arXiv:0906.3802v1 [hep-th] 20 Jun 2009

Preprint typeset in JHEP style - PAPER VERSION

Exotic prepotentials from D(-1)D7 dynamics

Francesco Fucito^1 Jose F. Morales^1 and Rubik Poghossian^{1,2}

1. I.N.F.N., Università di Roma Tor Vergata Via della Ricerca Scientifica, I-00133 Roma, Italy 2. Yerevan Physics Institute Alikhanian Br. 2 0036 Yerevan, Armenia

fucito, morales, poghosyan@roma2.infn.it

Abstract: We compute the partition functions of D(-1)D7 systems describing the multi-instanton dynamics of SO(N) gauge theories in eight dimensions. This is the simplest instance of the so called exotic instantons. In analogy with the Seiberg- Witten theory in four space-time dimensions, the prepotential and correlators in the chiral ring are derived via localization formulas and found to satisfy relations of the Matone type. Exotic prepotentials of SO(N) gauge theories with N = 2 supersymmetries in four-dimensions are also discussed.

Keywords: Superstrings, D-branes, Gauge Theories, Instantons.

Contents

1. Introduction 1

2. Eight dimensional instantons 3

3. Localization formulae 5

4. D(-1)D7 on R^{10} 7

5. D(-1)D7 on R^6 × R^4 /Z_2 10

6. Chiral ring 11

A. SO(2n) prepotential 13

B. SO(8) case 14

1. Introduction

Extracting the standard model or some supersymmetric (SUSY) extension of it from a D-brane construction has been the focus of much recent work (see [1, 2, 3] for recent reviews). In this framework, it has been recently understood that certain non perturbative effects may lead to interesting new phenomena in low energy theories like a generation of a Majorana mass term or of Yukawa couplings [4, 5], not to mention new possible patterns of SUSY breaking [6]-[14]. This proposal was further sharpened by the observation that to really have such effects, orientifold planes [15]- [20] or closed string fluxes [21, 22] need to be introduced.

To the extent of understanding non-perturbative effects in systems of D-branes a derivation of four dimensional instantons in terms of D-branes was carried out in [23, 24, 25]. These results where re-discussed in [26] where the field theory results were obtained by string methods and a careful parallel between the ADHM formalism and the system formed by bound states of parallel D(-1) and D3 branes was carried out. The reader should be aware that the non perturbative effects alluded to in the previous paragraph are not of this type. In general bound states of intersecting branes at angles (with more than four Neuman-Dirichlet directions) or branes hosting generic non parallel magnetic fluxes lack those bosonic moduli related to the instanton sizes

– 1 – and gauge orientations. This type of instantons have been called exotic and besides their phenomenological applications are interesting in itself since they are relevant for many non perturbative effects in string theory.

We will then focus our attention on the D(-1)D7 system in the presence of an orientifold O7 plane. This is the simplest supersymmetric instance of an exotic instanton. We choose the orientifold projection in such a way to get an SO(N) gauge theory with SO(k) exotic instantons which carry the right number of zero modes to generate a potential[16, 17]. From the low energy gauge theory viewpoint, this is an eight dimensional instanton. As it is well-known, extending the idea of self-duality to dimensions greater than four is far from obvious. Self-duality in four dimensions is tantamount to say that the field strength is a (1, 1) complex form of Einstein-Khaeler type. This was the starting point of the first explorations in this field [27]. Later a solution to the quadratic Yang-Mills (YM) action in eight dimensions was found [28] with gauge group SO(7). Finally an SO(8) gauge connection was exhibited [29, 30] which was the generalization of the Hopf map S^{7 S3}−→ S^4 in four dimensions to eight dimensions where the SO(8) gauge bundle is thought as the Hopf map S^{15 S7}−→ S^8. This latter solution has been recently related to D(-1) instantons on the SO(8) gauge theory living in a D7 O7 worldvolume [31]: this interpretation is supported by the observation [31] that in the limit of instanton zero size the quadratic YM term vanishes. Moreover the quartic term, F^4, becomes proportional to the fourth Chern class of the gauge bundle thus matching the D(-1) action. This proposal have been put on solid grounds in [32] where instanton corrections to F^4-terms were computed in complete analogy with the four dimensional case [33]-[39] finding agreement with the heterotic results [40]-[47]. We remark that an ADHM construction of the moduli space of these ”exotic” eight dimensional instantons is missing and therefore these D-brane techniques are at present the only way to investigate this physics.

The SO(8) gauge theory in eight dimensions is very special. The theory is conformal, in the sense that the coupling τ_4 of the F^4-term does not run. Conformal invariance implies that τ_4 is constant over the moduli space since it cannot depend on dimensionful quantities such as the vevs of the scalar field. This is very different to what one expect in the non conformal case with gauge group SO(N), N > 8, where the instanton measure acquires a dimension and the F^4 coupling becomes a non trivial function of the casimirs parametrizing the moduli space. The aim of this paper is to address the study of multi-instanton corrections to the effective action of such gauge theories. We will also consider the case of N = 2 gauge theories in four dimensions which arises from placing the D(-1)D7 system at a R^4 /Z_2 singularity that freezes the dynamics along the orbifold four-plane. How to test these results against heterotic computations with non trivial Wilson lines remains an open and challenging task^1.

1We thank M. Bianchi for discussions on this issue.

– 2 –

This is the plan of the paper: in Section 2 and Section 3 we review the main features of the eight dimensional instanton and the localization algorithm. In Section 4 and Section 5 we compute the exotic prepotentials describing the dynamics of SO(N) gauge theories in d = 8 and d = 4 dimensions respectively. Finally in Section 6 we compute the correlators of the chiral ring.

