arXiv:0906.2039v3 [math-ph] 6 Jan 2010

Solutions of the T -system and Baxter equations for supersymmetric spin chains

Zengo Tsuboi^∗ Okayama Institute for Quantum Physics^†, Kyoyama 1-9-1, Okayama 700-0015, Japan

Abstract

We propose Wronskian-like determinant formulae for the Baxter Q-functions and the eigenvalues of transfer matrices for spin chains related to the quantum affine superalgebra U_q( ^gl(M|N)). In contrast to the supersymmetric Bazhanov- Reshetikhin formula (the quantum supersymmetric Jacobi-Trudi formula) proposed in [Z. Tsuboi, J. Phys. A: Math. Gen. 30 (1997) 7975], the size of the matrices of these Wronskian-like formulae is less than or equal to M + N. Base on these formulae, we give new expressions of the solutions of the T -system (fusion relations for transfer matrices) for supersymmetric spin chains proposed in the abovementioned paper. Baxter equations also follow from the Wronskian-like formulae. They are finite order linear difference equations with respect to the Baxter Q-functions. Moreover, the Wronskian-like formulae also explicitly solve the functional relations for Bäcklund flows proposed in [V. Kazakov, A. Sorin, A. Zabrodin, Nucl. Phys. B790 (2008) 345 [arXiv:hep-th/0703147]].

Journal reference: Nucl. Phys. B826 [PM] (2010) 399-455 DOI: 10.1016/j.nuclphysb.2009.08.009 Report number: OIQP-09-04

Keywords: Baxter Q-operator, Bethe ansatz, q-character, quantum affine superalgebra, solvable lattice model, T -system

PACS 2008: 02.20.Uw 02.30.Ik 75.10.Pq 11.25.Hf MSC2000: 17B80 82B23 81T40 81R50

∗E-mail address: ztsuboi•yahoo.co.jp (• should be at mark) †URL: http://www.pref.okayama.jp/kikaku/kouryoushi/english/kouryoushi.htm

a s

N ←−−→

M

←−−−−−−→

Figure 1: The a × s rectangular Young diagram (a, s ∈ Z_{≥1}) to label the T-function T^{(a)}s (x) of the T -system (1.1)-(1.4) has to be in the so-called (M, N)-hook.

1 Introduction

The T -system plays important roles in the study of quantum integrable systems (see for example, earlier papers [1, 2], which include the T -system related to U_q(^sl(M))). It is a system of fusion relations for a commuting family of transfer matrices of solvable lattice models. There is a large class of models whose R-matrices satisfy the graded Yang-Baxter equation [3, 4]. In general, their symmetries are described by the quantum affine superalgebras [5]. In a series of papers [6, 7, 8], we proposed the T -system for solvable lattice models associated with U_q(^sl(M|N)) or U_q( ^gl(M|N)). In an appropriate normalization, it has the following form^1:

T^{(a)}_s (xq^{−1})T^{(a)}_s (xq) = T^{(a)}_{s−1}(x)T^{(a)}_{s+1}(x) + T^{(a−1)}_s (x)T^{(a+1)}_s (x) for a ∈ {1, 2, . . . , M − 1} or s ∈ {1, 2, . . . , N − 1} or (a, s) = (M, N), (1.1)

T^{(M)}_s (xq^{−1})T^{(M)}_s (xq) = T^{(M)}_{s−1} (x)T^{(M)}_{s+1} (x) for s ∈ Z_{≥N+1}, (1.2)

T^{(a)}_N (xq^{−1})T^{(a)}_N (xq) = T^{(a−1)}_N (x)T^{(a+1)}_N (x) for a ∈ Z_{≥M+1}, (1.3)

T^{(M+b)}

N (x) = ε_bT^{(M)}_{N+b}(x) for b ∈ Z_{≥0}, (1.4)

where a, s ∈ Z_{≥1} is assumed; the factor ε_b ∈ C depends on the definition of the transfer matrices (see, (3.53) for (m, n) = (M, N)). x ∈ C is a multiplicative spectral parameter whose origin goes back to the evaluation map from U_q( ^gl(M|N)) to U_q(gl(M|N)), or an automorphism of U_q( ^gl(M|N)). T^{(a)}s (x) is a transfer matrix (or its eigenvalues) whose auxiliary space (the space where the (super)trace is taken) is an evaluation representation of U_q( ^gl(M|N)) based on a tensor representation of U_q(gl(M|N)) labeled by a rectangular Young diagram with a hight of a and a width of s in the (M, N)-hook (see Figure 1). In particular, T^{(1)}_1 (x) corresponds to the transfer matrix of the Perk- Schultz-type model [10]. In contrast to the bosonic algebra U_q( ^gl(M)) case, the index

1A fusion relation corresponding to (1.1) for (M, N) = (2, 1) and a = s = 1 was considered in [9].

a can take arbitrary non-negative integer values. For N = 0, the “duality relation” (1.4) becomes trivial T^{(M)}_b (x) = ε^{−1}_b , which means that the M-th antisymmetric tensor representation of U_q(gl(M)) is trivial; while this is not the case for N > 0. The functions T^{(a)}_0 (x), T^{(0)}s (x) (a, s ∈ Z_{≥0}) appearing in the boundary depend on each model and the normalization. We sometimes chose a normalization where these functions are just 1 (this corresponds to the normalization of the universal R-matrix). As was pointed out in [6], the above T -system is a reduction of the so-called Hirota bilinear difference equation [11]. Due to the commutativity of the transfer matrices, the eigenvalues of the transfer matrices obey the same functional relations as the transfer matrices. In this paper, the eigenvalue of the transfer matrix will be called T-function. These equations (1.1)-(1.4) were transformed into the form of the Y -system and used [12] to derive the thermodynamic Bethe ansatz equations. We also used [13] these equations (1.1)- (1.4) to derive nonlinear integral equations with a finite number of unknown functions, which are equivalent to the thermodynamic Bethe ansatz equations. We remark that T -systems closely related to (1.1)-(1.4) also appeared recently in the study of the AdS/CFT correspondence in particle physics [14, 15, 16]. In particular, two copies of a gl(2|2)-like T -system coupled^2 each other appeared as the “left wing” and the “right wing” of the AdS/CFT T -system (in the form of the Y -system) [16, 17].

The so-called Bazhanov-Reshetikhin formula [2] is a determinant expression of the eigenvalue of the transfer matrix for the fusion [18] model whose auxiliary space is labeled by a general Young diagram for a tensor representation of U_q(^sl(M)) (or U_q( ^gl(M))). This formula also has a tableaux sum expression. The Bazhanov- Reshetikhin formula allows a supersymmetric generalization for U_q(^sl(M|N)) or U_q( ^gl(M|N)), which may be called “the quantum supersymmetric Jacobi-Trudi formula” or “the supersymmetric Bazhanov-Reshetikhin formula” [6, 7, 8] (cf. (2.35) and (2.36); see also a recent paper [19], and also [20] for U_q(B^{(1)}r ) case). This formula or its tableaux sum expression for the Young diagram of rectangular shape gives [6, 7, 8] the solution of the T -system (1.1)-(1.4). The supersymmetric Bazhanov-Reshetikhin formula is a quantum affine superalgebra analogue (or the Yang-Baxterization) of the second Weyl formula for the transfer matrices since this formula reduces to the supersymmetric Jacobi-Trudi formula on the supercharacter of gl(M|N) [21] if the spectral parameter dependence is dropped (this corresponds to the limit x → 0 in our normalization of the spectral parameter x). Then, it is natural to consider an analogue of the first Weyl formula. The first Weyl formula for the superalgebra gl(M|N) is often called “Sergeev-Pragacz formula” in mathematical literature [22] (see (A.10)). In addition, the Sergeev-Pragacz formula has a nice Wronskian-like determinant expression [23]. In this paper, we propose Wronskian-like determinant expressions of the T-functions for U_q( ^gl(M|N)) (or U_q(^sl(M|N))) for any M, N (cf. (3.15)-(3.16)). These include formulae in our previous paper [24] on U_q(^sl(2|1)) and also similar formulae for

2These two gl(2|2)-like T -systems decouple in the limit L → ∞.

the bosonic case U_q( ^gl(M)) [25, 26, 27, 28] (see also papers from a different approach [29, 30]). In particular for the Young diagram of rectangular shape, these formulae give Wronskian-like determinant solutions of the T -system (1.1)-(1.4) for U_q( ^gl(M|N)) (cf. Theorem 3.3). We also remark that these Wronskian-like determinants can be viewed as generalization of the ninth variation of Schur function in terms of the first Weyl formula [31, 32].

The so-called Baxter Q-operators were introduced by Baxter in his pioneering work on the eight-vertex model [33], and have attracted interest from various point of views (see for example, [34, 26, 27, 29, 28, 24, 30]). They belong to the same commuting family of operators as the transfer matrices. In this paper, the eigenvalue of the Baxter Q-operator will be called the Baxter Q-function. Zeros of the Baxter Q-function correspond to the roots of the Bethe ansatz equation. We have 2^{M+N} kind of the Baxter Q-functions. And two of them are “trivial” in the sense that they can be normalized to just 1. Thus we have 2^{M+N} − 2 kind of non-trivial Baxter Q-functions. But they are not independent as they obey the functional relations (2.17)-(2.18) (cf. [35, 27, 37, 38, 36, 29, 39, 40, 41, 24]). As remarked many times [42, 7, 37, 38, 29, 39, 41, 24], there are equivalent, but different, forms of the Bethe ansatz in the model. In our case, there are (M + N)! different Bethe ansatz. They are connected by these functional relations among the Baxter Q-functions (2.17)-(2.18). In [7], we discussed equivalence of the Bethe ansatz in relation to the Weyl (super) group for any M, N ∈ Z_{≥0}. We also find Wronskian-like determinant expressions of the Baxter Q-functions, which solve the functional relations (2.17)-(2.18) (cf. Theorem 3.2). These determinant expressions are similar to the ones for the T-functions, but labelled by an empty Young diagram. In [26], the Baxter Q-operators are defined as trace of the universal R-matrix over q-oscillator representations of the quantum affine algebra U_q(^sl(2)). This construction of the Baxter Q-operators was generalized in the subsequent papers [27, 28, 24]. In particular, importance of boundary twists or horizontal fields to regularize the trace over the infinite dimensional space was recognized in [26] for the first time. Although we do not discuss operator realization of our formulae on the Baxter Q-functions, we design our formulae with the construction of the Baxter Q-operators in [26] in mind.

In [25], it was shown for gl(M)-related elliptic models that T-functions for quantum integrable models can be treated by methods of classical theory of solitons and discrete integrable equations. Moreover a part of discussions in [25] was generalized, in the recent papers [39, 40], to gl(M|N)-related rational models, where (M + 1)(N + 1) kind of Baxter Q-functions were treated. In particular, Bäcklund transformations among solutions of the gl(m|n)-type T -systems (0 ≤ m ≤ M, 0 ≤ n ≤ N) were proposed in [39, 40] (cf. eqs. (3.58)-(3.61)), where the problem on gl(M|N) was connected to the one on gl(0|0). The U_q(gl(m|n))-type T -systems (0 ≤ m < M, 0 ≤ n < N; cf. eqs. (3.50)-(3.53)) in the intermediate step in the Bäcklund flow have the same form as the original T -system (1.1)-(1.4) with (M, N) → (m, n) except for the functions

T^{(a)}_0 (x), T^{(0)}s (x) (a, s ∈ Z_{≥0}) appearing in the boundary. The functions T^{(a)}_0 (x), T^{(0)}s (x) for these intermediate functional relations are proportional to the Baxter Q-functions (cf. eqs. (3.37), (3.38)). We find that our Wronskian-like determinant formulae explicitly solve all these functional relations (cf. Theorems 3.3, 3.4).

In the representation theoretical context, the T-functions can be interpreted as the so-called q-characters [43]. Originally, the q-character is defined [43] as a partial trace of the universal R-matrix for some representation of the quantum affine algebra. Consequently, the eigenvalue formula of the transfer matrix by the Bethe ansatz has a similar^3 form as the q-character if the Baxter Q-functions are defined in the normalization of the universal R-matrix (this corresponds to case where the vacuum part is formally put^4 to 1). In this sense, the T-functions by the analytic Bethe ansatz in [6, 7, 8] are prototypes of the q-(super)characters for the quantum affine superalgebra U_q(^sl(M|N)) or U_q( ^gl(M|N)). Thus our new Wronskian-like expression of the T-function is yet another form of the q-(super)character. In this expression, the Weyl group invariance of the q-(super) character becomes manifest.

The size of the Wronskian-like determinant for the T-function is less than (for atypical representations) or equal to M + N (for typical representations). On the other hand, the size of the determinant for the supersymmetric Bazhanov-Reshetikhin formula depends on the representation and has no upper bound. In addition, the number of the terms in the tableaux sum expression of the T-function is the dimension of the auxiliary space. Thus our new Wronskian-like determinant formulae will be particularly useful to analyze eigenvalues of the transfer matrices for large dimensional representations in the auxiliary space.

In section 2, we reformulate formulae on the analytic Bethe ansatz in our previous papers [6, 7, 8]. In section 3, we propose the Wronskian-like determinant expressions of the T-functions and the Baxter Q-functions, and give solutions of the T -system for U_q( ^gl(M|N)). These are our main results in this paper. We will also mention relation among these Wronskian-like formulae and the formulae in section 2. In section 4, we will briefly comment on how to obtain the T-functions for typical representations. The factorization property of the T-functions straightforwardly follows from the Wronskian-like determinant formulae. In [8], we showed that the T-function for the typical representation can be obtained as a deformation of the tableaux sum expression of the T-function. We rederive this result for the typical representation from our new Wronskian-like determinant formula. In section 5, we see that Baxter equations for U_q( ^gl(M|N)) straightforwardly follow from the Wronskian-like determinant formulae. They are finite order difference equations and linear with respect to the Baxter Q-functions. Section 6 is devoted to discussions. In Appendix A, we briefly mention representations of the superalgebra gl(M|N) and their characters. It will be good to

3Compare [44] with [43].

4This does not always mean that the quantum space of the model has “zero-spin”. Rather, this means that the quantum space is arbitrary.

see how the T-function in this paper reduces to the character formula (in particular, the determinant formula in [23]) of gl(M|N) (or its subalgebras) in the limit x → 0. In Appendix B, we will discuss, the normalization of the Baxter Q-functions. We will prove our main theorems in Appendix C. In Appendix D, we will derive conserved quantities, and obtain determinant formulae of generalized Baxter equations for U_q( ^gl(M|N)). In this paper, we assume that q is not a root of unity.

2 Analytic Bethe ansatz for the Perk-Schultz-type models and their fusion hierarchies revisited

The Perk-Schultz model [10] is a trigonometric vertex model related to the (M + N) dimensional evaluation representation of U_q( ^gl(M|N)). It is just a representative of an infinite set of fusion models. The fusion models related to U_q( ^gl(M|N)) were studies in [45, 46]. In this section, we briefly reformulate formulae for the T-functions of the fusion hierarchies of the Perk-Schultz-type models from the analytic Bethe ansatz in our previous papers [6, 7, 8], keeping in mind recent developments [39, 40, 24].

Let us introduce the following sets I := {1, 2, . . . , M + N} = B ⊔ F, B := {1, 2, . . . , M}, F := {M + 1, M + 2, . . . , M + N}, (2.1)

and the grading parameters

p_a = 1 for a ∈ B and p_a = −1 for a ∈ F. (2.2)

Consider any one of the permutations of the components of the tuple (1, 2, . . . , M +N), and write it as a (M + N)-tuple I_{M+N} = (i_1, i_2, . . . , i_{M+N} ). Of course, I_{M+N} coincides with I as a set. Let us take the first a-components (0 ≤ a ≤ M +N) of the tuple I_{M+N} and write it as a-tuple I_a = (i_1, i_2, . . . , i_a). We also take the rest of (M +N −a) components of I_{M+N} , and write it as (M +N −a)-tuple I_a = (i_{a+1}, i_{a+2}, . . . , i_{M+N} ). Similarly, consider any one of the permutations of the components of the tuple (1, 2, . . . , M) (resp. (M + 1, M + 2, . . . , M + N)), and write it as a M-tuple B_M = (b_1, b_2, . . . , b_M ) (resp. N-tuple F_N = (f_1, f_2, . . . , f_N )). Let us take the first m-components (0 ≤ m ≤ M) of the tuple B_M (resp. the first n-components (0 ≤ n ≤ N) of the tuple F_N ) and write it as a m-tuple B_m = (b_1, b_2, . . . , b_m) (resp. a n-tuple F_n = (f_1, f_2, . . . , f_n)). We will use a symbol B_m × F_n := (b_1, . . . , b_m, f_1, . . . , f_n). We will denote I_0, I_{M+N} , B_0, F_0 as ∅. We also use the symbol I to denote any one of the tuples I_0, I_1, . . . , I_{M+N} . In case we need not mind order of the components of these tuples I_a, B_m, F_n, we will treat these as just sets, but will use the same symbols. We have (M + N)! different choices of the tuple I_{M+N} . There are (_{M+N} a ) different choices of I_a (as sets) for each a, and in total 2^{M+N} for all a ∈ {0, 1, . . . , M + N}. As sets, they form a poset with respect to the inclusion relations. Each {I_a}^{M+N}_{a=0} forms a chain as a family of sets:

∅ = I_0 ⊂ I_1 ⊂ · · · ⊂ I_{M+N} , Card(I_a \ I_{a−1}) = 1, a ∈ I, (2.3)

where Card(J) is the number of the elements of the set J. We also have an opposite family of sets: I_{M+N} = I_0 ⊃ I_1 ⊃ · · · ⊃ I_{M+N} = ∅.

We will consider functions {Q_{Ia} (x)}^{M+N}_{a=0} of a multiplicative spectral parameter x ∈ C labeled by {I_a}^{M+N}_{a=0} . These are the so-called Baxter Q-functions^5, which will be discussed in what follows. We will use a notation

Q_{Ia} (x) := Q_{Ia} (x). (2.4)

We will treat the tuple I_a just a set for Q_{Ia} (x) and Q_{Ia} (x), where 0 ≤ a ≤ M + N. For example, Q_{(1,2,3)}(x), Q_{(2,3,1)}(x), Q_{(3,1,2)}(x), Q_{(1,3,2)}(x), Q_{(3,2,1)}(x), Q_{(2,1,3)}(x) are the same function and denoted as Q_{{1,2,3}}(x). There are 2^{M+N} Baxter Q-functions, in total. In this paper, we normalize the Baxter Q-functions as

Q_J (0) = 1 for any J ⊂ I. (2.5)

Before we proceed discussions, we must comment on a subset of the 2^{M+N} Baxter Q-functions. Let us consider the case where the components of the tuple I_{M+N} are arranged in the following way: for any a ∈ {0, 1, . . . , M + N}, I_a has the form {1, 2, . . . , m} ⊔ {M + 1, M + 2, . . . , M + n} as a set, where m = Card(I_a ∩ B), n = Card(I_a ∩F) and a = m+n. There are^{(M+N)!}_{M!N!} different choice of such I_{M+N} . And in to- tal, there are (M +1)(N +1)-Q-functions {Q_{{1,2,...,m}⊔{M+1,M+2,...,M+n}}(x)}_{0≤m≤M,0≤n≤N} labeled by such {I_a}^{M+N}_{a=0} . These (M + 1)(N + 1)-Q-functions (for rational case) essentially correspond to the ones considered in [39, 40].

The eigenvalue formula of the transfer matrix of the Perk-Schultz-type model by the Bethe ansatz has the following form^6 [47]:

F^{IM+N}_{(1)} (x) = M+N∑ a=1 p_{ia} X_{Ia} (x), (2.6)

where the functions {X_{Ia} (x)}^{M+N}_{a=1} are defined in the following way. Let us take a K-tuple I = (γ_1, γ_2, . . . , γ_K ) whose components are mutually distinct elements of I,

5The Baxter Q-operators (A_1 (x), A_2 (x), A_3 (x), A_1(x), A_2(x), A_3(x)) for U_q( ^sl(2|1)) in [24] corresponds to the functions (Q_{{2,3}}(x), Q_{{1,3}}(x), Q_{{1,2}}(x), Q_{{1}}(x), Q_{{2}}(x), Q_{{3}}(x)) for (M, N) = (2, 1) with z_1z_2z^{−1}_3 = 1 in this paper. q in [24] corresponds to q^{−1} here.

6Here we are considering the case where the auxiliary space is an (M + N) dimensional evaluation representation of U_q( ^gl(M|N)). The quantum space of the original Perk-Schultz model is also the (M + N) dimensional representation on each site. In our normalization of the Baxter Q-functions, the vacuum part is included in the Baxter Q-functions. Thus the formula has the same form even if the model has a more general quantum space [4, 8, 39, 48].

where 1 ≤ K ≤ M + N. We also introduce (K − 1)-tuples Î = (γ_1, γ_2, . . . , γ_{K−1}) and Ǐ = (γ_2, γ_3, . . . , γ_K ). Then we define functions labeled by I as

X_I(x) := z_{γK} Q_Î(xq^{− ∑j∈Î pj −2pγK + M−N2} )Q_I(xq^{− ∑j∈I pj +2pγK + M−N2} ) Q_Î(xq^{− ∑j∈Î pj + M−N2} )Q_I(xq^{− ∑j∈I pj + M−N2} ) (2.7) and X_I(x) := z_{γ1} Qˇ_I(xq^{∑j∈Ǐ pj +2pγ1 − M−N2} )Q_I(xq^{∑j∈I pj −2pγ1 − M−N2} ) Qˇ_I(xq^{∑j∈Ǐ pj − M−N2} )Q_I(xq^{∑j∈I pj − M−N2} ) . (2.8)

We note that the relation X_{Ia−1} (x) = X_{Ia} (x) holds due the relation ∑ j∈I_a pj + ∑ j∈I_a pj = M −N and (2.4). The parameters za ∈ C correspond to boundary twists or

horizontal fields; namely we are considering a transfer matrix with a twisted boundary condition. The functions Q_I (x) for I = ∅ or I = I_{M+N} are special. In this paper, we will normalize these as Q_∅(x) = 1 (2.9) or Q_∅(x) = 1. (2.10) In the normalization of the universal R-matrix, the conformal field theoretical models or the q-(super)character, we impose both (2.9) and (2.10), at least for the case M ≠ N (cf. [26, 27, 28, 24]; see Appendix B). For the Perk-Schultz model, we may use the normalization (2.10) and

Q_{IM+N} (x) = L∏ j=1 ( 1 − x w_j ) , (2.11)

where L is the number of the lattice site; w_j is an inhomogeneity on the spectral parameter on the j-th site of the quantum space (the homogeneous case corresponds to w_j = 1). (2.11) corresponds to the so-called quantum Wronskian condition. In this case, {Q_{Ia} (x)}^{M+N−1}_{a=1} are polynomials of x for finite L:

Q_{Ia} (x) = n_{Ia}∏

k=1 ( 1 − x x^{Ia}_k ) , (2.12)

where {x^{Ia}_k } are roots^7 of the Bethe ansatz equation:

− 1 = p_{ia+1} z_{ia+1} p_{ia} z_{ia} Q_{Ia−1} (x^{Ia}_k q^{pia} )Q_{Ia} (x^{Ia}_k q^{−2pia+1} )Q_{Ia+1} (x^{Ia}_k q^{pia+1} ) Q_{Ia−1} (x^{Ia}_k q^{−pi}a )Q_{Ia} (x^{Ia}_k q^{2pi}a )Q_{Ia+1} (x^{Ia}_k q^{−pia+1} ) (2.13) for k ∈ {1, 2, . . . , n_{Ia} } and a ∈ {1, 2, . . . , M + N − 1}. 7Here we treat the tuple I_a just a set for x^{Ia}_k .

The condition that the poles of (2.6) from the zeros of Q_{Ia} (x) (1 ≤ a ≤ M + N − 1) chancel each other:

Res_{x=xIak q}^∑_{j∈Ia pj −} M−N_2 (p_{ia} X_{Ia} (x) + p_{ia+1} X_{Ia+1} (x)) = 0 (2.14)

produces the Bethe ansatz equation (2.13). One can obtain a Bethe ansatz system, which has one-to-one correspondence with the above mentioned one for the Perk- Schultz model by the normalization (2.9) and

Q_{IM+N} (x) = L∏ j=1 ( 1 − x w_j ) . (2.15)

The rational case of this system corresponds to the one considered in [39, 40]. In the context of the theory of the q-character [43], (2.6) corresponds to the q-(super)character 8 for the M + N dimensional evaluation representation of U_q( ^gl(M|N)), and X_{I1} (x) is called the “highest weight monomial”.

Let us write the symmetric group over the components of the tuple I (or elements of the set I) as S(I). We assume that σ ∈ S(I) acts on a ∈ I \ I as σ(a) = a. The action on F^{IM+N}_{(1)} (x) is defined as σ[F^{IM+N}_{(1)} (x)] := F^{σ(IM+N )}_{(1)} (x) = F^{(σ(i1),σ(i2 ),...,σ(iM+N ))}

(1) (x). If one interprets the action of σ on X_{Ia} (x), Q_{Ia} (x), z_a and p_a as σ[X_{Ia} (x)] = X_{σ(Ia)}(x), σ[Q_{Ia} (x)] = Q_{σ(Ia)}(x), σ(z_a) = z_{σ(a)}, σ(p_a) = p_{σ(a)}, then one sees that these are compatible with the definitions (2.6) and (2.7). Note that σ[Q_J (x)] = Q_J (x) for any σ ∈ S(I) such that I ⊂ J or I ⊂ I \ J. The direct product of the symmetric groups S(B) × S(F) corresponds to the Weyl group of gl(M|N) if the parameters {z_a} are interpreted as in Appendix A. The Q-functions Q_I (x) with the same “level” Card(I) are in the same “S(I)-orbit”.

As already remarked many times in various context [42, 7, 37, 38, 29, 39, 41, 24], (2.6) does not depend on the choice of the tuple I_{M+N} since there are relations among the Baxter Q-functions (cf. Figure 2). Let us consider a permutation τ ∈ S(I_{M+N} ) = S(I) such that τ(i_a) = i_{a+1}, τ(i_{a+1}) = i_a and τ(i_b) = i_b for b ≠ a, a + 1, for a fixed a ∈ {1, 2, . . . , M + N − 1}. Note that τ[Q_{Ib} (x)] = Q_{Ib} (x) if b ≠ a. Thus τ[X_{Ib} (x)] = X_{Ib} (x) if b ≠ a, a + 1. Let us write i_a = i, i_{a+1} = j, I_{a−1} = I. The condition τ[F^{IM+N}_{(1)} (x)] = F^{IM+N}_{(1)} (x) is equivalent to

p_iX_{Ia} (x) + p_jX_{Ia+1} (x) = p_j X_{τ (Ia)}(x) + p_iX_{τ (Ia+1)}(x). (2.16)

This implies the following functional relation (cf. [35, 27, 36, 29, 41, 24])^9: (z_i − z_j )Q_I (x)Q_{I⊔{i,j}}(x) = z_iQ_{I⊔{i}}(xq^{pi} )Q_{I⊔{j}}(xq^{−pi} ) − z_j Q_{I⊔{i}}(xq^{−pi} )Q_{I⊔{j}}(xq^{pi} ) for p_i = p_j , (2.17)

8 Difference between the supercharacter and the character is not essential here as the supercharacter becomes the character by the transformation: z_a → −z_a for a ∈ F. In the theory of the q-characters, one usually includes the parameters {z_a} into the Baxter Q-functions and writes the q-characters in terms of the variables of the form Y_{Ia} (x) = Q_{Ia} (xq)/Q_{Ia} (xq^{−1}).

