arXiv:0907.0106v2 [hep-th] 19 Aug 2009

.

Hermitian-Yang-Mills equations and pseudo-holomorphic bundles on nearly Kähler and nearly Calabi-Yau twistor 6-manifolds

Alexander D. Popov Bogoliubov Laboratory of Theoretical Physics, JINR 141980 Dubna, Moscow Region, Russia Email: popov@theor.jinr.ru

Abstract

We consider the Hermitian-Yang-Mills (HYM) equations for gauge potentials on a complex vector bundle E over an almost complex manifold X^6 which is the twistor space of an oriented Riemannian manifold M^4. Each solution of the HYM equations on such X^6 defines a pseudoholomorphic structure on the bundle E. It is shown that the pull-back to X^6 of any anti-self-dual gauge field on M^4 is a solution of the HYM equations on X^6. This correspondence allows us to introduce new twistor actions for bosonic and supersymmetric Yang-Mills theories. As examples of X^6 we consider homogeneous nearly Kähler and nearly Calabi-Yau manifolds which are twistor spaces of S^4, C P^2 and B_4, C B_2 (real 4-ball and complex 2-ball), respectively. Various explicit examples of solutions to the HYM equations on these spaces are provided. Applications in flux compactifications of heterotic strings are briefly discussed.

1 Introduction

In the recent paper [1], the flux compactifications of type IIA string theory of the form AdS_4 × X^6 with nearly Kähler internal spaces X^6 = Sp(2)/Sp(1)×U(1) or SU(3)/U(1)×U(1) were considered (see also [2]) and it was found that the Kaluza-Klein decoupling for the original AdS_4 vacua requires that the above-mentioned internal spaces are substituted by the nearly Calabi-Yau spaces Sp(1,1)/Sp(1)×U(1), SU(1,2)/U(1)×U(1) or by their compact analogues obtained by quotienting out the internal manifolds by a discrete group. In our paper, we describe various solutions of the Hermitian-Yang-Mills equations on all these four coset spaces X^6 that can further be used in heterotic string compactifications with non-trivial background fluxes [3]-[5].

Since their discovery, more than ten years ago, tractable flux compactifications in string theory have become a very active area of research (see e.g. [6, 7, 8] for reviews and references). This has been particularly explored in type IIB theory (see e.g. [9]-[12]), and some efforts have been devoted to moduli-fixing problem in the case of type IIA compactifications (see e.g. [13, 14, 15]) where metric fluxes can arise partially from the T-duality of NS fluxes [16, 17]. Compactifications in the presence of fluxes can be described in the language of G-structures on d-dimensional manifolds: SU(3) structure for dimension d=6, G_2 for d=7 and Spin(7) for d=8 (see e.g. [18]-[22] and references therein). Note that 6-manifolds with SU(3) structure (i.e. SU(3) holonomy of the spin connection with torsion proportional to the H-field) can be described in terms of conditions on torsion classes of these manifolds [19]. Due to the inclusion of the H-field in the geometry of the internal manifold as torsion, we have to deal with non-Kähler and in some cases non-complex manifolds.

Most research in flux compactifications was done in type II string theories (see e.g. [6]-[8] and [23]-[25] for more recent results). However, fluxes in heterotic string theory, which play a prominent role in stringy model building, have been considered as well (see e.g. [3, 4, 5], [26]-[34] and references therein). Historically, heterotic flux compactifications have been known for quite some time, starting with the works [35] in the mid-1980’s. In heterotic string compactifications one has the freedom to choose a gauge bundle since the simple embedding of the spin connection into the gauge connection is ruled out for compactifications with dH ≠ 0. For the torsionful background, the allowed gauge bundle is restricted by the Hermitian-Yang-Mills equations [36, 37] and by the Bianchi identity for the H-field (anomaly cancellation). The existence of such vector bundles on some non-Kähler complex 3-folds, their stability and the procedure of solving the Hermitian-Yang- Mills equations were discussed e.g. in [28, 31, 32, 33]. Here we consider the procedure of solving the Hermitian-Yang-Mills equations on the homogeneous nearly Kähler spaces Sp(2)/Sp(1)×U(1), SU(3)/U(1)×U(1) and nearly Calabi-Yau spaces Sp(1,1)/Sp(1)×U(1), SU(1,2)/U(1)×U(1) which may serve as a local model for compact case obtained by quotienting out by a discrete group.

The above-mentioned four manifolds are twistor spaces of the four-dimensional sphere S^4, projective plane C P^2 and balls B_4 = Sp(1,1)/Sp(1)×Sp(1), C B_2 = SU(1,2)/S(U(1)×U(2)) endowed with nonintegrable almost complex structure. Hence, complex vector bundles over these twistor spaces can carry a pseudo-holomorphic structure but not the holomorphic ones. That is why we begin our discussion with the notion of the pseudo-holomorphic bundles [38] and their relations with the Hermitian-Yang-Mills equations. Then we consider the twistor space T (M^4) of an oriented Riemannian 4-manifold M^4 along with the canonical projection π : T (M^4) → M^4 and a complex vector bundle E with an anti-self-dual connection A. We show that any anti-self-dual gauge field F = dA + A ∧ A on M^4 uplifted to the gauge field F̂ := π^∗F on T (M^4) provides a solution to the Hermitian-Yang-Mills equations on T (M^4). This correspondence allows us to introduce new twistor actions for bosonic and N =4 supersymmetric Yang-Mills theories.

Specializing to the cases M^4 = S^4, C P^2 , B_4 and C B_2 , we describe Kähler, nearly Kähler and nearly Calabi-Yau structures on the twistor spaces T (M^4) for these four cases. Various explicit solutions of the Hermitian-Yang-Mills equations on T (M^4) will be written down and their applications in flux compactifications of heterotic strings will be briefly discussed.

2 Pseudo-holomorphic bundles and Hermitian-Yang-Mills equations Notation. Let X^{2n} be an oriented Riemannian 2n-dimensional manifold and {e^a} a local orthonormal basis of T^∗X^{2n} , a = 1, ..., 2n. For p-forms on X^{2n} we use the notation F_p =^1_{p!} F_{a1 ...ap} e^{a1...ap} with e^{a1...ap} := e^{a1} ∧ ... ∧ e^{ap} , (2.1) (∗F_p)_{a1...a2n−p} =^1_{p!} ε_{a1 ...a2n−p b1...bp} F^{b1...bp} ⇔ F_p ∧ ∗F_p =^1_{p!} F_{a1 ...ap} F^{a1...ap} vol_{2n} , (2.2) where ∗ is the Hodge star operator and vol_{2n} = e^1 ∧ ... ∧ e^{2n}. We also use notation [19] (F_p⌟ S_{p+q})_{b1...bq} =^1_{p!} (F_p)^{a1...ap} (S_{p+q})_{a1 ...ap b1...bq} (2.3) that exploits the underlying Riemannian metric ds^2 = δ_{ab} e^ae^b with the convention that e^{12}⌟ e^{123} = e^3 etc.

Pseudo-holomorphic bundles. Consider an oriented 2n-dimensional manifold X^{2n} with an almost complex structure J and a complex vector bundle E over X^{2n} endowed with a connection A. According to R.Bryant [38], a connection A on E is said to define a pseudo-holomorphic structure if it has curvature F = dA + A ∧ A of type (1,1) with respect to (w.r.t.) J , i.e. F^{0,2} = 0 = F^{2,0} . (2.4)

One can endow the bundle E with a Hermitian metric and choose A to be compatible with the Hermitian structure on E. If, in addition, ω is an almost Hermitian structure on (X^{2n}, J ) and ω ⌟ F = i λ Id_E (2.5) with λ ∈ R, the connection A is said to be (pseudo-)Hermitian-Yang-Mills [38]. We shall consider (2.5) with λ = 0, i.e. assume c_1(E) = 0 since for a bundle with field strength F of non-zero degree one can obtain a zero-degree bundle by considering ~F = F −^1_k (trF) · 1_k, where k = rank E. Hermitian-Yang-Mills equations. The Hermitian-Yang-Mills (HYM) equations^1 read F^{0,2} = 0 and ω ⌟ F = 0 . (2.6) In the special case of an almost complex 4-manifold X^4 with a metric g they coincide with the anti-self-dual Yang-Mills (ASDYM) equations ∗F = −F , (2.7) 1We omit the prefix ‘pseudo’ for conformity with the literature on string compactifications.

where ∗ is the Hodge operator. Note that (2.7) is valid on manifolds (M^4, g) which are not necessarily almost complex manifolds.

Recall that there are various generalizations of the first order ASDYM equations (2.7) to higher dimensions [39]-[43] with some explicit solutions (see e.g. [44]). In particular, in d=2n=6 one can consider the equations [43] ∗F = −ω ∧ F , (2.8) where ω is a two-form. Differentiating (2.8), we obtain d(∗F) + A ∧ ∗F − ∗F ∧ A + ∗H ∧ F = 0 , (2.9) where the 3-form H is defined by the formula

H := ∗dω . (2.10)

Equations (2.9) differ from the standard Yang-Mills equations by the last term with a 3-form H which can be identified with a totally antisymmetric torsion. These equations naturally appear in string theory.

For manifolds X^6 with an almost complex structure J the equations (2.8) can be rewritten in the form (2.6) with an almost Hermitian structure ω. To each solution A of the HYM equation (2.6) there corresponds a pseudo-holomorphic structure on the vector bundle E over X^6. In the case of integrable almost complex structure J the first equation in (2.6) defines a holomorphic structure on E and the second equation in (2.6) is the requirement of (semi)stability of the bundle E [36, 37]. Thus, for complex manifolds the HYM connections A (solutions to (2.6)) describe (semi)stable holomorphic bundles E. It would be interesting to generalize the notion of stability to pseudo-holomorphic bundles E and to learn whether the second equation in (2.6) is also equivalent to an expected stability of E.

3 Twistor correspondence and pseudo-holomorphic bundles

Twistor space of M^4. Let us consider an oriented real four-manifold^2 with a Riemannian metric g and the principal bundle P (M^4, SO(4)) of orthonormal frames over M^4. The twistor space T (M^4) of M^4 can be defined as an associated bundle [45]

T (M^4) = P ×_{SO(4)} SO(4)/U(2) (3.1)

with the canonical projection π : T (M^4) → M^4 . (3.2)

The fibres of this bundle are two-spheres S^2_x ∼= SO(4)/U(2) which parametrize almost complex structures on the tangent spaces T_xM^4. As a real manifold, T (M^4) has dimension six.

Another (equivalent) definition of T (M^4) is obtained by considering the vector bundle Λ^2T^∗M^4 of two-forms on M^4. Using the Hodge operator (2.2), one can split Λ^2T^∗M^4 into the direct sum

2It is not necessary that this manifold is almost complex. For instance, there is not any almost complex structure on the four-sphere S^4.

Λ^2T^∗M^4 = Λ^2_+T^∗M^4 ⊕Λ^2_−T^∗M^4 of the subbundles of self-dual and anti-self-dual two-forms on M^4. Then the twistor space T (M^4) of M^4 can be defined as the unit sphere bundle

T (M^4) = S_1(Λ^2_+T^∗M^4) (3.3)

in the vector bundle Λ^2_+T^∗M^4.

Note that while a manifold M^4 admits in general no almost complex structure, its twistor space T (M^4) can always be equipped with two natural almost complex structures. The first, J = J_+, introduced in [45], is integrable if and only if the Weyl tensor of g on M^4 is anti-self-dual, while the second J = J_−, introduced in [46], is never integrable. In fact, J_+ and J_− differ only on S^2_x ∼= C P^1 → T (M^4) (J_+|_{C P} 1 = −J_−|_{C P} 1 ) and coincide on T_xM^4. Twistor spaces T (M^4) with an almost complex structure J can be considered as a particular case of almost complex manifolds X^6 discussed in section 2 in the context of the pseudo-holomorphic bundles and the HYM equations.

Pull-back of complex vector bundles from M^4 to T (M^4). Let E be a rank k complex vector bundle over M^4 and A a connection one-form (gauge potential) on E with the curvature F = dA + A ∧ A (gauge field). Suppose that the gauge field F satisfies the ASDYM equations (2.7). Bundles E with such a connection A are called anti-self-dual [45]. Using the projection (3.2), we pull E back to a bundle Ê := π^∗E over T (M^4). In accordance with the definition of a pull-back, the connection Â := π^∗A on Ê is flat along the fibres C P^1_x of the bundle (3.2) and we can set the components of Â along the fibres equal to zero. Thus, restrictions of the smooth vector bundle Ê to fibres C P^1_x of projection π are holomorphically trivial for each x ∈ M^4.

It was shown in [45] that if the Weyl tensor of (M^4, g) is anti-self-dual then the almost complex structure J = J_+ on the twistor space T (M^4) is integrable and T (M^4) inherits the structure of a complex analytic 3-manifold. Furthermore, it was proven that an anti-self-dual bundle E over anti-self-dual M^4 lifts to a holomorphic bundle Ê over complex T (M^4) defined by the equation F̂ 0,2 = 0, where F̂ := π∗F is the pull-back to Ê of an anti-self-dual (ASD) gauge field F on E. In [45] it was also mentioned in a remark that one can introduce a Hermitian metric on T (M^4) such that F̂ will be orthogonal to the Hermitian form. However, the HYM equations were introduced later [36, 37] in a different context.

