arXiv:0906.2072v2 [hep-th] 13 Nov 2009

THE E(2) PARTICLE

Subir Ghosh

Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Calcutta 700108, India And Probir Pal Physics Department, Uluberia College, Uluberia, Howrah 711315, India. and S.N. Bose National Centre for Basic Sciences, JD Block, Sector III, Salt Lake City, Kolkata 700 098, India

with translation invariance) may play a fundamental role.

Abstract: Recently it has been advocated [1] that for describing nature within the minimal symmetry requirement, certain subgroups of Lorentz group may play a fundamental role. One such group is E(2) which induces a Lie algebraic Non-Commutative spacetime [4] where translation invariance is not fully maintained. We have constructed a consistent structure of Noncommutative phase space for this system and furthermore we have studied an appropriate point particle action on it. Interestingly, the Einstein dispersion relation p^2 = m^2 remains intact. The model is constructed by exploiting a dual canonical phase space following the scheme developed by us earlier [8].

Introduction and Motivation: Symmetry principle and its realization in nature has played a fundamental role throughout the development of physics. One of the key players in this regard is the Poincare group, the connected component of the Lorentz group along with spacetime translations. Poincare group is identified as the symmetry of nature by the Special Theory of Relativity. It is the isometry group of the 3 + 1-dimensional Minkowski space, the arena of relativistic classical and quantum field theories. However, in recent years, small observed violations of the discrete symmetries, C (charge conjugation), P (parity) and T (time reversal) at high energies as well as the theoretical possibility of violation of Lorentz symmetry, again at high energy, have given rise to a new paradigm: an appropriate subgroup of the Lorentz group, together with spacetime translations might be sufficient to explain the (so far) observed nature. The underlying criteria is that the subgroup together with C, P and T will generate the full Lorentz group. In this scheme, the departures from the discrete symmetries and (predicted) Lorentz invariance get connected. This is the principal idea of Very Special Relativity (VSR) by Cohen and Glashow [1], (for later works see [2]), who identify the subgroups as T (2) (isomorphic to 2-dimensional translations), E(2) (isomorphic to 3-parameter Eucledean motion), HOM(2), (isomorphic to 3-parameter orientation preserving transformations) and lastly SIM(2) (isomorphic to the 4-parameter similitude group)^1.

In attempting to construct a quantum field theory based on the above VSR subgroups, Sheikh-Jabbari and Tureanu [4] noticed a problem: all the above proper subgroups allow only one-dimensional representation and hence can not represent the nature faithfully. However, the authors of [4] provide an ingenious resolution of the “representation problem”: generalize the normal products of operators as deformed or twisted coproducts [5] in terms of which the commutation relations of the (Lorentz) symmetry generators remain intact along with their (physically realized) higher dimensional representation. The reduction in symmetry in going from full Lorentz group to one of the VSR subgroups can be achieved [4] by the “Drinfeld twist” [5]. Finally, a specific VSR subgroup will induce a specific Drinfeld twist, which in turn is identified with a particular Non-Commutative (NC) spacetime structure. The circle is completed by the said VSR subgroup being the isometry of the NC spacetime or stated simply the NC structure is invariant under one of

1An echo of this idea is present in the recently postulated Horava-Lifschitz gravity [3] which also gives up the full diffeomorphism symmetry in a quantum gravity model

the VSR subgroups.

In the present article, our interest lies in studying the behavior of the simplest non-trivial dynamical system, that of a relativistic point particle, in an NC spacetimes admitted by one of the VSR subgroups. We choose the NC spacetime associated with E(2) [4] which has a Lie algebraic form of noncommutativity, [x^−, x^i] = ilx^i, (1)

where x^− = (t − x^3)/2 , i = 1, 2 and l is the numerical NC parameter. It should be mentioned at the outset that strictly speaking, this NC spacetime does not conform to the VSR principle since it does not have the full translation invariance. Infact the only NC spacetime that is allowed by the VSR principle is [x^μ, x^ν ] = iθ^{μν} with constant θ^{μν} as asserted by [4]. But we still chose (1) because the NC structure, being of operatorial (Lie algebraic) form, construction of a particle model living on it is more interesting and involved. There are instances where particular NC phase space structures are compatible with modified energy-momentum dispersion relations, as for example in the likes of Doubly Special Relativity (DSR, not to be confused with VSR!) models [6, 7, 8, 9] (in this connection see also [10]). Interestingly the present analysis shows that the Special Theory of Relativity relation (p^2 = m^2) remains intact for E(2) although the result is by no means obvious. We will closely follow the formalism developed in our earlier work [9] since both the κ-Minkowski NC spacetime in DSR [6, 7, 9] and the NC spacetime (1) considered here, are Lie algebraic in nature.

