arXiv:0906.3825v1 [gr-qc] 20 Jun 2009

Novel solution of Wheeler-DeWitt theory

Łukasz Andrzej Glinka

laglinka@gmail.com

International Institute for Applicable Mathematics & Information Sciences, Hyderabad (India) & Udine (Italy),

B.M. Birla Science Centre, Adarsh Nagar, 500 063 Hyderabad, India

June 23, 2009

Abstract

We present a novel solution of the Wheeler–DeWitt equation based on the model resulting due to application of the generalized onedimensional (1D) conjecture. The conjecture extends the global 1D one on wave functions dependent on both matter fields and a generalized dimension which is a functional of the global one. The residual singularity in the effective potential is eliminating by an appropriate choice of the dimension. Application of the dimensional reduction within the obtained two-component 1D model yields the Dirac equation which is solved in an exact way. By use of the inverted change of variables in this solution we construct a general solution.

Keywords quantum gravity models ; Wheeler–DeWitt equation ; Schrödinger equation ; Dirac equation ; one-dimensionality conjecture

PACS 04.60.-m ; 03.65.-w ; 98.80.Qc

1 Introduction

The Wheeler–DeWitt theory, well known also as quantum geometrodynamics, is both the historically first and the basic model of quantum gravity considered in modern theoretical physics (See e.g. Ref. [1]). Understanding of its physical content, however, is still a great theoretical riddle. Applications to physical phenomena in high energy physics seems to be the mostly interesting. The problem with the model has a mathematical nature, i.e. model is given by a functional differential equation with respect to a wave function determined on the Wheeler superspace of on 3-dimensional metrics. Actually, the Wheeler–DeWitt equation was solved for some highly symmetrical classical solutions, and its experimental side is studied [2].

Quantum general relativity arises by employing of the 3 + 1 splitting of spacetime metric within the Einstein–Hilbert action supplemented by the York–Gibbons–Hawking boundary term. It leads to the Hamiltonian form of the action, and definition of primary and secondary constraints. One of the secondary constraints, the Hamiltonian contraint, is canonically quantized according to the Dirac–Faddeev method. In result, there is obtained second order functional differential equation on superspace of 3-dimensional embeddings, where the solution is a wave function in general depending on an induced metric and matter fields. The problem, however, is an establishing of any solution of the equation. In spite that there is known a formal path integral solution, the Hartle–Hawking wave function, in general a physical meaning of the solution is not well defined.

This paper reconsiders the Wheeler–DeWitt equation by using of the generalized 1D conjecture, discussed in some aspect in [3], and having sources in generic cosmology [4]. The conjecture is based on reduction of the equation into the Wheeler superspace subset, called DeWitt minisuperspace. The global dimension is an embedding’s volume form, and obtained potential is the Wheeler–DeWitt one, with exchange of √ h for 2/3h. The our idea is an application of the change of variables which could regularize the singular character of the potential. The regularization is the generalized dimension being a special functional of the global one. After solution of the received theory, we apply inverted change of variables within the solution, and in result the solution of the Wheeler–DeWitt equation is constructed by a novel method.

Paper is organized as follows. In Section 2 basic established facts are referred. Section 3 presents the conjecture and the change of variables. Dimensional reduction of the model is done in Section 4, and 1D wave function is constructed in Section 5. In Section 6 the general solution is received, and Section 7 briefly discusses all results.

2 Canonical Quantum Gravity

Let us recall the basics of Wheeler–DeWitt theory. General relativity [5], governed by the Einstein field equations (in units 8πG/3 = 1, c = 1) R_{μν} − 1 2 g_{μν}^{(4)}R + Λg_{μν} = 3T_{μν} , (1)

where Λ is cosmological constant and T_{μν} is stress-energy tensor T_{μν} = − 2 √ −g δS_ϕ[g] δg^{μν} , S_ϕ[g] ≡ ∫ M d^4x √ −gL_ϕ, (2) and L_ϕ is Matter fields Lagrangian, models spacetime by a 4-dimensional pseudo–Riemannian manifold (M, g) with a metric g_{μν} , connections Γ^ρ_{μν} , curvature tensor R^λ_{μαν} , second fundamental form R_{μν} = R^λ_{μλν} , and scalar curvature^{(4)}R = g^{κλ}R_{κλ}. If M is closed and has an induced spacelike boundary (∂M, h) with a metric h_{ij} , second fundamental form K_{ij} , and an extrinsic curvature K = h^{ij} K_{ij} then (1) arise by variational principle used to the Hilbert action with the York–Gibbons–Hawking term [6] S[g]= ∫ M d^4x √ −g { − 1 6 (4)R + Λ 3 } + S_ϕ[g] − 1 3 ∫ ∂M d^3x √ hK . (3) The Nash embedding theorem [7] allows using 3 + 1 splitting [8] g_{μν} = [ −N^2 + N^iN_i N_j N_i h_{ij} ] , h_{ik}h^{kj} = δ^j_i , N^i = h^{ij}N_j , (4)

for which the action (3) takes the canonical form S[g] = ∫ dtL with L = ∫ ∂M d^3x { π_ϕϕ̇ + πṄ + π^iṄ_i + π^{ij}ḣ_{ij} − NH − N_iH^i } , (5)

where π’s are canonical conjugate momenta, and H, H^i are [9] π_ϕ =^{∂Lϕ}_{∂ϕ̇} , π =^{∂L}_{∂Ṅ} , π^i =^{∂L}_{∂Ṅi} , π^{ij} = √ h (K^{ij} − Kh^{ij}) , (6) H^i = 2π^{ij}_{;j} , H = √ h {_{(3)}

