiral primary with h = j = m if we start with the state (3.16); however, on the twisted component string we can apply fractional modes J^a_{kl+1} of the current operators, because any contour integral around the twist operator insertion has to close only after going around the insertion l + 1 times.

Before we apply these fractionally-moded current operators, there is one more point to note. For the case of l + 1 even one finds that the twist operator σ_n yields antiperiodic boundary conditions for the fermion field when we traverse around the twist insertion l + 1 times. Since we wanted the fermion field to return to itself after going l + 1 times around the insertion, we must insert a ‘spin field’ to change the periodicity of these fermions. The construction of these spin fields was explained in detail in [57], but for now we just denote the twist with spin field insertions (for both left and right fermions) as (S^+_{l+1}S̄^+_{l+1}σ_{l+1}). With this notation we find that the chiral primaries are given by^5

σ^0_{l+1} =

J^+_{− l−1l+1} J^+_{− l−3l+1} · · · J^+_{− 1l+1} J̄^+_{− l−1l+1} J̄^+_{− l−3l+1} · · · J̄^+_{− 1l+1} σ_{l+1} (l + 1) odd

J^+_{− l−1l+1} J^+_{− l−3l+1} · · · J^+_{− 2l+1} J̄^+_{− l−1l+1} J̄^+_{− l−3l+1} · · · J̄^+_{− 2l+1} (S^+_{l+1}S̄^+_{l+1}σ_{l+1}) (l + 1) even.

(3.17)

This construction generates chiral primaries with dimensions and charges

σ^0_{l+1} : h = m = l 2 , h̄ = m̄ = l 2 . (3.18)

Note that J^+ ∼ ψ^{+ ˙1}ψ^{+ ˙2}, and the current operators in (3.17) fill up the left and right moving Fermi seas up to a ‘Fermi level’ (here we write only the left sector)

σ^0_{l+1} ∼ ψ^{+ ˙1}_{− l−12(l+1)} ψ^{+ ˙2}_{− l−12(l+1)} ψ^{+ ˙1}_{− l−32(l+1)} ψ^{+ ˙2}_{− l−32(l+1)} · · · ψ^{+ ˙1}_{− 12(l+1)} ψ^{+ ˙2}_{− 12(l+1)} σ_{l+1} (l + 1) odd

ψ^{+ ˙1}_{− l−12(l+1)} ψ^{+ ˙2}_{− l−12(l+1)} ψ^{+ ˙1}_{− l−32(l+1)} ψ^{+ ˙2}_{− l−32(l+1)} · · · ψ^{+ ˙1}_{− 1l+1} ψ^{+ ˙2}_{− 1l+1} (S^+_{l+1}σ_{l+1}) (l + 1) even.

(3.19)

5Chiral primary operators can also be written using alternative descriptions which make use of bosonized fermions (see for example [55, 11]).

– 16 –

3.3.2 Additional chiral primaries

Above we described the construction of the simplest chiral primary σ^0_{l+1}. We can make additional chiral primaries as follows:

(i) The next available fermion level for the fermion ψ^{+ ˙1} in (3.19) is ψ^{+ ˙1}_{− 12} . If we fill this level, we raise both dimension and charge by^1_2 , so we get another chiral primary.

(ii) We can do the same with the fermion ψ^{+ ˙2}.

(iii) We can add both fermions ψ^{+ ˙1}, ψ^{+ ˙2}, which is equivalent to an application of J^+_{−1}.

Of course we can make analogous excitations to the right sector as well. This gives a total of 4 × 4 = 16 chiral primaries in a given twist sector. This exhausts all the possible chiral primaries for this system.

3.3.3 Anti-chiral primaries

We define anti-chiral primaries as states with h = −m, h̄ = −m̄. (3.20) To construct these states, we again start with a twist operator σ_{l+1} and the apply modes of J^− instead of J^+. Proceeding in the same way as for chiral primaries, we get the anti-chiral primary (denoted with a tilde over the σ) as

σ̃^0_{l+1} =

J^−_{− l−1l+1} J^−_{− l−3l+1} · · · J^−_{− 1l+1} J̄^−_{− l−1l+1} J̄^−_{− l−3l+1} · · · J̄^−_{− 1l+1} σ_{l+1} (l + 1) odd

J^−_{− l−1l+1} J^−_{− l−3l+1} · · · J^−_{− 2l+1} J̄^−_{− l−1l+1} J̄^−_{− l−3l+1} · · · J̄^−_{− 2l+1} (S^−_{l+1}S̄^−_{l+1}σ_{l+1}) (l + 1) even.

(3.21)

We can construct additional anti-chiral primaries just as in the case of chiral primaries. A chiral primary has a nonvanishing 2-point function with its corresponding anti-chiral primary. The chiral and anti-chiral twist operators are normalized such that the 2-point function is unity at unit separation. We use this fact later in the paper.

3.3.4 Ramond sector states

To get states in the Ramond sector we have to change the boundary conditions on fermions, making them periodic around the σ circle. This requires the insertion of a ‘spin field’. While this is not hard to do, we perform our computations by mapping the Ramond sector states to the NS sector by spectral flow. Thus we do not give the explicit structure of the Ramond sector states in this paper. In Appendix A we give a brief description of the Ramond vacua.

– 17 –

4. The initial state, the final state, and the vertex operator

Our main computation addresses the following physical process. Consider a bound state of N_1 D1 branes and N_5 D5 branes, sitting at the origin of asymptotically flat space. As mentioned above, the CFT describing this bound state is in the Ramond sector, which has a number of degenerate ground states. We pick a particular Ramond ground state. Instead of describing this choice directly in the Ramond sector, we note that all Ramond sector ground states are obtained by one unit of spectral flow from chiral primary states of the NS sector. We pick the Ramond ground state that arises from the simplest chiral primary: the NS vacuum |∅⟩_{NS} . The gravity dual of this state can be described as follows [58, 59, 60, 19]: there is flat space at infinity, then a ‘neck’, then an AdS region, and then a ‘cap’, as pictured in Fig. 1(b). While the structure of the ‘cap’ depends on the choice of Ramond ground state, in the present case the structure is particularly simple: below r_b in Fig. 1(b) the geometry is a part of global AdS_3 × S^3.

By itself such a D1D5 state is stable, and does not radiate energy. We therefore add an excitation to the D1D5 brane state. In the supergravity dual, the excitation we choose corresponds to adding a supergravity quantum sitting in the ‘cap’. The supergravity field we choose is a scalar ϕ_{ij} , where i, j = 1, . . . 4 are vector indices valued in the T^4 in (3.1). These scalars arise from the following fields:

(i) A symmetric traceless matrix h_{ij} with i, j = 1, . . . 4 giving the transverse traceless gravitons with indices in the T^4.

(ii) An antisymmetric matrix B^{RR}_{ij} giving the components of the Ramond-Ramond B field with indices in the torus.

(iii) The dilaton, which is a scalar in the full 10-dimensional theory.

We can put all these scalars together into a 4×4 matrix ϕ_{ij} , with the symmetric traceless part coming from h_{ij} , the antisymmetric part from B^{RR}_{ij} and the trace from the dilaton. (Such a description was used for example in [4, 19]. But we may need to scale the above fields by some function. For instance, it is not the graviton, h_{ij} , but (H_5/H_1)^14 h_{ij} which behaves as a minimal scalar in the 6-d space obtained by dimensional reduction on T^4.

The supergravity particle is described by its angular momenta in the S^3 directions given by SU(2)_L × SU(2)_R quantum numbers (^l_2 , m), (^l_2 , m̄); and a ‘radial quantum number’, N, where N = 0 gives the lowest energy state with the given angular momentum, and N = 1, 2, . . . give successively higher energy states.

Adding this quantum to the r < r_b region of the geometry corresponds to making an excitation of the D1D5 CFT. Since we compute all processes after spectral flowing to the NS sector, we should describe this excitation in the NS sector. In the NS sector, the excitation is a supersymmetry descendant of a chiral primary state, which is acted on N times with L_{−1} to further raise the energy. We describe the construction of this initial state in more detail below.

– 18 –

The process of interest is the emission of this supergravity particle from the cap out to infinity. The final state is thus simple: in the Ramond sector description we return to the Ramond ground state that we started with. In the spectral flowed NS sector description that we compute with, the final state is just the NS vacuum |∅⟩_{NS} .

The emission is caused by the interaction Lagrangian in Equation (2.52) which couples excitations in the CFT to modes at infinity; the general structure of this coupling was discussed in Section 2. We write down the vertex operator V̂ which leads to the emission of the quanta ϕ_{ij} , and compute the emission amplitude ⟨f| V̂ |i⟩.

We now describe in detail the initial state, the final state, and the vertex operator.

4.1 The initial state in the NS sector Let us first write the state, and then explain its structure. The left and right parts of the state have similar forms, so we only write the left part (indicated by the subscript L): |ϕ^{l2 , l2 −k} N+1 ⟩ AȦ L = C_LL^N_{−1}(J^−_0 )^kG^{−A}_{− 12} ψ^{+Ȧ}_{− 12} σ^0_{l+1} |∅⟩_{NS} . (4.1)

Let us describe the structure of this state starting with the elements on the rightmost end:

(i) We start with the NS vacuum |∅⟩_{NS} . In this state each copy of the CFT is ‘singly wound’, and each copy is unexcited. In the supergravity dual, we have global AdS space with no particles in it.

(ii) We apply the chiral primary σ^0_{l+1}, thereby twisting together l + 1 copies of the CFT into one ‘multiply wound’ component string. It also adds charge, so that we get a state with h = m = h̄ = m̄ = l 2 . (4.2)

In the gravity dual, we have one supergravity quantum, with angular momenta (m, m̄).

(iii) We act with ψ^{+Ȧ}_{− 12} . This increases both h and m by^1_2 , and so gives another chiral primary. We do the same for the right movers, so that overall the new state created is again bosonic. In the supergravity dual, it corresponds to a different bosonic quantum in the AdS.

(iv) We act with elements of the ‘anomaly-free subalgebra’ of the chiral algebra:

(a) The G^{−A}_{− 12} changes the chiral primary to a supersymmetry descendant of the chiral primary, corresponding to a different supergravity particle in the gravity dual. Again, because we apply this supersymmetry operator on both left and right movers, the new supergravity quantum is bosonic. We now find that the indices carried by this quantum are those corresponding to a minimal scalar with both indices along the T^4 in the gravity description. Thus we have finally arrived at the supergravity quantum that we wanted to consider.

– 19 –

(b) The (J^−_0 )^k rotate the quantum in the S^3 directions. Before this rotation, the quantum numbers (m, m̄) were the highest allowed for the given supergravity particle state. The application of the (J^−_0 )^k, (J̄^−_0 )^k give us other members of the SU(2)_L × SU(2)_R multiplet.

(c) The L^N_{−1} move and boost the quantum around in the AdS, thus increasing its energy and momentum.

(v) Finally, we have a normalization constant. Below, we derive this in detail since the final expression for the radiation rate involves the factors appearing in this normalization.

4.1.1 Normalizing the initial state To find the normalization constant C_L, we take the Hermitian conjugate to find L AȦ ⟨ϕ^{l2 , l2 −k} N+1 | = −C^∗_{L NS}⟨∅| σ̃_{l+1}ϵ_{ȦḂ}ψ^{−Ḃ}_{12} ϵ_{AB} G^{+B}_{12} (J^+_0 )^kL^N_1 , (4.3)

and then compute the norm, L AȦ ⟨ϕ^{l2 , l2 −k} N+1 |ϕ^{l2 , l2 −k}_{N+1} ⟩ BḂ L = −|C_L|^2ϵ_{ȦĊ} ϵ_{AC NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} G^{+C}_{12} (J^+_0 )^kL^N_1 L^N_{−1}(J^−_0 )^kG^{−B}_{− 12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS}

= −|C_L|^2ϵ_{ȦĊ} ϵ_{AC NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} G^{+C}_{12} (J^+_0 )^k N∏ j=1 j(2L_0 + j − 1)

(J^−_0 )^kG^{−B}_{− 12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS}

= − N!(N + l + 1)!

(l + 1)!

|C_L|^2ϵ_{ȦĊ} ϵ_{AC NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} G^{+C}_{12} (J^+_0 )^k(J^−_0 )^kG^{−B}_{− 12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS} = − k! l! (l − k)! N!(N + l + 1)!

(l + 1)!

|C_L|^2ϵ_{ȦĊ} ϵ_{AC NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} G^{+C}_{12} G^{−B}_{− 12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS} = −2δ^B_A k! l! (l − k)! N!(N + l + 1)!

(l + 1)!

|C_L|^2ϵ_{ȦĊ NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} (L_0 + J^3_0 )ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS} .(4.4)

Proceeding with the calculation, one finds L AȦ ⟨ϕ^{l2 , l2 −k} N+1 |ϕ^{l2 , l2 −k}_{N+1} ⟩ BḂ L = −2(l + 1)δ^B_A k! l! (l − k)! N!(N + l + 1)!