At this time let us put our work in the proper perspective. We are working in a classical Hamiltonian framework where the phase space plays the fundamental role and it is imperative that all the Jacobi identities between basic variables are satisfied. In the corresponding quantum theory the latter leads to the associativity property of the operators which is a must. In the present context we will show that the NC bracket (1) along with validity of Jacobi identity requires the {x^μ, p^ν} bracket to be non-canonical and thus p^μ no longer behaves as the translation operator. One can try to construct a translation generator but it will not satisfy all the Jacobi identities and so its role in a Hamiltonian scheme is not very clear. However, questions concerning the validity of Jacobi identity becomes much more severe in the quantum theory due to operator ordering ambiguities and regularization problems. Jacobi identity violation and non-associative operators are discussed in quantum mechanics problems [16] and quantum field theory problems [17]. Also

Jacobi identity constraint can lead to important physical consequences [18].

In recent years High Energy physics in NC spacetime received a strong impetus after the work of Seiberg and Witten [11] who demonstrated that certain low energy limits of open string theory are dual to an NC gauge theory where the NC parameters are represented by two form background fields having constant values. In general, NC spacetimes of the operatorial form, (Snyder spacetime [12] being the earliest example), are not very common mainly because it is difficult to construct a covariant phase space NC structure keeping in mind the restrictions imposed by Jacobi identity. The Lie algebraic forms of NC spacetime ([x^μ, x^ν ] = iC^{μν}_ρ x^ρ) have appeared in various contexts such as in fuzzy spheres [13], κ-Minkowski spacetime in DSR [6] and of course the new forms given in [4] for VSR [1] (studied in the present paper) etc. Examples of operator forms of NC phase space with mixed algebra appear in [14, 18, 12].

Whenever a new NC spacetime is proposed it is a challenging task to ascertain how the dynamics is affected by the NC nature. This started with the simplest and most studied NC space, the Moyal plane, which appeared as an effective configuration space for low energy (below Landau level) charged particles moving in a plane with a perpendicular constant magnetic field [11]. For obvious reasons, the dynamical model construction based on operatorial form of NC turns out to be more involved. We successfully implemented this program in [9] for the κ-Minkowski case where we demonstrated that the particular NC spacetime is compatible with a modified dispersion (massenergy) relation [6, 15]. This is precisely the aim of the present note. We have constructed a point particle model, valid in the lowest non-trivial order in l, that lives in the NC spacetime (1). An important observation, as already mentioned, is that the mass-energy relation remains the unchanged Einstein relation.

Formalism: Let us quickly recapitulate the scheme we employed [9] in constructing relativistic particle models for the κ-Minkowski form in Magueijo- Smolin base [15]. It is in principle possible, by way of Darboux’s theorem, to construct an invertible map that takes us from the NC variables (or phase space) to canonical variables (or phase space) and back. However, in practice, for specific NC structures it can be difficult to derive this map explicitly. If one is able to derive such a map it becomes a very convenient tool to construct dynamical models in NC phase space simply by starting from a known form of (canonical) action and then exploiting the map to reexpress the action in NC variables and subsequently work out the dynamics. In the κ-Minkowski case mentioned above the exact map, (valid to all orders of the NC parameter), was available [15, 9] and we used it successfully to construct DSR particle models.

Returning to the NC spacetime (1), we will follow the same principle as in [9]. Unfortunately it is extremely difficult to construct the exact Darboux map and we restrict ourselves to the lowest non-trivial order in the NC parameter l.

