arXiv:0906.4430v2 [astro-ph.CO] 30 Oct 2009

Preprint typeset in JHEP style - HYPER VERSION

The extreme limit of the generalized Chaplygin gas

Oliver F. Piattella

Dipartimento di Scienze Fisiche e Matematiche, Università dell’Insubria, Via Valleggio 11, 22100 Como, Italy and INFN, sez. di Milano, Via Celoria 16, 20133 Milano, Italy and Institute of Cosmology and Gravitation, University of Portsmouth, Dennis Sciama Building, Portsmouth PO1 3FX United Kingdom E-mail: oliver.piattella@uninsubria.it

Abstract: Adiabatic Unified Dark Matter models have problems from the point of view of the evolution of small perturbations. This happens essentially because of the presence of a speed of sound which has to be vanishing small in order that the model has a good agreement with observation. In this paper we find a counterexample to this general demeanour. We address the generalized Chaplygin gas model and, basing our analysis on the Integrated Sachs-Wolfe effect, we find that for large values of α (which correspond to large values of the adiabatic speed of sound), the model can be viable. In particular, we produce the constraint α ≳ 350. We then discuss the implications on the background evolution of the Universe if so large values of α are considered.

Keywords: generalized Chaplygin gas, Integrated Sachs-Wolfe effect, matter-radiation equivalence scale, Mészáros effect, SNIa Constitution set..

Contents

1. Introduction 1

2. The ISW effect and the constraining method 3

3. Constraints on the generalized Chaplygin gas 5

4. Calculation of the ISW effect for the extreme limit of the generalized Chaplygin gas 7

5. Background evolution for large α and SNIa data analysis 10

6. Summary and Conclusions 11

1. Introduction

The generalized Chaplygin gas [1] (hereafter gCg) is a cosmological model which has recently raised some interest because of its ability to describe the dynamics of the entire dark sector of the Universe, i.e. Dark Matter and Dark Energy, in terms of a single perfect fluid characterized by the following equation of state: p = − A ρ^α , (1.1)

where p is the pressure, ρ is the density and A and α are positive parameters.

In the setting of the Friedmann-Lemaître-Robertson-Walker cosmological theory, we can easily integrate the energy conservation equation and find that the gCg density evolves as a function of the redshift z as follows: ρ = [ A + B (1 + z)^{3(1+α)}

] 1_{1+α} ; (1.2)

it thus interpolates between a past (z ≫ 1) dust-like phase of evolution, i.e. ρ ∼ (1 + z)^3, and a recent (z ≲ 1) one in which ρ tends asymptotically to a cosmological constant, i.e. ρ ∼ A^{11+α} . In Eq. (1.2) B is a positive integration constant.

The cosmological features of the gCg were first investigated in [1] because the fluid had already raised some attention, especially in connection with string theory. In particular, the equation of state (1.1) can be extracted from the Nambu-Goto action for d-branes moving in a (d + 2)-dimensional spacetime in the lightcone parametrization, see [2]. Also, the gCg is the only fluid which, up to now, admits a supersymmetric generalization, see [3, 4].

– 1 –

From the point of view of cosmology, a possible unification picture between Dark Matter and Dark Energy is particularly appealing, especially in connection with the socalled cosmic coincidence problem, see [5] for much detail about the latter. This motivation prompted an intensive study of the gCg and in general of all those models that share with it the property of unifying (dynamically) Dark Matter and Dark Energy. They are grouped under the class of the so-called Unified Dark Matter (UDM) models.

It must be pointed out that in a conventional cosmological model (i.e. a model in which Dark Matter and Dark Energy are not unified) Dark Matter has the primary role of describing structure formation while Dark Energy has to provide an explanation for the recently observed accelerated expansion of the Universe, [6, 7]. The fundamental task for the gCg is then to account for both those roles.

To this purpose the gCg parameters space (A, α) has been intensively analysed in relation with observation of Large Scale Structures (LSS), Cosmic Microwave Background (CMB), type Ia Supernovae (SNIa), X-ray cluster gas fraction and Baryon Acoustic Oscillations (BAO), see for example [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].

The most instructive constraints concern the parameter α and come from the LSS matter power spectrum and the CMB angular power spectrum analysis. In the former, from [13], the resulting best fit value turns out to be α ≲ 10^{−5}. We can think that this narrow constraint is a flaw of the gCg model because if we take the limit α → 0 in the equation of state (1.1) then we reproduce exactly the ΛCDM model (if A assumes the value of the cosmological constant energy density).