(l + 1)!

|C_L|^2ϵ_{ȦĊ NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS} = −2δ^B_A N!(N + l + 1)!k! (l − k)! |C_L|^2ϵ_{ȦĊ NS}⟨∅| σ̃^0_{l+1}ψ^{−Ċ}_{12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS}

= 2 δ^B_A δ^Ḃ_Ȧ

N!(N + l + 1)!k! (l − k)! (l + 1)|C_L|^2, (4.5)

where we have used the fact that the chiral primary twist operators are correctly normalized. The factor of l + 1 comes from the fermion anticommutator, since in the twisted sector there

– 20 – are l + 1 copies of the fermion field that go into what we call ψ. One can understand this factor most easily by using Equation (A.24). By demanding that L AȦ ⟨ϕ^{l2 , l2 −k} N+1 |ϕ^{l2 , l2 −k}_{N+1} ⟩ BḂ L = δ^B_A δ^Ḃ_Ȧ , (4.6)

we conclude that the normalized state (with the left and right parts) is

|ϕ⟩^{AȦBḂ} = √ (l − k)!(l − k̄)! 4N!N̄!(N + l + 1)!(N̄ + l + 1)!k!k̄!(l + 1)^2 × L^N_{−1}(J^−_0 )^kG^{−A}_{− 12} ψ^{+Ȧ}_{− 12} L̄^{N̄}_{−1}(J̄^−_0 )^{k̄}Ḡ^{˙−B}_{− 12} ψ̄^{˙+Ḃ}_{− 12} σ^0_{l+1} |∅⟩_{NS} .

(4.7)

In this computation we use the identity k∏ j=1 ( jl − j(j − 1) ) = k! l! (l − k)! . (4.8)

4.1.2 The state in SO(4)_I notation In the gravity description it is natural to write the quantum as ϕ_{ij} , with vector indices ij of the internal symmetry group SO(4)_I of the T^4 directions. For CFT computations it is more useful to use indices AȦ for SU(2)_1 × SU(2)_2, as we do above. The conversion is achieved by |ϕ^{l2 , l2 −k} N+1 ⟩ i L = 1 √ 2 (σ^i)^{AȦ}ϵ_{AB} ϵ_{ȦḂ} |ϕ^{l2 , l2 −k}_{N+1} ⟩ BḂ L . (4.9)

We then have_i L ⟨ϕ^{l2 , l2 −k} N+1 |ϕ^{l2 , l2 −k}_{N+1} ⟩ j L = δ^{ij} . (4.10)

Similarly, one typically labels the angular momentum eigenstates in terms of (l, m_ψ, m_ϕ), instead of (l, m, m̄). The two bases are related via

m_ψ = −(m + m̄) m_ϕ = m − m̄, (4.11)

where the values on the right-hand side are the angular momenta of the initial state in the NS sector.

4.2 The final state In the supergravity description the initial state had one quantum in it. The emission process of interest leads to the emission of this quantum. Thus the final state has no quanta, and in the NS description is just the vacuum |f⟩ = |∅⟩_{NS} . (4.12)

– 21 –

4.3 The vertex operator

We need the vertex operator that emits the supergravity quantum described by the initial state |i⟩. Vertex operators describing supergravity particles are given by chiral primaries and their descendants under the anomaly-free part of the chiral algebra.

For the process of interest the emission vertex must have appropriate charges to couple to the supergravity field under consideration. Thus, one naturally concludes that the vertex operator has essentially the same structure as the state |i⟩, with two differences. First, the operator has charges that are opposite to the charges carried by the state. (We get a nonvanishing inner product between |i⟩ and the Hermitian conjugate of |i⟩.) Second, the operator does not have the L_{−1} modes present in the description of the CFT state. This is because applying an L_{−1} mode is equivalent to translating the location of the vertex insertion, and we have already chosen the insertion to be the point (σ, τ). Note that after applying the supercurrent to give the operator the correct SO(4)_I index structure, one finds that the operator already has the correct weight to couple to a minimal scalar in Equation (2.52) and form a scale invariant action.

The vertex operator, then, is given by (we drop the hat on the vertex operator from now on) ~V^{AȦBḂ} l,l−k−k̄,k−k̄(σ, τ) = 1 2 √ (l − k)!(l − k̄)! (l + 1)^2(l + 1)!^2 k! k̄!

(J^+_0 )^k(J̄^+_0 )^{k̄}G^{+A}_{− 12} ψ^{−Ȧ}_{− 12} Ḡ^{˙+B}_{− 12} ψ̄^{˙−Ḃ}_{− 12} σ̃^0_{l+1}(σ, τ).

(4.13) The subscript on the vertex operator V_{l,mψ ,mϕ} are the SO(4)_E angular momenta labels. Again the normalization is a crucial part of the final amplitude, so we perform it in more detail below.

Note that for l = 0, the vertex operator reduces to [∂X]^{AȦ}[ ¯∂X]^{BḂ} , the old ‘effective string’ coupling found by expanding the DBI action [4].

4.3.1 Mapping to the complex plane Before normalizing the vertex operator, we first map the operator from the cylinder onto the complex plane via z = e^{τ +iσ}. The vertex operator has weight^l_2 + 1 on both the left and the right, so we get ~V^{AȦBḂ} l,l−k−k̄,k−k̄(σ, τ) = |z| l+2 1 2 √ (l − k)!(l − k̄)! (l + 1)^2(l + 1)!^2 k! k̄! ( (J^+_0 )^k(J̄^+_0 )^{k̄}G^{+A}_{− 12} ψ^{−Ȧ}_{− 12} Ḡ^{˙+B}_{− 12} ψ̄^{˙−Ḃ}_{− 12} σ̃^0_{l+1}(z, z̄) ) z,z̄ = |z|^{l+2}V^{AȦBḂ}_{l,l−k−k̄,k−k̄}(z, z̄). (4.14)

4.3.2 Normalizing the vertex operator The left part of the vertex operator is given by V^{AȦ}_{L;l,k}(z) = N_L (( J^+_0 )_k G^{+A}_{− 12} ψ^{−Ȧ}_{− 12} σ̃^0_{l+1}(z) ) z . (4.15)

– 22 –

We need to normalize the vertex operator. To that end, we begin by writing its Hermitian conjugate:

V^{AȦ}_{L;l,k}^†(z) = −(−1)^{k+1}ϵ_{AB} ϵ_{ȦḂ} N^∗_L (( J^−_0 )_k G^{−B}_{− 12} ψ^{+Ḃ}_{− 12} σ^0_{l+1} (z) ) z = ϵ_{AB}ϵ_{ȦḂ} V^{BḂ}_{l,2l−k}(z), (4.16)

where the second equality is the condition needed to ensure the total interaction action is Hermitian.

The factor of (−1)^{k+1} comes from the G and the J_0’s. We illustrate below with J^+_0 : [( J^+_0 ) z ]_† = [∮ z dz^′ 2πi J^+(z^′) ]_†

= − ∮ z̄ dz̄^′ 2πi J^− (_1 z̄^′ ) 1 z̄^{′2} = − ∮ 1 z̄ dξ 2πi J^−(ξ) = − ( J^−_0

)_1 z̄ , (4.17)

where when making the change of variables ξ = 1/z̄^′ there are two minus signs. One comes from the Jacobian dz̄^′ = −1/ξ^2dξ, and the other comes from making the contour counterclockwise. The G_− 1_2 behaves in the same way; however, the ψ_− 1_2 is different: [ ( ψ^{−Ȧ}_{− 12} ) z ]_† = [∮ z dz^′ 2πi ψ^{−Ȧ}(z^′) z^′ − z ]_†

= −(−ϵ_{−+}ϵ_{ȦḂ} ) ∮ z̄ dz̄^′ 2πi ψ^{+Ḃ} (_1 z̄^′ ) 1 z̄^′(z̄^′ − z̄) = −ϵ_{ȦḂ} ∮ 1 z̄ dξ 2πi ψ^{+Ḃ} (ξ) 1 ξ (_1 ξ − z̄ )

= ϵ_{ȦḂ} z̄ ∮ 1 z̄ dξ 2πi ψ^{+Ḃ} (ξ) ξ −^1_{z̄} = ϵ_{ȦḂ} z̄ ( ψ^{+Ḃ}_{− 12}

)_1 z̄ ; (4.18)

it receives an extra minus sign from the integrand.

We use the notation ⟨·⟩ =_{NS} ⟨∅| · |∅⟩_{NS} (4.19) for the NS-vacuum expectation value. Proceeding with the normalization, the 2-point function

– 23 – is given by ⟨ V^{AȦ}_{L;l,k}^†(z)V^{BḂ}_{L;l,k}(0) ⟩ = (−1)^{k+2}|N_L|^2ϵ_{AC} ϵ_{ȦĊ} ⟨( ( J^−_0 )_k G^{−C}_{− 12} ψ^{+Ċ}_{− 12} σ^0_{l+1} (z) ) z ( ( J^+_0 )_k G^{+B}_{− 12} ψ^{−Ḃ}_{− 12} σ̃^0_{l+1}(0) ) 0 ⟩

= −|N_L|^2ϵ_{AC} ϵ_{ȦĊ} ⟨( ψ^{+Ċ}_{− 12} σ^0_{l+1} (z) ) z ( G^{−C}_{− 12} ( J^−_0 )_k( J^+_0 )_k G^{+B}_{− 12} ψ^{−Ḃ}_{− 12} σ̃^0_{l+1}(0) ) 0 ⟩

= −|N_L|^2ϵ_{AC} ϵ_{ȦĊ} k! l! (l − k)! ⟨( ψ^{+Ċ}_{− 12} σ^0_{l+1} (z) ) z ( G^{−C}_{− 12} G^{+B}_{− 12} ψ^{−Ḃ}_{− 12} σ̃^0_{l+1}(0) ) 0 ⟩

= 2|N_L|^2δ^B_A ϵ_{ȦĊ} k! l! (l − k)! ⟨( ψ^{+Ċ}_{− 12} σ^0_{l+1} (z) ) z ( L_{−1}ψ^{−Ḃ}_{− 12} σ̃^0_{l+1}(0) ) 0 ⟩

= 2|N_L|^2δ^B_A ϵ_{ȦĊ} k! l! (l − k)! lim_{v→0} ∂_v ⟨( ψ^{+Ċ}_{− 12} σ^0_{l+1} (z) ) z ( ψ^{−Ḃ}_{− 12} σ̃^0_{l+1}(v) ) v ⟩

= 2|N_L|^2δ^B_A ϵ_{ȦĊ} ϵ^{ĊḂ} k! l! (l − k)! lim_{v→0} ∂_v l + 1 (z − v)^{l+1} = 2|N_L|^2δ^B_A δ^Ḃ_Ȧ k! (l + 1)! (l − k)! (l + 1) 1 z^{l+2} . (4.20)

The factor of l + 1 has the same origin as in the normalization of the initial state. Using the above, one finds

N_L = 1 √ 2 √ (l − k)! k! (l + 1)!(l + 1)

, (4.21)

and thus the left part of the vertex operator is V^{AȦ}_{L;l,k}(z) = 1 √ 2 √ (l − k)! k! (l + 1)!(l + 1) (( J^+_0 )_k G^{+A}_{− 12} ψ^{−Ȧ}_{− 12} σ̃^0_{l+1}(z) ) z . (4.22)

The normalization is chosen such that the vertex operator in the complex plane satisfies ⟨V^{AȦBḂ} l,−m_ψ,−m_ϕ (z)V CĊDḊ l,m_ψ ,m_ϕ (0)⟩ = ϵ^{AC} ϵ^{ȦĊ} ϵ^{BD}ϵ^{ḂḊ} |z|^{l+2} ⟨V^{ij}_{l,−mψ,−mϕ} (z)V^{kl}_{l,mψ ,mϕ} (0)⟩ = δ^{ik}δ^{jl} |z|^{l+2} . (4.23)

Note that this is the normalization of the operator corresponding to one particular way of permuting l + 1 copies of the CFT. As mentioned earlier, the actual vertex operator coupling to ϕ_{ij} is a symmetrized sum over all possible ways of permtuing l + 1 copies from the N_1N_5 available copies. We discuss the combinatorics of this choice in Section 7 below, and at that time note the extra normalization factor which is needed to agree with (2.27).

5. Using spectral flow

We wish to relate a CFT amplitude computed in the NS sector, A^′ = ⟨f^′| V(z, z̄) |i^′⟩ , (5.1)

– 24 – to an amplitude in the Ramond sector, since the physical D1D5 system has its fermions periodic around the y circle. In this section, we show how to spectral flow [61, 62, 63] the computation in the NS sector to the physical problem in the R sector. Furthermore, we find that we can relate this NS sector computation to a whole family of Ramond sector amplitudes, and each member of the family describes a different physical emission process.