9Functional relations similar to (2.17) appeared in [35] for rational vertex models related to

Q_{{1,2,3,4}}(x)

Q_{{1,2,3}}(x) Q_{{1,2,4}}(x) Q_{{1,3,4}}(x) Q_{{2,3,4}}(x)

Q_{{1,2}}(x) Q_{{1,3}}(x) Q_{{1,4}}(x) Q_{{2,3}}(x) Q_{{2,4}}(x) Q_{{3,4}}(x)

Q_{{1}}(x) Q_{{2}}(x) Q_{{3}}(x) Q_{{4}}(x)

Q_∅(x)

Figure 2: The hierarchy of the 2^4 Baxter Q-functions for U_q( ^gl(2|2)). The functions Q_∅(x) and Q_{{1,2,3,4}}(x) are special on the point that they do not contain roots of the Bethe ansatz equation, and often normalized as just 1. The index sets I of the Baxter Q-functions Q_I (x) form a Hasse diagram. Q_{Ia} (x) and Q_{Ia−1} (x) are connected by a thick line if I_a \ I_{a−1} ⊂ B = {1, 2}, a thin line if I_a \ I_{a−1} ⊂ F = {3, 4}. As a graph, this contains many cycles. Minimal non-trivial cycles are 4-cycles, which correspond to functional relations among the Baxter Q-functions on the vertexes. 4-cycles containing only thick lines correspond to (2.17) for p_i = p_j = 1; only thin lines correspond to (2.17) for p_i = p_j = −1; both thick lines and thin lines correspond to (2.18). In addition, the function X_{Ia} (x) ((2.7) for I = I_a) lives on the edge which connects two vertexes for Q_{Ia} (x) and Q_{Ia−1} (x). Thus the function F^{Ia}_{(1)}(x) ((2.32) for λ ⊂ μ = (1), I = I_a, M = N = 2) lives on a path from Q_{I0} (x) = Q_∅(x) to Q_{Ia} (x); the function F^{Ia}_{(1)}(x) (cf. (2.33) for λ ⊂ μ = (1), I = I_a, M = N = 2) lives on a path from Q_{Ia} (x) to Q_{I4} (x) = Q_{{1,2,3,4}}(x), where these paths must not contain more than two functions Q_I (x), Q_J (x) of the same level Card(I) = Card(J). In particular, they do not depend on the paths.

and also the following (cf. [37, 38, 29, 39, 40, 24]): (z_i − z_j )Q_{I⊔{i}}(x)Q_{I⊔{j}}(x) = z_iQ_I (xq^{−pi} )Q_{I⊔{i,j}}(xq^{pi} ) − z_j Q_I (xq^{pi} )Q_{I⊔{i,j}}(xq^{−pi} ) for p_i = −p_j . (2.18)

In fact, one can easily show the relation (2.16) based on the functional relations (2.17) and (2.18). Functional relations corresponding to (2.18) were discussed in [39, 40] from a point view of a classical theory of the soliton, and also to (2.17) in [41]. In addition, (2.17) was proved based on decompositions of q-oscillator representations of U_q(^sl(2)) [26], U_q(^sl(3)) [27] and U_q(^sl(2|1)) [24]. (2.18) was also proved similarly for U_q(^sl(2|1)) [24]. For U_q( ^gl(2)) case, (2.17) reduces to the quantum Wronskian condition. One may also unify the above two relations. z_iQ_{I⊔{i}}(xq^{pi+pj2} )Q_{I⊔{j}}(xq^{− pi+pj2} ) − z_j Q_{I⊔{i}}(xq^{− pi+pj2} )Q_{I⊔{j}}(xq^{pi+pj2} ) = z_iQ_I (xq^{− pi−pj2} )Q_{I⊔{i,j}}(xq^{pi−pj2} ) − z_j Q_I (xq^{pi−pj2} )Q_{I⊔{i,j}}(xq^{− pi−pj2} ). (2.19) Note that the relations (2.17) and (2.18) can be rewritten as (z_i − z_j )Q_I (x)Q_{I⊔{i,j}}(x) = z_iQ_{I⊔{i}}(xq^{−pi} )Q_{I⊔{j}}(xq^{pi} ) − z_j Q_{I⊔{i}}(xq^{pi} )Q_{I⊔{j}}(xq^{−pi} ) for p_i = p_j , (2.20) (z_i − z_j )Q_{I⊔{i}}(x)Q_{I⊔{j}}(x) = z_iQ_I (xq^{pi} )Q_{I⊔{i,j}}(xq^{−pi} ) − z_j Q_I (xq^{−pi} )Q_{I⊔{i,j}}(xq^{pi} ) for p_i = −p_j . (2.21)

The form of the functional relations (2.17)-(2.18) are invariant under the gauge transformation Q_I (x) → g_1(xq^{∑k∈I pk} )g_2(xq^{− ∑k∈I pk} )Q_I (x) for all I ⊂ I, where g_1(x), g_2(x) are arbitrary functions of x. Thus one can always chose the normalization (2.9) based on this freedom. The same discussion can be applied for (2.20)-(2.21) and (2.10). In particular for I = ∅ case, (2.18) with the normalization (2.9) reduces to

(z_i − z_j )Q_i(x)Q_j(x) = z_iQ_{{i,j}}(xq) − z_j Q_{{i,j}}(xq^{−1}) for i ∈ B, j ∈ F, (2.22)

A_2; in [36] in relation to the ODE/IM correspondence for A_n, B_n, C_n, D_n. (2.17) appeared in [27] for W_3 CFT related to U_q( ^sl(3)). As for the superalgebra related models, functional relations similar to (2.17) appeared in [29] for rational non-compact sl(2|1) spin chains; in [41], in the context of the AdS/CFT correspondence, for rational models related to su(M|N). In [24], we proposed (2.17) for both CFT and trigonometric vertex models associated with U_q( ^sl(2|1)). We had also reported these functional relations (2.17)-(2.18) and some Wronskian-like formulae on T - and Q-operators for U_q ( ^sl(2|1)) case, before the preprint version of [24] appeared, on many conferences which include the following two: “Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory”, the university of Melbourne, January, 2007 [http://www.smft2007.ms.unimelb.edu.au/program/LectureSeries.html]; La 79eme Rencontre entre physiciens theoriciens et mathematiciens “Supersymmetry and Integrability”, IRMA Strasbourg, June, 2007 [http://www-irma.u-strasbg.fr/article383.html].

and (2.21) with (2.10) reduces to

(z_i − z_j )Q_i(x)Q_j(x) = z_iQ_{{i,j}}(xq^{−1}) − z_j Q_{{i,j}}(xq) for i ∈ B, j ∈ F, (2.23)

where we used abbreviations Q_i(x) := Q_{{i}}(x) and Q_i(x) := Q_{{i}}(x). Thus Q_{{i,j}}(x) with (2.9) (resp. Q_{{i,j}}(x) with (2.10)) can be expressed as a kind of convolution of Q_i(x) and Q_j(x) (resp. Q_i(x) and Q_j(x)): Q_{{i,j}}(x) =^{zi−zj}_{ziD−zj D−1} Q_i(x)Q_j (x) (resp. Q_{{i,j}}(x) =^{zi−zj}_{ziD−1−zj D} Q_i(x)Q_j (x)), where D is a difference operator: Df(x) = f(xq) for any function f(x) of x. Explicitly, we have Q_{{i,j}}(x) = z_i − z_j z_i ∞∑ k=0 ( z_j z_i )_k Q_i(xq^{−2k−1})Q_j (xq^{−2k−1}) (2.24) or Q_{{i,j}}(x) = z_j − z_i z_j ∞∑ k=0 ( z_i z_j )_k Q_i(xq^{2k+1})Q_j (xq^{2k+1}) (2.25)

depending on their convergence regions. Or instead, one may expand the Baxter Qfunction as Q_I (x) = ∑_∞ k=0 a^{(k)}_I x^k (I = {i}, {j}, {i, j}, a^{(0)}_I = 1, a^{(k)}_i := a^{(k)}_{{i}}) and plug this into (2.22). Then we obtain Q_{{i,j}}(x) = ∞∑ α=0 ∞∑ β=0 (z_i − z_j )a^{(α)}_i a^{(β)}_j q^{α+β}z_i − q^{−α−β}z_j x^{α+β} . (2.26)

Substitute x = x^{I⊔{i}}_k q^{−pi} and x = x^{I⊔{i}}_k q^{pi} into (2.17) with (2.12), we obtain (z_i − z_j)Q_I (x^{I⊔{i}}_k q^{−pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{−pi} ) = −z_j Q_{I⊔{i}}(x^{I⊔{i}}_k q^{−2pi} )Q_{I⊔{j}}(x^{I⊔{i}}_k ), (2.27) (z_i − z_j)Q_I (x^{I⊔{i}}_k q^{pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{pi} ) = z_iQ_{I⊔{i}}(x^{I⊔{i}}_k q^{2pi} )Q_{I⊔{j}}(x^{I⊔{i}}_k ). (2.28) Let us divide these two equations by one another:

−1 = z_j z_i Q_I (x^{I⊔{i}}_k q^{pi} )Q_{I⊔{i}}(x^{I⊔{i}}_k q^{−2pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{pi} ) Q_I (x^{I⊔{i}}_k q^{−pi} )Q_{I⊔{i}}(x^{I⊔{i}}_k q^{2pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{−pi} ) for p_i = p_j . (2.29)

Substitute x = x^{I⊔{i}}_k into (2.18) with (2.12), we obtain 1 = z_j z_i Q_I (x^{I⊔{i}}_k q^{pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{−pi} ) Q_I (x^{I⊔{i}}_k q^{−pi} )Q_{I⊔{i,j}}(x^{I⊔{i}}_k q^{pi} ) for p_i = −p_j . (2.30)

(2.29) and (2.30) for I = I_{a−1}, i = i_a, j = i_{a+1} coincides with the Bethe ansatz equation (2.13).

Figure 3: The Young diagram with shape μ = (4, 3, 2, 1^2).

Figure 4: The Young diagram for the partition μ^′ = (5, 3, 2, 1), conjugated to μ = (4, 3, 2, 1^2) in Figure 3.

Let us introduce notations for the partitions and Young diagrams (see [49] for details). A partition is a non increasing sequence of positive integers μ = (μ_1, μ_2, . . . ): μ_1 ≥ μ_2 ≥ · · · ≥ 0. We often write this in the form μ = (r^{mr} , (r − 1)^{mr−1} , . . . , 2^{m2} , 1^{m1} ), where r = μ_1, and m_k = Card{j|μ_j = k} is called the multiplicity of k in μ. Two partitions are regarded equivalent if all their non-zero elements of positive multiplicity coincide. Elements of the multiplicity zero should be abbreviated. For example, (4, 3, 2, 1, 1, 0, 0) = (4, 3, 2, 1, 1) = (5^0, 4, 3, 2, 1^2) = (4, 3, 2, 1^2). We will also express the partitions μ as Young diagrams, and will use the same symbol μ for the Young diagrams. The Young diagram μ, corresponding to a partition μ, has μ_k boxes in the k-th row in the plane (see Figure 3). Each box in the Young diagram is specified by a coordinate (i, j) ∈ Z^2, where the row index i increases as one goes downwards, and the column index j increases as one goes from left to right. The top left corner of μ has coordinates (1, 1). The partition μ^′ = (μ^′_1, μ^′_2, . . . ) is called conjugate of μ, and is defined as μ^′_j = Card{k|μ_k ≥ j} (see Figure 4). The Young diagram μ^′ is obtained by the transposition of rows and columns of the Young diagram μ. Let λ = (λ_1, λ_2, . . . ) and μ = (μ_1, μ_2, . . . ) be two partitions such that μ_i ≥ λ_i : i = 1, 2, . . . and λ_μ′_1 = λ^′_{μ1} = 0. We will express a skew-Young diagram defined by these two partitions as λ ⊂ μ. This is the domain given by the subtraction μ − λ (see Figure 5). If λ is an empty set ∅, then λ ⊂ μ coincides with μ. Each box on the skew-Young diagram λ ⊂ μ is specified by its coordinate on μ. We will also use the 180 degrees rotation of the skew-Young

Figure 5: The skew Young diagram λ ⊂ μ with λ = (2, 1) and μ = (4, 3, 2, 1^2).

Figure 6: The 180 degrees rotation of the skew-Young diagram λ ⊂ μ with λ = (2, 1) and μ = (4, 3, 2, 1^2) in Figure 5 is the skew Young diagram with shape ~λ ⊂ μ = (3^2, 2, 1) ⊂ (4^3, 3, 2).

diagram λ ⊂ μ, and denote it as ~λ ⊂ μ (see Figure 6): ~ λ ⊂ μ := (μ_1 − μ_μ′_1 , μ_1 − μ_μ′_{1−1}, μ_1 − μ_μ′_{1−2}, . . . , μ_1 − μ_2, 0

μ^′_1 )

⊂ (μ^{μ′1−λ′1}_1 , μ_1 − λ_λ′_1 , μ_1 − λ_λ′_{1−1}, μ_1 − λ_λ′_{1−2}, . . . , μ_1 − λ_2, μ_1 − λ_1). (2.31)

Note that that ~μ = μ if μ is a Young diagram of rectangular shape.

Let us take a K-tuple I = (γ_1, γ_2, . . . , γ_K) whose components are mutually distinct elements of I, where 1 ≤ K ≤ M+N. We also introduce k-tuple D_k(I) = (γ_1, γ_2, . . . , γ_k) and (K −k+1)-tuple D_k(I) = (γ_k, γ_{k+1}, . . . , γ_K), where 1 ≤ k ≤ K. Next, let us define a space of admissible tableaux Tab_I(λ ⊂ μ) for the K-tuple I on a (skew) Young diagram λ ⊂ μ. We assign an integer t_{ij} in each box (i, j) of the diagram. An admissible tableau t ∈ Tab_I(λ ⊂ μ) is a set of integers t = {t_{jk}}_{(j,k)∈λ⊂μ}, where all t_{jk} ∈ {1, 2, . . . , K} satisfy the conditions (i) t_{jk} ≤ t_{j+1,k}, t_{j,k+1}

(ii) t_{jk} < t_{j,k+1} if γ_{tjk} ∈ F or γ_{tj,k+1} ∈ F

(iii) t_{jk} < t_{j+1,k} if γ_{tjk} ∈ B or γ_{tj+1,k} ∈ B.

The fusion models are described by the Young diagrams. Here we supposed that the fusion is performed in the auxiliary space of the transfer matrix. In particular, the T-functions of the fusion models from the analytic Bethe ansatz can be written as summation over Young tableaux with spectral parameters [6, 7, 8] (see also [2] for M > 0, N = 0 case, and [20] for U_q(B^{(1)}r )). Here we introduce slightly generalized versions of such T-functions^{10} F^I_{λ⊂μ}(x) and F^I_{λ⊂μ}(x). We remark that the following discussion on the T-functions is essentially independent of the “vacuum part”, and thus quantum space, where the transfer matrices act, is arbitrary. For any skew Young diagram λ ⊂ μ, define functions^{11}:

F^I_{λ⊂μ}(x) = ∑ t∈Tab_I(λ⊂μ) ∏ (j,k)∈λ⊂μ p_{γtj,k} X_{Dtj,k (I)}(xq^{μ1−μ′1+2j−2k+ m−n2 − M−N2} ), (2.32)

F^I_{λ⊂μ}(x) = ∑ t∈Tab_I(λ⊂μ) ∏ (j,k)∈λ⊂μ p_{γtj,k} X_{Dtj,k (I)}(xq^{μ1 −μ′1+2j−2k− m−n2 + M−N2} ), (2.33) where the summations are taken over all admissible tableaux, and the products are taken over all boxes of the Young diagram λ ⊂ μ; m := card(I ∩ B), n := card(I ∩ F).

10The Young diagram μ in F^{(1,2,...,M+N)} μ (x) is related to the representation of gl(M|N) as (A.6).

11Eq. (C.8) in [24] corresponds to F^{(1,2,3)}_{λ⊂μ} (x) for K = 3 and (M, N) = (2, 1) with z_1z_2z^{−1}_3 = 1.

We also set F^I_∅ (x) = F^I_∅(x) = 1, and F^∅_μ(x) = F^∅_μ(x) = 0 and for the non-empty Young diagram μ. Note that the admissible tableaux Tab_I(λ ⊂ μ) becomes an empty set if the Young diagram λ ⊂ μ contains a rectangular sub-diagram of a height of m + 1 and a width of n + 1, and consequently (2.32) and (2.33) vanish for such Young diagram^{12}. After inspection of (2.7), (2.8), (2.32) and (2.33), one observes the following relation:

F^I_{λ⊂μ}(x) = F^{~I}~_{λ⊂μ}(x)|_{QJ (xq}s_{)→QJ (q}−s_) for all J ⊂ I, (2.34)

where s is any shift of the Q-functions in F^{~I}~_{λ⊂μ}(x), and ~I = (γ_K , . . . , γ_2, γ_1) is a reversed tuple of I.

Let us take an integer K (0 ≤ K ≤ M + N). The tableau sum formula (2.32) has determinant expressions. F^{IK}_{λ⊂μ}(x) = det_{1≤i,j≤μ1}(F^{IK}_{(1μ}′_{i−λ}′_{j −i+j )}(xq^{μ1−μ′1+μ′i+λ′j −i−j+1})) (2.35) = det 1≤i,j≤μ^′_1 (F^{IK}_{(μj −λi+i−j)}(xq^{μ1−μ′1−μj −λi+i+j−1})), (2.36) where F^{IK}_{(10)}(x) = F^{IK}_{(0)} (x) = 1 and F^{IK}_{(1a)}(x) = F^{IK}_{(a)} (x) = 0 for a < 0. We also have the same type of formulae for (2.33). These determinant expressions for K = M + N correspond to the supersymmetric Bazhanov-Reshetikhin formulae [6, 7] (see also a recent paper [19]; and for U_q(B^{(1)}r ) case, see [20]), which are supersymmetric extension of the Bazhanov-Reshetikhin formulae [2]. The determinants (2.35) and (2.36) for U_q( ^gl(M|N)), M, N > 0 superficially look same as the ones for M = 0 or N = 0 case. However, one must note that their properties for M, N > 0 case are different from the ones for M = 0 or N = 0 case since the conditions of the admissible tableaux are different, and that the matrix elements of the determinants are different.

The above combinatorial tableau sum expressions of the T-functions (2.32) and (2.33) are convenient for computer calculations. Next, we consider other expressions of the T-functions. One can rewrite the above tableau sum expressions for the Young diagrams of one row or one column in the form of the non-commutative generating series [6, 7] (see also, [25, 39, 40]).

W_{IK} (x, X) = (1 − X_{I1} (x)X)^{−pi1} (1 − X_{I2} (x)X)^{−pi2} · · · (1 − X_{IK} (x)X)^{−piK} = ∞∑ α=0 F^{IK}_{(α)}(xq^{1−α− m−n2 + M−N2} )X^α, (2.37)

W_{IK} (x, X)

= (1 − X_{IK} (x)X)^{−piK+1} (1 − X_{IK+1} (x)X)^{−piK+2} · · · (1 − X_{IM+N−1} (x)X)^{−piM+N} = (1 − X_{IK+1} (x)X)^{−piK+1} (1 − X_{IK+2} (x)X)^{−piK+2} · · · (1 − X_{IM+N} (x)X)^{−piM+N}

12See [46, 6, 7] for I = I_{M+N} case.

= ∞∑ α=0 F^{IK}_{(α)}(xq^{1−α+ m−n2 − M−N2} )X^α, (2.38)

where X is a shift operator Xf(x) = f(xq^{−2})X for any function of x; m := card(I_K ∩B), n := card(I_K ∩ F), m := card(I_K ∩ B) = M − m, n := card(I_K ∩ F) = N − n. We also have the inverse of the above generating series.

W_{IK} (x, X)^{−1} = (1 − X_{IK} (x)X)^{piK} · · · (1 − X_{I2} (x)X)^{pi2} (1 − X_{I1} (x)X)^{pi1} = ∞∑ α=0 (−1)^αF^{IK}_{(1α)}(xq^{1−α− m−n2 + M−N2} )X^α, (2.39)

W_{IK} (x, X)^{−1}

= (1 − X_{IM+N−1} (x)X)^{piM+N} · · · (1 − X_{IK+1} (x)X)^{piK+2} (1 − X_{IK} (x)X)^{piK+1} = ∞∑ α=0 (−1)^αF^{IK}_{(1}α_)(xq^{1−α+ m−n2 − M−N2} )X^α. (2.40)

They obey the following recurrence relations (cf. [39, 40]):

W_{IK} (x, X)(1 − X_{IK+1} (x)X)^{−piK+1} = W_{IK+1} (x, X), (2.41)

(1 − X_{IK} (x)X)^{−piK+1} W_{IK+1} (x, X) = W_{IK} (x, X). (2.42)

These generating series (2.37) and (2.39) for K = M + N (resp. (2.38) and (2.40) for K = 0), which generate eigenvalue formulae of “real” transfer matrices appeared in [6, 7]. In particular, W_{IK} (x, X)W_{IK} (x, X) = W_{IM+N} (x, X) = W_{I0} (x, X), corresponds to eq. (3.11) in [7]. In addition, from this relation, one can derive the following relation for s ∈ Z_{≥0}:

F^{IM+N}_{(s)} (x) = F^{I0}_{(s)}(x) = s∑ α=0 F^{IK}_{(α)}(xq^{s−α− m−n2 + M−N2} )F^{IK}_{(s−α)}(xq^{−α+ m−n2 − M−N2} ). (2.43) This is a generalization of eq. (E.6) in [6]. On the other hand, “Intermediate” (0 < K < M + N) generating series (2.37) and (2.39) were considered^{13} in [39, 40]. Some “intermediate” generating series were also written in Appendix E in [6]. We remark that the non-commutative generating series of the T -functions similar to the ones in [6, 7] were also used recently in the study of the AdS/CFT correspondence in particle physics [38, 14, 15, 41, 16].

We define the action of σ ∈ S(I) on the T-functions as σ[F^I_{λ⊂μ}(x)] = F^{σ(I)}_{λ⊂μ} (x) and σ[F^I_{λ⊂μ}(x)] = F^{σ(I)}_{λ⊂μ}(x). As was pointed out in [39, 40], compatibility of this

13To be precise, the ones in [39, 40] were written in terms of functions corresponding to (2.45) for the rational case.

type of recurrence relations (2.41)-(2.42), which corresponds to a discrete “zero curvature condition”, reproduces the functional relations among the Baxter Q-functions (2.17)-(2.21). This corresponds^{14} to W_{Ia+1} (x, X) = W_{τ (Ia+1)}(x, X) in the notation of (2.16). Therefore τ[F^{Ia+1}_{(s)} (x)] = F^{Ia+1}_{(s)} (x) under the functional relations (2.17)- (2.18), and thus τ[F^{Ia+1}_{λ⊂μ} (x)] = F^{Ia+1}_{λ⊂μ} (x) through (2.36). Similarly, τ[F^{Ia+1}_{λ⊂μ} (x)] = F^{Ia+1}_{λ⊂μ} (x) under the functional relations (2.20)-(2.21). Thus σ[F^I_{λ⊂μ}(x)] = F^I_{λ⊂μ}(x) and σ[F^I_{λ⊂μ}(x)] = F^I_{λ⊂μ}(x) for any σ ∈ S(I) or σ ∈ S(I \ I). This means that the Tfunctions F^I_{λ⊂μ}(x) and F^I_{λ⊂μ}(x) are independent of the order of the components of the tuple I (the order of the gradings) under the functional relations (2.17)-(2.21). In particular, σ[F^{IM+N}_{λ⊂μ} (x)] = F^{IM+N}_{λ⊂μ} (x) for σ ∈ S(B) × S(F) under (2.17) corresponds to the Weyl group invariance of the T-functions, and for σ ∈ S(I)/[S(B)×S(F)] under (2.18) corresponds to the super-Weyl group invariance (cf. [7]). Note that S(I)/[S(B)×S(F)] is not a simple permutation on the parameters {z_a}; it affects the rule of the admissible tableau Tab_{IM+N} (λ ⊂ μ).

We can also consider^{15} a non-commutative generating series of the T-functions for the general skew-Young diagrams λ ⊂ μ: det_{1≤i,j≤μ}′_1 (X^{λj +i−j}_i ) μ^′_1∏

j=1 W_{IK} (x_j q^{2j−2+μ1−μ′1+ m−n2 − M−N2} , X_j)

= ∑ σ∈S_μ′_1 sgn(σ) ∞∑ m_1=0 ∞∑ m_2=0 · · · ∞∑ m_μ′_1 =0 μ^′_1∏

j=1 F^{IK}_{(mj )}(x_j q^{−2λσ(j)+2σ(j)−mj +μ1−μ′1−1})

× X^{m1+λσ(1)−σ(1)+1}

1 X^{m2+λσ(2)−σ(2)+2} 2 · · · X^{mμ′1 +λσ(μ′1)−σ(μ} ′ 1 )+μ^′_1

μ^′_1 , (2.44)

where S_μ′_1 is the symmetric group of order μ^′_1 and sgn(σ) is the signature of a permutation σ; {X_j} are commutative (X_iX_j = X_jX_i) shift operators: X_jf(x_1, x_2, . . . , x_j , . . . ) = f(x_1, x_2, . . . , x_j q^{−2}, . . . )X_j for any function f(x_1, x_2, . . . ) of x_1, x_2, . . . . Let us take the coefficient of X^{μ1}_1 X^{μ2}_2 · · · X^{μμ′1}_μ′_1 in the right hand side of (2.44), and write it as F^{IK}_{λ⊂μ}(x_1, x_2, . . . , x_μ′_1 ). We find F^{IK}_{λ⊂μ}(x, x, . . . , x) = F^{IK}_{λ⊂μ}(x) (cf. (2.36)). Thus F^{IK}_{λ⊂μ}(x_1, x_2, . . . , x_μ′_1 ) is a refinement of F^{IK}_{λ⊂μ}(x). We have also derived a

similar formula for F^{IK}_{λ⊂μ}(x).

In general, the function (2.32) for I = I_K (resp. (2.33) for I = I_K ) has poles from zeros of the Baxter Q-function Q_{IK} (x) (resp. Q_{IK} (x)). For example, the function F^{IK}_{(1)} (x) under (2.9), (2.12) and (2.15) has poles^{16} at x = x^{Ia}_k q^{∑j∈Ia pj − M−N2} for 1 ≤ a ≤ K. And these poles for 1 ≤ a ≤ K − 1 chancel each other as in (2.14) under the Bethe

14The compatibility condition in [39, 40] corresponds to the one for the rational case with p_{ia} = −p_{ia+1} . The compatibility condition for the rational case with p_{ia} = p_{ia+1} was discussed in [41].

