arXiv:0907.0928v2 [math.DG] 3 Sep 2009

Wave equations and the LeBrun-Mason correspondence

Fuminori Nakata^∗

Abstract

The LeBrun-Mason twistor correspondences for S^1-invariant self-dual Zollfrei metrics are explicitly established. We give explicit formulas for the general solutions of the wave equation and the monopole equation on the de Sitter three-space under the assumption for the tameness at infinity by using Radon-type integral transforms, and the above twistor correspondence is described by using these formulas. We also obtain a critical condition for the LeBrun-Mason twistor spaces, and show that the twistor theory does not work well for twistor spaces which do not satisfy this condition.

Mathematics Subject Classifications (2000) : 53C28, 35L05, 53C50, 32G10. Keywords : twistor method, holomorphic disks, indefinite metric, wave equation, monopole equation, Radon transform.

1 Introduction

The twistor theory concerning holomorphic disks, developed by C. LeBrun and L. J. Mason, is now progressing steadily (see [14, 15, 16, 17, 19, 20, 21]). In general, LeBrun-Mason type twistor correspondence is characterized in the following way:

• the twistor space is given by the pair of a complex manifold Z and a totally real submanifold P in Z, • corresponding objects to the ‘twistor lines’ in the ordinary twistor theory [1, 9, 22] are given by the holomorphic disks on Z with boundaries lying on P , • a natural differential geometric structure is induced on the parameter space M of the family of holomorphic disks, • the induced structure is of low regularity in general, and satisfies some global conditions which give a strong restriction on the topology on M, and • conversely, the twistor space (Z, P ) is obtained from such differential geometric structure.

In this article, we mainly deal with the non-rigid case of the LeBrun-Mason correspondence for self-dual conformal structures [16]. In this case, the twistor space is a pair (C P^3 , P ) where P is an embedded RP^3 sufficiently close to the standard one, and the corresponding geometry is a self-dual indefinite conformal structure [g] on S^2 × S^2 of signature (− − ++). In this case, the required global condition for [g] is the Zollfrei condition, that is, every maximal null geodesic of [g] is closed (cf.[7]). In [16], it is shown that any self-dual indefinite conformal structure on S^2 × S^2 sufficiently close to the standard one is automatically Zollfrei, and that such conformal structures one-to-one corresponds with the twistor spaces (C P^3 , P ) in the above sense.

On the other hand, before LeBrun and Mason develop the above theory, infinitely many examples of self-dual indefinite metrics on S^2 × S^2 are obtained by K. P. Tod [24], and independently by H. Kamada [12]. Tod constructed S^1-invariant self-dual indefinite metrics

∗This work is partially supported by Research Fellowships of the Japan Society for the Promotion of Science of Young Scientists.

on S^2 × S^2 via method analogous to what is called LeBrun’s hyperbolic ansatz [13]. Kamada investigated compact scalar-flat indefinite Kähler surfaces with Hamiltonian S^1-symmetry. It is known that such surface is automatically self-dual, and Kamada proved that such structure is admitted only on C P^1 × C P^1 . Kamada also constructed infinitely many examples of such structures containing Tod’s examples. Since Tod’s and Kamada’s examples contain the selfdual metrics sufficiently close to the standard one, at least some of them must be Zollfrei by the above results by LeBrun and Mason. So the natural question is the following:

• Are the metrics constructed by Tod or Kamada all Zollfrei?

• If they are Zollfrei, can we establish the LeBrun-Mason correspondences for them?

We show that these problems are settled positively, which is the main theorem in this article (Theorem 7.1).

To attack the above problems, we first study the wave equation on the three-dimensional de Sitter space S^3_1 in Section 2 and 3. We introduce Radon-type integral transforms, and show that any solution of the wave equation on S^3_1 which is tame at infinity is obtained from a function on S^2 by applying these transforms (Theorem 3.1). As a consequence, we see that any solution of the wave equation on S^3_1 which is tame at infinity carries a symmetry which we call the oddness.

We next study the monopole equation on S^3_1 in Section 4. We introduce the notion of a monopole potential and show that any gauge equivalent class of monopole solutions oneto-one corresponds with a monopole potential. Further, based on the above results for the wave equation, we show that gauge equivalent classes of monopole solutions which are tame at infinity one-to-one correspond with functions on S^2 which we call generating functions (Theorem 4.5).

If we follow Kamada’s formulation, we can construct self-dual indefinite metrics on S^2×S^2 from monopole solutions on S^3_1 satisfying some extra conditions. In light of this construction, we introduce the notion of admissible monopoles by which we obtain the self-dual metrics on S^2 × S^2 via Kamada’s construction. By the results above, we see that the admissible monopoles are obtained from generating functions satisfying certain condition corresponding to the admissibility. We remark that by this method we obtain all the monopole solutions by which Kamada’s construction works. In particular, our method covers all the examples obtained by Tod and Kamada.

In the latter half of this article (Section 5, 6 and 7), we establish the LeBrun-Mason correspondence for the above obtained self-dual metrics on S^2 × S^2. We set a twistor space (C P^3 , P_h) for each generating function h on S^2, and we show that we can establish the LeBrun-Mason correspondence between the twistor space (C P^3 , P_h) and the self-dual metric on S^2 × S^2 obtained from the monopole solution corresponding to h if the monopole is admissible. In particular we see that the self-dual metrics on S^2 × S^2 obtained from admissible monopoles are all Zollfrei. We also study the non-admissible case, and show that the twistor space (C P^3 , P_h) carries an unexpected property for holomorphic disks in this case (Proposition 7.3).

The results in this article is also considered as the LeBrun-Mason theory version of the Jones-Tod reduction theory [10]. In contrast, in [19, 20], the author studied the LeBrun- Mason theory version of the Dunajski-West reduction theory [2, 4]. Particularly in [19], we obtain infinitely many self-dual indefinite Zollfrei conformal structures on S^2 × S^2 with singularity, and their LeBrun-Mason correspondences are established by making use of the Radon transform on R^2 . Though it seems that there are no direct relation between these previous works and the results in this article, these results seem to insist the significance of the Radon transform as a tool in the study of LeBrun-Mason theory.

2 Wave equation on the de Sitter 3-space

In this section, we introduce the wave equation on the de Sitter 3-space. Then we introduce integral transforms and show that we can get solutions of the wave equation by these transforms.

The space of small circles Let S^2 = {(u_1, u_2, u_3) ∈ R^3 | u^2_1 + u^2 + u^2_3 = 1} be the unit sphere equipped with the standard metric and (S^3_1 , g_S3_1 ) be the de Sitter 3-space defined by

S^3_1 := {(x_0, x_1, x_2, x_3) ∈ R^4 | −x^2_0 + x^2_1 + x^2 + x^2_3 = 1}, g_S3_1 := (−dx^2_0 + dx^2_1 + dx^2 + dx^2_3)|_S3_1 .