The present NC model: We will not consider the quantization of the particle model in the present paper. Hence the commutators are to be interpreted as classical Poisson brackets. We start by rewriting the NC phase space^2 in a manifestly covariant form,

{x^μ, x^ν } = l[(η^μx^ν − η^ν x^μ) − (α^μx^ν − α^ν x^μ) − ((ηx) + (αx))(η^μ α^ν − η^ν α^μ)]

{x^μ , p^ν } = − g^{μν} − l[(η − α)^μ p^ν + (η p)α^μ(η − α)^ν ]

{p^μ, p^ν} = 0 (2)

For l = 0 the algebra reduces to the canonical one. We use the short form (ab) = a^μb_μ). We have introduced two constant unit vectors, a timelike one η_μ and a spacelike one α_μ,

η^μ = (1, 0, 0, 0) ; α^μ = (0, 0, 0, 1) ; η^2 = 1 ; α^2 = −1 ; α^μη_μ = (αη) = 0. (3)

It is important to note that in (2) we have provided the full NC phase space which did not appear in [4] or elsewhere. We have derived (2) by demanding validity of Jacobi identity for all possible combinations of phase space degrees of freedom. It is quite obvious that the mixed Jacobi identity for x^μ, x^ν , p^λ will never be satisfied with a canonical {x^μ, p^ν } = −g^{μν} Poisson bracket. Note that for the present algebra, all the Jacobi identities are exactly satisfied. This also means that p^μ is no longer the correct translation generator. We consider the Jacobi identities to be sacred, especially as their validity is directly connected with the associativity of operators upon quantization.

Canonical Variables, Symmetry Generators and E(2)-Invariance of the NC Phase Space Algebra: In order to compute the Darboux map,

2Some sectors of this algebra are quite close to the ones studied in [7] but a closer look reveals that they are distinct in nature.

corresponding to the NC bracket system (2), let us define a set of canonical phase space variables X^μ, P^μ,

{X^μ, P^ν } = −g^{μν} ; {X^μ, X^ν } = {P^μ, P^ν} = 0. (4)

After a long computation we obtain the O(l) Darboux map,

p^μ = P^μ ; x^μ = X^μ + l[( XP )(η − α)^μ + (η P ) {( ηX) − (αX)} α^μ]. (5)

The inverse map is the following: X^μ = x^μ − l[(ηp){(ηx) − (αx)}α^μ + (px)(η − α)^μ]. (6) We follow our earlier prescription [9] where the Poincare algebra remains undeformed. Hence the generators are first constructed in the canonical phase space where they have the conventional structure and automatically satisfies the canonical Poincare algebra. This leads us to the Lorentz (rotation) generator, J^{μ ν} = X^μ P^ν − X^ν P^μ = [x^μ − l{(ηp)((ηx) − (αx))α^μ + (px)(η − α)^μ)}]p^ν − (μ ⇌ ν). (7) In the second line J^{μν} is expressed in terms of NC variables using the inverse map (6) and expectedly it contains extra l-dependent operator terms besides the canonical structure. With the latter expression one needs to use the NC brackets (2).

It is interesting to note that the transformation of p^μ still remains canonical,

{J^{μ ν} , p^λ } = − g^{μ λ} p^ν + g^{ν λ} p^μ ; {J^{μ ν} , p^2 } = 0 . (8)

This observation is crucial because it shows that there is no need to alter the energy momentum dispersion relation and the Special Theory dispersion,

p^2 = m^2 (9)

is Lorentz invariant and can serve equally well in the presently studied NC space. This is unlike the case of DSR [6, 15, 9] where a modification is needed in the dispersion relation to make it invariant in the NC case.

However, the transformation rule for x^μ undergoes drastic changes,

{J^{μν} , x^λ} = (− g^{μ λ} x^ν + g^{ν λ} x^μ)

+ l[{(ηx) − (αx)}p^μη^ν α^λ + (ηp)x^μ(η − α)^ν α^λ − (xp)(η − α)^μg^{νλ} −(ηp){(η) − (αx)}α^μg^{νλ})] − (μ ⇌ ν). (10) First of all we need to ensure that the relevant configuration space variables behave correctly under J_z ≡ J^{12}:

{J^{12}, x^λ} = x^1g^{2λ} − x^2g^{1λ} (11)

where we have used (). This shows that x^i behaves as a vector. Also from (), {J^{12}, x^0} = {J^{12}, x^3} = 0 we find that x^± is invariant under J^{12}. These are same as the transformations given in [4].