Generalized twistor correspondence. The essence of the canonical twistor approach is to establish a correspondence between four-dimensional space-time M^4 and complex twistor space T (M^4) of M^4. Using this correspondence, one transfers data given on M^4 to data on T (M^4) and vice versa. In twistor theory one considers holomorphic objects h on T (M^4) (Čech cohomology classes, holomorphic vector bundles etc.) and transforms them to objects f on M^4 which are constrained by some differential equations [47, 48, 45, 49]. Thus, the main idea of twistor theory is to encode solutions of some differential equations on M^4 in holomorphic data on the complex twistor space T (M^4) of M^4. In particular, solutions of the ASDYM equations on manifolds M^4 with the ASD Weyl tensor correspond to holomorphic vector bundles Ê over T (M^4). However, in Donaldson theory [50] one considers the ASDYM equations on manifolds M^4 whose Weyl tensor is not restricted and it is desirable to have a twistor description of this generic case.^3.

In [53] it has been shown that the vortex equations on a compact Riemann surface Σ are equivalent to the ASDYM equations on Σ × C P^1 and to the Hermitian-Yang-Mills equations on the

3This desire is supported by ideas of the theory of harmonic maps where never integrable almost complex structure J− on twistor spaces play a key role [46, 51]. For a recent review of this subject see e.g. [52].

twistor space T (M^4) of M^4 = Σ × C P^1 . In the general case, the manifold M^4 is not anti-self-dual and an almost complex structure on T (M^4) is not integrable.^4 Here, we show that this generalized twistor correspondence holds for the case of an arbitrary oriented 4-manifold M^4. Namely, we describe a correspondence between Hermitian vector bundles E with ASD connections A on an oriented 4-manifold M^4 and pseudo-holomorphic vector bundles Ê over an almost complex twistor space T (M^4).

Almost complex structure on T (M^4). We fix an open subset^5 U of M^4 with coordinates {x^μ}, μ = 1, ..., 4, and an open subset U = C P^1 \ {∞} of C P^1 with a local complex coordinate ζ. Then U × U is an open subset of T (M^4). Note that over U there exists a section J = (J^ν_μ ) of the bundle (3.2) (a local almost complex structure) and this allows to introduce forms of type (p, q) w.r.t. J. Globally such an almost complex structure J on M^4 may not exist but this is not necessary for all twistor constructions.

Let {ϑ^μ} represents some orthonormal coframe on U ⊂ M^4, i.e. ds^2 = δ_{μν} ϑ^μϑ^ν . Using the canonical form of a local almost complex structure J, we introduce forms

θ^1 := ϑ^1 + iϑ^2 , θ^2 := ϑ^3 + iϑ^4 , θ^{¯1} := ϑ^1 − iϑ^2 and θ^{¯2} := ϑ^3 − iϑ^4 , (3.4)

which provide a local basis of orthonormal (1,0)-forms w.r.t. J. Then one can introduce forms

ω^1 := 1 (1+ζζ̄)^12

(θ^1−ζθ^{¯2}) , ω^2 := 1 (1+ζζ̄)^12

(θ^2+ζθ^{¯1}) and ω^3 := 1 1+ζζ̄ (dζ−Γ^i_+L^ζ_i ) , (3.5)

which may serve as the definition of an almost complex structure J on T (M^4) such that

J ω^i = i ω^i for i = 1, 2, 3 . (3.6)

Here Γ_+ = (Γ^i_+) is the self-dual part of the Levi-Civita connection on M^4 and L^ζ_i are holomorphic components of vector fields L_i = L^ζ_i ∂_ζ +L^{ζ̄}_i ∂¯_ζ on fibres C P^1_x → T (M^4) which give a realization of the generators of the group SU(2) acting on C P^1 =SU(2)/U(1). One can take e.g. L_1 − iL_2 = −2i, L_1 + iL_2 = −2iζ^2 and L_3 = −2iζ. Note that the forms (3.5) extend to a basis of globally defined forms on T (M^4) of type (1,0) w.r.t. J . That is why our discussion does not depend on the choice of local coordinates, forms etc.

From ASDYM on M^4 to HYM on T (M^4). For the curvature F = dA + A ∧ A of the vector bundle E → M^4 we have

F =^1_2 (F + ∗F ) +^1_2 (F − ∗F ) =: F^+ + F^− , (3.7)

where in the basis (3.4) of local forms

F^+ =^1_2 (F_1¯_1 + F_2¯_2)(θ^{1¯1} + θ^{2¯2}) + F_{12}θ^{12} + F¯_1¯_2θ^{¯1¯2} , (3.8)

F^− =^1_2 (F_1¯_1 − F_2¯_2)(θ^{1¯1} − θ^{2¯2}) + F_1¯_2θ^{1¯2} + F_2¯_1θ^{2¯1} , (3.9)

4In a special case, when the twistor geometry becomes integrable (holomorphic), the vortex equations on Σ appear as a commutator of two auxiliary linear differential operators with a ‘spectral’ parameter, i.e. become integrable.

5This subset may coinside with a point x ∈ M^4.

with θ^{1¯1} := θ^1 ∧ θ^{¯1}, θ^{12} := θ^1 ∧ θ^2 etc. Here F^+ and F^− are self-dual and anti-self-dual parts of the curvature F , respectively.

For the pull-back F̂^± := π^∗F^± of the two-forms (3.8) and (3.9) on M^4 to T (M^4) we obtain F̂^+ =^1_2 (F̂_{1¯1} + F̂_{2¯2})(ω^{1¯1} + ω^{2¯2}) + F̂_{12}ω^{12} + F̂_{¯1¯2}ω^{¯1¯2} , (3.10) F̂^− =^1_2 (F̂_{1¯1} − F̂_{2¯2})(ω^{1¯1} − ω^{2¯2}) + F̂_{1¯2}ω^{1¯2} + F̂_{2¯1}ω^{2¯1} , (3.11) where ω^{1¯1} := ω^1 ∧ ω^{¯1}, ω^{12} := ω^1 ∧ ω^2 etc. Note that

ω^{12} = 1 1+ζζ̄ [θ^{12} + ζ(θ^{1¯1} + θ^{2¯2}) + ζ^2θ^{¯1¯2}] , ω^{1¯2} = θ^{1¯2} ,

ω^{¯1¯2} = 1 1+ζζ̄ [θ^{¯1¯2} − ζ̄(θ^{1¯1} + θ^{2¯2}) + ζ̄^2θ^{12}] , ω^{2¯1} = θ^{2¯1} ,

ω^{1¯1}+ω^{2¯2} = 1 1+ζζ̄ [(1−ζζ̄)(θ^{1¯1}+θ^{2¯2})+2ζθ^{¯1¯2}−2ζ̄θ^{12}] , ω^{1¯1}−ω^{2¯2} = θ^{1¯1}−θ^{2¯2} , (3.12)

as one can easily derive from (3.5). Also we have F̂_{12} = 1 1+ζζ̄ [F_{12} + ζ̄(F_1¯_1 + F_2¯_2) + ζ̄^2F¯_1¯_2] , F̂_1¯_2 = F_1¯_2 ,

F̂_{¯1¯2} = 1 1+ζζ̄ [F¯_1¯_2 − ζ(F_1¯_1 + F_2¯_2) + ζ^2F_{12}] , F̂_2¯_1 = F_2¯_1 ,

F̂_{1¯1}+F̂_{2¯2} = 1 1+ζζ̄ [(1−ζζ̄)(F_1¯_1+F_2¯_2)−2ζF_{12}+2ζ̄F¯_1¯_2] , F̂_1¯_1−F̂_2¯_2 = F_1¯_1−F_2¯_2 , (3.13)

and by construction F̂_{i¯3} = F̂_{i3} = 0 and h.c. (3.14) for i = 1, 2, 3.

Using (3.5), we can introduce on T (M^4) an almost Hermitian form ω = i_2 ( ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} + εω^3 ∧ ω^{¯3} ) , (3.15)

where ε = ±1.^6 Then for F̂ = F̂^− from (3.11) it follows that F̂^{0,2} = 0 (3.16) and ω ⌟ F̂ = 0 . (3.17) Thus, anti-self-dual gauge fields F = F^− on the vector bundle E → M^4 are pulled back to the gauge fields F̂ on the vector bundle Ê over the twistor space T (M^4) which satisfy the Hermitian-Yang- Mills equations (3.16), (3.17) on T (M^4) without demanding integrability of an almost complex structure (3.6). In its turn, such gauge fields F̂ define a pseudo-holomorphic structure on the vector bundle Ê which is holomorphically trivial on C P^1_x → T (M^4) for each x ∈ M^4. Conversely, any such pseudo-holomorphic bundle Ê → T (M^4) corresponds to a solution A of the ASDYM equations on M^4.

6Note that the metric for ε = −1 will have Hermitian signature (2,1). Later we shall see that ε = −1 can be a proper choice for manifolds M^4 of negative scalar curvature.

4 Kähler geometry on twistor spaces of S^4 and B_4

Here, as M^4 we consider the four-sphere S^4 with a metric g of constant positive curvature and the open four-ball B_4 with a metric g of constant negative curvature. In the next section 5 we shall consider the projective plane C P^2 with the Fubini-Study metric and the complex two-ball C B_2 with the metric of constant negative holomorphic sectional curvature. All these spaces M^4 are homogeneous manifolds (coset spaces) as well as their twistor spaces T (M^4). Although the geometry of these spaces is well-known, we describe it here by using local coordinates for fixing our notation. We also need this for self-consistency and further applications.

Manifolds S^4 and B_4 as coset spaces. Let us consider the group Sp(2) as a subgroup of SU(4) and the group Sp(1,1) as a subgroup of SU(2,2) defined as 4×4 matrices Q such that

Q^†η Q = Qη Q^† = η with η = diag(1_2, ε1_2) , (4.1)

where ε = 1 for Sp(2) ⊂ SU(4) and ε = −1 for Sp(1,1) ⊂ SU(2,2). We consider S^4 and B_4 as coset spaces S^4 = Sp(2)/Sp(1) × Sp(1) and B_4 = Sp(1, 1)/Sp(1) × Sp(1) (4.2)

of positive and negative scalar curvature, respectively. Then one can consider Sp(2) fibred over S^4 and Sp(1,1) fibred over B_4 as principal bundles

Sp(2) → S^4 and Sp(1, 1) → B_4 , (4.3)

both with the structure group Sp(1)×Sp(1).

Let us consider local sections of the fibrations (4.3) which are given by 4×4 matrices

Q := f^{− 12} ( 1_2 −εx x^† 1_2 ) and Q^{−1} = ηQ^†η = f^{− 12} ( 1_2 εx −x^† 1_2 ) , (4.4)

where x = x^μτ_μ , x^† = x^μτ^†_μ , f := 1 + ε x^†x = 1 + ε r^2 = 1 + εδ_{μν} x^μx^ν , (4.5)

and matrices (τ_μ) = (−iσ_i, 1_2) and (τ^†_μ) = (iσ_i, 1_2) (4.6)

obey

τ^†_μτ_ν = δ_{μν} · 1_2 + η^i_{μν} i σ_i =: δ_{μν} · 1_2 + η_{μν} , {η^i_{μν} } = {ε^i_{jk}, μ=j, ν=k; δ^i_j , μ=j, ν=4} ,

τ_μτ^†_ν = δ_{μν} · 1_2 + η̄^i_{μν} i σ_i =: δ_{μν} · 1_2 + η̄_{μν} , {η̄^i_{μν} } = {ε^i_{jk}, μ=j, ν=k; −δ^i_j , μ=j, ν=4} . (4.7)

Here {x^μ} are local coordinates on U ⊂ S^4 or B_4. Note that we will consistently combine formulae for both these spaces with the help of ε = ±1. Matrices (4.4) are representative elements for cosets (4.2) encoding information about their differential geometry.

(Anti-)self-dual gauge fields. For M^4 = S^4 or B_4, let us consider a flat connection A on the trivial vector bundle M^4 × C^4 → M^4 given by the one-form

A = Q^{−1}dQ =: ( A^− −εϕ ϕ^† A^+ ) , (4.8) where from (4.4) we obtain

A^− =^ε_f η̄_{μν} x^μdx^ν =: ( α_− −β̄_− β_− −α_− ) ∈ su(2) , (4.9)

A^+ =^ε_f η_{μν} x^μdx^ν =: ( α_+ −β̄_+ β_+ −α_+ ) ∈ su(2) , (4.10)

ϕ = 1 f dx = − i f ( dx^3+idx^4 dx^1−idx^2 dx^1+idx^2 −(dx^3−idx^4) ) = − i f ( dz dȳ dy −dz̄ ) =: − i 2Λ ( θ^2 θ^{¯1} θ^1 −θ^{¯2} ) , (4.11)

with α_− =^ε_{2f} (ȳ dy + z̄ dz − y dȳ − z dz̄) , β_− =^ε_f (y dz − z dy) , (4.12) α_+ =^ε_{2f} (ȳ dy + z dz̄ − y dȳ − z̄ dz) , β_+ =^ε_f (y dz̄ − z̄ dy) , (4.13)

θ^1 :=

2Λdy 1 + εr^2

, θ^2 :=

2Λdz 1 + εr^2 and θ^{¯1} :=

2Λdȳ 1 + εr^2

, θ^{¯2} :=

2Λdz̄ 1 + εr^2

. (4.14)

Here, the bar denotes complex conjugation. Note that the real parameter Λ can be identified with the “radius” of M^4 = S^4 or B_4.

