arXiv:0906.5366v1 [astro-ph.CO] 30 Jun 2009

Is w ≠ −1 evidence for a dynamical dark energy equation of state ?

P. P. Avelino,^{1, 2} A. M. M. Trindade,^3 and P. T. P. Viana^{3, 4} 1Centro de Física do Porto, Rua do Campo Alegre 687, 4169-007 Porto, Portugal 2Departamento de Física da Faculdade de Ciências da Universidade do Porto, Rua do Campo Alegre 687, 4169-007 Porto, Portugal 3Centro de Asrofísica da Universidade do Porto, Rua das Estrelas 687, 4150-762 Porto, Portugal 4Departamento de Matemática Aplicada da Faculdade de Ciências da Universidade do Porto, Rua do Campo Alegre 687, 4169-007 Porto, Portugal (Dated: 29 June 2009)

Current constraints on the dark energy equation of state parameter, w, are expected to be improved by more than one order of magnitude in the next decade. If |w −1| ∼> 0.01 around the present time, but the dark energy dynamics is sufficiently slow, it is possible that future constraints will rule out a cosmological constant while being consistent with a time-independent equation of state parameter. In this paper, we show that although models with such behavior can be constructed, they do require significant fine-tuning. Therefore, if the observed acceleration of the Universe is induced by a dark energy component, then finding w ≠ −1 would, on its own, constitute very strong evidence for a dynamical dark energy equation of state.

I. INTRODUCTION

The observational evidence for an acceleration of the expansion of the Universe in the recent past is now overwhelming (see for example [1] for a review), but the precise cause of this phenomenon is still unknown. The most popular scenario assumes that such acceleration is the result of the existence, in the Universe, of a nearly homogeneous dark energy component violating the strong energy condition, described by a minimally coupled scalar field. If the scalar field is static then it will give rise to a nonzero vacuum energy density, also known as a cosmological constant. However, given the enormous discrepancy between the observationally inferred vacuum energy density and theoretical expectations, a dynamical scalar field is expected to be a more plausible explanation.

The dark energy density does not need to be homogeneous. In fact, a number of inhomogeneous dark energy models have been proposed in the literature. For example, domain wall networks have been proposed as an alternative explanation to the present acceleration of the Universe [2] although recent results seem to exclude this possibility [3, 4]. Another example is provided by unified dark energy models where dark matter and dark energy are strongly coupled to each other and behave as a single fluid (see for example [5]). Other possibilities include modifications to General Relativity [6, 7], like those associated with extra-dimensions or modifications to the coupling to spatial curvature, an example being f(R) theories.

Current observations already provide some interesting limits on the equation of state of the dark energy, usually parameterized by w, but its dynamics is still poorly constrained [8, 9]. This situation is expected to change in the next decade [10, 11, 12]. However, it is possible that the constraints may then still be found to be compatible with a time-independent w. In this case, it would be important to know to what extent it would be worthwhile to try to tighten further the constraints on w in order to identify possible variations with time. It is this question that we address in the following sections.

Throughout this paper we use units in which c = ℏ = 8πG = 1.

II. GENERIC SCALAR FIELD MODELS

In this section we shall consider a broad class of dark energy models described by a single real scalar field with action S = ∫ d^4x √ −g L , (1) where L(ϕ, X) is the scalar field Lagrangian, X = ϕ_{,μ}ϕ^{,μ}/2 and a comma is used to represent a partial derivative.

The energy-momentum tensor of the scalar field may be written in a perfect fluid form

T^{μν} = (ρ + p)u^μu^ν − pg^{μν} , (2)

by means of the following identifications

u_μ = ϕ_{,μ} √ 2X , ρ = 2XL_{,X} − L , p = L(X, ϕ) . (3) In Eq. (2), u^μ is the 4-velocity field describing the motion of the fluid (for timelike ϕ_{,μ}), while ρ and p are its proper energy density and pressure, respectively. The dark energy equation of state parameter w is w ≡ p ρ = L 2XL_{,X} − L , (4)

and the sound speed squared is given by

c^2_s ≡ p_{,X} ρ_{,X} = L_{,X} L_{,X} + 2XL_{,XX} , (5) as long as L_{,X} ≠ 0.

We can re-write Eq. (4) as

w^{−1} = −1 + 2XL_{,X} L . (6)

Further assuming that w is always constant, independently of the value of ϕ and X, then leads to

L = f(ϕ)X^{(1+w−1)/2} , (7)

where f(ϕ) is an arbitrary function of ϕ. Models with L = f(ϕ)X^n and constant n yield c^2_s = 1/(2n − 1). In particular, if n = 1 then c^2_s = 1, corresponding to a massless scalar field, if n = 2 then c^2_s = 1/3, corresponding to background radiation, and in the n → ∞ limit one has c^2_s → 0, corresponding to pressureless non-relativistic matter. However, if n = (1 + w^{−1})/2 ∼ 0 then Eq. (5) implies that c^2_s ∼ w ∼ −1. These models have a negative sound speed squared, which would necessarily lead to the development of very large inhomogeneities in the spatial distribution of the dark energy density, strongly disfavored by the observational data. Therefore, the only realistic way in which w can be a constant, irrespectively of the value of ϕ and X, is to be exactly equal to −1.