Furthermore, in our formalism, the Poincare generators in (7) are expressed in terms of the canonical variables (X^μ, P^μ). Hence, by construction they will obey the canonical Poincare algebra. This means the the E(2) generators T_1, T_2, J_z constructed out of the Poincare generators (see below) will satisfy the canonical E(2) algebra,

{T_1, T_2} = 0, {J_z, T_1} = T_2, {J_z, T_2} = T_1.

We have also seen that under Poincare transformations, with these generators, the momentum p^μ transforms canonically (8) whereas the position x^μ fails to do so, as shown in ().

Before proceeding with specific model building we need to ensure that, in our prescribed scheme, the NC algebra (2) is E(2) invariant. In other words this means that we have to check the stability of the NC symplectic structure (2) under E(2) transformations. In general, for a set a generators (of symmetry transformations) J^a and a generic symplectic structure {A, B} = C one needs to check the identity below: δ^{J a} {A, B} = δ^{J a} C ; δ^{J a} A = {J^a, A}, (12) and explicitly the left hand side of (12) means δ^{J a} {A, B} = {J^a, {A, B}} = {δ^{J a} A, B} + {A, δ^{J a} B} (13) Now notice that the above equations (12,13) can be rewritten as, {{J^a, A}, B} + {{B, J^a}, A} + {{A, B}, J^a} = 0, (14) which is nothing but the Jacobi identity concerning the three operators J^a, A, B. Recall that our basic phase space variables satisfy all the Jacobi identities. Hence it is clear that the composit operators, constructed out of these basic variables will also obey the Jacobi identities^3.

Returning to the problem at hand, one can consider the Poincare generators, (translation and Lorentz rotation), in place of J^a and replace A, B by the phase space variables x^μ, p^ν and the Jacobi identities will be preserved. In the particular case of E(2) the set of generators consists of T_1 = K_x +J_y, T_2 = K_yJ_x, J_z where J_i =^1_2 ϵ_{ijk}J_{jk} and K_i = J_{0i} with i = x, y, z are respectively generators of rotations and boosts. As we have argued just now, since Jacobi identities individually for J_{μν} and P_μ will be satisfied, any combinations of them, in particular the E(2) generators defined above, will also respect the Jacobi identities. Indeed the computations are straightforward and one can explicitly check (which we have done) that the Jacobi identities are satisfied for E(2) generators in place of generic operators J^a. This means that the stability of the noncommutative (phase space) bracket structure that we have proposed in (2) is stable under E(2) transformations.

The careful reader is probably worried (and rightly so) since it is understood that all the Poincare symmetry transformations are not valid for VSR. The quick example that is given is that translation symmetry in i-directions (x and y directions) are lost since the NC bracket is {x^−, x^i} = lx^i as given in (1). This assertation is true provided one considers the translation generator T^μ that satisfies {T^μ, x^ν } = g^{μν} between the translation generators (T r)^μ and x^μ. However, as we have emphasized before, (see below (3)), it is not possible to satisfy all the Jacobi identities between x^μ, T^μ with {x^μ, x^ν } being noncommutative but {T^μ, x^ν } = g^{μν} being canonical. On the other hand, it is enough, (at least for the present purpose), to have the NC algebra {x^−, x^i} = lx^i as a necessary property of the spacetime and validity of all the phase space Jacobi identities as a necessary requirement to construct a consistent point particle action, as shown in the next section. It is important to point out that in the Hamiltonian framework, the full phase space has to be considered. If one was concerned only with the coordinate space then, by itself, the coordinate Jacobi identity {x^μ, {x^ν , x^λ}} + cyclic terms = 0 even with the NC bracket {x^−, x^i} = lx^i as given in (1). The need to modify the {x^μ, p^ν} bracket as in (2) comes when one has to satisfy the mixed Jacobi identity {x^μ, {x^ν , p^λ}} + cyclic terms = 0. 3Indeed, violations of Jacobi identities can arise for composite operators in the quantum theory due to operator ordering and regularizing problems (in quantum field theory, see for example [16, 17, 18]).