The authors of [19] have found a loophole in this degeneracy problem. Indeed, they have shown that if we consider a baryon component added to the gCg and we compute the matter power spectrum for the baryonic part alone, it turns out that the latter is only poorly affected (at the linear perturbative regime) by the presence of the gCg. The model constituted by gCg plus baryons is therefore in good agreement with LSS observation for all α ∈ (0, 1).

On the other hand, even if the “baryon loophole” allows to circumvent the very narrow constraint on α coming from LSS analysis, it cannot prevent the tight one coming from CMB analysis and due in particular to the Integrated Sachs-Wolfe (ISW) effect, [14, 15, 16, 17, 18, 20]. In more detail, if we take into account an ordinary Cold Dark Matter (CDM) component and a baryonic one together with the gCg, we can find that α < 0.2, [16]. If we withdraw the CDM component, then we lower the bound by an order of magnitude: α < 10^{−2}, [17]. Finally, for the case of the pure gCg we can find an even tighter constraint: α < 10^{−4}, [20].

Taking into account all these results, we may conclude that the gCg model is viable only when it is very similar, if not degenerate, to the ΛCDM. However, it must be pointed out that in the major part of the literature on the subject, the constraint α < 1 is assumed before every analysis. The reason for this preliminary assumption resides in the form of the gCg adiabatic speed of sound:

c^2_s ≡ dp dρ = Aα A + B (1 + z)^{3(α+1)}

. (1.3)

– 2 –

We see that if z → −1 then c^2_s → α. Therefore, causality requires that α < 1. However, the causality problem for UDM models should rather be addressed in terms of a microscopic theory, see [21] for a general discussion of the problem in this respect. In the particular case of the gCg, for α > 1 the authors of [22] examine in some detail causality issues and develop a suitable microscopic theory in which the signal velocity never exceeds the speed of light.

Given this, it is natural then to wonder how the gCg model behaves in the “forbidden” range α > 1. In the literature few papers carry out such analysis, for example [17, 22, 23, 24, 25]. An interesting result is for instance that, in the framework of the “baryon loophole” above mentioned, i.e. considering the model constituted by the gCg plus baryons, the agreement of the baryon power spectrum with observation increases for α ≳ 3, see [22]. In [23] and [24] the authors have recently confirmed this behaviour. On the other hand, CMB constraints do not change significantly from the case α < 1, in the sense that the parameter is again constrained to be very small, see [17] and [25].

Even in those papers which analyse the gCg for α > 1, there is still an upper bound for the parameter. For example, α < 6 in [17] or α < 10 in [25]. Since the α > 1 case has proved to be promising, at least in relation with LSS analysis, in this paper we dedicate ourselves to investigate the extreme limit of the gCg, i.e. the behaviour of the model for very large values of α. Our analysis is principally based on the ISW effect because, as we have discussed in the above and as the authors of [20] have shown, it provides the strongest constraints for a UDM model.

To this purpose, in section II we will briefly outline the basic equations concerning the ISW effect and inspired by [20] we present a simple and well-known method based on the Mészáros effect which we will employ in Section III to find a qualitative constraint for large values of α. Indeed, in section III we will analyse the Jeans wavenumber of gCg perturbations and we will find that if α ≳ 350 the Jeans wavelength becomes so small that the ISW effect can be potentially little. In Section IV we then confirm the results of Sec. III by directly calculating the ISW effect in the limit α → ∞ and showing that it is even smaller than the one computed in [25] for α = 0 (which corresponds to the ΛCDM model). In section V we address the behaviour of the background expansion for large values of α and find that the evolution is characterized by an early dust-like phase abruptly interrupted by a recent de Sitter (dS) one. We then analyse the 157 nearby SNIa of the Constitution set and find that the transition between the two phases takes place around a redshift z_{tr} = 0.22, much more recent than the transition at z_{tr} = 0.79 to the accelerated phase of expansion in the ΛCDM model. The last section is devoted to discussion and conclusions.

2. The ISW effect and the constraining method

The ISW effect [26] contribution to the CMB angular power spectrum is given by the following formula: 2l + 1 4π C^{ISW}_l = 1 2π^2 ∫_∞ 0 dk k k^3

|Θ_l (η_0, k)|^2 2l + 1

, (2.1)

– 3 – where l is the multipole moment, k the wavelength number, η_0 is the present conformal time and Θ^{ISW}_l (η_0, k) 2l + 1 = 2 ∫_{η0} η_∗ Φ^′ (η, k) j_l [k (η_0 − η)] dη (2.2)

is the fractional temperature perturbation generated by the ISW effect, where η_∗ is the last scattering conformal time, Φ (η, k) is the Fourier transformed gravitational potential and j_l is the spherical Bessel function of order l. The prime denotes derivation with respect to the conformal time η.