The connection (4.8) is flat, i.e.

F = dA + A ∧ A = ( F^− − ε ϕ ∧ ϕ^† −ε(dϕ + ϕ ∧ A^+ + A^− ∧ ϕ) dϕ^† + A^+ ∧ ϕ^† + ϕ^† ∧ A^− F^+ − ε ϕ^† ∧ ϕ ) = 0 , (4.15)

where F^± = dA^± + A^± ∧ A^±. From (4.15) we get

F^− = ε ϕ ∧ ϕ^† = − ε 4Λ^2 ( θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2} 2θ^{¯1} ∧ θ^2 −2θ^1 ∧ θ^{¯2} −θ^1 ∧ θ^{¯1} + θ^2 ∧ θ^{¯2} ) , (4.16)

F^+ = ε ϕ^† ∧ ϕ = − ε 4Λ^2 ( θ^1 ∧ θ^{¯1} + θ^2 ∧ θ^{¯2} 2θ^{¯1} ∧ θ^{¯2} −2θ^1 ∧ θ^2 −θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2} ) . (4.17)

One can easily see that ∗F^± = ±F^±, i.e. F^+ and F^− are self-dual (SD) and anti-self-dual (ASD) gauge fields on a rank-2 complex vector bundle E → M^4, respectively. They can be identified with SD and ASD parts of the Riemann tensor of the metric ds^2 = θ^1θ^{¯1} + θ^2θ^{¯2}.

Twistor manifolds of S^4 and B_4 as coset spaces. Let us consider the Hopf bundle

S^3 → S^2 (4.18)

over the Riemann sphere S^2 ∼= C P^1 and the one-monopole connection a on the bundle (4.18) having in the local coordinate ζ ∈ C P^1 the form a = 1 2(1 + ζζ̄)

(ζ̄ dζ − ζ dζ̄) . (4.19)

Consider a local section of the bundle (4.18) given by the matrix g = 1 (1 + ζζ̄)^12 ( 1 −ζ̄ ζ 1 ) ∈ SU(2) ∼= S^3 (4.20) and introduce the su(2)-valued one-form (flat connection)

g^{−1}dg =: ( a −^1_{2R} θ^{¯3} 1 2R θ^3 −a ) , (4.21)

where θ^3 = 2Rdζ 1 + ζζ̄ and θ^{¯3} = 2Rdζ̄ 1 + ζζ̄

(4.22)

are the forms of type (1,0) and (0,1) on C P^1 , a is the one-monopole gauge potential (4.19) and R is the radius of the Riemann sphere C P^1 with the metric

ds^2_{C P} 1 = θ^3θ^{¯3} =

4R^2dζ dζ̄ (1 + ζζ̄)^2

. (4.23)

The Kähler form on C P^1 is ω_{C P} 1 = i_2 θ^3 ∧ θ^{¯3} . (4.24)

Let us introduce 4×4 matrices G = ( 1_2 0 0 g ) and Q̂ = QG ∈ { Sp(2) ⊂ SU(4) for ε = 1 Sp(1, 1) ⊂ SU(2, 2) for ε = −1

(4.25)

where Q and g are given in (4.4) and (4.20). The matrix Q̂ is a local section of the bundle

Sp(2) → Sp(2)/Sp(1)×U(1) =: T (S^4) (4.26) or Sp(1, 1) → Sp(1, 1)/Sp(1)×U(1) =: T (B_4) , (4.27) depending on the choice ε = 1 or ε = −1. In (4.26) and (4.27) the twistor spaces T (S^4) and T (B_4) appear as coset spaces and the matrices Q̂(ε = ±1) from (4.25) are representatives for the cosets T (S^4) and T (B_4) which both are fibred,

π : T (M^4) → M^4 , (4.28)

over M^4 = S^4 or B_4 with C P^1 = SU(2)/U(1) as a typical fibre.

Kähler structure on twistor spaces T (S^4) and T (B_4). Let us consider a trivial complex vector bundle T (M^4)×C^4 with the flat connection

Â = Q̂^{−1}dQ̂ = G^{−1}AG + G^{−1}dG =: (^ A^− −εϕ̂ ϕ̂† Â+ ) , (4.29)

where

ϕ̂ = ϕg =: − i 2Λ ( ω^2 ω^{¯1} ω^1 −ω^{¯2} ) , Â^− = A^− = ( α_− −β̄_− β_− −α_− ) , Â^+ =: ( α̂_+ −^1_{2R} ω^{¯3} 1 2R ω^3 −α̂_+ ) , (4.30)

with α_−, β_− given in (4.12) and

α̂_+ := 1 1 + ζζ̄ { (1 − ζζ̄) α_+ + ζ̄β_+ − ζβ̄_+ + 1 2 (ζ̄dζ − ζdζ̄) } , (4.31) ω^1 := 1 (1 + ζζ̄)^12

(θ^1 − ζθ^{¯2}) , ω^2 := 1 (1 + ζζ̄)^12

(θ^2 + ζθ^{¯1}) , (4.32)

ω^3 := 2R (1 + ζζ̄)^12

(dζ + β_+ − 2ζα_+ + ζ^2β̄_+) . (4.33)

Note that forms (4.32) and (4.33) define on T (M^4) an integrable almost complex structure [45] J = J_+ such that J ω^i = i ω^i (4.34)

with i = 1, 2, 3. In other words, ω^i’s are (1,0)-forms w.r.t. J .

From flatness of the connection (4.29), dÂ + Â ∧ Â = 0, we obtain the equations

d ω^1 ω^2 ω^3 = α̂_+ + α_− −β_−^1_{2R} ω^{¯2} β̄_− α̂_+ − α_− −^1_{2R} ω^¯1 −^{εR}_{2Λ2} ω^{2 εR}_{2Λ2} ω^1 2α̂_+ ∧ ω^1 ω^2 ω^3

(4.35)

defining the connection on T (M^4) with M^4 = S^4 or B_4. For both cases the metric on T (M^4) has the form ds^2_ε = ω^1ω^{¯1} + ω^2ω^{¯2} + εω^3ω^{¯3} (4.36)

and the almost Kähler 2-form ω reads^7

ω_ε = i_2 (ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} + εω^3 ∧ ω^{¯3}) (4.37)

From (4.35) one obtains that the 2-form (4.37) is Kähler, i.e. dω_ε = 0, if and only if R^2 = Λ^2. In this case (4.35) defines for ε = 1 the Levi-Civita connection with U(3) holonomy group on T (S^4) = Sp(2)/Sp(1)×U(1) ∼= SU(4)/U(3) ∼= C P^3 [54]. Similarly, for ε = −1 the structure equations (4.35) define on T (B_4) = Sp(1,1)/Sp(1)×U(1) the Levi-Civita connection for the metric (4.36) with the holonomy group U(2,1).

5 Kähler geometry on twistor spaces of C P^2 and C B_2

Manifolds C P^2 and C B_2 as coset spaces. We introduce C P^2 and C B_2 as coset spaces

C P^2 = SU(3)/S(U(1)×U(2)) and C B_2 = SU(1, 2)/S(U(1)×U(2)) (5.1)

and denote both of them as M^4 ∼= C P^2 or C B_2 with local complex coordinates y^α, α = 1, 2. Consider now the principal bundles SU(3) → C P^2 (5.2) and SU(1, 2) → C B_2 , (5.3)

both having the structure group S(U(1)×U(2))∼=U(1)×SU(2). Local sections of the fibrations (5.2) and (5.3) are given by 3×3 matrices V = γ^{−1} ( 1 −εT^† T W ) ∈ { SU(3) for ε = 1 SU(1, 2) for ε = −1

(5.4)

7For ε = −1 the metric (4.36) is not positive definite and one can say about pseudo-Hermitian metric, pseudo- Kähler 2-form etc. but we will avoid this.

where

T := ( ȳ^{¯2} y^1 ) , W := γ · 1_2 − ε γ + 1

T T^† and γ = (1 + εT^†T )^12 = (1 + εy^αȳ^ᾱ)^12 > 0 (5.5)

obey W^† = W , W T = T and W^2 = γ^2 · 1_2 − εT T^† (5.6) and therefore V^†η V = V η V^† = η with η = diag(1, ε, ε) . (5.7) Matrices (5.4) with ε = ±1 are representative elements for cosets (5.2) and (5.3) encoding information about their geometry.

(Anti-)self-dual gauge fields on C P^2 and C B_2 . Let us introduce a flat connection on the trivial vector bundle M^4×C^4 given by the formula

A = V^{−1}dV =: ( 2b −^ε_{2Λ} θ^† 1 2Λ θ B ) (5.8)

with b ∈ u(1) and B ∈ u(2) on M^4 ∼= C P^2 or C B_2 , where from (4.4) we obtain b = ε 4γ^2

(T^†dT − dT^†T ) and B = 1 γ^2 (W dW − T dT^† − ε 2 dT^†T − ε 2 T^†dT ) , (5.9)

θ = 2Λ γ^2 W dT = ( θ^{¯2} θ^1 ) = 2Λ γ ( dȳ^{¯2} dy^1 ) − 2εΛ γ^2(γ + 1) ( ȳ^{¯2} y^1 ) (ȳ^{¯1}dy^1 + y^2dȳ^{¯2}) . (5.10)

Here, θ^1 and θ^2 are local orthonormal basis of (1,0)-forms on C P^2 for ε = 1 and C B_2 for ε = −1. The real parameter Λ characterizes “size” of these cosets.

The flatness condition, dA + A ∧ A = 0, leads to the following component equations

f^− := db = ε 8Λ^2 θ^† ∧ θ = − ε 8Λ^2

(θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2}) , (5.11)

B := B^+ − b · 1_2 = ( a_+ −b̄_+ b_+ −a_+ ) − b · 1_2 , (5.12)

F = dB + B ∧ B = ε 4Λ^2 θ ∧ θ^† = − ε 4Λ^2 ( θ^2 ∧ θ^{¯2} θ^{¯1} ∧ θ^{¯2} −θ^1 ∧ θ^2 −θ^1 ∧ θ^{¯1} ) =: F^+ − f^− · 1_2 , (5.13)

where F^+ = dB^+ + B^+ ∧ B^+ = − ε 8Λ^2 ( θ^1 ∧ θ^{¯1} + θ^2 ∧ θ^{¯2} 2θ^{¯1} ∧ θ^{¯2} −2θ^1 ∧ θ^2 −θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2} ) . (5.14)

From (5.11) and (5.14) it follows that ∗f^− = −f^− and ∗F^+ = F^+, i.e. b is an anti-self-dual u(1)- connection on a complex line bundle over M^4 and B^+ is a self-dual su(2)-connection on a rank-2 complex vector bundle over M^4 ∼= C P^2 or C B_2 . Note that the field B^+ − b · 1_2 can be identified with the u(2)-valued Levi-Civita connection on M^4 and then the curvature F^+ and f^− · 1_2 will be the self-dual (su(2)-valued) and anti-self-dual (u(1)-valued) parts of the Riemannian curvature tensor of the metric ds^2 = θ^1θ^{¯1} + θ^2θ^{¯2} for θ^α given in (5.10).

Homogeneous twistor spaces of C P^2 and C B_2 . Twistor spaces of C P^2 and C B_2 are the following nonsymmetric coset spaces:

T (C P^2 ) = SU(3)/U(1)×U(1) and T (C B_2 ) = SU(1, 2)/U(1)×U(1) . (5.15)

They can be described via representative matrices similar to the twistor spaces T (S^4) and T (B_4) discussed before. Namely, we consider again the 2×2 matrix (4.20) and 3×3 matrices

Ĝ = ( 1 0 0 g ) and V̂ = V Ĝ ∈ { SU(3) for ε = 1 SU(1, 2) for ε = −1

(5.16)

for V given in (5.4). The matrix V̂ defines a local section of the bundle

SU(3) → T (C P^2 ) or SU(1, 2) → T (C B_2 ) (5.17)

depending on ε = ±1. Both fibrations (5.17) have the group U(1)×U(1) as a typical fibre. Thus, the matrices (5.16) represent the twistor coset spaces (5.15). We again have fibrations (4.28) but with M^4 ∼= C P^2 or M^4 ∼= C B_2 .