Thus finally we have the important result that the NC symplectic structure proposed in [4] transforms covariantly under the generators of E(2). We stress that there is no clash between our formalism and the idea of VSR (regarding it not being invariant under all translations) simply because the momenta p_μ in (2) are not the translation generators because of the additional terms in the {x^μ, p^ν} commutator in (2). Indeed, for the translation generators T^i the NC bracket (2) ceases to be invariant.

Point Particle Model and First Order Action: Now we are faced with the problem of writing a suitable action in the NC phase space that will be consistent with the NC brackets (2) and correct dispersion relation (9). It becomes clear at once how useful the Darboux construction is because as in the case of Lorentz generators (7) we can once again start with well-known relativistic canonical action for a massive particle,

L = Ẋ^μ P^μ − λ 2 ( P^2 − m^2 ). (15)

(The procedure is same as that followed by us in [9].) Now we must go over to the NC variables (via the inverse map (6)) thus obtaining the cherished form of the action, L = ( p ẋ ) − l [{(ηp) − (αp)}(xp˙) + (ηp)(αp){(ẋη) − (ẋα)} +{(ηx) − (αx)}(αp)(ηṗ)] − λ 2 (p^2 − m^2). (16)

This is a first order action with a modified symplectic structure but unmodified dispersion relation. In order to check whether the NC phase space (2) is recovered it is straightforward to perform the Hamiltonian constraint analysis of Dirac [19], the saliant points of which are briefly described below. Dirac Constraint Analysis: In the Hamiltonian formulation of constrained system [19] any relation between dynamical variables, not involving time derivative is considered as a constraint. Constraints can appear from the construction of the canonically conjugate momenta (known as Primary constraint) or they can appear from demanding time invariance of the constraints (Secondary constraint).

Once the full set of constraints is in hand they are classified as First Class Constraint (FCC) or Second Class Constraint (SCC) according to whether the constraint Poisson bracket algebra is closed or not, respectively. Presence of constraints indicate a redundancy of Degrees Of Freedom (DOF) that is not all the DOFs are independent. FCCs signal local gauge invariances in the system. If FCCs are present, there are two ways of dealing with them (in the quantum case). Either one keeps all the DOFs but imposes the FCCs by restricting the set of physical states to those satisfying (F CC) | state >= 0. On the other hand one is allowed to choose further constraints, known as gauge fixing conditions so that these together with the FCCs turn in to an SCC set and these will also give rise to Dirac brackets that we presently discuss. In case of SCCs, say for SCC_1, SCC_2 with [SCC_1, SCC_2] = c where c is not another constraint, to proceed as before with (SCC) | state >= 0 one reaches an inconsistency because in < state | [SCC_1, SCC_2] | state >=< state | c | state > the LHS = 0 but RHS ≠ 0. For consistent imposition of the SCCs one defines the Dirac brackets between two generic variables A and B, {A, B}_{DB} = {A, B} − {A, SCC_i}{SCC_i, SCC_j}^{−1}{SCC_j, B}, (17) where SCC_i are a set of SCC and {SCC_i, SCC_j} is the constraint matrix. For SCCs this matrix is invertible and since {A, SCC_i}_{DB} = {SCC_i, A}_{DB} = 0 for all A one can implement SCC_i = 0 strongly meaning that some of the DOFs can be removed thereby reducing the number of DOFs in the system but one must use the Dirac brackets. Hence, SCCs induce a change in the symplectic structure and subsequently one quantizes the Dirac brackets. Same principle is valid for gauge fixed FCC system mentioned before. Recovering the NC Phase Space: In the present model (), canonical momenta for x^μ and p^μ,

π^μ_x = ∂L ∂ẋ_μ ; π^μ_p = ∂L ∂ṗ_μ , yields the constraints,

ψ^μ_1 = π^μ_x − p^μ + l (ηp − α p) p^μ + l (αp ) ( η p ) (η − α)^μ ≈ 0, (18) ψ^μ_2 = π^μ_p + l {(ηp) − (α p)}x^μ + l (αp ){(ηx) − (αx)}η^μ ≈ 0. (19) The set of constraints ψ^μ_a , a = 1, 2 turn out to be SCC and the constraint bracket matrix {ψ^μ_a , ψ^ν_b } is computed below: {ψ^μ_a , ψ^ν_b } = ( 0 B^{μν} −B^{νμ} C^{μν} ) (20)