We assume in this paper adiabatic perturbations and a flat spatial geometry. For a more detailed description of the perturbations equations and of the integrals (2.1-2.2) we refer the reader to [26, 27, 28, 29].

In particular, following [28], consider the Fourier transformed evolution equation for the gravitational potential: u^{′′} + k^2c^2_s u − θ^{′′} θ u = 0 , (2.3)

where: u = 2Φ √ ρ + p , (2.4)

θ = √ ρ 3(ρ + p)

(1 + z) , (2.5)

and c_s, ρ and p are, respectively, the adiabatic speed of sound, the energy density and the pressure defined for a generic cosmological model. We have chosen here units such that 8πG = c = 1. For simplicity, here and in the following we do not explicit the (η, k) dependence for u and Φ and the η dependence for c^2_s , θ, ρ, p and z. They will therefore be always implied, unless otherwise stated.

In Eq. (2.3) define k^2_J ≡ θ^{′′} c^2_s θ

(2.6)

as the squared Jeans wavenumber. In general, when wavelengths smaller than the Jeans scale enter the Hubble horizon, they start to oscillate, affecting the CMB power spectrum and the matter one in ways not compatible with observation. For UDM models in particular, the authors of [20] have found a contribution to the ISW effect proportional to the fourth power of the speed of sound which generates in the CMB angular power spectrum a growth proportional to l^3 until l ≈ 25 (the value l ≈ 25 is related to the equivalence wave number k_{eq} which we discuss in a moment). See [20] and also [29] for more detail.

Consequently, if we take into account only those scales for which

k^2 < k^2_J , (2.7)

then the gravitational potential does not oscillate.

Of course if c^2_s = 0, as for the ΛCDM model, the Jeans scale vanishes and condition (2.7) is satisfied for every k at any time (remember that k^2_J is time dependent). On the other hand, this is not the only possible scenario. In fact, the cosmological scales which

– 4 – are important for the CMB and structure formation are those which entered the Hubble horizon after the matter-radiation equivalence epoch. Those which entered the horizon earlier had been damped by the dominating presence of radiation. This effect is known as Mészáros effect, [30, 31], [32, pagg. 225-226], [29, pag. 139].

If we require that the relevant scales, i.e. k < k_{eq}, must satisfy condition (2.7) we obtain: k^2_{eq} < θ^{′′} c^2_s θ

. (2.8)

This relation can be used to infer qualitative constraints upon a generic cosmological model. In the next section we will make use of it to find constraints on α.

3. Constraints on the generalized Chaplygin gas

The equivalence wavelength number k_{eq} has the following form:

k^2_{eq} =

H^2_{eq} c^2 (1 + z_{eq})^2

, (3.1)

where H_{eq} is the Hubble parameter evaluated at the equivalence redshift z_{eq}. From the 5- year WMAP observation^1, the best fit values are z_{eq} = 3176^{+151}_{−150} and k_{eq} = 0.00968±0.00046 h Mpc^{−1}, where h is the Hubble constant in 100 km s^{−1} Mpc^{−1} units. See also [33, 34].

The Hubble parameter is related to the universe energy content by Friedmann equation, which for the pure gCg model has the following form:

H^2 H^2_0 = [ Ā + (1 − Ā) (1 + z)^{3(α+1)}

] 1_{α+1} , (3.2)

where Ā ≡ A/(A + B) and H_0 is the Hubble constant. Notice that Ā = −w_0, where w_0 is the present time equation of state parameter of the Universe.

Let z_{tr} be the redshift at which the accelerated phase of expansion begins. From Eq. (3.2), we can calculate the following relation between Ā and z_{tr}:

Ā = (1 + z^{tr})^{3(α+1)} 2 + (1 + z_{tr})^{3(α+1)}

. (3.3)

From now on we will make use of (z_{tr}, α) as independent parameters.

Plugging Eqs. (1.1), (1.2), (1.3), (3.2) and (3.3) into the definition (2.6), we plot in Fig. 1 the Jeans wavenumber as function of α for fixed z = 0 and z_{tr} = 0.79 and the equivalence wavenumber, computed from Eq. (3.2), as function of α for fixed z_{eq} = 3176. The value we have chosen for the transition redshift z_{tr} is the WMAP5 best fit, see [33, 34].

1http://lambda.gsfc.nasa.gov/

– 5 –

Figure 1: k_J (black line) and k_{eq} (red line) as functions of α. k_J is evaluated at z = 0 and z_{tr} = 0.79, while k_{eq} is evaluated at z_{eq} = 3176. The wavenumbers are in units h Mpc^{−1}.