2. Eight dimensional instantons

In this section we review the proposal in [31, 32] for a D(-1)D7 description of the SO(8) eight-dimensional instantons and extend it to the non conformal case with gauge group SO(N). The field content of maximal supersymmetric YM theory in eight dimensions includes a gauge boson with field strength F , a complex scalar ϕ and two fermions of opposite chirality. In complete analogy with the N = 2 SYM in d = 4 dimensions the chiral dynamics of the SYM theory in eight dimensions is described by a prepotential F(Φ) in terms of which the effective action can be written as

S_{eff} = ∫ d^8xd^8θ F(Φ) + h.c. (2.1)

with Φ = ϕ + √ 2θΨ + F_{μν} θγ^{μν} θ + . . . (2.2)

the chiral eight-dimensional superfield. At the classical level F_{cl} = iτ_4 Tr Φ^4 and the effective action becomes

S_{eff} = Re τ_4 ∫ R^8

d^8x t_8 F^4 + iIm τ_4 ∫ R^8 F ∧ F ∧ F ∧ F (2.3) with τ_4 = θ 2π + i 4!(2π)^3 g^2

(2.4)

and where t_8 is the invariant eight-rank tensor of SO(8). As we said in the introduction, D(-1) instantons are identified with zero size instantons with vanishing quadratic YM action and therefore we will always discard this term from the effective action. The gauge theory can be realized in terms of a stack of N D7-branes on top of a O7-plane. Instantons correct the prepotential function F(Φ) and then the effective action. Instantons in the eight-dimensional gauge theory are realized in terms of D(-1) branes with open strings describing the instanton moduli space and the D(-1)D7 action gives the gauge dynamics around the instanton background. By instantons here we refer to solutions of the Yang-Mills equations with action

S_{cl} = 2π τ_4 k (2.5)

– 3 – with k the fourth Chern class k = 1 4!(2π)^4 ∫ R^8

Tr F ∧ F ∧ F ∧ F (2.6)

An explicit solution in this class can be written as^2 F_{μν} = − 2ρ^2 (x^2 + ρ^2)^2 γ_{μν} (2.7)

with

γ_{μν} = Υ ( 0 0 0 γ^{SO(8)}μν ) Υ^T (2.8)

and Υ ∈ SO(N)/SO(N − 8) parametrizing the orientation of the SO(8) instanton inside SO(N). γ^{SO(8)}μν = γ_{[μ}γ^†_{ν]} with γ_μ the SO(8) gamma matrices satisfying γ_{(μ}γ^†_{ν)} = δ_{μν} . This is the solution originally found in [30, 29]. In the limit α^′, ρ → 0 the quadratic YM action evaluated at this solution vanishes and the quartic term matches that of the D(-1) instanton with θ = C_0 the RR 0-form and g^2 = g_s the string coupling [31].

The study of the D(-1)D7 dynamics follows closely that of its four-dimensional D(-1)D3 analog with some important differences. First the O7-orientifold projection acts with the same sign on the D7 and D(-1) Chan-Paton indices. This implies in particular that the symmetry group of k D(-1) instantons in the SO(N) gauge theory coming from the D7-branes is SO(k). This is in contrast with the four-dimensional case where SO(N) instantons carry an Sp(k) symmetry group. Secondly, unlike in the D(-1)D3 case, open strings between D(-1) and D7 branes have no bosonic zero modes and therefore interactions between the two brane stacks are mediated only via the fermionic field μ (the Ramond ground state) in the bifundamental of the SO(N) × SO(k) symmetry group. Like in the four-dimensional case, the correlators in the gauge theory can be written as the moduli space integral [17, 32] ⟨O⟩ = 1 Z ∑ k q̂^k ℓ^{−kβ4}_s ∫ dM_{k,N} e^{−Sk−μT ϕμ} O (2.9)

with ℓ_s = √ α^′ the typical string length, q̂ = e^{2πiτ4} with τ_4 the F^4-coupling and β_4 its one-loop beta function. S_k is the instanton action following from dimensional reduction of N = 1 d = 10 SYM down to zero dimensions and M_{k,N} the D(-1)D7 moduli space. The term ℓ^{−kβ4}_s comes from the one-loop vacuum amplitudes and it compensates the dimension of the instanton measure. Finally Z = ⟨I⟩ is the

2Using the properties of SO(8) gamma functions one finds that F satisfy ∗(F ∧ F ) = F ∧ F and ∗F = T ∧ F with T_{μνσρ} = η γ_{[μ} γ^†_ν γ_σ γ^†_{ρ]} η with η a fixed eight dimensional spinor. These two relations define possible generalizations of the concept of four-dimensional self-duality to eight dimensions.

– 4 – instanton partition function. Later we will also consider correlators of the form ⟨Trϕ^J ⟩. In particular the basic correlator ⟨Trϕ^4⟩ will be related to the prepotential of the eight dimensional theory.

We remark that Φ couples to the D(-1) instantons only through the Yukawa coupling μ^T ϕμ. Integration over μ leads to a polynomial dependence of ϕ. This is in sharp contrast with the standard gauge instanton potentials which fall off to zero in the limit of large vev of the scalar field. Another important difference with the four-dimensional case is that the weak coupling regime is defined by the limit ℓ_s → 0 rather than Λ → 0. This implies in particular that a weak coupling analysis is reliable only in the case β_4 ≤ 0. This is the case for the SO(N) gauge theories with maximal supersymmetry and N ≥ 8 where the beta function β_4 = (8 − N) is negative (see [48] for computations of the F^4 beta function for an arbitrary field content).