R[h] + K^2 − K_{ij} K^{ij} − 2Λ − 6ϱ[ϕ] } , (7)

with^{(3)}R ≡ h^{ij} R_{ij} , ϱ[ϕ] = n^μn^ν T_{μν} , n^μ = (1/N) [1, −N^i], and holds ḣ_{ij} = 2NK_{ij} + N_{i|j} + N_{j|i}. (8) where N_{i|j} is an intrinsic covariant derivative of N_i. DeWitt [10] showed that H^i are generators of the spatial diffeomorphisms ~x^i = x^i + ξ^i, i.e. i [ h_{ij} , ∫ ∂M H_aξ^ad^3x ] = −h_{ij,k}ξ^k − h_{kj}ξ^k_{,i} − h_{ik}ξ^k_{,j} , (9) i [ π^{ij} , ∫ ∂M H_aξ^ad^3x ] = − ( π^{ij}ξ^k ) ,k + π^{kj}ξ^i_{,k} + π^{ik}ξ^j_{,k} , (10) where H_i = h_{ij} H^j, and that the first-class algebra is satisfied

i [H_i(x), H_j (y)] = ∫ ∂M H_ac^a_{ij}d^3z , i [H(x), H_i(y)] = Hδ^{(3)}_{,i} (x, y), (11) i [∫ ∂M Hξ_1d^3x, ∫ ∂M Hξ_2d^3x ] = ∫ ∂M H^a (ξ_{1,a}ξ_2 − ξ_1ξ_{2,a}) d^3x. (12)

where c^a_{ij} = δ^a_i δ^b_j δ^{(3)}_{,b} (x, z)δ^{(3)}(y, z) − (i ↔ j, x ↔ y) are structure constants of the diffeomorphism group, and all Lie brackets of π’s and H’s vanish. Time-preservation [11] of the primary constraints, i.e. π ≈ 0, π^i ≈ 0, leads to the secondary constraints - scalar (Hamiltonian) and vector respectively

H ≈ 0 , H^i ≈ 0 , (13)

Scalar constraint yields dynamics, vector one merely reflects diffeoinvariance. Using the canonical momentum π^{ij} within the scalar constraint yield the Einstein–Hamilton–Jacobi equation (See [12] and some modern studies [13]) H = G_{ijkl}π^{ij}π^{kl} − √ h (_{(3)} R[h] − 2Λ − 6ϱ[ϕ] ) ≈ 0 , (14)

where G_{ijkl} ≡ (2 √ h)^{−1} (h_{ik}h_{jl} + h_{il}h_{jk} − h_{ij}h_{kl}) is the metric on superspace, a factor space of all C^∞ Riemannian metrics on ∂M, and a group of all C^∞ diffeomorphisms of ∂M that preserve orientation [14]. The Dirac–Faddeev primary canonical quantization method [11, 15] i [ π^{ij}(x), h_{kl}(y) ] = 1 2 ( δ^i_kδ^j_l + δ^i_l δ^j_k ) δ^{(3)}(x, y) , (15) i [ π^i(x), N_j (y) ] = δ^i_j δ^{(3)}(x, y) , i [π(x), N(y)] = δ^{(3)}(x, y) , (16)

used for the constraint (14) yields the Wheeler–DeWitt equation [12, 10] { G_{ijkl} δ^2 δh_{ij}δh_{kl} + √ h (_{(3)} R[h] − 2Λ − 6ϱ[ϕ] ) } Ψ[h_{ij}, ϕ] = 0 , (17)

and other first class constraints merely reflect diffeoinvariance

πΨ[h_{ij}, ϕ] = 0 , π^iΨ[h_{ij}, ϕ] = 0 , H^iΨ[h_{ij} , ϕ] = 0 , (18)

and are not important in this model, called quantum geometrodynamics.

3 1D conjecture

3.1 Global dimension

Global one–dimensionality within the quantum General Relativity (17) considered in [3], arises from the change of variables in the Wheeler–DeWitt equation h_{ij} → h = det h_{ij} = 1 3 ε^{ijk}ε^{abc}h_{ia}h_{jb}h_{kc} , (19) where ε^{ijk} is the Levi-Civita density. Using of the Jacobi rule for differentiation of a determinant of a metric g_{μν} in the 3+1 splitting one obtains δg = gg^{μν}δg_{μν} −→ N^2δh = N^2hh^{ij}δh_{ij} , (20) and consequently one establishes the differentiation δ δh_{ij} = hh^{ij} δ δh . (21)

Applying (21) within the quantum geometrodynamics (17) and doing double contraction of the superspace metric with an embedding metric one receives G_{ijkl} δ^2 δh_{ij} δh_{kl} = − 3 2 h^{3/2} δ^2 δh^2 , (22)

so that finally the Wheeler–DeWitt equation (17) can be rewritten as ( δ^2 δh^2 + V_{eff} [h, ϕ] ) Ψ[h, ϕ] = 0. (23)

Here V_{eff} [h, ϕ] is the effective potential V_{eff} [h, ϕ] ≡ 2 3 (3)R h − 4 3 Λ h − 4 h ϱ[ϕ]. (24)

First term of the potential (24) describes contribution due to an embedding geometry only, the second one is mix of the cosmological constant and an embedding geometry, and the third component is due to Matter fields and an embedding geometry. In result we have to deal with the wave function of a type Ψ[h, ϕ], and the basic Wheeler–DeWitt wave function Ψ[h_{ij}, ϕ] can be reconstructed by inverse change of variables h → h_{ij} .

