arXiv:0906.4705v1 [hep-ph] 25 Jun 2009

Measuring the deviation from the Rutherford formula

E. A. Kuraev^∗ JINR-BLTP, RU-141980 Dubna, Moscow region, Russian Federation

M. Shatnev National Science Centre ”Kharkov Institute of Physics and Technology”, 61108 Akademicheskaya 1, Kharkov, Ukraine

E. Tomasi-Gustafsson^† CEA,IRFU,SPhN, F-91191 Gif-sur-Yvette, and Institut de Physique Nucléaire, CNRS/IN2P3 and Université Paris-Sud, France (Dated: June 26, 2009)

Modern experiments with heavy ion-leptons collisions open the possibility to measure the deviation of cross section of small angles electron(positron)-ion elastic scattering from the Rutherford formula due to multiple virtual photons exchange. The charge asymmetry and the polarization of the scattered leptons are calculated and numerical predictions are given. A generalization to elastic proton-nucleus scattering is discussed.

PACS numbers:

Elastic, inelastic and deep-inelastic lepton scattering on hadrons is considered the most precise way to get information about the internal structure of the hadron. An elegant formalism has been derived for those reactions, assuming that the interaction proceeds through the exchange of one photon. Lowest order QED calculations are justified by the smallness of the electromagnetic fine structure constant, α = e^2/4π = 1/137. However, for a heavy target of charge Z, the expansion parameter is not α, but Zα. It may be sizable and higher orders should be taken into account. The motivation of this Brief Report is to discuss high order corrections, due to multiple photon exchange, to the cross section and to polarization observables in elastic lepton-(heavy) ion scattering. The expression of the correction to the polarization of the scattered electron is derived. These predictions can be experimentally tested. If deviations from the Born expectations will be measured in dedicated experiments, care must be taken in the interpretation of the experimental data, in particular concerning the properties of the hadron structure.

Elastic lepton scattering in the Coulomb field of a nucleus has been calculated by Mott [1] who showed that the amplitude differs from the Born approximation by a phase, which depends on the lepton charge and cancels in the cross section. If one takes into account the hadron structure, then Coulomb effects appear in the cross section, too. Recently this problem has regained interest in the literature, due to the increased precision which can be achieved in the experiments [2].

The lowest order correction to the cross section of relativistic electron(positron) scattering on a heavy point-

∗Electronic address: kuraev@theor.jinr.ru †Electronic address: etomasi@cea.fr

like target of charge Z, was first derived in Refs. [3] in the middle of the previous century. The result for the cross section has the form: dσ^± dO = dσ_R dO [1 ± παZ sin(θ/2)] , dσ_R dO = (Zα)^24E^2 sin^4(θ/2) (1)

where E is the incident energy and θ is the angle of the scattered electron in the laboratory (Lab) system.

Two(or more) photon exchange induce a nonzero imaginary part in the scattering amplitudes, therefore the scattered electron may be polarized also in the case of unpolarized particles collisions. Let us define ⃗e the electron polarization vector. In the case of high energies and small scattering angles it can be written as: ⃗e = 2Zαm E sin^3 θ 2 ln sin θ 2 ⃗ν, (2) where ⃗n, ⃗n^′ , ⃗ν = ⃗n × ⃗n^′ / sin θ are the unit vectors along the momenta of initial electron, scattered electron and the normal to the scattering plane, respectively (cos θ = ⃗n · ⃗n^′), m is the electron mass.

The contributions of higher orders of perturbation theory, i.e. the terms of order (Zα)^n, n > 2 were derived during the years 1975-1979, in a series of papers [4, 5, 6].

