arXiv:0907.0757v2 [quant-ph] 17 Nov 2009

Higgs Algebraic Symmetry in Two-Dimensional Dirac Equation

Fu-Lin Zhang,^∗ Bo Fu, and Jing-Ling Chen^† Theoretical Physics Division, Chern Institute of Mathematics, Nankai University, Tianjin 300071, People’s Republic of China (Dated: November 18, 2009)

The dynamical symmetry algebra of the two-dimensional Dirac Hamiltonian with equal scalar and vector Smorodinsky-Winternitz potentials is constructed. It is the Higgs algebra, a cubic polynomial generalization of SU(2). With the help of the Casimir operators, the energy levels are derived algebraically.

PACS numbers: 03.65.Pm; 02.20.-a; 21.10.Sf; 03.65.-w

The concept of dynamical symmetry (DS) is essential and prevalent both in classical and quantum mechanics [1]. Hydrogen atom and isotropic harmonic oscillator are two relatively simple model with DS, whose classical orbits of motion are closed [2]. For simplicity, we only concern with the bound sates of the Coulomb problem in this report. In addition to the orbit angular momentum corresponding to the rotational symmetry, there exist more constants of motion in these systems. They have been proved to be the Rung-Lenz vector [3, 4] and the second order tensors [5], in the hydrogen atom and harmonic oscillator respectively. The algebraic relations of these conserved quantities reveal the SO(4) symmetry in the hydrogen atom, and SU(3) in harmonic oscillator. They are called DSs, because the nature of them are not geometrical but the symmetries in the phase space. These symmetries lead to an algebraic approach to determine the energy levels. Generally, the N-dimensional (ND) hydrogen atom has the SO(N+1) and the oscillator has the SU(N) symmetry.

Starting from the feature of the classical orbits, Higgs [6] introduced a generalization of the hydrogen atom and harmonic oscillator in a spherical space. The conserved quantities of them construct a cubic polynomial generalization of SU(2), which is called the Higgs algebra now. Its increasing applications have been the focus of very active research in recent year [7, 8, 9]. Especially, Floreanini and his colleagues [10] find the DS of the twobody Calogero model can be described by the Higgs algebra. Under an orthogonal transformation (Eq. (11) in [10]), their Hamiltonian of the two-body Calogero model is equivalent to the 2D Smorodinsky-Winternitz (SW) system [11, 12, 13]. This indicates that the DSs, especially which are described by the polynomial Lie algebra, exist not only in the quantum mechanics systems with rotation symmetry but also in some non-central superintegrable potentials [14]. Moreover, the two-body Calogero model is shown related to the concept of hidden nonlinear supersymmetry [15, 16]. This nonlinear generalization of supersymmetry is investigated in many systems in recent years [17, 18, 19, 20, 21, 22, 23].

In the relativistic quantum mechanics, the motion of spin-1/2 particle satisfies the Dirac equation, which predicts the intrinsic magnet moment naturally. The spinorbit coupling leads to the breaking of DSs in the Dirac hydrogen atom [24] and the Dirac oscillator [25].

Recently, in his illuminating work [26, 27], Ginocchio has found the U(3) and pseudo-U(3) symmetry in the Dirac equation with scalar and vector harmonic oscillator potentials of equal magnitude. The Dirac Hamiltonian, with scalar and vector potentials of equal magnitude (SVPEM), is said to have the spin or pseudospin symmetry corresponding to the same or opposite sign [28]. In the spherical potentials, the total angular momentum can be divided into conserved orbital and spin parts , which form the SU(2) algebra separately. Take the spin symmetry case as an example, the two conserved parts are given by [29] ⃗L = [ ⃗l 0 0 U_p⃗lU^†_p ] , ⃗S = [ ⃗s 0 0 U_p⃗sU^†_p ] , (1)

where ⃗l = ⃗r×⃗p, ⃗s =^{⃗σ}_2 are the usual spin generators, ⃗σ are the Pauli matrices, and U_p = U^†_p =^{⃗σ·⃗p}_p is the helicity unitary operator [30]. The sum of them equals to the total angular momentum on account of U_p⃗lU^†_p +U_p⃗sU^†_p = ⃗l +⃗s. Ginocchio has proved the conserved orbit momentum ⃗L in Eq. (1) to be three of the eight generators of the SU(3) symmetry group. And, the spin part has no influence on the Hamiltonian, which behaves like the spin in the nonrelativistic harmonic oscilltor. We have applied Ginocchio’s approach in [27] to study the Coulomb potential problem, and found the SO(4) DS in the Dirac hydrogen atom with spin symmetry [31]. A 2D version of this approach also has been introduced to investigate the SU(2) DS in the 2D Dirac equations with equal scalar and vector oscillator potentials, and SO(3) for the Coulomb case [32].