3.2 Generalized dimensions

The potential (24) is singular type, which can be eliminated by the general change of variables h → ξ = ξ[h], (25) δξ = ( δξ δh ) hh^{ij} δh_{ij} , (26) where a generalized dimension ξ[h] is any functional in the global dimension h. With (25) the one-dimensional equation (23) becomes {( δξ δh )_2

δ^2 δξ^2 + V_{eff} [ξ, ϕ] } Ψ [ξ, ϕ] = 0, (27)

so that for all nonsingular cases δξ δh ≠ 0 one writes { δ^2 δξ^2 + V [ξ, ϕ] } Ψ [ξ, ϕ] = 0, (28)

where V [ξ, ϕ] is given by V [ξ, ϕ] = ( δξ δh )_{−2} V_{eff} [ξ, ϕ] . (29) In fact the choice of ξ is a kind of the choice of a ”gauge”, naturally ξ[h] ≡ h is the generic gauge, i.e. the case when a generalized dimension becomes the global dimension. Other choices can be generated directly from this case. Note that the following choice ξ = √ 8 3 √ h, (30) δξ = √ 2 3 √ hh^{ij}δh_{ij} , (31) cancels the singularity 1/h present in the effective potential V_{eff} [h, ϕ] (24), and the equation (28) reads { δ^2 δξ^2 +^{(3)}R[ξ] − 2Λ − 6ϱ[ϕ] } Ψ [ξ, ϕ] = 0, (32)

Solving (32) and applying inverse change of variables ξ → h_{ij} the basic Wheeler–DeWitt wave function Ψ [h_{ij}, ϕ] can be reconstructed. The appropriate normalization condition should be chosen as ∫ |Ψ [ξ, ϕ]|^2 δμ(ξ, ϕ) = 1, (33)

where μ(ξ, ϕ) is an invariant measure.

4 Dimensional reduction

Let us chose the product measure μ(ξ, ϕ) = δξδϕ. Eq. (28) can be derived as the Euler-Lagrange equation of motion by variational principle δS[Ψ] = 0 applied to the action

S[Ψ] = − 1 2 ∫ δξδϕΨ[ξ, ϕ] ( δ^2 δξ^2 + V [ξ, ϕ] ) Ψ[ξ, ϕ] = (34) = − 1 2 ∫ δϕΨ[ξ, ϕ] δΨ[ξ, ϕ] δξ + 1 2 ∫ δξδϕ {( δΨ[ξ, ϕ] δξ )_2

+ V [ξ, ϕ]Ψ^2[ξ, ϕ] } ,(35)

where partial differentiation was used. Choosing the coordinate system so that the boundary term vanishes − 1 2 ∫ δϕΨ[ξ, ϕ] δΨ[ξ, ϕ] δξ = 0, (36)

and using the fact that S[Ψ] ≡ ∫ δξδϕL [Ψ[ξ, ϕ], δΨ[ξ, ϕ]/δξ] , (37) one obtains the Lagrangian characteristic for Euclidean field theory L [ Ψ[ξ, ϕ], δΨ[ξ, ϕ] δξ ] = 1 2 ( δΨ[ξ, ϕ] δξ )_2 + V [ξ, ϕ] 2 Ψ^2[ξ, ϕ], (38)

for which the corresponding canonical conjugate momentum is

Π_Ψ[ξ, ϕ] = ∂L ∂ (δΨ[ξ, ϕ]/δξ) = δΨ[ξ, ϕ] δξ , (39)

so that the choice (36) actually means orthogonal coordinates

Ψ[ξ, ϕ]Π_Ψ[ξ, ϕ] = 0, (40)

for any values of ξ and ϕ. With using of the relation (39) the Eq. (28) can be rewritten in the form δΠ_Ψ[ξ, ϕ] δξ + V [ξ, ϕ]Ψ[ξ, ϕ] = 0, (41)

and its combination with the Eq. (39) yield the appropriate Dirac equation ( iγ δ δξ − M[ξ, ϕ] ) Φ[ξ, ϕ] = 0, (42) where we have employed the notation Φ[ξ, ϕ] = [ Π_Ψ[ξ, ϕ] Ψ[ξ, ϕ] ] , M[ξ, ϕ] = [ 1 0 0 V [ξ, ϕ] ] , (43)

and the γ-matrices algebra consists only one element - the Pauli matrix σ_y γ = [ 0 −i i 0 ] ≡ σ_y , γ^2 = I, (44)

where I is the identity matrix, that in itself obey the algebra {γ, γ} = 2δ_E , δ_E = [ 1 0 0 1 ] . (45)

