arXiv:0906.3827v1 [gr-qc] 20 Jun 2009

Thermodynamics of space quanta models quantum gravity

Łukasz Andrzej Glinka

E-mail: laglinka@gmail.com

International Institute for Applicable Mathematics & Information Sciences, Hyderabad (India) & Udine (Italy),

B.M. Birla Science Centre, Adarsh Nagar, 500 063 Hyderabad, India

June 23, 2009

Abstract

Canonically quantized 3 + 1 general relativity with the global one dimensionality (1D) conjecture defines the model, which dimensionally reduced and secondary quantized yields the 1D quantum field theory wherein generic one-point correlations create physical scales.

This simple quantum gravity model, however, can be developed in a wider sense. In this paper we propose to consider ab initio thermodynamics of space quanta as the quantum gravity phenomenology. The thermodynamics is constructed in the entropic formalism.

Keywords quantum gravity models ; 3 + 1 general relativity ; low dimensional quantum field theories ; global one-dimensionality ; thermodynamics of space quanta.

PACS 04.60.-m ; 05.30.Jp ; 05.70.Ce; 11.10.Kk ; 98.80.Qc

1 Introduction

Both the theory and phenomenology of quantum gravity possess the most fundamental meaning for the contemporary theoretical physics. Possibly the theory of quantized gravitational fields will able to predict unknown facts and open way for new physics. The efforts of many generations of physicists and mathematicians working on quantum gravity unquestionably have given significant contribution to science. In this a great success, however, understanding the physical role of quantum gravity seems to be still very distant and intriguing perspective (For some proposals see e.g. Ref. [1]).

In this paper we discuss the next implication following form the simple model of quantum gravity [2] having strict roots in the generic quantum cosmology [3]. The model was constructed within the Wheeler–DeWitt theory, called quantum geometrodynamics, with taking into account the global onedimensional conjecture. The conjecture states that geometrodynamical wave functions are dependent on the one dimension only, that is an embedding volume form. It follows from the assumption that matter fields are functional of a volume form only. It reduces the Wheeler–DeWitt theory to the superspace strata, called minisuperspace. By application of the dimensional reduction the resulting model can be presented in the Dirac equation form with the Euclidean Clifford algebra Cℓ_{1,1}(R), and by appropriate diagonalization procedure the equation can be quantized in the Fock space. Obtained 1D quantum field theory defines quantum gravity model, wherein quantum correlations yield physical scales.

However, the investigated simple model of quantum gravity can be developed and applied. This paper gives one of its possible physical implications, that is thermodynamics of space quanta. By space quanta we understand quantum states of a 3-dimensional embedding. The Fock space formulation gives a possibility to consider density matrix related to the model, and build formal thermodynamics. As the example we are discussing the one-particle approximation. Entropy and energy are calculated, and their appropriate renormalization is done. In result we obtain the 2nd order Eulerian system, and all thermodynamic quantities are calculated in frames of the standard statistical mechanics by application of first principles only, i.e. thermodynamics is done ab initio. In this way we receive the model of quantum gravity strictly related to phenomenology.

Structurally the paper is organized as follows. The preliminary section 2 briefly presents the simple model of quantum gravity. Section 3 is devoted to the development of the model, that is the thermodynamics of space quanta. In the final section 4 the new results are discussed.

2 The simple quantum gravity model

Let us summarize the quantum gravity model [2]. Regarding general relativity [4] spacetime is a 4-dimensional pseudo-Riemannian manifold (M, g) with a metric g_{μν} satisfying the Einstein field equations R_{μν} − 1 2 g_{μν}^{(4)}R + g_{μν} Λ = 3T_{μν} , (1)

where units c = 8πG/3 = 1 were used, R_{μν} is the second fundamental form, (4)R is the scalar curvature, Λ is cosmological constant, and T_{μν} is the stressenergy tensor arising from a Matter fields Lagrangian L_ψ by T_{μν} = − 2 √ −g δS_ϕ δg^{μν} , S_ϕ = ∫ d^4x √ −gL_ψ. (2) For M closed, having a boundary (∂M, h) with an induced metric h_{ij} and the Gauss curvature tensor K_{ij}, (1) are equations of motion for the Einstein– Hilbert action supplemented by the York–Gibbons–Hawking term [5] S[g] = ∫ M d^4x √ −g { − 1 6 (4)R + Λ 3 } + S_ϕ − 1 3 ∫ ∂M d^3x √ hK, (3) where K = h^{ij}K_{ij} . One can parameterize a metric by the 3 + 1 splitting [7] g_{μν} = [ −N^2 + N_iN^i N_j N_i h_{ij} ] , N^i = h^{ij} N_j , h_{ik}h^{kj} = δ^j_i , (4)