Kähler structure on twistor spaces T (C P^2 ) and T (C B_2 ). Consider a trivial complex vector bundle T (M^4) × C^4 → T (M^4) with M^4 ∼= C P^2 or C B_2 . A flat connection on this bundle is defined by formula Â = V̂^{−1}dV̂ = Ĝ^{−1}A Ĝ + Ĝ^{−1}dĜ =: ( 2b −^ε_{2Λ} θ̂^† 1 2Λ θ̂ B̂ ) , (5.18)

where θ̂ = g^†θ = 1 (1 + ζζ̄)^12 ( θ^{¯2} + ζ̄θ^1 θ^1 − ζθ^{¯2} ) =: ( ω^{¯2} ω^1 ) , θ̂^† = θ^†g = (ω^2 ω^{¯1}) , (5.19)

B̂ = g^†B g + g^†d g =: ( â_+ −^1_{2R} ω^{¯3} 1 2R ω^3 −â_+ ) − b · 1_2 (5.20)

with â_+ = 1 1 + ζζ̄ { (1 − ζζ̄)a_+ + ζ̄b_+ − ζb̄_+ + 1 2 (ζ̄dζ − ζdζ̄) } , (5.21)

ω^3 = 2R 1 + ζζ̄ ( dζ + b_+ − 2ζa_+ + ζ^2b̄_+ ) , (5.22)

and b, a_+, b_+ are given in (5.9)-(5.12).

From flatness of Â we obtain

F̂ = dÂ + Â ∧ Â = ( 2db −^ε_{4Λ2} θ̂^† ∧ θ̂ −^ε_{2Λ} (dθ̂^†+θ̂^† ∧ B̂−2θ̂^† ∧ b) 1 2Λ (dθ̂+B̂ ∧ θ̂−2b ∧ θ̂) F̂^+ − db · 1_2 −^ε_{4Λ2} θ̂ ∧ θ̂^† ) = 0 (5.23)

and therefore

f^− = db = − ε 8Λ^2

(ω^1 ∧ ω^{¯1} − ω^2 ∧ ω^{¯2}) = − ε 8Λ^2

(θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2}) , (5.24)

F̂^+ = − ε 8Λ^2 ( ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} 2ω^{¯1} ∧ ω^{¯2} −2ω^1 ∧ ω^2 −ω^1 ∧ ω^{¯1} − ω^2 ∧ ω^{¯2} ) (5.25) along with dθ̂ + (B̂ − 2b · 1_2) ∧ θ̂ = 0 . (5.26) The metric and an almost Kähler structure on T (C P^2 ) and T (C B_2 ) read

ds^2 = ω^1ω^{¯1} + ω^2ω^{¯2} + εω^3ω^{¯3} and ω = i 2 (ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} + εω^3 ∧ ω^{¯3}) , (5.27)

where ω^i’s are given in (5.19) and (5.22). From (5.23)-(5.26) it follows that ω is Kähler, i.e. dω = 0, iff R^2 = 2Λ^2. Furthermore, from (5.23)-(5.26) we obtain the structure equations

d ω^1 ω^2 ω^3 = â_+ + 3b 0^1_{2R} ω^{¯2} 0 â_+ − 3b −^1_{2R} ω^{¯1} −^ε_{2R} ω^{2 ε}_{2R} ω^1 2â_+ ∧ ω^1 ω^2 ω^3

(5.28)

which define the Levi-Civita U(3) connection on T (C P^2 ) and the Levi-Civita U(1,2) connection on T (C B_2 ).

6 Nearly Kähler and nearly Calabi-Yau twistor spaces Definitions. Let us consider an oriented 6-dimensional manifold X^6 with a Riemannian metric g and an almost complex structure J (U(3)-structure). We may choose a local orthonormal basis {e^a} of T^∗X^6 with a = 1, ..., 6 such that the metric and the fundamental 2-form ω read ds^2 = δ_{ab}e^ae^b , (6.1) ω = e^1 ∧ e^2 + e^3 ∧ e^4 + e^5 ∧ e^6 (6.2) and J e^1 = −e^2 , J e^3 = −e^4 and J e^5 = −e^6 . (6.3) Then forms Θ^i of type (1,0) w.r.t. J read Θ^1 = e^1 + ie^2 , Θ^2 = e^3 + ie^4 and Θ^3 = e^5 + ie^6 , (6.4) so that J Θ^i = iΘ^i (6.5) and ds^2 = Θ^1Θ^{¯1} + Θ^2Θ^{¯2} + Θ^3Θ^{¯3} and ω = i_2 (Θ^1 ∧ Θ^{¯1} + Θ^2 ∧ Θ^{¯2} + Θ^3 ∧ Θ^{¯3}) . (6.6)

We assume that c_1(X^6) = 0 and introduce a (3,0)-form Ω := Θ^1 ∧ Θ^2 ∧ Θ^3 = Re Ω + i Im Ω = e^{135}+e^{425}+e^{416}+e^{326} + i(e^{136}+e^{426}+e^{145}+e^{235}) . (6.7) So, our manifold X^6 has an SU(3) structure defined by nowhere vanishing forms ω and Ω. Such a manifold is called nearly Kähler if ω and Ω satisfy dω = 3c Im Ω and dΩ = 2c ω ∧ ω (6.8) with a constant c ∈ R. A manifold (X^6, J , ω, Ω) is called nearly Calabi-Yau manifold [22] if

dω = 0 and d Im Ω = 0 . (6.9)

For more details see [19]-[22], [38], [55]-[62].

In two previous sections we have described Kähler structures on the twistor spaces T (S^4), T (C P^2 ), T (B_4) and T (C B_2 ) endowed with integrable almost complex structures. In this section we provide these spaces with never integrable almost complex structures and introduce on them nearly Kähler or nearly Calabi-Yau structure.

Nearly Kähler structure on T (S^4). Consider the almost Kähler twistor space T (S^4) with the complex structure J = J_+ [45] such that J_+ω^i = i ω^i with (1,0)-form ω^i given in (4.32), (4.33). Let us introduce the forms

Θ^1 := ω^1 , Θ^2 := ω^2 and Θ^3 := ω^{¯3} , (6.10)

which are forms of type (1,0) w.r.t. an almost complex structure J = J_− [46], J Θ^i = i Θ^i, defined in (6.5). Note that in terms of {e^a} we have

J_±e^1 = −e^2 , J_±e^3 = −e^4 and J_±e^5 = ±e^6 . (6.11)

Here and in the following we consider J = J_− which is never integrable almost complex structure.

From (4.35) with ε = 1 we get

d Θ^1 Θ^2 Θ^3 = α̂_+ + α_− −β_− 0

β̄_− α̂_+ − α_− 0 0 0 −2α̂_+ ∧ Θ^1 Θ^2 Θ^3 + 1 2R Θ^{¯2} ∧ Θ^{¯3} Θ^{¯3} ∧ Θ^{¯1}

2R^2 Λ^2 Θ

¯1 ∧ Θ^{¯2}

, (6.12)

where the first term defines the su(2) ⊕ u(1) (torsionful) connection and the last term defines the Nijenhuis tensor (torsion) with components N^i_{j̄k̄} and their complex conjugate. Namely, we have

N^1_{¯2¯3} = N^2_{¯3¯1} = 1 2R and N^3_{¯1¯2} = R Λ^2

. (6.13)

From (6.12) it follows that the manifold (T (S^4), J , ω, Ω) is nearly Kähler, i.e. ω and Ω from (6.6) and (6.7) satisfy the equations (6.8), if R^2 =^1_2 Λ^2 and c =^1_{2R} . In this case we have N^3_{¯1¯2} =^1_{2R} and therefore the components

N¯_i¯_j¯_k = δ¯_{il} N^l_{j̄k̄} =^1_{2R} ε¯_i¯_j¯_k and N_{ijk} =^1_{2R} ε_{ijk} (6.14)

are totally antisymmetric. The connection with torsion T =^1_4 N has holonomy contained in SU(3). Recall that the (3,0)-form Ω from (6.7) is a nowhere vanishing global section of the canonical bundle of T (S^4) which is a trivial bundle since the first Chern class of T (S^4) vanishes, c_1(T (S^4)) = 0.

Nearly Kähler structure on T (C P^2 ). For the manifold T (C P^2 ) we use the same redefinition (6.10) but with ω^i given by (5.18)-(5.22). This endows T (C P^2 ) with a nonintegrable almost complex structure defined by (6.3)-(6.5). Then from (5.23)-(5.26) with ε = 1 we obtain the structure equations

d Θ^1 Θ^2 Θ^3 = â_+ + 3b 0 0 0 â_+ − 3b 0 0 0 −2â_+ ∧ Θ^1 Θ^2 Θ^3 + 1 2R Θ^{¯2} ∧ Θ^{¯3} Θ^{¯3} ∧ Θ^{¯1}

R^2 Λ^2 Θ

¯1 ∧ Θ^{¯2}

, (6.15)

where the first term defines u(1) ⊕ u(1) connection and the last term defines torsion with N^1_{¯2¯3} = N^2_{¯3¯1} =^1_{2R} and N^3_{¯1¯2} =^R_{2Λ2} . For T (C P^2 ), the conditions (6.8) for a manifold to be nearly Kähler yield R^2 = Λ^2 that follows from (6.15). Furthermore, for R^2 = Λ^2 one has

N_{ijk} =^1_{2R} ε_{ijk} and N¯_i¯_j¯_k =^1_{2R} ε¯_i¯_j¯_k , (6.16)

so that T =^1_4 N is a totally antisymmetric torsion.

Nearly Calabi-Yau structure on T (B_4). On T (B_4) we consider the redefinition (6.10) with ω^i from (4.32), (4.33) and α_+, β_+, θ^1, θ^2 given by (4.13), (4.14) with ε = −1. This redefinition again corresponds to the choice of the nonintegrable almost complex structure (6.3)-(6.5) and c_1(T (B_4)) = 0. Then from (4.35) with ε = −1 one obtains the equations

d Θ^1 Θ^2 Θ^3 = α̂_+ + α_− −β_− 0 β̄_− α̂_+ − α_− 0 0 0 −2α̂_+ ∧ Θ^1 Θ^2 Θ^3 + 1 2R Θ^{¯2} ∧ Θ^{¯3} Θ^{¯3} ∧ Θ^{¯1} −^{2R2}_{Λ2} Θ^{¯1} ∧ Θ^{¯2}

, (6.17)

with the u(2) torsional connection defined by the first term and the Nijenhuis tensor N^i_{j̄k̄} defined by the second term. From (6.17) one readily derives that (ω, Ω) on T (B_4) satisfy the nearly Calabi-Yau requirements (6.9) if and only if R^2 = Λ^2. Note also that in this case

dω =^1_{Λ2R} (R^2 − Λ^2) Im Ω = 0 for R^2 = Λ^2 , (6.18)

dΩ = −^1_{2R} (2Θ^1 ∧ Θ^2 ∧ Θ^{¯1} ∧ Θ^{¯2} − Θ^1 ∧ Θ^3 ∧ Θ^{¯1} ∧ Θ^{¯3} − Θ^2 ∧ Θ^3 ∧ Θ^{¯2} ∧ Θ^{¯3}) ∈ Λ^{2,2}(T (B_4)) , (6.19)

and therefore^8 ¯∂Ω = 0 . (6.20)

Thus, we again obtain a manifold with vanishing first Chern class and SU(3) structure. The manifold T (B_4) has negative scalar curvature and can, in principle, be used in string compactifications to the de Sitter space-time [1]. Compact twistor spaces with negative scalar curvature can be obtained from T (B_4) via the quotients of B_4 by a discrete isometry group.

Nearly Calabi-Yau space T (C B_2 ). In this case we consider the redefinition (6.10) with ω^i from (5.19), (5.22) and θ^α given by (5.10) with ε = −1. From (5.28) with ε = −1 we obtain the structure equations

d Θ^1 Θ^2 Θ^3 = â_+ + 3b 0 0

0 â_+ − 3b 0 0 0 −2â_+ ∧ Θ^1 Θ^2 Θ^3 + 1 2R Θ^{¯2} ∧ Θ^{¯3} Θ^{¯3} ∧ Θ^{¯1} −^{R2}_{Λ2} Θ^{¯1} ∧ Θ^{¯2}

, (6.21)

8Recall that Ω ≡ Ω^{3,0} and dΩ = (d^{1,0} + d^{0,1} + d^{−1,2} + d^{2,−1}) Ω, where d^{1,0} = ∂ and d^{0,1} = ¯∂. On nearly Kähler manifolds (6.20) is also satisfied due to (6.8).

defining the u(1) ⊕ u(1) connection and the Nijenhuis torsion N^i_{j̄k̄} on T (C B_2 ). From (6.21) we obtain dω =^1_{2Λ2R} (2Λ^2 − R^2) Im Ω and d Im Ω = 0 , (6.22)

so that T (C B_2 ) is a nearly Calabi-Yau space iff R^2 = 2Λ^2. Compact analogues of this manifold with an SU(3) structure can be obtained via quotients of C B_2 by a discrete isometry group.

7 Hermitian-Yang-Mills gauge fields on twistor spaces of S^4, C P^2 , B_4 and C B_2

We have described Kähler, nearly Kähler and nearly Calabi-Yau structures on the twistor spaces T (S^4), T (C P^2 ), T (B_4) and T (C B_2 ). Now we will discuss in more details some explicit solutions of the Hermitian-Yang-Mills equations defined on bundles Ê over these manifolds.