If spectral flowing the states |i^′⟩ and |f^′⟩ by α units is given by |i^′⟩ → |i⟩ = U_α |i^′⟩ ⟨f^′| → ⟨f| = ⟨f^′| U_{−α}, (5.2) then we can compute the amplitude in the Ramond sector by using A_{Ramond} = ⟨f| V(z, z̄) |i⟩ = ( ⟨f| U_α )( U_{−α}VU_α )( U_{−α} |i⟩ ) = ⟨f^′| V^′(z, z̄) |i^′⟩ . (5.3) Note that one finds V^′ by spectral flowing V by −α units.

We need to determine how the vertex operator transforms under spectral flow. First, we demonstrate that the Gψ part is unaffected, since ( G^{+A}_{− 12} ψ^{−Ȧ}_{− 12} ) z = ∮ z dz_1 2πi ∮ z dz_2 2πi G^{+A}(z_1)ψ^{−Ȧ}(z_2) z_2 − z = − ∮ z dz_1 2πi ∮ z dz_2 2πi [∂X(z_2)]^{ȦA} (z_2 − z)(z_1 − z_2)

(5.4)

and the bosons are unaffected by spectral flow.

Therefore, we need only spectral flow the k J^+_0 ’s and the chiral primary. The effect of spectral flow by negative α units on chiral (h = m) and anti-chiral primaries (h = −m) is very simple:

O^′_{c.p.}(z) = z^{αm}O_{c.p.}(z) O^′_{a.c.p.}(z) = z^{αm}O_{a.c.p.}(z). (5.5)

One can see this most directly after bosonizing the fermions; see Appendix A.9 for details.

Under spectral flow by −α units the J^± transform as

J^±(z) → z^{±α}J^±(z), (5.6)

from which we see that

(J^+_0 )_z = ∮ z dz^′ 2πi J^+(z^′) → ∮ z dz^′ 2πi J^+(z^′)z^{′α} = z^α(J^+_0 )_z + αz^{α−1}(J^+_1 )_z + . . . . (5.7)

Only the first term contributes since the positive modes annihilate a chiral primary. Therefore, we conclude that spectral flowing the vertex operator by −α units has the effect of V^′_{l,l−k−k̄,k−k̄}(z, z̄) = z^{−α( l2 −k)}z̄^{−ᾱ( l2 −k̄)}V_{l,l−k−}¯_{k,k−}¯_k(z, z̄). (5.8) Thus we observe that we can spectral flow the initial and final states, keep the vertex operator unchanged, and compute the amplitude A^′ = ⟨f^′| V(z, z̄) |i^′⟩ . (5.9)

– 25 –

The result we want, A_{Ramond}, is then given by

A_{Ramond} = z^{−α( l2 −k)}z̄^{−ᾱ( l2 −k̄)} ⟨f^′| V(z, z̄) |i^′⟩ = z^{−α( l2 −k)}z̄^{−ᾱ( l2 −k̄)}A^′. (5.10)

Here α is chosen to have a value that spectral flows from the NS to the Ramond sector, but this can be achieved by any odd integral value of α:

α = (2n + 1) ᾱ = (2n̄ + 1) n, n̄ ∈ Z. (5.11)

For these values of α the initial and final states have weight and charge

h = h^′ + (2n + 1)m^′ + (2n + 1)^2 c_{tot.} 24 m = m^′ + (2n + 1) c_{tot.} 12 , (5.12)

where c_{tot.} is c = 6 times the number of copies being spectral flowed. A similar relation holds on the right sector.

In our present computation in the NS sector, we have

h^′_i = l 2 + N + 1 h^′_f = 0

m^′_i = l 2 − k m^′_f = 0. (5.13)

In the next section we look at the Ramond sector process for α = ᾱ = 1. In this case the weights and charges of the Ramond sector states are

h_i = l 2 + N + 1 + ( l 2 − k ) + l + 1 4 h_f = (l + 1) 1 4 m_i = l 2 − k + l + 1 2 m_f = (l + 1) 1 2 . (5.14)

We see that the final state has the weight and charge of the ‘spin-up’ Ramond vacuum, while the initial state has the correct weight and charge above the Ramond vacuum. Although the current calculation is α = 1, we leave α as an explicit parameter in following calculations for later use and illustration.

In section 9, the full α and ᾱ dependence is of physical interest, since how big α and ᾱ are roughly corresponds to how nonextremal the initial state is.

6. Evaluating the CFT amplitude

Let us now compute the amplitude A^{′AȦ}(σ, τ) = ⟨f^′| ~V(σ, τ) |i^′⟩ = |z|^{l+2} ⟨f^′| V(z, z̄) |i^′⟩ . (6.1)

– 26 –

We choose the charges of the initial state and the vertex operator so that we get a nonvanishing amplitude. The nonvanishing amplitude is A^{′AȦ}_L = 1 √ 2 (σ^ī)_{BḂ} z^{l2 +1} √ (l − k)! 2(l + 1)(l + 1)! k! NS ⟨∅| ( (J^+_0 )^kG^{+A}_{− 12} ψ^{−Ȧ}_{− 12} σ̃^0_{l+1} ) z × √ (l − k)! 2N!(N + l + 1)!k!(l + 1) ( (J^−_0 )^kG^{−B}_{− 12} L^N_{−1}ψ^{+Ḃ}_{− 12} σ^0_{l+1} ) 0 |∅⟩_{NS} , (6.2)

where A, Ȧ and ī are free indices. The ī is the index of the initial state excitation and A, Ȧ are the indices on the vertex operator. We have commuted the L_{−1}’s to the right for calculational convenience.

To evaluate the correlator, we first note the subscript z on the first parenthetical expression indicates that the contours for the modes circle z. Since there are no obstructions, we can shift the contour to orbit the origin instead. We have

(−1)^{k+1} ⟨( ψ^{−Ȧ}_{− 12} σ̃^0_{l+1} ) z ( G^{+A}_{− 12} (J^+_0 )^k(J^−_0 )^kG^{−B}_{− 12} L^N_{−1}ψ^{+Ḃ}_{− 12} σ^0_{l+1} ) 0 ⟩

= (−1)^k2 k! l! (l − k)! ϵ^{AB}ϵ^{+−} ⟨( ψ^{−Ȧ}_{− 12} σ̃^0_{l+1} ) z ( L^{N+1}_{−1} ψ^{+Ḃ}_{− 12} σ^0_{l+1} ) 0 ⟩ . (6.3)

For the final step, we should note the action of L_{−1} on a primary field O is

L_{−1}O(0) = ∮ dz 2πi T (z)O(0) = ∂O(0); (6.4)

therefore, we may write ⟨( ψ^{−Ȧ}_{− 12} σ̃^0_{l+1} ) z ( L^{N+1}_{−1} ψ^{+Ḃ}_{− 12} σ^0_{l+1} ) 0 ⟩ = lim_{v→0} ∂^{N+1}_v ⟨( ψ^{−Ȧ}_{− 12} σ̃^0_{l+1} ) z ( ψ^{+Ḃ}_{− 12} σ^0_{l+1} ) v ⟩

= −ϵ^{ȦḂ} lim_{v→0} ∂^{N+1}_v l + 1 (z − v)^{l+1} = −ϵ^{ȦḂ} (N + l + 1)!(l + 1) l! 1 z^{l+N+2} . (6.5)

Finally, one finds the left amplitude reduces to the simple form

A^{′AȦ}_L = (−1)^k 1 √ 2 (σ^ī)^{AȦ} 1 z^l2^{+N+1} √( N + l + 1 N ) . (6.6)

From Equation (5.10), we find that the left part of the CFT amplitude in the Ramond sector is given by A^{AȦ}_L = z^{−α( l2 −k)}A^′_L = (−1)^k 1 √ 2 (σ^ī)^{AȦ} 1 z^{(1+α) l}2^{−αk+N+1} √( N + l + 1 N ) . (6.7)

– 27 –

Finally, converting back to SO(4) indices for the vertex operator, one gets in the Ramond sector

A^ī_L(z) = 1 √ 2 (σ^ī)_{AȦ}A^{AȦ}_L

= (−1)^{k+1} 1 z^{(1+α) l}2^{−αk+N+1} √( N + l + 1 N ) , (6.8)

The free index ī and a similar index from the right movers j̄ correspond to the indices ϕ_{ij} for the field coupling to the emission vertex.

7. Combinatorics

The full CFT has N_1N_5 copies of the basic c = 6 CFT. In the above section, we took a set of l + 1 copies twisted together, and look at an emission process where the emission vertex untwists these copies. Now, we must put this computation in its full CFT context, by doing the following:

(i) We must compute the combinatorics of how we pick the particular way of twisting l + 1 copies in the initial state from all N_1N_5 copies.

(ii) We must similarly consider all the ways that the vertex operator can twist copies. This allows us to normalize the vertex operator in the full theory so that we reproduce (2.27).

(iii) We can take the limit N_1N_5 → ∞ to get the ‘classical limit’ of the D1D5 system; the result in this limit should agree with the computation in the dual supergravity theory.

In fact we start with something a little more general. We assume that the initial state has ν quanta of the same kind, and let the emission process lead to the final state with ν − 1 quanta. We then observe a Bose enhancement of the emission amplitude by a factor √ ν, which agrees with the enhancement observed in both CFT and dual gravity computations in [14].

7.1 The initial state

We wish to have ν excitations, each of which involve twisting together l + 1 copies of the c = 6 CFT. We can pick the needed copies in any way from the full set of N_1N_5 copies, and because of the orbifold symmetry between these copies the state must be a symmetrized sum over these possibilities: |Ψ_ν ⟩ = C_ν [ |ψ^1_ν ⟩ + |ψ^2_ν ⟩ + . . . ] , (7.1)

where C_ν is the overall normalization and each |ψ^i_ν ⟩ is individually normalized. To understand what we are doing better, note that the state |ψ^1_ν ⟩ can be written schematically as

|ψ^1_ν ⟩ = | |[12 · · · (l + 1)][(l + 2) · · · 2(l + 1)] · · · [(ν(l + 1) − l) · · · ν(l + 1)]⟩ , (7.2)

– 28 – where the numbers in the square brackets are indicating particular ways of twisting individual strands corresponding to particular cycles of the permutation group. For instance,

|[1234]⟩ , (7.3)

indicates that we twist strand 1 into strand 2 into strand 3 into strand 4 into strand 1 and leave strands 5 through N_1N_5 untwisted.

Our first task is to determine the number of terms in Equation (7.1) and thereby its normalization C_ν . To count the number of states we imagine constructing one of these states and see how many choices we have along the way. First, we choose ν(l + 1) of the total N_1N_5 strands that are going to be twisted in some way. The remaining strands are untwisted. Those ν(l + 1) strands must now be broken into sets of l + 1. To do this, we first choose l + 1 of the ν(l + 1), then the next set of l + 1 from the remaining (ν − 1)(l + 1), and so on. Note that |[12][34]⟩ = |[34][12]⟩, and so there is no sense in talking about the ‘first’ set versus the ‘second set’. Therefore we should divide by the number of ways to rearrange the ν sets of l + 1. Finally, we should choose a particular cycle for each set of (l + 1); since it does not matter where we start on the final cycle, this gives a factor l! for each twisted cycle. Putting all of these factors together yields the number of terms in Equation (7.1),

N_{terms} = ( N_1N_5 ν(l + 1) ) × ( ν(l + 1) l + 1 )( (ν − 1)(l + 1) l + 1 ) · · · ( l + 1 l + 1 ) × 1 ν! × (l!)^ν = (N_1N_5)!

(l + 1)^ν ν![N_1N_5 − ν(l + 1)]!

. (7.4)

Without loss of generality, let us choose C_ν to be real, which gives

C_ν = [ (N_1N_5)!

(l + 1)^ν ν![N_1N_5 − ν(l + 1)]!

]_− 1_2 . (7.5)

7.2 The final state The final state is simply |Ψ_{ν−1}⟩, with its corresponding normalization C_{ν−1}.

7.3 The vertex operator The vertex operator can twist together any l + 1 copies of the CFT with any l + 1-cycle, and it should be written as a symmetrized sum over these possibilities:

V_{sym} = C ∑ i V_i. (7.6)

Since the joined copies form a single long loop, the order of copies matters but not which copy is the ‘first one’ in the loop. Thus the number of terms in the sum is ( N_1N_5 l + 1 ) l! =

(N_1N_5)!

(l + 1)[N_1N_5 − (l + 1)]!

. (7.7)

This gives the normalization C = [ (N_1N_5)!

(l + 1)[N_1N_5 − (l + 1)]!