15See eq. (3.14) in [50] for “classical” case: x = 0, λ = ∅, I_K = (1, 2, . . . , M + N). 16For K = M + N case, the poles for a = M + N (poles from the vacuum part) are located at

ansatz equation (2.13). But the poles for a = K still survive. To kill^{17} this kind of pole, we introduce the following transformations for any (non-skew) Young diagram μ.

F^{IK}_μ (x) = Q_{IK} (xq^{− m−n2 −μ1+μ′1} )F^{IK}_{~μ} (x) (2.45) under the normalization (2.9) and the functional relations (2.17)-(2.18), and

F^{IK}_μ (x) = Q_{IK} (xq^{m−n2 +μ1−μ′1} )F^{IK}_μ (x) (2.46) under the normalization (2.10) and the functional relations (2.20)-(2.21). Here ~μ is the 180 degrees rotated Young diagram of μ (see, (2.31) for λ = ∅).

Let us write these functions for the Young diagram of a rectangular shape μ = (s^a) as F^{(a),IK}s (x) = F^{IK}_{(sa)}(x) = Q_{IK} (xq^{− m−n}2^{−s+a})F^{IK}_{(sa)}(x) and F^{(a),I K}_s (x) = F^{IK}_{(s}a_)(x) = Q_{IK} (xq^{m−n}2^{+s−a})F^{IK}_{(s}a_)(x). In particular for a = 0 or s = 0 case, we interpret them^{18} as: F^{(a),IK}_0 (x) = Q_{IK} (xq^{− m−n2 +a}) for a ∈ Z_{≥0}, (2.47)

F^{(0),IK}_s (x) = Q_{IK} (xq^{− m−n2 −s}) for s ∈ Z, (2.48) F^{(a),I K} 0 (x) = Q_{IK} (xq^{m−n2 −a}) for a ∈ Z_{≥0}, (2.49)

F^{(0),IK}_s (x) = Q_{IK} (xq^{m−n2 +s}) for s ∈ Z. (2.50)

For a, s ∈ Z, F^{(a),IK}s (x) = 0 if a < 0, or a > 0 and s < 0, or a > m and s > n; F^{(a),IK} s (x) = 0 if a < 0, or a > 0 and s < 0, or a > m and s > n.

There are “duality relations” among the functions^{19}. F^{(m),IK} a+n (x) = ( ∏ γ∈I_K p_γ z^{pγ}_γ )_a F^{(a+m),IK} n (x), (2.51)

F^{(m),IK} a+n (x) = ∏ γ∈I_K p_γ z^{pγ}_γ a F^{(a+m),IK} n (x) for a ∈ Z_{≥0}. (2.52)

x = w_k q ∑ j∈IM +N pj − M −N 2 = w_kq^{M −N2} .

17There are cases where poles from the vacuum part still survive (see (B.11) in Appendix B). This depends on the normalization of the Baxter Q-functions. In any case, we expect that poles from the roots of the Bethe ansatz equation disappear.

18μ_1 − μ^′_1 = s − a for μ = (s^a). And then we formally put μ_1 − μ^′_1 = s for a = 0 and μ_1 − μ^′_1 = −a for s = 0 in (2.45) and (2.46). We included non-vanishing terms on s < 0 for the case a = 0 as in [39].

19In the context of the analytic Bethe ansatz, the duality relation for (m, n) = (M, N) appeared in [6] first. This relation with the factor (∏ γ∈I_K pγ z p_γ γ )_a for (m, n) = (M, N) appeared in [13] (the parameters {z_a} were used as chemical potentials). This factor was also written as a superdeterminant in [40].

The T-functions of fusion models obey functional relations called the T -system. For a, s ∈ Z_{≥1}, F^{(a),IK}s (u) satisfies the U_q(gl(m|n))-type T -system:

F^{(a),IK}_s (xq^{−1})F^{(a),IK}_s (xq) = F^{(a),IK}_{s−1} (x)F^{(a),IK}_{s+1} (x) + F^{(a−1),IK}_s (x)F^{(a+1),IK}_s (x) for 1 ≤ a ≤ m − 1 or 1 ≤ s ≤ n − 1 or (a, s) = (m, n),

(2.53) F^{(m),IK} s (xq^{−1})F^{(m),IK}_s (xq) = F^{(m),IK}_{s−1} (x)F^{(m),IK}_{s+1} (x) for s ∈ Z_{≥n+1}, (2.54)

F^{(a),IK}_n (xq^{−1})F^{(a),IK}_n (xq) = F^{(a−1),IK}_n (x)F^{(a+1),IK}_n (x) for a ∈ Z_{≥m+1}, (2.55)

and F^{(a),I K}_s (u) satisfies the U_q(gl(m|n))-type T -system: F^{(a),I K} s (xq^{−1})F^{(a),I K}_s (xq) = F^{(a),I K}_{s−1} (x)F^{(a),IK}_{s+1} (x) + F^{(a−1),I K}_s (x)F^{(a+1),I K}_s (x) for 1 ≤ a ≤ m − 1 or 1 ≤ s ≤ n − 1 or (a, s) = (m, n),

(2.56)

F^{(m),IK} s (xq^{−1})F^{(m),IK}_s (xq) = F^{(m),IK}_{s−1} (x)F^{(m),IK}_{s+1} (x) for s ∈ Z_{≥n+1}, (2.57) F^{(a),I K} n (xq^{−1})F^{(a),I K}_n (xq) = F^{(a−1),I K}_n (x)F^{(a+1),I K}_n (x) for a ∈ Z_{≥m+1}. (2.58)

This type of “boundary condition” (2.47), (2.48), (2.49), (2.50) was discussed in [39, 40] (for N = 0 case, see [25]). For K = M + N (resp. for K = 0), the right hand side of (2.47), (2.48), (resp. (2.49), (2.50)) become model dependent scalar functions (see examples on the inhomogeneous Perk-Schultz models (2.11), (2.15)). And the above T - system corresponds to the original T -system (1.1)-(1.4) for U_q( ^gl(M|N)) [6, 7]. These relations (2.53)-(2.58) follow from the determinant formula (2.35) or (2.36) and the Jacobi identity (C.9).

The function F^{(a),IK}s (x) also satisfies^{20} the following functional relations, which correspond to the Bäcklund transformations^{21} [39, 40].

20This should follow from similar discussions given in [39] for rational case. As we already remarked, the Baxter Q-functions in [39] correspond to the rational case of (M + 1)(N + 1) subset of 2^{M+N} Baxter Q-functions. Thus we have to consider actions of the Weyl group S(B)×S(F) to get the whole set of the Baxter Q-functions, and also the whole set of F^{(a),I}_s (x) and F^{(a),I}_s (x).

21For these relations for gl(M) related elliptic models were proposed in [25]. They were generalized to gl(M|N) related rational models in [39] (without twist parameters case); [40] (with twist parameters case). The normalization of the spectral parameter of the functions in [39, 40] are closer to the following (functions with prime): F^{′IK}_{λ⊂μ}(x) = F^{IK}_{λ⊂μ}(xq^{− m−n2} ), F^{′I K}_{λ⊂μ}(x) = F^{I K}_{λ⊂μ}(xq^{m−n2 −M+N} ), F^{′(a),IK} s (x) = F^{(a),IK}_s (xq^{− m−n2} ), F^{′(a),IK}_s (x) = F^{(a),IK}_s (xq^{m−n2 −M+N} ), Q^′_I (x) = Q_I (xq^{− ∑j∈I pj} ), Q^′_I (x) = Q_I (xq^{∑j∈I pj −M+N} ), X^′_I (x) = X_I (xq^{− M −N2} ), X^′_I (x) = X_I (xq^{− M −N2} ). In fact, (2.59)-(2.62) have the same type of shift of the spectral parameter as in [39, 40] if they are written in terms of F^{′(a),IK} s (x).

The functional relations for p_{iK} = 1 have the following form: F^{(a+1),IK} s (x)F^{(a),IK−1} s (xq^{32} ) − F^{(a),IK}_s (xq)F^{(a+1),IK−1}_s (xq^{12} ) = z_{iK} F^{(a+1),IK} s−1 (xq)F^{(a),IK−1}_{s+1} (xq^{12} ),

(2.59)

F^{(a),IK}_{s+1} (xq)F^{(a),IK−1}_s (xq^{12} ) − F^{(a),IK}_s (x)F^{(a),IK−1}_{s+1} (xq^{32} ) = z_{iK} F^{(a+1),IK} s (xq)F^{(a−1),IK−1} s+1 (xq^{12} ),

(2.60)

and the functional relations for p_{iK} = −1 have the following form: F^{(a+1),IK−1} s (x)F^{(a),IK}_s (xq^{32} ) − F^{(a),IK−1}_s (xq)F^{(a+1),IK}_s (xq^{12} ) = z_{iK} F^{(a+1),IK−1} s−1 (xq)F^{(a),IK}_{s+1} (xq^{12} ),

(2.61)

F^{(a),IK−1} s+1 (xq)F^{(a),IK}_s (xq^{12} ) − F^{(a),IK−1}_s (x)F^{(a),IK}_{s+1} (xq^{32} ) = z_{iK} F^{(a+1),IK−1} s (xq)F^{(a−1),IK}_{s+1} (xq^{12} ).

(2.62)

There are also relations for F^{(a),IK}_s (x). The functional relations for p_{iK} = 1 have the following form: F^{(a+1),I K−1} s (x)F^{(a),I K}_s (xq^{− 32} ) − F^{(a),IK−1}_s (xq^{−1})F^{(a+1),IK}_s (xq^{− 12} ) = z_{iK} F^{(a+1),I K−1} s−1 (xq^{−1})F^{(a),I K}_{s+1} (xq^{− 12} ),

(2.63)

F^{(a),I K−1} s+1 (xq^{−1})F^{(a),I K}_s (xq^{− 12} ) − F^{(a),IK−1}_s (x)F^{(a),I K}_{s+1} (xq^{− 32} ) = z_{iK} F^{(a+1),I K−1} s (xq^{−1})F^{(a−1),I K}_{s+1} (xq^{− 12} ),

(2.64)

and the functional relations for p_{iK} = −1 have the following form: F^{(a+1),I K} s (x)F^{(a),I K−1} s (xq^{− 32} ) − F^{(a),I K}_s (xq^{−1})F^{(a+1),I K−1}_s (xq^{− 12} ) = z_{iK} F^{(a+1),I K} s−1 (xq^{−1})F^{(a),I K−1}_{s+1} (xq^{− 12} ),

(2.65)

F^{(a),I K} s+1 (xq^{−1})F^{(a),I K−1}_s (xq^{− 12} ) − F^{(a),I K}_s (x)F^{(a),I K−1}_{s+1} (xq^{− 32} ) = z_{iK} F^{(a+1),I K} s (xq^{−1})F^{(a−1),I K−1} s+1 (xq^{− 12} ).

(2.66)

The functional relations (2.63)-(2.66) follow from (2.59)-(2.62) through (2.34). The functional relations (2.59)-(2.62) (resp. (2.63)-(2.66)) connect the solution of the U_q(gl(m|n))-type T -system (resp. U_q(gl(m|n))-type T -system) and that of the U_q(gl(m − 1|n))-type T -system or the U_q(gl(m|n − 1))-type T -system (resp. the U_q(gl(m+1|n))-type T -system or the U_q(gl(m|n+1))-type T -system). Thus an original problem on U_q(gl(M|N)) is connected to the one on U_q(gl(0|0)).

Before closing this section, we would like to mention the T-functions for conjugate representations (cf. Appendix B in [6]; eq. (3.11) in [24]). We conjecture that they are obtained by a manipulation^{22} C for the T-functions:

C : z_a → z^{−1}_a , Q_J (xq^s) → Q_J (xq^{−s}) (2.67)

for any shift s of the spectral parameter of the Q-functions in the T-functions and for any a ∈ I and J ⊂ I. For example, (2.6) is transformed to

C[F^{IM+N}_{(1)} (x)] = M+N∑ a=1 p_{ia} C[X_{Ia} (x)], (2.68)

where

C[X_{Ia} (x)] = z^{−1}_{ia} Q_{Ia−1} (xq ∑ j∈Ia−1 pj +2pia − M−N 2 )Q_{Ia} (xq^{∑j∈Ia pj −2pia − M−N2} ) Q_{Ia−1} (xq ∑ j∈Ia−1 pj − M−N 2 )Q_{Ia} (xq^{∑j∈Ia pj − M−N2} ) . (2.69)

Note that the functional relations for the Baxter Q-functions (2.17)-(2.23) are invariant under (2.67).

3 Wronskian-like formulae for the T - and Qfunctions

In this section, we propose Wronskian-like formulae for the T - and Q-functions (cf. (3.15), (3.16)), and claim that they satisfy the functional relations. Theorems 3.2, 3.3, 3.4 are our main results of this paper. We will also mention relation among the Wronskian-like formulae and the formulae in the previous section (cf. (3.67), (3.68)). In Proposition 3.6, we will rewrite the Wronskian-like formulae (3.15) and (3.16) as summations over a direct product of symmetric groups, which suggest T-functions for infinite dimensional representations. There are Wronskian-like formulae for the T - functions for the bosonic case N = 0 [25, 26, 27, 28, 30]. However, our new formulae here are not straightforward generalization of the ones for N = 0. The size of the matrices for the Wronskian-like formulae for the T -functions depends on the representation for M, N > 0 case. The upper bound of the size is M + N. Note that the size is constantly M for N = 0 case. There are papers related to rational models for sl(2|1) [29] and trigonometric models for U_q(^sl(2|1)) [24].

22The Q-function itself is also a function of {z_a} and q: Q_I (x) = Q_I (x, q, z_1, . . . , z_{M+N} ). But we need not touch these in our normalization of the spectral parameter of the Q-function. Namely, C[Q_I (xq^s, q, z_1, . . . , z_{M+N} )] = Q_I (xq^{−s}, q, z_1, . . . , z_{M+N} ). If one applies C to (2.47)-(2.66), one will obtain the T -system and the Bäcklund transformations for the conjugate representations. There are cases where T-functions for both fundamental and its conjugate representations are necessary to analyze physically interesting models (see for example, [51]).

We introduce the following infinite matrices

A(x) := ( (Z_{k,l})_{1≤k≤M,M+1≤l≤M+N} (X_{k,l})_{1≤k≤M,l∈Z} (Y_{k,l})_{k∈Z,M+1≤l≤M+N} (W_{k,l})_{k,l∈Z}, ) , (3.1)

A(x) := ( ( Z_{k,l} ) 1≤k≤M,M+1≤l≤M+N ( X_{k,l} ) 1≤k≤M,l∈Z ( Y_{k,l} ) k∈Z,M+1≤l≤M+N (Wk,l)k,l∈Z ) (3.2)

whose matrix elements are given as follows:

Z_{k,l} := Q_{{k,l}}(x) z_k − z_l , X_{k,l} := z^{l−1}_k Q_k(xq^{2l−1}), Y_{k,l} := (−z_l)^{k−1}Q_l(xq^{−2k+1}),

W_{k,l} := 0,

Z_{k,l} := Q_{{k,l}}(x) z_k − z_l , X_{k,l} := z^{l−1}_k Q_k(xq^{−2l+1}), Y_{k,l} := (−z_l)^{k−1}Q_l(xq^{2k−1}),

W_{k,l} := 0.

(3.3)

For B_m = (b_1, b_2, . . . , b_m), F_n = (f_1, f_2, . . . , f_n) and s_1, s_2, . . . , s_β, r_1, r_2, . . . , r_α ∈ Z (m + α = n + β), we define minor determinants of A(x) and A(x). Δ^{(b1 ,b2,...,bm),(r1,r2,...,rα)} (f_1 ,f_2,...,f_n),(s_1,s_2,...,s_β ) (x) := det ( (Z_{bk,fl} )_{1≤k≤m,1≤l≤n} (X_{bk,sl} )_{1≤k≤m,1≤l≤β} (Y_{rk,fl} )_{1≤k≤α,1≤l≤n} (W_{rk,sl} )_{1≤k≤α,1≤l≤β} )

= det (_{Q{bk ,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m,1≤l≤n ( z^{sl−1}_{bk} Q_{bk} (xq^{2sl−1}) ) 1≤k≤m,1≤l≤β, ((−z_{fl} )^{rk−1}Q_{fl} (xq^{−2rk+1}))_{1≤k≤α,1≤l≤n} (0)_{α×β} , (3.4) Δ^{(b1,b2,...,bm),(r1,r2,...,rα)} (f_1,f_2,...,f_n),(s_1,s_2,...,s_β ) (x) := det ( ( Z_{bk,fl} ) 1≤k≤m,1≤l≤n ( X_{bk ,sl} ) 1≤k≤m,1≤l≤β ( Y_{rk,fl} ) 1≤k≤α,1≤l≤n (Wr^k,s^l )1≤k≤α,1≤l≤β )

= det (_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m,1≤l≤n ( z^{sl−1}_{bk} Q_{bk} (xq^{−2sl+1}) ) 1≤k≤m,1≤l≤β, ( (−z_{fl} )^{rk−1}Q_{fl} (xq^{2rk −1}) ) 1≤k≤α,1≤l≤n (0)α×β , (3.5) where (0)_{α×β} is a α × β zero matrix. Note that {r_k, s_l} are supposed to be integers, but this determinant are still well defined even if they are complex numbers. And this fact will be used in section 4. For m, n ∈ Z_{≥0} and Young diagram μ, we introduce a number, called (m, n)-index [23]. ξ_{m,n}(μ) := min{j ∈ Z_{≥0}|μ_j + m − j ≤ n − 1}. (3.6)

In particular, 1 ≤ ξ_{m,n}(μ) ≤ m + 1, ξ_{m,0}(μ) = m + 1 and ξ_{0,n}(μ) = 1 for μ_{m+1} ≤ n, and ξ_{m,n}(μ) = m + 1 for μ_{m+1} ≤ n ≤ μ_m. We often abbreviate ξ_{m,n}(μ) as ξ_{m,n}.

For B_m = (b_1, b_2, . . . , b_m), F_n = (f_1, f_2, . . . , f_n), x ∈ C , and Young diagram μ, we introduce the following functions. T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) := (−1)^{(m+n+1)(ξm,n (μ)+1)} × Δ^{(b1 ,b2,...,bm),(r1,r2,...,rn−m+ξm,n−1)} (f_1 ,f_2,...,f_n),(s_1,s_2,...,s_{ξm,n−1}) (xq −^{3(m−n)}_2 +μ^′_1−μ_1 ), (3.7)

T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) := (−1)^{(m+n+1)(ξm,n (μ)+1)} × Δ^{(b1,b2,...,bm),(r1,r2,...,rn−m+ξm,n −1)} (f_1,f_2,...,f_n),(s_1,s_2,...,s_{ξm,n−1}) (xq 3(m−n) 2 −μ^′_1+μ_1 ), (3.8) where s_l = μ_{ξm,n−l} + m − n − ξ_{m,n}(μ) + l + 1, r_k = μ^′_{n−m+ξm,n−k} + k − ξ_{m,n}(μ) + 1. By the definition of the (m, n)-index (3.6), we have (cf. Lemma 3.2 in [23])

μ_l + m − n − ξ_{m,n}(μ) + 1 ≥ 0 for 1 ≤ l ≤ ξ_{m,n}(μ) − 1, (3.9)

μ^′_k − ξ_{m,n}(μ) + 1 ≥ 0 for 1 ≤ k ≤ n − m + ξ_{m,n}(μ) − 1. (3.10)

Here the increasing sequence of positive integers (r_1, r_2, . . . , r_{n−m+ξm,n−1}) is called the Maya diagram for the Young diagram (μ^′_1 − ξ_{m,n} + 1, μ^′_2 − ξ_{m,n} + 1, . . . , μ^′_{n−m+ξm,n−1} − ξ_{m,n} + 1); the increasing sequence of positive integers (s_1, s_2, . . . , s_{ξm,n−1}) is the Maya diagram for the Young diagram (μ_1 +m−n−ξ_{m,n} +1, μ_2 +m−n−ξ_{m,n} +1, . . . , μ_{ξm,n−1} + m−n−ξ_{m,n} +1). Maya diagram is convenient to see relation to the fermion Fock space. Thus the above expressions will be useful when we realize the Baxter Q-operators in terms of the fermion operators. We will use many times the above formula (3.7) for the Young diagram with a rectangular shape μ = (s^a). We have to consider the following four cases as the (m, n)-index (3.6) depends on m, n, a, s.

For a ≤ m − n, we have ξ_{m,n}((s^a)) = m − n + 1 and T^{Bm,Fn} (s^a) (x) = Δ B_m,∅ F_n,(1,2,...,m−n−a,m−n−a+s+1,...,m−n+s)(xq −^{3(m−n)}_2 +a−s). (3.11)

For a − s ≤ m − n ≤ a, we have ξ_{m,n}((s^a)) = a + 1 and T^{Bm,Fn} (s^a) (x) = (−1) (m+n+1)aΔBm,(1,2,...,n−m+a) F_n,(m−n−a+s+1,...,m−n+s)(xq −^{3(m−n)}_2 +a−s). (3.12)

For −s ≤ m − n ≤ a − s, we have ξ_{m,n}((s^a)) = m − n + s + 1 and T^{Bm,Fn} (s^a) (x) = (−1) (m+n+1)sΔBm,(n−m−s+a+1,...,n−m+a) F_n,(1,2,...,m−n+s) (xq −^{3(m−n)}_2 +a−s). (3.13)

For m − n ≤ −s, we have ξ_{m,n}((s^a)) = 1 and T^{Bm,Fn} (s^a) (x) = Δ B_m,(1,2,...,n−m−s,n−m−s+a+1,...,n−m+a) F_n,∅ (xq −^{3(m−n)}_2 +a−s). (3.14)

Now we introduce the most important functions, which correspond to the T - and Qfunctions. T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) := T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) T^{(b1,b2,...,bm),(f1,f2,...,fn)} ∅ (0)

, (3.15)

T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) := T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) T^{(b1,b2,...,bm),(f1,f2,...,fn)} ∅ (0)

. (3.16)

On the right hand side of (3.15) and (3.16), a permutation on the components in the tuples B_m = (b_1, b_2, . . . , b_m) or F_n = (f_1, f_2, . . . , f_n) in the numerator and the denominator induces signs, but they cancel each other. Thus the formulae are well defined even if we treat the indexes in the left hand side just a pair of the sets {b_1, b_2, . . . , b_m}, {f_1, f_2, . . . , f_n}. In short, they are invariant under the action of S(B_m) × S(F_n). We suppose that the T-functions T^{(1,2,...,M),(M+1,M+2,...,M+N)} μ (x) and T^{(1,2,...,M),(M+1,M+2,...,M+N)} μ (x) correspond to the eigenvalue formulae of the transfer matrices whose auxiliary space are evaluation representations of U_q( ^gl(M|N)). As representations of U_q(gl(M|N)), they are labelled by the Young diagram μ. The Young diagram μ is related to the Kac-Dynkin label of a representation of gl(M|N) (and thus U_q(gl(M|N))) as in (A.6). We expect that these two different expressions of the T-functions are due to the existence of two kind of evaluation maps from U_q( ^gl(M|N)) to U_q(gl(M|N)) (see eqs. (4.14)-(4.18) in [27], and also [28]). One can calculate the denominator explicitly (cf. [52]). T^{(b1,b2,...,bm),(f1,f2,...,fn)} ∅ (0) = T^{(b1,b2,...,bm),(f1,f2,...,fn)} ∅ (0)

= (−1)^{(m−n)(m+n−1)2} D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) , (3.17) D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) := ∏ 1≤i<j≤m(zbi − zbj ) ∏ 1≤i<j≤n(zfj − zfi ) ∏_m i=1 ∏_n j=1(z_{bi} − z_{fj} ) . (3.18)

This is a generalization of the Cauchy identity. This represents a correlation function of the bc-system of the conformal field theory on P^1, and is related to the “boson-fermion correspondence”. (3.18) satisfies the following relations. D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) D (_{b1, b2, ..., bm, α, β} f_1, f_2, ..., f_n ) = (z_α − z_β)D (_{b1, b2, ..., bm, α} f_1, f_2, ..., f_n ) D (_{b1, b2, ..., bm, β} f_1, f_2, ..., f_n ) , (3.19) D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n, α, β ) = (z_β − z_α)D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n, α ) D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n, β ) , (3.20) D (_{b1, b2, ..., bm, α} f_1, f_2, ..., f_n ) D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n, β ) = (z_α − z_β )D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) D (_{b1, b2, ..., bm, α} f_1, f_2, ..., f_n, β ) . (3.21)

The functional relations (2.17)-(2.21) may be viewed as the Yang-Baxterization^{23} of (3.19)-(3.21).

For generic^{24} Z_{k,l}, X_{k,l}, Y_{k,l}, W_{k,l} in (3.1), (3.15) is a generalization of the ninth variation of Schur function in terms of the first Weyl formula [31, 32]. In fact, T^{BM ,∅}_μ (x) corresponds to eq. (1.7) in [32]. It is interesting to reformulate discussions in this paper based on the Gauss decomposition of a sub-matrix of A(x) along the line in [32].

We will use the following lemma (cf. [46, 6, 7]).

Lemma 3.1. If the Young diagram μ contains a rectangle with a hight of (m + 1) and a width of (n + 1), the functions (3.15) and (3.16) vanish.

This can be proved by the fact that the (m, n)-index (3.6) becomes larger than or equal to m + 2 in this case. We impose the normalization (2.9) (resp. (2.10)) when we use (3.15) (resp. (3.16)) from now on. Now we mention one of the main results in this paper.

Theorem 3.2. Q_{Bm⊔Fn} (x) = Q_{Bm×Fn} (x) = T^{Bm,Fn}_∅ (xq^{m−n2} ) (3.22) solves the functional relations for the Baxter Q-functions (2.17)-(2.18) under the relation (2.22) and the normalization (2.9), and Q_{Bm⊔Fn} (x) = Q_{Bm×Fn} (x) = T^{Bm,Fn}_∅ (xq^{− m−n2} ) (3.23) solves the functional relations for the Baxter Q-functions (2.20)-(2.21) under the relation (2.23) and the normalization (2.10).

A proof of this theorem is given in Appendix C.1. Let us write the above formulae explicitly. For m ≥ n, we have Q_{{b1,b2,...,bm,f1,f2,··· ,fn}}(x) = (−1)^12^{(m−n)(m+n−1)} ∏_m k=1 ∏_n l=1(z_{bk} − z_{fl} ) ∏ 1≤k<l≤m(zbk − zbl ) ∏ 1≤k<l≤n(zfl − zfk ) × det ( Q_{{bk,fl}}(xq^{m−n}) z_{bk} − z_{fl} ) 1≤k≤m,1≤l≤n , ( z^{l−1}_{bk} Q_{bk} (xq^{m−n−2l+1}) ) 1≤k≤m,1≤l≤m−n (3.24)

23In the context of the conformal field theory, the author found the identity (3.17) in [53] first. Then he heard from Yasuhiko Yamada that this identity naturally follows from a method, for example, in [54]. One may say that the Baxter Q-functions or Q-operators are the Yang-Baxterization of correlation functions of the conformal field theory. There are higher genus analogues of correlation functions of the conformal field theory. They were used to calculate string amplitudes. Whether such correlation functions also allow the Yang-Baxterization as Q-functions or Q-operators (or more generally, T-functions or T-operators) will be an interesting question.