which for stationary ϕ arises by a timelike Killing vector field and global spacelike foliation t = const on M, and satisfies the Nash embedding theorem [6]. With this (3) takes the Hamilton form S = ∫ dtL with the Lagrangian L = ∫ ∂M d^3x { πṄ + π^iṄ_i + π^{ij}ḣ_{ij} + π_ϕϕ̇ − NH − N_iH^i } , (5)

π_ϕ = ∂L_ϕ ∂ϕ̇ , π = ∂L ∂Ṅ , π^i = ∂L ∂Ṅ_i , (6) π^{ij} = ∂L ∂ḣ_{ij} = √ h ( h^{ij} K − K^{ij} ) , ḣ_{ij} = N_{i|j} + N_{j|i} − 2NK_{ij} , (7) H = √ h { K^2 − K_{ij} K^{ij} +^{(3)}R − 2Λ − 6ϱ } , H^i = −2π^{ij}_{;j}, (8)

where ϱ = n^μn^ν T_{μν} , n^μ = (1/N) [1, −N^i],^{(3)}R = h^{ij}R_{ij} . Time-preservation of the primary constraints [8, 9] yields the secondary ones

π ≈ 0 , π^i ≈ 0 −→ H ≈ 0 , H^i ≈ 0 (9) called the Hamiltonian (scalar) and the diffeomorphism (vector) constraint. Vector constraint reflects spatial diffeoinvariance, scalar one is dynamical. Regarding DeWitt [9] H^i generates the diffeomorphisms ~x^i = x^i + ξ^i i [ h_{ij} , ∫ ∂M H_aξ^ad^3x ] = −h_{ij,k}ξ^k − h_{kj}ξ^k_{,i} − h_{ik}ξ^k_{,j} , (10) i [ π^{ij} , ∫ ∂M H_aξ^ad^3x ] = − ( π^{ij}ξ^k ) ,k + π^{kj}ξ^i_{,k} + π^{ik}ξ^j_{,k} , (11) and the first-class constraints algebra holds

i [H_i(x), H_j(y)] = ∫ ∂M H_ac^a_{ij} d^3z , i [H(x), H_i(y)] = Hδ^{(3)}_{,i} (x, y), (12) i [∫ ∂M Hξ_1d^3x, ∫ ∂M Hξ_2d^3x ] = ∫ ∂M H^a (ξ_{1,a}ξ_2 − ξ_1ξ_{2,a}) d^3x. (13)

Here H_i = h_{ij} H^j, and c^a_{ij} = δ^a_i δ^b_j δ^{(3)}_{,b} (x, z)δ^{(3)}(y, z) − (i ↔ j, x ↔ y) are the structure constants of the spatial diffeomorphism group. The canonical quantization [8, 10] i [π^{ij} (x), h_{kl}(y)] = 1 2 ( δ^i_kδ^j_l + δ^i_l δ^j_k ) δ^{(3)}(x, y), (14) i [π^i(x), N_j (y)] = δ^i_j δ^{(3)}(x, y) , i [π(x), N(y)] = δ^{(3)}(x, y), (15)

applied to the Hamiltonian constraint into the Hamilton–Jacobi form [11] G_{ijkl}π^{ij}π^{kl} − √ h (_{(3)} R − 2Λ − 6ϱ ) = 0, (16)

where G_{ijkl} is the Wheeler metric on superspace [12] G_{ijkl} ≡ 1 2 √ h (h_{ik}h_{jl} + h_{il}h_{jk} − h_{ij}h_{kl}) , (17) yields the Wheeler–DeWitt equation [9, 13, 14] modeling quantum gravity { G_{ijkl} δ^2 δh_{ij}δh_{kl} + h^{1/2}

(_{(3)} R − 2Λ − 6ϱ ) } Ψ[h_{ij} , ϕ] = 0. (18)

Other first-class reflect diffeoinvariance of a wave function Ψ[h_{ij} , ϕ]

πΨ[h_{ij} , ϕ] = 0, π^iΨ[h_{ij} , ϕ] = 0, H^iΨ[h_{ij} , ϕ] = 0. (19)

The Wheeler–DeWitt equation (18) is independent on time quantum mechanics on the superspace of 3-dimensional embeddings. The simple model reduces the superspace to its strata, called minisuperspace.