The most intriguing feature of Fig. 1 is that the Jeans wavenumber has a minimum value for α ≈ 1. For sufficiently small or sufficiently large values of α it grows and equals k_{eq}. From our numerical computation we have inferred the following constraints: α ≲ 10^{−3} and α ≳ 250.

We can obtain these results also from approximations, but analytically. Indeed, when α ≪ 1 we expand in Taylor series k^2_{eq} and αk^2_J and find:

k^2_{eq} =

(1 + z_{tr})^3 + 2 (1 + z_{eq})^3 (1 + z_{eq})^2 [ 2 + (1 + z_{tr})^3

] + O(α) , (3.4)

αk^2_J = 3 [ 4 + (1 + z_{tr})^3 ] 4 (1 + z_{tr})^3

+ O(α) . (3.5)

To leading order in α, equating the above expressions gives the upper bound for small values of α. For z_{eq} = 3176 and z_{tr} = 0.79: α ≲ 10^{−3}.

Now expand k^2_{eq} in Taylor series for α ≫ 1:

k^2_{eq} =

1 + z_{eq} (1 + z_{tr})^3 + O ( 1 α ) . (3.6)

The corresponding expansion for k^2_J is less immediate. Making use of the asymptotic forms of the speed of sound and of the Hubble parameter, which we will give in (4.2) and in (4.3), we find:

k^2_J = x^{3α} [_6 α x^4 (1+z_{tr})^2 + O

(_1

α^2 )] for x > 1 9α 4 1 (1+z)^2 [ 1 + O ( x^{3α} )] for x < 1

, (3.7)

– 6 – where x ≡ 1 + z 1 + z_{tr}

. (3.8)

From (3.7), to leading order in 1/α the Jeans wavenumber is an exponential function of α for x > 1; for x < 1, the expansion can be performed only with respect to x^{3α} and to leading order k^2_J grows linearly with α. We take into account the latter instance, equate (3.7) to (3.6) (each expression considered to its leading order) and find, for z = 0, z_{eq} = 3176 and z_{tr} = 0.79, that α ≳ 250.

Notice that in the above argument we have neglected the CDM, the baryon and the radiation components. Neglecting the CDM component is reasonable, because the gCg model is devised for the precise aim of a unified description of Dark Matter and Dark Energy. Adding a CDM component would then spoil its purpose. Moreover, neglecting radiation is also reasonable, because the minimum value of the Jeans length happens to be at late times, where radiation is completely subdominant. For what concerns baryons, their presence would have the effect of lessening the average speed of sound, increasing thus the Jeans wavenumber and smoothing the constraints we have found. Anyway, at late times the baryon component is also subdominant with respect to the gCg one, so we can reasonably neglect it.

On the other hand, in the calculation of k^2_{eq} we cannot neglect both radiation and baryons, because at z_{eq} = 3176 they are important. Assuming then that at early times the gCg model and the ΛCDM model are indistinguishable, we us the WMAP5 result k_{eq} = 0.00968 and we find that α ≲ 10^{−3} and α ≳ 350. As we expected, taking into account the radiation contribution has the effect of increasing the lower bound for large values of α.

4. Calculation of the ISW effect for the extreme limit of the generalized Chaplygin gas

In this section we calculate the integrals (2.1) and (2.2) in the limit α → ∞. To this purpose, instead of Eq. (2.3), we will employ the following equivalent equation for the gravitational potential [28]:

Φ^{′′} + 3H ( 1 + c^2_s ) Φ^′ + ( 2H^′ + H^2 + 3H^2c^2_s + k^2c^2_s ) Φ = 0 , (4.1)

where c^2_s is the gCg adiabatic speed of sound defined in (1.3) and H = a^′/a is the Hubble parameter written in the conformal time (see [28] for more detail). In the limit of very large values of α from Eq. (1.3) together with Eq. (3.3) the squared speed of sound has the following asymptotic behaviour

c^2_s = α 2 [ x^{−3α} + O ( x^{−6α} )] for x > 1 α [ 1 − 2x^{3α} + O ( x^{6α} )] for x < 1 α 3 for x = 1

, (4.2)

– 7 – while Friedmann equation (3.2):

H^2 H^2_0 = x^3 [ 1 +^{ln 2}_α + O

(_1

α^2 )] for x > 1 1 +^{2x3α}_α + O (_{x6α} α^2 ) for x < 1 1 +^{ln 3}_α + O

(_1

α^2 ) for x = 1

. (4.3)