24without assuming (3.3)

since ξ_{m,n}(∅) = m − n + 1. And also for m ≤ n, we have Q_{{b1,b2,...,bm,f1,f2,··· ,fn}}(x) = (−1)^12^{(m−n)(m+n−1)} ∏_m k=1 ∏_n l=1(z_{bk} − z_{fl} ) ∏ 1≤k<l≤m(zbk − zbl ) ∏ 1≤k<l≤n(zfl − zfk ) × det (_{Q{bk ,fl}(xqm−n)} z_{bk} −z_{fl} ) 1≤k≤m,1≤l≤n ( (−z_{fl} )^{k−1}Q_{fl} (xq^{m−n+2k−1}) ) 1≤k≤n−m,1≤l≤n (3.25)

since ξ_{m,n}(∅) = 1. We remark that for (m, n) = (M, N) case, the denominator in the right hand side of (3.15) or (3.16) can be replaced by T^{BM ,FN}_∅ (x) or T^{BM ,FN}_∅ (x) if both (2.9) and (2.10) are imposed at the same time. (3.22) and (3.23) for (m, n) = (M, N) are supposed to be model dependent scalar functions (for example, (2.11), (2.15)), which correspond to the quantum Wronskian conditions. One can obtain other relations 25 by applying (2.67) to the determinants (3.22) and (3.23) for (m, n) = (M, N).

We have normalized the Baxter Q-functions as in (2.5). This normalization is convenient when we realize the Baxter Q-operator as super-trace over a q-oscillator representation of U_q( ^gl(M|N)) [55] since the final expression of the Q-operator does not depend on choice of the vacuum of the Fock space where the super-trace is taken. In this normalization, one can also easy to see that the T-function reduces to the (super)character formula of gl(M|N) (or its subalgebras) in the limit x → 0. Of course, one may adapt different normalizations of the Baxter Q-function. Let us consider the following transformation (cf. eq. (65) in [40]):

Q_I (x) = a_I x^{SI} Q_I (x). (3.26)

It will be good to put

S_I = ∑ i∈I S_i, q^{piSi} = z^{12}_i (3.27)

to simplify the formulae. For a_I = 1, (2.17) and (2.18) become z_i − z_j (z_iz_j )^12 Q_I (x)Q_{I⊔{i,j}}(x) = Q_{I⊔{i}}(xq^{pi} )Q_{I⊔{j}}(xq^{−pi} ) − Q_{I⊔{i}}(xq^{−pi} )Q_{I⊔{j}}(xq^{pi} ) for p_i = p_j , (3.28) z_i − z_j (z_iz_j )^12 Q_{I⊔{i}}(x)Q_{I⊔{j}}(x) = Q_I (xq^{−pi} )Q_{I⊔{i,j}}(xq^{pi} ) − Q_I (xq^{pi} )Q_{I⊔{i,j}}(xq^{−pi} ) for p_i = −p_j . (3.29)

If one requires S_{IM+N} = 0 for (3.27), one obtains S_I = −S_I and ∏_{M+N} i=1 z^{pi2}_i = 1 since S_I + S_I = S_{IM+N} , where I = I \ I. We used (3.28)-(3.29) with S_{IM+N} = 0 and a_I = 1

25See, eq. (3.1) in [24], where both (2.9) and (2.10) are imposed.

for U_q(^sl(2|1)) case [24]. In the case of the Baxter Q-operators, the parameters S_i are certain linear combinations of the Cartan generators of U_q( ^gl(M|N)) and external field parameters; and in the case of the Baxter Q-functions (eigenvalues), they are conserved quantum numbers (edge occupation numbers). In addition to (3.27), one may require 26

a_{I×(i,j)} = ( z_i − z_j (z_iz_j )^12 )_{pipj} a_{I×(i)}a_{I×(j)} a_I

. (3.30)

Thus one obtains: a_{(i1,i2,...,ia)} = a_{(i1)}a_{(i2)} · · · a_{(ia)} a^{a−1}_∅ ∏ 1≤j<k≤a ( z_{ij} − z_{ik} (z_{ij} z_{ik} )^12 )_{pij pjk} . (3.31)

In this case, the parameters {z_j} in (2.17)-(2.18) disappear. In fact, (2.17) and (2.18) become coefficient free form^{27} : Q_I (x)Q_{I×(i,j)}(x) = Q_{I×(i)}(xq^{pi} )Q_{I×(j)}(xq^{−pi} ) − Q_{I×(i)}(xq^{−pi} )Q_{I×(j)}(xq^{pi} ) for p_i = p_j, (3.32) Q_{I×(i)}(x)Q_{I×(j)}(x) = Q_I (xq^{−pi} )Q_{I×(i,j)}(xq^{pi} ) − Q_I (xq^{pi} )Q_{I×(i,j)}(xq^{−pi} ) for p_i = −p_j . (3.33)

Moreover, one can eliminate the parameters {z_j} in the T-functions by the following transformation (with a_∅ = 1): T^{Bm,Fn} μ (x) = a_{Bm×Fn} (q^{− m−n2 +μ′1−μ1} x)^{SBm⊔Fn} T^{Bm,Fn}_μ (x). (3.34) The discussion on Q_I (x) and T^{Bm,Fn}_μ (x) is parallel to the one on Q_I (x) and T^{Bm,Fn}_μ (x).

Let us consider the formulae (3.15) and (3.16) for the rectangular Young diagram μ = (s^a), and introduce the following symbols:

T^{(a),Bm ,Fn} s (x) := T^{Bm,Fn} (s^a) (x) for a, s ∈ Z≥1, T^{Bm,Fn} ∅ (xq^{−s}) for a = 0 and s ∈ Z, T^{Bm,Fn} ∅ (xq^a) for s = 0 and a ∈ Z_{≥0}, 0 otherwise,

(3.35)

26Here we used a notation: I × (i, j) = (i_1, i_2, . . . , i_a, i, j) etc. for I = (i_1, i_2, . . . , i_a). 27The second functional relation in the coefficient free form (3.33) is discussed in [39].

and

T^{(a),Bm,Fn} s (x) := T^{Bm,Fn} (s^a) (x) for a, s ∈ Z≥1, T^{Bm,Fn} ∅ (xq^s) for a = 0 and s ∈ Z, T^{Bm,Fn} ∅ (xq^{−a}) for s = 0 and a ∈ Z_{≥0},

0 otherwise.

(3.36)

Due to Lemma 3.1, T^{(a),Bm,Fn}s (x) = T^{(a),Bm ,Fn}_s (x) = 0 if a ∈ Z_{≥m+1} and s ∈ Z_{≥n+1}. Taking note on Theorem 3.2, one finds: T^{(a),Bm,Fn} 0 (x) = Q_{Bm⊔Fn} (xq^{− m−n2 +a}) for a ∈ Z_{≥0}, (3.37) T^{(0),Bm,Fn} s (x) = Q_{Bm⊔Fn} (xq^{− m−n2 −s}) for s ∈ Z, (3.38) T^{(a),Bm ,Fn} 0 (x) = Q_{Bm⊔Fn} (xq^{m−n2 −a}) for a ∈ Z_{≥0}, (3.39) T^{(0),Bm ,Fn} s (x) = Q_{Bm⊔Fn} (xq^{m−n2 +s}) for s ∈ Z. (3.40)

The following formulae follow from the Laplace expansion of the determinants, (3.37)-(3.40) and Lemma 6.1. For a − s ≤ m − n, we have T^{(a),Bm ,Fn} s (x) = ∑ I⊂B_m,Card(I)=a ( ∏ γ∈I z_γ )^{s−a+m−n} ∏ α∈I ∏ β∈F_n (zα − zβ ) ∏ α∈I ∏ β∈B_m\I (zα − zβ) × Q_{Bm⊔Fn\I} (xq^{−s− m−n2} )Q_I (xq^{s+ m−n2} ), (3.41)

T^{(a),Bm ,Fn} s (x) = ∑ I⊂B_m,Card(I)=a ( ∏ γ∈I z_γ )^{s−a+m−n} ∏ α∈I ∏ β∈F_n (zα − zβ ) ∏ α∈I ∏ β∈B_m\I (zα − zβ) × Q_{Bm⊔Fn\I} (xq^{s+ m−n2} )Q_I (xq^{−s− m−n2} ), (3.42) where the summation is taken over all the subset I of B_m such that Card(I) = a. We remark that the right hand side of (3.41) and (3.42) is well defined as a function of x even if s is not non-negative integer. Based on this fact, one can derive T-functions for conjugate representations by considering negative s (as examples for U_q(^sl(2|1)) in [24]). In fact, applying (2.67) to (3.41), we obtain the following relation: C[T^{(a),Bm,Fn} s (x)] = (−1)^{a(n−m+1)} ∏ b∈B_m z a b ∏ b∈F_n z a b [the right hand side of (3.41)]_{s→−s−(m−n)}.

(3.43)

For a − s ≥ m − n, we have T^{(a),Bm ,Fn} s (x) = ∑ J⊂F_n,Card(J)=s ( ∏ γ∈J (−z_γ ))^{a−s+n−m} ∏ α∈B_m ∏ β∈J (z_α − z_β) ∏ α∈F_n\J ∏ β∈J (z_α − z_β) × Q_{Bm⊔Fn\J} (xq^{a− m−n2} )Q_J (xq^{−a+ m−n2} ), (3.44)

T^{(a),Bm ,Fn} s (x) = ∑ J⊂F_n,Card(J)=s ( ∏ γ∈J (−z_γ ))^{a−s+n−m} ∏ α∈B_m ∏ β∈J (z_α − z_β) ∏ α∈F_n\J ∏ β∈J (z_α − z_β) × Q_{Bm⊔Fn\J} (xq^{−a+ m−n2} )Q_J (xq^{a− m−n2} ), (3.45) where the summation is taken over all the subset J of F_n such that Card(J) = s. We remark that the right hand side of (3.44) and (3.45) is well defined^{28} as a function of x even if a is not non-negative integer. Note that Q_{BM ⊔FN \I} (x) = Q_I (x), Q_{BM ⊔FN \J} (x) = Q_J (x) for (m, n) = (M, N). Thus the relation T^{(a),BM ,FN}s (x) = T^{(a),BM ,FN}_s (x) holds if both (2.9) and (2.10) are imposed. In particular for a = m or s = n case, the above formulae factorize with respect to the Baxter Q-functions: T^{(m),Bm,Fn} s (x) = ( ∏ γ∈B_m z_γ )^{s−n} ∏ α∈B_m ∏ β∈F_n (z_α − z_β)Q_{Fn} (xq^{−s− m−n2} )Q_{Bm} (xq^{s+ m−n2} ), (3.46)

T^{(m),Bm,Fn} s (x) = ( ∏ γ∈B_m z_γ )^{s−n} ∏ α∈B_m ∏ β∈F_n (z_α − z_β)Q_{Fn} (xq^{s+ m−n2} )Q_{Bm} (xq^{−s− m−n2} ) (3.47) for s ≥ n, and T^{(a),Bm ,Fn} n (x) = ( ∏ γ∈F_n (−z_γ ))^{a−m} ∏ α∈B_m ∏ β∈F_n (z_α − z_β )Q_{Bm} (xq^{a− m−n2} )Q_{Fn} (xq^{−a+ m−n2} ), (3.48) T^{(a),Bm ,Fn} n (x) = ( ∏ γ∈F_n (−z_γ ))^{a−m} ∏ α∈B_m ∏ β∈F_n (z_α − z_β )Q_{Bm} (xq^{−a+ m−n2} )Q_{Fn} (xq^{a− m−n2} ) (3.49) for a ≥ m. In [39], this type of factorization formulae for the T-functions were treated as “boundary conditions” of the Hirota equation. These formulae (3.46)-(3.49) are related to the Tfunctions for typical representations, which will be commented in section 4. Now we mention our main theorem.

28We expect that each term in the right hand side of (3.41)-(3.45) corresponds to a T-function for an infinite dimensional representation of U_q ( ^gl(M|N)) (or U_q( ^sl(M|N))). See examples for some special (M, N) in [26, 27, 24].

Theorem 3.3. For a, s ∈ Z_{≥1}, the determinant formula (3.35) solves the T -system T^{(a),Bm ,Fn} s (xq^{−1})T^{(a),Bm,Fn} s (xq) = T^{(a),Bm,Fn} s−1 (x)T^{(a),Bm ,Fn} s+1 (x) + T^{(a−1),Bm,Fn} s (x)T^{(a+1),Bm ,Fn} s (x) for 1 ≤ a ≤ m − 1 or 1 ≤ s ≤ n − 1 or (a, s) = (m, n),

(3.50)

T^{(m),Bm ,Fn} s (xq^{−1})T^{(m),Bm,Fn} s (xq) = T^{(m),Bm ,Fn} s−1 (x)T^{(m),Bm,Fn} s+1 (x) for s ∈ Z_{≥n+1}, (3.51) T^{(a),Bm ,Fn} n (xq^{−1})T^{(a),Bm,Fn} n (xq) = T^{(a−1),Bm,Fn} n (x)T^{(a+1),Bm ,Fn} n (x) for a ∈ Z_{≥m+1}, (3.52)

T^{(m),Bm ,Fn} b+n (x) = ( ∏ γ∈B_m zγ ∏ γ∈F_n (−zγ ) )_b T^{(b+m),Bm ,Fn} n (x) for b ∈ Z_{≥0}, (3.53)

with the boundary conditions (3.37) and (3.38) (and also (3.46) and (3.48)) under the relation (2.22); and the determinant formula (3.36) solves the T -system T^{(a),Bm ,Fn} s (xq^{−1})T^{(a),Bm ,Fn} s (xq) = T^{(a),Bm ,Fn} s−1 (x)T^{(a),Bm ,Fn} s+1 (x) + T^{(a−1),Bm ,Fn} s (x)T^{(a+1),Bm ,Fn} s (x) for 1 ≤ a ≤ m − 1 or 1 ≤ s ≤ n − 1 or (a, s) = (m, n),

(3.54)

T^{(m),Bm ,Fn} s (xq^{−1})T^{(m),Bm ,Fn} s (xq) = T^{(m),Bm ,Fn} s−1 (x)T^{(m),Bm ,Fn} s+1 (x) for s ∈ Z_{≥n+1}, (3.55) T^{(a),Bm ,Fn} n (xq^{−1})T^{(a),Bm ,Fn} n (xq) = T^{(a−1),Bm ,Fn} n (x)T^{(a+1),Bm ,Fn} n (x) for a ∈ Z_{≥m+1}, (3.56)

T^{(m),Bm ,Fn} b+n (x) = ( ∏ γ∈B_m zγ ∏ γ∈F_n (−zγ ) )_b T^{(b+m),Bm ,Fn} n (x) for b ∈ Z_{≥0} (3.57)

with the boundary conditions (3.39) and (3.40) (and also (3.47) and (3.49)) under the relation (2.23).

A proof of this theorem is given in Appendix C.2.

Our new determinant formulae also satisfy the Bäcklund transformations [39, 40]. The following theorem is also one of our main results.

Theorem 3.4. For a, s ∈ Z_{≥0}, the determinant formula (3.35) satisfies the Bäcklund transformations T^{(a+1),Bm,Fn} s (x)T^{(a),Bm−1 ,Fn} s (xq^{32} ) − T^{(a),Bm,Fn}_s (xq)T^{(a+1),Bm−1 ,Fn} s (xq^{12} ) = z_{bm} T^{(a+1),Bm,Fn} s−1 (xq)T^{(a),Bm−1 ,Fn} s+1 (xq^{12} ),

(3.58)

T^{(a),Bm,Fn} s+1 (xq)T^{(a),Bm−1 ,Fn} s (xq^{12} ) − T^{(a),Bm ,Fn}_s (x)T^{(a),Bm−1 ,Fn}_{s+1} (xq^{32} ) = z_{bm} T^{(a+1),Bm,Fn} s (xq)T^{(a−1),Bm−1 ,Fn} s+1 (xq^{12} ),

(3.59)

T^{(a+1),Bm,Fn−1} s (x)T^{(a),Bm,Fn} s (xq^{32} ) − T^{(a),Bm,Fn−1} s (xq)T^{(a+1),Bm ,Fn} s (xq^{12} ) = z_{fn} T^{(a+1),Bm ,Fn−1} s−1 (xq)T^{(a),Bm ,Fn} s+1 (xq^{12} ),

(3.60)

T^{(a),Bm,Fn−1} s+1 (xq)T^{(a),Bm ,Fn} s (xq^{12} ) − T^{(a),Bm ,Fn−1} s (x)T^{(a),Bm ,Fn} s+1 (xq^{32} ) = z_{fn} T^{(a+1),Bm ,Fn−1} s (xq)T^{(a−1),Bm ,Fn} s+1 (xq^{12} )

(3.61)

under the relation (2.22), and the determinant formula (3.36) satisfies the Bäcklund transformations T^{(a+1),Bm ,Fn} s (x)T^{(a),Bm−1 ,Fn} s (xq^{− 32} ) − T^{(a),Bm ,Fn}_s (xq^{−1})T^{(a+1),Bm−1 ,Fn} s (xq^{− 12} ) = z_{bm} T^{(a+1),Bm ,Fn} s−1 (xq^{−1})T^{(a),Bm−1 ,Fn} s+1 (xq^{− 12} ),

(3.62)

T^{(a),Bm ,Fn} s+1 (xq^{−1})T^{(a),Bm−1 ,Fn} s (xq^{− 12} ) − T^{(a),Bm ,Fn}_s (x)T^{(a),Bm−1 ,Fn}_{s+1} (xq^{− 32} ) = z_{bm} T^{(a+1),Bm ,Fn} s (xq^{−1})T^{(a−1),Bm−1 ,Fn} s+1 (xq^{− 12} ),

(3.63)

T^{(a+1),Bm ,Fn−1} s (x)T^{(a),Bm ,Fn} s (xq^{− 32} ) − T^{(a),Bm ,Fn−1} s (xq^{−1})T^{(a+1),Bm ,Fn} s (xq^{− 12} ) = z_{fn} T^{(a+1),Bm ,Fn−1} s−1 (xq^{−1})T^{(a),Bm,Fn}_{s+1} (xq^{− 12} ), (3.64)

T^{(a),Bm ,Fn−1} s+1 (xq^{−1})T^{(a),Bm ,Fn} s (xq^{− 12} ) − T^{(a),Bm ,Fn−1} s (x)T^{(a),Bm ,Fn} s+1 (xq^{− 32} ) = z_{fn} T^{(a+1),Bm ,Fn−1} s (xq^{−1})T^{(a−1),Bm ,Fn} s+1 (xq^{− 12} ) (3.65)

under the relation (2.23).

A proof of this theorem is given in Appendix C.3. Due to Lemma 3.1, some terms of the above functional relations (3.58)-(3.65) vanish for large s, a. As remarked in [39], this type of functional relations contain TQ relations as special cases. Due to (3.38) and (3.40), the functional relations (3.58), (3.60), (3.62) and (3.64) reduce to TQ relations for a = 0 and s ∈ Z_{≥1}. Due to (3.37) and (3.39), the functional relations (3.59), (3.61), (3.63) and (3.65) also reduce to TQ relations for s = 0 and a ∈ Z_{≥1}. For example, (3.58) reduces to T^{(1),Bm,Fn} s (x)Q_{Bm−1 ⊔Fn} (xq^{− m−n2 −s+2}) − Q_{Bm⊔Fn} (xq^{− m−n2 −s+1})T^{(1),Bm−1 ,Fn}_s (xq^{12} ) = z_{bm} T^{(1),Bm ,Fn} s−1 (xq)Q_{Bm−1⊔Fn} (xq^{−s− m−n2} ) for s ∈ Z_{≥1}. (3.66) Considering the action of S(B) × S(F), one sees that the above equation (3.66) essentially corresponds to eq. (4.6) in [39]. These are difference equations on the Baxter Q-functions {Q_I (x)} or {Q_I (x)} for different “levels” Card(I). In section 5, we will mention different type of TQ relations (we will call them “Baxter equations”): difference equations on the Baxter Q-functions for the same level.

Let us mention relation among the formulae in the previous section and the ones in this section. Our claim is:

Conjecture 3.5. We conjecture that the following relations on (3.15), (3.16), (2.45) and (2.46) for the (non-skew) Young diagram μ hold: T^{Bm,Fn} μ (x) = F^{Bm×Fn}_μ (x) (3.67)

under the normalization (2.9) and the functional relations (2.17)-(2.18), and T^{Bm,Fn} μ (x) = F^{Bm×Fn}_μ (x) (3.68)

under the normalization (2.10) and the functional relations (2.20)-(2.21).

For an empty Young diagram μ = ∅, (3.67) and (3.68) reduce to (3.22) and (3.23), respectively. We have proved the above relations for μ = (1) based on direct computations similar^{29} to the ones for U_q( ^gl(M)) case in section 7 of [56]. As for the rectangular Young diagram μ = (s^a) (a, s ∈ Z_{≥1}), the above relations follow from the fact that T^{(a),Bm ,Fn} s (x) and F^{(a),Bm ×Fn} s (x) (resp. T^{(a),Bm ,Fn}_s (x) and F^{(a),Bm ×Fn}_s (x)) satisfy the same the functional relations with the same boundary conditions. As for U_q( ^gl(M)) case, the relation (3.67) follows from Theorem 3.2 in [32]. The relations (3.67)-(3.68) for general case are conjectures based on numerous check by Mathematica. And the proof is under investigation.

We have other expressions of the Wronskian-like formulae (3.15), and (3.16). Let us introduce the following functions: t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) := ξ_{m,n}−1∏

i=1 z^{μi+m−n−i} b_i Qbi (xq 2μ_i−2i+1+^{m−n}_2 +μ^′_1−μ_1 )

× l_{m,n}−1∏

i=1 (−z_{fi} )^{μ′i+n−m−i}Q_{fi} (xq^{−2μ′i+2i−1+ m−n2 +μ′1−μ1} )

× m∏ i=ξ_{m,n} (−z_{flm,n +i−ξm,n} )^{rm,n} z^{rm,n}_{bi} (z_{bi} − z_{flm,n+i−ξm,n} ) Q_{{bi,flm,n+i−ξm,n }}(xq^{−2(rm,n +m−n)+ m−n2 +μ′1−μ1} )

× n∏ i=l_{m,n}+m+1−ξ_{m,n} (−z_{fi} )^{n−i}Q_{fi} (xq^{−2(m−i)−1+ m−n2 +μ′1−μ1} ) (3.69) and t^{(b1 ,b2,...,bm),(f1,f2,...,fn)} μ (x) := ξ_{m,n}−1∏

i=1 z^{μi +m−n−i} b_i Qbi (xq −2μ_i+2i−1−^{m−n}_2 −μ^′_1+μ_1 )

× l_{m,n}−1∏

i=1 (−z_{fi} )^{μ′i+n−m−i}Q_{fi} (xq^{2μ′i−2i+1− m−n2 −μ′1+μ1} ) 29But, in our case, we need numerous case study (similar to the ones in Appendix C) depending on the values of m, n.

× m∏ i=ξ_{m,n} (−z_{flm,n+i−ξm,n} )^{rm,n} z^{rm,n}_{bi} (z_{bi} − z_{flm,n+i−ξm,n} ) Q_{{bi,flm,n+i−ξm,n }}(xq^{2(rm,n+m−n)− m−n2 −μ′1+μ1} )

× n∏ i=l_{m,n}+m+1−ξ_{m,n} (−z_{fi} )^{n−i}Q_{fi} (xq^{2(m−i)+1− m−n2 −μ′1+μ1} ), (3.70) where l_{m,n} = μ_{ξm,n} + 1, r_{m,n} = n − m + ξ_{m,n}(μ) − l_{m,n}. Then we find

Proposition 3.6. The determinant formula (3.15) can be expressed as

T^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) = ∑ w∈S(B_m)×S(F_n) sgn(w)w [ t^{(b1 ,b2,...,bm),(f1,f2,...,fn)} μ (x) ]

(m − ξ_{m,n}(μ) + 1)!D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) (3.71)

= ∑ w∈S(B_m)×S(F_n)/H sgn(w)w [ t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) ]

D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) (3.72)

under the functional relation (2.22); and the determinant formula (3.16) can be expressed as

T^{(b1 ,b2,...,bm),(f1,f2,...,fn)} μ (x) = ∑ w∈S(B_m)×S(F_n) sgn(w)w [ t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) ]

(m − ξ_{m,n}(μ) + 1)!D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) (3.73)

= ∑ w∈S(B_m)×S(F_n)/H sgn(w)w [ t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x) ]

D (_{b1, b2, ..., bm} f_1, f_2, ..., f_n ) (3.74)

under the functional relation (2.23), where sgn(w) is the signature of w; H is a subgroup of S(B_m) × S(F_n) whose elements w = σ_b × σ_f are such that σ_b is a permutation of (b_{ξm,n} , b_{ξm,n+1}, . . . , b_m) and σ_f is the same permutation of (f_{lm,n} , f_{lm,n+1}, . . . , f_{lm,n+m−ξm,n} ). Note that t^{Bm,Fn}_μ (x) is invariant under the action of H. For (m, n) = (M, N), (3.71) and (3.73) are invariant under the action of the Weyl group S(B_M ) × S(F_N ) of gl(M|N). Proofs of the above formulae are similar to x = 0 case (see Theorem 3.4 in [23]), where the following relation will be used: z^r_b Q_{{b,f}}(x) z_b − z_f = z^r_f Q_{{b,f}}(xq^{−2r}) z_b − z_f + r−1∑ s=0 z^s_b z^{r−s−1} f Q_b(xq^{−2r+2s+1})Q_f (xq^{−2r+2s+1}), (3.75)

where b ∈ B, f ∈ F. This relation follows from (2.22). There is a similar relation among Q_{{b,f}}(x), Q_b(x), Q_f (x). The finite dimensional modules can be written in terms of a direct sum of infinite dimensional highest weight modules due to the Bernstein- Gel’fand-Gel’fand (BGG) resolution. In this respect, the function (3.69) and (3.70) divided by (3.18) for (m, n) = (M, N) may be interpreted^{30} as T-functions for infinite dimensional highest weight representations of U_q(gl(M|N)) (compare the above formula with eq. (5.21) in [27] for U_q(gl(3)), and also formulae in [26, 29, 24, 30]). Of course, this needs further research in view of the fact that the BGG-type resolution of representations of superalgebras is more involved than that of bosonic algebras (cf. [57]).