The simple model assumes that Matter fields are one-dimensional (1D) functionals ϕ = ϕ[h] , h = 1 3 ε^{ijk}ε^{abc}h_{ia}h_{jb}h_{kc} , (20) where ε is the Levi-Civita tensor, so that the conjectured 1D wave functions

Ψ[h_{ij} , ϕ] → Ψ[h], (21)

satisfy the global one-dimensional evolution { G_{ijkl} δ^2 δh_{ij} δh_{kl} + h^{1/2}

(_{(3)} R − 2Λ − 6ϱ[h] )} Ψ[h] = 0. (22)

Assumption (21) is analogous to the generic model [3], but the 1D theory (22) holds for nonhomogeneous isotropic quantum cosmologies.

Considering the Jacobi rule for differentiation of a determinant [4] together with the 3 + 1 splitting (4) one obtains δg = gg^{μν}δg_{μν} −→ N^2δh = N^2hh^{ij}δh_{ij} , (23) which reduces the differential operator in (22) δ δh_{ij} Ψ[h] = hh^{ij} δ δh Ψ[h] −→ G_{ijkl} δ^2 δh_{ij}δh_{kl} Ψ[h] = − 3 2 h^{3/2} δ^2 δh^2 Ψ[h], (24)

and yields the simple 1D quantum gravity model ( δ^2 δh^2 − m^2 ) Ψ = 0 , m^2 = 2 3h (_{(3)} R − 2Λ − 6ϱ[h] ) . (25)

where m is the mass of the classical field Ψ[h]. In fact (25) is a field-theoretic equation of motion δS[Ψ]/δΨ = 0 for the Euclidean action

S[Ψ] = ∫ δhL[Ψ, Π_Ψ] , L = 1 2 Π^2_Ψ + m^2 2 Ψ^2, (26)

where Π_Ψ = δΨ δh is conjugate momentum which allows rewrite (25) in twocomponent model in the Dirac equation form ( iγ δ δh − M ) Φ = 0 , Φ = [ Π_Ψ Ψ ] , M = [ 1 0 0 −m^2 ] , (27)

with the Euclidean Clifford algebra Cℓ_{1,1}(R) [15] γ = [ 0 −i i 0 ] , γ^2 = I , {γ, γ} = 2δ_E , δ_E = [ 1 0 0 1 ] , (28) having a 2D complex representation. Restricting to P in_{1,1}(R) yield a 2D spin representations; restricting to Spin_{1,1}(R) splits it onto a sum of two 1D Weyl representations; Cℓ_{1,1}(R) decomposes into a direct sum of two isomorphic central simple algebras or a tensor product Cℓ_{1,1}(R) = Cℓ^+_{1,1}(R) ⊕ Cℓ^−_{1,1}(R) = Cℓ_{2,0}(R) ⊗ Cℓ_{0,0}(R), (29)

Cℓ_{1,1}(R) ∼= R(2) , Cℓ^±_{1,1}(R) = 1 ± γ 2 Cℓ_{1,1}(R) ∼= R , Cℓ_{0,0}(R) ∼= R. (30)

The Dirac equation (27) can be rewritten in the dynamical Fock reper B

Φ = Q B, Q = [ 1/ √ 2|m| 1/ √ 2|m| −i √ |m|/2 i √ |m|/2 ] , (31) B = {[ G[h] G^†[h] ] : [ G[h^′], G^†[h] ] = δ (h^′ − h) , [G[h^′], G[h]] = 0 } . (32)