III. HOMOGENEOUS DARK ENERGY

It is possible to construct dark energy models where w is as close as desired to a constant within some time interval, but different from −1, and without instabilities being generated. However, we will show that such models are in general very contrived.

Consider, for example, quintessence dark energy models described by a real scalar field with Lagrangian

L = X − V (ϕ) . (8)

Generically, the equation describing the dynamics of a scalar field may be obtained by varying the action with respect to ϕ 1 √ −g (√ −gL_{,X} ϕ^{,μ} ) ,μ = L_{,ϕ} . (9) Assuming a flat Friedmann-Robertson-Walker metric with line element

ds^2 = dt^2 − a^2(t) ( dx^2 + dy^2 + dz^2 ) , (10)

and a (nearly) spatially homogenous dark energy component, the scalar field equation of motion is approximately given by ∂ ∂t ( L_{,X} ∂ϕ ∂t ) + 3HL_{,X} ∂ϕ ∂t = L_{,ϕ} . (11)

which, by introduction of the proposed Lagrangian, reduces to

ϕ̈ + 3Hϕ̇ = −V_{,ϕ} , (12) where a dot represents a derivative with respect to the physical time, t. The dark energy equation of state parameter w is given by w ≡ p ρ = ϕ̇2/2 − V (ϕ) ϕ̇2/2 + V (ϕ) . (13)

and the sound speed squared is c^2_s = 1. The fact that the sound speed is equal to the speed of light prevents the generation of large spatial fluctuations in the dark energy density. If we require w to be a constant then Eq. (13) implies

ϕ̈ = V_{,ϕ} 1 + w 1 − w , (14) and ϕ̇ = ± ( 2V 1 + w 1 − w )_{1/2} . (15)

Note that if w ∼ −1 then |ϕ̈| ≪ |V_{,ϕ}|. In the following we shall drop the ± sign. It will be suficient to realize for each solution with ϕ̇ > 0 and V_{,ϕ} < 0 there will be another one with ϕ̇ < 0 and V_{,ϕ} > 0. From now on we shall only consider the solutions with ϕ̇ > 0.

Substituting Eqs. (14) and (15) into Eq. (12) one obtains

(V_{,ϕ})^2 V = 9 2 (1 − w^2)H^2 . (16)

For this equation to be verified the potential of ϕ would have to be designed such that V^2_{,ϕ}/V ∝ H^2. This requires very large fine-tuning, in particular during the transition from the matter to the dark energy dominated eras, as we shall see next.

Multiplying equation (16) by ϕ̇^2 and using equation (15) it is simple to show that

V = V_0a^{−3(1+w)} , (17)

where the subscript ‘0’ refers to the present time (we are taking a_0 = 1). However, the evolution of ϕ with the scale factor a is, in general, very different in the matter and dark energy dominated eras. In fact, assuming a flat universe, one has

H^2 = H^2_0 ( Ω_{m0}a^{−3} + Ω_{e0}a^{−3(w+1)} ) , (18)

so that, using Eq. (15), one obtains dϕ da = √ 3Ω_{e0}(1 + w) ( Ω_{m0}a^{3w+2} + Ω_{e0}a^2 )_{−1/2} , (19)

which has the solution

ϕ = A + B ln a^{3w} ( 1 + (Ω_{m0}a^{3w}/Ω_{e0} + 1)^{1/2}

)_2 , (20)

FIG. 1: The solution for V (ϕ) assuming that w0 = −0.97 at all times (solid line), as well as the analytical solutions for the scalar field potential, computed using Eqs. (24) or (22), valid deep into the matter era (dashed line) and dark energy era (dot-dashed line) respectively.

where B = √ 3(1 + w)/(3w), A is an arbitrary integration constant, Ω_{m0} = ρ_{m0}/(3H^2_0 ) and Ω_{e0} = ρ_0/(3H^2_0 ) (note that ρ is the dark energy density). In this paper we take Ω_{m0} = 0.27 and Ω_{e0} = 0.73 as favored by the five-year WMAP results [8].

At very late times (a ≫ 1) the dark energy will completely dominate the energy density of the universe, and the evolution of ϕ with the scale factor will be given by

ϕ = C_e + √ 3(1 + w) ln a , (21)

where C_e is an arbitrary constant. Using Eq. (17) one obtains the following solution

V = V_e exp ( − √ 3(1 + w)(ϕ − ϕ_e) ) , (22)

valid at an arbitrary time t_e well into the dark energy dominated era (to which the subscript ‘e’ refers to).