We identify S^3_1 with R × S^2 via the diffeomorphism R × S^{2 ∼}−→ S^3_1 given by

(t, y) −→ (x_0, x_1, x_2, x_3) = (sinh t, cosh t (y_1, y_2, y_3)).

For each (t, y) ∈ R × S^2 ∼= S^3_1 , we define

Ω_{(t,y)} := {u ∈ S^2 | u · y > tanh t}

which is an open set on S^2 bounded by a small circle. By the correspondence (t, y) ↔ ∂Ω_{(t,y)}, we identify the de Sitter space S^3_1 with the space of oriented small circles in S^2. Notice that the subset S^2_o := {(t, y) ∈ S^3_1 | t = 0}, which is called the neck sphere, corresponds to the space of big circles on S^2. Now let us fix (t, y) ∈ S^3_1 and take vectors y^⊥_1 , y^⊥_2 ∈ S^2 so that {y^⊥_1 , y^⊥_2 , y} gives a basis of R^3 with compatible orientation. We define a map γ_{(t,y)} : S^1 → S^2 by γ_{(t,y)}(ϕ) = cos ϕ cosh t y^⊥_1 + sin ϕ cosh t y^⊥_2 + tanh t y, (2.1)

which gives an oriented parametrization of the small circle ∂Ω_{(t,y)}. We will see later in Section 6 that the above identification between S^3_1 and the space of small circles on S^2 is naturally arisen from the LeBrun-Mason correspondence for Einstein-Weyl 3-fold.

The wave equation The wave equation on the de Sitter space S^3_1 is given by

□V := ∗d ∗ dV = 0 (2.2)

where V is a smooth function on S^3_1 and ∗ is the Hodge’s operator on S^3_1 with respect to the indefinite metric g_S3_1 and the natural orientation on S^3_1 ≃ R × S^2

We fix the notations for the operators on S^2 as follows: let ˇ∗ be the Hodge’s operator, ď be the exterior derivative and Δ_S2 be the Laplace operator. We also use the same notations ˇ∗, ď and Δ_S2 for the fiberwise operators on S^3_1 as a S^2-bundle S^3_1 = R × S^2 → R. For any 1-form η on S^3_1 satisfying η(∂_t) = 0 (where ∂_t =^∂_{∂t} ), we obtain ∗ η = −dt ∧ (ˇ∗η) and ∗ (dt ∧ η) = − ∗ η. (2.3) If we denote the volume form on S^2 by ω_S2, then we have ∗ dt = − cosh^2t ω_S2. For a smooth function V on S^3_1 , d V = V_tdt + ď V, ∗ d V = −V_t cosh^2t ω_S2 − dt ∧ (ˇ∗ ď V ), d ∗ d V = −(V_t cosh^2t)_t dt ∧ ω_S2 + dt ∧ ď ˇ∗ ď V, (2.4)

where V_t = ∂_tV and so on. Hence the wave equation (2.2) is written as ( − ∂^2 ∂t^2 − 2 tanh t ∂ ∂t + (cosh t)^{−2}Δ_S2 ) V = 0. (2.5)

Function spaces Let us denote the antipodal map on S^2 by α. We also define an involution on S^3_1 by σ : (t, y) → (−t, −y). If we identify S^3_1 with the space of oriented small circles on S^2, σ corresponds to the orientation reversing operation for each oriented small circle. Let us denote by C^∞(S^2) and by C^∞(S^3_1 ) the space of real valued smooth functions on S^2 and on S^3_1 respectively. We set

C^∞_{even}(S^2) := {h ∈ C^∞(S^2) | h = h ∘ α}, C^∞_{odd}(S^2) := {h ∈ C^∞(S^2) | h = −h ∘ α},

C^∞_{even}(S^3_1 ) := {F ∈ C^∞(S^3_1 ) | F = F ∘ σ}, C^∞_{odd}(S^3_1 ) := {F ∈ C^∞(S^3_1 ) | F = −F ∘ σ}.

We call h ∈ C^∞_{even}(S^2) an even function, and so on. We define the maps � : C^∞(S^2) → R and � : C^∞(S^3_1 ) → R by

�(h) = ∫ S^2

h ω_S2 for h ∈ C^∞(S^2),

�(F ) = ∫ v∈S^2 F (0, v) ω_S2 for F ∈ C^∞(S^3_1 )

where ω_S2 is the volume form on S^2. We set

C^∞_∗ (S^2) := {h ∈ C^∞(S^2) | �(h) = 0}, C^∞_{even ∗}(S^2) := {h ∈ C^∞_{even}(S^2) | �(h) = 0},

C^∞_∗ (S^3_1 ) := {F ∈ C^∞(S^3_1 ) | �(F ) = 0}, C^∞_{even ∗}(S^3_1 ) := {F ∈ C^∞_{even}(S^3_1 ) | �(F ) = 0}.

Let us denote the space of real valued constant functions by R. Then we obtain the natural decompositions

C^∞(S^2) = R ⊕ C^∞_{even ∗}(S^2) ⊕ C^∞_{odd}(S^2) and C^∞(S^3_1 ) = R ⊕ C^∞_{even ∗}(S^3_1 ) ⊕ C^∞_{odd}(S^3_1 ) given by h = �(h) +

(_1 2 (h + h ∘ α) − �(h) ) +^1_2 (h − h ∘ α) and so on.

Transforms We define linear transforms R, Q : C^∞(S^2) → C^∞(S^3_1 ) by Rh(t, y) := 1 2π ∫_{2π} 0 h(γ_{(t,y)}(ϕ))dϕ, (2.6) Qh(t, y) := 1 2π ∫ Ω_{(t,y)} h(u)ω_S2, (2.7)

where γ_{(t,y)}(ϕ) is given by (2.1). Of course, R is well-defined by (2.6) without depending on the choice of vectors {y^⊥_1 , y^⊥_2 }. By definition we obtain R(C^∞(S^2)) ⊂ C^∞_{even}(S^3_1 ), Q(C^∞_∗ (S^2)) ⊂ C^∞_{odd}(S^3_1 ).

Restricting R and Q on the neck sphere S^2_o ∼= S^2, we also define linear transforms R, Q : C^∞(S^2) → C^∞(S^2) by Rh(y) := Rh(0, y) and Qh(y) := Qh(0, y). (2.8) The transform R is called the Funk transform (cf.[5]) or the spherical Radon transform. See [6, 8] for the detail of the (spherical) Radon transform and the related topics. The inverse problem for the (spherical) Radon transform is a classical problem, and there are a number of works on this subject. Recent development on the inverse problem concerning the Radon transform or related transforms are found in [18, 23] and the references in them. On the other hand, the transform Q seems to be paid few attentions. We will study the inverse problem for the transform Q in the next section and in Appendix A. We will apply the results of this study to solve the wave equation.