Dimensional reduction of the one component second order theory (28) yields the two component first order one (42) possessing the Clifford algebra of Euclidean type [16] Cℓ_{1,1}(R) that is the matrix algebra possessing a complex 2-dimensional representation. Restricting to P in_{1,1}(R) yield a 2D spin representations; restricting to Spin_{1,1}(R) splits it onto a sum of two 1D Weyl representations; Cℓ_{1,1}(R) decomposes into a direct sum of two isomorphic central simple algebras or a tensor product

Cℓ_{1,1}(R) = Cℓ^+_{1,1}(R) ⊕ Cℓ^−_{1,1}(R) = Cℓ_{2,0}(R) ⊗ Cℓ_{0,0}(R), (46)

Cℓ_{1,1}(R) ∼= R(2) , Cℓ^±_{1,1}(R) = 1 ± γ 2 Cℓ_{1,1}(R) ∼= R , Cℓ_{0,0}(R) ∼= R. (47)

5 1D wave function

The Dirac equation (42) can be rewritten in the Schrödinger form i δΦ[ξ, ϕ] δξ = H[ξ, ϕ]Φ[ξ, ϕ] , H[ξ, ϕ] = i [ 0 −V [ξ, ϕ] 1 0 ] . (48)

Solution of the evolution (48) can be written as Φ[ξ, ϕ] = U[ξ, ϕ]Φ[ξ^I , ϕ], (49) where Φ[ξ^I , ϕ] is an initial data vector with respect to ξ only, and U[ξ, ϕ] is unitary evolution operator

U = exp { −i ∫ Σ(ξ) δξ^′H[ξ^′, ϕ] } = exp {−iΩ(ξ, ϕ)⟨H⟩(ξ, ϕ)} , (50) where Σ(ξ) is finite integration area in ξ-space, Ω is the volume of full configuration space, and ⟨H⟩(ϕ) is an averaged energy given by the formulas Ω(ξ, ϕ) = ∫ Σ(ξ,ϕ) δξ^′δϕ^′ , ⟨H⟩(ξ, ϕ) = 1 Ω(ξ, ϕ) ∫ Σ(ξ) δξ^′H[ξ^′, ϕ]. (51) where Σ(ξ, ϕ) = Σ(ξ)×Σ(ϕ) is finite integration region of full configurational space. Explicitly one obtains

U[ξ, ϕ] = 1_2 cosh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] + (52)

+ 0 √ ⟨V ⟩(ξ, ϕ) (√ ⟨V ⟩(ξ, ϕ) )_{−1} 0 sinh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] , (53)

with ⟨V ⟩(ξ, ϕ) = 1 Ω(ξ, ϕ) ∫ Σ(ξ) δξ^′V [ξ^′, ϕ]. (54) Elementary algebraic manipulations yield the generalized one-dimensional wave function as

Ψ[ξ, ϕ] = Ψ[ξ^I , ϕ] cosh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] + + Π_Ψ[ξ^I , ϕ] (√ ⟨V ⟩(ξ, ϕ) )_{−1} sinh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] , (55)

and the canonical conjugate momentum as the solution is

Π_Ψ[ξ, ϕ] = Π_Ψ[ξ^I , ϕ] cosh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] + + Ψ[ξ^I , ϕ] √ ⟨V ⟩(ξ, ϕ) sinh [ Ω(ξ, ϕ) √ ⟨V ⟩(ξ, ϕ) ] , (56)

where Ψ[ξ^I , ϕ] and Π_Ψ[ξ^I , ϕ] are initial data with respect to ξ only. Applying, however, the equation (39) for (56) one obtains the relation

Π_Ψ[ξ, ϕ] =

Π_Ψ[ξ^I , ϕ] √ ⟨V ⟩ δ δξ [ Ω √ ⟨V ⟩ ] cosh [ Ω √ ⟨V ⟩ ] +

+ [ Ψ[ξ^I , ϕ] δ δξ [ Ω √ ⟨V ⟩ ] + Π_Ψ[ξ^I , ϕ] δ δξ [(√ ⟨V ⟩ )_{−1}]] sinh [ Ω √ ⟨V ⟩ ] , (57) where for shorten notation Ω ≡ Ω(ξ, ϕ) and ⟨V ⟩ ≡ ⟨V ⟩(ξ, ϕ), which after calculation of the functional derivatives δ δξ [ Ω √ ⟨V ⟩ ] = 1 2 √ ⟨V ⟩ ( δΩ δξ + 1 ) , (58) δ δξ [(√ ⟨V ⟩ )_{−1}] = 1 2 [ Ω √ ⟨V ⟩ ]_{−1} ( δΩ δξ − 1 ) , (59)

and using it within the formula (57) yields

Π_Ψ[ξ, ϕ] = Π_Ψ[ξ^I , ϕ] 1 2 ( δΩ δξ + 1 ) cosh [ Ω √ ⟨V ⟩ ] +

+ Ψ[ξ^I , ϕ] √ ⟨V ⟩ 2 ( δΩ δξ + 1 ) + Π_Ψ[ξ^I , ϕ] 2Ω √ ⟨V ⟩ ( δΩ δξ − 1 ) sinh [ Ω √ ⟨V ⟩ ] . (60)