To leading order in 1/α, the solution of Eq. (4.3) for x > 1 in terms of the scale factor is: a = 1 1 + z_{tr} ( η η_{tr}

)_2 , (4.4)

where η_{tr} is the conformal time corresponding to the transition redshift z_{tr}. For x < 1, let η_0 be the present epoch conformal time and normalize the scale factor as a(η_0) = 1; the solution of Eq. (4.3) is: a = 1 1 + η_0 − η

. (4.5)

Joining solutions (4.4) and (4.5) in a(η_{tr}), we can link the transition and the present epoch conformal time to the transition redshift as follows:

η_0 − η_{tr} = z_{tr} . (4.6)

Notice that the relevant contribution to the ISW effect comes only from solution (4.5). In fact i) the background solution (4.4) corresponds to a CDM dominated universe and ii) from (4.2) for x > 1 the speed of sound is exponentially vanishing for α → ∞ so that we can reasonably assume that c^2_s ≈ 0. Therefore, if we substitute Eq. (4.4) and c^2_s = 0 into Eq. (4.1) we obtain the same evolution equation for the gravitational potential as the one in a CDM dominated universe, see [28]. In this instance, neglecting the decaying mode, Φ^′ = 0.

Write then Eq. (4.1) combined with Eq. (4.5) and, from the leading order in x^{3α} in (4.2) for x < 1, c^2_s = α:

Φ^{′′} +

3 (1 + α) 1 + η_0 − η

Φ^′ + [ 3(1 + α) (1 + η_0 − η)^2

+ k^2α ] Φ = 0 . (4.7)

Defining y ≡ 1 + η_0 − η, we recast Eq. (4.7) in the following form:

Φ̈ − 3 (1 + α) y Φ̇ + [ 3 (1 + α)

y^2

+ k^2α ] Φ = 0 , (4.8)

where the dot denotes derivation with respect to y. Eq. (4.8) can be solved exactly in terms of Bessel functions:

Φ = y^{3α2 +2} [ C_1J 3α_{2 +1} ( k √ αy ) + C_2Y 3α_{2 +1} ( k √ αy )] , (4.9)

where C_1 and C_2 are generic integration constants. For large values of the order, the Bessel functions can be asymptotically expanded as follows [35, pag. 365]:

J 3α_{2 +1} ( k √ αy ) = ( ek √ αy 3α + 2 )_{3α/2+1} 1 √ 3πα + 2π [ 1 − 8 α + O ( 1 α^2 )] (4.10)

– 8 – and Y 3α_{2 +1} ( k √ αy ) = − ( ek √ αy 3α + 2 )_{−3α/2−1} √ 4 3πα + 2π [ 1 + 8 α + O ( 1 α^2 )] . (4.11)

To leading order in 1/α, we plug the asymptotic expansions into solution (4.9) and find:

Φ = C_1 ( ek 3 √ α )_{3α/2} y^{3α} √ 3πα − 2C_2 ( ek 3 √ α )_{−3α/2} y √ 3πα . (4.12)

We now ask for the following initial conditions on the potential Φ in η = η_{tr}: Φ (η_{tr}, k) = Φ_{tr}(k) and Φ^′ (η_{tr}, k) = 0. The reason for this choice is that up to η = η_{tr}, as we have pointed out, the potential behaves like in a CDM dominated universe. Solution (4.12) then becomes: Φ Φ_{tr}(k) = 1 1 − 3α ( y 1 + z_{tr} )_{3α} − 3α 1 − 3α y 1 + z_{tr}

. (4.13)

For the calculation of the integrals (2.1) and (2.2) let us consider only the contribution proportional to y, since it is the dominant one for α → ∞. Moreover, assume that the primordial power spectrum is the Harrison-Zel’dovich scale invariant Δ^2_R and that it propagates invariated up to η_{tr}. Let us then define: D ≡ k^3Φ_{tr}(k) 2π^2 = 9 25 Δ^2_R (4.14)

and combining the integrals (2.1) and (2.2) with the approximated solution (4.13) we finally write:

l(l + 1)C^{ISW}_l 2πD = 8l(l + 1) (1 + z_{tr})^2 ∫_∞ 0 dk k [∫_{1+ztr} 1 dy j_l (ky) ]_2 (4.15)

In Fig. 2 we plot (4.15) as a function of l for z_{tr} = 0.22 and z_{tr} = 0.79. The former value is the best fit from the SNIa data analysis we will perform in the next section.