Lemma 2.1. For any smooth function h on S^2, the following equation holds: ∂ ∂t Rh(t, y) = −QΔ_S2h(t, y). Proof. Since we can vary t fixing the frame {y^⊥_1 , y^⊥_2 , y} of R^3 , we obtain ∂ ∂t (γ_{(t,y)}(ϕ)) = −(cosh t)^{−1}ν(ϕ)

where ν(ϕ) is the unit normal vector field along γ_{(t,y)}(ϕ) directing outside of the domain Ω_{(t,y)}. Let dm be the measure on ∂Ω_{(t,y)} induced by the standard metric on S^2, then we have dm = (cosh t)^{−1}dϕ. Hence we obtain ∂ ∂t Rh(t, y) = − 1 2π ∫ ∂Ω_{(t,y)} (∇h) · ν dm = − 1 2π ∫ Ω_{(t,y)} (Δ_S2h) ω_S2 = −QΔ_S2h(t, y)

by the divergence formula.

Lemma 2.2. For any smooth function h on S^2, the following equation holds: ∂ ∂t Qh(t, y) = −(cosh t)^{−2}Rh(t, y). Proof. We fix y ∈ S^2 and take vectors y^⊥_1 , y^⊥_2 ∈ S^2 so that {y^⊥_1 , y^⊥_2 , y} gives an oriented orthonormal basis on R^3 . We use a spherical coordinate (θ, ϕ) ∈ (0, π) × (0, 2π) on S^2 defined by (θ, ϕ) −→ u(θ, ϕ) = sin θ cos ϕ y^⊥_1 + sin θ sin ϕ y^⊥_2 + cos θ y.

Then we have Ω_{(t,y)} = {(θ, ϕ) ∈ S^2 | 0 ≤ θ ≤ α} where α is the real variable defined by cos α = tanh t. In this coordinate, noticing ω_S2 = sin θ dθ ∧ dϕ, Qh(t, y) = ∫ Ω_{(t,y)} h(u(θ, ϕ)) sin θ dθ ∧ dϕ = ∫_{2π} 0 [∫_α 0 h(u(θ, ϕ)) sin θ dθ ] dϕ. Since^∂_{∂t} = −(cosh t)^{−1 ∂}_{∂α} , we obtain ∂ ∂t Qh(t, y) = −1 cosh t ∫_{2π} 0 h(u(α, ϕ)) sin α dϕ = −1 cosh^2 t ∫_{2π} 0 h(u(α, ϕ))dϕ = − Rh(t, y) cosh^2 t

as required.

Remark 2.3. We can check Q(1)(t, y) = Area(Ω_{(t,y)}) = 1 − tanh t by using the above coordinate (θ, ϕ).

Proposition 2.4. For any smooth function h on S^2, the induced function f := Rh on S^3_1 solves the following hyperbolic partial differential equation: Lf := ( − ∂^2 ∂t^2 + (cosh t)^{−2}Δ_S2 ) f = 0. (2.9)

Proof. First we claim that R commutes with Δ_S2. Actually, if we fix t ∈ R, the transform M^t : h −→ Rh(t, ·) is SO(3)-equivariant, hence M^t commutes with Δ_S2 by Theorem A.1 in Appendix A. Thus R commutes with Δ_S2. Then, by above Lemmas,

∂^2 ∂t^2 Rh(t, y) = − ∂ ∂t QΔ_S2h(t, y) = (cosh t)^{−2}RΔ_S2h (t, y) = (cosh t)^{−2}Δ_S2Rh (t, y)

for any smooth function h on S^2. Hence f := Rh solves (2.9).

Lemma 2.5. Let f be a smooth function on S^3_1 satisfying the equation Lf = 0. If we put V := f_t, then V satisfies the wave equation □V = 0.

Proof. Applying^∂_{∂t} on the equation (cosh t)^2Lf = 0, we obtain the equation (2.5).

Proposition 2.6. Let h be a smooth function on S^2 satisfying �(h) = 0. Then V := Qh solves the wave equation □V = 0.

Proof. Since �(h) = 0, there exists a smooth function h̃ on S^2 satisfying h = −Δ_S2h̃. If we put f := Rh̃, then V = −QΔ_S2h̃ = f_t by Lemma 2.1. On the other hand, Lf = 0 by Proposition 2.4, so □V = □f_t = 0 by Lemma 2.5.

Remark 2.7. We call a function h ∈ C^∞_∗ (S^2) a generating function in the sense that h induces a solution of □V = 0 or Lf = 0.

3 Oddness and the inverse problem

In this section, we investigate the inverse problem for the transform R and Q. The goal is the following.

Theorem 3.1. 1. Let V be a smooth function on S^3_1 which solves the wave equation □V = 0. Suppose that V → 0 and V_t → 0 as t → ±∞ uniformly for y ∈ S^2. Then V is odd, and there exists a unique smooth function h ∈ C^∞_∗ (S^2) satisfying V = Qh.

2. Let f be a smooth function on S^3_1 which solves the equation Lf = 0. Suppose that there exist h_±(y) ∈ C^∞(S^2) and that f(t, y) → h_±(y) and f_t, f_{tt} → 0 as t → ±∞ uniformly for y ∈ S^2. Then f is even, and f = Rh_+ holds. Moreover, if f ∈ C^∞_∗ (S^3_1 ) then h_± ∈ C^∞_∗ (S^2).

Inverse problem for R and Q First, we study the transforms R and Q. By definition, R and Q are the identities on the constant functions R ⊂ C^∞(S^2). We also have R(C^∞_{odd}(S^2)) = Q(C^∞_{even ∗}(S^2)) = 0. The following bijectivity is, however, rather non-trivial. Proposition 3.2. Both of the following transforms are bijective:

1. R : C^∞_{even ∗}(S^2) −→ C^∞_{even ∗}(S^2), 2. Q : C^∞_{odd}(S^2) −→ C^∞_{odd}(S^2).

Hence we obtain ker{R : C^∞(S^2) → C^∞(S^2)} = C^∞_{odd}(S^2), ker{Q : C^∞(S^2) → C^∞(S^2)} = C^∞_{even ∗}(S^2).

The above bijectivity of R on C^∞_{even ∗}(S^2) is first noticed by P. Funk [5]. There is an explicit inversion formula of R or its generalization, which we can find in the textbook by S. Helgason [8]. On the other hand, just for the purpose to verify the bijectivity of R, V. Guillemin’s method is reasonable (Appendix A of [6]). We give the proof of the bijectivity of Q on C^∞_{odd}(S^2) in the Appendix A by a similar argument as the Guillemin’s.

Key lemma The key to prove Theorem 3.1 is to verify the oddness and evenness for the initial values V |_{t=0} and V_t|_{t=0}, which will be shown in Lemma 3.4. Before this, we first notice the following.