Let us introduce linear operators, which act on the variables {z_1, z_2, . . . , z_{M+N} } as

B_a(x) · z^{k1}_1 z^{k2}_2 · · · z^{kM+N}_{M+N} = z^{k1}_1 z^{k2}_2 · · · z^{kM+N}_{M+N} Q_a(xq^{(2ka+1)pa} ), (3.76)

B_a(x) · z^{k1}_1 z^{k2}_2 · · · z^{kM+N}_{M+N} = z^{k1}_1 z^{k2}_2 · · · z^{kM+N}_{M+N} Q_a(xq^{−(2ka+1)pa} ) for a ∈ {1, 2, . . . M + N}, (3.77)

where one should write any term like^1_{zb−zf} as ∑_∞ k=0 z^{−k−1}_b z^k_f before the actions of these operators. For example, for b ∈ B, f ∈ F and a ∈ I (a ≠ b, f), we have

B_a(x)B_b(x)B_f (x) · 1 z_b − z_f = ∞∑ k=0 B_a(x)B_b(x)B_f (x) · z^{−k−1}_b z^k_f

= ∞∑ k=0 z^{−k−1}_b z^k_f Q_a(xq^{pa} )Q_b(xq^{−2k−1})Q_f (xq^{−2k−1}) = 1 z_b − z_f Q_a(xq^{pa} )Q_{{b,f}}(x), (3.78)

where we used the relation (2.24). Then we find ∏ a∈B_m ⊔F_n B_a(xq^{− 3(m−n)2 +μ′1−μ1} ) · t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (0) = t^{(b1 ,b2,...,bm),(f1,f2,...,fn)} μ (x), (3.79) ∏ a∈B_m ⊔F_n B_a(xq^{3(m−n)2 −μ′1+μ1} ) · t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (0) = t^{(b1,b2,...,bm),(f1,f2,...,fn)} μ (x). (3.80)

Thus our formulae in this paper are the Yang-Baxterization of the (super)characters of representations of the subalgebras gl(m|n) of gl(M|N) by the operators {B_a(x)}

30A merit of this type of formula is that it contains only one term, and thus is easy to evaluate. The traditional form of the eigenvalue formula by the Bethe ansatz (such as the one in section 2) contains an infinite number of terms if the auxiliary space is an infinite dimensional space, and thus is not always easy to evaluate. Some discussions on T-functions for infinite dimensional representations (in relation to the AdS/CFT correspondence) can be seen, for example, in Appendix B of [38] and section 6.4 of [14].

and {B_a(x)}. The q-characters, which correspond to the T-functions, appear in the kernel of the Frenkel-Reshetikhin screening operators [43]. The transfer matrices for Y (gl(M|N)) were also written in terms of a certain “group derivative” [19] on the (super)characters of representations of gl(M|N). It will be interesting to investigate^{31} connection among our operators and the operators in [43, 19].

4 T-functions for typical representations

The type 1 quantum superalgebra U_q(gl(M|N)) (or U_q(sl(M|N))) admits a oneparameter family of finite-dimensional irreducible representations, which correspond to typical representations (see Appendix A). Thus the evaluation representations of U_q( ^gl(M|N)) (or U_q(^sl(M|N))) based on the above mentioned representations depend not only on the spectral parameter but also on another continuous parameter. There are R-matrices for this family of representations [58]. In [8], we proposed T-functions for a wide class of such representations from the analytic Bethe ansatz (see also, [9, 59, 39]). Here we briefly comment on how to obtain the T-functions for such representations in the auxiliary space from our Wronskian-like formulae.

The determinant formula (3.16) factorizes if ξ_{m,n} = m + 1 (μ_{m+1} ≤ n ≤ μ_m): T^{Bm,Fn} μ (x) = ∏ α∈B_m ∏ β∈F_n (z_α − z_β )T^{Bm,∅}_τ (xq^{− n2 +μ′n+1−μ′1} )T^{∅,Fn}_η (xq^{m2 −μm+1+μ1} ), (4.1) where τ := (τ_1, τ_2, . . . , τ_m) = (μ_1 − n, μ_2 − n, . . . , μ_m − n) and η := (η_1, η_2, . . . , η_η′_1 ) = (μ_{m+1}, μ_{m+2}, . . . , μ_μ′_1 ). Let us consider a generalization of the above relation. Due to the relations (C.3) and (C.4), the following relations hold for c_1, c_2 ∈ Z_{≥0}: T^{Bm,∅}_{τc1} (x) = ( ∏ α∈B_m z_α )_{c1} T^{Bm,∅}_τ (xq^{−c1+(1−δc1,0)(τ ′1 −m)}), (4.2)

T^{∅,Fn}_{ηc2} (x) = ( ∏ β∈F_n (−z_β ) )_{c2} T^{∅,Fn}_η (xq^{c2−(1−δc2 ,0)(η1 −n)}), (4.3) where τ_{c1} := (τ_1 + c_1, τ_2 + c_1, . . . , τ_m + c_1) and η_{c2} := (n, n, . . . , n

c_2

, η_1, η_2, . . . , η_η′_1 ). Let

us assume m, n ∈ Z_{≥1}. Combining (4.1), (4.2) and (4.3), we obtain T^{Bm,Fn} μ_{c1,c2} (x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2} ∏ α∈B_m ∏ β∈F_n (z_α − z_β) × T^{Bm,∅}_τ (xq^{− n2 +μ′n+1−μ′1−c1−c2} )T^{∅,Fn}_η (xq^{m2 −μm+1+μ1+c1+c2} ), (4.4) 31One thing we should do may be to apply the “group derivative” in [19] to the formulae for x = 0 in this paper.

where μ_{c1,c2} := (μ_1 + c_1, μ_2 + c_1, . . . , μ_m + c_1, n, n, . . . , n

c_2

, μ_{m+1}, μ_{m+2}, . . . , μ_μ′_1 ). Similarly

we obtain T^{Bm,Fn} μ_{c1,c2} (x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2} ∏ α∈B_m ∏ β∈F_n (z_α − z_β) × T^{Bm,∅}_τ (xq^{n2 −μ′n+1+μ′1+c1+c2} )T^{∅,Fn}_η (xq^{− m2 +μm+1−μ1−c1−c2} ). (4.5) In particular for μ = (n^m) (τ = η = ∅) case, these relations reduce to T^{Bm,Fn} ((n+c_1)^m,n^c2 )(x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2} ∏ α∈B_m ∏ β∈F_n (z_α − z_β )

× Q_{Bm} (xq^{m+n2 +c1+c2} )Q_{Fn} (xq^{− m+n2 −c1−c2} ), (4.6)

T^{Bm,Fn} ((n+c_1)^m,n^c2 )(x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2} ∏ α∈B_m ∏ β∈F_n (z_α − z_β )

× Q_{Bm} (xq^{− m+n2 −c1−c2} )Q_{Fn} (xq^{m+n2 +c1+c2} ). (4.7)

There relations (4.6) and (4.7) are generalization of the relations (3.46)-(3.49). The right hand side of the above relations (4.4), (4.5), (4.6) and (4.7) make sense as a function of x, c_1 and c_2 even when c_1 or c_2 are not integers. And for (m, n) = (M, N), these should be interpreted as a T-functions for the typical representations (see Appendix A). Next we shall mention relation between (4.4) and our previous results [8]. Combining (4.1) for μ = μ̌ = (μ_1, μ_2, . . . , μ_m) and (4.4), we obtain T^{Bm,Fn} μ_{c1,c2} (x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2}

× T^{Bm,Fn} μ̌ (xq^{m−μ′1−c1−c2} )T^{∅,Fn}_η (xq^m2^{+μ1−μm+1+c1+c2} ) Q_{Fn} (xq^{3m}2^{− n}2^{+μ1−μ′1−c1−c2} )

, (4.8)

where we used the relation T^{∅,Fn}_∅ (x) = Q_{Fn} (xq^{− n}2 ). One can rewrite the above relation via the relations (2.46) and (3.68) as F^{Bm×Fn} μ_{c1,c2} (x) = ( ∏ α∈B_m z_α )_{c1} ( ∏ β∈F_n (−z_β ) )_{c2} Q_{Bm⊔Fn} (xq^{m−n}2^{+μ1−μ′1−c1−c2} ) Q_{Bm⊔Fn} (xq^{m−n}2^{+μ1−μ′1+c1−c2} ) × Q_{Fn} (xq^{3m}2^{− n}2^{+μ1−μ′1+c1+c2} ) Q_{Fn} (xq^{3m}2^{− n}2^{+μ1−μ′1−c1−c2} ) F^{Bm×Fn} μ̌ (xq^{m−μ′1−c1−c2} )F^{Fn}_η (xq^{m2 +μ1−μm+1+c1+c2} ). (4.9) We find that (4.9) for (m, n) = (M, N) and c_2 = 0 essentially corresponds to the T-function for the typical representation written in eq. (3.23) in [8].

5 Baxter equations

The Baxter equations are difference equations whose solutions give the Baxter Qfunctions. The Baxter equations in question are the equations for the Q-functions {Q_I (x)}, {Q_I (x)} of the same “level” Card(I) = 1. Discussions on the Baxter equations for superalgebra related models can also be seen in [29, 60, 15].

Once Wronskian-type determinant formulae are established, the Baxter equations can be derived easily. In essence, the following Baxter equations are based on a basic theorem on the linear algebra: if two different lows or columns of a matrix coincide, the corresponding determinant vanishes. Thus one can derive the Baxter equations directly from the Wronskian-like formulae (3.15)-(3.16) related^{32} to typical representations as follows: m∑ a=0 (−z_k)^{−a}T^{Bm,Fn}_{((n+1)a,nm−a)}(xq^{−(a−m)δn,0 −δa,0} )Q_k(xq^{−2a+ 3m2 + n2} ) = 0 for k ∈ B_m, (5.1) n∑ a=0 z^{−a}_k T^{Bm,Fn}_{(nm,a)} (xq^{(a−n)δm,0 +δa,0} )Q_k(xq^{2a− m2 − 3n2} ) = 0 for k ∈ F_n, (5.2) and m∑ a=0 (−z_k)^{−a}T^{Bm,Fn}_{((n+1)}a_{,n}m−a_)(xq^{(a−m)δn,0 +δa,0} )Q_k(xq^{2a− 3m2 − n2} ) = 0 for k ∈ B_m, (5.3) n∑ a=0 z^{−a}_k T^{Bm,Fn}_{(n}m_{,a)} (xq^{−(a−n)δm,0 −δa,0} )Q_k(xq^{−2a+ m2 + 3n2} ) = 0 for k ∈ F_n, (5.4) where ((n + 1)^a, n^{m−a}) = ((n + 1)^m) at a = m, and (n^m) at a = 0; (n^m, a) = (a) at m = 0; (n^m) = ∅ at n = 0 or m = 0. These are finite order linear difference equations on the Baxter Q-functions. Note that (5.1) and (5.2) (resp. (5.3) and (5.4)) share the functions T^{Bm,Fn}_{(nm)} (x) and T^{Bm,Fn}_{((n+1)m)}(x) = { ∏_{γ∈Bm zγ} ∏ γ∈Fn (−zγ ) } T^{Bm,Fn} (n^{m+1})(x) (resp. T B_m,F_n (n^m) (x)

and T^{Bm,Fn}_{((n+1)}m_)(x) = { ∏_{γ∈Bm zγ} ∏ γ∈Fn (−zγ ) } T^{Bm,Fn} (n^{m+1})(x)). The functions T B_m,F_n (n^m) (x), T B_m,F_n (n^{m+1})(x) and T^{Bm,Fn} ((n+1)^m )(x) can also be written in terms of T (a),B_m,F_n 1 (x) or T^{(1),Bm,Fn} s (x) through (2.35), (2.36), (3.67). The equations (5.1)-(5.4) for (m, n) = (M, N) are the Baxter equations for U_q( ^gl(M|N)). These equations for m < M, n < N are in the intermediate steps of the Bäcklund flows. In addition, N = 0 and (m, n) = (M, 0) case of (5.1) and (5.3) correspond to the Baxter equations for U_q( ^gl(M)) (cf. [25, 28]).

One can also factor out overall factors in (5.1)-(5.4) based on the formula (4.1) (and

32if (m, n) = (M, N)

the same type of formula for T^{Bm,Fn}_μ (x)) as follows: m∑ a=0 (−z_k)^{−a}T^{Bm,∅}_{(1a)} (xq^{−a−δa,0} )Q_k(xq^{−2a+ m2} ) = 0 for k ∈ B_m, (5.5) n∑ a=0 z^{−a}_k T^{∅,Fn}_{(a)} (xq^{a+δa,0} )Q_k(xq^{2a− n2} ) = 0 for k ∈ F_n, (5.6) and m∑ a=0 (−z_k)^{−a}T^{Bm,∅}_{(1}a_) (xq^{a+δa,0} )Q_k(xq^{2a− m2} ) = 0 for k ∈ B_m, (5.7) n∑ a=0 z^{−a}_k T^{∅,Fn}_{(a)} (xq^{−a−δa,0} )Q_k(xq^{−2a+ n2} ) = 0 for k ∈ F_n. (5.8)

These are also kinds of Baxter equations, but in the intermediate steps of the Bäcklund flows except for the case N = 0 and (m, n) = (M, 0), or M = 0 and (m, n) = (0, N).

There is another type of Baxter equations, which follows from the kernel of the non-commutative generating series (2.37)-(2.40). In contrast to the above equations, this type of Baxter equations has an infinite number of terms. This is because that the non-commutative generating series of the T-functions are infinite order difference operators. This situation is similar to other quantum affine (super)algebras cases such as U_q(B^{(1)}_M ), U_q(D^{(1)}_M ) [20, 61], U_q(D^{(2)}_{M+1}), U_q(D^{(3)}_4 ) [62], U_q( ^osp(M|2N)) [63]^{33}, where the non-commutative generating series of the T-functions are infinite order difference operators and Wronskian-like formulae for the T-functions have not been established. In this paper, we have overcome this difficulty for U_q( ^gl(M|N)) case. Thus our example on U_q( ^gl(M|N)) will be a good reference to find [55] finite order Baxter equations and Wronskian-like formulae for T-functions for more general quantum affine (super)algebras.

We have also derived a determinant form of finite order Baxter equations based on conserved quantities in Appendix D.

6 Discussions

In this paper, we assume that the deformation parameter q is generic. If q is a root of unity, the Baxter Q-function becomes a periodic function of x. Thus, through our new Wronskian-like determinant formulae of the T-functions, one sees that the quantum group truncation occurs in a very different way than for the bosonic algebra case. Namely, the T-function T^{(a)Bm ,Fn}s (x) may vanish for some s or a for m, n > 0 case if

33U_q(^osp(1|2N)) case is an exception, where the T-function is similar to U_q(A^{(2)}_{2N} ) case.

the twist parameters are also proportional to appropriate roots of unity. Note that truncation occurs only on the variable s for n = 0 case.

We have proposed various formulae for the Baxter Q-functions and the T-functions. It is important to realize these as operators. Of course, the same formulae hold true for both operators and their eigenvalues since the Baxter Q-operators and the T -operators belong to the same commuting family of operators. So far, realizations of the Baxter Q-operators based on the q-oscillator representations of the quantum affine (super)algebra, which are relevant to our formulation in this paper, are available for U_q(^sl(2)) [26], U_q(^sl(3)) [27], U_q(^sl(M)) [28], U_q(^sl(2|1)) [24], and the general case U_q( ^gl(M|N)) (or U_q(^sl(M|N))) is under investigation [55]. Although the identities among T and Q-functions in this paper are combinatorial ones and hold true independent of the representation theory, it is also important to establish connection to the universal R-matrix and to prove our new formulae from the point of view of the representation theory.

The supersymmetric Bazhanov-Reshetikhin formulae (eqs. (2.35)-(2.36) for K = M + N) [6, 7, 8] played an important role to derive [13] (see also [64]) a system of nonlinear integral equations (NLIE) for the free energy of integrable spin chains at finite temperature, which is equivalent to the thermodynamic Bethe ansatz (TBA) equation^{34}, from the T -system (1.1)-(1.4) [6, 7, 8]. Then a natural question is whether the Wronskian-like determinant formulae are also useful to derive the NLIE. There is another type of NLIE [66], which is equivalent to the TBA equation. To generalize this type of NLIE to models whose underlying algebras have arbitrary rank is not always an easy problem as one needs considerable trial and errors to find auxiliary functions with good analytical properties which are needed to derive the NLIE. Although the Y -system itself is not truncated to a finite set of functional relations for generic q, an introduction of appropriate auxiliary functions modifies [67] the Y -system to a finite set of functional relations, which is suited for the NLIE. So far this type of NLIE is known for at most rank 4 case [68]. We expect that some of our formulae in this paper are also useful to construct auxiliary functions for this type of NLIE for arbitrary rank. One can easily transform the T -system into the Y -system based on a transformation on the T-functions (to the “Y -functions”), as in [12]. This type of transformation (applied for (3.58)-(3.65)) also induces a system of Bäcklund transformations for the Y -system. Thereby Bäcklund transformations for the TBA equations are obtained. Our formulae for the T-functions T^{(a),Bm ,Fn}s (x) and T^{(a),Bm ,Fn}_s (x) (or F^{(a),I}s (x) and F^{(a),I}_s (x) ) will be convenient to check analyticity of the Y -functions for these Bäcklund transformations.

Our new formulae in this paper have potential applicability to the analysis of the AdS/CFT T -system (or the Y -system) [16, 17], after some modifications. Note that many formulae in this paper do not depend on precise function form of the Baxter Q-functions. The modifications should be done so that the Baxter Q-functions are compatible with the Bethe ansatz equation in [69] (for large L). We also expect that

34TBA equations for gl(M|N) related rational models were written in [65].

this is also the case with the Hubbard model.

To generalize our formulae to mixed representations is also an important problem. So far, the supersymmetric Bazhanov-Reshetikhin type formula for a simplest case was written long time ago (cf. eq. (4.1) in [6]), but more general case is under investigation [55]. We expect that the (super)character formulae for the mixed representations of gl(M|N) also allow the Yang-Baxterization by the Baxter Q-functions (or Q-operators).

The representation theory of the quantum affine superalgebras is not always well understood even in finite dimensional representations case. In this concern, to generalize our formulae in this paper to other quantum affine superalgebras such as U_q( ^osp(M|2N)), U_q(D^{(1)}(2, 1; α)) etc. is interesting not only in the study of the integrable system but also in the representation theory in mathematics. Tableaux sum expressions for T-functions, some supersymmetric Bazhanov-Reshetikhin-like formulae for fusion models and the T -system are available for U_q( ^osp(M|2N)) [63] case, and this will be a starting point to establish [55] Wronskian-like formulae for T-functions or q-(super)character formulae for the general quantum affine superalgebras.

Acknowledgments

The author would like to thank Vladimir Bazhanov for collaboration in Ref. [24] and a comment. He also thanks Yasuhiko Yamada for bringing Ref. [54] to his attention, and Vladimir Kazakov and Anton Zabrodin for discussions on mixed representations. He is supported by Grant-in-Aid for Young Scientists, B #19740244 from The Ministry of Education, Culture, Sports, Science and Technology in Japan. The main results of this paper for (m, n) = (M, N) have been previously announced on a number of conferences^{35}

Appendix A. Representations of the superalgebra

In this section, we briefly mention representations of the superalgebra gl(M|N) and their characters. There are a lot of literatures on this subject (see for example, [70, 21, 22, 23]).

There are several choices of simple root systems {α_1, α_2, . . . , α_{M+N−1}} depending on the choices of the Borel subalgebras. The simplest system of simple roots is the so called distinguished one. It leads as follows α_i = ϵ_i − ϵ_{i+1}, i ∈ {1, 2, . . . , M − 1}, α_M = ϵ_M − δ_1 (A.1)

35 “Finite-size Technology in Low Dimensional Quantum System (IV)”, APCTP (Pohang, Korea), June 2008, [http://wimn.ewha.ac.kr/focus2008/]; a meeting of the Physical Society of Japan, September 23, 2008.

α_{j+M} = δ_j − δ_{j+1}, j ∈ {1, 2, . . . , N − 1}, where ϵ_1, . . . , ϵ_M , δ_1, . . . , δ_N are the basis of the dual space of the Cartan subalgebra with the bilinear form ( | ) such that (ϵ_i|ϵ_j ) = δ_{i j}, (ϵ_i|δ_j) = (δ_i|ϵ_j) = 0, (δ_i|δ_j) = −δ_{i j}. (A.2) {α_i}_{i≠M} are even roots and α_M is an odd root with (α_M |α_M ) = 0.

Any weight can be expressed in the following form: Λ = M∑ i=1 Λ_iϵ_i + N∑ j=1 Λ_jδ_j , Λ_i, Λ̄_j ∈ C . (A.3)

There is a class of irreducible tensor representations of gl(M|N) whose highest weight Λ is characterized by the Young diagram μ = (μ_1, μ_2, . . . ), (μ_1 ≥ μ_2 ≥ · · · ≥ 0, μ_{M+1} ≤ N) in the (M, N)-hook (see Figure 1): Λ_i = μ_i for 1 ≤ i ≤ M, Λ_j = η_j for 1 ≤ j ≤ N,

(A.4)

where η_j = max{μ^′_j − M, 0}. There is a set of parameters [b_1, b_2, . . . , b_{M+N−1}], called the Kac-Dynkin label of Λ, defined by

b_j =

2(Λ|α_j ) (α_j |α_j ) for (αj|αj) ≠ 0, (Λ|α_j) for (α_j|α_j) = 0.

(A.5)

An irreducible representation with the highest weight Λ is finite dimensional if b_j ∈ Z_{≥0} for all j ≠ M, and b_M ∈ C . The Young diagram is related to the Kac-Dynkin label as follows:

b_j = μ_j − μ_{j+1} for 1 ≤ j ≤ M − 1, b_M = μ_M + η_1, (A.6) b_{j+M} = η_j − η_{j+1} for 1 ≤ j ≤ N − 1.

Let Λ be a real dominant weight. An irreducible representation of gl(M|N) with the highest weight Λ is called atypical if

(Λ + ρ, ϵ_i − δ_j ) = 0 for some (i, j) : 1 ≤ i ≤ M, 1 ≤ j ≤ N, (A.7) and typical if there is no such (i, j). Here ρ is the graded half sum of the positive roots: ρ = 1 2 M∑ i=1 (M − N − 2i + 1)ϵ_i + 1 2 N∑ j=1 (M + N − 2j + 1)δ_j. (A.8)

Thus the aforementioned irreducible tensor representation is typical if μ_M ≥ N, and atypical if μ_M < N.

There is a large class of finite dimensional typical representations, which is not tensor-like. For example, for the above mentioned typical irreducible tensor representations with the highest weight Λ, there is a one parameter family of irreducible typical 36 representations with the highest weight

Λ(c) = Λ + cω_1, (A.9)

where ω_1 = ϵ_1 + ϵ_2 + · · · + ϵ_M . Note that the M-th Kac-Dynkin label b_M = μ_M + η_1 + c is not an integer if the parameter c is not an integer. One may generalize the above representation to the one with the highest weight Λ(c_1, c_2) = Λ + c_1ω_1 + c_2ω_2, where ω_2 = δ_1 + δ_2 + · · · + δ_N . The Kac-Dynkin label of Λ(c_1, c_2) depends only on c_1 + c_2, and coincides with that of Λ(c_1 + c_2). In this sense, this representation essentially has only one parameter. These parameters c_1 and c_2 correspond to the ones in section 4.

There is a gl(M|N) analog of the first Weyl formula, called the Sergeev-Pragacz formula [22]. It is an alternative representation of the supersymmetric Jacobi-Trudi formula, which corresponds to a gl(M|N) analog of the second Weyl formula. Let us take a non-skew Young diagram μ. Then the Sergeev-Pragacz formula has the following form^{37}

S_μ({x_j }^M_{j=1}|{y_k}^N_{k=1}) = ∑ σ∈S_M ×S_N sgn(σ) σ M−1∏ i=1 x^{M−i}_i N−1∏ j=1 y^{N−j}_j ∏ (i,j)∈μ (x_i − y_j) ∏ i<j (x_i − x_j ) ∏ i<j (y_i − y_j)

, (A.10)

where the third product in the numerator is taken over all boxes (i, j) ∈ μ of the Young diagram μ. We assumed that x_i = 0 if i ≥ M +1 and y_j = 0 if j ≥ N +1. The notation S_M (resp. S_N ) denotes the symmetric group of order M (resp. N). The symbol σ[. . .] stands for the action of the permutation σ, namely the Weyl group of gl(M|N), on the variables x_1, . . . , x_M , y_1, . . . , y_N in the square brackets. This formula (A.10) gives the (super)character of the above mentioned tensor representation labeled by the Young diagram μ if the variables are identified with the formal exponentials: x_j = e^{ϵj} for j ∈ {1, 2, . . . M} and y_j = e^{δj} for j ∈ {1, 2, . . . N}. The Wronskian-like formula (3.15) (or (3.16)) at (m, n) = (M, N), (b_1, . . . , b_M , f_1, . . . , f_N ) = (1, 2, . . . , M + N) and x = 0 coincides with the Sergeev-Pragacz formula (A.10), where the variables x_1, . . . , x_M and y_1, . . . , y_N are related to the variables z_1, . . . , z_{M+N} in the main text as x_j = z_j for j ∈ {1, 2, . . . M} and y_j = z_{j+M} for j ∈ {1, 2, . . . N}. This coincidence was proved in section 5 in [23].

36If the atypicality condition (A.7) holds, this representation will be reducible (but in general indecomposable).

37We note that the sign of the variables y_1, . . . , y_N in [22] is opposite to our definition.

The representation theory of the quantum superalgebra U_q(gl(M|N)) for generic q is similar (see for example, [71]) to that of gl(M|N). The atypicality conditions for both cases are the same. And the (super)characters are also the same.

To make discussions complete, we should mention the representation theory of U_q( ^gl(M|N)) (or its Borel subalgebra). This is realized in combination of the evaluation map from (a Borel subalgebra of) U_q( ^gl(M|N)) to U_q(gl(M|N)) and representations of U_q(gl(M|N)). We expect that the functions T^{BM ⊔FN}_μ (x) and T^{BM ⊔FN}_μ (x) come from two different evaluation maps (see eqs. (4.14)-(4.18) in [27], and also [28]). q-oscillator representations are also needed to describe the Baxter Q-operators (cf. [26, 27, 28, 24]). We would like to postpone these issues to a separate publication [55], where the functions in this paper will be realized as operators.

Appendix B. On the normalization of the Baxter Q-functions

Let us renormalize the Baxter Q-function for any I ⊂ I as:

Q_I (x) =

Q_I (x) ϕ_I (x)

, (B.1)

so that Q_I (x) is a polynomial of finite degree (or an entire function of x):

Q_I (x) = n_I∏

j=1 ( 1 − x x^I_j ) for I ≠ ∅, I, 1 for I = ∅, I.

(B.2)

Here the function ϕ_I (x) (vacuum part), whose precise form will be fixed in what follows, does not contain the roots x^I_j of the Bethe ansatz equation. In our normalization, it satisfies ϕ_I (0) = 1. Then the functional relations (2.17)-(2.18) are modified to^{38} : (z_i − z_j)Q_I (x)Q_{I⊔{i,j}}(x) = z_iΦ^{(i,j)}_I (x)Q_{I⊔{i}}(xq^{pi} )Q_{I⊔{j}}(xq^{−pi} ) − z_j Φ^{(j,i)}_I (x)Q_{I⊔{i}}(xq^{−pi} )Q_{I⊔{j}}(xq^{pi} ) for p_i = p_j , (B.3) (z_i − z_j)Q_{I⊔{i}}(x)Q_{I⊔{j}}(x) = z_iΦ^{(i,j)}_I (x)^{−1}Q_I (xq^{−pi} )Q_{I⊔{i,j}}(xq^{pi} ) − z_jΦ^{(j,i)}_I (x)^{−1}Q_I (xq^{pi} )Q_{I⊔{i,j}}(xq^{−pi} ) for p_i = −p_j , (B.4) where we set

Φ^{(i,j)}_I (x) = ϕ_I (xq^{− pi−pj}2 )ϕ_{I⊔{i,j}}(xq^{pi−pj}2 ) ϕ_{I⊔{i}}(xq^{pi+pj}2 )ϕ_{I⊔{j}}(xq^{− pi+pj}2 ) . (B.5)

38Compare (B.4) with eq. (7.18) in [39].