The black line in Fig. 2 is an ideal continuation of those in Fig. 5 of [25], where the same contribution is computed up to α ⩽ 10. Notice that for large values of α the quantity (4.15) is slightly minor than the one computed for α = 0, i.e. for the ΛCDM model. We expected this result for the following reason. When α → ∞, as we showed in the previous section, the Jeans wavenumber also diverges. Therefore, according to [20], the contribution to (4.15) proportional to the fourth power of the speed of sound does not exist and the behaviour of l(l + 1)C^{ISW}_l /2π depends principally on the background evolution. The latter experiences an abrupt transition from a CDM-like phase to a dS one, while the same transition for the ΛCDM is much smoother. Since in the former case the CDM-like phase lasts longer, the intensity of the ISW effect is lesser.

Finally, notice also that in Fig. 5 of [25] the trend of a decreasing ISW effect contribution can be already noticed for α = 10 and large l’s.

– 9 –

Figure 2: Plot of the contribution to the angular power spectrum l(l + 1)C_l/2π normalized to D from the ISW effect. From bottom to top, the red line corresponds to z_{tr} = 0.22 while the black one to z_{tr} = 0.79.

5. Background evolution for large α and SNIa data analysis

In this section we address more quantitatively the behaviour of the background evolution for large values of α. Let us consider Friedmann equation (4.3) to leading order in α:

H^2 H^2_0 ∼ (_{1+z} 1+z_{tr} )_3 for z > z_{tr} 1 for z ≤ z_{tr} . (5.1)

As already pointed out, (5.1) mimics the expansion of a pure CDM Universe for z > z_{tr} and the one of a dS Universe for z ⩽ z_{tr}. Moreover, notice that in this case the present equation of state parameter would be w_0 = −1, in contrast with the one of the ΛCDM model, namely w_0 ≈ −0.7.

We now analyse this background evolution on the basis of the 157 nearby SNIa of the Constitution set [37]. The supernovae data consist in an array of distance moduli μ defined as: μ = m − M = 5 log ( D_L Mpc ) + 25 , (5.2)

where m and M are, respectively, the apparent and the absolute magnitudes and D_L is the luminosity distance expressed in Mpc units:

D_L(z) = c(1 + z) ∫_z 0 dz^′ H(z^′) = c(1 + z) H_0 ∫_z 0 dz^′ E(z^′) , (5.3)

where E(z) is the Hubble parameter normalized to H_0.

The integral in Eq. (5.3) can be exactly solved for the Hubble parameter given in Eq. (5.1): ∫_z 0 dz^′ E(z^′) = { (3z_{tr} + 2) − 2 (1 + z)^{−1/2} (1 + z_{tr})^{3/2} for z > z_{tr} z for z ≤ z_{tr} . (5.4)

– 10 –

Figure 3: Plot of the PDF vs the parameter z_{tr} after marginalization over h.

Following [6], we assume flat priors for z_{tr} and h and assume that the distance moduli are normally distributed. The probability density function (PDF) of the parameters has then the following form [38]:

p (z_{tr}, h|μ_o) = Ce^{−χ2(h,ztr)/2} , (5.5)

where μ_o is the set of the observed distance moduli,

χ^2 (h, z_{tr}) = n∑ i=1 [ μ_{o,i} − 5 log (D_L/Mpc) − 25 σ_{μo,i} ]_2 (5.6)

and the normalization constant C has the following form: 1 C = ∫ dz_{tr} ∫ dh e^{−χ2(h,ztr)/2} , (5.7) where the integration ranges over the parameters are, in principle, h ∈ (−∞, ∞) and z_{tr} ∈ (−1, ∞). However, we choose the more reasonable ranges z_{tr} ∈ (0, 2) and h ∈ (0.5, 0.9).

In (5.6) σ_{μo,i} are the estimated errors in the individual distance moduli, including uncertainties in galaxy redshifts and also taking into account the dispersion in supernova redshifts due to peculiar velocities.

After marginalization over h, i.e. integrating (5.5) in h ∈ (0.5, 0.9), we show in Fig. 3 the PDF for the parameter z_{tr}. The most probable value is z_{tr} = 0.222. At the 68% confidence level z_{tr} ∈ (0.198, 0.246), at the 95% confidence level z_{tr} ∈ (0.174, 0.270) and at the 99% confidence level z_{tr} ∈ (0.154, 0.290).

6. Summary and Conclusions

In the present paper we have investigated the generalized Chaplygin gas cosmological model from the point of view of the ISW effect. Thanks to an argument based on the Mészáros effect it is possible to find the new constraint α ≳ 350. For this range of values, the Jeans

– 11 – wavelength is sufficiently small so that the resulting ISW effect is not strong. Indeed, through a direct calculation, we have found a confirmation of the above qualitative constraint because in the limit α → ∞ the ISW effect contribution to the CMB angular power spectrum is very similar to the one computed for α = 0, i.e. for the ΛCDM model.

