arXiv:0906.2622v1 [gr-qc] 15 Jun 2009

On Torsion-free Vacuum Solutions of the Model of de Sitter Gauge Theory of Gravity (II)

Chao-Guang Huang^{a,b∗} and Meng-Sen Ma^{a,c†}

a Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China b Theoretical Physics Center for Science Facilities, Chinese Academy of Sciences, Beijing 100049, China c Graduate School of Chinese Academy of Sciences, Beijing, 100049, China

It is shown that all torsion-free vacuum solutions of the model of dS gauge theory of gravity are the vacuum solutions of Einstein field equations with the same positive cosmological constant. Furthermore, for the gravitational theories with more general quadratic gravitational Lagrangian (F^2 +T^2), the torsion-free vacuum solutions are also the vacuum solutions of Einstein field equations.

PACS numbers: 04.50.-h, 04.20.Jb

The astronomical observations show that our universe is probably an asymptotically de Sitter(dS) one [1, 2]. It raises the interests on dS gauge theories of gravity. There is a model of dS gravity^1, which was first proposed in the 1970’s [3, 4]. The dS gravity can be stimulated from dS invariant special relativity [5, 6, 7] and the principle of localization — the full symmetry of the special relativity as well as the laws of dynamics are both localized [8, 9, 10] — and realized in terms of the dS connection on a kind of totally umbilical submanifolds (under the dS-Lorentz gauge) and Yang-Mills type action [3, 8, 9]. It has been shown [9] that the dS gravity may explain the accelerating expansion and supply a natural transit from decelerating expansion to accelerating expansion without the help of the introduction of matter fields in addition to dust. The different de Sitter spacetimes with nonzero torsion in the dS gravity have been presented in [11]. It has also been shown that all vacuum solutions of Einstein field equations with a cosmological constant are the vacuum solutions of the set of field equations without torsion [8, 10]. In particular, Schwarzschild-dS and Kerr-dS metrics are two solutions. The purpose of the present letter is to show that all vacuum, torsion-free solutions in the dS gravity are the vacuum solutions of Einstein field equations with the same positive cosmological constant. Therefore, one may expect that the dS gravity may pass all solar-system-scale observations and experimental tests for general relativity (GR).

The dS gauge theory of gravity is established based on the following consideration. The non-gravitational theory is de Sitter invariant special relativity. The theory of gravity should follow the principle of localization, which says that the full symmetry as well as

∗Email: huangcg@ihep.ac.cn †Email: mams@ihep.ac.cn 1 Hereafter, the model of dS gauge theory of gravity is called the dS gravity for short in this paper.

the laws of dynamics are both localized, and the gravitational action takes Yang-Mills-type.

A model of dS gauge theory of gravity has been constructed [3, 4, 8, 9, 10] in terms of the de Sitter connection in the dS-Lorentz frame, which reads^2

(B^{AB}_μ) = ( B^{ab}_μ R^{−1}e^a_μ −R^{−1}e^b_μ 0 ) ∈ so(1, 4). (1)

where B^{AB}_μ = η^{BC} B^A_{Cμ} . Its curvature is then

(F^{AB}_{μν} ) = ( F^{ab}_{μν} + R^{−2}e^{ab}_{μν} R^{−1}T^a_{μν} −R^{−1}T^b_{μν} 0 ) , (2)

where e^a_{bμν} = e^a_μe_{bν} − e^a_ν e_{bμ}, e_{aμ} = η_{ab}e^b_μ, F^{ab}_{μν} and T^a_{μν} are the curvature and torsion of the Lorentz connection which are defined as:

Ω^a = dθ^a + θ^a_b ∧ θ^b = 1 2 T^a_{μν} dx^μ ∧ dx^ν T^a_{μν} = ∂_μe^a_ν − ∂_ν e^a_μ + B^a_{cμ}e^c_ν − B^a_{cν} e^c_μ, (3)

Ω^a_b = dθ^a_b + θ^a_c ∧ θ^c_b = 1 2 F^a_{bμν} dx^μ ∧ dx^ν , F^a_{bμν} = ∂_μB^a_{bν} − ∂_ν B^a_{bμ} + B^a_{cμ}B^c_{bν} − B^a_{cν} B^c_{bμ}, (4)

where θ^a = e^a_μdx^μ, θ^a_b = B^a_{bμ}dx^μ.