B^{μν} = g^{μν} − l (η − α)^ν p^μ − l(ηp)(η − α)^μα^ν , C^{μν} = l((η − α)^μx^ν − (η − α)^ν x^μ + l{(ηx) − (αx)}(α^μη^ν − α^νη^μ). The non-vanishing inverse of the above matrix is,

({ψ^ν , ψ^ρ})^{−1}_{ab} = ( D^{μν} E^{μν} −E^{νμ} 0 ) (21) D^{μν} = l((η − α)^μx^ν − (η − α)^ν x^μ + {(ηx) − (αx)}(α^μη^ν − α^ν η^μ), E^{μν} = −g^{μν} − l(η − α)^μp^ν − l(ηp)(η − α)^ν α^ν . Using the constraints (18,19), inverse of the constraint matrix (21) and the definition of the Dirac brackets (17), it is easy to convince oneself that indeed, the NC phase space algebra (2) is recovered.

Namu-Goto Action: The remaining task is to construct a Nambu-Goto like point particle action for the present model. This means that we need to eliminate the momenta p^μ and the multiplier field λ from the first order action. To that end, we first compute the variational equations of motion from the action, ẋ_μ + l[η_μ{{(ηx) − (αx)}(αṗ) − (xp˙)} + α_μ{(xp˙) − (ηp)((ηẋ) − (αẋ)) −(ηṗ)((ηx) − (αx))} + x_μ{(ηṗ) − (αṗ)}] = λp_μ, (22) ṗ_μ − l[(ηp)(αṗ)(η_μ − α_μ) + {(ηṗ) − (αṗ)}p_μ] = 0. (23) Rewriting (23) as ṗ_σG^{σμ} = 0 one can check the to O(l) the inverse of G^{σμ} exists and so ṗ_μ = 0 is a consistent solution. Putting this back in () and after squaring we obtain, λ = √ ẋ^2 m − l[ (ηẋ)(αẋ){(ηẋ) − (αẋ)} ẋ^2 + {(ηẋ) − (αẋ)}], (24) where we have exploited the mass-shell constraint and considered only terms of O(l). To the same order we also obtain (pẋ) = m √ ẋ^2. (25)

Collecting all the terms we obtain the cherished Nambu-Goto form of the Lagrangian for the E(2) particle to order l: L = m √ ẋ^2 − lm^2{(ηẋ) − (αẋ)}{1 + (ηẋ)(αẋ) ẋ^2

}. (26)

Clearly for l = 0 the action reduces to the conventional Nambu-Goto action for a relativistic massive particle. The first order action () as well as its (classically) equivalent Nambu-Goto form (26) are major results of the present work.

Recovering the NC phase Space (Once Again): It is an interesting problem to analyze this particular Nambu-Goto Lagrangian (26) given its involved time-derivative structure. This will act as an internal consistency check as well. Note that although formally it does not contain higher timederivative terms, the peculiar nature of the terms forces us to treat this model as a higher derivative one. We will follow the prescription of [20] where one replaces selectively some time derivatives by other new auxiliary degrees of freedom (thus rendering the system with less number of time derivatives) and imposes new constraints so that the model physically remains unchanged.

Let us define ẋ_μ = p_μ and rewrite the Lagrangian accordingly,

L = Π^{(x)}_μ (ẋ_μ − p_μ) + Π^{(p)}_μ p_μ − λ 2 (Π^{(p)2} − m^2) − l[(αp)(ηp)){(ηẋ) − (αẋ)} +(xp˙){(αp) − (ηp)} + (ηṗ)(αp){(ηx) − (αx)}]. (27) Notice that Π^{(x)}μ acts as a Lagrange multiplier enforcing the above identification as a constraint. Integrating out λ and Π^{(p)}μ from the Lagrangian equations of motion we find,

p_μ − λΠ^{(p)}_μ = 0 ; λ = √ p^2 m ; Π^{(p)}_μ = mp_μ √ p^2

. (28)

Substituting these back in (28) in the λ = 1 gauge one recovers the Nambu- Goto Lagrangian (26) showing the equivalence between the Nambu-Goto and first order form. This demonstration is relevant because in the formalism [20] applied here it is clear that construction of the first order form from the higher order form is not unique. It is expected that if one chooses different ways in reducing the higher order form to first order form the resulting actions including the constraint structure will be different but there will be explicit relations connecting the sets of variables.