After comparison with (56) one obtains the system of equations 1 2 ( δΩ δξ + 1 ) = 1,

Ψ[ξ^I , ϕ] 1 2 ( δΩ δξ + 1 ) + Π_Ψ[ξ^I , ϕ] Ω⟨V ⟩ 1 2 ( δΩ δξ − 1 ) = Ψ[ξ^I , ϕ]

. (61)

The first equation of the system (61) yields the relation δΩ δξ = 1 = ∫ Σ(ϕ)

δϕ^′, (62)

where the last integral arises by the first formula in (51), which after application to the second equation gives the self-consistent identity Ψ[ξ^I , ϕ] = Ψ[ξ^I , ϕ]. It means also that the volume Ω(ξ, ϕ) is ϕ-invariant, i.e. Ω(ξ, ϕ) = ∫ Σ(ξ)

δξ^′ = Ω(ξ). (63)

Directly from (55) the probability density can be deduced easily as

|Ψ[ξ, ϕ]|^2 = (Ψ[ξ^I , ϕ])^2 cosh^2 [ Ω √ ⟨V ⟩ ] + + (Π_Ψ[ξ^I , ϕ])^2 (⟨V ⟩)^{−1} sinh^2 [ Ω √ ⟨V ⟩ ] + + Ψ[ξ^I , ϕ]Π_Ψ[ξ^I , ϕ] (√ ⟨V ⟩ )_{−1} sinh [ 2Ω √ ⟨V ⟩ ] , (64) and in the light of the relation (40) it simplifies to

|Ψ[ξ, ϕ]|^2 = (Ψ[ξ^I , ϕ])^2 cosh^2 [ Ω √ ⟨V ⟩ ] +(Π_Ψ[ξ^I , ϕ])^2 (⟨V ⟩)^{−1} sinh^2 [ Ω √ ⟨V ⟩ ] . (65) Putting by hands the following separation conditions

Ψ[ξ^I , ϕ] = Ψ[ξ^I ]Γ_Ψ[ϕ] , Π_Ψ[ξ^I , ϕ] = Π_Ψ[ξ^I ]Γ_Π[ϕ], (66)

where Γ_Ψ and Γ_Π are functionals of ϕ only and Ψ[ξ^I ], and Π_Ψ[ξ^I ] are constant functionals, and applying the usual normalization one obtains the simple constraint ∫ Σ(ξ,ϕ) |Ψ[ξ^′, ϕ^′]|^2δξ^′δϕ^′ = 1 −→ A(Π_Ψ[ξ^I ])^2 + B(Ψ[ξ^I ])^2 − 1 = 0, (67)

where the constants A and B are given by the integrals A = ∫ Σ(ξ,ϕ) Γ_Π[ϕ^′] (⟨V^′⟩)^{−1} sinh^2 [ Ω^′ √ ⟨V^′⟩ ] δξ^′δϕ^′, (68) B = ∫ Σ(ξ,ϕ) Γ_Ψ[ϕ^′] cosh^2 [ Ω^′ √ ⟨V^′⟩ ] δξ^′δϕ^′, (69) which in our assumption are convergent and finite. The equation (67), however, can be solved straightforwardly. In result one obtains the relation

Π_Ψ[ξ^I ] = ± √ 1 A − B A (Ψ[ξ^I ])^2, (70)

which together with Π_Ψ[ξ^I , ϕ] = δΨ[ξ^I , ϕ] δξ^I and (66 yields differential equation 1 Γ[ϕ] δΨ[ξ^I ] δξ^I = ± √ 1 A − B A (Ψ[ξ^I ])^2, (71)

where Γ[ϕ] ≡

Γ_Π[ϕ] Γ_Ψ[ϕ]

, which can be integrated √ A ∫ δΨ[ξ^I ] √ 1 − B(Ψ[ξ^I ])^2

= ±Γ[ϕ]ξ^I + C, (72)

where C is a constant of integration, with the result √ A/B arcsin {√ B/AΨ[ξ^I ] } = ±Γ[ϕ]ξ^I + C, (73) so that after elementary algebraic manipulations one obtains

Ψ[ξ^I ] = √ A/B sin θ(ξ^I , ϕ), (74) where θ(ξ^I , ϕ) = √ B/A ( ±Γ[ϕ]ξ^I + C ) , (75)

However, because Ψ[ξ^I ] must be a functional of ξ^I only, must holds Γ[ϕ] = Γ_0, where Γ_0 is a constant, for which θ(ξ^I , ϕ) = θ(ξ^I ). Taking into account the relation (70) one obtains finally

Ψ[ξ^I ] = √ A/B sin θ(ξ^I ) , Π_Ψ[ξ^I ] = ± √ 1 A − sin^2 θ(ξ^I ). (76)

In the light of the equation (40), however, must holds one of the relations

sin θ(ξ^I ) ≡ 0 , sin θ(ξ^I ) = ± √ 1/A. (77) The first relation in (77) means that √ B/A ( ±Γ_0ξ^I + C ) = kπ −→ ξ^I = ± 1 Γ_0 (√ A/Bkπ − C ) , (78)

where k ∈ Z is an integer. Similarly the second relation in (77) gives

ξ^I = ± 1 Γ_0 ( ± √ A/B arcsin √ 1/A − C ) . (79)