The action for the model of de Sitter gauge theory of gravity with sources takes the form of

S_T = S_{GYM} + S_M, (5)

where

S_{GYM} = ℏ 4g^2 ∫ M d^4xeTr_{dS} (F_{μν} F^{μν} ) = − ∫ M d^4xe [ ℏ 4g^2 F^{ab}_{μν} F^{μν}_{ab} − χ(F − 2Λ) − χ 2 T^a_{μν} T^{μν}_a ] (6)

2 The same connection with different gravitational dynamics has also been studied (See, e.g. [12, 13, 14, 15, 16, 17, 18, 19, 20])

is the gravitational Yang-Mills action and S_M is the action of sources with minimum coupling. In Eq.(6), g = ℏ^{1/2}R^{−1}χ^{−1/2} ∼ 10^{−61} is the dimensionless gravitational coupling constant, e = det(e^a_μ), Λ = 3/R^2, χ = 1/(16πG), G is the Newtonian gravitational coupling constant, F = −^1_2 F^{ab}_{μν} e^{μν}_{ab} is the scalar curvature of the Cartan connection. (c = 1.)

The field equations can be given via the variational principle with respect to e^a_μ, B^{ab}_μ, T^{μν}_{a ||ν} − F^μ_a + 1 2 F e^μ_a − Λe^μ_a = 8πG(T^μ_{Ma} + T^μ_{Ga} ), (7) F^{μν}_{ab ||ν} = R^{−2}(16πGS^μ_{Mab} + S^μ_{Gab} ). (8)

Here, || represents the covariant derivative defined by Christoffel symbol {^μ_{νκ}} and Lorentz connection B^a_{bμ}, F^μ_a = −F^{μν}_{ab} e^b_ν .

T^μ_{Ma} = − 1 e δS_M δe^a_μ , S^μ_{Mab} = 1 2 √ −g δS_M δB^{ab}_μ (9) are the tetrad form of the stress-energy tensor and spin current for matter field, respectively.

T^μ_{Ga} = ℏg^{−2}T^μ_{Fa} + 2χT^μ_{Ta} (10)

is the tetrad form of the stress-energy tensor of gravitational field, which can be split into the curvature part

T^μ_{Fa} = e^κ_a Tr(F^{μλ}F_{κλ}) − 1 4 e^μ_a Tr(F^{λσ} F_{λσ} ) (11)

and torsion part

T^μ_{Ta} = e^κ_a T^{μλ}_b T^b_{κλ} − 1 4 e^μ_a T^{λσ}_b T^b_{λσ} . (12)

Similarly, the gravitational spin-current

S^μ_{Gab} = S^μ_{Fab} + 2S^μ_{Tab} (13)

can also be divided into two parts S^μ_{Fab} = −e^{μν}_{ab ||ν} = Y^μ_{λνe λνab} + Y^ν_{λν} e^{μλ}_{ab} , (14) S^μ_{Tab} = T^{μλ}_{[a} e_{b]λ}, (15)

where

Y^λ_{μν} = 1 2 (T^λ_{νμ} + T^λ_{μ ν} + T^λ_{ν μ}) (16)

is the contortion.

For vacuum, torsion-free cases, F^{μν}_{ab} reduces to the Riemann curvature R^{μν}_{ab} and the gravitational field equations reduce to R^μ_a − 1 2 Re^μ_a + Λe^μ_a = −8πGT^μ_{Ra} , (17)

R^{μν}_{ab ;ν} = 0, (18) where T^μ_{Ra} = e^ν_aT^μ_{R ν} is the torsion-free case of T^μ_{Fa} and called as the tetrad form of the stress-energy tensor of Riemann curvature R^{μν}_{ab} , and a semicolon ; is the covariant derivative defined by the Christoffel symbols and Ricci rotation coefficients. Eq. (17) is the Einstein-like equation, while Eq.(18) is the Yang equation in Stephenson-Kilmister-Yang theory of gravity [21].