In the eikonal approximation, the elastic scattering amplitude of high energy electrons (positrons) in the Coulomb field has the form [8]:

f(q) = −iE ∞∫ 0 ρdρJ_0(qρ)e^{iκ(ρ)}, (3)

where ρ is the impact parameter, J_0(z) is the Bessel function, and κ(ρ) = κ_0(ρ) + κ_1(ρ) is the eikonal phase. In the first and second approximation we have

κ_0(ρ) = − ∫_a −a dtV (ρ, t); κ_1(ρ) = − ρ^2 E ∫_∞ −∞ dt ∂ ∂ρ^2 V^2(ρ, t), where V (ρ, t) = xe/|e| √ ρ^2 + t^2, x = Zα, and a is the regularizing parameter of the Coulomb potential a >> ρ. Moreover, it is implied that the energy of the electron, E, is large compared to its mass. A straightforward calculation leads to:

κ_0(ρ) = 2x ln ρ 2a ; κ_1(ρ) = πx^2 2ρE . (4)

Inserting (4) in Eq. 3), we obtain for the amplitude

f(q) = −iE ∞∫ 0 ρdρJ_o(qρ) ( ρ 2a )_{2ix} ( 1 + i πx^2 2ρE ) , (5)

where we took into account the smallness of the second order eikonal phase |κ_1| << |κ_0|. Further integration is performed using the relation [7]: ∞∫ 0 dxJ_0(qx)x^μ = 2^μ(q)^{−μ−1} Γ ( 1 + μ 2 )

Γ ( 1 − μ 2 ) . (6)

Using the relation q = 2E sin(θ/2), the result for the amplitude is: f(q) = − xE 2q^2 (aq)^{−2ix} Γ(1 + ix) Γ(1 − ix) [ 1 − πx sin(θ/2) 2 Φ(x) ] ,(7)

with Φ(x) :

Φ(x) = cos φ(x) + i sin φ(x) =

Γ(^1_2 + ix)Γ(1 − ix) Γ(^1_2 − ix)Γ(1 + ix)

,(8) x = Zα β . (9)

where β is the velocity v of the initial particle, in the laboratory system, in units of c: β = v/c = √ 1 − 4m^2/E Using the properties of Euler gamma function [7] one obtains: φ(x) = −4 ∞∑ n=0 (−1)^n x^{2n+1} 2n + 1 c_n, c_0 = ln 2; c_1 = 3ξ_3; c_2 = 15ξ_5, ..., c_n = (2^{2n} − 1)ξ_{2n+1}, n ≥ 1. (10)

Applying the Stirling formula one can write cos(φ(x))|_{x>>1} ∼ 1 4x . (11)

The functions cos(φ(x)) and sin(φ(x)) are shown in Fig. 1.

Fig. 1: (Color online) Dependence of the real (black, solid line) and imaginary (red, dashed line) part of Φ(x) as a function of x [Eq. (14)].

The expression for the differential cross section is: dσ dΩ = dσ_R dΩ [1 − πx sin(θ/2) cos φ(x)] . (12)

Therefore, the effect of multiphoton exchange results in a correction to the differential cross section, which can be expressed as a multiplicative factor cos φ(x) in front of the second term in square brackets of Eq. 1.

In Ref. [5] the charge asymmetry, defined as the difference of the cross sections for the scattering of electron (μ_−) and positron (μ_+) on the same target of charge Z, was derived using the eikonal approximation:

A = dσ^{e− Z} dO_− − dσ^{e+ Z} dO_+ dσ^{e− Z} dO_− + dσ^{e+ Z} dO_+ = πx sin ( θ 2 ) cos φ(x). (13)

The charge asymmetry is shown in Fig. 2 as a function of the polar angle θ, for two different values of the ion charge: Z = 20 (black, solid line) and Z = 82 (red, dashed line), which correspond to x = 0.15 and x = 0.6, respectively. The calculation is performed for for E = 3 GeV, but the charge asymmetry is almost constant with energy, as long as β ∼ 1. One can see that it increases with angle, and may reach measurable values of a few percent. Note that the present calculation holds for small scattering angles.

Higher order corrections induce also an effect to the polarization vector of the scattered electron. Such effect

Fig. 2: (color online) Dependence of the charge asymmetry A(θ, x) on θ, (see Eq. (13)), at E = 3 GeV, for x = 0.15 (Z = 20) (black, solid line) and x = 0.6 (Z = 82) (red, dashed line).

is taken into account by doing the following replacement in Eq. (2):

Zα ln sin θ 2 → F (x, θ) = x ln θ + 1 4 sin φ(x). (14)

The function F (x, θ) is drawn in Fig. 3. The normal component of the polarization of the outgoing electron is drawn in Fig. 4 as a function of x (see Eqs. (14,2)), for two different values of θ: θ = 5^∘ (black, solid line) and θ = 10^∘ (red, dashed line). The corresponding dashed lines are the result of the first order calculation. Here we consider E = 3 GeV, and β = 1. This observable is very small and negative (the vertical scale is multiplied by 10^7).