Taking note on the zeros of the Baxter Q-functions (B.2), one obtains Bethe ansatz equations from the functional relations (B.3)-(B.4):

− ϕ_{Ia−1} (x^{Ia}_j q^{pia} )ϕ_{Ia} (x^{Ia}_j q^{−2pia+1} )ϕ_{Ia+1} (x^{Ia}_j q^{pia+1} ) ϕ_{Ia−1} (x^{Ia}_j q^{−pi}a )ϕ_{Ia} (x^{Ia}_j q^{2pi}a )ϕ_{Ia+1} (x^{Ia}_j q^{−pia+1} ) = p_{ia+1} z_{ia+1} p_{ia} z_{ia} Q_{Ia−1} (x^{Ia}_j q^{pia} )Q_{Ia} (x^{Ia}_j q^{−2pia+1} )Q_{Ia+1} (x^{Ia}_j q^{pia+1} ) Q_{Ia−1} (x^{Ia}_j q^{−pia} )Q_{Ia} (x^{Ia}_j q^{2pia} )Q_{Ia+1} (x^{Ia}_j q^{−pia+1} ) for j ∈ {1, 2, . . . , n_{Ia} } and a ∈ {1, 2, . . . , M + N − 1}. (B.6) Left hand side of the above equation (B.6) should have a standard form of the Bethe ansatz equation ( cf. [47, 4, 72, 8, 48, 39])

− Φ_a(x^{Ia}_j q^{∑i∈I}a^{pi} ) Φ_{a+1}(x^{Ia}_j q^{∑i∈I}a^{pi} ) = p_{ia+1} z_{ia+1} p_{ia} z_{ia} Q_{Ia−1} (x^{Ia}_j q^{pia} )Q_{Ia} (x^{Ia}_j q^{−2pia+1} )Q_{Ia+1} (x^{Ia}_j q^{pia+1} ) Q_{Ia−1} (x^{Ia}_j q^{−pi}a )Q_{Ia} (x^{Ia}_j q^{2pi}a )Q_{Ia+1} (x^{Ia}_j q^{−pia+1} ) for j ∈ {1, 2, . . . , n_{Ia} } and a ∈ {1, 2, . . . , M + N − 1}, (B.7) where the function Φ_a(x) has, for example for the Perk-Schultz model [47, 10], the following form^{39}

Φ_a(x) = L∏ k=1 ( 1 − xq^{−2pi}1^{δa,1} w_k ) . (B.8)

Here L is the number of the lattice site and w_k is an inhomogeneity on the spectral parameter. Thus ϕ_{Ia} (x) must satisfy the following functional equations. Φ_a(xq^{∑i∈I}a^{pi} ) Φ_{a+1}(xq^{∑i∈I}a^{pi} ) = ϕ_{Ia−1} (xq^{pia} )ϕ_{Ia} (xq^{−2pia+1} )ϕ_{Ia+1} (xq^{pia+1} ) ϕ_{Ia−1} (xq^{−pi}a )ϕ_{Ia} (xq^{2pi}a )ϕ_{Ia+1} (xq^{−pia+1} ) for a ∈ {1, 2, . . . , M + N − 1}. (B.9) 39For more general quantum space with the highest weight ∑_M j=1 λ^{(k)}_j ϵ_j + ∑_N j=1 λ^{(k)}_{j+M} δ_j for each site (k = 1, 2, . . . , L) of the quantum space, we expect that the function has the following form:

Φ_a(x) = ∏_L k=1 ( 1 −^{xq−2pia λ} (k) ia w_k ) . There will be an another form of the vacuum part, where the left

hand side of (B.7) has the form −^{Φa+1(xIaj q−} ∑ i∈Ia pi ) Φ_a (x^{Ia}_j q^− ∑ i∈Ia pi ) . Here we set Φa(x) = ∏_L k=1 ( 1 −^{xq2pia λ} (k) ia w_k ) . The left hand side of the Bethe ansatz equation for Φ_a(x) is speculated by applying a method in [20] to a (non-skew) Young diagram, where Drinfeld polynomials can be obtained; while the one for Φ_a(x) is speculated by applying a method in [20] to 180 degrees rotation of this Young diagram. See a remark in section 7 in [39]. We expect these come from two different evaluation representations of U_q ( ^gl(M|N)), commented in Appendix A, for the quantum space of the models. A precise description of these issue will need detailed Bethe ansatz calculations based on the representation theory of the quantum affine superalgebra, and is beyond the scope of this paper (cf. [48]).

One may solve (B.9) under the condition^{40} ϕ_{I0} (x) = ϕ_{IM+N} (x) = 1 and ϕ_{Ia} (0) = 1 for 0 ≤ a ≤ M + N, M ≠ N. This corresponds to impose both (2.9) and (2.10). For example for the Perk-Schultz model, we have the following solution of (B.9).

ϕ_{Ia} (x) = L∏ k=1

(_{xq}∑_{j∈Ia pj} w_k ; q 2(M−N) ) ∞ (_{xq2(M−N)−}∑_{j∈Ia pj} w_k ; q 2(M−N) ) ∞ for a ∈ {1, 2, . . . , N + N − 1}, (B.10)

where we assumed |q^{M−N} | < 1 (the case |q^{M−N} | > 1 will be similar) and introduced a symbol (a; q)_∞ = ∏_∞ k=0(1 − aq^k). It is interesting to see that cancellation occurs in (B.10) for any a if M −N = ±1. For example, for (M, N) = (2, 1), p_1 = p_2 = 1, p_3 = −1 case, we have ϕ_{{1}}(x) = ϕ_{{2}}(x) = 1, ϕ_{{3}}(x) = f(xq^{−1})f(xq), ϕ_{{1,2}}(x) = 1 f(x) , ϕ_{{1,3}}(x) = ϕ_{{2,3}}(x) = f(x), (B.11)

where f(x) := ∏_L k=1(1 − x/w_k). This agrees with the result in [24] (see eqs. (2.87) in [24]). Now the Baxter Q-functions Q_I (x) are meromorphic functions of x, while Q_I (x) are polynomials (or entire functions) of x. The Baxter Q-functions Q_I (x) with both the conditions (2.9) and (2.10) for M ≠ N will be in the normalization of the universal R-matrix.

Appendix C. Proof of the functional relations

We will use the following lemma in the proof.

Lemma 6.1. The following relations hold for the determinant (3.4), where m + α = n + β. If there is k (1 ≤ k ≤ β) such that s_k = 0, then we have Δ^{(b1 ,b2,...,bm),(r1,r2,...,rα)} (f_1 ,f_2,...,f_n),(s_1,s_2,...,s_β ) (xq 2) = (−1)^α z_{f1} z_{f2} · · · z_{fn} z_{b1} z_{b2} · · · z_{bm} Δ^{(b1 ,b2,...,bm),(r1−1,r2−1,...,rα−1)} (f_1,f_2,...,f_n),(s_1+1,s_2+1,...,s_β +1) (x) (C.1)

under the relation (2.22). If there is k (1 ≤ k ≤ α) such that r_k = 0, then we have Δ^{(b1 ,b2,...,bm),(r1,r2,...,rα)} (f_1,f_2,...,f_n),(s_1,s_2,...,s_β) (xq −2) = (−1)^α z_{b1} z_{b2} · · · z_{bm} z_{f1} z_{f2} · · · z_{fn} Δ^{(b1,b2,...,bm),(r1+1,r2+1,...,rα+1)} (f_1,f_2,...,f_n),(s_1−1,s_2−1,...,s_β −1) (x) (C.2)

under the relation (2.22). One can also derive similar relations for (3.5) by q → q^{−1}.

40In general, one will need the inverse matrix of a q-deformed Cartan matrix of gl(M|N) to solve (B.9). However, the Cartan matrix of gl(M|M) is degenerate. Then we imposed a condition M ≠ N. As for the case M = N, one will have to relax the condition ϕ_{I0} (x) = 1 or ϕ_{IM +N} (x) = 1.

In particular for m = β = 0 or α = n = 0, the following relations hold for any c ∈ C : Δ^{∅,(r1+c,r2+c,...,rn+c)} (f_1,f_2,...,f_n),∅ (x) = ((−1) nz_{f1} z_{f2} · · · z_{fn} )^cΔ^{∅,(r1,r2,...,rn)} (f_1,f_2,...,f_n),∅(xq −2c), (C.3) Δ^{(b1,b2,...,bm),∅} ∅,(s_1+c,s_2+c,...,s_m+c)(x) = (zb^1 zb^2 · · · zb^m ) cΔ^{(b1 ,b2,...,bm),∅} ∅,(s_1,s_2,...,s_m)(xq 2c). (C.4)

For any m×n matrix, we will write a minor determinant whose j_1, j_2, . . . , j_α-th rows and k_1, k_2, . . . , k_β-th columns removed from it as D [ j_1, j_2, . . . , j_α k_1, k_2, . . . , k_β ] , where m−α = n−β, j_1 < j_2 · · · < j_α and k_1 < k_2 < · · · < k_β. We will use the following identities for determinants. D [ j_1, j_2 ] D [ j_3, j_4 ] − D [ j_1, j_3 ] D [ j_2, j_4 ] + D [ j_1, j_4 ] D [ j_2, j_3 ] = 0, (C.5) D [ k_1, k_2 ] D [ k_3, k_4 ] − D [ k_1, k_3 ] D [ k_2, k_4 ] + D [ k_1, k_4 ] D [ k_2, k_3 ] = 0, (C.6) D [ j_1 ] D [ j_2, j_3 k_1 ] − D [ j_2 ] D [ j_1, j_3 k_1 ] + D [ j_3 ] D [ j_1, j_2 k_1 ] = 0, (C.7)

D [ k_1 ] D [ j_1 k_2, k_3 ] − D [ k_2 ] D [ j_1 k_1, k_3 ] + D [ k_3 ] D [ j_1 k_1, k_2 ] = 0, (C.8)

D [ ] D [ j_1, j_2 k_1, k_2 ] − D [ j_1 k_1 ] D [ j_2 k_2 ] + D [ j_1 k_2 ] D [ j_2 k_1 ] = 0. (C.9)

(C.5)-(C.8) are specialization of the so-called Plücker identity, and (C.9) is the Jacobi identity. We remark that some Plücker identities on supersymmetric polynomials were also discussed in [73].

C.1 Proof of Theorem 3.2

We will prove Theorem 3.2 for (3.22). The proof for (3.23) is similar to the one for (3.22). Let us introduce a notation: I_{m,n} = { (1, 2, . . . , m − n) for m − n > 0, ∅ for m − n ≤ 0. (C.10)

That (3.22) satisfies (2.17)-(2.18) for I = B_m ⊔ F_n is equivalent to: − Δ^{Bm,In,m} F_n,I_{m,n} (xq)Δ B_{m+2} ,I_{n,m+2} F_n,I_{m+2,n} (xq −1) = z_{bm+1} Δ^{Bm+1,In,m+1} F_n,I_{m+1,n} (xq)Δ B_m ×(b_{m+2}),I_{n,m+1} F_n,I_{m+1,n} (xq −1) − z_{bm+2} Δ^{Bm+1,In,m+1} F_n,I_{m+1,n} (xq −1)Δ^{Bm×(bm+2),In,m+1} F_n,I_{m+1,n} (xq) (C.11)

for i = b_{m+1}, j = b_{m+2}; Δ^{Bm,In,m} F_n,I_{m,n} (xq −1)Δ^{Bm,In+2,m} F_{n+2},I_{m,n+2} (xq) = zfn+1 Δ B_m,I_{n+1,m} F_{n+1},I_{m,n+1} (xq −1)Δ^{Bm,In+1,m} F_n×(f_{n+2}),I_{m,n+1} (xq) − z_{fn+2} Δ^{Bm,In+1,m} F_{n+1},I_{m,n+1} (xq)Δ B_m ,I_{n+1,m} F_n×(f_{n+2}),I_{m,n+1} (xq −1) (C.12)

for i = f_{n+1}, j = f_{n+2}; Δ^{Bm+1,In,m+1} F_n,I_{m+1,n} (xq −1)Δ^{Bm,In+1,m} F_{n+1},I_{m,n+1} (xq) = zbm+1 Δ B_m,I_{n,m} F_n,I_{m,n} (xq −1)Δ^{Bm+1,In+1,m+1} F_{n+1},I_{m+1,n+1} (xq) − z_{fn+1} Δ^{Bm,In,m} F_n,I_{m,n} (xq)Δ B_{m+1},I_{n+1,m+1} F_{n+1},I_{m+1,n+1} (xq −1) (C.13)

for i = b_{m+1}, j = f_{n+1}.

We have to consider the following nine cases since the (m, n)-index (3.6) for μ = ∅ depends on m, n: for (C.11): (i.1) m ≥ n, (i.2) m = n − 1, (i.3) m ≤ n − 2; for (C.12): (ii.1) m ≤ n, (ii.2) m = n + 1, (ii.3) m ≥ n + 2; for (C.13): (iii.1) m ≥ n + 1, (iii.2) m = n, (iii.3) m ≤ n − 1. We find that the proof of the case (ii.1) is similar to the case (i.1); the case (ii.2) is similar to the case (i.2); the case (ii.3) is similar to the case (i.3). So we will treat (i.1), (i.2), (i.3),(iii.1), (iii.2), (iii.3) in what follows.

(i.1) (C.11) for the case m ≥ n

In this case (C.11) reduces to − Δ^{Bm,∅}_{Fn,(1,2,...,m−n)}(xq)Δ^{Bm+2 ,∅}_{Fn,(1,2,...,m−n+2)}(xq^{−1}) = z_{bm+1} Δ^{Bm+1,∅}_{Fn,(1,2,...,m−n+1)}(xq)Δ^{Bm×(bm+2),∅} F_n,(1,2,...,m−n+1)(xq −1) − z_{bm+2} Δ^{Bm+1,∅}_{Fn,(1,2,...,m−n+1)}(xq^{−1})Δ^{Bm×(bm+2),∅} F_n,(1,2,...,m−n+1)(xq). (C.14) Due to (C.1), this is identical to the following relation: − Δ^{Bm,∅}_{Fn,(1,2,...,m−n)}(x)Δ^{Bm+2 ,∅}_{Fn,(0,1,...,m−n+1)}(x) = Δ^{Bm+1,∅}_{Fn,(1,2,...,m−n+1)}(x)Δ^{Bm ×(bm+2),∅}_{Fn,(0,1,...,m−n)}(x) − Δ^{Bm+1,∅} F_n,(0,1,...,m−n)(x)Δ B_m ×(b_{m+2}),∅ F_n,(1,2,...,m−n+1)(x). (C.15) This is nothing but the Jacobi identity (C.9).

(i.2) (C.11) for the case m = n − 1

In this case (C.11) reduces to − Δ^{Bm,(1)} F_{m+1},∅(xq)Δ B_{m+2},∅ F_{m+1},(1)(xq −1) = z_{bm+1} Δ^{Bm+1 ,∅}_{Fm+1,∅} (xq)Δ^{Bm×(bm+2),∅} F_{m+1},∅ (xq −1) − z_{bm+2} Δ^{Bm+1,∅}_{Fm+1,∅} (xq^{−1})Δ^{Bm×(bm+2),∅} F_{m+1},∅ (xq). (C.16)

Let us expand the determinants^{41} in the left hand side of the above relation: − Δ^{Bm,(1)} F_{m+1},∅(xq)Δ B_{m+2},∅ F_{m+1},(1)(xq −1) = − m+1∑ α=1 (−1)^{m+1+α}Q_{fα} (x)Δ^{Bm,∅}_{Fm+1\fα,∅}(xq)

× m+2∑ β=1 (−1)^{β+m+2}Q_{bβ} (x)Δ^{Bm+2 \bβ ,∅} F_{m+1},∅ (xq −1)

= m+1∑ α=1 m+2∑ β=1 (−1)^{α+β} z_{bβ} Q_{{bβ ,fα}}(xq) − z_{fα} Q_{{bβ ,fα}}(xq^{−1}) z_{bβ} − z_{fα} Δ^{Bm ,∅}_{Fm+1\fα,∅}(xq)Δ^{Bm+2 \bβ ,∅} F_{m+1},∅ (xq −1)

= − m+2∑ β=1 (−1)^{β+m}z_{bβ} Δ^{Bm+2 \bβ ,∅} F_{m+1},∅ (xq −1) | | | | | |

(_{Q{bk,fl}(xq)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤m+1 (_{Q{bβ ,fl}(xq)} z_{bβ} −z_{fl} ) 1≤l≤m+1

| | | | | | + m+1∑ α=1 (−1)^{m+1+α}z_{fα} Δ^{Bm,∅}_{Fm+1\fα,∅}(xq) | | | (_{Q{bk,fl}(xq−1)} z_{bk} −z_{fl} ) 1≤k≤m+2, 1≤l≤m+1 (_{Q{bk,fα}(xq−1)} z_{bk} −z_{fα} ) 1≤k≤m+2 | | | , (C.17)

where we introduced a notation B_{m+2}\b_β = (b_1, b_2, . . . , b_{β−1}, b_{β+1}, . . . , b_{m+2}), and used the functional relation (2.22). The determinant | |· · · | | in the first summand in the right hand side of (C.17) vanishes for β ≠ m + 1, m + 2 as it has two identical rows. The determinant in the second summand vanishes as it has two identical columns. Then the right hand side of (C.17) reduces to the right hand side of (C.16).

(i.3) (C.11) for the case m ≤ n − 2

In this case (C.11) reduces to − Δ^{Bm,(1,2,...,n−m)} F_n,∅ (xq)Δ B_{m+2},(1,2,...,n−m−2) F_n,∅ (xq −1) = z_{bm+1} Δ^{Bm+1 ,(1,2,...,n−m−1)} F_n,∅ (xq)Δ B_m×(b_{m+2}),(1,2,...,n−m−1) F_n,∅ (xq −1) − z_{bm+2} Δ^{Bm+1,(1,2,...,n−m−1)} F_n,∅ (xq −1)Δ^{Bm×(bm+2),(1,2,...,n−m−1)} F_n,∅ (xq). (C.18) Due to (C.2), this relation can be modified to: Δ^{Bm,(0,1,...,n−m−1)} F_n,∅ (x)Δ B_{m+2},(1,2,...,n−m−2) F_n,∅ (x) = Δ^{Bm+1,(0,1,...,n−m−2)} F_n,∅ (x)Δ B_m×(b_{m+2} ),(1,2,...,n−m−1) F_n,∅ (x) − Δ^{Bm+1,(1,2,...,n−m−1)} F_n,∅ (x)Δ B_m ×(b_{m+2}),(0,1,...,n−m−2) F_n,∅ (x). (C.19)

41 In Appendix C, we will use the following notation for matrices in the determinant. We use k for the row index and l for the column index. Thus (a_{k,l}) is a matrix whose k-th row and l-th column element is a_{k,l}; (a_k) is a column vector; (a_l) is a row vector.

This is nothing but the Plücker relation (C.5).

(iii.1) (C.13) for the case m ≥ n + 1

In this case, (C.13) has the form: Δ^{Bm+1,∅} F_n,(1,2,...,m−n+1)(xq −1)Δ^{Bm,∅}_{Fn+1,(1,2,...,m−n−1)}(xq) = z_{bm+1} Δ^{Bm,∅}_{Fn,(1,2,...,m−n)}(xq^{−1})Δ^{Bm+1,∅}_{Fn+1,(1,2,...,m−n)}(xq) − z_{fn+1} Δ^{Bm,∅}_{Fn,(1,2,...,m−n)}(xq)Δ^{Bm+1,∅}_{Fn+1,(1,2,...,m−n)}(xq^{−1}). (C.20) Due to (C.1), this relation reduces to: Δ^{Bm+1,∅} F_n,(0,1,...,m−n)(x)Δ B_m,∅ F_{n+1},(1,2,...,m−n−1)(x) = Δ B_m,∅ F_n,(0,1,...,m−n−1)(x)Δ B_{m+1},∅ F_{n+1},(1,2,...,m−n)(x) − Δ^{Bm,∅}_{Fn,(1,2,...,m−n)}(x)Δ^{Bm+1 ,∅}_{Fn+1,(0,1,...,m−n−1)}(x). (C.21) This is nothing but the Plücker identity (C.8).

(iii.2) (C.13) for the case m = n

In this case, (C.13) has the form: Δ^{Bm+1,∅} F_m,(1) (xq −1)Δ^{Bm,(1)}_{Fm+1,∅}(xq) = z_{bm+1} Δ^{Bm,∅}_{Fm,∅} (xq^{−1})Δ^{Bm+1,∅}_{Fm+1,∅} (xq) − z_{fm+1} Δ^{Bm,∅}_{Fm,∅} (xq)Δ^{Bm+1,∅}_{Fm+1,∅} (xq^{−1}). (C.22) Let us expand the left hand side of (C.22). Δ^{Bm+1,∅} F_m,(1) (xq −1)Δ^{Bm,(1)}_{Fm+1,∅}(xq) = m+1∑ α=1 (−1)^{α+m+1}Q_{bα} (x)Δ^{Bm+1\bα,∅} F_m,∅ (xq −1)

× m+1∑ β=1 (−1)^{m+1+β} Q_{fβ} (x)Δ^{Bm,∅}_{Fm+1\fβ ,∅}(xq)

= m+1∑ α=1 m+1∑ β=1 (−1)^{α+β} z_{bα} Q_{{bα,fβ }}(xq) − z_{fβ} Q_{{bα,fβ }}(xq^{−1}) z_{bα} − z_{fβ} Δ^{Bm+1\bα,∅} F_m,∅ (xq −1)Δ^{Bm,∅}_{Fm+1\fβ ,∅}(xq)

= m+1∑ α=1 (−1)^{α+m+1}z_{bα} Δ^{Bm+1\bα,∅} F_m,∅ (xq −1) | | | | | |

(_{Q{bk ,fl}(xq)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤m+1 (_{Q{bα,fl}(xq)} z_{bα} −z_{fl} ) 1≤l≤m+1

| | | | | | − m+1∑ β=1 (−1)^{β+m+1}z_{fβ} Δ^{Bm,∅}_{Fm+1\fβ ,∅}(xq) | | | (_{Q{bk,fl}(xq−1)} z_{bk} −z_{fl} ) 1≤k≤m+1, 1≤l≤m (_{Q{b} k,fβ }(xq −1) z_{bk} −z_{fβ} ) 1≤k≤m+1 | | | , (C.23) where we used the functional relation (2.22). The determinant | |· · · | | in the first summand in the right hand side of (C.23) vanishes for α ≠ m + 1. The determinant in the second summand vanishes for β ≠ m + 1. Thus the right hand side of (C.23) coincides with the right hand side of (C.22).

(iii.3) (C.13) for the case m ≤ n − 1

In this case (C.13) has the form: Δ^{Bm+1,(1,2,...,n−m−1)} F_n,∅ (xq −1)Δ^{Bm,(1,2,...,n−m+1)} F_{n+1},∅ (xq) = z_{bm+1} Δ^{Bm ,(1,2,...,n−m)} F_n,∅ (xq −1)Δ^{Bm+1,(1,2,...,n−m)} F_{n+1},∅ (xq) − z_{fn+1} Δ^{Bm,(1,2,...,n−m)} F_n,∅ (xq)Δ B_{m+1},(1,2,...,n−m) F_{n+1},∅ (xq −1). (C.24)

Due to (C.2), this reduces to: − Δ^{Bm+1,(1,2,...,n−m−1)} F_n,∅ (x)Δ B_m,(0,1,...,n−m) F_{n+1},∅ (x) = Δ B_m,(1,2,...,n−m) F_n,∅ (x)Δ B_{m+1},(0,1,...,n−m−1) F_{n+1},∅ (x) − Δ^{Bm,(0,1,...,n−m−1)} F_n,∅ (x)Δ B_{m+1},(1,2,...,n−m) F_{n+1},∅ (x). (C.25)

This is nothing but the Plücker identity (C.7).

C.2 Proof of Theorem 3.3

We will prove Theorem 3.3 for (3.35). The proof for (3.36) is similar to the one for (3.35). For a, s ∈ Z_{≥1}, we will prove that (3.35) satisfies T^{(a),Bm ,Fn} s (xq^{−1})T^{(a),Bm,Fn} s (xq) = T^{(a),Bm,Fn} s−1 (x)T^{(a),Bm ,Fn} s+1 (x) + T^{(a−1),Bm ,Fn} s (x)T^{(a+1),Bm,Fn} s (x). (C.26)

This is identical to the following functional relation. T^{Bm,Fn} (s^a) (xq −1)T^{Bm,Fn} (s^a) (xq) = T B_m,F_n ((s−1)^a )(x)T B_m,F_n ((s+1)^a )(x) + T B_m,F_n (s^{a−1}) (x)T B_m,F_n (s^{a+1}) (x). (C.27)

We have to consider the following seven cases since the (m, n)-index (3.6) depends on m, n, a, s: (i) a < m − n, (ii) a = m − n, (iii) a − s < m − n < a, (iv) a − s = m − n, (v) −s < m − n < a − s, (vi) m − n = −s, (vii) m − n < −s. The proof for the case (v) is similar to the case (iii); the case (vi) is similar to the case (ii); the case (vii) is similar to the case (i). So we will treat four cases (i), (ii), (iii), (iv) from now on.

The “duality relations” (3.53) and (3.57) follow from the formulae (3.46)-(3.49). One also have to take into account reduction of the functional relation (C.27) based on Lemma 3.1 for (3.51), (3.52), (3.55) and (3.56), and Theorem 3.2 for the boundary conditions (3.37), (3.38), (3.39) and (3.40).

(i) The case a < m − n

Due to (C.1), (C.27) is identical to the following relation. Δ^{Bm,∅}_{Fn,(1,2,...,m−n−a,m−n−a+s+1,...,m−n+s)}(x)Δ^{Bm,∅}_{Fn,(0,1,...,m−n−a−1,m−n−a+s,...,m−n+s−1)}(x) = Δ^{Bm,∅}_{Fn,(1,2,...,m−n−a,m−n−a+s,...,m−n+s−1)}(x)Δ^{Bm ,∅}_{Fn,(0,1,...,m−n−a−1,m−n−a+s+1,...,m−n+s)}(x) + Δ^{Bm ,∅}_{Fn,(1,2,...,m−n−a−1,m−n−a+s,...,m−n+s)}(x)Δ^{Bm,∅}_{Fn,(0,1,...,m−n−a,m−n−a+s+1,...,m−n+s−1)}(x). (C.28)

This is nothing but the Plücker identity (C.6).