Kähler T (S^4) and T (B_4). Let us consider forms ω^i of type (1,0) w.r.t. J = J_+ given in (4.32), (4.33), the metric (4.36) and the (almost) Kähler (1,1)-form (4.37). Consider again the flat connection (4.29) for which we have

F̂ = dÂ + Â ∧ Â = (^ F^− − ε ϕ̂ ∧ ϕ̂^† −ε(dϕ̂ + ϕ̂ ∧ Â^+ + Â^− ∧ ϕ̂) dϕ̂^† + Â^+ ∧ ϕ̂^† + ϕ̂^† ∧ Â^− F̂^+ − ε ϕ̂^† ∧ ϕ̂ ) = 0 , (7.1)

where ϕ̂ and Â^± are given in (4.30). From (7.1) it follows that

F̂^− = ε ϕ̂ ∧ ϕ̂^† = − ε 4Λ^2 ( ω^1 ∧ ω^{¯1} − ω^2 ∧ ω^{¯2} 2ω^{¯1} ∧ ω^2 −2ω^1 ∧ ω^{¯2} −ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} ) =

= − ε 4Λ^2 ( θ^1 ∧ θ^{¯1} − θ^2 ∧ θ^{¯2} 2θ^{¯1} ∧ θ^2 −2θ^1 ∧ θ^{¯2} −θ^1 ∧ θ^{¯1} + θ^2 ∧ θ^{¯2} ) = ε ϕ ∧ ϕ^† = F^− , (7.2)

F̂^+ = ε ϕ̂^† ∧ ϕ̂ = g^†F^+g = − ε 4Λ^2 ( ω^1 ∧ ω^{¯1} + ω^2 ∧ ω^{¯2} 2ω^{¯1} ∧ ω^{¯2} −2ω^1 ∧ ω^2 −ω^1 ∧ ω^{¯1} − ω^2 ∧ ω^{¯2} ) =

= − ε 2Λ^2(1+ζζ̄)

(_1

2 (1−ζζ̄)(θ^{1¯1}+θ^{2¯2})+ζθ^{¯1¯2}−ζ̄θ^{12} θ^{¯1¯2}−ζ̄(θ^{1¯1}+θ^{2¯2})+ζ̄^2θ^{12}

−[θ^{12}+ζ(θ^{1¯1}+θ^{2¯2})+ζ^2θ^{¯1¯2}] −^1_2 (1−ζζ̄)(θ^{1¯1}+θ^{2¯2})−ζθ^{¯1¯2}+ζ̄θ^{12} ) . (7.3)

Recall that we use hats for fields on T (M^4) and denote fields on M^4 by letters without hats.

From (7.2) it follows that

(F̂^−)^{0,2} = 0 and ω ⌟ F̂^− = 0 , (7.4)

i.e. the su(2)-valued gauge field F̂^− satisfies the HYM equations on T (M^4) with M^4 = S^4 or B_4. This solution is a pull-back to T (M^4) of the ASD gauge field F = F^− on M^4 = S^4 or B_4. However, there are solutions of the HYM equations on T (M^4) which are not lifted from instantons on M^4. To give an example, we rewrite the flat connection (4.29) in the form

Â = (^ A −εT̂_c T̂ α̂_+ ) with T̂ = i 2Λ (ω^1, −ω^2, −iω^3) and T̂_c = − i 2Λ ω^{¯1} −ω^{¯2} iεω^{¯3}

. (7.5)

Then from the flatness condition

F̂ = dÂ + Â ∧ Â = (^ F − εT̂_c ∧ T̂ −ε[dT̂_c + (Â + α̂_+) ∧ T̂_c] dT̂ + T̂ ∧ (Â + α̂_+) −(dα̂_+ + εT̂ ∧ T̂_c) ) = 0 (7.6)

it follows that the Yang-Mills field

F̂ = dÂ + Â ∧ Â = ε 4Λ^2

−ω^{1¯1} ω^{2¯1} iω^{3¯1} ω^{1¯2} −ω^{2¯2} −iω^{3¯2} −iεω^{1¯3} iεω^{2¯3} −εω^{3¯3}

(7.7)

satisfies the equations F̂^{0,2} = 0 and ω ⌟ F̂ = −^ε_{4Λ2} · 1_3 . (7.8)

Therefore the connection ~A = Â−^1_3 (trÂ) · 1_3 with the curvature ~F = F̂ −^1_3 (trF̂ ) · 1_3 satisfies the HYM equations ~F^{0,2} = 0 and ω ⌟ ~F = 0 . (7.9)

From (7.7) one sees that F̂ and ~F have nonvanishing components along C P^1 → T (M^4) and hence they cannot be obtained by the pull-back of an ASD gauge field on M^4 = S^4 or B_4.

Kähler T (C P^2 ) and T (C B_2 ). In this case from (5.18) with B̂ = B̂^+ − b · 1_2 and (5.23) it follows that the Abelian gauge potential B̂^− := diag(b, b) (7.10)

satisfies the HYM equations for F̂^− := dB̂^−,

(F̂^−)^{0,2} = 0 and ω ⌟ F̂^− = 0 (7.11)

since db = −^ε_{8Λ2} (ω^1 ∧ ω^{¯1} − ω^2 ∧ ω^{¯2}) ⇔ ω ⌟ db = 0 . (7.12)

Nearly Kähler T (S^4) and T (C P^2 ). Recall that an SU(3)-structure (T (S^4), ω, Ω) is nearly Kähler if R^2 =^1_2 Λ^2 and an SU(3)-structure (T (C P^2 ), ω, Ω) is nearly Kähler if R^2 = Λ^2. Assuming this and substituting (6.10) into (7.2), we obtain that

F̂^− = − 1

4Λ^2 ( Θ^1 ∧ Θ^{¯1} − Θ^2 ∧ Θ^{¯2} 2Θ^{¯1} ∧ Θ^2 −2Θ^1 ∧ Θ^{¯2} −Θ^1 ∧ Θ^{¯1} + Θ^2 ∧ Θ^{¯2} ) (7.13)

is a solution of the HYM equations on T (S^4) = Sp(2)/Sp(1)×U(1) which is essentially the same as (7.2). At the same time, the analogue of 3×3 matrix F̂ from (7.7) does not satisfy the HYM equations on the nearly Kähler space T (S^4) contrary to the Kähler case. On the other hand, on the nearly Kähler space T (C P^2 ) we have two canonical Abelian connections satisfying the HYM equations on T (C P^2 ),

B̂^−_1 = diag(b, b) with db = − 1 8Λ^2

(Θ^1 ∧ Θ^{¯1} − Θ^2 ∧ Θ^{¯2}) (7.14) and B̂^−_2 = diag(â_+, −â_+) with dâ_+ = − 1 8Λ^2

(Θ^1 ∧ Θ^{¯1} + Θ^2 ∧ Θ^{¯2} − 2Θ^3 ∧ Θ^{¯3}) , (7.15) where b and â_+ are introduced in (5.18)-(5.21). Note that the Abelian gauge potential b is pulled back from C P^2 but â_+ is not.

Nearly Calabi-Yau T (B_4) and T (C B_2 ). Recall that forms ω and Ω define a nearly Calabi- Yau structure on an almost complex manifold X^6 if they obey equations (6.9). For the twistor space T (B_4) this yields R^2 = Λ^2 and the twistor space T (C B_2 ) is a nearly Calabi-Yau manifold if R^2 = 2Λ^2. Assuming this and substituting (6.10) into (7.1) with ε = −1, we obtain that the gauge field

F̂^− = dÂ^− + Â^− ∧ Â^− = 1 4Λ^2 ( Θ^1 ∧ Θ^{¯1} − Θ^2 ∧ Θ^{¯2} 2Θ^{¯1} ∧ Θ^2 −2Θ^1 ∧ Θ^{¯2} −Θ^1 ∧ Θ^{¯1} + Θ^2 ∧ Θ^{¯2} ) (7.16)

satisfies the HYM equations (7.4) on T (B_4). Note that (7.16) differs by sign from (7.13).

Similarly, on nearly Calabi-Yau space T (C B_2 ) we have the Abelian Hermitian-Yang-Mills connection B̂^− = diag(b, b) with db = 1 8Λ^2

(Θ^1 ∧ Θ^{¯1} − Θ^2 ∧ Θ^{¯2}) (7.17)

which is the pull-back of an Abelian anti-self-dual gauge potential on C B_2 .

Lifted ASD gauge fields. In section 3 we have shown that anti-self-dual gauge fields F = F^− on any oriented Riemannian 4-manifolds M^4 are pulled back to Hermitian-Yang-Mills gauge fields on the twistor space T (M^4) of M^4 with an almost complex structure J = J_+. The same is true for the twistor spaces T (S^4), T (C P^2 ), T (B_4) and T (C B_2 ) with the never integrable almost complex structure J = J_− since F̂ = π^∗F has no components along C P^1_x → T (M^4). Using Θ^i from (6.10) on all above-mentioned twistor spaces, we obtain

F̂^+ = π^∗F^+ =^1_2 (F̂_{1¯1} + F̂_{2¯2})(Θ^{1¯1} + Θ^{2¯2}) + F̂_{12}Θ^{12} + F̂_{¯1¯2}Θ^{¯1¯2} , (7.18)

F̂^− = π^∗F^− =^1_2 (F̂_{1¯1} − F̂_{2¯2})(Θ^{1¯1} − Θ^{2¯2}) + F̂_{1¯2}Θ^{1¯2} + F̂_{2¯1}Θ^{2¯1} , (7.19)

where Θ^{1¯1} = Θ^1 ∧ Θ^{¯1}, Θ^{12} = Θ^1 ∧ Θ^2 etc. Furthermore, for the components F̂_i¯_j we have the same formulae (3.13) and (3.14) as for the case of an almost complex structure J_+. Thus, any anti-self-dual gauge field F = F^− on a vector bundle E over M^4 = S^4, C P^2 , B_4 or C B_2 lifted to the twistor space (T (M^4), J_−) satisfies the Hermitian-Yang-Mills equations on the pulled-back bundle Ê = π^∗E over T (M^4). Some particular examples of such solutions to the HYM equations on T (M^4) were described in this section. A lot of explicit solutions of the HYM equations on T (S^4) can be obtained by lifting multi-instanton solutions on S^4. Their moduli space is known from the ADHM construction [63]. Note that for B_4 families of solutions to the ASDYM equations were described in [64]. These ASD gauge fields are lifted to the HYM gauge fields on nearly Calabi- Yau space T (B_4). Furthermore, all HYM gauge fields on the nearly Calabi-Yau spaces T (M^4) are obtainable from ASD gauge fields on M^4 lifted to T (M^4). This follows from the constraint equation dΩ ∧ F = 0 which along with ω⌟ F = 0 yields F_3¯_3 = 0.

8 Twistor action for bosonic and supersymmetric Yang-Mills theories

In the previous sections we considered the spaces M^4 = S^4, C P^2 , B_4 and C B_2 with the nearly Kähler twistor spaces T (S^4), T (C P^2 ) and the nearly Calabi-Yau twistor spaces T (B_4), T (C B_2 ). For all these cases c_1(T (M^4)) = 0 and on T (M^4) we have a nonintegrable almost complex structure J , an almost Hermitian (1,1)-form ω and a (3,0)-form Ω satisfying (6.8) or (6.9) and defining an SU(3)-structure on T (M^4). Furthermore,

¯∂ Ω := d^{0,1}Ω = 0 and ¯∂ ω = 0 (8.1)

on the nearly Kähler spaces T (S^4), T (C P^2 ) and

¯∂ Ω = 0 and d ω = 0 (8.2)

on the nearly Calabi-Yau spaces T (B_4), T (C B_2 ) and their compact quotients. The SU(3)-structure on the above-mentioned twistor spaces allows us to introduce analogues of holomorphic Chern- Simons (hCS) theory on Calabi-Yau (super)spaces. We briefly recall the hCS theory.

Holomorphic Chern-Simons theory on Calabi-Yau manifolds. Let Z (∼= X^6) be a complex three-dimensional Calabi-Yau manifold, E a rank k complex vector bundle over Z and A a connection one-form on E. Consider the action [65] S = ∫ Z Ω ∧ tr(A^{0,1} ∧ ¯∂A^{0,1} +^2_3 A^{0,1} ∧ A^{0,1} ∧ A^{0,1}) , (8.3)

where Ω is a nowhere vanishing holomorphic (3,0)-form on Z and A^{0,1} is the (0,1)-component of the connection one-form A. This action functional was obtained by Witten [65] as a full target space action of the open topological B-model on a complex three-dimensional target space, on which the Calabi-Yau restriction arises from N = 2 supersymmetry of the corresponding topological sigma model and an anomaly cancellation condition.

The field equations following from the action functional (8.3) read

F^{0,2} = ¯∂A^{0,1} + A^{0,1} ∧ A^{0,1} = 0 . (8.4)

Thus, the hCS theory (8.3), (8.4) describes inequivalent holomorphic structures ¯∂_A = ¯∂ + A^{0,1} on the bundle E → Z.