3. Localization formulae

In this Section we review the localization algorithm developed in [33, 34, 35, 36] to study integrals over the instanton moduli space. The main idea is the identification of an equivariantly deformed BRST operator Q_ξ, satisfying Q^2_ξ = L_ξ with L_ξ a Lie derivative on the moduli space along a vector field ξ belonging to the Cartan of the SO(K)×SO(N)×SO(8) symmetry group. ξ can be parameterized by ξ = (χ_i, a_u, ϵ_ℓ) with i = 1, ..k, u = 1, ..n, ℓ = 1, ..4 (n = [N/2], k = [K/2]). Choosing a generic ξ the symmetry group is broken to its Cartan part and the integral is given by the contributions at isolated critical points (the poles in a contour integral over χ_i). Physical quantities in the gauge theory are defined by taking the limit ϵ_ℓ → 0 in order to eliminate the singularity arising from the D(-1) branes all superposed at the origin. More precisely, the prepotential F (Φ) is given by the formula

F (a_u) = lim_{ϵℓ→0} [ ϵ_1ϵ_2ϵ_3ϵ_4 ln ∑ k Z_k(a_u, ϵ_ℓ)q^k ] (3.1)

with Z_k the instanton partition function. Keeping ϵ_ℓ finite one finds the gravitational corrections to the Yang-Mills action [49]. The instanton partition function Z_k(a_u, ϵ_ℓ) can be written as an integral over the instanton moduli space. The integral can be performed using the localization formula

Z_k = ∫ dM_{k,N} e^{−Sinst} = ∫ d^kχ_i SdetQ^2_ξ = ∫ d^kχ_i ∏ Φ λ_Φ(χ, a, ϵ)^{(−)FΦ+1} (3.2)

where Φ labels the Q-multiplet pairs (Φ, Ψ) related by the BRST transformations

Q Φ = Ψ QΨ = λ_Φ(χ, a, ϵ) Φ (3.3)

– 5 –

F_Φ = 0 (1) for Φ a bosonic (fermionic) field and λ_Φ is the eigenvalues of Q^2_ξ . It is important to notice that using Q ∼ ℓ^{− 12}s the dimension of the measure of the moduli space can be written as [dM_{k,N} ] = ℓ^{12 (nF −nB )} s (3.4)

with n_B, n_F the number of Q-multiplets with lowest component a boson and a fermion respectively.

The topological theory for the system discussed in the previous section, describes the excitations of open strings connecting the various branes with at least one end on the D(-1) instanton. We denote the fields by Φ_{AB} where the index A = (I, U) runs over all possible boundaries I = 1, ....K (number of D(-1) branes), U = 1, ...N (number of D7-branes). In presence of an O7 plane, let us say at x = 0 in the transverse plane, the branes are distributed symmetrically with respect to it. We denote by x_A = (χ_I , a_U ) the positions of the various branes χ_I = (χ_1, ...., χ_k; −χ_1, ..., −χ_k; 0) a_U = (a_1, ....a_n, −a_1, ...., −a_n; 0) (3.5) The last ”0” should be omitted in the case of an even number of branes. The BRST operator is defined by equivariantly deforming the SUSY algebra by the SO(K) × SO(N) brane symmetry. In addition complete localization requires also a U(1)^3 deformation inside the Lorentz SO(8) group parametrized by ϵ_ℓ, ℓ = 1, . . . 4 with ∑ ℓ ϵ_ℓ = 0. More precisely the Q^2-eigenvalue of a field Φ_{AB} can be written as

λ_Φ = x_A − x_B + q_Φ (3.6)

with q_Φ the U(1)^3 charge of the given field. Taking into account that the presence of the orientifold halves the degrees of freedom in the covering space the partition function can then be written as

Z_K = ∫ d^kχ_i ′∏ A,B,Φ (x_A − x_B + q_Φ)^{12 (−)FΦ+1} ∏ A,Φ (2 x_A + q_Φ)^{12 (−)FΦ+1δΦ} (3.7)

with δ_Φ = ± depending on whether the field is even or odd under the orientifold projection. The primed product runs over all A, B pairs with at least one index on the D(-1) instantons. The second contribution comes from open strings connecting the D-brane A to its image. It is important to notice that despite the explicit appearance of square roots, from (3.5) one can see that each eigenvalue appears twice and therefore the final answer contains no square roots.

The BRST transformations for the various strings under consideration are:

• D(-1)D(-1) open strings

– 6 –

Q B_{ℓ;IJ} = M_{ℓ;IJ} Q M_{ℓ;IJ} = (χ_{IJ} + ϵ_ℓ) B_{ℓ;IJ} Q λ_{c;IJ} = D_{c;IJ} Q D_{c;IJ} = (χ_{IJ} + s_c) λ_{c;IJ} (3.8)

with ℓ = 1, ..4, , c = 1, ..4 and

s_1 = ϵ_2 + ϵ_3 s_2 = ϵ_1 + ϵ_3 s_3 = ϵ_1 + ϵ_2 s_4 = 0 ϵ_1 + ϵ_2 + ϵ_3 + ϵ_4 = 0 (3.9)

In writing the BRST multiplets we group the seven ADHM constraints D_s, s = 1, ...7 and the component χ̄ into four complex fields denoted by D_c. In doing this we should remind that the zero eigenvalues associated to the diagonal field components (λ_4, D_4)_{II} should be omitted from the determinant. Alternatively the contribution of this pair to the partition function can be thought as coming from the Vandermonde determinant resulting from bringing the field χ into its diagonal form.

The orientifold projection project a_ℓ and λ_c on symmetric and antisymmetric matrices respectively i.e.

δ_a = + δ_λ = − (3.10) This is consistent with the fact that the ADHM contraints D_c can be written in terms of commutators of a_ℓ.

• D(-1)D7 open strings

Q μ_{IU} = h_{IU} Q h_{IU} = (χ_I − a_U ) h_{IU} (3.11)

The field h is an auxiliary field needed to close the Q-algebra [50].

4. D(-1)D7 on R^{10}

In this Section we consider a system of K D(-1) branes, N = 2n D7-branes and an O7- plane realizing a maximal SUSY SO(2n) gauge theory in eight dimensions. The total symmetry group is then SO(2n)×SO(K). Fields like the fermionic ADHM auxiliary fields λ_c transforming in the adjoint of SO(K) group are described by antisymmetric matrices while instanton positions B_ℓ are given in terms of symmetric matrices. The field content in the instanton moduli space is summarized in the following table:

(Φ, Ψ) (−)^{FΦ} δ_Φ multiplicity q_Φ (B_ℓ, M_ℓ) + + 8^1_2 K(K + 1) ϵ_ℓ (λ_c, D_c) − − 8^1_2 K(K − 1) s_c ( μ, h) − 0 2nK 0

– 7 –

Plugging these data into the general formula (3.7) one finds the partition function

Z_K = N_K ∫_k∏ i=1 dχ_i 2πi K∏ I,J [ P (χ_{IJ} ) Q(χ_{IJ} ) ] 1_{2 K}∏ I=1 [ M(χ_I ) P (2χ_I )Q(2χ_I )

] 1_2 (4.1)

with χ_{IJ} = χ_I − χ_J and P (x) = x^{1−δx,0} 3∏ a=1 (x + s_a),

Q(x) = 4∏ ℓ=1 (x + ϵ_ℓ)

M(x) = n∏ u=1 (x + a_u) (4.2)

These polynomials give the contribution of the fields λ_c, B_ℓ and μ respectively. Notice that (−)^{FΦ} = δ_Φ for Φ = λ_c, B_ℓ explaining why both contributions P (2χ_I ), Q(2χ_I ) come in the denominator.