We have then addressed the background evolution of the universe for α → ∞ and we have found that the model behaves as CDM at early times and then abruptly passes to a dS phase. Taking advantage of the SNIa Constitution set analysis, we have placed the transition at a redshift z_{tr} = 0.22.

In conclusion, it seems that the gCg model can be viable not only for very small values of α but also for very large ones, at least limiting our discussion to the ISW effect only. However, it must be pointed out that in both the cases a degeneracy problem appears: i) for α → 0, as we already know, the gCg model degenerates into the ΛCDM one; ii) for α → ∞ the degeneration takes place into the CDM-dS model we have discussed above. However in the second case, the degeneration is not complete. In fact the “original” CDM-dS model has a vanishing speed of sound. In the corresponding limit of the gCg, instead, the speed of sound diverges, so the scenario is completely different. A more complete analysis of such picture would therefore be interesting and could perhaps be performed in the framework of the Cuscuton model introduced in [39, 40].

Acknowledgments

I wish to thank V. Gorini, A. Yu. Kamenshchik, T. Kobayashi, U. Moschella, A.A. Starobinsky and Y. Urakawa for useful comments and suggestions and the Institute of Cosmology and Gravitation (ICG), Portsmouth (UK), for the kind hospitality during the final part of this project. I am indebted with D. Bertacca, S. L. Cacciatori and J. Fabris for invaluable discussions.

References

[1] A.Y. Kamenshchik, U. Moschella and V. Pasquier, An alternative to quintessence, Phys. Lett.

B 511 (2001) 265, gr-qc/0103004.

[2] M. Bordemann and J. Hoppe, The Dynamics of relativistic membranes. 1. Reduction to two-dimensional fluid dynamics, Phys. Lett. B 317 (1993) 315 hep-th/9307036.

[3] J. Hoppe, Supermembranes in four-dimensions, hep-th/9311059.

[4] R. Jackiw and A. P. Polychronakos, Supersymmetric Fluid Mechanics, Phys. Rev. D 62 (2000) 085019 hep-th/0004083.

[5] I. Zlatev, L. M. Wang and P. J. Steinhardt, Quintessence, Cosmic Coincidence, and the Cosmological Constant, Phys. Rev. Lett. 82 (1999) 896 astro-ph/9807002.

[6] A.G. Riess et al. [Supernova Search Team Collaboration], Observational Evidence from Supernovae for an Accelerating Universe and a Cosmological Constant, Astron. J. 116 (1998) 1009, astro-ph/9805201.

– 12 –

[7] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Measurements of Omega and Lambda from 42 High-Redshift Supernovae, Astrophys. J. 517 (1999) 565,

astro-ph/9812133.

[8] P. Wu and H. Yu, Generalized Chaplygin gas model: constraints from Hubble parameter versus redshift data, Phys. Lett. B 644 (2007) 16, gr-qc/0612055.

[9] T. Davis et al., Scrutinizing exotic cosmological models using ESSENCE supernova data combined with other cosmological probes, Astrophys. J. 666 (2007) 716, astro-ph/0701510.

[10] J. Lu, L. Xu, B. Chang and Y. Gui, Observational constraints and geometrical diagnostics for generalized Chaplygin gas, arXiv:0812.2074.

[11] J. Lu, L. Xu, J. Li, B. Chang, Y. Gui and H. Liu, Constraints on modified Chaplygin gas from recent observations and a comparison of its status with other models, Phys. Lett. B 662 (2008) 87.

[12] T. Barreiro, O. Bertolami and P. Torres, WMAP5 constraints on the unified model of dark energy and dark matter, Phys. Rev. D 78 (2008) 043530, arXiv:0805.0731.

[13] H.B. Sandvik, M. Tegmark, M. Zaldarriaga and I. Waga, The end of unified dark matter?, Phys. Rev. D 69 (2004) 123524, astro-ph/0212114.

[14] D. Carturan and F. Finelli, “Cosmological Effects of a Class of Fluid Dark Energy Models,” Phys. Rev. D 68 (2003) 103501 [arXiv:astro-ph/0211626].

[15] R. Bean and O. Dore, Are Chaplygin gases serious contenders to the dark energy throne?, Phys. Rev. D 68 (2003) 023515, astro-ph/0301308.

[16] L. Amendola, F. Finelli, C. Burigana and D. Carturan, WMAP and the generalized Chaplygin gas, JCAP 68 (2003) 005, astro-ph/0304325.