Lemma 3.3. For each function V ∈ C^∞(S^3_1 ), we define a function I(τ) on τ ∈ R by

I(τ) := cosh^2τ 2π ∫ S^2

(V_t|_{t=τ} ) ω_S2. (3.1)

If V solves the wave equation □V = 0, then I(τ) is independent with τ ∈ R. Proof. Let p : S^3_1 = R × S^2 → R be the projection, and we notice to the interval (t_1, t_2) ⊂ R. If V satisfies □V = ∗ d ∗ d V = 0, then we obtain 0 = 1 2π ∫ p^{−1} (t_1,t_2 ) d ∗ d V = −1 2π ∫ p^{−1}(t_2 )−p^{−1}(t_1 )

V_t cosh^2t ω_S2 = −I(t_2) + I(t_1)

Hence I(τ) does not depend on τ ∈ R.

Lemma 3.4. Let V be a smooth function on S^3_1 which solves the wave equation □V = 0. Suppose that V → 0 and V_t → 0 as t → ±∞ uniformly for y ∈ S^2. Let ψ(y) := V (0, y) and ξ(y) := V_t(0, y). Then ψ ∈ C^∞_{odd}(S^2) and ξ ∈ C^∞_{even ∗}(S^2).

Proof. We fix y ∈ S^2 and take a coordinate (θ, ϕ) on S^2 similarly as in the proof of Lemma 2.2. We use the coordinate (t, θ, ϕ) ∈ R × S^2 ∼= S^3_1 , and we put Ω^′_{(t,y)} := {t} × Ω_{(t,v)} ⊂ S^3_1 , M_y(t_1, t_2) := {(t, θ, ϕ) ∈ S^3_1 | t_1 < t < t_2, cos θ > tanh t} = ∪_{t∈(t1,t2)}Ω^′_{(t,y)}, Σ_y(t_1, t_2) := {(t, θ, ϕ) ∈ S^3_1 | t_1 < t < t_2, cos θ = tanh t} = ∪_{t∈(t1,t2)}∂Ω^′_{(t,y)}.

Notice that ∂M_y(t_1, t_2) = Σ_y(t_1, t_2) ∪ Ω^′_{(t2,y)} ∪ (−Ω^′_{(t1,y)})

∂Σ_y(t_1, t_2) = ∂Ω^′_{(t2,y)} ∪ (−∂Ω^′_{(t1,y)}).

Now let V be a function on S^3_1 as in the statement and τ be a positive real variable. Since □V = ∗ d ∗ dV = 0, integrating on M_y(t_1, t_2), we obtain 0 = ∫ M_y (t_1 ,t_2) d ∗ d V = ∫ Σ_y (t_1,t_2)+Ω^′_{(t2 ,y)} −Ω^′_{(t1 ,y)} ∗ d V. (3.2) For i = 1, 2, let α_i ∈ (0, π) be the real variable defined by cos α_i = tanh t_i. To calculate the integral over Σ_y(t_1, t_2), we introduce a real coordinate (a, b) ∈ (α_2, α_1) × (0, 2π) on Σ_y(t_1, t_2) by the embedding j : (α_2, α_1) × (0, 2π) → Σ_y(t_1, t_2) defined by (t, θ, ϕ) = (t(a), a, b) where cos a = tanh t(a). Then we obtain

∗ d V = −V_t cosh^2t ω_S2 − dt ∧ ˇ∗ ď V = ( −(sin a)^{−1}V_t + V_θ ) da ∧ db = − ∂V ∂a da ∧ db = −d(V db). Hence 1 2π ∫ Σ_y (t_1,t_2 ) ∗ d V = −1 2π ∫ Σ_y (t_1,t_2) d(V db) = −1 2π ∫ ∂Ω^′_{(t2 ,y)} −∂Ω^′_{(t1 ,y)} V dϕ = −R(V |_{t=t2} )(t_2, y) + R(V |_{t=t1} )(t_1, y).

On the other hand, for each τ ∈ R we have 1 2π ∫ Ω^′_{(τ,y)} ∗ d V = −1 2π ∫ Ω^′_{(τ,y)} V_t cosh^2t ω_S2 = − cosh^2τ Q(V_t|_{t=τ} )(τ, y)

Hence by (3.2), we see that the quantity

E(y) := R(V |_{t=τ} )(τ, y) + cosh^2τ Q(V_t|_{t=τ} )(τ, y) (3.3)

does not depend on τ ∈ R.

Now we claim E(y) ≡ 0. Notice that

cosh^2τ | | | | | ∫ Ω^′_{(τ,y)} V_t ω_S2 | | | | | ≤ cosh^2τ Area(Ω_{(τ,y)}) · max_{u∈Ω′(τ,y)} |V_t(u)| ≤ max_{u∈Ω′(τ,y)} |V_t(u)| (3.4)

since Area(Ω_{(τ,y)}) = 1 − tanh τ. Hence we obtain lim_{τ →+∞}[cosh^2τ Q(V_t|_{t=τ} )(τ, y)] = 0. by the convergence of V_t. On the other hand, by the convergence of V , we also have lim_{τ →±∞}[R(V |_{t=τ} )(τ, y)] = 0. Thus, by taking the limit τ → +∞ on (3.3), we obtain E(y) ≡ 0 as required.

Next notice that

I = cosh^2τ Q(V_t|_{t=τ} )(τ, y) + cosh^2τ Q(V_t|_{t=τ} )(−τ, −y) (3.5)

where I is the quantity defined in (3.1). If we take the limit τ → −∞, then the second term of the right hand side of (3.5) vanishes by the similar argument as above. Hence we obtain I = lim_{τ →−∞} [ cosh^2τ Q(V_t|_{t=τ} )(τ, y) ] . Thus, by taking the limit τ → −∞ on (3.3), we obtain I = 0. This means V_t|_{t=τ} ∈ C^∞_∗ (S^2) for any τ ∈ R.

Finally, evaluating τ = 0 to (3.3), we obtain Rψ + Qξ = 0. Recall that Rψ ∈ C^∞_{even}(S^2) and Qξ ∈ R ⊕ C^∞_{odd} (S^2) by Proposition 3.2. Further, since ξ = V_t|_{t=0} ∈ C^∞_∗ (S^2) by the above argument, we have Qξ ∈ C^∞_{odd}(S^2). Thus we obtain Rψ = Qξ = 0. Hence ψ ∈ C^∞_{odd}(S^2) and ξ ∈ C^∞_{even ∗}(S^2) by Proposition 3.2.

Proof of Theorem 3.1 Let V be as in the statement 1, and let ψ(y) := V (0, y) and ξ(y) := V_t(0, y). By Lemma 3.4, we have ψ ∈ C^∞_{odd}(S^2) and ξ ∈ C^∞_{even ∗}(S^2). Then by Proposition 3.2, there exist smooth functions h_{odd} ∈ C^∞_{odd}(S^2) and h_{even} ∈ C^∞_{even ∗}(S^2) satisfying

ψ = Qh_{odd}, ξ = −Rh_{even}. (3.6)

Now let us put h := h_{even} + h_{odd} and Ṽ := Qh. Since h ∈ C^∞_∗ (S^2), Ṽ is a solution of □Ṽ = 0 by Proposition 2.6. Moreover by construction

Ṽ (0, y) = Qh(y) = ψ(y), Ṽ_t(0, y) = [ ∂ ∂t Qh(t, y) ] t=0 = −Rh(y) = ξ(y). Hence V and Ṽ satisfies the same initial condition, so by the uniqueness theorem for the initial value problem of hyperbolic partial differential equations (see [3]), we obtain V = Ṽ . Hence V = Qh and V turns out to be odd. The uniqueness of h is obvious by the relation (3.6).