Setting K = 2k and K = 2k + 1 and using (3.5) one finds

Z_{2k} = N_{2k} ∫ k∏ i=1 dχ_i 2πi k∏ i≤j P_2(χ^−_{ij})P_2(χ^+_{ij} ) Q_2(χ^−_{ij})Q_2(χ^+_{ij}) k∏ i=1 M_2(χ_i) P_2(2χ_i)

(4.3)

Z_{2k+1} = N_{2k+1}

M(0) Q_2(0) ∫ k∏ i=1 dχ_i 2πi k∏ i≤j P_2(χ^−_{ij} )P_2(χ^+_{ij}) Q_2(χ^−_{ij} )Q_2(χ^+_{ij} ) k∏ i=1 M_2(χ_i)P_2(χ_i) P_2(2χ_i)Q_2(χ_i)

with

P_2(x) = (−x^2)^{1−δx,0} 3∏ a=1 (s^2_a − x^2),

Q_2(x) = 4∏ ℓ=1 (ϵ^2_ℓ − x^2) ,

M_2(x) = n∏ u=1 (a^2_u − x^2) ,

N_{2k} =

2^{4(2k)} 2^kk!

; N_{2k+1} =

2^{4(2k+1)} 2^kk!

. (4.4)

Integrals over χ_i should be supplemented with a pole prescription. Following the four dimensional analogy we take ϵ_ℓ → ϵ_ℓ + iδ_ℓ with δ_1 >> δ_2 >> δ_3 >> δ_4. The prepotential of the eight dimensional theory can be extracted from the relation

F (a_u, ϵ_ℓ) = ϵ_1ϵ_2ϵ_3ϵ_4 ln ∑ K Z_K (a_u, ϵ_ℓ)q^K (4.5)

– 8 –

An explicit evaluation of the integrals for the first few instanton contributions leads to F (a, ϵ) = 8 √ A_n(q +^4_3 q^3 A_{n−4} −^5_6 q^3 A_{n−5}g_2 +^1_{96} q^3 A_{n−6}(25g^2 + 34g_4) + . . .)

+q^2(−2A_{n−2} +^1_4 A_{n−3}g_2 −^1_{64} A_{n−4}(g^2 + 2g_4) + . . .) (4.6)

with A_m, m = 1, ...n the mth elementary symmetric functions of the variables a^2_1, . . . , a^2_n:

A_s = ∑ i_1<i_2...<i_s a^2_{i1} . . . a^2_{is}

A_n = a^2_1 . . . a^2_n A_0 = 1 A_{s<0} = 0 (4.7)

Notice that A_m form a basis for the Casimirs of SO(2n) . Similarly we parametrize the SO(8) Casimirs in terms of

g_{2m} = 4∑ ℓ=1 ϵ^{2m}_ℓ (4.8)

In the appendix we present also 4 and 5 instanton contributions.

The effective action follows by replacing in the prepotential F the lowest components a_u, ϵ_ℓ by the corresponding chiral and gravitational superfields

a_u → Φ_u = ϕ_u + F^u_{μν} θγ^{μν} θ + . . .

ϵ_ℓ → W_ℓ = G_ℓ + R^ℓ_{μν} θγ^{μν} θ + . . . (4.9)

Here we denote by G_ℓ the graviphoton with ℓ = 1, ..4 and u = 1, ..n running over the Cartan subgroup components of the Lorentz SO(8) and gauge SO(2n) symmetry groups respectively .

The prepotential F (Φ, W ) encodes the chiral dynamics of the d = 8 gauge theory coupled to gravity. The eight-dimensional effective action follows from F (Φ, W ) upon integration over the chiral superspace variables

S_{eff} = ∫ d^8xd^8θ F (Φ, W ) (4.10)

In absence of gravity W = 0, it gives a direct analog of the Seiberg-Witten prepotential for N = 2 gauge theories in d = 4 dimensions. For instance the F^4 coupling

S_{eff} = τ_4(a) ∫ d^8x tr t_8 F^4 (4.11)

can be expressed as the fourth derivative of the prepotential

τ_4(A) = n∑ u=1 ∂^4 ∂a^4_n − 1 12 (_n ∑ u=1 ∂^2 ∂a^2_n )_2 F (a, 0) (4.12)

– 9 –

Notice that the dimension of the moduli space is L^{− dimM}2 with 1 2 dimM =^1_2 (n_a − n_λ − n_μ) = K(4 − n) (4.13)

This implies that a dimensionless partititon function Z = ∑ K Z_K q^K can be defined taking q = ℓ^{4−n}_s e^{2πiτ4} . The case n = 4 is special in the sense that q is dimensionless and the theory is conformal: this is the case that has been studied in details in [32]. We recover in Appendix B their results.

5. D(-1)D7 on R^6 × R^4 /Z_2

The analysis in the last section can be extended to theories with less supercharges and lower dimensions. Here we consider the N = 2 case in four-dimensions. This theory can be realized by considering a set of 2n fractional D7-branes wrapping a R^4 /Z_2-singularity. We choose the Z_2 orbifold group to act trivially in the Chan Paton indices. This projects out the gauge components along the four directions acted by the Z_2 leaving an effective four-dimensional theory with N = 2 supersymmetries. On the instanton moduli space the orbifold groups acts like

a_{3,4} → −a_{3,4} M_{3,4} → −M_{3,4} λ_{1,2} → −λ_{1,2} D_{1,2} → −D_{1,2} (5.1)

with no action on the Chan-Paton indices and all the other fields invariant. In the language of fractional branes this corresponds to take (n_0, n_1) = (2n, 0) D7-branes and (k_0, k_1) = (K, 0) D(-1) branes.