The Dirac Hamiltonian with SVPEM are derived from the investigation of the dynamics between a quark and an antiquark [29, 33, 34, 35, 36]. Many researches about this type Dirac equations are reported in recent years [28, 37, 38, 39, 40, 41, 42, 43]. The very lately studies [42, 43] have revealed that, the motion of a spin-1/2 particle with SVPEM satisfies the same differential equation and has the same energy spectrum as a scalar particle. Furthermore, the relativistic energy spectra of the Klein- Gordon equation with SVPEM are shown to have a oneto-one relationship with its nonrelativistic limits [44]. It is worth while to note that, these results and the concept of the spin or pseudospin symmetry are independent of the shape of the potentials: radial or non-central. This leads us to foretell that the Dirac equation with SVPEM have the same DS with its nonrelativistic limit, no matter its potential is spherical or not. In other words, the conservation of the deformed orbit momentum ⃗L in Eq. (1) is not necessary for the presence of DS in the the Dirac Hamiltonian with SVPEM, although it is the first step in Ginocchio’s approach to deal with the harmonic oscillator [27] and the Coulomb potentials [31].

As the first trial of our conjecture above, we consider a 2D Dirac system with equal scalar and vector potentials (ESVP) for simplicity. Comparing the results in [32] with [27, 31], one can find the correspondence between the 2D and 3D cases is straightforward. The noncentral potential we choosing is the SW potential mentioned above, V_{sw}(⃗r) =^1_2 (x^2_1 + x^2 + k/x^2) with k > 0. The 2D Dirac Hamiltonian with ESVP, in the relativistic units, h̄ = c = m = 1, takes the form

H = ⃗α · ⃗p + β + (1 + β) 1 2 V (⃗r), (2) where ⃗α = (σ_1, σ_2) and β = σ_3 are the Pauli matrices. As shown in [32], when the potential V (⃗r) in Eq. (2) is radial, H commutes with a 2D version definition of the conserved orbital angular momentum as L = [ l 0 0 B^{† l}_{p2} B ] , (3)

where B = p_1 − ip_2, B^† = p_1 + ip_2, and l = x_1p_2 − x_2p_1 is the usual orbital angular momentum. To derive other additional conserved quantities in the Coulomb and harmonic oscillator potentials in [32], we assume the constants of motion take the form as Q = [ Q_{11} Q_{12}B B^†Q_{21} B^†Q_{22}B ] . (4)

The commutation relation [Q, H] = 0 requires the matrix elements must satisfy the equations:

Q_{12} = Q_{21}, [Q_{11}, V (⃗r)] + [Q_{12}, p^2] = 0, (5) [Q_{12}, V (⃗r)] + [Q_{22}, p^2] = 0, Q_{11} = Q_{12}(2 + V (⃗r)) + Q_{22}p^2.

They are the same as the 3D case [27].

When the potential in Eq. (2) takes the SW form, V (⃗r) = V_{sw} (⃗r), the deformed orbit momentum L in Eq. (3) is no longer a constant of motion. But, one can notice the derivative process, from the ansatz form of Q to the conditions of its element in Eq. (5), is not relying on the form of V (⃗r). In addition, L also satisfies the conditions when the potential V (⃗r) is radial symmetric. Therefore, we presume all the generators of the symmetry algebra of the Hamiltonian H with the SW potential can be determined from the conditions.

Three solutions of Eq. (5) with V (⃗r) = V_{sw}(⃗r) are found, whose independent elements are given by

D_1 : D^{(1)}_{12} = x^2_1 ( x^2 − k x^2 )[ 2 + V_{sw}(⃗r) ] − 2l^2 + 2p^2_1 k x^2 +2x_1x_2p_1p_2 + 2p_1p_2x_1x_2,

D^{(1)}_{22} = x^2_1 ( x^2 − k x^2 ) + 4p^2_1p^2 p^2 ; D_2 : D^{(2)}_{12} = x^2_1(x_2p_2 + p_2x_2)− ( x^2 − k x^2 ) (x_1p_1 + p_1x_1),

D^{(2)}_{22} = 2 p^2 [ p^2(x_1p_1 + p_1x_1) − p^2_1(x_2p_2 + p_2x_2) ] ; Q_3 : Q^{(3)}_{12} = 1 2 ( x^2_1 − x^2 − k x^2 ) , Q^{(3)}_{22} = p^2_1 − p^2

p^2 . The other elements, D^{(1)}_{i1} , D^{(2)}_{i1} and Q^{(3)}_{i1} (i = 1, 2), can be obtained easily from the first and the last relations in Eq. (5). They combine into the three constants of motion in the form of Eq. (4) as