Next let f be as in the statement 2. If we put V := f_t, then V satisfies the conditions in the statement 1. Hence V is odd. If we decompose f as f = f_{even} +f_{odd} so that f_{even} ∈ C^∞_{even}(S^3_1 ) and f_{odd} ∈ C^∞_{odd}(S^3_1 ), then V_t = f_t = (f_{odd})_t +(f_{even})_t gives the decomposition of V satisfying (f_{odd})_t ∈ C^∞_{even}(S^3_1 ) and (f_{even})_t ∈ C^∞_{odd}(S^3_1 ). Since V is odd, we obtain (f_{odd})_t = 0. Hence f_{odd} = 0 and f is even.

Let us put φ(y) := f(0, y) and ψ(y) := f_t(0, y). Then similar as the above argument, there is a unique smooth function h̃ on S^2 which satisfies φ(y) = Rh̃(y), ψ(y) = −QΔ_S2h̃(y). For this function h̃, we obtain f = Rh̃. By definition of R,

h_+(y) = lim_{t→∞} f(t, y) = lim_{t→∞} Rh̃(t, y) = h̃(y).

Hence f = Rh_+ as required. If f ∈ C^∞_∗ (S^3_1 ), then φ ∈ C^∞_{even ∗}(S^2) and we obtain h_+ = h̃ ∈ C^∞_∗ (S^2) by the construction. Since f is even, h_−(y) = h_+(−y) ∈ C^∞_∗ (S^2).

Tameness at infinity By Theorem 3.1 and its proof, we can paraphrase the condition of the ‘tameness at infinity’ for V in the following way.

Corollary 3.5. Let V ∈ C^∞(S^3_1 ) be a solution of the wave equation □V = 0. then the following conditions are equivalent:

1. V (t, y) → 0 and V_t(t, y) → 0 as t → ±∞ uniformly for y ∈ S^2, 2. V is odd and I = 0, and 3. ψ(y) := V (0, y) ∈ C^∞_{odd}(S^2) and ξ(y) := V_t(0, y) ∈ C^∞_{even ∗}(S^2).

Proof. The statement 1 ⇒ 2 follows from Theorem 3.1, and 2 ⇒ 3 is obvious. Now let us assume 3. As in the proof of Theorem 3.1, we have V = Qh for h = h_{even} + h_{odd} where h_{even} ∈ C^∞_{even ∗}(S^2) and h_{odd} ∈ C^∞_{odd}(S^2) are defined by (3.6). Then we can check that V = Qh and V_t = −(cosh t)^{−2}Rh uniformly converge to zero as t → ±∞. Thus 3 ⇒ 1 holds.

Similarly, we obtain the following corollary of which the proof is omitted.

Corollary 3.6. Let f ∈ C^∞(S^3_1 ) be a solution of the equation Lf = 0. then the following conditions are equivalent:

1. There exist smooth functions h_±(y) ∈ C^∞(S^2) such that f(t, y) → h_±(y) and f_t, f_{tt} → 0 as t → ±∞ uniformly for y ∈ S^2, 2. f is even, and 3. φ(y) := f(0, y) is even and ψ(y) := f_t(0, y) is odd.

Rigidity theorem Let S^3_1 /Z_2 be the quotient space of S^3_1 by the involution σ. Notice that S^3_1 /Z_2 is not space-time-orientable. Since the operator □ on S^3_1 is σ-invariant, we can define the wave equation □V = 0 on S^3_1 /Z_2. Now let us use the coordinate {(t, y) ∈ R × S^2 | t > 0} on the open set {[t, y] ∈ S^3_1 /Z_2 | t ≠ 0}. Then, as a trivial consequence of Theorem 3.1, we obtain the following rigidity theorem.

Corollary 3.7. Let V be a solution of the wave equation □V = 0 on S^3_1 /Z_2. Suppose V, V_t → 0 as t → ∞ uniformly for y, then V ≡ 0.

We remark that this type of rigidity theorem is also found in [15] or [16]. For example in [16], it is shown that the standard self-dual indefinite metric on the non-space-time-orientable space (S^2 × S^2)/Z_2 is rigid in the space of self-dual metrics.

4 Monopole equation

In this section, we investigate the monopole equation over the de Sitter space S^3_1 . We show that any gauge equivalence class of monopole solutions is obtained from a solution of Lf = 0 which we call the monopole potential. Then, applying Theorem 3.1, we establish a one-to-one correspondence between generating functions h ∈ C^∞_∗ (S^2) and gauge equivalent classes of monopole solutions on S^3_1 which are tame at infinity. Further, we introduce the notion of admissible monopoles by which we can construct S^1-invariant self-dual metrics on S^2 × S^2.

Tod-Kamada ansatz Here we review the construction of self-dual metrics on S^2 × S^2 given by Tod or Kamada, following Kamada’s formulation.

The basic construction is the following.

Proposition 4.1 (Kamada[12]). Let V be a smooth positive function on S^3_1 such that ∗dV/2π is a closed two-form on S^3_1 determining an integral class in H^2(S^3_1 ; R). Let M → S^3_1 denote an S^1-bundle with connection one-form Θ with curvature form given by dΘ = ∗dV. (4.1) Then g_{V,Θ} := −V^{−1}Θ ⊗ Θ + V g_S3_1 is a self-dual metric on M of signature (− − ++) with respect to a suitable orientation on M.

Now we study the case when ∗dV is exact, i.e. when the S^1-bundle M → S^3_1 is trivial. In this case, we write as M ≃ S^1 × S^3_1 = {(s, t, y) ∈ S^1 × R × S^2} where s is the fiber coordinate and S^3_1 = {(t, y) ∈ R × S^2}. The total space M is naturally compactified to M̄ := S^2 × S^2 by the embedding M → S^2 × S^2 : (s, t, y) → (x, y) where

x^1 = cos s cosh t

, x^2 = sin s cosh t

, x^3 = tanh t. (4.2)

In other words, M is obtained as the free part of the S^1-action on S^2 × S^2 defined by

α · (x, y) = (R(α)x, y), where α ∈ S^1 and R(α) = cos α − sin α 0 sin α cos α 0 0 0 1

. (4.3)

If we put ε := (0, 0, 1) ∈ S^2 and S_± := {±ε} × S^2 ⊂ S^2 × S^2, then the disjoint union S_+ ⊔ S_− coincides to the fixed point set of the above S^1-action, and we have M = (S^2 ×S^2)\(S_+ ⊔S_−). Let us introduce variables r := e^t and q := e^{−t}, then (s, r) and (s, q) give the polar coordinates on the open neighborhoods of −ε ∈ S^2 and ε ∈ S^2 respectively.