]_− 1_2 . (7.8)

– 29 –

7.4 The amplitude To compute the amplitude ⟨Ψ_{ν−1}| V_{sym} |Ψ_ν ⟩ , (7.9) we have to count the different ways that terms in the initial state can combine with terms in the vertex operator and terms in the final state to produce a nonzero amplitude. For a given initial state term |ψ^i_ν ⟩, there are exactly ν vertex operators V_i that can de-excite it into a final state. There is only one final state that works, obviously. Thus the number of ways that we can get a nonzero amplitude is simply

νN_{terms} = ν C^2_ν . Let ⟨ψ^1_{ν−1}| V_1 |ψ^1_ν ⟩ (7.10) be the amplitude obtained by using only one allowed initial state |ψ^1_ν ⟩ from the set in Equation (7.1) and one allowed vertex operator V_1 from the set in Equation (7.6). Then we have

⟨Ψ_{ν−1}| V_{sym.} |Ψ_ν ⟩ = CC_ν C_{ν−1} · ν C^2_ν

⟨ψ^1_{ν−1}| V_1 |ψ^1_ν ⟩ = √ ν √ [N_1N_5 − (ν − 1)(l + 1)]![N_1N_5 − (l + 1)]!

[N_1N_5 − ν(l + 1)]!(N_1N_5)!

⟨ψ^1_{ν−1}| V_1 |ψ^1_ν ⟩ .(7.11)

7.5 The large N_1N_5 limit We are ultimately interested in the limit of large N_1N_5. Then we have

[N_1N_5 − (ν − 1)(l + 1)]!

[N_1N_5 − ν(l + 1)]!

−→ (N_1N_5)^{l+1}

[N_1N_5 − (l + 1)]!

(N_1N_5)!

−→ (N_1N_5)^{−(l+1)}, (7.12)

which gives ⟨Ψ_{ν−1}| V_{sym.} |Ψ_ν ⟩ −→ √ ν ⟨ψ^1_{ν−1}| V_1 |ψ^1_ν ⟩ . (7.13) The prefactor √ ν gives a ‘Bose enhancement’ effect which tells us that if we start with ν quanta, the amplitude to emit another quantum is amplified by a factor √ ν (compared to the case when there was only one quantum). This gives an enhancement ν in the probability, which just tells us that if we start with ν quanta in the initial state, then the rate of emission is proportional to ν.

8. The Rate of Emission

We now put together all the computations of the above sections to get the emission rate for a quantum from the excited CFT state. We need to do the following:

(i) We use (7.13) to relate the decay amplitude for one (l+1)-permutation to the amplitude with all the required symmetrizations put in

⟨Ψ_0| V_{sym.} |Ψ_1⟩ = √ ν ⟨ψ^1_0 | V_1 |ψ^1 ⟩ . (8.1)

– 30 –

(ii) From Equation (6.8), we have the decay amplitude for a given l + 1-permutation (we put the right sector back in now):

⟨ψ^1_0 | V_1 |ψ^1 ⟩ = A^{īj̄}(z, z̄)

= (−1)^{k+k̄} √( N + l + 1 N )(¯ N + l + 1 N̄ ) z^{−(α+1) l2 +αk−N−1}z̄^{−(ᾱ+1) l2 +ᾱk̄−N̄−1}. (8.2)

We now rotating back to Lorentzian signature and replacing τ, σ by the physical (t, y) coordinates. Note that we are still working with a CFT with spatial section of ‘unit size’ where the spatial circle has length (2π). The ‘unit-sized’ amplitude is thus

A^{īj̄}_{unit}(t, y) = (−1)^{k+k̄} √( N + l + 1 N )(¯ N + l + 1 N̄ )

× e^{iR} (^{−(α+1) l2 +αk−N−1})^{(y+t)}e^{− iR} (^{−(ᾱ+1) l2 +ᾱk̄−N̄−1})^{(y−t)}. (8.3)

(iii) From Equation (8.3) or by comparing the initial and final states, we can read off

E_0 = 1 R [ (α + ᾱ + 2)^l_2 − αk − ᾱk̄ + N + N̄ + 2 ] = 1 R [ 2l − k − k̄ + N + N̄ + 2 ] λ_0 = 1 R [ −(α − ᾱ)^l_2 + αk − ᾱk̄ − N + N̄ ] = 1 R [ k − k̄ − N + N̄ ] , (8.4)

where we have set α = ᾱ = 1 for the physical process of interest. We also can determine the ‘unit-sized’ amplitude with the position dependence removed,

⟨f| V |i⟩_{unit} = A^{īj̄}_{unit}(0, 0) = (−1)^{k+1} √ ν √( N + l + 1 N )(¯ N + l + 1 N̄ ) . (8.5)

Putting this into Equation (2.65), one finds the final emission rate dΓ dE = ν 2π 2^{2l+1}l!^2

(Q_1Q_5)^{l+1} R^{2l+3}

(E^2 − λ^2)^{l+1} ( N + l + 1 N )(¯ N + l + 1 N̄ ) δ_{λ,λ0} δ(E − E_0). (8.6)

This is the emission rate for one of ν excitations in the CFT to de-excite and emit a supergravity particle with energy E_0, S^1-momentum λ_0, and angular momentum

m_ψ = −(m + m̄) = −l + k + k̄ m_ϕ = m − m̄ = k̄ − k. (8.7)

The angular momentum can be read off from the angular momentum of the NS sector initial state, or the difference in angular momentum between the initial and final physical states.

The expression for the emission rate obtained above matches the one obtained in [24] where it is given in a slightly different form. There the expression for a minimally coupled scalar to be absorbed into the geometry and re-emerge is given in Equation (5.34) along with

– 31 – the time of travel in Equation (5.33). The total probability is the product of the probabilities to be absorbed and to re-emerge, which are equal. Therefore, the rate of emission is the square root of the total probability, with the energy and other quantum numbers taking the corresponding values for excitations in the background, divided by the time of travel. This expression is seen to match the emission rate obtained above.

9. Emission from nonextremal microstate

From a physics point of view the emission computed above corresponds to a very simple process. We take an extremal 2-charge D1D5 microstate, excite it by adding a quantum, and compute the rate at which the state de-excites by emitting this quantum.

But this same computation can be slightly modified to obtain the emission rate for a more interesting physical process. We start with a nonextremal D1D5 microstate which has a large energy above extremality. This particular microstate is obtained by taking an extremal D1D5 microstate and performing a spectral flow on both the left and right moving sectors. Such a spectral flow adds fermionic excitations to every component string. Thus we get a large energy above extremality, not just the energy of one nonextremal quantum as was the case with our earlier computations [23, 24, 12].

This nonextremal state emits radiation, and we wish to compute the rate of emission after ν quanta have been emitted. We again get the ‘Bose enhancement’ like that in (7.13), so that the rate of emission keeps increasing as more quanta are emitted. In [14] it was shown that the resulting decay behavior is exactly the Hawking radiation expected from this particular microstate. But the computation of [14] was restricted to certain choices of spins and excitation level N = 0 for the emitted quantum; now we are able to get a general expression for all values of spins and N.

9.1 The CFT process As discussed earlier, the physical D1D5 system is in the Ramond sector. We can relate Ramond sector states to NS sector states by spectral flow. Recall that under spectral flow the dimensions and charges change as follows:

h^′ = h + αm + cα^2 24 m^′ = m + cα 12 . (9.1)

If we start with the NS vacuum |∅⟩_{NS} and spectra flow by α = 1, we reach the Ramond vacuum state with h =^c_{24} . But we can also reach a Ramond state by spectral flow by α = 3, 5, . . . , which are excited states with energy more than the energy of the Ramond vacua. Let us take our initial state in the Ramond sector to be the state obtained by spectral flow of |∅⟩_{NS} by α = 2n + 1 on the left and ᾱ = 2n̄ + 1 on the right. The spectral flow adds fermions to the left and right sectors, raising the level of the Fermi sea on both these sectors. Thus we get an excited state of the D1D5 system, which we depict in Fig. 4(b).

– 32 –

(a)

spectral flow −−−−−−−−−−→

(b) Figure 4: (a) The NS vacuum state in the CFT and (b) the CFT state after spectral flow. The arrows at the center of the circle indicate the ‘base spin’ of component strings in the Ramond sector. The wavy arrows on top (bottom) of the strands represent fermionic excitations in the left (right) sector.

The vertex operator we have constructed can twist together l + 1 copies of the CFT. In our earlier computation, we started with a set of twisted copies, and the vertex operator ‘untwisted’ these, leading to a final state with no twists. This time the initial state has all copies of the CFT ‘untwisted’, but these copies are all in an excited state. The vertex operator can therefore twist together l + 1 copies, leading to a twisted component string in the final state. Even though twisting a set of strings increases the energy, this component string in the final state can have lower energy than the strings in the initial state because of the fermionic excitations present on the initial component strings. The energy difference between the initial and final states is the energy of the emitted supergravity particle.

Let us now set up the CFT computation needed for this process. We observe that the amplitude can be obtained in a simple way from the amplitude that we have already computed.

9.2 The initial state

As before, we do all our computations in the NS sector. If we spectral flow the starting state depicted in Fig. 4(b) by −(2n + 1) units, we arrive at the NS vacuum |∅⟩_{NS} depicted in Fig. 4(a). It may appear that this vacuum state cannot lead to any emission, but recall that we have used spectral flow only as a technical trick; the actual initial state has a much higher energy, and indeed leads to emission.

If we wanted to start with this state and proceed with the computation we would set |i^′⟩ = |∅⟩_{NS} . But we instead look at a slightly more general situation where ν −1 quanta have already been emitted. In this case, the initial state looks like the one depicted in Fig. 6(c), where ν − 1 sets of l + 1 copies have already been twisted together.

This may look like a complicated initial state, but we look only at a specific amplitude: the amplitude for emission of a further quantum of the same kind as the quanta already present. This process therefore requires us to take l + 1 of the untwisted copies of the CFT, and use the vertex operator to twist them together. The other copies of the CFT are unaffected by the vertex operator. Thus, for the purposes of computing the amplitude, the initial state of the l + 1 copies of interest is |i^′⟩ = |∅⟩_{NS} . (9.2)

– 33 –

(a) The initial state in the NS sector (b) The final state in the NS sector

(c) The initial state in the Ramond sector (d) The final state in the Ramond sector

Figure 5: The initial and final states for the emission process discussed in Sections 4, 6, and 8. The pictures correspond to ν = 2 and l = 1 emission. The straight arrows pointing up (down) on the loops indicate bosonic excitations in the left (right) sector.

9.3 The final state

The final state is determined by the fact that we are looking for the amplitude to transition to a supergravity state, and we have a unique supergravity excitation with given twist and angular quantum numbers. Working again in the NS sector, arrived at by spectral flow by −(2n + 1) units, we get |f^′⟩ = |ϕ^{l2 , l2 −k}_{N+1} ⟩ ; (9.3)

the initial state of our previous calculation.

9.4 The vertex operator

The vertex operator is independent of the states it acts on. It is completely determined by the supergravity scalar to which it couples in Equation (2.52).

We now see that the present process is similar to the amplitude we computed earlier if we reverse the direction of time τ. That is, the initial state now is untwisted, while in our earlier computation the final state was untwisted. The vertex operator then leads to a final twisted state, and since there is a unique supergravity state with given quantum numbers, we can write down this state.

9.5 Relating the emission amplitude to the earlier computed amplitude

We term the supergravity excitation emission in the previous sections ‘untwisting’ emission since a twisted component string in the initial state ‘untwists’ under the action of the vertex operator and leads to a final state with no twists. We call the emission of the present section

– 34 –

(a) The initial state in the NS sector (b) The final state in the NS sector

(c) The initial state in the Ramond sector (d) The final state in the Ramond sector

Figure 6: The initial and final states for the nonextremal emission process discussed in Section 9. The specific case depicted is ν = 2 and l = 1.

‘twisting’ emission since the initial state has no twists, and the vertex operator leads to a twisted component string in the final state.

By comparing the initial and final states of the two process, we immediately see that the current NS sector twisting amplitude is simply the Hermitian conjugate of the previous NS sector untwisting amplitude,

A^{′twisting} l,m_ψ ,m_ϕ (t, y) = [ A^{′untwisting} l,−m_ψ,−m_ϕ (−t, y) ]_† , (9.4)

with flipped SO(4)_E charges and reversed time. In the complex plane, this statement becomes

A^{′twisting} l,m_ψ ,m_ϕ (z, z̄) = [ A^{′untwisting} l,−m_ψ,−m_ϕ (_1 z̄ ,^1_z )]_† . (9.5)

To see the above relation explicitly, consider the Hermitian conjugate of the previous, untwisting amplitude: [ A^{′untwisting} l,m_ψ,m_ϕ (z, z̄) ]_† = [ |z|^{l+2} ⟨f^′| V_{l,mψ ,mϕ} (z, z̄) |i^′⟩ ]_† = |z|^{l+2} ⟨i^′| [ V_{l,mψ ,mϕ} (z, z̄) ]_† |f^′⟩ = 1 |z|^{l+2} ⟨i^′| V_{l,−mψ,−mϕ} (_1 z̄ ,^1_z ) |f^′⟩ , (9.6)

where the i^′ and f^′ are from the previous calculation. The amplitude we now wish to compute is (in terms of the previous calculation’s states)

A^{′twisting} l,m_ψ ,m_ϕ (z, z̄) = |z| l+2 ⟨i^′| V_{l,mψ ,mϕ} (z, z̄) |f^′⟩ (9.7) Comparing these two expressions, one arrives at Equation (9.5).