Determining a reper F by the diagonalization due to the Bogoliubov transformation and the Heisenberg equations of motion F = [ u v v^∗ u^∗ ] B , δF δh = [ −iΩ 0 0 iΩ ] F, (33)

where |u|^2 − |v|^2 = 1, u, v, Ω are functionals of h, one obtains δb δh = Xb , b = [ u v ] , Ω ≡ 0, (34)

so that F is the Fock the initial data static reper (I) with correct vacuum F = {[ G_I G^†_I ] : [ G_I , G^†_I ] = 1, [G_I , G_I ] = 0 } , G_I |VAC⟩ = 0, (35)

and integrability of (34) can be done in the superfluid parametrization u = μ + 1 2 √ μ e^{iθ} , v = μ − 1 2 √ μ e^{−iθ} , θ = m_I ∫_h h_I μ^′δh^′, (36)

where μ ≡ μ[h], μ^′ = μ[h^′] is a mass scale. In result one obtains the solution

Φ = Q G F , G = [ u^⋆ −v^⋆ −v u ] , (37)

and particulary one establishes the field operator and the generic one-point correlator Ψ = 1 √ 2m_I ( e^{−iθ} 2μ G_I + e^{iθ} 2μ G^†_I ) , ⟨VAC| Ψ^†[h]Ψ[h] |VAC⟩ = 1 μ^2

, (38)

where the quantum correlator was normalized to unity in h_I . The static reper formulation defines the concept of space quanta - the quantized fields associated with an 3-dimensional embedding.

3 The thermodynamics

Thermodynamic equilibrium corresponding to quantum field theory in the static Fock reper, allows using of first principles of statistical mechanics [16], and formulate ab initio thermodynamics of space quanta. Let us test the one-particle density matrix approximation.

3.1 One-particle density matrix. Entropy and energy

In the one-particle approximation the density operator D is equivalent to an occupation number operator. Thermodynamic equilibrium is determined with respect to the static reper, so that the one-particle density matrix in equilibrium D is given by the Von Neumann–Heisenberg picture

D = G^†G = F^†D F, (39) D = 1 4μ [ (μ + 1)^2 1 − μ^2 1 − μ^2 (μ − 1)^2 ] . (40)

Note that det D = 0, that means in the one-particle approximation the corresponding thermodynamics is not invertible. Employing (40) one can establish the occupation number value N = Tr (D^2 ) TrD = μ^2 + 1 2μ , (41)

and the entropy can be derived from its basic definition S = − Tr(D ln D ) TrD = ∞∑ n=1 n∑ k=1 (−1)^k n ( n k − 1 ) S_k, (42)

where (_n m ) are the Newton binomial symbols, and

S_k =

Tr(D^k ) TrD = N^{k−1}, (43)

are cluster entropies. The series (42) converges for the spectral radius values

ρ(D − I) < 1 =⇒ μ ∈ (1; 2 + √ 3), (44)

or equivalently for m ∈ (1; 2 + √ 3)m_I , with the result S = − ζ(1) 2 ( μ^2 − 1 μ^2 + 1

)_2 − μ^4 + 6μ^2 + 1

(μ^2 + 1)^2 ln (μ − 1)^2 2μ , (45) where ζ(s) = ∑_∞ n=1 1 n^s is the Riemann zeta function; ζ(1) is formally infinite.

Note that by straightforward application of the Hagedorn hadronization formula m ∼ T_H [17], where m is the mass of the system, one can establishes the hadronized temperature as T_H T_I = μ, (46)

where k_BT_I = m_I c^2. By the relation ⟨m⟩c^2 ∼ k_B ⟨T_H ⟩ one obtains averaged hadronized temperature normalized to T_I value ⟨ T_H T_I ⟩ = ⟨μ⟩ = 1 + √ 3 2 ≈ 2.732, (47)

so that one can establish the ratio ⟨T_H ⟩ T_H ∈ (√ 3 − 1 2 , √ 3 + 1 2 ) ≈ (0.366, 1.366) . (48)

Defining anisotropy as ΔT_H = ⟨T_H ⟩ − T_H one derives ΔT_H T_H ∈ (√ 3 − 3 2 , √ 3 − 1 2 ) ≈ (−0.633; 0.366), (49)

so that averaged anisotropy is ⟨ ΔT_H T_H ⟩ = 0.5. (50)

By the first approximation, (47) can be identified with background temperature, e.g. for T_I ∼ 1K it is exactly averaged CMB radiation temperature. Next approximations of the density matrix or fuzzing of the interval μ ∈ (1; 2 + √ 3) will give next orders of the numbers.