For the first case one has

Ψ[ξ^I ] = 0 , Π_Ψ[ξ^I ] = ± √ 1/A, (80) and for the second one hold

Ψ[ξ^I ] = ± √ 1/B , Π_Ψ[ξ^I ] = 0. (81)

Finally we see that the generalized one-dimensional wave function (55) is

Ψ[ξ, ϕ] = ±Γ_Ψ[ϕ]Γ_0 √ 1 A (√ ⟨V ⟩(ξ, ϕ) )_{−1} sinh [ Ω(ξ) √ ⟨V ⟩(ξ, ϕ) ] , (82)

in the first case of (77), and for the second one

Ψ[ξ, ϕ] = ±Γ_Ψ[ϕ] √ 1 B cosh [ Ω(ξ) √ ⟨V ⟩(ξ, ϕ) ] . (83)

6 General solution

The general solutions of the Wheeler–DeWitt equation (17) can be now constructed immediately from the generalized one-dimensional solutions (82) and (83) by putting in the integrals

Ω(ξ) = ∫ Σ(ξ,ϕ) δξ^′ , ⟨V ⟩(ξ, ϕ) = 1 Ω(ξ) ∫ Σ(ξ) δξ^′V [ξ^′, ϕ], (84) the ξ-measure following form combination of the relations (30) and (31) δξ = √ 2 3 √ hh^{ij} δh_{ij} . (85) Because, however, the potential V [ξ, ϕ] has a form

V [ξ, ϕ] =^{(3)}R[ξ] − 2Λ − 6ϱ[ϕ], (86)

one has nice separability ⟨V ⟩(ξ, ϕ) = 1 Ω(ξ) ∫ Σ(ξ)

δξ^{′ (3)}R[ξ^′] − 2Λ − 6ρ[ϕ], (87)

so that in fact for a concrete 3-dimensional embedding we should estimate the functional average of the 3-dimensional Ricci scalar

⟨^{(3)}R[h]⟩ = 1 Ω(h_{ij} ) ∫ Σ(h_{ij} ) δh^′_{ij} √ 2 3 √ h^′h^{ij ′ (3)}R[h^′], (88)

where Ω(h_{ij} ) = ∫ Σ(h_{ij} ) δh^′_{ij} √ 2 3 √ h^′h^{ij ′}, (89) which yields the functional average of the potential ⟨V ⟩(h_{ij}, ϕ) = ⟨^{(3)}R[h]⟩ − 2Λ − 6ρ[ϕ]. (90) Using the formula (90) within the solutions (82) and (83) one obtains the general solutions of the Wheeler–DeWitt equation due to the 1D conjecture

Ψ[h_{ij} , ϕ] = ±Γ_Ψ[ϕ]Γ_0 √ 1 A (√ ⟨V ⟩(h_{ij} , ϕ) )_{−1} sinh [ Ω(h_{ij} ) √ ⟨V ⟩(h_{ij} , ϕ) ] , (91)

Ψ[h_{ij} , ϕ] = ±Γ_Ψ[ϕ] √ 1 B cosh [ Ω(h_{ij} ) √ ⟨V ⟩(h_{ij} , ϕ) ] . (92)

Here the constants A and B are defined as the integrals

A = √ 2 3 Γ_0 ∫ Σ(h_{ij} ,ϕ) Γ_Ψ[ϕ^′] sinh^2 [ Ω(h^′_{ij} ) √ ⟨V ⟩(h^′_{ij}, ϕ^′) ] ⟨V ⟩(h^′_{ij}, ϕ^′) √ h^′h^{ij ′}δh^′_{ij} δϕ^′, (93) B = √ 2 3 ∫ Σ(h_{ij} ,ϕ) Γ_Ψ[ϕ^′] cosh^2 [ Ω(h^′_{ij} ) √ ⟨V ⟩(h^′_{ij} , ϕ^′) ] √ h^′h^{ij ′}δh^′_{ij} δϕ^′, (94) and assumed to be convergent and finite. Using for the solutions (91) and (92) the usual normalization condition ∫ Σ(h_{ij} ,ϕ) |Ψ[h_{ij}, ϕ]|^2 √ 2 3 √ h^′h^{ij′}δh^′_{ij}δϕ = 1, (95) leads to the relations

|Γ_Ψ[ϕ]Γ_0|^2 = 1 , Γ_Ψ[ϕ]Γ_0 = 1, (96)

which yield Γ_Ψ[ϕ] = 1/Γ_0, Γ_0 = 1, so that finally one obtains

Ψ_1[h_{ij} , ϕ] = ± √ 1 A (√ ⟨V ⟩(h_{ij} , ϕ) )_{−1} sinh [ Ω(h_{ij} ) √ ⟨V ⟩(h_{ij} , ϕ) ] , (97)

Ψ_2[h_{ij} , ϕ] = ± √ 1 B cosh [ Ω(h_{ij} ) √ ⟨V ⟩(h_{ij}, ϕ) ] , (98)

where now A = √ 2 3 ∫ Σ(h_{ij} ,ϕ) sinh^2 [ Ω(h^′_{ij} ) √ ⟨V ⟩(h^′_{ij}, ϕ^′) ] ⟨V ⟩(h^′_{ij} , ϕ^′) √ h^′h^{ij′}δh^′_{ij}δϕ^′, (99) B = √ 2 3 ∫ Σ(h_{ij} ,ϕ) cosh^2 [ Ω(h^′_{ij} ) √ ⟨V ⟩(h^′_{ij} , ϕ^′) ] √ h^′h^{ij ′}δh^′_{ij} δϕ^′. (100) The solutions (97) and (101) describe two independent states in the quantum gravity model given by the Wheeler–DeWitt equation (17).