– 35 –

From Equation (6.8), we have

A^{′untwisting}(z, z̄) = (−1)^{k+k̄} √( N + l + 1 N )(¯ N + l + 1 N̄ ) z^{− l2 −N−1}z̄^{− l2 −N̄−1}, (9.8) and so using Equation (9.5) gives

A^{′twisting} = (−1)^{k+k̄} √( N + l + 1 N )(¯ N + l + 1 N̄ ) z^{l2 +N+1}z̄^{l2 +N̄+1}. (9.9)

Note that this amplitude is in the NS sector, and before we can use it to get emission we have to spectral flow it to the Ramond sector. Spectral flowing by α = 2n + 1 units to the Ramond sector gives

A^{(α,ν)}_{twisting} = z^{−α( l2 −k)}z̄^{−ᾱ( l2 −k̄)}A^{′(ν)}_{twisting}

= (−1)^{k+k̄} √ ν √( N + l + 1 N )(¯ N + l + 1 N̄ ) z^{l2 +N+1−α( l2 −k)}z̄^{l2 +N̄+1−ᾱ( l2 −k̄)},(9.10)

where we have put the combinatoric factor in as well. Note that the combinatorics work out the same as before since the combinatorics cannot be affected by Hermitian conjugation; however, the interpretation is different. The initial state starts with ν −1 sets of (l+1)-twisted component strings, while the final state has ν (l + 1)-twisted component strings. Therefore, if at some initial time all of the strands were untwisted and each twist corresponds to an emitted supergravity particle, then the above is the amplitude for the emission of the νth particle.

Comparing Equation (9.10) with Equation (8.2), we see that the amplitudes agree except for the power of z, which is different because of the different energies of the concerned states in the two processes. Thus we can immediately write down the emission rate for the νth particle from the cap into the flat space dΓ dE = ν 2π 2^{2l+1}l!^2

(Q_1Q_5)^{l+1} R^{2l+3}

(E^2 − λ^2)^{l+1} ( N + l + 1 N )(¯ N + l + 1 N̄ ) δ_{λ,λ0} δ(E − E_0) (9.11)

where

E_0 = 1 R [ (α + ᾱ − 2)^l_2 − αk − ᾱk̄ − N − N̄ − 2 ] λ_0 = 1 R [ −(α − ᾱ)^l_2 + αk − ᾱk̄ + N − N̄ ] . (9.12)

For sufficiently large α or ᾱ, E_0 is positive and the physical process is emission and not absorption. In taking the hermitian conjugate we have flipped the the angular momentum of the emitted particle from that in Equation (8.7); therefore, the above emission rate is for

m_ψ = l − k − k̄ m_ϕ = k − k̄. (9.13)

– 36 –

One can check that the emission rate above agrees with the emission rate from the gravity dual [13, 14]. Such a check was carried out in [14] only for states with excitation level N = 0, because it was not clear how to construct the initial state for N > 0 in the effective string description of the D1D5 bound state. With our present construction of states and vertex operators in the orbifold CFT, we can compute amplitudes for emission of supergravity quanta from all initial states containing supergravity excitations.

10. Discussion

The D1D5 system is described by a 1+1 dimensional CFT, just as D3 branes give rise to a 3+1 dimensional Yang-Mills CFT. The Yang-Mills case has a simple ‘free’ point where the coupling vanishes and computations are simple. The analog of the ‘free’ point for the 1+1 CFT is expected to be the orbifold CFT.

Even though the orbifold CFT is expected to be ‘simple’, one faces the complication that the orbifold group is nonabelian (it is the permutation group S_{N1N5} ). Thus computations of 3-point functions take more effort than would be required in a free theory or an orbifold theory with an abelian orbifold group [57, 64, 65, 66].

Our goal is to relate CFT computations to gravity computations, particularly those related to black holes. In this paper we have made definitive progress toward this end. First we set up a general formalism relating amplitudes computed in the CFT to scattering amplitudes for quanta incident from flat infinity. This is important because the quanta coming from flat infinity do not directly reach the AdS boundary; they have to pass through an ‘intermediate region’, which introduces a deformation that we must consider in general. However, for minimal scalars, which we considered in detail, it turns out that the intermediate region does not introduce a deformation.

Next, we constructed the vertex operators that describe the emission and absorption of supergravity particles. While some supergravity quanta are described by chiral primary operators, others arise from the descendants of these operators obtained by acting with the anomaly-free part of the chiral algebra. The minimal scalars that we considered arise as descendants, and we constructed these operators and normalized them.

We then computed the amplitude of emission from a simple excited state of the D1D5 system. This computation is performed most easily by spectral flowing the system to the NS sector. We examined how spectral flow changed the states and vertex operator, we performed the computation in the NS sector, and then we spectral flowed back to the Ramond sector where the physical theory actually lives.

To finish this computation we had to take into account combinatoric factors that count the different ways in which we can permute the copies of the orbifold theory involved in the interaction. Through these steps, we obtained the rate of emission of quanta from the excited D1D5 CFT state. We then compared the rate to the known result in the dual gravity description, and found exact agreement. It is true that the CFT and gravity theories

– 37 – hold at different couplings, but it is well known that simple low energy processes involving supergravity quanta often agree at leading order between the two descriptions.

Finally we noted that the CFT amplitude we computed above could be related to the CFT amplitude for a different process: emission from a highly excited state obtained by spectral flow from the CFT vacuum state. Again the emission rate computed from the CFT was found to agree exactly with the emission rate obtained in the gravity description [13].

Note that once we normalize the CFT 2-point function to agree with the gravity 2-point function, we will get an agreement between the CFT and gravity for all processes that involve only the 2-point function. We have made such a normalization using the short distance behavior of the 2-point function in the CFT, and then used this to compute emission: a process that depends on ‘long distance physics’ because it depends on the length of the effective string. Our physics goal is to compare the emission rate found from ergoregion instability in [13] with a CFT computation; which is what we achieve in the end.

Such comparisons of emission rates between CFT and gravity computations have been performed many times in the past [4, 5, 6, 14], but the vertex leading to emission was previously modeled somewhat heuristically. In particular, in [14] the heuristic vertex was used to get the emission for supergravity quanta with N = 0 (the lowest energy state in a given angular momentum sector), but it was not clear how to make the CFT state for higher N. In the present paper we have constructed the CFT state for all N, so emissions of all supergravity quanta can be computed. It is hoped that these explicit constructions will allow us to perform a large set of further computations, including those that lead to deformations away from the orbifold point.

Acknowledgments

We are grateful for collaboration with J. Michelson very early on in the project. Additionally, we thank O. Lunin, P. Kraus, E. Matrinec, and Y. Srivastava for insightful comments, conversations, or other assistance during the project. Furthermore, we thank A. Taliotis for typos and ambiguities found while proofreading.

This work was supported in part by DOE grant DE-FG02-91ER-40690.

A. Notation and conventions for the orbifolded CFT

Here, we carefully define the notation and conventions used throughout this paper, and to be used in future work. The system we describe lives in M_{4,1} × T^4 × S^1. We restrict our attention to the case where the compact space is a torus, although one may also consider K3.

The base space of the CFT is the S^1 and time, with fields living in the orbifolded target space: (T^4)^{N1N5} /S_{N1N5} . The expressions in this appendix are exclusively given for the complex plane.

– 38 –

A.1 Symmetries and indices The symmetries of our theory are SU(2)_L × SU(2)_R and the SO(4)_I ≃ SU(2)_1 × SU(2)_2 rotations of the torus. Indices correspond to the following representations

α, β doublet of SU(2)_L α̇, β̇ doublet of SU(2)_R A, B doublet of SU(2)_1 Ȧ, Ḃ doublet of SU(2)_2 i, j vector of SO(4).

One can project vectors of SO(4) into the doublets of SU(2)_1 × SU(2)_2, using the usual Pauli spin matrices and the identity matrix

(σ^i)^{ȦA}, σ^4 = i1_2.

The indices are such that, for instance, (σ^2)^{˙21} = i.

We use indices a, b, c = 1, 2, 3 for the triplet of any SU(2). Their occurrence is rare enough that which SU(2) is being referred to should be unambiguous. Note that the SU(2) generators (σ^a)_α^β naturally come with one index raised and one index lowered. On the other hand the Clebsch-Gordan coefficients to project a vector of SO(4) into two SU(2)’s naturally come with both indices raised (or lowered), as above.

We raise and lower all SU(2) doublet indices in the same way so that

ϵ_{αβ}v^β = v_α v^α = ϵ^{αβ} v_β, (A.1)

where ϵ_{12} = −ϵ_{21} = ϵ^{21} = −ϵ^{12} = 1, (A.2)

and therefore ϵ_{αβ}ϵ^{βγ} = δ^γ_α. (A.3)

A.2 Field content The bosonic field content of each copy of the CFT consists of a vector of SO(4)_I , X^i(z, z̄), giving the position of that effective string in the torus. The fermions on the left sector have indices in SU(2)_L × SU(2)_2, while the fermions in the right sector have indices in SU(2)_R × SU(2)_2:

ψ^{αȦ}(z) ψ̄^{α̇Ȧ}(z̄). (A.4)

These fermions are complex, so there are two complex fermions and their Hermitian conjugates in the left sector and two complex fermions and their Hermitian conjugates in the right sector.

Note that we use the abbreviated notation

[X]^{ȦA} = X^i(σ^i)^{ȦA}. (A.5)

– 39 –

A.3 Currents

The holomorphic currents of our theory that form a closed OPE algebra are an SU(2)_L current, J^a(z); the supersymmetry currents, G^{αA}(z); and the stress–energy T (z). The right sector has the corresponding anti-holomorphic currents. Obviously, in this case, the index a on J transforms in SU(2)_L.

For each copy of the CFT, the currents are realized in terms of the fields as

J^a(z) = 1 4 ϵ_{ȦḂ} ψ^{αȦ}ϵ_{αβ}(σ^{∗a})^β_γ ψ^{γḂ} (A.6a)

G^{αA}(z) = ψ^{αȦ}[∂X]^{ḂA}ϵ_{ȦḂ} (A.6b)

T (z) = 1 4 ϵ_{ȦḂ} ϵ_{AB}[∂X]^{ȦA}[∂X]^{ḂB} + 1 2 ϵ_{αβ} ϵ_{ȦḂ}ψ^{αȦ}∂ψ^{βḂ} . (A.6c)

Note that the SO(4)_I of the torus is an outer automorphism and so while we can make a generator that acts appropriately on the fermions we cannot make one that also acts appropriately on the bosons.

A.4 Hermitian conjugation

Because we work in a Euclidean time formalism, one must address Hermitian conjugation carefully so that it is consistent with the physical, real-time formalism.

A quasi-primary field of weight (Δ, Δ̄) is Hermitian conjugated as [67]

[O(z, z̄)]^† = z̄^{−2Δ}z^{−2Δ̄}O^†

(_1 z̄ ,^1_z ) , (A.7)

where O^†(z, z̄) has the opposite charges under SU(2)_L × SU(2)_R × SO(4)_I .

The fermions Hermitian conjugate as ( ψ^{αȦ} )_† (z) = −ϵ_{αβ}ϵ_{ȦḂ} ψ^{βḂ} (z) = −ψ_{αȦ}(z). (A.8)

This reality condition ensures that there are only four real degrees of freedom in both the left and right sectors. The specific sign can be determined from the basic fermion correlator and demanding a positive-definite norm.

The bosons conjugate as ( X^i )_† (z, z̄) = X^i(z, z̄) ( [X]^{ȦA} )_† (z, z̄) = −ϵ_{ȦḂ}ϵ_{AB} [X]^{ḂB} (z, z̄). (A.9) The stress energy tensor and the SU(2)_L current are both Hermitian and so conjugate trivially; whereas, the supercurrents conjugate as ( G^{αA} )_† (z) = −ϵ_{αβ} ϵ_{AB}G^{βB} (z). (A.10)

Again, the specific sign is determined by requiring the norm to be positive-definite.