The partition function follows now from the previous results by simply suppressing the contribution of the odd fields. The results are given again by (4.3) but with the characteristic functions replaced by

P_2(x) = x^{2−2δx,0} (x^2 − ϵ^2) Q_2(x) = (x^2 − ϵ^2_1)(x^2 − ϵ^2)

M_2(x) = n∏ u=1 (x^2 − a^2_u) (5.2)

and ϵ = ϵ_1 + ϵ_2.

Now the prepotential defines the four-dimensional effective action

S_{eff} = ∫ d^4xd^4θ F (Φ, W ) = τ_2(A) ∫ d^4x tr F^2 + . . . (5.3)

where τ_2(A) is given by the second derivative of the prepotential. Notice that despite the similarities the instantons contributing to τ_2(A) are exotic and therefore the structure of τ_2(A) will be very different from that following from Seiberg-Witten type geometries. In particular, on the contrary of the prepotentials found in [51, 52], the Casimir A_m’s appear in τ_2(A) only in a polynomial form.

– 10 –

The first terms in the expansion of the prepotential in the instanton winding number are given by F (a, ϵ) = 2 √ A_n [ q +^1_3 q^3 (A_{n−2} − A_{n−3}(^7_4 g_2 +^9_4 ϵ_1ϵ_2) +A_{n−4}(^{13}_{32} g_4 +^{49}_{32} g^2 +^{45}_{16} g_2ϵ_1ϵ_2)) + · · · ] +^1_2 q^2 [ A_{n−1} − A_{n−2}(^1_4 g_2 +^1_4 ϵ_1ϵ_2) +A_{n−3}(^1_{16} g_4 +^1_{16} g_2ϵ_1ϵ_2) ] + · · · , (5.4)

where g_2 = ϵ^2_1 + ϵ^2 and g_4 = ϵ^4_1 + ϵ^4_2, The case of SO(4) gauge group is of particular interest. In this case the theory is conformal and the instanton parameter q dimensionless. Calculation of up to q^7 terms suggests that the all orders exact prepotential is F_{SO(4)}(ϕ, G) = Pf ϕ log

1 + q 1 − q + (^1_4 tr ϕ^2 −^1_{16} tr G^2 +^1_8 Pf G) log (1 − q^2) ,

(5.5)

where

tr ϕ^2 = −2(a^2_1 + a^2); tr G^2 = −2g_2; Pf G = ϵ_1ϵ_2 . (5.6)

6. Chiral ring

The techniques developed in the previous sections apply as well to the computation of the general chiral correlator tr ϕ^J in the gauge theory. These correlators constitute the so called ”chiral ring”. In complete analogy with the 4 d N = 2 SYM [37, 38, 39], the generating function tr exp(λϕ) of the chiral correlators ⟨tr ϕ^J ⟩ can be represented as ⟨tr e^{λϕ}⟩ = ⟨tr e^{λϕ}⟩_{cl} + 1 Z ∑ K q^K ∫ d^kχ ∑ i ∏ ℓ (1 − T^λ_ℓ ) e^{λχi} Z_K (χ) , (6.1)

where the factors (1 − T^λ_ℓ ) with T_ℓ ≡ e^{ϵℓ} properly take care of the volume factor^3. Z_K is the integrand in the instanton partition functions (4.3) and Z = ∑ K q^K ∫ d^kχ Z_K (χ) (6.2)

is the partition function. Thus to compute a specific correlator ⟨tr ϕ^J ⟩ in the contour integral one makes an insertion O_{J,K} ({χ_I }) = K∑ I=1 [ χ^J_I − 4∑ i=1 (χ_I + ϵ_i)^J + 4∑ i<j (χ_I + ϵ_i + ϵ_j )^J

− 4∑ i<j<k (χ_I + ϵ_i + ϵ_j + ϵ_k)^J + (χ_I + ϵ_1 + ϵ_2 + ϵ_3 + ϵ_4)^J ] (6.3)

3The domain of integration of (6.1) is the entire moduli space. The latter includes also the space-time translational zero modes whose contribution is cancelled by ∏ ℓ(1 − T_ℓ).

– 11 – so that ⟨tr ϕ^J ⟩ = 1 Z ∑ K q^K ∫ d^kχ Z_K (χ) O_{J,K}({χ}) (6.4) Remarkably, the normalized correlators are, unlike the partition function Z itself, well defined even at the limit when ϵ’s vanish. Direct calculations up to q^3 are not difficult: ⟨tr ϕ^2⟩ = −2 n∑ u=1 a^2_u

⟨tr ϕ^4⟩ = 2 n∑ u=1 a^4_u + 192 √ A_n q − 96 A_{n−2} q^2 + 768 √ A_n A_{n−4} q^3 + · · ·

⟨tr ϕ^6⟩ = −2 n∑ u=1 a^6_u + 1440 A_{n−1} q^2 − 7680 √ A_n A_{n−3} q^3 + · · ·

⟨tr ϕ^8⟩ = 2 n∑ u=1 a^8_u − 6720 A_n q^2 + 35840 √ A_n A_{n−2} q^3 + · · · (6.5)

where the first term gives the classical contribution to the correlator. To avoid lengthy expressions we did not present the gravitational corrections here but they can be obtained in a similar way.