Holomorphic Chern-Simons theory on Calabi-Yau supermanifolds. In [66] it was observed that the Calabi-Yau restriction on the manifold Z can be relaxed by considering a topological B-model (twistor string theory) whose target spaces are Calabi-Yau supermanifolds. For them, fermionic directions also make a contribution to c_1(Z) yielding more freedom to have an overall vanishing first Chern class. As a main example of Z, Witten considered the supertwistor space P^{3|4} := C P^{3|4} \ C P^{1|4} with embedded projective lines C P^1_{x,θ} parametrized by the chiral superspace R^{4|8} ∋ (x^μ, θ^{αA}), where μ = 1, ..., 4, α = 1, 2, A = 1, ..., 4. Under some assumptions, including triviality of the bundle E → P^{3|4} after restriction to each^9 C P^1_{x,θ} → P^{3|4}, it was shown that hCS

9This condition is equivalent to vanishing of a part of the curvature F = dA + A ∧ A having components along subspaces C P^1_{x,θ} → P^{3|4}. Without this assumption the hCS theory is not equivalent to the anti-self-dual N = 4 SYM theory.

theory on the supertwistor space P^{3|4} is equivalent to anti-self-dual N = 4 super-Yang-Mills (SYM) theory in four dimensions.^{10}

As equations of motion for hCS theory on P^{3|4} and C P^{3|4} one has (8.4) but with A^{0,1} holomorphically depending on fermionic coordinates. The spectrum of physical states contained in A^{0,1} is the same as that of N = 4 SYM theory but the interactions of both theories differ. It was also shown that the perturbative amplitudes of the full N = 4 SYM theory are recovered by adding to the hCS action a nonlocal term interpreted as D-instantons wrapping holomorphic curves in P^{3|4}. Another option is to construct an action on the super-ambitwistor space [66, 69, 70] but this was not entirely successful.

Pseudo-holomorphic Chern-Simons theory. Recall that twistor string theory establish a connection with N = 4 SYM theory in four dimensions but, contrary to the standard topological string theory on Calabi-Yau 3-folds, lost the connection with superstring theory. For restoring such a connection one should consider not the superspace C P^{3|4} but an ordinary 6-manifold as a target space for twistor strings. In fact, the complex twistor space C P^3 was used for some proposals on a possible twistor action for nonsupersymmetric d = 4 Yang-Mills theory [71]. However, nearly Kähler and/or nearly Calabi-Yau twistor spaces T (M^4) may be more suitable for this purpose since all these twistor spaces carry an SU(3) structure defined by forms ω and Ω. Thus, we can consider the action functional (8.3) with Z = T (M^4) and M^4 = S^4, C P^2 or B_4, C B_2 (or their compact quotients) for almost complex Z with c_1(Z) = 0. In this case, A^{0,1} will be a (0,1)-form w.r.t. the nonintegrable almost complex structure J = J_− introduced in (6.3)-(6.5) and (6.10). The field equations (8.4) of this pseudo-holomorphic Chern-Simons (pshCS) theory describe inequivalent pseudo-holomorphic structures ¯∂_A = ¯∂ + A^{0,1} on the bundle E → Z. In its turn, pshCS theory on the almost complex twistor space T (M^4) is equivalent to the (bosonic) anti-self-dual Yang-Mills theory on M^4 = S^4, C P^2 , B_4, C B_2 or R^4 . Thus, one may consider (8.3) as a candidate to a twistor action for bosonic ASDYM theory and consider nearly Kähler & nearly Calabi-Yau twistor spaces as candidates for a target space for twistor string theory, which is close to the standard topological string theory.

Action functionals on nearly Kähler twistor spaces. As it was shown in section 3, for any anti-self-dual gauge field F on M^4, its pull-back F̂ := π^∗F to the twistor space^{11} T (M^4) satisfies not only (8.4) but also the equation ω ⌟ F̂ = 0, where ω is an almost Hermitian (1,1)-form on T (M^4). Thus, F̂ is a solution of the Hermitian-Yang-Mills equations on T (M^4) which are the BPS equations for Yang-Mills theory in d = 6.

It is of interest that on nearly Kähler manifolds X^6 not only (8.4) but the full HYM equations can be obtained from the action functional [22] S = ∫ X^6

Im Ω ∧ tr(A ∧ dA +^2_3 A ∧ A ∧ A) , (8.5)

where A is a connection one-form on a complex vector bundle E over X^6 and Ω is a (3,0)-form on X^6. Note that dω = 3c Im Ω and therefore in (8.5) one can use dω instead of Im Ω.

The field equations following from (8.5) read

Im Ω ∧ F = 0 , (8.6)

10For reductions of this model to d = 3 and d = 2 see [67, 68]. 11Recall that π : T (M^4) → M^4 is the canonical projection.

where F = dA+A∧A is the curvature of A. It is easy to show [22] that on nearly Kähler manifolds from (8.6) it follows Re Ω ∧ F = 0 , (8.7)

and differentiating (8.7) we obtain

ω ∧ ω ∧ F = 0 ⇔ ω ⌟ F = 0 (8.8)

after using (6.8) and the Yang-Mills Bianchi identities. In fact, on nearly Kähler manifolds eq.(8.8) follows from (8.4) due to (6.8).

The above observations allow us to propose (8.5) as a twistor action on X^6 ∼= C P^3 (or SU(3)/U(1)×U(1)) for the bosonic ASDYM theory on S^4 (or C P^2 ) after assuming, as in hCS and pshCS theories, that components of F along C P^1_x → X^6 vanish. Such F can be identified with the gauge field F̂ pulled back from S^4 (or C P^2 ) to X^6 with the components defined in (7.18), (7.19) and (3.13), (3.14). Furthermore, for the full d = 4 (bosonic) Yang-Mills theory one can use the d = 6 Yang-Mills action functional S = − ∫ P^3

vol_6 tr(F̂_{ab}F̂_{ab}) . (8.9)

Integrating (8.9) over C P^1 → P^3, we obtain the standard Yang-Mills action on R^4 (on S^4 for X^6 ∼= C P^3 ). This action functional is a natural part of the low-energy heterotic string theory. On the other hand, anti-self-dual Yang-Mills theory on S^4 and C P^2 is related with the Hermitian- Yang-Mills model on the twistor spaces C P^3 and SU(3)/U(1)×U(1), respectively, and with heterotic string theory compactified on these nearly Kähler spaces. It would be of interest to study open topological string theories (both A and B types) with such target spaces. According to [72], A-model on T (M^4) can be a holographic dual to topological M-theory on a d = 7 G_2-manifold naturally associated with any nearly Kähler space T (M^4) [73].

Hermitian-Yang-Mills equations on supermanifolds. Our observation on relation between ASDYM theory on M^4 and HYM theory on the twistor space T (M^4) of M^4 can be useful also in N = 4 supersymmetric case. Namely, consider the complex supertwistor space P^{3|4} = C P^{3|4} \ C P^{1|4} [69] with holomorphic fermionic coordinates

θ^A := θ^{2A} − ζθ^{1A} , (8.10)

where ζ ∈ U ⊂ C P^1 is a local coordinate on C P^1 and θ^{1A}, θ^{2A} are Grassmann variables. Introduce local fermionic (1,0)-forms ω^A = 1 (1 + ζζ̄)^12

(dθ^{2A} − ζ dθ^{1A}) (8.11)

taking values in the Hermitian line bundle L_{+1} over C P^1 associated with the Hopf bundle (4.18) and the corresponding (0,1)-forms

ω^Ā = 1 (1 + ζζ̄)^12

(dθ^{1A} + ζ̄ dθ^{2A}) = T^{ĀB̄} ω^B with T^{¯1¯2}=−T^{¯2¯1}=T^{¯3¯4}=−T^{¯4¯3}= − 1 (8.12)

taking values in the dual line bundle L_{−1} → C P^1 . Thus, holomorphic fermionic “volume form” vol_4ω takes values in L_{−4} and antiholomorphic fermionic “volume form” vol_4ω̄ takes values in L_{+4}.

We also introduce odd (local) vector fields

V_A = 1 (1 + ζζ̄)^12 ( ∂ ∂θ^{2A} − ζ̄ ∂ ∂θ^{1A} ) and V¯_A = 1 (1 + ζζ̄)^12 ( ∂ ∂θ^{1A} + ζ ∂ ∂θ^{2A} ) (8.13)

of type (1,0) and (0,1) which are dual to the forms (8.11) and (8.12), respectively.^{12} For discussion of reality conditions for odd variables θ^{αA} and more details see e.g. [69].

Let us consider a holomorphic vector bundle E over Calabi-Yau supermanifold P^{3|4} [66] and a connection one-form

A = A^b_i ω^i + A^f_B ω^B + A^b_ī ω^ī + A^f_{B̄} ω^{B̄} =: A^{1,0} + A^{0,1} , (8.14)

where ω^i are (1,0)-forms on P^3 (see (4.32), (4.33) with θ^1 = dy, θ^2 = dz and α_+ = β_+ = 0) and by “b” and “f” we denote even and odd components of A. Here, A^{1,0} are given by the first two terms in (8.14). On P^{3|4} we introduce the (1,1)-form

ω = i_2 (δ_i¯_j ω^i ∧ ω^{j̄} + δ_A¯_B ω^Aω^{B̄} ) , (8.15)

where i, j = 1, 2, 3 and A, B = 1, ..., 4.

The Hermitian-Yang-Mills equations on the supertwistor space P^{3|4} can be written as follows:

F^{0,2} = 0 ⇔ F¯_i¯_j = 0 , F¯_i¯_A = 0 and F¯_A¯_B = 0 , (8.16)

ω ⌟ F = 0 ⇔ δ^{ij̄} F_i¯_j + δ^{AB̄} F_A¯_B = 0 , (8.17) F^{2,0} = 0 ⇔ F_{ij} = 0 , F_{iA} = 0 and F_{AB} = 0 . (8.18) Here,

F¯_i¯_j = [V¯_i + A^b_ī , V¯_j + A^b_{j̄} ] , F¯_i¯_A = [V¯_i + A^b_ī , V¯_A + A^f_Ā] , F¯_A¯_B = { V¯_A + A^f_Ā, V¯_B + A^f_{B̄} } , (8.19)

and similar for other components of F.

Twistor action for N = 4 SYM theory. Let us introduce

(x^{αα̇}) = ( x^{1 ˙1} x^{1 ˙2} x^{2 ˙1} x^{2 ˙2} ) = ( z̄ ȳ y −z ) , (θ^{αA}) = (θ^{αα̇}, θ^{αα′} ) = ( θ^{1 ˙1} θ̄^{2 ˙1} θ^{11′} θ̄^{21′} θ^{2 ˙1} −θ̄^{1 ˙1} θ^{21′} −θ̄^{11′} ) (8.20) and (ζ_α) := ρ ( −ζ 1 ) , (ζ^α) := ρ ( 1 ζ ) , (ζ̂_α) := ρ ( 1 ζ̄ ) , (ζ̂^α) := ρ (¯ ζ −1 ) with ρ:= 1 (1 + ζζ̄)^12

, (8.21)

where in (8.20) we used the Euclidean reality conditions [69] for x^{αα̇} and θ^{αA}. Using (8.21), we can rewrite (8.10)-(8.13) as

ω^A = ζ_α dθ^{αA} , V_A = −ζ̂^α ∂ ∂θ^{αA} , ω^Ā = ζ̂_α dθ^{αA} and V¯_A = ζ^α ∂ ∂θ^{αA} . (8.22)

12Note that one can use a “nonsymmetric” formulation by erasing (1 + ζζ̄)^{− 1}2 in (8.13) and using (1 + ζζ̄)^{−1} in (8.11), (8.12). Then V¯_A will take values in the holomorphic line bundle O(1) → C P^1 , ω^Ā will be a smooth section of the bundle O(−1), VA ∈ Ō(1) and ω^A ∈ Ō(−1).

The standard N = 4 anti-self-dual Yang-Mills equations [74, 75] can be written in terms of gauge potential components A_{αα̇}(x, θ) and A_{αA}(x, θ) and after introducing

V̄_{α̇} := ζ^α ∂ ∂x^{αα̇} , Ā^b_{α̇} := ζ^αA_{αα̇} , A^b_{¯3} = 0 and A^f_Ā := ζ^αA_{αA} , (8.23)

they are equivalent to eqs.(8.16) (see e.g. [69]) with

V¯_1 + A^b_{¯1} = V̄_{˙2} + Ā^b_{˙2} and V¯_2 + A^b_{¯2} = V̄_{˙1} + Ā^b_{˙1} (8.24)

due to our definition of spinor and vector indices, and eqs.(8.18) are Hermitian conjugate to (8.16) for the reality conditions (8.20). In fact, (8.23) defines the pull-back of gauge fields from R^{4|8} to P^{3|4}. Moreover, one can show by direct calculations that (8.17) is also equivalent to the N = 4 ASDYM equations for this Hermitian gauge. This is similar to the bosonic case.

Establishing the equivalence of the N = 4 ASDYM equations in four dimensions and the HYM equations (8.16)-(8.18) on the bundle E over the supertwistor space P^{3|4}, we can use such advantages of the twistor description as extended gauge symmetries. Namely, for the holomorphic bundle E → P^{3|4} one can always find a complex gauge transformation such that

A^{0,1} − A^b_{¯3}ω^{¯3} → Ã^{0,1} − Ã^b_{¯3} ω^{¯3} = g^{−1}(A^{0,1} − A^b_{¯3} ω^{¯3})g + g^{−1}(¯∂ − ω^{¯3}V¯_3)g = 0 , (8.25)

where g ∈ SL(k, C ) and A^{0,1} − A^b_{¯3} ω^{¯3} have components A^b_ᾱ and A^f_Ā.^{13} The equations (8.16) in this gauge dissappear (resolved automatically) since Ã^b_ᾱ = 0, Ã^f_Ā = 0, and (8.17) reduce to the equations δ^{ᾱα}V_ᾱÃ^b_α + δ^{ĀA}V¯_AÃ^f_A = 0 (8.26)

which are solved as Ã^b_1 = −V_{¯2}Υ , Ã^b_2 = V_{¯1}Υ and Ã^f_A = V_ĀΥ , (8.27)

where the sl(k, C )-valued prepotential Υ has weight −2, i.e. takes value in the bundle L_{−2} over C P^1 . Substituting (8.27) into the rest equations (8.18), we obtain three group of equations (cf. [75]): one equation without the Grassmann derivatives and two groups with V_A entering linearly. The equations with the derivatives V_A simply fix the dependence of Υ on θ^A in terms of the “physical” field Φ(x, ζ, ζ̄, θ^Ā) = Υ(x, ζ, ζ̄, θ^A, θ^Ā) |_θA_{=0} (8.28)

and its derivatives.