T_i = [ T^{(i)}_{11} T^{(i)}_{12} B B^†T^{(i)}_{21} B^†T^{(i)}_{22} B ] , with T = D for i = 1, 2 and T = Q for i = 3. We can define the normalized generators, D_± = D_1 ±i √ GD_2 and D_3 = [4 √ G]^{−1}Q_3, with G = 2(H + 1) being a constant for a fixed energy level. They satisfy the Higgs algebra relations

[D_3, D_±] = ±D_±, (6) [D_+, D_−] = c_3D^3 + c_1D_3 + c_0,

where c_3 = −1024G^2, c_1 = 64(F − 2G)G + 32kG^3, c_0 = 8kG^2 √ (F + G)G and F = (H^2 − 1)^2 − G. The Casimir operator of the Higgs algebra can be obtained immediately [45, 46]

C = {D_+, D_−} + c_3 2 D^4_3 + (c_1 + c_3 2 )D^2_3 + 2c_0D_3

= 2F(F − 8G) − 2k^2G(F + 4G). (7)

In the basis of the common eigenstates of H and D_3, H|E, m⟩ = E|E, m⟩, D_3|E, m⟩ = m|E, m⟩, D_± are the ladder operators of D_3 , D_3D_±|E, m⟩ = (m ± 1)D_±|E, m⟩. There exist a highest and a lowest weights for a fixed energy level, denoted as D_+|E, m⟩ = 0 and

D_−|E, m⟩ = 0. Let S_+ = 2D_−D_+ and S_− = 2D_+D_−, one can obtain from the relations in Eq. (6) and (7) S_± = C− [c_3 2 D^2_3 (D_3 ± 1)^2 + c_1D_3(D_3 ± 1) + c_0(2D_3 ± 1) ] . Operating with them on |E, m⟩ and |E, m⟩ respectively, we obtain m = 1 8 [ − 4 − √ 4 + 8k(E + 1) + √ 2(E + 1)(E − 1) ] , m = 1 8 [ λ − √ 2(E + 1)(E − 1) ] , (8)

where λ = 2 or 6. The degeneracy of states in a given energy level should be a natural number, which leads to m − m = n = 0, 1, 2... Substituting it into Eq. (8), we find the eigenvalues of H satisfy the equation √ 1 2 (E + 1)(E − 1) = N + 3 2 + √ 1 4 + k 2 (E + 1), (9)

where N = 2n or 2n + 1 corresponding to the different values of λ in Eq. (8). The degeneracy of the energy level is the same as the two-body Calogero model given in [10], d = n + 1 = [N/2] + 1, [x] being the integer part of x.

When the parameter k → 0, the energy levels became the results in the 2D harmonic oscillator [32], but different in the value range of the total quantum number. The difference is derived from the fact that the limit of the SW potential is a harmonic oscillator potential with a infinite barrier along the x_1 axis. When E → 1, the nonrelativistic limit of the energy levels is given by E − 1 = N + 3/2 + √ k + 1/4, which agrees with the nonrelativistic results [12].

In summary, we have shown that the 2D Dirac system with equal scalar and vector SW potentials has a DS described by the Higgs algebra. The three generators are derived by using a 2D version of the ansatz form given by Ginocchio. The relation of the Casimir operator of the Higgs algebra and the Hamiltonian leads to an algebraic solution of the relativistic energy spectrum.

This is our first attempt to investigate the DS in noncentral Dirac system. And as we know, it is also the first example in the Dirac quantum mechanics, whose dynamical symmetry is described by the Higgs algebra. Actually, the 3D Dirac equations with spin symmetry or pseudospin symmetry are more real, which exist frequently in antinucleon and nucleon spectra [28]. Whereas, it is natural to generalize our treatment to the 3D case to study the dynamical symmetries in some noncentral potentials, such as the anisotropic harmonic oscillator with rational frequency ratio and the caged anisotropic oscillator potentials [13].

This work is supported in part by NSF of China (Grants No. 10975075) and Program for New Century Excellent Talents in University. The Project-sponsored by SRF for ROCS, SEM.

∗ Email:flzhang@mail.nankai.edu.cn † Email:chenjl@nankai.edu.cn [1] W. Greiner and B. Müller, Quantum Mechanics (Symmetries) (Springer, 1994), p. 453.

[2] J. Bertand, C. R. Acad. Sci. Paris. 77 (1873). [3] W. Lenz, Z. Phys. 24, 197 (1925). [4] W. Pauli, Z. Phys. 36, 336 (1926). [5] D. M. Fradkin, Am. J. Phys. 33, 207 (1965). [6] P. W. Higgs, J. Phys. A 12, 309 (1979).