A tentative extrapolation of this formalism to hadron scattering can be suggested. Elastic peripheral scattering of high energy protons on nuclei can be experimentally investigated at LHC. Relevant theoretical considerations have not been done, at our knowledge, and must be performed in the frame of QCD. It is tempting to obtain a realistic estimation of these effects by the replacing

x = Zα → x_c = Nα_s. (15)

In the kinematical conditions when x_c >> 1, the small angles corrected cross section is expected to have an universal θ dependence as dσ dσ_R = 1 + π 4 sin ( θ 2 ) , θ << 1. (16)

Fig. 3: (color online)Dependence of function F (θ, x) on x, Eq. (14), for two different values of θ: θ = 5^∘ (black, solid line), θ = 10^∘ (red, dashed line).

Similarly, the asymmetry of proton and antiproton scattering on the same target nucleus, defined as for the lepton case, is expected to be

A(p, p̄) = A = dσ^{pY (N)} dO_p − dσ^{p̄Y (N)} dO_{p̄} dσ^{pY (N)} dO_p + dσ^{p̄Y (N)} dO_{p̄} = π 4 sin ( θ 2 ) , θ << 1.

In conclusion, the nontrivial behavior of the deviation from the Rutherford formula due to high order Zα contributions, has not yet been experimentally observed. The charge asymmetry contains the information on such deviation, it is sizable and, in principle, measurable. The present Brief Report adds a new information, the contribution to the polarization of the scattered electron. The measurement of the degree of transverse polarization of the scattered electron (muon) gives in principle another possibility to check the importance of high order effects. However the present calculation predicts very small values.

Such correction is particularly important in problems related to beam monitoring and calibration for small angles lepton-nuclei scattering. It should also be considered in other processes, as very small angle Bhabha scattering, or lepton-nucleus scattering. This is also relevant to present experiments as COMPASS and HERMES. An application to hadron scattering at high energies has also been suggested.

One of us (E.A.K.) is grateful to V. M. Katkov for discussions and to S. Bakmaev and Yu.M. Bystritskiy

Fig. 4: (Color online) Dependence of the outgoing electron polarization on x, (see Eqs. (14,2)), for two different values of θ: θ = 5 deg (black, solid line), θ = 10 deg (red, solid line).

for help as well as for grant INTAS 05-1000008-8328 for financial support.

[1] N. F. Mott, H. S. Massey, The Theory of Atomic Collisions (Clarendon Press, Oxford, 1949).

[2] B. Z. Kopeliovich, A. V. Tarasov and O. O. Voskresenskaya, Eur. Phys. J. A 11, 345 (2001).

[3] W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948);

R. H. Dalitz, Proc. Roy. Soc. Lond. 206, 509 (1951); V. B. Berestetski, E. M. Lifshiz and L.P. Pitaevski, Relativistic Quantum Theory (Nauka, Moscow, 1971).

[4] V. N. Baier and V. M. Katkov, Dokl. Akad. Nauk Ser. Fiz.

227, 325 (1976).

[5] V. V. Bazanov, G. P. Pronko, L. D. Solovev and Yu. Ya.

Yushin, Theor. Math. Fiz. 33, 982 (1978) [Teor. Mat. Fiz. 33, 218 (1977)]; V. V. Bazanov, G. P. Pronko, L. D. Solovev, Theor. Math. Fiz. 39, 285 (1979) [Teor. Math. Fiz. 39, 3 (1979)] [6] A. I. Akhiezer, V. F. Boldyshev and N. F. Shulga, Theor.

Math. Fiz. 23, 311 (1975)[Teor. Mat. Fiz. 23, 11 (1975)]. [7] I. Gradshtein and I. Ryzyk, ”Tables”, Moscow, Fizmatgiz (1962).

[8] A. I. Akhiezer and V. B. Berestetskij, Quantum Electrodynamics (Nauka, Moscow, 1981), Chap. 1.7.