In the static reper Hamiltonian matrix H of the system equals H = m 2 ( G^†G + GG^† ) = F^†H F, (51) H = m_I 4 [ 1 + μ^2 1 − μ^2 1 − μ^2 1 + μ^2 ] , (52)

and has discrete spectrum for fixed mass scale

Spec H = {m_I 2 μ^2, m_I 2 } . (53)

The internal energy calculated from the Hamiltonian matrix (52) is U = Tr(D H ) TrD = m_I 4 (μ^2 + 1). (54)

The Hamiltonian matrix H , however, consists constant term H_I

H_I = m_I 4 [ 1 1 1 1 ] (55)

which can be eliminated by simple renormalization

H → H^′ = H − H_I = m_I 4 [ μ^2 −μ^2 −μ^2 μ^2 ] . (56)

The renormalized Hemiltonian spectrum is

Spec H^′ = {m_I 2 μ^2, 0 } , (57)

and straightforward computation of the renormalized internal energy yields the following result

U^′ =

Tr(D H^′ ) TrD = m_I 4 μ^2 ≡ U − U_I , (58)

where U_I = m_I 4 , which has the Eulerian homogeneity of degree 2

U^′[αμ] = α^2U^′[μ]. (59)

In this manner thermodynamics describing space quanta behavior can be formulated in the way typical for the Eulerian systems.

3.2 Ab initio thermodynamics of space quanta

Three elementary physical quantities – occupation number N, internal energy U, and entropy S – was just derived, so that one can conclude formal thermodynamics. Actually the entropy (45) is infinite by the presence of formal infinity ζ(1). Straightforward calculation shows that temperature T = δU/δS arising from the entropy (45) is dependent on ζ(1) and initial data mass m_I . Obtained quantity has the finite limit, if and only if we scale initial data mass m_I → m_I ζ(1). Because mass m is related to length l by m ∼ 1/l, the limit m_I → ∞ corresponds with a point object l_I → 0.

However, scaling of initial data is not good physical procedure, i.e. has not well-defined physical meaning. It can be shown that the entropy renormalization S → −S/ζ(1) in the formal limit ζ(1) → ∞ gives the equivalent result for the thermodynamics with no using initial data scaling. The renormalization corresponds to an initial quantum state of an embedding being a point, and yields perfect accordance with the second law of thermodynamics

S −→ S^′ = lim_{ζ(1)→∞} −S ζ(1) = 1 2 ( μ^2 − 1 μ^2 + 1

)_2 ⩾ 0. (60)

Calculating temperature T of space quanta one obtains T = δU^′ δS^′ = m_I (μ^2 + 1)^3 8(μ^2 − 1)

, (61)

and one sees that initially, i.e. for μ = 1, temperature is infinite. It is the Hot Big Bang (HBB) phenomenon. After HBB system is cooled right up until mass scale value μ_{P T} = √ 2 ≈ 1.414 and then is warmed. In fact μ_{P T} is the phase transition point, namely, the energetic heat capacity C_U having the form C_U = T δS^′ δT = δU^′ δT = (μ^2 − 1)^2 (μ^2 − 2)(μ^2 + 1)^2

, (62)

possesses the singularity in the point μ_{P T} . The generalized law of equipartition δU/δT = f/2 establishes degrees of freedom f number

f = 2C_U . (63)

The Helmholtz free energy F = U^′ − T S^′ that is F = − m_I 16 (μ^4 − 4μ^2 − 1), (64)

is finite for finite m_I , increases since μ = 1 till μ_{P T} , and then decreases. So, the thermal equilibrium point is the HBB point μ_{eq} = 1. In the region of mass scales 1 ⩽ μ < μ_{P T} mechanical isolation is absent, but it is after phase transition μ > μ_{P T} . Calculating the chemical potential ω = δF δN = −m_I μ^3(μ^2 − 2) 2(μ^2 − 1)