(ii) The case a = m − n

(C.27) is identical to the following relation. Δ^{Bm,∅}_{Fn,(s+1,s+2,...,s+a)}(x)Δ^{Bm,∅}_{Fn,(s+1,s+2,...,s+a)}(xq^{−2}) = Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a−1)}(x)Δ^{Bm,∅}_{Fn,(s+2,s+3,...,s+a+1)}(xq^{−2}) + (−1)^{a+1}Δ^{Bm,(1)}_{Fn,(s,s+1,...,s+a)}(x)Δ^{Bm,∅}_{Fn,(1,s+2,s+3,...,s+a)}(xq^{−2}). (C.29) Let us expand the determinants in the second term of the right hand side of the above relation. Δ^{Bm,(1)} F_n,(s,s+1,...,s+a)(x)Δ B_m ,∅ F_n,(1,s+2,s+3,...,s+a)(xq −2) = n∑ β=1 (−1)^{β+m+1}Q_{fβ} (xq^{−1})

× Δ^{Bm ,∅}_{Fn\fβ ,(s,s+1,...,s+a)}(x) m∑ α=1 (−1)^{α+n+1}Q_{bα} (xq^{−1})Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a)}(xq^{−2}) (C.30)

= m∑ α=1 n∑ β=1 (−1)^{α+β+n+m} z_{bα} Q_{{bα,fβ }}(x) − z_{fβ} Q_{{bα,fβ }}(xq^{−2}) z_{bα} − z_{fβ} × Δ^{Bm \bα,∅} F_n,(s+2,s+3,...,s+a)(xq −2)Δ^{Bm,∅}_{Fn\fβ ,(s,s+1,...,s+a)}(x) (C.31) = − n∑ β=1 (−1)^{β+m+1}z_{fβ} Δ^{Bm,∅}_{Fn\fβ ,(s,s+1,...,s+a)}(x)

× | | | (_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n (_{Q{b} k,fβ }(xq −2) z_{bk} −z_{fβ} ) 1≤k≤m ( z^{s+l}_{bk} Q_{bk} (xq^{2(s+l)−1}) )_{1≤k≤m,} 1≤l≤a−1 | | | + m∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a)}(xq^{−2})

× | | | | | |

(_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−3))_{1≤k≤m,} 1≤l≤a+1 (_{Q{bα,fl}(x)} z_{bα} −z_{fl} ) 1≤l≤n (0)_{1×(a+1)}

| | | | | | , (C.32) where we introduced notations B_m\b_α = (b_1, . . . , b_{α−1}, b_{α+1}, . . . , b_m), F_n\f_β =

(f_1, . . . , f_{β−1}, f_{β+1}, . . . , f_n), and used the functional relation (2.22) . The determinant | |· · · | | in the first summand in the right hand side of (C.32) vanishes as it has two iden-

tical columns. Subtracting the α-th row from the (m + 1)-st row in the determinant | |· · · | | in the second summand in the right hand side of (C.32), we get: | | | | | |

(_{Q{bk ,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−3))_{1≤k≤m,} 1≤l≤a+1 (_{Q{bα,fl}(x)} z_{bα} −z_{fl} ) 1≤l≤n (0)_{1×(a+1)}

| | | | | |

= − | | | | | (_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−3))_{1≤k≤m,} 1≤l≤a+1 (0)_{1×n} ( z^{s+l−2} b_α Qbα (xq 2(s+l)−3)) 1≤l≤a+1

| | | | |

= − a+1∑ γ=1 (−1)^{m+1+n+γ} z^{s+γ−2}_{bα} Q_{bα} (xq^{2(s+γ)−3})Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)\(s+γ−1)}(x). (C.33)

Here we expanded the (m + 1)-st row. Thus (C.32) reduces to − m∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a)}(xq^{−2})

× a+1∑ γ=1 (−1)^{m+1+n+γ} z^{s+γ−2}_{bα} Q_{bα} (xq^{2(s+γ)−3})Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)\(s+γ−1)}(x)

= a+1∑ γ=1 (−1)^{m+1+n+γ+1}Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)\(s+γ−1)}(x) × | | | | (_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{s+γ−1} b_k Qbk (xq 2(s+γ)−3)) 1≤k≤m ( z^{s+l}_{bk} Q_{bk} (xq^{2(s+l)−1}) )_{1≤k≤m,} 1≤l≤a−1 | | | | . (C.34)

The determinant | · · · | in the right hand side of the above relation vanishes for γ ≠

1, a + 1 as it has two identical columns. Then the right hand side of (C.34) reduces to (−1)^{a+1}Δ^{Bm,∅}_{Fn,(s+1,s+2,...,s+a)}(x)Δ^{Bm,∅}_{Fn,(s+1,s+2,...,s+a)}(xq^{−2}) − (−1)^{a+1}Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a−1)}(x)Δ^{Bm ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(xq^{−2}). (C.35) This proves (C.29).

(iii) The case a − s < m − n < a

Due to (C.2), (C.27) is identical to the following relation. Δ^{Bm,(0,1,...,n−m+a−1)} F_n,(s−a+m−n+2,s−a+m−n+3,...,s+m−n+1)(x)Δ B_m ,(1,2,...,n−m+a) F_n,(s−a+m−n+1,s−a+m−n+2,...,s+m−n)(x) = Δ^{Bm ,(0,1,...,n−m+a−1)} F_n,(s−a+m−n+1,s−a+m−n+2,...,s+m−n)(x)Δ B_m ,(1,2,...,n−m+a) F_n,(s−a+m−n+2,s−a+m−n+3,...,s+m−n+1)(x) − Δ^{Bm ,(0,1,...,n−m+a)} F_n,(s−a+m−n+1,s−a+m−n+2,...,s+m−n+1)(x)Δ B_m ,(1,2,...,n−m+a−1) F_n,(s−a+m−n+2,s−a+m−n+3,...,s+m−n)(x). (C.36)

This is nothing but the Jacobi identity (C.9).

(iv) The case a − s = m − n

(C.27) is identical to the following relation. Δ^{Bm,(1,2,...,s)} F_n,(1,2,...,a) (x)Δ B_m,(1,2,...,s) F_n,(1,2,...,a) (xq −2) = (−1)^{a+s+1}Δ^{Bm,(2,3,...,s)} F_n,(1,2,...,a−1)(x)Δ B_m ,(1,2,...,s) F_n,(2,3,...,a+1)(xq −2) + (−1)^{a+s+1}Δ^{Bm,(2,3,...,s+1)} F_n,(1,2,...,a) (x)Δ B_m ,(1,2,...,s−1) F_n,(2,3,...,a) (xq −2). (C.37)

Let us expand the determinants in the left hand side of the above relation (C.37), and apply (2.22). Δ^{Bm,(1,2,...,s)} F_n,(1,2,...,a) (x)Δ B_m ,(1,2,...,s) F_n,(1,2,...,a) (xq −2) = n∑ α=1 (−1)^{α+m+1}Q_{fα} (xq^{−1})Δ^{Bm,(2,3,...,s)} F_n\f_α,(1,2,...,a)(x) × m∑ β=1 (−1)^{β+n+1}Q_{bβ} (xq^{−1})Δ^{Bm\bβ ,(1,2,...,s)} F_n,(2,3,...,a) (xq −2)

= n∑ α=1 m∑ β=1 (−1)^{α+β+m+n} z_{bβ} Q_{{bβ ,fα}}(x) − z_{fα} Q_{{bβ ,fα}}(xq^{−2}) z_{bβ} − z_{fα} × Δ^{Bm,(2,3,...,s)} F_n\f_α,(1,2,...,a)(x)Δ B_m\b_β ,(1,2,...,s) F_n,(2,3,...,a) (xq −2) = m∑ β=1 (−1)^{β+n+1}z_{bβ} Δ^{Bm\bβ ,(1,2,...,s)} F_n,(2,3,...,a) (xq −2)

×

| | | | | | | | |

(_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{l−1}_{bk} Q_{bk} (xq^{2l−1}) )_{1≤k≤m,} 1≤l≤a (_{Q{bβ ,fl}(x)} z_{bβ} −z_{fl} ) 1≤l≤n (0)_{1×a} ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k+1}) )_{2≤k≤s,} 1≤l≤n (0)_{(s−1)×a}

| | | | | | | | | − n∑ α=1 (−1)^{α+m+1}z_{fα} Δ^{Bm,(2,3,...,s)} F_n\f_α,(1,2,...,a)(x)

× | | | | | |

(_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n (_{Q{bk,fα}(xq−2)} z_{bk} −z_{fα} ) 1≤k≤m ( z^{l−1}_{bk} Q_{bk} (xq^{2l−3}) )_{1≤k≤m,} 2≤l≤a ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k−1}) )_{1≤k≤s,} 1≤l≤n (0)_{s×1} (0)_{s×(a−1)}

| | | | | | . (C.38)

Subtracting the β-th row from the (m + 1)-st row in the determinant | |· · · | | in the first

summand in the right hand side of (C.38), we obtain: | | | | | | | | |

(_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{l−1}_{bk} Q_{bk} (xq^{2l−1}) )_{1≤k≤m,} 1≤l≤a (_{Q{bβ ,fl}(x)} z_{bβ} −z_{fl} ) 1≤l≤n (0)_{1×a} ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k+1}) )_{2≤k≤s,} 1≤l≤n (0)_{(s−1)×a}

| | | | | | | | |

= −

| | | | | | | | |

(_{Q{bk ,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{l−1}_{bk} Q_{bk} (xq^{2l−1}) )_{1≤k≤m,} 1≤l≤a (0)_{1×n} ( z^{l−1}_{bβ} Q_{bβ} (xq^{2l−1}) ) 1≤l≤a ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k+1}) )_{2≤k≤s,} 1≤l≤n (0)_{(s−1)×a}

| | | | | | | | | = − a∑ γ=1 (−1)^{m+1+n+γ} z^{γ−1}_{bβ} Q_{bβ} (xq^{2γ−1})Δ^{Bm,(2,3,...,,s)} F_n,(1,2,...,a)\γ (x). (C.39) Subtracting the α-th column from the (n + 1)-st column in the determinant | · · · | in the second summand in the right hand side of (C.38), we obtain | | | | | |

(_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n (_{Q{bk ,fα}(xq−2)} z_{bk} −z_{fα} ) 1≤k≤m ( z^{l−1}_{bk} Q_{bk} (xq^{2l−3}) )_{1≤k≤m,} 2≤l≤a ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k−1}) )_{1≤k≤s,} 1≤l≤n (0)_{s×1} (0)_{s×(a−1)}

| | | | | | =

− | | | | | (_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n (0)_{m×1} ( z^{l−1}_{bk} Q_{bk} (xq^{2l−3}) )_{1≤k≤m,} 2≤l≤a ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k−1}) )_{1≤k≤s,} 1≤l≤n ( (−z_{fα} )^{k−1}Q_{fα} (xq^{−2k−1}) ) 1≤k≤s (0)s×(a−1)

| | | | |

= − s∑ γ=1 (−1)^{m+γ+n+1}(−z_{fα} )^{γ−1}Q_{fα} (xq^{−2γ−1})Δ^{Bm,(1,2,...,s)\γ} F_n,(2,3,...,a) (xq −2). (C.40)

Then (C.38) reduces to − m∑ β=1 (−1)^{β+n+1}z_{bβ} Δ^{Bm\bβ ,(1,2,...,s)} F_n,(2,3,...,a) (xq −2)

× a∑ γ=1 (−1)^{m+1+n+γ} z^{γ−1}_{bβ} Q_{bβ} (xq^{2γ−1})Δ^{Bm,(2,3,...,,s)} F_n,(1,2,...,a)\γ (x) + n∑ α=1 (−1)^{α+m+1}z_{fα} Δ^{Bm ,(2,3,...,s)} F_n\f_α,(1,2,...,a)(x) × s∑ γ=1 (−1)^{m+γ+n+1}(−z_{fα} )^{γ−1}Q_{fα} (xq^{−2γ−1})Δ^{Bm,(1,2,...,s)\γ} F_n,(2,3,...,a) (xq −2)

= a∑ γ=1 (−1)^{m+n+γ} Δ^{Bm,(2,3,...,,s)} F_n,(1,2,...,a)\γ (x)

× | | | | | |

(_{Q{bk,fl}(xq−2)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^γ_{bk} Q_{bk} (xq^{2γ−1}) ) 1≤k≤m ( z^{l−1}_{bk} Q_{bk} (xq^{2l−3}) )_{1≤k≤m,} 2≤l≤a ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k−1}) )_{1≤k≤s,} 1≤l≤n (0)_{s×1} (0)_{s×(a−1)}

| | | | | | − s∑ γ=1 (−1)^{m+γ+n+1}Δ^{Bm,(1,2,...,s)\γ} F_n,(2,3,...,a) (xq −2)

×

| | | | | | | |

(_{Q{bk ,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{l−1}_{bk} Q_{bk} (xq^{2l−1}) )_{1≤k≤m,} 1≤l≤a ((−z_{fl} )^γ Q_{fl} (xq^{−2γ−1}))_{1≤l≤n} (0)_{1×a} ( (−z_{fl} )^{k−1}Q_{fl} (xq^{−2k+1}) )_{2≤k≤s,} 1≤l≤n (0)_{(s−1)×a}

| | | | | | | | . (C.41)

The determinant | |· · · | | in the first summand in the right hand side of (C.41) vanishes for

γ ≠ a as it has two identical columns. The determinant | |· · · | | in the second summand

in the right hand side of (C.41) vanishes for γ ≠ s. Then the right hand side of (C.41)

reduces to (−1)^{m+n+1}Δ^{Bm,(2,3,...,s)} F_n,(1,2,...,a−1)(x)Δ B_m,(1,2,...,s) F_n,(2,3,...,a+1)(xq −2) − (−1)^{m+n}Δ^{Bm,(1,2,...,s−1)} F_n,(2,3,...,a) (xq −2)Δ^{Bm,(2,3,...,s+1)} F_n,(1,2,...,a) (x). (C.42) This coincides with the right hand side of (C.37) since a − s = m − n.

C.3 Proof of Theorem 3.4

We will prove Theorem 3.4 for (3.35). The proof for (3.36) is similar to the one

for (3.35). For a, s ∈ Z_{≥0}, we will prove that (3.35) satisfies (3.58). The case s = 0 is

trivial. Then we consider s ≥ 1 case. We have to consider the following six cases since

the (m, n)-index (3.6) depends on m, n, a, s: (i) a + 2 ≤ m − n, (ii) a + 1 = m − n,

(iii) a − s + 2 ≤ m − n ≤ a, (iv) a − s + 1 = m − n, (v) −s + 1 ≤ m − n ≤ a − s, (vi)

m − n ≤ −s. For a = 0, the case (v) is void.

The proof of the other functional relations is similar to that of (3.58).

(i) The case a + 2 ≤ m − n

Due to (C.1), (3.58) is identical to the following relation. Δ^{Bm,∅}_{Fn,(0,1,...,m−n−a−2,m−n−a+s−1,...,m−n+s−1)}(x)Δ^{Bm−1,∅}_{Fn,(1,2,...,m−n−a−1,m−n−a+s,...,m−n+s−1)}(x) − Δ^{Bm,∅}_{Fn,(0,1,...,m−n−a−1,m−n−a+s,...,m−n+s−1)}(x)Δ^{Bm−1 ,∅}_{Fn,(1,2,...,m−n−a−2,m−n−a+s−1,...,m−n+s−1)}(x) = Δ^{Bm,∅}_{Fn,(1,2,...,m−n−a−1,m−n−a+s−1,...,m−n+s−1)}(x)Δ^{Bm−1 ,∅}_{Fn,(0,1,...,m−n−a−2,m−n−a+s,...,m−n+s−1)}(x). (C.43) For a = 0 case, we must interpret (1, 2, . . . , m−n−a−1, m−n−a+s, . . . , m−n+s−1) as (1, 2, . . . , m−n−1) etc. The above relation is nothing but the Plücker identity (C.8).

(ii) The case a + 1 = m − n

In this case, (3.58) has the form: Δ^{Bm,∅}_{Fn,(s+1,s+2,...,a+s+1)}(x)Δ^{Bm−1 ,∅}_{Fn,(s+1,s+2,...,a+s)}(xq^2) − (−1)^{m+n}Δ^{Bm,∅}_{Fn,(1,s+2,s+3,...,a+s+1)}(x)Δ^{Bm−1 ,(1)}_{Fn,(s,s+1,...,a+s)}(xq^2) = z_{bm} Δ^{Bm,∅}_{Fn,(s,s+1,...,a+s)}(xq^2)Δ^{Bm−1,∅}_{Fn,(s+2,s+3,...,a+s+1)}(x). (C.44) Let us expand the determinants in the second term of the left hand side of (C.44): Δ^{Bm,∅}_{Fn,(1,s+2,s+3,...,a+s+1)}(x)Δ^{Bm−1 ,(1)}_{Fn,(s,s+1,...,a+s)}(xq^2) = m∑ α=1 (−1)^{α+n+1}Q_{bα} (xq)Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,a+s+1)}(x)

× n∑ β=1 (−1)^{m+β} Q_{fβ} (xq)Δ^{Bm−1,∅}_{Fn\fβ ,(s,s+1,...,a+s)}(xq^2)

= m∑ α=1 (−1)^{α+n+1} n∑ β=1 (−1)^{m+β} z_{bα} Q_{{bα,fβ }}(xq^2) − z_{fβ} Q_{{bα,fβ }}(x) z_{bα} − z_{fβ} × Δ^{Bm\bα,∅} F_n,(s+2,s+3,...,a+s+1)(x)Δ B_{m−1} ,∅ F_n\f_β ,(s,s+1,...,a+s)(xq 2) = m∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× | | | | | |

(_{Q{bk ,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (_{Q{bα,fl}(xq2)} z_{bα} −z_{fl} ) 1≤l≤n (0)_{1×(a+1)}

| | | | | | − n∑ β=1 (−1)^{m+β}z_{fβ} Δ^{Bm−1 ,∅}_{Fn\fβ ,(s,s+1,...,a+s)}(xq^2)

× | | | | (_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n (_{Q{bk,fβ }(x)} z_{bk} −z_{fβ} ) 1≤k≤m ( z^{s+l}_{bk} Q_{bk} (xq^{2(s+l)+1}) )_{1≤k≤m,} 1≤l≤a | | | | , (C.45)

where we introduced notations B_m\b_α = (b_1, . . . , b_{α−1}, b_{α+1}, . . . , b_m), F_n\f_β =

(f_1, . . . , f_{β−1}, f_{β+1}, . . . , f_n), and used the functional relation (2.22) . The determinant | |· · · | | in the second summand in the right hand side of (C.45) vanishes. Subtracting

the α-th row (1 ≤ α ≤ m − 1) from the m-th row in the determinant | · · · | in the first

summand in the right hand side of (C.45), we get:

(C.45) = m−1∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× | | | | | (_{Q{bk ,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (_{Q{bα,fl}(xq2)} z_{bα} −z_{fl} ) 1≤l≤n (0)_{1×(a+1)}

| | | | | + (−1)^{m+n+1}z_{bm} Δ^{Bm−1 ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× | | | | | |

(_{Q{bk ,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (_{Q{bm,fl}(xq2)} z_{bm} −z_{fl} ) 1≤l≤n (0)_{1×(a+1)}

| | | | | |

= − m−1∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× | | | | (_{Q{bk ,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (0)_{1×n} ( z^{s+l−2} b_α Qbα (xq 2(s+l)−1)) 1≤l≤a+1

| | | | + (−1)^{m+n+1}z_{bm} Δ^{Bm−1 ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x) × Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)}(xq^2) − | | | | | (_{Q{bk,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (0)_{1×n} ( z^{s+l−2} b_m Qbm (xq 2(s+l)−1)) 1≤l≤a+1

| | | | | = − m∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× | | | | | (_{Q{bk ,fl}(xq2)} z_{bk} −z_{fl} ) 1≤k≤m−1, 1≤l≤n ( z^{s+l−2} b_k Qbk (xq 2(s+l)−1))_{1≤k≤m−1,} 1≤l≤a+1 (0)_{1×n} ( z^{s+l−2} b_α Qbα (xq 2(s+l)−1)) 1≤l≤a+1

| | | | | + (−1)^{m+n+1}z_{bm} Δ^{Bm−1 ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)}(xq^2). (C.46)

Expanding the m-th row in the determinant in the right hand side of (C.46), we obtain: − m∑ α=1 (−1)^{α+n+1}z_{bα} Δ^{Bm\bα,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)

× a+1∑ γ=1 (−1)^{m+n+γ} z^{s+γ−2}_{bα} Q_{bα} (xq^{2(s+γ)−1})Δ^{Bm−1,∅}_{Fn,(s,s+1,...,s+a)\(s+γ−1)}(xq^2) + (−1)^{m+n+1}z_{bm} Δ^{Bm−1 ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)}(xq^2) = − a+1∑ γ=1 (−1)^{m+n+γ} Δ^{Bm−1 ,∅}_{Fn,(s,s+1,...,s+a)\(s+γ−1)}(xq^2) × | | | (_{Q{bk,fl}(x)} z_{bk} −z_{fl} ) 1≤k≤m, 1≤l≤n ( z^{s+γ−1} b_k Qbk (xq 2(s+γ)−1)) 1≤k≤m ( z^{s+l}_{bk} Q_{bk} (xq^{2(s+l)+1}) )_{1≤k≤m,} 1≤l≤a | | | + (−1)^{m+n+1}z_{bm} Δ^{Bm−1 ,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)Δ^{Bm,∅}_{Fn,(s,s+1,...,s+a)}(xq^2) (C.47) = (−1)^{m+n}Δ^{Bm−1 ,∅}_{Fn,(s+1,...,s+a)}(xq^2)Δ^{Bm,∅}_{Fn,(s+1,s+2,...,s+a+1)}(x) − (−1)^{m+n}z_{bm} Δ^{Bm−1,∅}_{Fn,(s+2,s+3,...,s+a+1)}(x)Δ^{Bm ,∅}_{Fn,(s,s+1,...,s+a)}(xq^2). (C.48) The determinant | · · · | in the right hand side of (C.47) vanished for γ ≠ 1. Then we obtain (C.44).

(iii) The case a − s + 2 ≤ m − n ≤ a

Due to (C.2), (3.58) is identical to the following relation. Δ^{Bm,(1,2,...,n−m+a+1)} F_n,(m−n−a+s,m−n−a+s+1,...,m−n+s)(x)Δ B_{m−1} ,(0,1,...,n−m+a) F_n,(m−n−a+s+1,m−n−a+s+2,...,m−n+s)(x) − Δ^{Bm,(1,2,...,n−m+a)} F_n,(m−n−a+s+1,m−n−a+s+2,...,m−n+s)(x)Δ B_{m−1} ,(0,1,...,n−m+a+1) F_n,(m−n−a+s,m−n−a+s+1,...,m−n+s)(x) = Δ^{Bm,(0,1,...,n−m+a)} F_n,(m−n−a+s,m−n−a+s+1,...,m−n+s)(x)Δ B_{m−1} ,(1,2,...,n−m+a+1) F_n,(m−n−a+s+1,m−n−a+s+2,...,m−n+s)(x). (C.49) This is nothing but the Plücker identity (C.7).

(iv) The case a − s + 1 = m − n

In this case, (3.58) has the form: Δ^{Bm,(1,2,...,s)} F_n,(1,2,...,a+1)(x)Δ B_{m−1} ,(1,2,...,s) F_n,(1,2,...,a) (xq 2) = (−1)^{a+s}Δ^{Bm,(1,2,...,s−1)} F_n,(2,3,...,a+1) (x)Δ B_{m−1} ,(2,3,...,s+1) F_n,(1,2,...,a) (xq 2) + (−1)^{a+s}z_{bm} Δ^{Bm,(2,3,...,s)} F_n,(1,2,...,a) (xq 2)Δ^{Bm−1 ,(1,2,...,s)} F_n,(2,3,...,a+1) (x). (C.50) Let us expand the determinant Δ^{Bm,(1,2,...,s)}_{Fn,(1,2,...,a+1)}(x) with respect to the (n + 1)-st column, and the determinant Δ^{Bm−1,(1,2,...,s)} F_n,(1,2,...,a) (xq 2) with respect to the m-th row. After some calculations similar to the ones in the case (ii), we arrive at the right hand side of (C.50).

(v) The case −s + 1 ≤ m − n ≤ a − s

Due to (C.1), (3.58) is identical to the following relation. Δ^{Bm,(n−m−s+a+3,n−m−s+a+4,...,n−m+a+2)} F_n,(0,1,...,m−n+s−1) (x)Δ B_{m−1},(n−m−s+a+2,n−m−s+a+3,...,n−m+a+1) F_n,(1,2,...,m−n+s−1) (x) − Δ^{Bm,(n−m−s+a+2,n−m−s+a+3,...,n−m+a+1)} F_n,(0,1,...,m−n+s−1) (x)Δ B_{m−1} ,(n−m−s+a+3,n−m−s+a+4,...,n−m+a+2) F_n,(1,2,...,m−n+s−1) (x) = Δ^{Bm ,(n−m−s+a+3,n−m−s+a+4,...,n−m+a+1)} F_n,(1,2,...,m−n+s−1) (x) × Δ^{Bm−1 ,(n−m−s+a+2,n−m−s+a+3,...,n−m+a+2)} F_n,(0,1,...,m−n+s−1) (x). (C.51) This is nothing but the Plücker identity (C.7).

(vi) The case m − n ≤ −s

Due to (C.2), (3.58) is identical to the following relation. Δ^{Bm,(1,2,...,n−m−s,n−m−s+a+2,n−m−s+a+3,...,n−m+a+1)} F_n,∅ (x) × Δ^{Bm−1,(0,1,...,n−m−s,n−m−s+a+1,n−m−s+a+2,...,n−m+a)} F_n,∅ (x) − Δ^{Bm,(1,2,...,n−m−s,n−m−s+a+1,n−m−s+a+2,...,n−m+a)} F_n,∅ (x) × Δ^{Bm−1,(0,1,...,n−m−s,n−m−s+a+2,n−m−s+a+3,...,n−m+a+1)} F_n,∅ (x) + Δ^{Bm,(0,1,...,n−m−s,n−m−s+a+2,n−m−s+a+3,...,n−m+a)} F_n,∅ (x) × Δ^{Bm−1,(1,2,...,n−m−s,n−m−s+a+1,n−m−s+a+2,...,n−m+a+1)} F_n,∅ (x) = 0.

(C.52)

This is nothing but the Plücker identity (C.5).

Appendix D. Conserved quantities and Baxter equations

In this section, we will present conserved quantities and generalized Baxter equations in determinant form based on a similar idea in Theorem 5.1 and Lemma 5.1 in [25].

(i) Formulae from (3.41) Here we assume that the function T^{(a),Bm,Fn}s (x) is defined by the right hand side of (3.41). A condition a − s ≤ m − n was supposed in the left hand side of (3.41), but now this condition is relaxed to s ∈ C and a ∈ Z_{≥0}. Let us introduce ( (_m a ) + 1) × ( (_m a ) + 1) matrices I^{(a),Bm ,Fn} s (x) (resp. J^{(a),Bm ,Fn} s (x)) whose (i, j) element is given by T^{(a),Bm ,Fn} s+i+j (xq −s+i−j), (resp. T(a),Bm,Fn s−i−j (xq s+i−j)) where i, j ∈ {1, 2, . . . , (m a ) +1}.

For any square matrix M, we will write a minor determinant whose α-th row and β-th column removed from M as D [ α β ] (M). Then we obtain conserved quantities as

follows.

Theorem 6.2. For any a ∈ Z_{≥0} and α, β, γ ∈ {1, 2, . . . , (_m a ) + 1}, the following quantities D [ α β ] (I^{(a),Bm ,Fn} s (x)) D [ γ β ] (I^{(a),Bm ,Fn} s (x)) , D [ α β ] (J^{(a),Bm ,Fn} s (x)) D [ γ β ] (J^{(a),Bm ,Fn} s (x)) (D.1)

does not depend on s.