The Ramond vacua conjugate as ( |∅⟩^α_R )_† =^R_α⟨∅|^R_α⟨∅|∅⟩^β_R = δ^β_α. (A.11)

– 40 –

A.5 OPE

We normalize the fields so that the basic correlators are

⟨X^i(z)X^j (w)⟩ = −2δ^{ij} log |z − w| (A.12a) ⟨ψ^{αȦ}(z)ψ^{βḂ} (w)⟩ = − ϵ^{αβ}ϵ^{ȦḂ} z − w , (A.12b)

where it is also useful to note that Equation (A.12a) implies

⟨[X]^{ȦA}(z)[X]^{ḂB} (w)⟩ = 4ϵ^{ȦḂ} ϵ^{AB} log |z − w|. (A.13)

From which, the commonly used [∂X(z)]^{ȦA}[∂X(w)]^{ḂB} ∼ 2 ϵ^{ȦḂ} ϵ^{AB} (z − w)^2

, (A.14)

immediately follows.

The OPE current algebra for a single copy of the N = 4 CFT is

J^a(z)J^b(w) ∼ c 12 δ^{ab} (z − w)^2 + iϵ^{ab}_c J^c(w) z − w (A.15a)

J^a(z)G^{αA}(w) ∼^1_2 (σ^{∗a})^α_β G^{βA}(w) z − w (A.15b) G^{αA}(z)G^{βB} (w) ∼ − 2c 3 ϵ^{AB} ϵ^{αβ} (z − w)^3

+ 2ϵ^{AB} ϵ^{βγ} (σ^{∗a})^α_γ [ 2J^a(w) (z − w)^2 + ∂J^a(w) z − w ] − 2ϵ^{AB} ϵ^{αβ} T (w) z − w (A.15c) T (z)J^a(w) ∼ J^a(w) (z − w)^2 + ∂J^a(w) z − w (A.15d) T (z)G^{αA}(w) ∼ 3 2 G^{αA}(w) (z − w)^2 + ∂G^{αA}(w) z − w (A.15e) T (z)T (w) ∼ c 2 1 (z − w)^4 + 2 T (w) (z − w)^2 + ∂T (w) z − w , (A.15f)

which agrees with the above correlators for c = 6.

For convenient reference, we include the OPEs of the currents with the basic primary fields, ∂X and ψ: J^a(z)ψ^{αȦ}(w) ∼ 1 2 (σ^{∗a})^α_β ψ^{βȦ}(w) z − w (A.16a) G^{αA}(z)[∂X(w)]^{ḂB} ∼ 2ϵ^{AB} ( ψ^{αḂ} (w) (z − w)^2 + ∂ψ^{αḂ} (w) z − w ) (A.16b)

G^{αA}(z)ψ^{βȦ}(w) ∼ ϵ^{αβ} [∂X(w)]^{ȦA} z − w (A.16c)

– 41 –

T (z)[∂X(w)]^{ȦA} ∼ [∂X(w)]^{ȦA} (z − w)^2 + [∂^2X(w)]^{ȦA} z − w (A.16d) T (z)ψ^{αȦ}(w) ∼ 1 2 ψ^{αȦ}(w) (z − w)^2 + ∂ψ^{αȦ}(w) z − w . (A.16e)

A.6 Mode algebra We define the modes corresponding to the above currents according to their weight, Δ, by

O_m = ∮ dz 2πi O(z)z^{Δ+m−1} O(z) = ∑ m O_m z^{−(Δ+m)}.

(A.17)

The weight may be read off from the OPE of the current with the stress–energy tensor. Fermionic currents have half-integer weight. In the NS sector, fermions are periodic in the plane and therefore we need integer powers of z. This means the fermionic currents have modes labeled by half-integer m.

Using the OPE current algebra above, one finds that the modes form an algebra:

[J^a_m, J^b_n] =^c_{12} mδ^{ab}δ_{m+n,0} + iϵ^{ab}_cJ^c_{m+n} (A.18a)

[J^a_m, G^{αA}_n ] = 1 2 (σ^{∗a})^α_βG^{βA}_{m+n} (A.18b) {G^{αA}_m , G^{βB}_n } = −^c_3 (m^2 −^1_4 )ϵ^{AB}ϵ^{αβ} δ_{m+n,0} + 2(m − n)ϵ^{AB} ϵ^{βγ} (σ^{∗a})^α_γ J^a_{m+n} − 2ϵ^{AB} ϵ^{αβ} L_{m+n} (A.18c) [L_m, J^a_n] = −nJ^a_{m+n} (A.18d) [L_m, G^{αA}_n ] = (^m_2 − n)G^{αA}_{m+n} (A.18e) [L_m, L_n] = c^{m3−m}_{12} δ_{m+n,0} + (m − n)L_{m+n}. (A.18f)

The infinite-dimensional algebra has a finite, anomaly-free subalgebra which is of primal importance for the AdS–CFT correspondence. The anomaly-free subalgebra has a basis of {J^a_0 , G^{αA}_{± 12} , L_0, L_{±1}}. The smaller subalgebra spanned by {J^3_0 , L_0} is the Cartan subalgebra, which means we may label states and operators by their charge m and their weight h.

For reference, we provide the mode algebra of the two canonical primary fields. The ∂X’s modes are α_n.

[α^{ȦA}_m , α^{ḂB}_n ] = 2mϵ^{ȦḂ} ϵ^{AB}δ_{n+m,0} (A.19a) {ψ^{αȦ}_m , ψ^{βḂ}_n } = −ϵ^{αβ}ϵ^{ȦḂ} δ_{m+n,0} (A.19b) [J^a_m, ψ^{αȦ}_n ] =^1_2 (σ^{∗a})^α_βψ^{βȦ}_{m+n} (A.19c) [G^{αA}_m , α^{ḂB}_n ] = −2nϵ^{AB}ψ^{αḂ}_{m+n} (A.19d) {G^{αA}_m , ψ^{βȦ}_n } = ϵ^{αβ} α^{ȦA}_{m+n} (A.19e)

– 42 –

[L_m, α^{ȦA}_n ] = −nα^{ȦA}_{m+n} (A.19f) [L_m, ψ^{αȦ}_n ] = −(^m_2 + n)ψ^{αȦ}_{m+n}. (A.19g) A.7 Useful identities These identities are useful for relating vectors of SO(4)_I to tensors in SU(2)_1 × SU(2)_2: ϵ_{ȦḂ} ϵ_{AB}(σ^i)^{ȦA}(σ^j )^{ḂB} = −2δ^{ij} (A.20a) (σ^i)^{ȦA}(σ^i)^{ḂB} = −2ϵ^{ȦḂ}ϵ^{AB} . (A.20b) It is useful to know how to relate the (+, −, 3) basis for the triplet of SU(2) to the (1, 2, 3) basis:

δ^{++} = δ^{−−} = δ_{++} = δ_{−−} = 0 (A.21a) δ^{+−} = δ^{−+} = 2 δ_{+−} = δ_{−+} =^1_2 (A.21b) ϵ^{+−3} = −2i (A.21c)

σ^+ = ( 0 2 0 0 ) σ^− = ( 0 0 2 0 ) . (A.21d)

One can raise and lower the ‘3’ index with impunity. A.8 n-twisted sector mode algebra In the n-twisted sector, by which we mean modes whose contour orbits a twist operator, we can only define the modes by summing over all n-copies of the field. This allows us to define fractional modes. The modes are defined by [57]

O m_n = ∮ 0 dz 2πi n∑ k=1 O^{(k)}(z)e^{2πi mn (k−1)}z^{Δ+ mn −1}. (A.22)

One can confirm that the integrand is 2π-periodic and therefore well-defined. If one lifts to a covering space using a map that locally behaves as z = bt^n, (A.23) then the mode in the base z-space can be related to a mode in the t-space: O^{(z)}m_n = b^{mn} n^{1−Δ}O^{(t)}_m , (A.24) where Δ is the weight of the field.

To compute a correlator in the twisted sector, one may either work in the base space with the summed-over-copies modes or one may work in the covering space with the opened-up mode. If one works in the base space, then one should use the algebra with the total central charge c_{tot.} = nc; (A.25) the algebra is otherwise unchanged. If one works in the covering space then one uses the central charge of a single copy of the CFT, but must remember to write all of the factors that come in lifting to the cover. These two methods give identical answers.

– 43 –

A.9 Spectral flow The N = 4 algebra is a vector space at every point z in the complex plane, spanned by the local operators {J^a(z), G^{αA}(z), T (z)}. This vector space closes under the OPE. It is possible to make a z-dependent change of basis and preserve the algebra.

Making an SU(2)_L transformation in the ‘3’ direction to the local operators by an angle, η(z) = iα log z, at every point z is called ‘spectral flow’ by α units. While this may look like a nontrivial transformation, the new algebra is isomorphic to the old algebra [61].

It is important to remember that log z has a branch cut, which we put on the real axis for the following discussion. Let us suppose we start in the NS sector, where the local operators are periodic in the complex plane. Let us spectral flow the local operators by α units. Suppose we start on the (positive imaginary side of the) positive real axis, where η = 0 and the new operators are the same as the old operators. As we make a counter-clockwise circle in the complex plane, the angle between the old operators and the new operators increases. Across the branch cut on the real axis, where before the operators were continuous, now there is a large, finite SU(2)_L transformation.

More illustratively, consider how the fermions behave under spectral flow, as described above:

ψ^{±Ȧ}(z) → ψ^{±Ȧ′}(z) = e^{± i2 η(z)}ψ^{±Ȧ}(z) = z^{∓ α2} ψ^{±Ȧ}(z). (A.26) We see that except for even α, there is a branch cut. Moreover, if we spectral flow by an odd number of units, then the new operators ψ^′(z) have the opposite periodicity from ψ(z). In general, one expects that an operator with charge m under SU(2)_L transforms as O(z) → z^{−αm}O(z); (A.27) however, the superconformal algebra and its SU(2)_L subalgebra, in particular, is anomalous which leads to nontrivial transformations of some operators.

Since the spectral flowed algebra and the original algebra are isomorphic, there is a bijective mapping from states living in the representations of one algebra to states living in the representation of its spectral flow. Since the NS sector and the R sector are related by spectral flow, we can map problems in one sector into problems in the other.

The operator which maps states into their spectral flow images, we call U_α, |ψ^′⟩ = U_α |ψ⟩ . (A.28) Formally, then, we may write the action of spectral flow on operators as

O^′(z) = U_αO(z)U^{−1}_α , (A.29)

so that amplitudes are invariant under spectral flow. The spectral flow operator, U_α may be roughly defined as an ‘improper gauge transformation’ [61, 62, 63].

The spectral flow operator is most naturally defined in the context of bosonized fermions. We can bosonize the fermions as (conventions chosen to be consistent with [57])

ψ^{+ ˙1} = e^{−iϕ6} ψ^{+ ˙2} = e^{iϕ5} ψ^{− ˙1} = e^{−iϕ5} ψ^{− ˙2} = −e^{iϕ6} , (A.30)

– 44 – which gives the SU(2)_L current in the form^6

J^3(z) = i 2 ( ∂ϕ_5(z) − ∂ϕ_6(z) ) J^+(z) = e^{−iϕ6} e^{iϕ5} (z) J^−(z) = e^{−iϕ5} e^{iϕ6} (z). (A.31)

The fields ϕ_5 and ϕ_6 are the (holomorphic half of) real bosons normalized such that

⟨ϕ_i(z)ϕ_j (w)⟩ = −δ_{ij} log(z − w). (A.32)

They may be expanded as ϕ_i = q_i − i 2 p_i log z + (modes), (A.33)

where q_i and p_i are the zero-mode position and momentum which satisfy

[q_i, p_j] = iδ_{ij} . (A.34)

With this bosonization, the spectral flow operator can be written as [63]

U_α = e^{iα(q5−q6)}. (A.35)

We see that spectral flow corresponds to increasing and decreasing the zero mode momentum of the fields ϕ_5 and ϕ_6 used to bosonize the fermions. The Baker–Campbell–Hausdorff formula implies e^{iαqi} e^{iβpj} = e^{−iαβδij} e^{iβpj} e^{iαqi} , (A.36) which one can use to confirm that this operator has the correct action on fermions.

From this perspective, one can see that any operator that is ‘pure exponential’ in ϕ_5 and ϕ_6 transforms as in Equation (A.27). If one considers any of the chiral primaries of the N = 4 orbifold theory, one finds that all of the chiral primaries are ‘pure exponential’ and therefore transform using Equation (A.27).

One finds that the the currents transform under spectral flow as follows

J^3(z) → J^3(z) − cα 12z J^±(z) → z^{∓α}J^±(z) G^{±A}(z) → z^{∓ α2} G^{±A}(z) T (z) → T (z) − α z J^3(z) + cα^2 24z^2 , (A.37)

which gives rise to the transformation of the modes,

J^3_m → J^3_m − cα 12 δ_{m,0} J^±_m → J^±_{m∓α} G^{±A}_m → G^{±A}_{m∓} α_2 L_m → L_m − αJ^3_m + cα^2 24 δ_{m,0}. (A.38)

6There are implicit cocycles on the exponentials, which make unrelated fermions anticommute. Thus, the order of exponentials in expressions matters.