The trace of Eq.(17) gives

R = 4Λ. (19)

It can be shown [10, 22] that

T^ν_{Rμ} = 2C^{κν}_{λμ} S^λ_κ + R 3 S^ν_μ , (20)

where C_{λμκν} is the Weyl tensor, S_{μλ} = R_{μν} − 1 4 Rg_{μν} (21)

is the traceless Ricci tensor. Therefore, Eq.(17) after multiplied by e^a_ν can be rewritten as

(χ + 2 3 Λ)S_{μν} + C_{μκνλ}S^{κλ} = 0. (22)

Since the torsionless curvature tensor is symmetric with respect to its two-pair indices and satisfies the Bianchi identity, Eq.(18) multiplied by e^a_κe^b_λ is equivalent to R^μ_{κ;λ} = R^μ_{λ;κ}. For the constant Ricci scalar, it can be rewritten as

S^μ_{κ;λ} = S^μ_{λ;κ}. (23)

Bianchi identity together with the irreducible decomposition of Riemann curvature tensor and Eq.(23) results in

C_{μν[λσ;κ]} = 0. (24)

From Eq.(23), Ricci identity, and the irreducible decomposition of Riemann curvature tensor, one can obtain 0 = (S^μ_{κ;λρ} − S^μ_{λ;κρ}) + (S^μ_{ρ;κλ} − S^μ_{κ;ρλ}) +(S^μ_{λ;ρκ} − S^μ_{ρ;λκ}) = C^μ_{σλρ}S^σ_κ + C^μ_{σκλ}S^σ_ρ + C^μ_{σρκ}S^σ_λ. This is the integrability condition of Eq.(18) C^∗_{μλνκ}S^{λκ} = 0, (25) where^∗ is the Hodge star.

Eqs.(22), (24), (25) and the traceless condition of S_{μν} constitute a set of equations for vacuum, torsionfree solutions of the dS gravity. The set of the equations are the same as those in Ref.[23] except R_{μν} ’s have been replaced by S_{μν} ’s.

The traceless Ricci tensor S_{μν} can be classified into 4 algebraic general types in terms of their eigenvalues [24]. In Segré notation, they are [1, 1 1 1], [Z Z̄, 1 1], [2, 1 1], and [3, 1]. In the orthogonal tetrad, the traceless Ricci tensors are given as follows. For [1,1 1 1] type,

S_{ab} = a −b −c −d (26)

with a + b + c + d = 0. For [Z Z̄,1 1] type,

S_{ab} = f −g −g −f −c −d (27)

with 2f + c + d = 0. For [2,1 1] type,

S_{ab} = ±1 + a ±1 ±1 ±1 − a −c −d (28)

with 2a + c + d = 0. For [3,1] type,

S_{ab} = a 1 −a 1 1 1 −a −d (29)

with 3a + d = 0.

In the null tetrad l =^{√2}_2 (e^0 + e^1), n =^{√2}_2 (e^0 − e^1), m =^{√2}_2 (e^2 + ie^3), they are

S_a′_b′ = 2

Φ_{00} Φ_{11} Φ_{11} eΦ_{00}

Φ_{02} Φ_{11} Φ_{11} Φ_{02}

(30)

with e = +1, Φ_{00} = a − b, Φ_{02} = d − c, Φ_{11} = a + b = −c − d for [1, 1 1 1] type and with e = −1, Φ_{00} = 2g, Φ_{02} = d − c, Φ_{11} = 2f = −c − d for [Z Z̄, 1 1] type;

S_a′_b′ = 2

±1 Φ_{11} Φ_{11} 0

Φ_{02} Φ_{11} Φ_{11} Φ_{02}

(31)

with Φ_{11} = 2a = −c − d = 0 and Φ_{02} = d − c for [2, 1 1] type; and

S_a′_b′ = 2

0 Φ_{11}^1_2^1_2 Φ_{11}0 0 0 1 2 0 −2Φ_{11} Φ_{11} 1 2 0 Φ_{11} −2Φ_{11}

(32)

with Φ_{11} = 2a = −a − d = 0 = (a − d)/2 for [3, 1] type.

Following the analysis of Debney et al in [23], one can prove

S_{μν} = 0. (33)

This is nothing but the vacuum Einstein field equation with the cosmological constant Λ.

In conclusion, all vacuum, torsion-free solutions in the dS gravity must be the solutions of vacuum Einstein field equation with the same positive cosmological constant. Together with the conclusion obtained in [10], we conclude that the set of vacuum, torsionfree solutions in the dS gravity and the solutions of vacuum Einstein field equations with the same cosmological constant are equivalent. Therefore, the dS gravity is expected to pass the observational tests on the scale of a solar system and explain the indirect evidence of the existence of gravitational wave from the observation data on the binary pulsar PSR1913+16.