The first non trivial correlator ⟨tr ϕ^4⟩ in the list can be related to the derivative of the prepotential. This can be seen using the identity

O_{4,K}({χ_I }) = 24K ϵ_1ϵ_2ϵ_3ϵ_4 (6.6)

that implies ⟨tr ϕ^4⟩ = 2 n∑ u=1 a^4_u + 24 q∂_qF = tr ϕ^4_{cl} + 24 ∑ K KF_K q^K (6.7)

Alternatively this can be seen by noticing that each ϕ ∼ F_{μν} θγ^{μν} in tr ϕ^4 soaks precisely two out of the eight fermionic zero modes in the instanton background and therefore all together the amplitude in the K-instanton sector is given by ∫ t_8tr F^4 ∼ K time the normalized centered partition function F_K [53]. The remaining correlators tr ϕ^J with J > 4 give new informations about the chiral ring of the theory beyond the prepotential.

In a similar way we can compute chiral correlators in the case of R^6 × R^4 /Z_2. Now the relevant insertion is

O_J (χ_I , K) = K∑ I=1 [ χ^J_I − (χ_I + ϵ_1)^J − (χ_I + ϵ_2)^J + (χ_I + ϵ_1 + ϵ_2)^J ] (6.8)

– 12 – and one finds ⟨tr ϕ^2⟩ = − n∑ u=1 2a^2_u − 4 √ A_n q − 2 A_{n−1} q^2 − 4 √ A_n A_{n−2} q^3

−2(A_{n−2}A_{n−1} + 5A_nA_{n−3})q^4 −4 √ A_n (A^2_{n−2} + 3A_{n−1}A_{n−3}) q^5 + · · · ⟨tr ϕ^4⟩ = n∑ u=1 2a^4_u − 12A_n q^2 − 16 √ A_n A_{n−1} q^3

−6(A^2_{n−1} + 6A_nA_{n−2})q^4 − 48(A_{n−1}A_{n−2} + A_nA_{n−3})q^5 + · · · ⟨tr ϕ^6⟩ = − n∑ u=1 2a^6_u − 40 √ A_n A_n q^3 − 90A_nA_{n−1}q^4 −72 √ A_n (A^2_{n−1} + 3A_nA_{n−2} )q^5 + · · · ⟨tr ϕ^8⟩ = n∑ u=1 2a^8_u − 140A^2_nq^4 − 448 √ A_n A_n A_{n−1}q^5 + · · · (6.9)

In this case the Matone relation takes the form ⟨tr ϕ^2⟩ = −2 n∑ u=1 a^2_u − 2q∂_qF (6.10)

Note also that calculations up to q^7 strongly suggest that in the conformal case SO(4) the exact expression for the ⟨tr ϕ^2⟩ is

⟨tr ϕ^2⟩ = −2(a^2_1 + a^2 −^1_4 q^2(ϵ^2_1 + ϵ_1ϵ_2 + ϵ^2)) 1 1 − q^2

− 4a_1a_2 q 1 − q^2

. (6.11)

This result is easily derived from (5.5) after taking the derivative with respect to q, according to (6.10).

Acknowledgments

The authors would like to thank M. Bianchi, M. Billò, M.L. Frau and A. Lerda for many interesting discussions. This work was partially supported by the European Commission FP7 Programme Marie Curie Grant Agreement PIIF-GA-2008-221571 and the Advanced Grant n.226455, “Supersymmetry, Quantum Gravity and Gauge Fields” (SUPERFIELDS) and by the Italian MIUR-PRIN contract 20075ATT78.

A. SO(2n) prepotential

Here we give the expression for (4.6) up to 5 instantons (i.e. up to q^5) and up to the

– 13 –

4th order in the gravitational corrections

F (a_u, ϵ_ℓ) = 8 √ A_n q + q^2(−2A_{n−2} +^1_4 A_{n−3}g_2 −^1_{64} A_{n−4}(g^2 + 2g_4)) +8 √ A_n q^3(^4_3 A_{n−4} −^5_6 A_{n−5}g_2 +^1_{96} A_{n−6}(25g^2 + 34g_4)) +q^4 [ −^1_2 A^2_{n−3} − A_{n−2}A_{n−4} − 17A_{n−1}A_{n−5} − 113A_nA_{n−6} +^1_8 (3A_{n−3}A_{n−4} + 19A_{n−2}A_{n−5} + 195A_{n−1}A_{n−6} + 1491A_nA_{n−7})g_2 −^3_{128} A^2_{n−4}(g^2 + 2g_4) −^1_{64} A_{n−3}A_{n−5}(15g^2 + 14g_4) −^3_{64} A_{n−2}A_{n−6}(41g^2 + 50g_4) −^3_{64} A_{n−1}A_{n−7}(389g^2 + 442g_4) −^1_{64} A_nA_{n−8}(9515g^2 + 11414g_4) ] +8 √ A_n q^5

[_4 5 (^3_2 A^2_{n−4} + 7A_{n−3}A_{n−5} + 23A_{n−2}A_{n−6} + 87A_{n−1}A_{n−7} + 263A_nA_{n−8}) +^1_2 (−9A_{n−4}A_{n−5} − 29A_{n−3}A_{n−6} − 109A_{n−2}A_{n−7} − 413A_{n−1}A_{n−8} − 1389A_nA_{n−9})g_2 +^1_{160} A^2_{n−5}(205g^2 + 218g_4) +^3_{80} A_{n−4}A_{n−6}(145g^2 + 154g_4) +^1_{80} A_{n−3}A_{n−7}(1625g^2 + 1738g_4) +^1_{80} A_{n−2}A_{n−8}(6325g^2 + 6802g_4) (A.1) +^1_{80} A_{n−1}A_{n−9}(24265g^2 + 26378g_4) +^1_{80} A_nA_{n−10}(86645g^2 + 97522g_4) ] + · · · (A.2)

B. SO(8) case

The case n = 4 is special in the sense that q is dimensionless and the theory is conformal. Putting n = 4 in (A.2) and promoting the expectation values to the respective fields,

tr ϕ^2 = −2 4∑ u=1 a^2_u ; tr ϕ^4 = 2 4∑ u=1 a^4_u ;

tr G^2 = −2 4∑ ℓ=1 ϵ^2_ℓ ; tr G^4 = 2 4∑ ℓ=1 ϵ^4_ℓ (B.1)

one finds

F (ϕ, G) = 8Pfϕ (q +^4_3 q^3 +^6_5 q^5 + · · · ) +^1_2 tr ϕ^4 (q^2 +^1_2 q^4 + · · · ) −^1_4 ( tr ϕ^2 )_2 (q^2 + q^4 + · · · ) + (_1 16 tr ϕ^2 tr G^2 −^1_{64} tr G^4 −^1_{256} (tr G^2)^2 ) (q^2 +^3_2 q^4 + · · · )