Because, however, the equation (17) is linear, in general the superposition

Ψ[h_{ij} , ϕ] = ∑ i=1,2 α_iΨ_i[h_{ij} , ϕ] (101)

where α_i are arbitrary constants, is its a general solution. In the light of the normalization condition (95), it means that the constraint holds

|α_1|^2 + |α_2|^2 + (α^⋆_1α_2 + α_1α^⋆_2)I = 1, (102) where I = √ 1 AB ∫ Σ(h_{ij} ,ϕ) sinh [ 2Ω(h^′_{ij} ) √ ⟨V ⟩(h^′_{ij} , ϕ^′) ]

2 √ ⟨V ⟩(h^′_{ij}, ϕ^′) √ 2 3 √ h^′h^{ij ′}δh^′_{ij} δϕ^′. (103) For vanishing I = 0 one obtains form (102) simply |α_2| = √ 1 − |α_1|^2 , |α_1| ⩾ 1. (104) The case of I ≠ 0 is more complicated. Note that (102) can be rewritten in form

(α_1 + α_2I)α^⋆_1 + (α_2 + α_1I)α^⋆_2 = 0 −→ α^⋆_1 α^⋆_2 = −α_1I + α_2 α_1 + α_2I

, (105) or in the equivalent form Cα^⋆_1 = −α_1I + α_2 , Cα^⋆_2 = α_1 + α_2I, (106) where 0 ≠ C ∈ R. The relations (106) establish the absolute values on C|α_1|^2 = −α^2_1I + α_2α_1 , C|α_2|^2 = α_1α_2 + α^2I, (107) which after mutual adding and using of (102) yields the equation CI[(α^⋆_1 − α_2)α_2 + (α^⋆_2 + α_1)α_1] = α_1α_2 + α_2α_1, (108) which gives the relations CI(α^⋆_1 − α_2) = α_1 , CI(α^⋆_2 + α_1) = α_2. (109) Using of the complex decomposition for α and α_2 within (109) leads to ℜα_2 = (CI − 1)ℜα_1 , ℑα_2 = (CI − 1)ℑα_1, (110) or equivalently α_2 = (CI − 1)α_1 , |α_2|^2 = (CI − 1)^2|α_1|^2. (111) Employing (111) within the constraint (102) yields to |α_1|^{−2} = IC^2 + (I^2 − 2I)C − I + 2. (112) Because, however, both |α_i|^2 ∈ R as squares of absolute values, one obtains the region of values of the constant C in dependence on the integral I C ∈ [−∞, C_−] ∪ [C_+, ∞] , C_± = I − 2 2 [ 1 ± √ 1 − 4 I(I − 2) ] , (113)

where for C_± ∈ R the condition I ∈ [−∞, 1 − √ 5] ∪ [1 + √ 5, ∞] holds.

7 Outlook

This paper has discussed the selected consequence arising due to application of the generalized one-dimensional conjecture within the Wheeler–DeWitt quantum geometrodynamics. We have shown that employing the conjecture immediately yield construction of a general solution. The obtained formulation in general uses the Lebesgue–Stieltjes 1D integrals. There are open problems related to the novel wave functions. Especially, black holes exploration by the presented method seems to be intriguing. Similarly discussion of non vanishing cosmological constant, and conformal flat classical solutions are interesting. The other problem is generalization of the results for the case of D-branes.

Acknowledgements

Author thanks Profs. I. Ya. Aref’eva, K. A. Bronnikov, I. L. Buchbinder and V. N. Pervushin for many valuable discussions.

References

[1] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro, Effective Action in Quantum Gravity. Institute of Physics Publishing (1992); D. J. Gross, T. Piran, and S. Weinberg (eds.), Two Dimensional Quantum Gravity and Random Surfaces. World Scientific (1992); M. C. Bento, O. Bertolami, J. M. Mourão, and R. F. Picken (eds.), Classical and quantum gravity. World Scientific (1993); G. Esposito, Quantum Gravity, Quantum Cosmology and Lorentzian Geometries. Springer (1994);

E. Prugovečki, Principles of Quantum General Relativity. World Scientific (1995);

R. Gambini and J. Pullin, Loops, Knots, Gauge Theories and Quantum Gravity. Cambridge University Press (1996);

G. Esposito, A. Yu. Kamenshchik, and G. Pollifrone, Euclidean Quantum Gravity on Manifolds with Boundary. Springer (1997); I. G. Avramidi, Heat Kernel and Quantum Gravity. Springer (2000); S. Carlip, Quantum Gravity in 2+1 Dimensions. Cambridge University Press (2003);

C. Rovelli, Quantum Gravity. Cambridge University Press (2004); A. Gomberoff and D. Marolf (eds.), Lectures on Quantum Gravity. Springer (2005);

D. Rickles, S. French, and J. Saatsi (eds.), The Structural Foundations of Quantum Gravity. Clarendon Press (2006);

D. Gross, M. Henneaux, and A. Sevrin (eds.), The Quantum Structure of Space and Time. World Scientific (2007);

C. Kiefer, Quantum Gravity. 2nd ed., Oxford University Press (2007); T. Thiemann, Modern Canonical Quantum General Relativity. Cambridge University Press (2007).