Constraints obtained from the first order action,

Ψ^{(1)}_μ = P^{(x)}_μ − Π^{(x)}_μ + l[(ηp)(αp)(η_μ − α_μ) + {(ηp) − (αp)}p_μ], (29)

Ψ^{(2)}_μ = P^{(p)}_μ + l[{(ηp) − (αp)}x_μ + {(ηx) − (αx)}(αp)η_μ]. (30)

where P^{(x)}μ =^{∂L}_{∂ẋμ} , P^{(p)}μ =^{∂L}_{∂ṗμ} are identical to the ones obtained previously (18,19) ensuring that the same NC phase space (2) will reappear. Conclusion: In this paper we have focussed on a particular VSR subgroup E(2) of the Lorentz group and the induced Non-Commutative spacetime with a Lie algebraic form [4]. We have constructed a relativistic point particle model that lives in this Non-Commutative phase space and enjoys an undistorted energy-momentum dispersion relation. Our results are restricted to the first non-trivial order in l - the non-commutative parameter.

An important task that remains is to extend the model to all orders in l. In principle this should be possible due to the Darboux theorem. Another interesting area will be to study the solutions of the equations of motion for the “free” E(2) particle. (Actually the single particle theory may not be free in the conventional sense.) It might also be possible to introduce external gauge interactions by way of minimal couplings.˙)

Acknowledgment: It is a pleasure to thank Anca Tureanu for helpful correspondence at early stage of our work.

References

[1] A. G. Cohen and S. L. Glashow, Phys. Rev. Lett. 97, 021601 (2006).

[arXiv:hep-ph/0601236]; arXiv:hep-ph/0605036.

[2] G.W. Gibbons, Joaquim Gomis, C.N. Pope Phys.Rev.D76:081701,2007 [arXiv:0707.2174]; Suratna Das, Subhendra Mohanty, arXiv:0902.4549; A.P.Kouretsis, M.Stathakopoulos, P.C.Stavrinos, arXiv:0810.3267; Alex E. Bernardini, Phys.Rev.D75:097901,2007 [arXiv:0706.3932 ;]; Alex E. Bernardini, Roldao da Rocha, Europhys.Lett.81:40010,2008 [arXiv:hep-th/0701092].

[3] P. Horava, JHEP 0903 (2009) 020, [arXiv:0812.4287]; Phys. Rev. D79 (2009) 084008, [arXiv:0901.3775].

[4] M.M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. [arXiv:

0806.3699]; An Arena for Model Building in the Cohen-Glashow Very

Special Relativity, M.M. Sheikh-Jabbari, A. Tureanu, Presented by M.M.Sh-Jabbari in the G27 Mathematical Physics Conference, Yerevan 2008 (arXiv:0811.3670 ).

[5] M.Chaichian, P.P.Kulish, K.Nishijima and A.Tureanu, Phys.Lett. B604 (2004)98 (hep-th/0408069); M.Chaichian, P.Presnajder and A.Tureanu, Phys.Rev.Lett. 94 (2005) 151602 (hep-th/0409096).

[6] G.Amelino-Camelia, Nature 418 34(2002); Phys.Lett.B 510 (2001)255;

Int.J.Mod.Phys. A11 (2002)35; For a review on DSR, see J.Kowalski- Glikman, [hep-th/0405273].

[7] A. Blaut, M. Daszkiewicz, J. Kowalski-Glikman, S. Nowak, Phys.Lett.B582:82-85,2004, hep-th/0312045; A. Blaut, M Daszkiewicz, J. Kowalski-Glikman, Mod.Phys.Lett.A18:1711,2003, hep-th/0302157.