We omit the details here^{14} and write out only final formulae. Namely, (8.18) reduce to the one equation (V_1V¯_1 + V_2V¯_2)Φ + [V¯_1Φ, V¯_2Φ] = 0 (8.29)

on the matrix-valued prepotential Φ of weight −2 encoding all information about N = 4 ASDYM theory. Expanding the N = 4 sl(k, C )-valued prepotential Φ in θ̄^A := θ^Ā = ζ̂_αθ^{αA}, we obtain

Φ = ϕ_{αβ}ζ̂^αζ̂^β + ϕ_{αA}ζ̂^αθ̄^A + ϕ_{AB}θ̄^Aθ̄^B +^1_{3!} χ^A_α ζ^α ε_{ABCD}θ̄^Aθ̄^Bθ̄^C + G_{αβ} ζ^αζ^βθ̄^1θ̄^2θ̄^3θ̄^4 , (8.30)

13By the pull-back construction A^b_{¯3} = 0 but in general Ã^b_{¯3} ≠ 0. However, F̃_3¯_3 = g^{−1}F_3¯_3g = 0. 14The details will be published elsewhere.

where (ϕ_{AB} (x), χ^A_α (x), G_{αβ} (x)) are space-time fields of helicities (0, +^1_2 , +1) while ϕ_{αA}(x) and ϕ_{αβ} (x) are prepotentials for fields χ̃_{α̇A} and f_{α̇β̇} which have helicities −^1_2 and −1. Finally, the action, whose equations of motion are (8.29), have the form S = ∫ d^4x dζdζ̄ (1 + ζζ̄)^2 vol_4ω̄ tr { Φ□Φ + 2 3 Φ [V¯_1Φ, V¯_2Φ] } , (8.31)

where □ := V_1V¯_1 +V_2V¯_2 = ∂_y∂_ȳ +∂_z∂_{z̄}. Note that the Lagrangian in (8.31) has weight −4 and vol_4ω̄ has weight +4 as it should be. The functional (8.31) is the twistor action describing N = 4 ASDYM theory in terms of a single prepotential Φ. Furthermore, one can introduce a twistor action for the full N = 4 SYM theory by adding terms of 2nd, 3rd and 4th degree in Φ, Φ^† and their derivative w.r.t. θ̄^A and integrating them with the full Grassmann measure vol_4ω vol_4ω̄. These terms are

Φ^†Φ , θ̄^AΦθ^BΦ^† ∂ ∂θ̄^A ∂ ∂θ̄^B Φ , ( θ^{A1}θ̄^{B1} ∂ ∂θ̄^{A1} ∂ ∂θ̄^{B1} Φ ) ( θ^{A2}θ̄^{B2} ∂ ∂θ̄^{A2} ∂ ∂θ̄^{B2} Φ ) ( θ^{C1} θ^{D1} ∂ ∂θ̄^{C1} ∂ ∂θ̄^{D1} Φ ) ( θ̄^C2θ̄^D2 ∂ ∂θ̄^{C2} ∂ ∂θ̄^{D2} Φ ) . Details will be published elsewhere.

9 Conclusions

In this paper we considered the twistor space X^6 = T (M^4) of an oriented Riemannian manifold M^4 and explored solvability properties of the first-order Hermitian-Yang-Mills equations for gauge fields on pseudo-holomorphic bundles E over X^6. It was shown that the anti-self-dual gauge fields on M^4 lifted to T (M^4) satisfy the Hermitian-Yang-Mills equations on T (M^4). Specializing to the cases M^4 = S^4, C P^2 , B_4 or C B_2 , we discussed the nearly Kähler and nearly Calabi-Yau structures on their 6-dimensional twistor spaces T (M^4) and wrote down some explicit solutions of the Hermitian- Yang-Mills equations on T (M^4). Note that for all these twistor spaces X^6 the first Chern class vanishes, c_1(X^6) = 0, and these spaces carry an SU(3) structure. We hope that the described Yang- Mills instanton solutions on the nearly Kähler spaces T (S^4) and T (C P^2 ) can be used in the flux compactification of heterotic supergravity to AdS_4 and HYM gauge fields on the nearly Calabi-Yau spaces T (B_4), T (C B_2 ) and their compact quotients can be used in the compactifications to the de Sitter space dS_4 [1, 2]. These possibilities will be explored and described elsewhere.

We have introduced an analogue of holomorphic Chern-Simons theory on nearly Kähler twistor spaces T (M^4) and shown that under some restrictions it is equivalent to the anti-self-dual Yang- Mills theory on M^4 = S^4 or C P^2 . A twistor action for non-self-dual Yang-Mills theory is also proposed. Considering Yang-Mills theory on the supertwistor space C P^{3|4} and its open subset P^{3|4}, we have shown that the HYM equations encoding the N = 4 supersymmetric ASDYM equations reduce to the equation on a single scalar superfield defined on the supertwistor space. An expansion of this superfield in Grassmann variables contains all fields from the N = 4 Yang- Mills supermultiplet or prepotentials for these fields. All terms for a proper twistor action for full N = 4 SYM theory are written down.

A natural direction for further study would be to solve explicitly the supersymmetry constraint equations of heterotic supergravity by using solutions to the HYM equations described in this paper. Further study of twistor actions for the N ≤ 4 SYM theories may constitute another direction.

It is also of interest to extend the techniques of the equivariant dimensional reduction for Kähler coset spaces [76]-[78] to heterotic supergravity compactified on six-dimensional nearly Kähler and nearly Calabi-Yau coset spaces.

Acknowledgments

I would like to thank Derek Harland and Olaf Lechtenfeld for useful remarks. I also wish to thank the Institute for Theoretical Physics of Hannover University, where this work was completed, for hospitality. This work was partially supported by the Deutsche Forschungsgemeinschaft (grant 436 RUS 113/995) and the Russian Foundation for Basic Research (grants 08-01-00014-a and 09-02- 91347).

References

[1] C. Caviezel, P. Koerber, S. Kors, D. Lüst, D. Tsimpis and M. Zagermann, “The effective theory of type IIA AdS4 compactifications on nilmanifolds and cosets,” Class. Quant. Grav. 26 (2009) 025014 [arXiv:0806.3458 [hep-th]].

[2] A. Tomasiello, “New string vacua from twistor spaces,” Phys. Rev. D 78 (2008) 046007 [arXiv:0712.1396 [hep-th]].

[3] A.R. Frey and M. Lippert, “AdS strings with torsion: Non-complex heterotic compactifications,” Phys. Rev. D 72 (2005) 126001 [arXiv:hep-th/0507202].

[4] I. Benmachiche, J. Louis and D. Martinez-Pedrera, “The effective action of the heterotic string compactified on manifolds with SU(3) structure,” Class. Quant. Grav. 25 (2008) 135006 [arXiv:0802.0410 [hep-th]].

[5] A. Chatzistavrakidis, P. Manousselis and G. Zoupanos, “Reducing the heterotic supergravity on nearly-Kähler coset spaces,” Fortsch. Phys. 57 (2009) 527 [arXiv:0811.2182 [hep-th]].

[6] M. Grana, “Flux compactifications in string theory: A comprehensive review,” Phys. Rept.

423 (2006) 91 [arXiv:hep-th/0509003].

[7] M.R. Douglas and S. Kachru, “Flux compactification,” Rev. Mod. Phys. 79 (2007) 733 [arXiv:hep-th/0610102].

[8] R. Blumenhagen, B. Kors, D. Lüst and S. Stieberger, “Four-dimensional string compactifications with D-branes, orientifolds and fluxes,” Phys. Rept. 445 (2007) 1 [arXiv:hep-th/0610327]; D. Lüst, “String landscape and the standard model of particle physics,” arXiv:0707.2305 [hepth].

[9] S.B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D 66 (2002) 106006 [arXiv:hep-th/0105097].

[10] S. Kachru, M.B. Schulz and S. Trivedi, “Moduli stabilization from fluxes in a simple IIB orientifold,” JHEP 10 (2003) 007 [arXiv:hep-th/0201028].

[11] R. Blumenhagen, D. Lüst and T.R. Taylor, “Moduli stabilization in chiral type IIB orientifold models with fluxes,” Nucl. Phys. B 663 (2003) 319 [arXiv:hep-th/0303016].

[12] D. Lüst, S. Reffert and S. Stieberger, “Flux-induced soft supersymmetry breaking in chiral type IIB orientifolds with D3/D7-branes,” Nucl. Phys. B 706 (2005) 3 [arXiv:hep-th/0406092].

[13] J. Louis and A. Micu, “Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes,” Nucl. Phys. B 635 (2002) 395 [arXiv:hep-th/0202168].

[14] J.P. Derendinger, C. Kounnas, P.M. Petropoulos and F. Zwirner, “Superpotentials in IIA compactifications with general fluxes,” Nucl. Phys. B 715 (2005) 211 [arXiv:hep-th/0411276].

[15] T.W. Grimm and J. Louis, “The effective action of type IIA Calabi-Yau orientifolds,” Nucl.

Phys. B 718 (2005) 153 [arXiv:hep-th/0412277].

[16] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B 654 (2003) 61 [arXiv:hep-th/0211102].

[17] S. Kachru, M.B. Schulz, P.K. Tripathy and S.P. Trivedi, “New supersymmetric string compactifications,” JHEP 03 (2003) 061 [arXiv:hep-th/0211182].

[18] J.P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5- branes,” Commun. Math. Phys. 247 (2004) 421 [arXiv:hep-th/0205050]; J.P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev. D 69 (2004) 086002 [arXiv:hep-th/0302158].

[19] S. Chiossi and S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,” arXiv:math/0202282 [math.DG].

[20] T. Friedrich, “On types of non-integrable geometries,” arXiv:math/0205149 [math.DG].

[21] P. Ivanov and S. Ivanov, “SU(3)-instantons and G_2, Spin(7)-heterotic string solitons,” Commun. Math. Phys. 259 (2005) 79 [arXiv:math/0312094]; S. Ivanov and F.M. Cabrera, “SU(3)- structures on submanifolds of a Spin(7)-manifold,” Differ. Geom. Appl. 26 (2008) 113 [arXiv:math/0510406].

[22] F. Xu, “Geometry of SU(3) manifolds,” PhD thesis, Duke University, 2008.

[23] A.K. Kashani-Poor, “Nearly Kähler reduction,” JHEP 11 (2007) 026 [arXiv:0709.4482 [hepth]]; G. Aldazabal and A. Font, “A second look at N=1 supersymmetric AdS_4 vacua of type IIA supergravity,” JHEP 02 (2008) 086 [arXiv:0712.1021 [hep-th]]; L. Anguelova, “Flux vacua attractors and generalized compactifications,” JHEP 01 (2009) 017 [arXiv:0806.3820 [hep-th]].

[24] P. Koerber, D. Lüst and D. Tsimpis, “Type IIA AdS4 compactifications on cosets, interpolations and domain walls,” JHEP 07 (2008) 017 [arXiv:0804.0614 [hep-th]]; C. Caviezel, P. Koerber, S. Kors, D. Lüst, T. Wrase and M. Zagermann, “On the cosmology of type IIA compactifications on SU(3)-structure manifolds,” JHEP 04 (2009) 010 [arXiv:0812.3551 [hep-th]]; D. Lüst and D. Tsimpis, “Classes of AdS4 type IIA/IIB compactifications with SU(3)×SU(3) structure,” JHEP 04 (2009) 111 [arXiv:0901.4474 [hep-th]].

[25] D. Cassani and A.K. Kashani-Poor, “Exploiting N=2 in consistent coset reductions of type IIA,” Nucl. Phys. B 817 (2009) 25 [arXiv:0901.4251 [hep-th]]; L. Martucci, “On moduli and effective theory of N=1 warped flux compactifications,” JHEP 05 (2009) 027 [arXiv:0902.4031 [hep-th]]; P. Koerber, “A new family of non-homogeneous type IIA flux vacua from AdS4/CFT3,” arXiv:0904.0012 [hep-th]; H. Triendl and J. Louis, “Type II compactifications on manifolds with SU(2)×SU(2) structure,” arXiv:0904.2993 [hep-th].