Furthermore, the conclusion can be generalized to the Lagrangian

S_G = ∫ d^4x{χ(F − 2Λ) + αF^{μν}_{ab} F^{ab}_{μν} + βT^a_{μν} T^{μν}_a +ϵe^{ab}_{λσ} e^{cd}_{μν} F^{μν}_{ab} F^{λσ}_{cd} + κe^b_σe^μ_c F_{abμν} F^{ac νσ} +γF^μ_a F^a_μ + δe^a_ν e^b_μF^μ_a F^ν_b + λe^λ_a e^σ_b T^a_{μλ}T^{bμ}_σ +σe^σ_a e^μ_b T^a_{μλ}T^{bλ}_σ }. The reasons are as follows. For the torsion-free case, the last two terms have no contribution to the vacuum, torsion-free field equations, and the two terms in the second line contribute the same term in the field equations as F^{μν}_{ab} F^{ab}_{μν} does, thus only alter the unimportant coefficients. The above argument is not valid only when the coupling constants α, ϵ, and κ are suitably arranged so that Eq.(18) does not appear. The first two terms in the third line add the term (R^μ_{[a}e^ν_{b]})_{;ν} in Yang equation and the stress-energy tensor R_{μλ}R^{νλ} −^1_4 δ^ν_μR_{σλ}R^{σλ} in Einstein-like equation. The latter will not change the constancy of Ricci scalar, and thus the former has still the form of Eq.(23). In other words, Eqs. (24), (25) and the traceless condition of S_{μν} are not changed. Only Eq.(22) has slightly different form. A detailed calculation shows that it will not destroy the conclusion.

Obviously, the conclusion is still valid if the integral of the second Chern form of the dS connection over the manifold is added in the action. Finally, the similar discussions can be applied to the AdS case as well and the conclusion is still valid if they can be generalized to the AdS gravity.

Acknowledgments This work is supported by NSFC under Grant Nos.

10775140 and Knowledge Innovation Funds of CAS (KJCX3-SYW-S03).

[1] A. G. Riess et al., Astron. J. 116 (1998), 1009, astroph/9805201; S. Perlmutter et al., Astrophys. J. 517 (1999), 565, astro-ph/9812133. A. G. Riess et al., Astrophys. J. 536 (2000), 62, astro-ph/0001384. A. G. Riess et al., Astrophys. J. 560 (2001), 49, astroph/0104455.

[2] C. L. Bennett et al., Astrophys. J. Suppl. 148 (2003), 1, astro-ph/0302207; D. N. Spergel et al., Astrophys. J. Suppl. 148 (2003), 175, astro-ph/0302209.

[3] Y.-S. Wu, G.-D. Li and H.-Y. Guo, Kexue Tongbao (Chi. Sci. Bull.) 19 (1974), 509; Y. An, S, Chen, Z.- L. Zou and H.-Y. Guo, ibid, 379; H.-Y. Guo, ibid 21 (1976) 31; Z. L. Zou, et al, Sci. Sinica XXII (1979), 628; M.-L. Yan, B.-H. Zhao and H.-Y. Guo, Kexue Tongbao (Chi. Sci. Bull.) 24 (1979), 587; Acta Physica Sinica 33 (1984), 1377; 1386 (all in Chinese).

[4] P. K. Townsend, Phys. Rev. D15 (1977), 2795; A. A.

Tseytsin, Phys. Rev. D26 (1982), 3327.

[5] K.-H. Look (Q.-K. Lu) 1970, Why the Minkowski metric must be used? unpublished; K.-H. Look, C.-L. Tsou (Z.-L. Zou) and H.-Y. Kuo (H.-Y. Guo), Acta Phys. Sin. 23 (1974), 225; Nature (Shanghai, Suppl.); H.-Y. Guo, Kexue Tongbao (Chinese Sci. Bull.) 22 (1977), 487 (all in Chinese).