, (65)

one sees that in μ_{eq} it diverges and in μ_{P T} it vanishes. Using of (65) together with the occupation number N and the Helmholtz free energy F yields appropriate free energy defined by the Landau grand potential Ω Ω = F − ωN = m_I 3μ^6 + μ^4 − 11μ^2 − 1 16(μ^2 − 1)

, (66) so that the corresponding Massieu–Planck free entropy Ξ can be also derived

Ξ = − Ω T = − 3μ^6 + μ^4 − 11μ^2 − 1 2(μ^2 + 1)^3

, (67)

and consequently the grand partition function Z is established as

Z = e^Ξ = exp { − 3μ^6 + μ^4 − 11μ^2 − 1

2(μ^2 + 1)^3 } . (68)

The 2nd order Eulerian homogeneity yields the equation of state P V/T = ln Z and determines the product of pressure P and volume V as

P V = −Ω, (69)

so together with the Gibbs–Duhem equation V δP = S^′δT + Nδω allows to establish the pressure

|P | = exp { − ∫ ( S + N δω δT ) δT Ω } . (70)

Similarly, the first law of thermodynamics, −δΩ = S^′δT + P δV + Nδω, and the equation of state (69) determine the volume |V | = |Ω|/|P |, which by positiveness is V = |V |. Regarding (69) the pressure P = |P | for Ω = −|Ω| < 0, and P = −|P | for Ω = |Ω| > 0, so that

P = m^7_I a_0 μ^2 − 1

(μ^2 + a_2)^{b2+1} (μ^2 + a_3)^{b3−1}

|μ^2 − a_1|^{b1+1} , iff 1 ⩽ μ ⩽ √ a_1

−m^7_I a_0 μ^2 − 1

(μ^2 + a_2)^{b2+1} (μ^2 + a_3)^{b3−1}

|μ^2 − a_1|^{b1+1} , iff √ a_1 ⩽ μ ⩽ 2 + √ 3 (71)

where a_0 ≈ 6.676 · 10^6 and

a_1 ≈ 1.802 , a_2 ≈ 0.090 , a_3 ≈ 2.046 , (72) b_1 ≈ 0.014 , b_2 ≈ 0.410 , b_3 ≈ 1.092 . (73)

For the mass scales 1 ⩽ μ < √ a_1 P decreases from positive infinity to zero, vanishes in the point μ = √ a_1 ≈ 1.343, and decreases from zero to negative infinity for √ a_1 < μ ⩽ 2 + √ 3. Regarding the relation V = |Ω|/|P |, V is a fixed parameter and can be established as V = 1 16a_0m^6_I 1 |μ^2 − a_1|^{b1}

(μ^2 + a_3)^{b3} (μ^2 + a_2)^{b2}

. (74)

Equivalently the thermodynamics of space quanta can be expressed by the size scale λ = 1 μ . There are the relations relating both the scales with

an occupation number λ = N ( 1 ∓ √ 1 − 1 N^2 ) , μ = N ( 1 ± √ 1 − 1 N^2 ) , (75)

that in the limit of infinite N are equal λ_{N=∞} = {0, ∞} , μ_{N=∞} = {∞, 0} , (76) so there are two possible asymptotic behaviors. The first case, i.e. λ = 0, μ = ∞, can be interpreted with a black hole as well as with HBB, the second one, i.e. λ = ∞, μ = 0, as stable classical physical object.

4 Discussion

In this paper we have presented the next implication of the simple model of quantum gravity [2]. This algorithm has yielded constructive and plausible phenomenology, that is thermodynamics, in the discussed case describing space quanta behavior. The model applies to all 3 + 1 splitted general relativistic spacetimes which satisfy the Mach principle, i.e. are isotropic. Their importance for elementary particle physics, cosmology and high energy astrophysics is experimentally confirmed; one can say that these are phenomenological spacetimes.

As the example of ab initio formulation of thermodynamics we have employed the one-particle approximation of density matrix. The renormalization method was applied for entropy and the Hamiltonian matrix, and has yielded the second order Eulerian homogeneity property. The Landau grand potential Ω and the Massieu–Planck free entropy Ξ was used in the thermodynamic description. Grand partition function Z was established. Thermodynamic volume V was determined as fixed parameter. Other thermodynamical potentials was derived in frames of the entropic formalism, that accords with the first and the second principles of thermodynamics. Physical information following from the thermodynamics of space quanta is the crucial point of the presented construction. Actually the approach of this paper differ from other ones (Cf. e.g. [18]) by ab initio quantum gravity phenomenology.