[2] D. Giulini, C. Kiefer and C. Lämmerzahl (eds.), Quantum Gravity. From Theory To Experimental Search. Springer (2003);

G. Amelino-Camelia and J. Kowalski-Glikman (eds.), Planck Scale Effects in Astrophysics and Cosmology. Springer (2005); B. Fauser, J. Tolksdorf, and E. Zeidler (eds.) Quantum Gravity. Mathematical Models and Experimental Bounds. Birkhäuser (2007); D. Oriti, Approaches to Quantum Gravity. Toward a New Understanding of Space, Time, and Matter. Cambridge University Press (2009).

[3] L. A. Glinka, arXiv:0808.1035[gr-qc] to appear in Gravitation and Cosmology; Concepts Phys. 6, 19 (2009) arXiv:0809.5216[gr-qc]; New Adv. Phys. 2, 1 (2008) arXiv:0803.1533[gr-qc]

[4] L. A. Glinka, arXiv:gr-qc/0612079 to appear in Gravitation and Cosmology; SIGMA 3, 087 (2007) arXiv:0707.3341 [gr-qc]; AIP Conf. Proc. 1018, 94 (2008) arXiv:0801.4157 [gr-qc]

[5] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation. Freeman (1973); R. M. Wald, General Relativity. University of Chicago (1984); L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics Vol. 2. The Classical Theory of Fields. 4th ed., Butterworth (2000); S. Carroll, Spacetime and Geometry. An introduction to General Relativity. Addison–Wesley (2004).

[6] J. W. York, Phys. Rev. Lett. 28, 1082 (1972); G. W. Gibbons and S. W.

Hawking, Phys. Rev. D 15, 2752 (1977).

[7] J. F. Nash, Ann. Math. 56, 405 (1952); ibid. 63, 20 (1956); S. Masahiro, Nash Manifolds. Lect. Notes Math. 1269, Springer (1987); M. Günther, Ann. Global Anal. Geom. 7, 69 (1989); Math. Nachr. 144, 165 (1989).

[8] R. Arnowitt, S. Deser and Ch.W. Misner, in Gravitation: An Introduction to Current Research, ed. by L. Witten, p. 227, Wiley (1962). arXiv:gr-qc/0405109 and references therein.

[9] A. Hanson, T. Regge, and C. Teitelboim, Constrained Hamiltonian Systems. Accademia Nazionale dei Lincei (1976).

[10] B. S. DeWitt, Phys. Rev. 160, 1113 (1967).

[11] P. A. M. Dirac, Lectures on Quantum Mechanics. Belfer Graduate School of Science, Yeshiva University (1964).

[12] J. A. Wheeler, Geometrodynamics. Academic Press (1962); Einsteins Vision. Springer (1968).

[13] A. O. Barvinsky and D. V. Nesterov, Nucl. Phys. B 608, 333 (2001);

M. J. W. Hall, K. Kumar, and M. Reginatto, J. Phys. A: Math. Gen. 36, 9779 (2003); T. Kubota, T. Ueno, and N. Yokoi, Phys. Lett. B 579, 200 (2004); N. Pinto-Neto, Found. Phys. 35, 577 (2005); C. Kiefer, T. Lück, and P. Moniz, Phys. Rev. D 72, 045006 (2005); B. M. Barbashov, V. N. Pervushin, A. F. Zakharov, and V. A. Zinchuk, AIP Conf. Proc. 841, 362 (2006); A. B. Henriques, Gen. Rel. Grav. 38, 1645 (2006); M. P. Dabrowski, C. Kiefer, and B. Sandhöfer, Phys. Rev. D 74, 044022 (2006); V. N. Pervushin and V. A. Zinchuk, Phys. Atom. Nucl. 70, 593 (2007); R. Carroll, Theor. Math. Phys. 152, 904 (2007). Ch. Soo, Class. Quantum Grav. 24, 1547 (2007); P. Gusin, Phys. Rev. D 77, 066017 (2008); B. S. DeWitt and G. Esposito, Int. J. Geom. Meth. Mod. Phys. 5, 101 (2008); I. Ya. Aref’eva and I. Volovich, Int. J. Geom. Meth. Mod. Phys. 5, 641 (2008).

[14] A. E. Fischer, Gen. Rel. Grav. 15, 1191 (1983); J. Math. Phys. 27, 718 (1986).

[15] L. D. Faddeev, Usp. Fiz. Nauk 136, 435 (1982).

[16] V. V. Fernández, A. M. Moya, and W. A. Rodrigues Jr, Adv. Appl.

Clifford Alg. 11, 1 (2001).