Proposition 4.2 (Kamada[12]). Let (V, Θ) be a smooth solution of (4.1) such that V > 0 and ∗dV is an exact two-form. Then the metric ḡ_{V,Θ} := (cosh t)^{−2}g_{V,Θ} on M extends smoothly to the compactification M̄ = S^2 × S^2 if and only if there exist smooth functions F_+ and F_− on R × S^2 in variables r^2, q^2 and y such that

V = 1 + r^2F_−(r^2, y) and V = 1 + q^2F_+(q^2, y), (4.4)

as r → +0 and as q → +0 respectively.

If ∗dV is exact, Θ is written as Θ = ds + A using a one-form A on S^3_1 . Then the equation (4.1) is written as dA = ∗dV (4.5) which we call the monopole equation. We call a solution (V, A) of (4.5) a monopole solution or simply a monopole. We write as ḡ_{V,A} = ḡ_{V,Θ} where Θ = ds + A, and we also use the notation ḡ_{V,A} for its compactification. Notice that if (V, A) is a monopole then V satisfies the wave equation □V = ∗d ∗ dV = 0.

The simplest solution of the monopole equation satisfying the condition (4.4) is given by (V, A) = (1, 0), which we call the trivial monopole. In this case, the self-dual indefinite metric induced on S^2 × S^2 is the standard indefinite metric, i.e. the product metric g_0 = π^∗_1 h − π^∗_2 h where π_i : S^2 × S^2 → S^2 is the i-th projection and h is the standard metric on S^2.

Tod’s or Kamada’s examples of self-dual indefinite metrics are obtained by constructing explicit solutions of (4.5). We deal with these examples in the last part of this section.

Monopole potential Now we show that any monopole solution is essentially arisen from a function f ∈ C^∞_∗ (S^3_1 ) satisfying Lf = 0 where L is the partial differential operator defined in (2.9). We call such f the monopole potential.

For each real valued function ϕ ∈ C^∞(S^3_1 ), the transform of monopoles (V, A) −→ (V, A + dϕ) is called the gauge transform. Notice that Φ^∗ḡ_{V,A} = ḡ_{V,A+dϕ} where Φ = e^{iϕ} : M → M is the gauge transform on the S^1-bundle M → S^3_1 .

Proposition 4.3. Let (V, A) be any monopole on S^3_1 . Then, changing (V, A) by a gauge transform, we can assume (1^∘) A(∂_t) = 0 and (2^∘) ď ˇ∗ A = 0, where ď is the fiberwise exterior derivative and ˇ∗ is the fiberwise Hodge’s operator on the S^2-bundle S^3_1 → R. Furthermore such (V, A) is unique in the gauge equivalence class.

Proof. Let (V, A) be any monopole on S^3_1 . Let us write as A = A_tdt + A_1 so that A_1 is a 1-form without dt-part. If we put ϕ_1 = − ∫_t 0 A_tdt, then the one-form A + dϕ_1 does not have dt-part. Hence we can assume that A satisfies the condition 1^∘ from the beginning.

By the monopole equation (4.5), A = A_1 satisfies d ∗ d A = 0. Since dA = dt ∧^{∂A}_{∂t} + ď A, we can write as 0 = d ∗ d A ≡ d ∗ ( dt ∧ ∂A ∂t ) ≡ ∂ ∂t (d ∗ (dt ∧ A)) ≡ − ∂ ∂t (ď ˇ∗ A) mod dt, where we applied the relation ∗(dt ∧ η) = −ˇ∗ η which holds for any 1-form η on S^3_1 without dt-part. Thus the function ď^∗A := ˇ∗ ď ˇ∗A does not depend on t.

Considering ď^∗A as a function on S^2, we can take a smooth function ϕ̌ on S^2 satisfying Δ_S2ϕ̌ = −ď^∗A since (ď^∗A) ω_S2 = ˇ∗ (ď^∗A) = ď ˇ∗ A is exact. If we define a smooth function ϕ as the pull back of ϕ̌ by the projection S^3_1 ∼= S^2 × R → S^2, then we obtain ď ˇ∗(A + dϕ) = 0. Hence A^′ = A + dϕ satisfies the conditions 1^∘ and 2^∘.

Now we prove the uniqueness. Suppose that there is a function ϕ on S^3_1 such that both (V, A) and (V, A + dϕ) are the monopoles satisfying 1^∘ and 2^∘. Then the monopole (0, dϕ) also satisfies 1^∘ and 2^∘. By condition 1^∘, ϕ is independent of t. Hence dϕ = ďϕ. Together with the condition 2^∘, we obtain dϕ = 0. So the uniqueness follows.

Proposition 4.4. Let (V, A) be a monopole on S^3_1 . Suppose that A satisfies (1^∘) A(∂_t) = 0 and (2^∘) ď ˇ∗ A = 0. Then there exists a unique function f ∈ C^∞_∗ (S^3_1 ) satisfying (i) V = ∂_tf and (ii) A = −ˇ∗ ď f. Moreover f satisfies the equation Lf = 0, where L is the partial differential operator defined in (2.9).

Proof. Let (V, A) be a monopole on S^3_1 satisfying 1^∘ and 2^∘. We first claim that there is a smooth function F on S^3_1 such that A = −ˇ∗ ď F . Such a function is obtained, for example, by putting F (t, y) := ∫_{(t,y)} (t,o) ˇ∗ A where o ∈ S 2 is a fixed point and the integral path is taken on the sphere {t} × S^2 ⊂ S^3_1 . Since S^2 is simply connected, and by the condition 2^∘, F (t, y) is a well-defined smooth function. By construction, the condition A = −ˇ∗ ď F holds.

Next we claim that ď (V − ∂_tF ) = 0. Actually, ď (V − ∂_tF ) = dV − V_tdt − ď F_t, ∗ ď (V − ∂_tF ) = ∗dV + V_tω_S2 + dt ∧ ˇ∗ ď F_t = ď A + V_tω_S2, and ď A + V_tω_S2 = 0 by the monopole equation. Hence ď (V − ∂_tF ) = 0 as required, and this means that G(t) := V (t, y) − ∂_tF (t, y) does not dependent on y ∈ S^2. Thus, if we put f(t, y) = F (t, y) + ∫_t 0 G(t)dt, the condition (i) and (ii) are satisfied. The uniqueness of f is obvious since the conditions (i) and (ii) characterize f up to constant.

The rest of the statement is directly follows from the monopole equation. Indeed, ∗ dV = ∗ (f_{tt} dt + ď f_t) = −f_{tt} cosh^2t ω_S2 − dt ∧ ˇ∗ ď f_t, dA = −d ˇ∗ ď f = −dt ∧ (ˇ∗ ď f)_t − ď ˇ∗ ď f = −dt ∧ ˇ∗ ď f_t − (Δ_S2f) ω_S2, hence 0 = ∗ dV − dA = (Lf) cosh^2t ω_S2.