– 45 –

Spectral flow also acts on states, changing the weight and charge by h → h^′ = h + αm + cα^2 24 (A.39a) m → m^′ = m + cα 12 , (A.39b)

which can be read off from L_0 and J^3_0 . Frequently, one can deduce the spectral-flowed state from the weight and charge.

Note that spectral flow by α_1 units followed by spectral flow by α_2 units is equivalent to spectral flow by α_1 + α_2 units. Therefore, spectral flow forms an abelian group, and U^{−1}_α = U_{−α}. (A.40) A.10 Ramond sector The CFT in the complex plane naturally has periodic fermions, which corresponds to the NS sector. One can, however, spectral flow by an odd number of units to the Ramond sector. If one starts with the NS vacuum and then spectral flows with α = −1, then the state in the R sector has h = 1 4 m = 1 2 . (A.41) From the weight we see that this must be the R ground state. Let us call this state |∅⟩^+_R . (A.42) Since, we are now in the Ramond ground state we have fermion zero modes, and therefore may act with J^−_0 , which gives us the state |∅⟩^−_R = J^−_0 |∅⟩^+_R = −^1_2 ϵ_{ȦḂ} ψ^{−Ȧ}_0 ψ^{−Ḃ}_0 |∅⟩^+_R = ψ^{− ˙2}_0 ψ^{− ˙1}_0 |∅⟩^+_R . (A.43) The normalization is fixed by the commutation relations of J^a_0 . Since J^−_0 has zero weight, one can be sure that this state is also a member of the R vacuum. Acting twice with J^−_0 annihilates the state, from which one concludes that these states from a doublet of SU(2)_L, |∅⟩^α_R , (A.44) and one also can determine that |∅⟩^+_R = J^+_0 |∅⟩^−_R =^1_2 ϵ_{ȦḂ} ψ^{+Ȧ}_0 ψ^{+Ḃ}_0 |∅⟩^−_R = ψ^{+ ˙1}_0 ψ^{+ ˙2}_0 |∅⟩^−_R . (A.45) What happens if we act on these states not with a pair of fermion zero modes in the current J, but with a single fermion zero mode directly? Since one cannot raise the charge of the state |∅⟩^+_R or lower the charge of the state |∅⟩^−_R, one must have ψ^{+Ȧ}_0 |∅⟩^+_R = 0 ψ^{−Ȧ}_0 |∅⟩^−_R = 0. (A.46)

– 46 –

This can also be seen from Equations (A.43) and (A.45). However, one ought to be able to contract the fermion zero mode index with the R vacuum doublet index to form |∅⟩^Ȧ_R = 1 √ 2 ϵ_{αβ} ψ^{αȦ}_0 |∅⟩^β_R , (A.47)

where the normalization is determined from the fermion mode anticommutation relations. Since there are four fermion zero modes (in the left sector), we expect four Ramond vacuum. We see that those vacua form a doublet of SU(2)_L and a doublet of SU(2)_2.

Of course, the same story holds on the right sector of the theory as well, which gives a total of 16 Ramond vacua: |∅⟩^{αα̇}_R |∅⟩^{Ȧα̇}_R |∅⟩^{αȦ}_R |∅⟩^{ȦḂ}_R . (A.48) Note that we must be very careful to always write the index corresponding to the left zero modes first and the index corresponding to the right zero modes second.

What are the images of the Ramond vacua in the NS sector? From the action of spectral flow on the charge and weight of a state, one can conclude that the Ramond vacua are one unit of spectral flow from chiral primary (h = m) states in the NS sector; or equivalently, negative one units of spectral flow from anti-chiral primary (h = −m) states. Therefore, there is a one-to-one correspondence between the R vacua and the NS chiral primary states. There are four left chiral primary states in the NS sector,

|∅⟩_{NS} ψ^{+Ȧ}_{− 12} |∅⟩_{NS} ϵ_{ȦḂ} ψ^{+Ȧ}_{− 12} ψ^{+Ḃ}_{− 12} |∅⟩_{NS} , (A.49)

and there are also four states in the right sector. Thus a total of 16 chiral primary states in the NS sector that get mapped onto the 16 Ramond vacua via spectral flow. These are all of the chiral primary states for a single strand of the CFT. In the twisted sector, there are more chiral primary states which correspond to Ramond ‘vacua’ in the twisted sector.

A.11 Chiral primaries Consider the supercurrents in the anomaly free subalgebra. In particular we have

{G^{−A}_{+ 12} , G^{+B}_{− 12} } = 2ϵ^{AB}(J^3_0 − L_0). (A.50)

Since ( G^{+B}_{− 12} )_† = −ϵ_{BC} G^{−C}_{+ 12} , (A.51)

one finds that for a normalized state |ψ⟩ of weight h and charge m ⟨ψ| ( G^{+B}_{− 12} )_† G^{+B}_{− 12} |ψ⟩ = −ϵ_{BC} ⟨ψ| G^{−C}_{+ 12} G^{+B}_{− 12} |ψ⟩ = ϵ_{BC} ⟨ψ| G^{+B}_{− 12} G^{−C}_{+ 12} |ψ⟩ − 2ϵ_{BC} ϵ^{CB} ⟨ψ| (J^3_0 − L_0) |ψ⟩ = − ⟨ψ| ( G^{−C}_{+ 12} )_† G^{−C}_{+ 12} |ψ⟩ − 2(m − h) =⇒ ⟨ψ| ( G^{+B}_{− 12} )_† G^{+B}_{− 12} |ψ⟩ = h − m. (A.52)

– 47 –

This and a similar calculation from the anticommutation relation

{G^{+A}_{+ 12} , G^{−B}_{− 12} } = 2ϵ^{AB}(J^3_0 + L_0), (A.53)

imply that for our theory to be unitary, we need all physical states to have weight greater than (the absolute value of) charge: h ≥ |m|. (A.54) A chiral state is a state that is annihilated by G^{+A}_{− 12} for A = 1, 2. A primary state is killed by all the positive modes of the theory. Thus, a state or operator that is both chiral and primary must saturate the above bound, having h = m. In fact, the converse is also true: any state or operator that saturates the bound is a chiral primary.

Since an h = m state |χ⟩ saturates the bound, its weight cannot be lowered without lowering the charge, and thus

L_m |χ⟩ = J^3_m |χ⟩ = 0 m > 0. (A.55)

From the bound, one can immediately conclude that

G^{+A}_{+ 12} |χ⟩ = 0. (A.56)

On the other hand, it is also possible to show

G^{−A}_{+ 12} |χ⟩ = 0 G^{+A}_{− 12} |χ⟩ = 0. (A.57)

To demonstrate this, one must use the algebra to show that the sum of the norms of the above two states must vanish. Then, the above follows from the positive-definiteness of the norm. Therefore, the states saturating the bound are annihilated by all of the G’s in the anomaly-free subalgebra except for G^{−A}_{−1/2}. Since all of the positive modes kill the state, the state must also be primary. That is, h = m implies chiral primary.

The importance of the chiral primary operators is that they correspond to the top member^7 of the superconformal multiplets in the NS sector. Therefore, it suffices to find the chiral primary operators to catalog the representations of the superconformal algebra.

B. Cartesian to spherical Clebsch–Gordan coefficients

In this section, we outline our conventions for relating irreducible spherical tensors to ordinary cartesian tensors in flat space. This fixes the factors in going from Equation (2.52) to Equation (2.63) for the D1D5 case, and explains how we define the correctly normalized differential operator, so that Equation (2.39) is satisfied.

7Frequently, this is called the ‘highest weight state’, even though it actually has the lowest conformal mass dimension of the multiplet.

– 48 –

Our goal is to show how to construct the coefficients, Y^{j1...jl}_{l,mψ,mϕ} , that define the differential operator in Equation (2.38) such that it satisfies Equation (2.39), Y^{k1k2···kl} l,m_ψ,m_ϕ ∂k1 ∂k2 · · · ∂kl [ r^{l′} Y_l′_{,m}′_{ψ ,m}′_ϕ (Ω_3) ] = δ_{ll}′ δ_{mψ m}′_ψ δ_{mϕm}′_ϕ . We take the spherical harmonics as a starting point. The cartesian coordinates for the noncompact space are related to the angular coordinates via

x^1 = r cos θ cos ψ x^2 = r cos θ sin ψ x^3 = r sin θ cos ϕ x^4 = r sin θ sin ϕ,

(B.1)

where the (θ, ψ, ϕ) are restricted to θ ∈ [ 0,^π_2 ) ψ, ϕ ∈ [0, 2π). (B.2) Spherical harmonics can be written as a homogeneous polynomial of the cartesian unit vector components of the form Y_{l,mψ,mϕ} (Ω_3) = 1 r^l Y^{l,mψ ,mϕ} j_1···j_l x j_1 · · · xj_l = Yl,mψ ,mϕ j_1···j_l n j_1 · · · nj_l . (B.3)

The Y must be pairwise symmetric and traceless. One can compute these tensors by the usual methods of breaking up a tensor into irreducible components, or by inspection of the explicit form of the spherical harmonics in angular components.

Given the spherical harmonic normalization ∫ Y^∗_{l,mψ ,mϕ} Y_l′_{,m}′_{ψ ,m}′_ϕ dΩ = δ_{ll}′ δ_{mψ m}′_ψ δ_{mϕm}′_ϕ , (B.4) one can determine an orthogonality relation for the Y’s: ( Y^{l,mψ ,mϕ} j_1···j_l )_∗ Y^{l′,m′ψ ,m′ϕ} k_1···k_l′ ∫ (n^{j1} · · · n^{jl} )(n^{k1} · · · n^{kl′} )dΩ = δ_{ll}′ δ_{mψ m}′_ψ δ_{mϕm}′_ϕ . (B.5) The integral over l + l^′ unit vectors defines a natural inner product on the Clebsch–Gordan coefficients Y.

We label the integral I^{j1···jlk1···kl′} , (B.6) and note that I must be symmetric in all of its indices. Furthermore, from the symmetry of the integral one must conclude that I vanishes unless every index appears an even number of times. For instance, I^j = ∫ n^jdΩ = 0. (B.7)

– 49 –

As a corollary, I vanishes unless it has an even number of indices. Having picked off the easiest properties, let’s without further comment give the general form. Let a_i be the total number of times the index i appears in the collection of indices on I, then I^{[a1,a2,a3,a4]} = ∫ (n^1)^{a1} (n^2)^{a2} (n^3)^{a3} (n_4)^{a4} dΩ_3 = [∫_{π2} 0 cos^{a1+a2+1} θ sin^{a3+a4+1} θdθ ] [∫_{2π} 0 cos^{a1} ψ sin^{a2} ψdψ ] [∫_{2π} 0 cos^{a3} ϕ sin^{a4} ϕdϕ ] . (B.8)

We recognize the above definite integrals as different representations of the beta function: ∫ π_2 0 cos^α θ sin^β θ dθ = 1 2 B (_{α+1}

2 ,^{β+1}_2 ) (B.9a) ∫_{2π} 0 cos^α θ sin^β θ dθ = 1 2 [1 + (−1)^α + (−1)^{α+β} + (−1)^β ]B

(_{α+1} 2 ,^{β+1}_2 ) , (B.9b)

where the second equation follows from the first. Therefore, one sees that provided all the a_i are even I^{[a1,a2,a3,a4]} = 2B (_{a1+a2+2} 2 ,^{a3+a4+2}_2 ) B (_{a1+1}

2 ,^{a2+1}_2 ) B (_{a3+1} 2 ,^{a4+1}_2 )

= 2π^2 ( 1 π^2 Γ (_{a1+1} 2 ) Γ (_{a2+1} 2 ) Γ (_{a3+1} 2 ) Γ (_{a4+1} 2 ) Γ (_{a1+a2+a3+a4+4} 2 ) )

= 2π^2(a_1 − 1)!(a_2 − 1)!(a_3 − 1)!(a_4 − 1)!

2^{a1+a2+a3+a4−4}(^{a1}_2 − 1)!(^{a2}_2 − 1)!(^{a3}_2 − 1)!(^{a4}_2 − 1)!(^{a1 +a2+a3+a4}_2 + 1)!

.(B.10)

Note that in the last line one must use the limit

lim_{x→0}

(x − 1)! (^x_2 − 1)! = 1 2 , (B.11)

in the event that some of the a_i are zero.

The orthogonality condition from Equation (B.5) is I^{j1···jlk1···kl′} ( Y^{l,mψ ,mϕ} j_1···j_l )_∗ Y^{l′,m′ψ ,m′ϕ} k_1···k_l′ = δll^′ δmψ m^′_ψ δmϕm^′_ϕ , (B.12) which motivates the choice of Y^{j1···jl} l,m_ψ ,m_ϕ ∝ I j_1···j_lk_1···k_l (Yl,mψ ,mϕ k_1···k_l )_∗ . (B.13)

We can think of the 2l-index I as defining an inner product on the space of symmetric traceless l-index tensors, spanned by the Y^{l,mψ ,mϕ}_{j1...jl} . Then, we can think of Y_{l,mψ ,mϕ} as (proportional to) the dual of Y^{l,mψ,mϕ} .