On the other hand, at early times (a ≪ 1) deep into the matter era one has ϕ = C_m − 2 3w √ 3(1 + w)Ω_{e0} Ω_{m0} a^{−3w/2} , (23)

where C_m is an arbitrary integration constant. Using equation (17) one obtains the following solution

V ∝ (ϕ − C_m)^{2(w+1)/w} , (24)

valid deep into the matter era.

In Fig. 1 we plot the solution for V (ϕ) assuming that w_0 = −0.97 at all times (solid line), as well as the analytical solutions, computed using Eqs. (24) or (22), valid deep into the matter and dark energy eras (dashed and dot-dashed lines, respectively). The initial conditions for the w = constant solution were chosen so that ϕ_0 = 0 and

FIG. 2: The evolution of the equation of state parameter computed with the potentials given in Eqs. (24) or (22) (dashed and dot-dashed lines, respectively).

the constants C_m and C_e were determined by requiring that the analytical solutions computed using Eqs. (24) or (22) fitted the constant w results obtained deep into the matter and dark energy dominated eras, respectively. It is clear from Fig. 1 that, in order to obtain w = constant, the shape of the potential must be fine-tuned around ϕ = ϕ_0. Otherwise, the equation of state parameter would change rapidly around the present time. This can be seen in Fig. 2, where we plot the evolution of the equation of state parameter with the potentials given by Eqs. (24) or (22) (dashed and dot-dashed lines, respectively). These potentials, designed to produce a constant w deep into the matter and dark energy dominated eras, respectively, give rise to a rapidly changing w in the transition between them, with |w_0 − w(z = 1)|/|w_0 + 1| ∼> 1 (here z = 1/a − 1 is the redshift).

If the scalar field is in slow-roll then Eq. (11) is reduced to

3HL_{,X} (2X)^{1/2} = L_{,ϕ} , (25)

with X = ϕ̇^2/2 and

H^2 = ( ρ_{m0}a^{−3} + 2XL_{,X} − L ) /3 = ( ρ_{m0}a^{−3} + w^{−1}L ) /3 . (26)

Hence, deep into the dark energy era, one has ( X |L| )_{1/2} (ln |L|)_{,ϕ} = √ 3 2 |w|^{−1/2}(1 + w^{−1}) . (27)

assuming a constant w. Thus, given ϕ_e, X_e, L(ϕ_e, X_e) and w one is able to construct L(ϕ, X) using Eqs. (6) and (27) deep into the dark energy dominated era. Of course, the extension of this solution to the matter dominated era or to the transition between matter and dark energy dominated eras would necessary imply a varying equation of state parameter. This happens because, in order to describe the dark energy, the evolution of L with the scale factor around the present time must be much slower than that of the matter density.

IV. INHOMOGENEOUS MODELS

A. Topological defects

Cosmic defect networks can usually be characterized by two very different characteristic scales. One is the defect thickness, δ, which is determined by the particle physics model. In general, it remains constant in physical coordinates, in which case it is insensitive to the large scale dynamics of the Universe. The other characteristic scale, L, is associated with the large scale properties of the network. This scale is affected by the cosmology and is proportional to the scale factor, a, for frozen defects. This is in fact the most interesting solution from a dark energy point of view since it corresponds to the case where the evolution of the average defect density with redshift is slower. In this case, the (average) defect energy density, ρ, is given by ρ ∝ a^{−N} , (28) where N is defect’s spatial dimension (N = 0, 1, 2 respectively for point masses, strings or domain walls). If the defects are minimally coupled to all other fields then energy-momentum conservation implies an (average) equation of state parameter equal to w = −N/3. However, if the defects have a non-zero root mean square velocity, v, then the (average) equation of state parameter is given by w = − N 3 + C(N)v^2 . (29)

where C(N) = (N + 1)/3 so that w → 1/3 for v → 1. In order to accelerate the expansion of the universe it is necessary that w < −(1 + Ω_{m0}/Ω_{e0})/3 and consequently only a frustrated domain wall network could in principle do the job. However, a combination of analytical and numerical results have provided very strong evidence that no frustrated domain wall network, with v ∼ 0 and L ∝ a ≪ H^{−1}, is ever expected to arise from realistic initial conditions, invalidating domain walls as a viable dark energy candidate [3, 4]. Furthermore, current observational constraints on the equation of state parameter of dark energy already strongly disfavor w = −2/3 [8].