For monopoles which are tame at infinity, we obtain the following correspondence. Theorem 4.5. There is a natural one-to-one correspondence between the following objects:

1. [generating functions]

smooth functions h ∈ C^∞_∗ (S^2), 2. [monopole potentials]

smooth functions f ∈ C^∞_∗ (S^3_1 ) satisfying Lf = 0 such that f(t, y) → h_±(v) ∈ C^∞(S^2) and f_t, f_{tt} → 0 as t → ±∞ uniformly for y, 3. [equivalence classes of monopoles]

gauge equivalence classes of monopoles [(V, A)] such that V (t, y), V_t(t, y) → 0 as t → ±∞ uniformly for y Proof. By Theorem 3.1, the correspondence 1 ⇔ 2 is obtained by putting f := Rh or h := h_+. On the other hand, 2 ⇒ 3 is obtained by putting

V = ∂_tf and A = −ˇ∗ ď f. (4.6)

Now we show 3 ⇒ 2. For any [(V, A)] we can take an element (V, A) in this class satisfying the conditions 1^∘ and 2^∘ in Proposition 4.3. Then by Proposition 4.4, we get unique f ∈ C^∞_∗ (S^3_1 ) satisfying (4.6) and Lf = 0.

Remark 4.6. In the notations in Theorem 4.5, the evenness f ∈ C^∞_{even ∗}(S^3_1 ) and the oddness V ∈ C^∞_{odd}(S^3_1 ) automatically hold by Theorem 3.1.

Admissible monopoles To apply Theorem 4.5 to the study of self-dual metrics, we need to assume additional conditions for (V, A), that is, V is positive and V is written as in (4.4). Now we introduce the following notion.

Definition 4.7. Let (V, A) be a monopole on S^3_1 . Then (V, A) is called admissible if and only if the following conditions hold: (1^∘) A(∂_t) = 0, (2^∘) ď ˇ∗ A = 0, and (3^∘) V > 0 and V satisfies the convergence V (t, y) → 1 and V_t(t, y) → 0 as t → ±∞ uniformly for y.

The following Corollary is obviously deduced from Theorem 4.5 and its proof. Corollary 4.8. There is a natural one-to-one correspondence between

• smooth functions h ∈ C^∞_∗ (S^2) satisfying |∂_tRh(t, y)| < 1, and • admissible monopoles (V, A), related by V = 1 + ∂_tRh and A = −ˇ∗ ď (Rh).

For the condition (4.4), the following hold.

Proposition 4.9. Let (V, A) be an admissible monopole. Then the condition (4.4) in Proposition 4.2 is always satisfied. Thus any admissible monopole (V, A) defines an self-dual metric ḡ_{V,A} on M̄ = S^2 × S^2 with respect to a suitable orientation.

Proof. Let (V, A) be an admissible monopole. If we put Ṽ := V − 1, then by Theorem 4.5 there exists a generating function h ∈ C^∞_∗ (S^2) such that Ṽ = ∂_tRh = −QΔ_S2h. Since Ṽ is odd, it is enough to check the case of t → +∞. Using the same spherical coordinate (θ, ϕ) as in the proof of Lemma 2.2, we can write

Ṽ (t_0, y) = − 1 2π ∫ Ω_{(t0 ,y)}

Δ_S2h ω_S2 = − 1 2π ∫_α 0 [∫_{2π} 0 Δ_S2h(u(θ, ϕ))dϕ ] sin θ dθ, where α is defined by cos α = tanh t_0. Since the parameter θ is defined by cos θ = tanh t, θ depends only on κ := e^{−2t}. So we can put F (κ, y) := ∫_{2π} 0 Δ_S2h(u(θ(κ), ϕ))dϕ. Then we obtain Ṽ (t_0, y) = − 1 π ∫_q2_0 0 F (κ, y) (1 + κ)^2 dκ where q_0 = e^{−t0} . Hence Ṽ (t, y) is a smooth function depending only on y and q^2 = e^{−2t}, and satisfies lim_{q→+∞} Ṽ (t, y) = 0. Therefore V is written as in (4.4).

Later (Corollary 7.5), we will prove the self-duality of the metric ḡ_{V,A} on S^2 × S^2 in a different way from Tod’s or Kamada’s method. (See [11, 24] or the positive definite case [13] for their method.) By our method, we can determine the ‘orientation’, that is, we fix a certain orientation on S^2 × S^2 and show that ḡ_{V,A} is anti-self-dual with respect to this orientation. Moreover, we will see in Corollary 7.10 that this metric ḡ_{V,A} is Zollfrei.

Example Finally in this section, we deal with examples of monopole solutions obtained by Tod [24] and Kamada [12]. Let {Y^l_m(y)}_{|m|≤l} be the basis of eigenspace of Δ_S2 with the eigenvalue −l(l + 1) (i.e. Y^l_m(y) ∈ C^∞(S^2) can be taken as the spherical harmonics). Introducing variable z = tanh t, let P_l(z) be the Legendre polynomial of degree l, and put Z_l(z) := ∂_zP_l(z). In these notations, Tod’s monopole solution (V, A) is given by

V = 1 + ∑ l≥1 ∑ |m|≤l c_{lm}Z_l(z)Y^l_m(y), A = − ∑ l≥1 ∑ |m|≤l c_{lm}P_l(z) ˇ∗ ď Y^l_m(y), where {c_{lm}} is a finite collection of real constants with sufficiently small |c_{lm}|. We remark that the above solution V is first obtained by Tod, and later Kamada obtained the above V again with the description of A. This monopole solution (V, A) is admissible, and the corresponding monopole potential f ∈ C^∞_∗ (S^3_1 ) and the generating function h ∈ C^∞_∗ (S^2) are given by f = ∑ l≥1 ∑ |m|≤l c_{lm}P_l(z)Y^l_m(y), h = ∑ l≥1 ∑ |m|≤l c_{lm}Y^l_m(y). (4.7)

On the other hand, Kamada constructed another type of monopole solutions parametrized by the space of probability measures on the hyperboloids H^3_+ ⊔ H^3_− in the Minkowski space R^4_1 . However, Theorem 4.5 insists that this type of solution should be gauge equivalent to the above Tod type admissible monopole at least asymptotically. Actually, Tod’s example densely covers all admissible monopoles since any generating function h ∈ C^∞_∗ (S^2) can be expanded as in the form (4.7).

5 Local reduction theory

To construct the twistor correspondence for the self-dual metric ḡ_{V,A} on S^2 × S^2 obtained from an admissible monopole (V, A), in this section we study S^1-bundle ϖ : M^4 → X^3 and integrable structures on X and M.