[6] H.-Y. Guo, in Proceedings of the 2nd Marcel Grossmann Meeting on General Relativity, ed. by R. Ruffini, (North-Holland, 1982), 801; Nucl. Phys. B (Proc. Suppl.) 6 (1989), 381; C.-G. Huang and H.- Y. Guo, in Gravitation and Astrophysics — On the Occasion of the 90th Year of General Relativity, Proceddings of the VII Asia-Pacific International Conference, ed. by J. M. Nester, C.-M Chen, and J.-P. Hsu (World Scientific, 2007, Singapore), 260.

[7] H.-Y. Guo, C.-G. Huang, Z. Xu and B. Zhou, Mod.

Phys. Lett. A19 (2004), 1701, hep-th/0403013; Phys. Lett. A331 (2004), 1, hep-th/0403171; H.-Y. Guo, C.-G. Huang, Z. Xu and B. Zhou, Chin. Phys. Lett. 22 (2005), 2477, hep-th/0508094; H.-Y. Guo, C.-G. Huang, Y. Tian, Z. Xu and B. Zhou, Acta Phys. Sin. 54 (2005), 2494 (in Chinese); M.L. Yan, N.C. Xiao, W. Huang, S. Li, Comm. Theor. Phys. 48 (2007) 27;53; H.-Y. Guo, C.-G. Huang and B. Zhou, Europhys. Lett. 72 (2005), 1045, hep-th/0404010; Z. Chang, S. X. Chen, C.-G. Huang, Chin. Phys. Lett. 22 (2005), 791 54; Z. Chang, S.-X. Chen, C.-B. Guan, and C.-G. Huang, Phys. Rev. D 71 (2005), 103007; S.-

X. Chen, N.-C. Xiao, and M.-L.Yan, hep-th/0703110. [8] H.-Y. Guo, C.-G. Huang, Y. Tian, H.-T. Wu, B.

Zhou, Class. Quant. Grav. 24 (2007) 4009; H.-Y. Guo, Phys. Lett. B653 (2007) 88; H.-Y. Guo, Scin. Chin. arXiv:0707.3855 [9] C.-G. Huang, H.-Q. Zhang, H.-Y. Guo, JCAP 10 (2008) 010; Chin. Phys. C (High Energ. Phys. Nucl. Phys.) 32 (2008), 687.

[10] H.-Y. Guo, C.-G. Huang, Y. Tian, B. Zhou, Front.

Phys. China, 2 (2007), 358.

[11] C.-G. Huang, M.-S. Ma, De Sitter solutions with torsion in the model of de Sitter gauge theory of gravity, in preparation.

[12] S. W. MacDowell and F. Mansouri, Phys. Rev. Lett.

38 (1977), 739; Erratum-ibid. 38 (1977), 1376. [13] K. S. Stelle and P. C. West, Phys. Rev. D21 (1980), 1466.

[14] F. Wilczek, Phys. Rev. Lett. 80 (1998), 4851. [15] L. Freidel and A. Starodubtsev, Quantum gravity in terms of topological observables, arXiv: hepth/0501191.

[16] J. Armenta and J. A. Nieto, J. Math. Phys. 46 (2005), 112503.

[17] M. Leclerc, Annals of Physics 321 (2006), 708. [18] D.K. Wise, MacDowell-Mansouri Gravity and Cartan Geometry, arXiv: gr-qc/0611154.

[19] P. Mahato, Mod. Phys. Lett. A 17 (2002) 1991-1998, arXiv:gr-qc/0604042; Phys. Rev. D70 (2004) 124024, arXiv:gr-qc/0603100; Int. J. Theor. Phys. 44 (2005) 79-93, arXiv:gr-qc/0603109; Int. J. Mod. Phys. A 22 (2007), 835, arXiv:gr-qc/0603134.

[20] R. Tresguerres, Int. J. Geom. Meth. Mod. Phys. 5 (2008), 171.

[21] C. N. Yang, Phys. Rev. Lett. 33 (1974), 445; G.

Stephenson, Nuovo Cim. 9 (1958) 263; C. W. Kilmister and D. J. Newman, Proc. Camb. Phil. Soc. 57 (1961) 851.

[22] Y.-S. Wu, Z.-L. Zou, and S. Chen, Kexue Tongbao (Chin. Sci. Bull.) 18 (1973), 119.

[23] G. Debney, E. E. Fairchild, Jr, S. T. C. Siklos, Gen.

Rel. Grav. 9 (1978), 879.

[24] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt, Exact Solutions of Einstein’s Field Equations, (Cambridge University Press, Cambridge, 1980).