In our opinion studying special physical phenomena by the proposed approach seems to be the most important prospective arising from the thermodynamics of space quanta. From experimental point of view the presented considerations possess possible usefulness, because of bosonic systems are common in high energy physics.

Acknowledgements

Author thanks Prof. I. L. Buchbinder for valuable suggestions in correction of the primary notes, and is grateful to Profs. A. B. Arbuzov, I. Ya. Aref’eva, K. B. Bronnikov, and V. N. Pervushin for discussions.

References

[1] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro, Effective Action in Quantum Gravity. Institute of Physics Publishing (1992); D. J. Gross, T. Piran, and S. Weinberg (eds.), Two Dimensional Quantum Gravity and Random Surfaces. World Scientific (1992); G. W. Gibbons and S. W. Hawking (eds.), Euclidean Quantum Gravity. World Scientific (1993);

G. Esposito, Quantum Gravity, Quantum Cosmology and Lorentzian Geometries. Springer (1994);

J. Ehlers and H. Friedrich (eds.), Canonical Gravity: From Classical to Quantum. Springer (1994);

E. Prugovečki, Principles of Quantum General Relativity. World Scientific (1995);

R. Gambini and J. Pullin, Loops, Knots, Gauge Theories and Quantum Gravity. Cambridge University Press (1996);

G. Esposito, A. Yu. Kamenshchik, and G. Pollifrone, Euclidean Quantum Gravity on Manifolds with Boundary. Springer (1997); P. Fré, V. Gorini, G. Magli, and U. Moschella, Classical and Quantum Black Holes. Institute of Physics Publishing (1999); I. G. Avramidi, Heat Kernel and Quantum Gravity. Springer (2000); B. N. Kursunoglu, S. L. Mintz, and A. Perlmutter (eds.), Quantum Gravity, Generalized Theory of Gravitation and Superstring Theory- Based Unification. Kluwer (2002);

S. Carlip, Quantum Gravity in 2+1 Dimensions. Cambridge University Press (2003);

D. Giulini, C. Kiefer and C. Lämmerzahl (eds.), Quantum Gravity. From Theory To Experimental Search. Springer (2003); C. Rovelli, Quantum Gravity. Cambridge University Press (2004); G. Amelino-Camelia and J. Kowalski-Glikman (eds.), Planck Scale Effects in Astrophysics and Cosmology. Springer (2005); A. Gomberoff and D. Marolf (eds.), Lectures on Quantum Gravity. Springer (2005);

D. Gross, M. Henneaux, and A. Sevrin (eds.), The Quantum Structure of Space and Time. World Scientific (2007);

C. Kiefer, Quantum Gravity. 2nd ed., Oxford University Press (2007); T. Thiemann, Modern Canonical Quantum General Relativity. Cambridge University Press (2007);

D. Oriti, Approaches to Quantum Gravity. Toward a New Understanding of Space, Time, and Matter. Cambridge University Press (2009).

[2] L. A. Glinka, [arXiv:0808.1035 [gr-qc]] submitted to Gravitation and Cosmology.

[3] L. A. Glinka, AIP Conf. Proc. 1018, 94 (2008) arXiv:0801.4157 [gr-qc];

SIGMA 3, 087 (2007) arXiv:0707.3341 [gr-qc]; arXiv:gr-qc/0612079

[4] Ch. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation. Freeman (1973); R. M. Wald, General Relativity. University of Chicago (1984); L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics Vol. 2. The Classical Theory of Fields. 4th ed., Butterworth (2000); S. Carroll, Spacetime and Geometry. An introduction to General Relativity. Addison–Wesley (2004).

[5] J. W. York, Phys. Rev. Lett. 28, 1082 (1972); G. W. Gibbons and S.