[26] J. Louis and A. Micu, “Heterotic string theory with background fluxes,” Nucl. Phys. B 626 (2002) 26 [arXiv:hep-th/0110187]; A. Micu, “Heterotic compactifications and nearly-Kähler manifolds,” Phys. Rev. D 70 (2004) 126002 [arXiv:hep-th/0409008]; J. Louis and A. Micu, “Heterotic-type IIA duality with fluxes,” JHEP 03 (2007) 026 [arXiv:hep-th/0608171].

[27] G.L. Cardoso, G. Curio, G. Dall’Agata and D. Lüst, “BPS action and superpotential for heterotic string compactifications with fluxes,” JHEP 10 (2003) 004 [arXiv:hep-th/0306088].

[28] K. Becker, M. Becker, K. Dasgupta and P.S. Green, “Compactifications of heterotic theory on non-Kaehler complex manifolds. I,” JHEP 04 (2003) 007 [arXiv:hep-th/0301161]; K. Becker, M. Becker, P.S. Green, K. Dasgupta and E. Sharpe, “Compactifications of heterotic strings on non-Kaehler complex manifolds. II,” Nucl. Phys. B 678 (2004) 19 [arXiv:hep-th/0310058].

[29] S. Gurrieri, A. Lukas and A. Micu, “Heterotic on half-flat,” Phys. Rev. D 70 (2004) 126009 [arXiv:hep-th/0408121]; B. de Carlos, S. Gurrieri, A. Lukas and A. Micu, “Moduli stabilisation in heterotic string compactifications,” JHEP 03 (2006) 005 [arXiv:hep-th/0507173]. S. Gurrieri, A. Lukas and A. Micu, JHEP 12 (2007) 081 [arXiv:0709.1932 [hep-th]].

[30] P. Manousselis, N. Prezas and G. Zoupanos, “Supersymmetric compactifications of heterotic strings with fluxes and condensates,” Nucl. Phys. B 739 (2006) 85 [arXiv:hep-th/0511122]; G. Douzas, T. Grammatikopoulos and G. Zoupanos, “Coset space dimensional reduction and Wilson flux breaking of ten-dimensional N=1, E(8) gauge theory,” Eur. Phys. J. C 59 (2009) 917 [arXiv:0808.3236 [hep-th]]; A. Chatzistavrakidis and G. Zoupanos, “Dimensional reduction of the heterotic string over nearly-Kähler manifolds,” arXiv:0905.2398 [hep-th].

[31] J.-X. Fu and S.-T. Yau, “Existence of supersymmetric Hermitian metrics with torsion on non-Kaehler manifolds,” arXiv:hep-th/0509028; “The theory of superstring with flux on non-Kaehler manifolds and the complex Monge-Ampere equation,” arXiv:hep-th/0604063; K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng and S.-T. Yau, “Anomaly cancellation and smooth non-Kaehler solutions in heterotic string theory,” Nucl. Phys. B 751 (2006) 108 [arXiv:hepth/0604137].

[32] J.-X. Fu, L.-S. Tseng and S.-T. Yau, “Local heterotic torsional models,” Commun. Math.

Phys. 289 (2009) 1151 [arXiv:0806.2392 [hep-th]]; M. Becker, L.-S. Tseng and S.-T. Yau, “New heterotic non-Kähler geometries,” arXiv:0807.0827 [hep-th]; K. Becker and S. Sethi, “Torsional heterotic geometries,” arXiv:0903.3769 [hep-th].

[33] M. Fernandez, S. Ivanov, L. Ugarte and R. Villacampa, “Non-Kähler heterotic string compactifications with non-zero fluxes and constant dilaton,” arXiv:0804.1648 [math.DG]; “Compact supersymmetric solutions of the heterotic equations of motion in dimensions 7 and 8,” arXiv:0806.4356 [math.DG].

[34] G. Papadopoulos, “New half supersymmetric solutions of the heterotic string,” Class. Quant.

Grav. 26 (2009) 135001 [arXiv:0809.1156 [hep-th]]; H. Kunitomo and M. Ohta, “Supersymmetric AdS_3 solutions in heterotic supergravity,” arXiv:0902.0655 [hep-th]; G. Curio, “Perspectives on pfaffians of heterotic world-sheet instantons,” arXiv:0904.2738 [hep-th].

[35] A. Strominger, “Superstrings with torsion,” Nucl. Phys. B 274 (1986) 253; C.M. Hull, “Anomalies, ambiguities and superstrings,” Phys. Lett. B 167 (1986) 51; “Compactifications of the heterotic superstring,” Phys. Lett. B 178 (1986) 357; B. de Wit, D.J. Smit and N.D. Hari Dass, “Residual supersymmetry of compactified D=10 supergravity,” Nucl. Phys. B 283 (1987) 165.

[36] S.K. Donaldson, “Anti-self-dual Yang-Mills connections over complex algebraic surfaces and stable vector bundles,” Proc. Lond. Math. Soc. 50 (1985) 1; “Infinite determinants, stable bundles and curvature,” Duke Math. J. 54 (1987) 231.

[37] K. Uhlenbeck and S.-T. Yau, “On the existence of Hermitian-Yang-Mills connections in stable vector bundles,” Commun. Pure Appl. Math. 39 (1986) 257; A note on our previous paper: “On the existence of Hermitian-Yang-Mills connections in stable vector bundles” ibid. 42 (1989) 703.

[38] R.L. Bryant, “On the geometry of almost complex 6-manifolds,” Asian J. Math. 10 (2006) 561 [arXiv:math/0508482 [math.DG]].

[39] E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, “First order equations for gauge fields in spaces of dimension greater than four,” Nucl. Phys. B 214 (1983) 452.

[40] R.S. Ward, “Completely solvable gauge field equations in dimension greater than four,” Nucl.

Phys. B 236 (1984) 381.

[41] T.A. Ivanova and A.D. Popov, “(Anti)self-dual gauge fields in dimension d≥4,” Theor. Math.

Phys. 94 (1993) 225.

[42] R.R. Carrión, “A generalization of the notion of instanton,” Differ. Geom. Appl. 8 (1998) 1.

[43] G. Tian, “Gauge theory and calibrated geometry,” Ann. Math. 151 (2000) 193 [arXiv:math/0010015 [math.DG]].

[44] D.B. Fairlie and J. Nuyts, “Spherically symmetric solutions of gauge theories in eight dimensions,” J. Phys. A 17 (1984) 2867; S. Fubini and H. Nicolai, “The octonionic instanton,” Phys. Lett. B 155 (1985) 369; T.A. Ivanova and A.D. Popov, “Self-dual Yang-Mills fields in d=7, 8, octonions and Ward equations,” Lett. Math. Phys. 24 (1992) 85.

[45] M.F. Atiyah, N.J. Hitchin and I.M. Singer, “Self-duality in four-dimensional Riemannian geometry,” Proc. Roy. Soc. Lond. A 362 (1978) 425.

[46] J. Eells and S. Salamon, “ Constructions twistorielles des applications harmoniques,” C. R.

Acad. Sci. Paris 296 (1983) 685.

[47] R. Penrose, “Nonlinear gravitons and curved twistor theory,” Gen. Rel. Grav. 7 (1976) 31;

“The twistor program,” Rept. Math. Phys. 12 (1977) 65.

[48] R.S. Ward, “On self-dual gauge fields,” Phys. Lett. A 61 (1977) 81; M.F. Atiyah and R.S. Ward, “Instantons and algebraic geometry,” Commun. Math. Phys. 55 (1977) 117.

[49] R.O. Wells, “Complex manifolds and mathematical physics,” Bull. Amer. Math. Soc. 1 (1979) 296.

[50] S. Donaldson and P.B. Kronheimer, The geometry of four-manifolds, Clarendon Press, Oxford, 1990.

[51] S. Salamon, “Harmonic and holomorphic maps,” Lect. Notes Math. 1164 (1985) 161. [52] A.G. Sergeev, “Harmonic mappings into homogeneous Riemannian manifolds: the twistor approach,” Russian Math. Surveys 59 (2004) 1181.

[53] A.D. Popov, “Non-Abelian vortices on Riemann surfaces: an integrable case,” Lett. Math.

Phys. 84 (2008) 139 [arXiv:0801.0808 [hep-th]]; “Integrability of vortex equations on Riemann surfaces,” in print, arXiv:0712.1756 [hep-th].

[54] N.J. Hitchin, “Kählerian twistor spaces,” Proc. London Math. Soc. 43 (1981) 133. [55] F. Belgun and A. Moroiani, “Nearly Kähler 6-manifolds with reduced holonomy,” Ann. Glob.

Anal. Geom. 19 (2001) 307.

[56] A. Moroianu, P.-A. Nagy and U. Semmelmann, “Unit Killing vector fields on nearly Kähler manifolds,” arXiv:math/0406492 [math.DG].

[57] B. Alexandrov, T. Friedrich and N. Schoemann, “Almost Hermitian 6-manifolds revisited,” J.

Geom. Phys. 53 (2005) 1 [arXiv:math/0403131 [math.DG]].

[58] M. Verbitsky, “An intrinsic volume functional on almost complex 6-manifolds and nearly Kähler geometry,” arXiv:math/0507179 [math.DG].

[59] D. Conti and A. Tomassini, “Special symplectic six-manifolds,” arXiv:math/0601002 [math.DG].

[60] F. Xu, “SU(3)-structures and special Lagrangian geometries,” arXiv:math/0610532 [math.DG].

[61] L. Bedulli and L. Vezzoni, “The Ricci tensor of SU(3)-manifolds,” arXiv:math/0606786 [math.DG].

[62] J.-B. Butruille, “Homogeneous nearly Kähler manifolds,” arXiv:math/0612655 [math.DG]. [63] M.F. Atiyah, N.J. Hitchin, V.G. Drinfeld and Yu.I. Manin, “Construction of instantons,” Phys.

Lett. A 65 (1978) 185.

[64] O. Sarioglu and B. Tekin, “Self-dual solutions of Yang-Mills theory on Euclidean AdS space,” Phys. Rev. D 79 (2009) 104024 [arXiv:0903.3803 [hep-th]].

[65] E. Witten, “Chern-Simons gauge theory as a string theory,” Prog. Math. 133 (1995) 637 [arXiv:hep-th/9207094].

[66] E. Witten, “Perturbative gauge theory as a string theory in twistor space,” Commun. Math.

Phys. 252 (2004) 189 [arXiv:hep-th/0312171].

[67] A.D. Popov, C. Saemann and M. Wolf, “The topological B-model on a mini-supertwistor space and supersymmetric Bogomolny monopole equations,” JHEP 10 (2005) 058 [arXiv:hepth/0505161].

[68] A.D. Popov, “Sigma models with N=8 supersymmetries in 2+1 and 1+1 dimensions,” Phys.

Lett. B 647 (2007) 509 [arXiv:hep-th/0702106].

[69] A.D. Popov and C. Saemann, “On supertwistors, the Penrose-Ward transform and N = 4 super Yang-Mills theory,” Adv. Theor. Math. Phys. 9 (2005) 931 [arXiv:hep-th/0405123].

[70] L.J. Mason and D. Skinner, “An ambitwistor Yang-Mills lagrangian,” Phys. Lett. B 636 (2006) 60 [arXiv:hep-th/0510262].

[71] L.J. Mason, “Twistor actions for non-self-dual fields: A derivation of twistor-string theory,” JHEP 10 (2005) 009 [arXiv:hep-th/0507269].

[72] R. Dijkgraaf, S. Gukov, A. Neitzke and C. Vafa, “Topological M-theory as unification of form theories of gravity,” Adv. Theor. Math. Phys. 9 (2005) 603 [arXiv:hep-th/0411073].

[73] M. Atiyah and E. Witten, “M-theory dynamics on a manifold of G_2 holonomy,” Adv. Theor.

Math. Phys. 6 (2003) 1 [arXiv:hep-th/0107177].

[74] I.V. Volovich, “Super-self-duality for supersymmetric Yang-Mills theory.” Phys. Lett. B 123 (1983) 329; “Supersymmetric Yang-Mills theories and twistors,” Phys. Lett. B 129 (1983) 429.

[75] W.Siegel, “The N=2 (4) string is self-dual N=4 Yang-Mills,” Phys. Rev. D 46 (1992) R3235 [hep-th/9205075].

[76] A.D. Popov and R.J. Szabo, “Quiver gauge theory of nonabelian vortices and noncommutative instantons in higher dimensions,” J. Math. Phys. 47 (2006) 012306 [arXiv:hep-th/0504025]; O. Lechtenfeld, A.D. Popov and R.J. Szabo, “Quiver gauge theory and noncommutative vortices,” Prog. Theor. Phys. Suppl. 171 (2007) 258 [arXiv:0706.0979 [hep-th]].

[77] O. Lechtenfeld, A.D. Popov and R.J. Szabo, “Rank two quiver gauge theory, graded connections and noncommutative vortices,” JHEP 09 (2006) 054 [arXiv:hep-th/0603232]; “SU(3)-equivariant quiver gauge theories and nonabelian vortices,” JHEP 08 (2008) 093 [arXiv:0806.2791 [hep-th]].

[78] B.P. Dolan and R.J. Szabo, “Dimensional reduction, monopoles and dynamical symmetry breaking,” JHEP 03 (2009) 059 [arXiv:0901.2491 [hep-th]]; “Dimensional reduction and vacuum structure of quiver gauge theory,” arXiv:0905.4899 [hep-th].