Let us replace r-th column of I^{(a),Bm ,Fn}s (x) (resp. J^{(a),Bm,Fn}s (x)) with the column vector whose i-th component is ( ∏ γ∈I z_γ )^iQ_I (xq^{2i+ m−n}2 ) (resp. ( ∏ γ∈I z_γ )^{−i}Q_{Bm⊔Fn\I} (xq^{2i− m−n}2 )) and write it as I^{(a),Bm ,Fn}_{s;r,I} (x) (resp. J^{(a),Bm,Fn}_{s;r,I} (x)), where i ∈ {1, 2, . . . , (_m a ) + 1}, I ⊂ B_m and Card(I) = a. Then we obtain the following lemma.

Lemma 6.3. For any a ∈ Z_{≥0}, s ∈ C and r ∈ {1, 2, . . . , (_m a ) + 1}, the following relations hold. det(I^{(a),Bm ,Fn} s (x)) = det(J^{(a),Bm ,Fn} s (x)) = 0, (D.2) det(I^{(a),Bm ,Fn} s;r,I (x)) = det(J (a),B_m ,F_n s;r,I (x)) = 0. (D.3)

(D.3) for (m, n) = (M, N) corresponds to a U_q(ĝl(M|N)) generalization of the Baxter equation.

(ii) Formulae from (3.44) Here we assume that the function T^{(a),Bm,Fn}s (x) is defined by the right hand side of (3.44). A condition a − s ≥ m − n was supposed in the left hand side of (3.44), but now this condition is relaxed to a ∈ C and s ∈ Z_{≥0}. Let us introduce ( (_n s ) + 1) × ( (_n s ) + 1) matrices K^{(a),Bm ,Fn} s (x) (resp. L^{(a),Bm ,Fn}s (x)) whose (i, j) element is given by T^{(a+i+j),Bm,Fn} s (xq^{a−i+j} ), (resp. T^{(a−i−j),Bm,Fn} s (xq^{−a−i+j})) where i, j ∈ {1, 2, . . . , (_n s ) + 1}. Then we obtain conserved quantities as follows.

Theorem 6.4. For any s ∈ Z_{≥0} and α, β, γ ∈ {1, 2, . . . , (_n s ) + 1}, the following quantities D [ α β ] (K^{(a),Bm ,Fn} s (x)) D [ γ β ] (K^{(a),Bm ,Fn} s (x)) , D [ α β ] (L^{(a),Bm,Fn} s (x)) D [ γ β ] (L^{(a),Bm ,Fn} s (x)) (D.4)

does not depend on a.

Let us replace r-th column of K^{(a),Bm ,Fn}s (x) (resp. L^{(a),Bm,Fn}s (x)) with a column vector whose i-th component is ( ∏ γ∈J (−z_γ ))^iQ_J (xq^{−2i+ m−n}2 ) (resp. ( ∏ γ∈J (−z_γ ))^{−i}Q_{Bm⊔Fn\J} (xq^{−2i− m−n}2 )) and write it as K^{(a),Bm ,Fn}_{s;r,J} (x) (resp. L^{(a),Bm,Fn}_{s;r,J} (x)), where i ∈ {1, 2, . . . , (_n s ) + 1}, J ⊂ F_n and Card(J) = s. Then we obtain the following lemma.

Lemma 6.5. For any s ∈ Z_{≥0}, a ∈ C and r ∈ {1, 2, . . . , (_n s ) +1}, the following relations hold. det(K^{(a),Bm ,Fn} s (x)) = det(L^{(a),Bm,Fn}_s (x)) = 0, (D.5) det(K^{(a),Bm ,Fn} s;r,J (x)) = det(L (a),B_m,F_n s;r,J (x)) = 0. (D.6)

(D.6) for (m, n) = (M, N) corresponds to a U_q( ^gl(M|N)) generalization of the Baxter equation. Theorem 6.4 and Lemma 6.5 become trivial for m = 0. Thus these are peculiar to the superalgebra case U_q( ^gl(M|N)) for N > 0.

We remark that we did not use concrete function form of Q_I (x) and Q_I (x) in the above theorems and lemmas. When one take into account the condition a − s ≤ m − n in (3.41) or a − s ≥ m − n in (3.44), one have to put^{42} some of the matrix elements in I^{(a),Bm ,Fn} s (x), J^{(a),Bm,Fn} s (x), K^{(a),Bm ,Fn} s (x) and L^{(a),Bm ,Fn} s (x) to 0, and needs some restrictions on a, s in the above theorems and lemmas. We also remark that similar theorems also hold based on the formulae (3.42) and (3.45) (they are related to the above theorems by Q_I (xq^s) → Q_I (xq^{−s}) for any I ⊂ I, where s is any shift of x of the Q-functions).

References

[1] R.J. Baxter, P.A. Pearce, Hard hexagons: interfacial tension and correlation length, J. Phys. A: Math. Gen. 15 (1982) 897-910;

N.Yu. Reshetikhin, A method of functional equations in the theory of exactly solvable quantum systems, Lett. Math. Phys. 7 (1983) 205-213;

A.N. Kirillov, N. Yu. Reshetikhin, Exact solution of the integrable XXZ Heisenberg model with arbitrary spin: I. The ground state and the excitation spectrum, J. Phys. A: Math. Gen. 20 (1987) 1565-1585;

A. Klümper, P.A. Pearce, Conformal weights of RSOS lattice models and their fusion hierarchies, Physica A183 (1992) 304-350;

A. Kuniba, T. Nakanishi, J. Suzuki, Functional Relations in Solvable Lattice Models I: Functional Relations and Representation Theory, Int. J. Mod. Phys. A9 (1994) 5215-5266 [arXiv:hep-th/9309137].

42This comes from Lemma 3.1. To change this condition may be necessary when one modify the formulae in this paper to apply the T - and Y -system for AdS/CFT [16, 17]. One will have to connect the T-functions for the “left wing” and the “right wing”.

[2] V.V. Bazhanov, N. Reshetikhin, Restricted solid-on-solid models connected with simply laced algebras and conformal field theory, J. Phys. A: Math. Gen. 23 (1990) 1477-1492;

see also the following paper for a representation theoretical background of the Bazhanov-Reshetikhin formula:

I.V. Cherednik, Quantum groups as hidden symmetries of classic representation theory, in Proceedings of the XVII International Conference on Differential Geometric Methods in Theoretical Physics, Chester, ed. A. I. Solomon (World Scientific, Singapore, 1989), 47-54.

[3] P.P. Kulish, E.K. Sklyanin, On the solution of the Yang-Baxter equation, J. Sov.

Math. 19 (1982) 1596-1620.

[4] P.P. Kulish, Integrable graded magnets, J. Sov. Math. 35 (1986) 2648-2662.

[5] H. Yamane, On defining relations of affine Lie superalgebras and affine quantized universal enveloping superalgebras, Publ. Res. Inst. Math. Sci. 35 (1999) 321-390; errata: Publ. Res. Inst. Math. Sci. 37 (2001) 615–619 [arXiv:q-alg/9603015]; S. Khoroshkin, V. Tolstoy, Twisting of quantum (super)algebras. Connection of Drinfeld’s and Cartan-Weyl realizations for quantum affine algebras [arXiv:hep-th/9404036].

[6] Z. Tsuboi, Analytic Bethe Ansatz and functional equations for Lie superalgebra sl(r + 1|s + 1), J.Phys.A: Math. Gen. 30 (1997) 7975-7991; see also a review paper in proceedings for a talk in RIMS:

Z. Tsuboi, T -system and thermodynamic Bethe ansatz equations for solvable lattice models associated with superalgebras, RIMS Kokyuroku 1280 (2002) 19-34, http://repository.kulib.kyoto-u.ac.jp/dspace/bitstream/2433/42356/1/1280 03.pdf

[7] Z. Tsuboi, Analytic Bethe Ansatz and functional equations associated with any simple root systems of the Lie superalgebra sl(r + 1|s + 1), Physica A 252 (1998) 565-585.

[8] Z. Tsuboi, Analytic Bethe Ansatz related to a one-parameter family of finitedimensional representations of the Lie superalgebra sl(r + 1|s + 1), J.Phys.A: Math. Gen. 31 (1998) 5485-5498.

[9] Z. Maassarani, U_qosp(2, 2) Lattice Models, J. Phys. A: Math. Gen. 28 (1995) 1305- 1324 [arXiv:hep-th/9407032];

M.P. Pfannmüller, H. Frahm, Algebraic Bethe Ansatz for gl(2, 1) Invariant 36- Vertex Models, Nucl.Phys. B479 (1996) 575-593 [arXiv:cond-mat/9604082].

[10] J.H.H. Perk, C.L. Schultz, New families of commuting transfer matrices in q-state vertex models. Phys. Lett. A84 (1981) 407–410;

see also R-matrices for the non-graded case of U_q(^sl(M)):

I. V. Cherednik, On a method of constructing factorized S matrices in elementary functions, Theor. Math. Phys. 43 (1980) 356-358.

[11] R. Hirota, Discrete Analogue of a Generalized Toda Equation, J. Phys. Soc. Jpn.

50 (1981) 3785-3791.

[12] G. Jüttner, A. Klümper, J. Suzuki, From fusion hierarchy to excited state TBA, Nucl. Phys. B512 (1998) 581-600 [arXiv:hep-th/9707074].

[13] Z. Tsuboi, Nonlinear integral equations and high temperature expansion for the U_q(ŝl(r + 1|s + 1)) Perk-Schultz Model, Nucl. Phys. B737 (2006) 261-290 [arXiv:cond-mat/0510458].

[14] N. Beisert, The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2|2) Symmetry, J. Stat. Mech. (2007) P01017 [arXiv:nlin/0610017 [nlin.SI]].

[15] A.V. Belitsky, Analytic Bethe Ansatz and Baxter equations for long-range psl(2|2) spin chain, Nucl. Phys. B 793 (2008) 363-395 [arXiv:0706.4121 [hep-th]]; A.V. Belitsky, Fusion hierarchies for N = 4 superYang-Mills theory, Nucl. Phys. B 803 (2008) 171-193 [arXiv:0803.2035 [hep-th]].

[16] N. Gromov, V. Kazakov, P. Vieira, Integrability for the Full Spectrum of Planar AdS/CFT, Phys. Rev. Lett.103 (2009) 131601 [arXiv:0901.3753 [hep-th]].

[17] D. Bombardelli, D. Fioravanti, R. Tateo, Thermodynamic Bethe Ansatz for planar AdS/CFT: a proposal, J. Phys. A: Math. Theor. 42 (2009) 375401 [arXiv:0902.3930 [hep-th]];

N. Gromov, V. Kazakov, A. Kozak, P. Vieira, Integrability for the Full Spectrum of Planar AdS/CFT II, arXiv:0902.4458 [hep-th];

G. Arutyunov, S. Frolov, Thermodynamic Bethe Ansatz for the AdS_5 × S^5 Mirror Model, JHEP05(2009)068 [arXiv:0903.0141 [hep-th]].

[18] P.P. Kulish, N.Yu. Reshetikhin, E.K. Sklyanin, Yang-Baxter equations and representation theory. I, Lett. Math. Phys. 5 (1981) 393-403.

[19] V. Kazakov, P. Vieira, From Characters to Quantum (Super)Spin Chains via Fusion, JHEP10(2008)050 [arXiv:0711.2470 [hep-th]].

[20] A. Kuniba, Y. Ohta, J. Suzuki, Quantum Jacobi-Trudi and Giambelli Formulae for U_q(B^{(1)}r ) from Analytic Bethe Ansatz, J.Phys. A: Math. Gen. 28 (1995) 6211-6226 [arXiv:hep-th/9506167].

[21] A.B. Balantekin, I. Bars, Dimension and character formulas for Lie supergroups, J. Math. Phys. 22 (1981) 1149-1162.

[22] P. Pragacz, Algebro-Geometric applications of Schur S- and Q-polynomials, Lecture Notes in Mathematics 1478 (1991) 130-191;

J. Van der Jeugt, J.W.B. Hughes, R.C. King, J. Thierry-Mieg, Character formulas for irreducible modules of the Lie superalgebras sl(m/n), J. Math. Phys. 31 (1990) 2278-2304.

[23] E.M. Moens, J. Van der Jeugt: A determinant formula for supersymmetric Schur polynomials, J. Algebraic Combinatorics 17 (2003) 283-307.

[24] V.V. Bazhanov, Z. Tsuboi: Baxter’s Q-operators for supersymmetric spin chains, Nucl. Phys. B 805 [FS] (2008) 451-516 [arXiv:0805.4274 [hep-th]].

[25] I. Krichever, O. Lipan, P. Wiegmann, A. Zabrodin, Quantum Integrable Models and Discrete Classical Hirota Equations, Commun. Math.Phys. 188 (1997) 267-304 [arXiv:hep-th/9604080].

[26] V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, Integrable Structure of Conformal Field Theory II. Q-operator and DDV equation, Commun.Math.Phys. 190 (1997) 247-278 [arXiv:hep-th/9604044];

V.V. Bazhanov, S.L. Lukyanov, A.B. Zamolodchikov, Integrable Structure of Conformal Field Theory III. The Yang-Baxter Relation, Commun.Math.Phys. 200 (1999) 297-324 [arXiv:hep-th/9805008].

[27] V.V. Bazhanov, A.N. Hibberd, S.M. Khoroshkin, Integrable structure of W_3 Conformal Field Theory, Quantum Boussinesq Theory and Boundary Affine Toda Theory, Nucl. Phys. B622 (2002) 475–547 [arXiv:hep-th/0105177].

[28] T. Kojima, The Baxter’s Q-operator for the W-algebra W_N , J.Phys.A: Math.

Theor. 41 (2008) 355206 [arXiv:0803.3505 [nlin.SI]].

[29] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky, A.N. Manashov: Baxter Q-operator for graded SL(2|1) spin chain, J.Stat.Mech. 0701 (2007) P005 [arXiv:hep-th/0610332].

[30] S.E. Derkachov, A.N. Manashov, Factorization of R-matrix and Baxter Qoperators for generic sl(N) spin chains, J.Phys.A: Math. Theor. 42 (2009) 075204; [arXiv:0809.2050 [nlin.SI]].

[31] I.G. Macdonald, Schur functions: Theme and variations, Publ. I.R.M.A. Strasbourg, Actes 28^e, Séminaire Lotharingien (1992) 5-39.

[32] J. Nakagawa, M. Noumi, M. Shirakawa, Y. Yamada, Tableau representation for Macdonald’s ninth variation of Schur functions, p.180 in Physics and Combinatorics 2000: Proceedings of the Nagoya 2000 International Workshop, (ed) A.N. Kirillov and N. Liskova, (Singapore: World Scientific).

[33] R.J. Baxter, Partition function of the eight-vertex lattice model, Ann. Phys. 70 (1972) 193-228.

[34] V. Pasquier, M. Gaudin, The periodic Toda chain and a matrix generalization of the Bessel function recursion relations, J. Phys. A: Math. Gen. 25 (1992) 5243- 4252;

K. Hikami, Baxter Equation for Quantum Discrete Boussinesq Equation, Nucl. Phys. B604 (2001) 580-602 [arXiv:nlin/0102021];

K. Fabricius, B.M. McCoy, New Developments in the Eight Vertex Model, J.Statist.Phys. 111 (2003) 323-337 [arXiv:cond-mat/0207177]; V.B. Kuznetsov, V.V. Mangazeev, E.K. Sklyanin, Q-operator and factorised separation chain for Jack polynomials, Indag. Math. 14 (2003) 451-482 [arXiv:math/0306242[math.CA]];

P.P. Kulish, A.M. Zeitlin, Superconformal Field Theory and SUSY N=1 KdV Hierarchy II: The Q-operator, Nucl. Phys. B709 (2005) 578-591 [arXiv:hep-th/0501019];

C. Korff, A Q-Operator Identity for the Correlation Functions of the Infinite XXZ Spin-Chain, J.Phys. A: Math. Gen. 38 (2005) 6641-6658 [arXiv:hep-th/0503130]; A.G. Bytsko, J. Teschner, Quantization of models with non-compact quantum group symmetry. Modular XXZ magnet and lattice sinh-Gordon model, J.Phys.A 39 (2006) 12927-12981[arXiv:hep-th/0602093];

H. Boos, M. Jimbo, T. Miwa, F. Smirnov, Y. Takeyama, Hidden Grassmann structure in the XXZ model, Commun. Math. Phys. 272 (2007) 263-281 [arXiv:hep-th/0606280].

[35] G.P. Pronko, Yu.G. Stroganov, Families of solutions of the nested Bethe Ansatz for the A_2 spin chain, J. Phys. A: Math. Gen. 33 (2000) 8267-8273 [arXiv:hep-th/9902085].

[36] P. Dorey, C. Dunning, D. Masoero, J. Suzuki, R. Tateo, Pseudo-differential equations, and the Bethe Ansatz for the classical Lie algebras, Nucl. Phys. B 772 (2007) 249-289 [arXiv:hep-th/0612298].

[37] F. Göhmann, A. Seel: A note on the Bethe Ansatz solution of the supersymmetric t-J model, Czech.J.Phys. 53 (2003) 1041-1046 [arXiv:cond-mat/0309138].

[38] N. Beisert, V.A. Kazakov, K. Sakai, K. Zarembo, Complete Spectrum of Long Operators in N=4 SYM at One Loop, JHEP 0507 (2005) 030 [arXiv:hep-th/0503200].

[39] V. Kazakov, A. Sorin, A. Zabrodin, Supersymmetric Bethe Ansatz and Baxter Equations from Discrete Hirota Dynamics, Nucl. Phys. B 790 (2008) 345-413 [arXiv:hep-th/0703147].

[40] A. Zabrodin, Backlund transformations for the difference Hirota equation and the supersymmetric Bethe Ansatz, Theor. Math. Phys. 155 (2008) 567-584 [arXiv:0705.4006[hep-th]].

[41] N. Gromov, P. Vieira, Complete 1-loop test of AdS/CFT, JHEP 04 (2008) 046, [arXiv:0709.3487 [hep-th]].

[42] F. Woynarovich, Low-energy excited states in a Hubbard chain with on-site attraction, J.Phys.C: Solid State Phys. 16 (1983) 6593-6604;

P.A. Bares, I.M.P. Carmelo, J. Ferrer, P. Horsch, Charge-spin recombination in the one-dimensional supersymmetric t-J model, Phys. Rev. B46 (1992) 14624-14654; F.H.L. Essler, V.E. Korepin, K. Schoutens, Exact Solution of an Electronic Model of Superconductivity, Int. J. Mod. Phys. B 8 (1994) 3205-3242 [arXiv:cond-mat/9211001].

[43] E. Frenkel, N. Reshetikhin, The q-characters of representations of quantum affine algebras and deformations of W-algebras, Contemporary Math. 248 (1999) 163- 205 [arXiv:math/9810055[math.QA]];

E. Frenkel, E. Mukhin, Combinatorics of q-characters of finite-dimensional representations of quantum affine algebras, Commun. Math. Phys. 216 (2001) 23-57 [arXiv:math/9911112[math.QA]].

[44] N.Yu. Reshetikhin, The functional equation method in the theory of exactly soluble quantum systems, Sov. Phys. JETP 57 (1983) 691-696;

A. Kuniba, J. Suzuki, Analytic Bethe Ansatz for Fundamental Representations of Yangians, Commun. Math.Phys. 173 (1995) 225-264 [arXiv:hep-th/9406180].

[45] T. Deguchi, Y. Akutsu, Graded solutions of the Yang-Baxter relation and link polynomials, J. Phys. A: Math. Gen. 23 (1990) 1861-1875.

[46] T. Deguchi, P.P. Martin, An Algebraic Approach to Vertex Models and Transfer- Matrix Spectra, Int. J. Mod. Phys. A7, Suppl. 1A (1992) 165-196; see also the following related paper:

P.P. Martin, V. Rittenberg, A Template for Quantum Spin Chain Spectra, Int. J. Mod. Phys. A7 Suppl. 1B (1992) 707-730.

[47] C.L. Schultz, Eigenvectors of the multicomponent generalization of the six-vertex model, Physica A122 (1983) 71-88;

O. Babelon, H.J. de Vega, C-M. Viallet, Exact solution of the Z_{n+1} × Z_{n+1} symmetric generalization of the XXZ model, Nucl. Phys. B200 (1982) 266-280.

[48] G.A.P. Ribeiro, M.J. Martins, Algebraic Bethe ansatz for an integrable U_q[Sl(n|m)] vertex model with mixed representations, Nucl. Phys. B738 (2006) 391-408 [arXiv:nlin/0512035];

E. Ragoucy, G. Satta, Analytical Bethe Ansatz for closed and open gl(M|N) super-spin chains in arbitrary representations and for any Dynkin diagram, JHEP 09 (2007) 001 [arXiv:0706.3327[hep-th]];

S. Belliard, E. Ragoucy, Nested Bethe ansatz for ”all” closed spin chains, J. Phys. A41 (2008) 295202 [arXiv:0804.2822 [math-ph]].

[49] I.G. Macdonald, Symmetric Functions and Hall Polynomials (2nd edition), Oxford University Press (1995).

[50] N. Bergeron, A.M. Garsia, Sergeev’s Formula and the Littlewood-Richardson Rule, Linear and Multilinear Algebra 27 (1990) 79-100.

[51] F.H.L. Essler, H. Frahm, H. Saleur, Continuum Limit of the Integrable sl(2/1)3−¯3 Superspin Chain, Nucl.Phys. B712 (2005) 513-572, arXiv:cond-mat/0501197.

[52] E.L. Basor, P.J. Forrester, Formulas for the evaluation of Toeplitz determinants with rational generating functions, Math. Nachr. 170 (1994) 5-18.

[53] Y. Yamada, An introduction to the conformal field theory, Baihuukan (2006), in Japanese.

[54] E. Witten, Quantum field theory, Grassmannians, and algebraic curves, Commun.

Math. Phys., 113 (1988) 529-600.

[55] work in progress

[56] J. Suzuki, Stokes Multipliers, Spectral Determinants and T-Q relations, RIMS Kokyuroku 1221 (2001) 21-37, [arXiv:nlin/0009006 [nlin.SI]].

[57] S.J. Cheng, J.H. Kwon, N. Lam, A BGG-type resolution for tensor modules over general linear superalgebra, Lett. Math. Phys. 74 (2008) 75-87 [arXiv:0801.0914 [math.RT]].

[58] G.W. Delius, M.D. Gould, J.R. Links, Y.-Z. Zhang, Solutions of the Yang- Baxter Equation with Extra Non-Additive Parameters II: U_q(gl(m|n)), J.Phys. A28 (1995) 6203-6210 [arXiv:hep-th/9411241];

Note that a R-matrix in the above paper can be rederived by a quite different method in the following paper:

S.M. Sergeev, Super-tetrahedra and super-algebras, J. Math. Phys. 50 (2009) 083519 [arXiv:0805.4653 [nlin.SI]].

[59] P.B. Ramos, M.J. Martins, One parameter family of an integrable spl(2|1) vertex model : Algebraic Bethe Ansatz approach and ground state structure, Nucl.Phys. B474 (1996) 678-714 [arXiv:hep-th/9604072].

[60] A.V. Belitsky, Baxter equation for long-range SL(2|1) magnet, Phys.Lett.B650 (2007) 72-80 [arXiv:hep-th/0703058].

[61] Z. Tsuboi, A. Kuniba, Solutions of a discretized Toda field equation for D_r from Analytic Bethe Ansatz, J. Phys. A: Math. Gen. 29 (1996) 7785-7796 [arXiv:hep-th/9608002];

A. Kuniba, M. Okado, J. Suzuki, Y. Yamada, Difference L operators related to q-characters, J. Phys. A: Math. Gen. 35 (2002) 1415-1436 [arXiv:math/0109140 [math.QA]].

[62] A. Kuniba, J. Suzuki, Functional Relations and Analytic Bethe Ansatz for Twisted Quantum Affine Algebras, J. Phys. A: Math. Gen. 28 (1995) 711-722 [arXiv:hep-th/9408135];

Z. Tsuboi, Difference L operators and a Casorati determinant solution to the T - system for twisted quantum affine algebras, J. Phys. A: Math. Gen. 35 (2002) 4363-4373.

[63] Z. Tsuboi, Analytic Bethe ansatz related to the Lie superalgebra C(s), Physica A 267 (1999)173-208;

Z. Tsuboi, Analytic Bethe ansatz and functional relations related to tensor-like representations of type-II Lie superalgebras B(r|s) and D(r|s), J. Phys. A 32: Math. Gen. (1999) 7175-7206.

[64] Z. Tsuboi, From the quantum Jacobi-Trudi and Giambelli formula to a nonlinear integral equation for thermodynamics of the higher spin Heisenberg model, J. Phys. A: Math. Gen. 37 (2004) 1747-1758 [arXiv:cond-mat/0308333].

[65] H. Saleur, The continuum limit of sl(N/K) integrable super spin chains, Nucl.Phys. B578 (2000) 552-576, [arXiv:solv-int/9905007].

[66] C. Destri, H.J. de Vega, New thermodynamic Bethe ansatz equations without strings, Phys. Rev. Lett. 69 (1992) 2313-2317;

A. Klümper, Thermodynamics of the anisotropic spin-1/2 Heisenberg chain and related quantum chains, Z. Phys. B91 (1993) 507-519;

A. Klümper, Free energy and correlation lengths of quantum chains related to restricted solid-on-solid lattice models, Ann. Physik 504 (1992) 540-553.

[67] J. Suzuki, Spinons in magnetic chains of arbitrary spins at finite temperatures, J.

Phys. A: Math. Gen. 32 (1999) 2341-2359 [arXiv:cond-mat/9807076].

[68] J. Sirker, J. Damerau, A. Klümper, Doping a Mott insulator with orbital degrees of freedom, Phys. Rev. B 78 (2008) 235125 [arXiv:0809.3427 [cond-mat]].

[69] N. Beisert, M. Staudacher, Long-Range psu(2, 2|4) Bethe Ansätze for Gauge Theory and Strings, Nucl. Phys. B727 (2005) 1-62 [arXiv:hep-th/0504190].

[70] V. Kac, Representations of Classical Lie superalgebras, Lecture Notes in Mathematics 676 (1978) 597-626;

I. Bars, B. Morel, H. Ruegg, Kac-Dynkin diagrams and supertableaux, J. Math. Phys. 24 (1983) 2253-2262.

[71] R.B. Zhang, Finite dimensional irreducible representations of the quantum supergroup U_q(gl(m|n)), J. Math. Phys. 34 (1993) 1236-1254.

[72] E. Ogievetsky, P. Wiegmann, Factorized S-matrix and the Bethe ansatz for simple Lie groups, Phys. Lett. B168 (1986) 360-366;

N.Yu. Reshetikhin, P.B. Weigmann, Towards the classification of completely integrable quantum field theories (the Bethe-Ansatz associated with dynkin diagrams and their automorphisms), Phys. Lett. B189 (1987) 125-131.

[73] D. Gurevich, P. Pyatov, P. Saponov, The GL(m|n) type quantum matrix algebras II: the structure of the characteristic subalgebra and its spectral parameterization, arXiv:math/0508506 [math.QA].