W. Hawking, Phys. Rev. D 15, 2752 (1977).

[6] J. F. Nash, Ann. Math. 56, 405 (1952); ibid. 63, 20 (1956); S. Masahiro, Nash Manifolds. Lect. Notes Math. 1269, Springer (1987); M. Günther, Ann. Global Anal. Geom. 7, 69 (1989); Math. Nachr. 144, 165 (1989).

[7] R. Arnowitt, S. Deser and Ch.W. Misner, in Gravitation: An Introduction to Current Research, ed. by L. Witten, p. 227, Wiley (1962). arXiv:gr-qc/0405109 and all references of the authors’ papers therein; B. DeWitt, The Global Approach to Quantum Field Theory, Vol. 1, 2. Int. Ser. Monogr. Phys. 114, Clarendon Press (2003).

[8] P. A. M. Dirac, Lectures on Quantum Mechanics. Belfer Graduate School of Science, Yeshiva University (1964).

[9] B. S. DeWitt, Phys. Rev. 160, 1113 (1967).

[10] L. D. Faddeev, Usp. Fiz. Nauk 136, 435 (1982).

[11] M. J. W. Hall, K. Kumar, and M. Reginatto, J. Phys. A: Math. Gen.

36, 9779 (2003); N. Pinto-Neto, Found. Phys. 35, 577 (2005); B. M. Barbashov, V. N. Pervushin, A. F. Zakharov, and V. A. Zinchuk, AIP Conf. Proc. 841, 362 (2006); V. N. Pervushin and V. A. Zinchuk, Phys.

Atom. Nucl. 70, 593 (2007); R. Carroll, Theor. Math. Phys. 152, 904 (2007).

[12] J. A. Wheeler, in Relativity, Groups, and Topology. ed. by C. DeWitt and B. S. DeWitt, Gordon and Breach (1964); in Analytic Methods in Mathematical Physics. ed. by R. P. Gilbert and R. Newton, Gordon and Breach (1970); A. E. Fischer, in Relativity. ed. by M. Carmeli, S. I. Fickler, and L. Witten, Plenum (1970); Gen. Rel. Grav. 15, 1191 (1983); J. Math. Phys. 27, 718 (1986).

[13] J. A. Wheeler, Geometrodynamics. Academic Press (1962); Einsteins Vision. Springer (1968).

[14] B. S. DeWitt and G. Esposito, Int. J. Geom. Meth. Mod. Phys. 5, 101 (2008); P. Gusin, Phys. Rev. D 77, 066017 (2008); I. Ya. Aref’eva and I. Volovich Int. J. Geom. Meth. Mod. Phys. 05, 641 (2008); Ch. Soo, Class. Quantum Grav. 24, 1547 (2007); A. B. Henriques, Gen. Rel. Grav. 38, 1645 (2006); M. P. Dabrowski, C. Kiefer, and B. Sandhöfer, Phys. Rev. D 74, 044022 (2006); C. Kiefer, T. Lück, and P. Moniz, Phys. Rev. D 72, 045006 (2005); T. Kubota, T. Ueno, and N. Yokoi, Phys. Lett. B 579, 200 (2004); K. Meissner, Class. Quantum Grav. 21, 5245 (2004); A. Ashtekar, M. Bojowald, and J. Lewandowski, Adv. Theor. Math. Phys. 7, 233 (2003); A. O. Barvinsky and D. V. Nesterov, Nucl. Phys. B 608, 333 (2001).

[15] V. V. Fernández, A. M. Moya, and W. A. Rodrigues Jr, Adv. Appl.

Clifford Alg. 11, 1 (2001).

[16] K. Huang, Statistical Mechanics. 2nd ed., Wiley, New York (1987).

[17] R. Hagedorn, Suppl. Nuovo Cim. 3, 147 (1965); ibid. 6, 169 (1968).

[18] J. Ambjørn, J. Jurkiewicz, and R. Loll, Phys. Rev. Lett. 93, 131 (2004);

F. Markopoulou and L. Smolin, Class. Quantum Grav. 24, 3813 (2007); B. F. L. Ward, Int. J. Mod. Phys. D 17, 627 (2008). M. Bojowald, Class. Quantum Grav. 26, 075020 (2009); A. Ashtekar, W. Kaminski, and J. Lewandowski. Phys. Rev. D 79, 064030 (2009);