[17] L. Amendola, I. Waga and F. Finelli, Observational constraints on silent quartessence, JCAP 11 (2005) 009, astro-ph/0509099.

[18] T. Giannantonio and A. Melchiorri, Chaplygin gas in light of recent integrated Sachs-Wolfe effect data, 2006 Class. and Quant. Grav. 23 (2006) 4125, gr-qc/0606030.

[19] L.M.G. Beca, P.P. Avelino, J.P.M. de Carvalho and C.J.A.P. Martins, Role of baryons in unified dark matter models, Phys. Rev. D 67 (2003) 101301, astro-ph/0303564.

[20] D. Bertacca and N. Bartolo, ISW effect in the unified dark matter scalar field cosmologies: an analytical approach, JCAP 11 (2007) 026 arXiv:0707.4247.

[21] E. Babichev, V. Mukhanov and A. Vikman, “k-Essence, superluminal propagation, causality and emergent geometry,” JHEP 0802 (2008) 101 [arXiv:0708.0561 [hep-th]].

[22] V. Gorini, A.Y. Kamenshchik, U. Moschella, O.F. Piattella and A.A. Starobinsky, Gauge-invariant analysis of perturbations in Chaplygin gas unified models of dark matter and dark energy, JCAP 02 (2008) 016, arXiv:0711.4242.

[23] J.C. Fabris, S.V.B. Goncalves, H.E.S. Velten and W. Zimdahl, Matter Power Spectrum for the Generalized Chaplygin Gas Model: The Newtonian Approach, Phys. Rev. D 78 (2008) 103523, arXiv:0810.4308.

[24] J.C. Fabris, S.V.B. Goncalves, H.E.S. Velten and W. Zimdahl, Newtonian Approach to the Matter Power Spectrum of the Generalized Chaplygin Gas, arXiv:0811.2367.

– 13 –

[25] Y. Urakawa and T. Kobayashi, A note on observational signatures in superluminal unified dark matter models, astro-ph/0907.1191.

[26] R.K. Sachs and A.M. Wolfe, Perturbations of a cosmological model and angular variations of the microwave background, Astrophys. J. 147 (1967) 73.

[27] J.M. Bardeen, Gauge–invariant cosmological perturbation, Phys. Rev. D 22 (1980) 1882.

[28] V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Theory of cosmological perturbation, Phys. Rept. 215 (1992) 205.

[29] W.T. Hu, Wandering in the background: A Cosmic microwave background explorer,

astro-ph/9508126.

[30] P. Meszaros, The behaviour of point masses in an expanding cosmological substratum, Astron.

Astrophys. 37 (1974) 225.

[31] S. Weinberg, Cosmological fluctuations of short wavelength, Astrophys. J. 581 (2002) 810,

astro-ph/0207375.

[32] P. Coles and F. Lucchin, Cosmology: The Origin and evolution of cosmic structure, 1995 Chichester, UK: Wiley (1995) 449 p

[33] E. Komatsu et al. [WMAP Collaboration], Five-Year Wilkinson Microwave Anisotropy Probe Observations: Cosmological Interpretation, Astrophys. J. Suppl. 180 (2009) 330

arXiv:0803.0547.

[34] J. Dunkley et al. [WMAP Collaboration], Five-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Likelihoods and Parameters from the WMAP data, Astrophys. J. Suppl. 180 (2009) 306 arXiv:0803.0586.

[35] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions With Formulas, Graphs, and Mathematical Tables, 1972 Dover

[36] L. Kofman and A.A. Starobinsky, Effect of the cosmological constant on large scale anisotropies in the microwave background, Sov. Astron. Lett. 11 (1985) 271 [Pisma Astron. Zh. 11 (1985) 643].

[37] M. Hicken et al., Improved Dark Energy Constraints from 100 New CfA Supernova Type Ia Light Curves, Astrophys. J. 700 (2002) 1097 astro-ph/0901.4804.

[38] R. Lupton, Statistics in Theory and Practice, 1993 Princeton University Press, Princeton, New Jersey

[39] N. Afshordi, D.J.H. Chung and G. Geshnizjani, Cuscuton: A Causal Field Theory with an Infinite Speed of Sound, Phys. Rev. D 75 (2007) 083513 hep-th/0609150.

[40] N. Afshordi, D.J.H. Chung, M. Doran and G. Geshnizjani, Cuscuton Cosmology: Dark Energy meets Modified Gravity, Phys. Rev. D 75 (2007) 123509 astro-ph/0702002.

– 14 –