– 14 –

This suggests that the exact expression in all orders of q would be F (ϕ, G) = ∞∑ k=0 8Pfϕ ∑ l|2k+1 1 l q^{2k+1}

+^1_2 trϕ^4 ∑ l|k 1 l ( q^{2k} − q^{4k} ) −^1_4 ( tr ϕ^2 )_2 ∑ l|k 1 l ( q^{2k} −^1_2 q^{4k} )

+ (_1 16 tr ϕ^2 tr G^2 −^1_{64} tr G^4 −^1_{256} ( tr G^2 )_2) ∑ l|k 1 l q^{2k} (B.2)

in agreement with the heterotic results [40, 41, 42, 43, 44, 45, 46, 47] ( up to normalizations of fields and traces )

Δ_F 4 = − log |η(T )|^4 |η(^T_2 )|^4 + . . . Δ_{(F} 2_)2 = −^1_2 log

T_2U_2|η(T/2)|^8|η(U)|^4 |η(T )|^4 + . . . Δ_R4 = 4Δ_{(R}2_)2 = 2Δ_R2_F 2 = −^1_{16} log T_2U_2|η(T/2)|^4|η(U)|^8 + . . . (B.3)

where dots refer to moduli independent contributions.

References

[1] R. Blumenhagen, M. Cvetic, P. Langacker, and G. Shiu, Toward realistic intersecting D-brane models, Ann. Rev. Nucl. Part. Sci. 55 (2005) 71–139,

arXiv:hep-th/0502005.

[2] R. Blumenhagen, B. Kors, D. Lust, and S. Stieberger, Four-dimensional String Compactifications with D-Branes, Orientifolds and Fluxes, Phys. Rept. 445 (2007) 1–193, arXiv:hep-th/0610327.

[3] F. Marchesano, Progress in D-brane model building, Fortsch. Phys. 55 (2007) 491–518, arXiv:hep-th/0702094.

[4] R. Blumenhagen, M. Cvetic, and T. Weigand, Spacetime instanton corrections in 4D string vacua - the seesaw mechanism for D-brane models, Nucl. Phys. B771 (2007) 113–142, arXiv:hep-th/0609191.

[5] L. E. Ibanez and A. M. Uranga, Neutrino Majorana masses from string theory instanton effects, JHEP 03 (2007) 052, arXiv:hep-th/0609213.

[6] D. Berenstein, C. P. Herzog, P. Ouyang, and S. Pinansky, Supersymmetry Breaking from a Calabi-Yau Singularity, JHEP 09 (2005) 084, arXiv:hep-th/0505029.

[7] S. Franco, A. Hanany, F. Saad, and A. M. Uranga, Fractional branes and dynamical supersymmetry breaking, JHEP 01 (2006) 011, arXiv:hep-th/0505040.

– 15 –

[8] M. Bertolini, F. Bigazzi, and A. L. Cotrone, Supersymmetry breaking at the end of a cascade of Seiberg dualities, Phys. Rev. D72 (2005) 061902, arXiv:hep-th/0505055.

[9] D.-E. Diaconescu, B. Florea, S. Kachru, and P. Svrcek, Gauge - mediated supersymmetry breaking in string compactifications, JHEP 02 (2006) 020,

arXiv:hep-th/0512170.

[10] J. J. Heckman, J. Marsano, N. Saulina, S. Schafer-Nameki, and C. Vafa, Instantons and SUSY breaking in F-theory, arXiv:0808.1286 [hep-th].

[11] O. Aharony, S. Kachru, and E. Silverstein, Simple Stringy Dynamical SUSY Breaking, Phys. Rev. D76 (2007) 126009, arXiv:0708.0493 [hep-th].

[12] M. Buican and S. Franco, SUSY breaking mediation by D-brane instantons, JHEP 12 (2008) 030, arXiv:0806.1964 [hep-th].

[13] M. Cvetic and T. Weigand, A string theoretic model of gauge mediated supersymmetry beaking, arXiv:0807.3953 [hep-th].

[14] M. Bianchi, F. Fucito, and J. F. Morales, Dynamical supersymmetry breaking from unoriented D-brane instantons, arXiv:0904.2156 [hep-th].

[15] R. Argurio, M. Bertolini, S. Franco, and S. Kachru, Metastable vacua and D-branes at the conifold, JHEP 06 (2007) 017, arXiv:hep-th/0703236.

[16] R. Argurio, M. Bertolini, G. Ferretti, A. Lerda, and C. Petersson, Stringy Instantons at Orbifold Singularities, JHEP 06 (2007) 067, arXiv:0704.0262 [hep-th].

[17] M. Bianchi, F. Fucito, and J. F. Morales, D-brane Instantons on the orientifold, JHEP 07 (2007) 038, arXiv:0704.0784 [hep-th].

[18] R. Blumenhagen, M. Cvetic, D. Lust, R. Richter, and T. Weigand, Non-perturbative Yukawa Couplings from String Instantons, Phys. Rev. Lett. 100 (2008) 061602,

arXiv:0707.1871 [hep-th].

[19] L. E. Ibanez and A. M. Uranga, Instanton Induced Open String Superpotentials and Branes at Singularities, JHEP 02 (2008) 103, arXiv:0711.1316 [hep-th].

[20] L. E. Ibanez, A. N. Schellekens, and A. M. Uranga, Instanton Induced Neutrino Majorana Masses in CFT Orientifolds with MSSM-like spectra, JHEP 06 (2007) 011,

arXiv:0704.1079 [hep-th].