– 50 –

Since the l derivatives are symmetrized and the spherical harmonic’s cartesian form is also symmetrized, we get a factor of l!. One finds that I^{j1···jlk1···kl} ( Y^{l,mψ ,mϕ} k_1···k_l )_∗ ∂_{j1} · · · ∂_{jl} r^lY_{l,mψ,mϕ}(θ, ψ, ϕ) | | |_{r→0} = l! (B.14)

and therefore we define Y^{j1···jl} l,m_ψ,m_ϕ = 1 l! I^{j1···jlk1···kl} ( Y^{l,mψ ,mϕ} k_1···k_l )_∗ . (B.15)

References

[1] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein-Hawking Entropy, Phys. Lett.

B379 (1996) 99–104, [hep-th/9601029].

[2] C. G. Callan and J. M. Maldacena, D-brane Approach to Black Hole Quantum Mechanics, Nucl.

Phys. B472 (1996) 591–610, [hep-th/9602043].

[3] A. Dhar, G. Mandal, and S. R. Wadia, Absorption vs decay of black holes in string theory and T- symmetry, Phys. Lett. B388 (1996) 51–59, [hep-th/9605234].

[4] S. R. Das and S. D. Mathur, Comparing decay rates for black holes and D-branes, Nucl. Phys.

B478 (1996) 561–576, [hep-th/9606185].

[5] S. R. Das and S. D. Mathur, Interactions involving D-branes, Nucl. Phys. B482 (1996) 153–172, [hep-th/9607149].

[6] J. M. Maldacena and A. Strominger, Black hole greybody factors and D-brane spectroscopy, Phys. Rev. D55 (1997) 861–870, [hep-th/9609026].

[7] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B428 (1998) 105–114, [hep-th/9802109].

[8] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253–291, [hep-th/9802150].

[9] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri, and Y. Oz, Large N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183–386, [hep-th/9905111].

[10] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231–252, [hep-th/9711200].

[11] J. R. David, G. Mandal, and S. R. Wadia, Microscopic formulation of black holes in string theory, Phys. Rept. 369 (2002) 549–686, [hep-th/0203048].

[12] V. Jejjala, O. Madden, S. F. Ross, and G. Titchener, Non-supersymmetric smooth geometries and D1-D5-P bound states, Phys. Rev. D71 (2005) 124030, [hep-th/0504181].

[13] V. Cardoso, O. J. C. Dias, J. L. Hovdebo, and R. C. Myers, Instability of non-supersymmetric smooth geometries, Phys. Rev. D73 (2006) 064031, [hep-th/0512277].

[14] B. D. Chowdhury and S. D. Mathur, Radiation from the non-extremal fuzzball, Class. Quant.

Grav. 25 (2008) 135005, [arXiv:0711.4817].

[15] B. D. Chowdhury and S. D. Mathur, Pair creation in non-extremal fuzzball geometries, Class.

Quant. Grav. 25 (2008) 225021, [arXiv:0806.2309].

– 51 –

[16] B. D. Chowdhury and S. D. Mathur, Non-extremal fuzzballs and ergoregion emission, Class.

Quant. Grav. 26 (2009) 035006, [arXiv:0810.2951].

[17] S. R. Das and G. Mandal, Microstate Dependence of Scattering from the D1-D5 System, JHEP 04 (2009) 036, [arXiv:0812.1358].

[18] V. Balasubramanian, J. de Boer, S. El-Showk, and I. Messamah, Black Holes as Effective Geometries, Class. Quant. Grav. 25 (2008) 214004, [arXiv:0811.0263].

[19] O. Lunin and S. D. Mathur, AdS/CFT duality and the black hole information paradox, Nucl.

Phys. B623 (2002) 342–394, [hep-th/0109154].

[20] O. Lunin and S. D. Mathur, Statistical interpretation of Bekenstein entropy for systems with a stretched horizon, Phys. Rev. Lett. 88 (2002) 211303, [hep-th/0202072].

[21] O. Lunin, J. M. Maldacena, and L. Maoz, Gravity solutions for the D1-D5 system with angular momentum, hep-th/0212210.

[22] S. D. Mathur, A. Saxena, and Y. K. Srivastava, Constructing ’hair’ for the three charge hole, Nucl. Phys. B680 (2004) 415–449, [hep-th/0311092].

[23] S. Giusto, S. D. Mathur, and A. Saxena, Dual geometries for a set of 3-charge microstates, Nucl. Phys. B701 (2004) 357–379, [hep-th/0405017].

[24] S. Giusto, S. D. Mathur, and A. Saxena, 3-charge geometries and their CFT duals, Nucl. Phys.

B710 (2005) 425–463, [hep-th/0406103].

[25] M. Taylor, General 2 charge geometries, JHEP 03 (2006) 009, [hep-th/0507223]. [26] I. Kanitscheider, K. Skenderis, and M. Taylor, Fuzzballs with internal excitations, JHEP 06 (2007) 056, [arXiv:0704.0690].

[27] K. Skenderis and M. Taylor, Fuzzball solutions and D1-D5 microstates, Phys. Rev. Lett. 98 (2007) 071601, [hep-th/0609154].

[28] I. Kanitscheider, K. Skenderis, and M. Taylor, Holographic anatomy of fuzzballs, JHEP 04 (2007) 023, [hep-th/0611171].

[29] I. Bena, C.-W. Wang, and N. P. Warner, Plumbing the Abyss: Black Ring Microstates, JHEP 07 (2008) 019, [arXiv:0706.3786].

[30] I. Bena, N. Bobev, and N. P. Warner, Spectral Flow, and the Spectrum of Multi-Center Solutions, Phys. Rev. D77 (2008) 125025, [arXiv:0803.1203].

[31] I. Bena, N. Bobev, C. Ruef, and N. P. Warner, Entropy Enhancement and Black Hole Microstates, arXiv:0804.4487.

[32] I. Bena, N. Bobev, C. Ruef, and N. P. Warner, Supertubes in Bubbling Backgrounds:

Born-Infeld Meets Supergravity, arXiv:0812.2942.

[33] P. Berglund, E. G. Gimon, and T. S. Levi, Supergravity microstates for BPS black holes and black rings, JHEP 06 (2006) 007, [hep-th/0505167].

[34] V. Balasubramanian, E. G. Gimon, and T. S. Levi, Four Dimensional Black Hole Microstates:

From D-branes to Spacetime Foam, JHEP 01 (2008) 056, [hep-th/0606118].

– 52 –

[35] E. G. Gimon and T. S. Levi, Black Ring Deconstruction, JHEP 04 (2008) 098, [arXiv:0706.3394].

[36] E. G. Gimon, T. S. Levi, and S. F. Ross, Geometry of non-supersymmetric three-charge bound states, JHEP 08 (2007) 055, [arXiv:0705.1238].

[37] J. de Boer, F. Denef, S. El-Showk, I. Messamah, and D. Van den Bleeken, Black hole bound states in AdS_3 x S^2, JHEP 11 (2008) 050, [arXiv:0802.2257].

[38] J. de Boer, S. El-Showk, I. Messamah, and D. V. d. Bleeken, Quantizing N=2 Multicenter Solutions, arXiv:0807.4556.

[39] S. D. Mathur, The fuzzball proposal for black holes: An elementary review, Fortsch. Phys. 53 (2005) 793–827, [hep-th/0502050].

[40] S. D. Mathur, The quantum structure of black holes, Class. Quant. Grav. 23 (2006) R115, [hep-th/0510180].

[41] I. Bena and N. P. Warner, Black holes, black rings and their microstates, Lect. Notes Phys. 755 (2008) 1–92, [hep-th/0701216].

[42] K. Skenderis and M. Taylor, The fuzzball proposal for black holes, Phys. Rept. 467 (2008) 117–171, [arXiv:0804.0552].

[43] O. Lunin, Adding momentum to D1-D5 system, JHEP 04 (2004) 054, [hep-th/0404006].

[44] J. Ford, S. Giusto, A. Peet, and A. Saxena, Reduction without reduction: Adding KK-monopoles to five dimensional stationary axisymmetric solutions, Class. Quant. Grav. 25 (2008) 075014, [arXiv:0708.3823].

[45] S. Giusto, S. F. Ross, and A. Saxena, Non-supersymmetric microstates of the D1-D5-KK system, JHEP 12 (2007) 065, [arXiv:0708.3845].

[46] D. Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli, Correlation functions in the CFT(d)/AdS(d + 1) correspondence, Nucl. Phys. B546 (1999) 96–118, [hep-th/9804058].

[47] O. Lunin and S. D. Mathur, The slowly rotating near extremal D1-D5 system as a ’hot tube’, Nucl. Phys. B615 (2001) 285–312, [hep-th/0107113].

[48] J. Callan, Curtis G., S. S. Gubser, I. R. Klebanov, and A. A. Tseytlin, Absorption of fixed scalars and the D-brane approach to black holes, Nucl. Phys. B489 (1997) 65–94, [hep-th/9610172].

[49] N. Seiberg and E. Witten, The D1/D5 system and singular CFT, JHEP 04 (1999) 017, [hep-th/9903224].

[50] F. Larsen and E. J. Martinec, U(1) charges and moduli in the D1-D5 system, JHEP 06 (1999) 019, [hep-th/9905064].

[51] J. de Boer, Six-dimensional supergravity on S**3 x AdS(3) and 2d conformal field theory, Nucl.

Phys. B548 (1999) 139–166, [hep-th/9806104].

[52] R. Dijkgraaf, Instanton strings and hyperKaehler geometry, Nucl. Phys. B543 (1999) 545–571, [hep-th/9810210].

[53] G. E. Arutyunov and S. A. Frolov, Virasoro amplitude from the S(N) R**24 orbifold sigma model, Theor. Math. Phys. 114 (1998) 43–66, [hep-th/9708129].

– 53 –

[54] G. E. Arutyunov and S. A. Frolov, Four graviton scattering amplitude from S(N) R**8 supersymmetric orbifold sigma model, Nucl. Phys. B524 (1998) 159–206, [hep-th/9712061].

[55] A. Jevicki, M. Mihailescu, and S. Ramgoolam, Gravity from CFT on S**N(X): Symmetries and interactions, Nucl. Phys. B577 (2000) 47–72, [hep-th/9907144].

[56] J. R. David, G. Mandal, S. Vaidya, and S. R. Wadia, Point mass geometries, spectral flow and AdS(3)-CFT(2) correspondence, Nucl. Phys. B564 (2000) 128–141, [hep-th/9906112].

[57] O. Lunin and S. D. Mathur, Three-point functions for M(N)/S(N) orbifolds with N = 4 supersymmetry, Commun. Math. Phys. 227 (2002) 385–419, [hep-th/0103169].

[58] V. Balasubramanian, J. de Boer, E. Keski-Vakkuri, and S. F. Ross, Supersymmetric conical defects: Towards a string theoretic description of black hole formation, Phys. Rev. D64 (2001) 064011, [hep-th/0011217].

[59] J. M. Maldacena and L. Maoz, De-singularization by rotation, JHEP 12 (2002) 055, [hep-th/0012025].

[60] O. Lunin and S. D. Mathur, Metric of the multiply wound rotating string, Nucl. Phys. B610 (2001) 49–76, [hep-th/0105136].

[61] A. Schwimmer and N. Seiberg, Comments on the N=2, N=3, N=4 Superconformal Algebras in Two-Dimensions, Phys. Lett. B184 (1987) 191.

[62] M. Yu, THE UNITARY REPRESENTATIONS OF THE N=4 SU(2) EXTENDED SUPERCONFORMAL ALGEBRAS, Nucl. Phys. B294 (1987) 890.

[63] W. Lerche, C. Vafa, and N. P. Warner, Chiral Rings in N=2 Superconformal Theories, Nucl.

Phys. B324 (1989) 427.

[64] O. Lunin and S. D. Mathur, Correlation functions for M(N)/S(N) orbifolds, Commun. Math.

Phys. 219 (2001) 399–442, [hep-th/0006196].

[65] A. Pakman, L. Rastelli, and S. S. Razamat, Extremal Correlators and Hurwitz Numbers in Symmetric Product Orbifolds, arXiv:0905.3451.

[66] A. Pakman, L. Rastelli, and S. S. Razamat, Diagrams for Symmetric Product Orbifolds,

arXiv:0905.3448.

[67] P. D. Francesco, P. Mathieu, and D. Sénéchal, Conformal Field Theory. Springer Science+Business Media, LLC, New York, 1997.

– 54 –