[7] V. P. Karassiov and A. B. Klimov, Phys. Lett. A 189, 43 (1994).

[8] J.-L. Chen, Y. Liu, and M.-L. Ge, J. Phys. A: Math. Gen.

31, 6473 (1998).

[9] C. C. Gerry, Phys. Rev. A 33, 6 (1986).

[10] R. Floreanini, L. Lapointe, and L. Vinet, Phys. Lett. B 389, 327 (1996).

[11] J. Fris, V. Mandrosov, Y. A. Smorodinsky, M. Uhlí, and P. Winternitz, Phys. Lett. 16, 354 (1965).

[12] D. Bonatsos, C. Daskaloyannis, and K. Kokkotas, Phys.

Rev. A 50, 3700 (1994).

[13] N. W. Evans and P. E. Verrier, J. Math. Phys. 49, 092902 (2008).

[14] F.-L. Zhang, C. Song, and J.-L. Chen, in preparation. [15] M. S. Plyushchay, Int. J. Mod. Phys. A 15, 3679 (2000). [16] F. Correa, M. A. del Olmo, and M. S. Plyushchay, Phys.

Lett. B 628, 157 (2005).

[17] M. S. Plyushchay, Ann. Phys. 245, 339 (1996). [18] S. M. Klishevich and M. S. Plyushchay, Nucl. Phys. B 606, 583 (2001).

[19] F. Correa and M. S. Plyushchay, Ann. Phys. 322, 2493 (2007).

[20] F. Correa, L.-M. Nieto, and M. S. Plyushchay, Phys.

Lett. B 644, 94 (2007).

[21] F. Correa, V. Jakubský, L.-M. Nieto, and M. S.

Plyushchay, Phys. Rev. Lett. 101, 030403 (2008). [22] F. Correa, V. Jakubský, and M. S. Plyushchay, J. Phys.

A: Math. Theor. 41, 485303 (2008).

[23] F. Correa, G. V. Dunne, and M. S. Plyushchay, Ann.

Phys. in press, doi:10.1016/j.aop.2009.06.005, arXiv: 0904.2768 (2009).

[24] W. Greiner, Relativistic Quantum Mechanics: wave equation (Reprinted in China by Beijing World Publishing Corporation, 2003), p. 225.

[25] M. Moshinsky and A. Szczepaniak, J. Phys. A: Math.

Gen. 22, L817 (1989).

[26] J. N. Ginocchio, Phys. Rev. C 69, 034318 (2004). [27] J. N. Ginocchio, Phys. Rev. Lett. 95, 252501 (2005). [28] J. N. Ginocchio, Phys. Rep. 414, 165 (2005). [29] J. S. Bell and H. Ruegg, Nucl. Phys. B 98, 151 (1975). [30] A. L. Blokhin, C. Bahri, and J. P. Draayer, Phys. Rev.

Lett. 74, 4149 (1995).

[31] F.-L. Zhang, B. Fu, and J.-L. Chen, Phys. Rev. A 78, 040101(R) (2008).

[32] F.-L. Zhang, C. Song, and J.-L. Chen, Ann. Phys. 324, 173 (2009).

[33] A. Arima, M. Harvey, and K. Shimizu, Phys. Lett. B 30, 517 (1969).

[34] K. Hecht and A. Adler, Nucl. Phys. A 137, 129 (1969). [35] G. Smith and L. Tassie, Ann. Phys. 65, 352 (1971). [36] H. W. Crater and P. V. Alstine, Phys. Rev. D 37, 1982 (1988).

[37] A. Leviatan, Phys. Rev. Lett. 92, 202501 (2004). [38] A. L. Blokhin, C. Bahri, and J. P. Draayer, Phys. Rev.

Lett. 74, 4149 (1995).

[39] S.-G. Zhou, J. Meng, and P. Ring, Phys. Rev. Lett. 91, 262501 (2003).

[40] K. Sugawara-Tanabe and A. Arima, Phys. Rev. C 58, R3065 (1998).

[41] J. N. Ginocchio, Phys. Rev. Lett. 78, 436 (1997). [42] P. Alberto, A. S. de Castro, and M. Malheiro, Phys. Rev.

C 75, 047303 (2007).

[43] A. D. Alhaidari, H. Bahlouli, and A. Al-Hasan, Phys.

Lett. A 349, 87 (2006).

[44] F.-L. Zhang and J.-L. Chen, J. Math. Phys. 50, 032301 (2009).

[45] A. S. Zhedanov, Mod. Phys. Lett. A 7, 507 (1992). [46] D. Ruan, in Frontiers in Quantum Mechanics, edited by J. Y. Zeng, S. Y. Pei, and G. L. Long (Beijing: Beijing University, 2001), p. 344.