[8] A.Granik, hep-th/0207113; S.Mignemi, Phys.Rev. D68 (2003) 065029 (gr-qc/0304029); A.A.Deriglazov, JHEP 0303 (2003) 021(hep-th/0211105); A. Pinzul, A. Stern, Phys.Lett. B593 (2004) 279 (hep-th/0402220); S.Ghosh, Phys.Lett.B 623 (2005)251; S.Ghosh and P.Pal, Phys.Lett.B 618 (2005)243; F.Girelli, T.Konopka, J.Kowalski- Glikman and E.R.Livine, Phys.Rev. D73 (2006) (hep-th/0512107); R.Banerjee, S.Kulkarni and S.Samanta, JHEP 0605 (2006) 077 (hep-th/0602151); L.Freidel, F.Girelli and E.R.Livine, hep-th/0701113; S.Ghosh, Phys.Lett. B648 (2007)262 (hep-th/0602009); Phys.Rev. D74 (2006) 084019 (hep-th/0608206).

[9] S.Ghosh and P.Pal, Phys.Rev.D75:105021,2007 [arXiv:hep-th/0702159].

[10] Strictly speaking, κ-Minkowski (or other operatorial forms of noncommutativity), by duality, induces momentum (and Lorentz) co-product structures and it is still possible to have undeformed dispersion relations, the latter being the Casimir of the particular phase space basis. This is demonstrated with explicit examples in J.Kowalski-Glikman and S.Nowak, Int.J.Mod.Phys. D12 (2003) 299-316 (arXiv:hep-th/0204245).

[11] N.Seiberg and E.Witten, JHEP 9909(1999)032. For reviews see for example M.R.Douglas and N.A.Nekrasov, Rev.Mod.Phys. 73(2001)977; R.J.Szabo, Phys.Rept. 378 (2003) 207 (hep-th/0109162).

[12] H.S.Snyder, Phys.Rev. 71 (1947)68.

[13] A. P. Balachandran, S. Kurkcuoglu, S. Vaidya, Lectures on Fuzzy and Fuzzy SUSY Physics, arXiv:hep-th/0511114.

[14] C. Duval and P. A. Horvathy, Phys. Lett. B 479, 284 (2000), [hep-th/0002233]; J. Lukierski, P. C. Stichel, and W. J. Zakrzewski, Annals Phys. 306, 78 (2003) [hep-th/0207149].

[15] J.Magueijo and L.Smolin, Phys.Rev.Lett. 88 (2002)190403; Phys.Rev.

D67 (2003)044017.

[16] B. Grossman, Phys. Rev. D 33, 2922 (1986); A.I. Nesterov Phys.Lett.

A328 (2004) 110 [arXiv:hep-th/0406073].

[17] S. Jo, Nucl. Phys. B259 (1985) 616; Phys. Lett. B 163 (1985) 353; A. J.

Niemi, G. W. Semenoff, Phys. Rev. Lett. 55 (1985) 927; Phys. Rev.Lett. 56 (1986) 1019; G. W. Semenoff, Phys. Rev. Lett. 60 (1988) 680; S. Ghosh, R. Banerjee, Z. Phys. C41 (1988) 121; Phys. Lett. B 220 (1989) 581; Mod. Phys. Lett. A4 (1989) 855; R. Banerjee, Phys. Rev. Lett. 61 (1988) 514.

[18] R. Jackiw, Phys. Rev. Lett. 54, 159 (1985); Int. J. Mod. Phys. A 19S1, 137 (2004) [hep-th/0212058]; A. Berard, y. Grandati, H. Mohrbach, Phys.Lett. A254 (1999) 133 [arXiv:physics/0004008]; M.Chaichian, S.Ghosh, M.Langvik, and A.Tureanu, Phys.Rev.D79:125029,2009 [arXiv:0902.2453].

[19] P.A.M.Dirac, Lectures on Quantum Mechanics, Yeshiva University Press, New York, 1964.

[20] J. Lukierski , P.C. Stichel , W.J.Zakrzewski Phys.Lett.B650:203- 207,2007 (arXiv:hep-th/0702179).