B. Unified dark energy models

Although dark matter and dark energy are usually treated as separate components minimally coupled to each other, this does not need to be the case (see for example [13]). In particular, if a strong coupling between dark matter and dark energy exists then they may behave as a single fluid. The best known example is provided by the (generalized) Chaplygin gas [14, 15] where dark matter and dark energy are described by a single perfect fluid with equation of state parameter:

w = −A/ρ^{1+α} , (30)

where α > 0 is a constant, and a sound speed squared c^2_s = −αw.

If α = 0 the Chaplygin gas model is exactly equivalent to a ΛCDM model [16] but for other choices of 0 < α ≤ 1 it gives rise to a background evolution identical to that of a quintessence model with a variable equation of state parameter. However, there are other possibilities for the equation of state parameter of unified dark energy, and we can in fact design it so that it mimics the background evolution of a quintessence dark energy model with constant w. This can be done by carefully designing the equation of state of the unified dark energy component with density ρ_u and pressure p_u so that

ρ_u = p_u w + ρ_{m0} ( p_u wρ_0 )_{1/(1+w)} , (31)

where ρ_m and ρ are the matter and quintessence dark energy densities, respectively. However, it is simple to show that, if w > −1, this gives rise to a negative sound speed squared making the model unstable to linear perturbations [17, 18].

Furthermore, it has been shown that non-linear effects can significantly modify the evolution of the Universe compared to the linear expectations [18, 19]. The negative sound speed associated with Eq. (31) will make (almost) empty regions even emptier with p_u → 0. Consequently, the transition from the decelerating to the accelerating phase may never happen in this case.

On the other hand, in the case of the (generalized) Chaplygin gas (c^2_s > 0) it has been shown that nonlinear effects may anticipate the transition from the darkmatter to the dark energy dominated eras leading to a background evolution very similar to the ΛCDM model, even for α ≠ 0. Either way, the coupling between dark matter and dark energy is not expect to alleviate the fine-tuning associated with a constant w.

V. CONCLUSIONS

We have shown that in order for the dark energy equation of state parameter, w, to be constant in time and close to, albeit different from, −1, a significant amount of fine-tuning would be required in the wide range of models considered. This is essentially the result of the existence of a transition era between matter and dark energy domination in the recent past. Therefore, any future evidence which excludes w = −1, even if it is consistent with a time-independent value for w, should be interpreted as indicative of a dynamical dark energy equation of state. Clearly, in that situation, a further tightening of the constraints on the time variation of w should be actively sought.

[1] J. Frieman, M. Turner, and D. Huterer, Ann. Rev. Astron. Astrophys. 46, 385 (2008), 0803.0982.

[2] M. Bucher and D. N. Spergel, Phys. Rev. D60, 043505 (1999), astro-ph/9812022.

[3] P. P. Avelino, C. J. A. P. Martins, J. Menezes, R. Menezes, and J. C. R. E. Oliveira, Phys. Rev. D73, 123519 (2006), astro-ph/0602540.

[4] P. P. Avelino, C. J. A. P. Martins, J. Menezes, R. Menezes, and J. C. R. E. Oliveira, Phys. Rev. D78, 103508 (2008), 0807.4442.

[5] P. P. Avelino, L. M. G. Beca, and C. J. A. P. Martins, Phys. Rev. D77, 101302 (2008), 0802.0174.

[6] S. M. Carroll et al., Phys. Rev. D71, 063513 (2005), astro-ph/0410031.

[7] E. J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod.

Phys. D15, 1753 (2006), hep-th/0603057.

[8] E. Komatsu et al. (WMAP), Astrophys. J. Suppl. 180, 330 (2009), 0803.0547.

[9] R. Biswas and B. D. Wandelt (2009), 0903.2532. [10] A. J. Albrecht et al. (2006), astro-ph/0609591.

[11] J. Tang, F. B. Abdalla, and J. Weller (2008), 0807.3140. [12] A. J. Albrecht et al. (2009), 0901.0721.

[13] P. Brax, C. van de Bruck, A.-C. Davis, J. Khoury, and A. Weltman, Phys. Rev. D70, 123518 (2004), astroph/0408415.

[14] N. Bilic, G. B. Tupper, and R. D. Viollier, Phys. Lett.

B535, 17 (2002), astro-ph/0111325.

[15] M. C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev.

D66, 043507 (2002), gr-qc/0202064.

[16] P. P. Avelino, L. M. G. Beca, J. P. M. de Carvalho, and C. J. A. P. Martins, JCAP 0309, 002 (2003), astroph/0307427.

[17] R. Bean, E. E. Flanagan, and M. Trodden, Phys. Rev.

D78, 023009 (2008), 0709.1128.

[18] P. P. Avelino, L. M. G. Beca, and C. J. A. P. Martins, Phys. Rev. D77, 063515 (2008).

[19] L. M. G. Beca and P. P. Avelino, Mon. Not. Roy. Astron.

Soc. 376, 1169 (2007).