[21] M. Billo’ et al., Flux interactions on D-branes and instantons, JHEP 10 (2008) 112,

arXiv:0807.1666 [hep-th].

[22] M. Billo’ et al., Non-perturbative effective interactions from fluxes, JHEP 12 (2008) 102, arXiv:0807.4098 [hep-th].

[23] E. Witten, Bound states of strings and p-branes, Nucl. Phys. B460 (1996) 335–350,

arXiv:hep-th/9510135.

– 16 –

[24] M. R. Douglas, Branes within branes, arXiv:hep-th/9512077.

[25] M. R. Douglas, Gauge Fields and D-branes, J. Geom. Phys. 28 (1998) 255–262,

arXiv:hep-th/9604198.

[26] M. Billo, M. Frau, I. Pesando, F. Fucito, A. Lerda, and A. Liccardo, Classical gauge instantons from open strings, JHEP 02 (2003) 045, arXiv:hep-th/0211250.

[27] E. Corrigan, C. Devchand, D. B. Fairlie, and J. Nuyts, First Order Equations for Gauge Fields in Spaces of Dimension Greater Than Four, Nucl. Phys. B214 (1983) 452.

[28] S. Fubini and H. Nicolai, THE OCTONIONIC INSTANTON, Phys. Lett. B155 (1985) 369.

[29] B. Grossman, T. W. Kephart, and J. D. Stasheff, SOLUTIONS TO GAUGE FIELD EQUATIONS IN EIGHT-DIMENSIONS: CONFORMAL INVARIANCE AND THE LAST HOPF MAP, Phys. Lett. B220 (1989) 431.

[30] B. Grossman, T. W. Kephart, and J. D. Stasheff, SOLUTIONS TO YANG-MILLS FIELD EQUATIONS IN EIGHT- DIMENSIONS AND THE LAST HOPF MAP, Commun. Math. Phys. 96 (1984) 431.

[31] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Classical solutions for exotic instantons?, JHEP 03 (2009) 056, arXiv:0901.1666 [hep-th].

[32] M. Billo’ et al., Exotic instanton counting and heterotic/type I’ duality,

arXiv:0905.4586 [hep-th].

[33] G. W. Moore, N. Nekrasov, and S. Shatashvili, D-particle bound states and generalized instantons, Commun. Math. Phys. 209 (2000) 77–95,

arXiv:hep-th/9803265.

[34] N. A. Nekrasov, Seiberg-Witten Prepotential From Instanton Counting, Adv. Theor.

Math. Phys. 7 (2004) 831–864, arXiv:hep-th/0206161.

[35] R. Flume and R. Poghossian, An algorithm for the microscopic evaluation of the coefficients of the Seiberg-Witten prepotential, Int. J. Mod. Phys. A18 (2003) 2541,

arXiv:hep-th/0208176.

[36] U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, Multi-instanton calculus and equivariant cohomology, JHEP 05 (2003) 054, arXiv:hep-th/0211108.

[37] A. S. Losev, A. Marshakov, and N. A. Nekrasov, Small instantons, little strings and free fermions, arXiv:hep-th/0302191.

[38] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions,

arXiv:hep-th/0306238.

– 17 –

[39] R. Flume, F. Fucito, J. F. Morales, and R. Poghossian, Matone’s relation in the presence of gravitational couplings, JHEP 04 (2004) 008, arXiv:hep-th/0403057.

[40] W. Lerche, ELLIPTIC INDEX AND SUPERSTRING EFFECTIVE ACTIONS, Nucl. Phys. B308 (1988) 102.

[41] W. Lerche, B. E. W. Nilsson, A. N. Schellekens, and N. P. Warner, ANOMALY CANCELLING TERMS FROM THE ELLIPTIC GENUS, Nucl. Phys. B299 (1988) 91. [42] W. Lerche and S. Stieberger, Prepotential, mirror map and F-theory on K3, Adv.

Theor. Math. Phys. 2 (1998) 1105–1140, arXiv:hep-th/9804176.

[43] C. Bachas, C. Fabre, E. Kiritsis, N. A. Obers, and P. Vanhove, Heterotic/type-I duality and D-brane instantons, Nucl. Phys. B509 (1998) 33–52,

arXiv:hep-th/9707126.

[44] C. Bachas and E. Kiritsis, F**4 terms in N = 4 string vacua, Nucl. Phys. Proc.

Suppl. 55B (1997) 194–199, arXiv:hep-th/9611205.

[45] K. Forger, On heterotic/type I duality in d = 8, arXiv:hep-th/9812154.

[46] E. Gava, K. S. Narain, and M. H. Sarmadi, Instantons in N = 2 Sp(N) superconformal gauge theories and the AdS/CFT correspondence, Nucl. Phys. B569 (2000) 183–208, arXiv:hep-th/9908125.

[47] M. Gutperle, Heterotic/type I duality, D-instantons and a N = 2 AdS/CFT correspondence, Phys. Rev. D60 (1999) 126001, arXiv:hep-th/9905173.

[48] M. Bianchi and J. F. Morales, RG flows and open/closed string duality, JHEP 08 (2000) 035, arXiv:hep-th/0006176.

[49] M. Billo, M. Frau, F. Fucito, and A. Lerda, Instanton calculus in R-R background and the topological string, JHEP 11 (2006) 012, arXiv:hep-th/0606013.

[50] F. Fucito, J. F. Morales, and A. Tanzini, D-instanton probes of non-conformal geometries, JHEP 07 (2001) 012, arXiv:hep-th/0106061.

[51] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2 supersymmetric QCD, Nucl. Phys. B431 (1994) 484–550, arXiv:hep-th/9408099.

[52] N. Seiberg and E. Witten, Monopole Condensation, And Confinement In N=2 Supersymmetric Yang-Mills Theory, Nucl. Phys. B426 (1994) 19–52,

arXiv:hep-th/9407087.

[53] F. Fucito and G. Travaglini, Instanton calculus and nonperturbative relations in N = 2 supersymmetric gauge theories, Phys. Rev. D55 (1997) 1099–1104,

arXiv:hep-th/9605215.

– 18 –