Einstein-Weyl 3-space Though we only need the integrable property for the Einstein manifold (S^3_1 , g_S3_1 ), we briefly recall the integrability theorem for general three-dimensional torsion-free Einstein-Weyl structures since there are no difference between the general case and the special case of S^3_1 so far as studying local theory. For the definition of Einstein-Weyl structure, see [9, 17, 21]. Here we only need the fact that (S^3_1 , [g_S3_1 ], ∇^{S31} ) is Einstein-Weyl where ∇^{S31} is the Levi-Civita connection of the indefinite metric g_S3_1 .

Let X be a real 3-manifold, [g_X ] be a conformal structure on X of signature (− + +). We fix a metric g_X ∈ [g_X ] and a frame {E_1, E_2, E_3} of T X on an open set U ⊂ X so that

g_X (E_j , E_k) =

−1 j = k = 1 1 j = k = 2 or 3 0 otherwise.

(5.1)

Let ∇^X be a torsion-free connection on T X, and ω be its connection form with respect to the above frame. Suppose that ∇^X is compatible with [g_X ], that is, ω is written as

ω = ϕ ω^1_2 ω^1_3 ω^2_1 ϕ ω^2_3 ω^3_1 ω^3_2 ϕ , ω^2_1 = ω^1_2, ω^3_1 = ω^1_3,

ω^3_2 = −ω^2_3.

(5.2)

A tangent two plane V ⊂ T_xX (x ∈ X) is called a null plane iff g_X degenerates on V, or equivalently, iff V is tangent to the null cone of g_X . We put V(ζ) := Span ⟨m_1(ζ), m_2(ζ)⟩ for each ζ ∈ R ∪ {∞} = RP^1 where

m_1(ζ) := −E_1 + E_2 + ζE_3, m_2(ζ) := ζE_1 + ζE_2 − E_3. (5.3)

Then V(ζ) is a null plane, and any null plane is written in this form.

Now let us define the ‘bundle of null planes’ on X by W_R := {[a] ∈ P(T^∗X) | g_X (a, a) = 0} . Notice that, for each [a] ∈ W_{R,x} = P(T^∗_x X), the tangent plane ker a ⊂ T_xX is a null plane. If we define a 1-form a(ζ) by

a(ζ) := (1 + ζ^2)E^1 + (1 − ζ^2)E^2 + 2ζE^3

using the dual frame {E^i} of {E_i}, then we obtain V(ζ) = ker a(ζ). Hence the map U×RP^1 → W_R|_U : (x; ζ) → [a(ζ)]_x gives a local trivialization of W_R. If we introduce coordinates θ ∈ S^1 by ζ = tan^θ_2 and ω = e^{iθ} ∈ U(1), then we obtain the trivializations

U × S^{1 ∼}−→ W_R|_U : (x; θ) −→ [a]_x = [E^1 + cos θ E^2 + sin θ E^3]_x, (5.4)

U × U(1)^∼−→ W_R|_U : (x; ω) −→ [a]_x = [2ωE^1 + (1 + ω^2) E^2 + i(1 − ω^2)E^3]_x. (5.5)

Let us take an open covering {U_α} of X and the trivializations of W_R on each U_α in the form of (5.5). Then the transition functions are given by the maps F_{αβ} : U_α ∩ U_β → Aut(U(1)) where Aut(U(1)) is the Möbius transforms on U(1). If (X, [g_X ]) is space-time orientable, these transition functions can be taken so that F_{αβ} : U_α ∩ U_β → Aut(D ) where D := {ω ∈ C | |ω| ≤ 1} and Aut(D ) is the holomorphic automorphism on D . Hence if (X, [g_X ]) is space-time orientable, we can define the D -bundle W_+ → X associated with the U(1)-bundle W_R → X. Notice that we obtain a local trivialization U × D^∼−→ W_+|_U by the same equation as (5.5) considering ω ∈ D . We remark that W_+ is also defined intrinsically as the bundle of complex null planes satisfying an orientation compatibility condition (see [21]). We note that the fiber coordinates ζ and ω are related by ζ = i^{1−ω}_{1+ω} , and the disk D = {|ω| ≤ 1} corresponds to the upper half plane {ζ ∈ C | Im ζ ≥ 0}.

Since the connection ∇^X is compatible with g_X , W_R is equipped with a natural connection which we also denote by ∇^X . Let ṽ ∈ T_{(x;ζ)}W_R be the horizontal lift of a vector v ∈ T_xX with respect to ∇^X . Then by a direct calculation, we obtain the following lifting formula:

ṽ = v + 1 2 ( (1 + ζ^2)ω^2_3 + (1 − ζ^2)ω^1_3 − 2ζω^1_2 ) (v) ∂ ∂ζ (5.6)

Let m̃_j (j = 1, 2) be the tautological lift of m_j on W_R, i.e. (m̃_j )_{(x;ζ)} = (m_j (ζ)_x)~, where (·)~ is the horizontal lift given by (5.6). We define a two-plane distribution on W_R by D := Span ⟨m̃_1, m̃_2⟩ . The integrability of Einstein-Weyl condition is stated as follows.

Proposition 5.1. The pair ([g_X ], ∇^X ) is Einstein-Weyl iff the two-plane distribution D is Frobenius integrable.

See [21] (Proposition 3.9) for the proof.

Indefinite anti-self-dual 4-space Next we summarize the integrable property for 4-dimensional anti-self-dual conformal structure of indefinite signature. Let M be a real 4- manifold and [g_M ] be a conformal structure on M of signature (− − ++). We fix g_M ∈ [g_M ] and a frame {E_0, E_1, E_2, E_3} of T M on an open set U ⊂ M so that

g_M (E_j , E_k) =

−1 j = k = 0 or 1 1 j = k = 2 or 3 0 otherwise.

(5.7)

The connection form ω of the Levi-Civita connection ∇ of g_M with respect to the above frame is written as

ω = 0 ω^0_1 ω^0_2 ω^0_3 ω^1_0 0 ω^1_2 ω^1_3 ω^2_0 ω^2_1 0 ω^2_3 ω^3_0 ω^3_1 ω^3_2 0 , ω^1_0 = −ω^0_1 , ω^2_0 = ω^0_2 , ω^3_0 = ω^0_3 , ω^2_1 = ω^1_2 , ω^3_1 = ω^1_3 , ω^3_2 = −ω^2_3.

(5.8)

We have the eigenspace decomposition ∧^2T M = ∧_+ ⊕ ∧_− with respect to the Hodge’s operator on M where ∧_± is the ±1-eigenspace. Using the above frame {E_j }, we can write as ∧_+ = Span ⟨φ_1, φ_2, φ_3⟩ , √ 2 φ_1 = E_0 ∧ E_1 + E_2 ∧ E_3, √ 2 φ_2 = E_0 ∧ E_2 + E_1 ∧ E_3, √ 2 φ_3 = E_0 ∧ E_3 − E_1 ∧ E_2.

Similarly, we have the decomposition ∧^2T^∗M = ∧^+⊕∧^−, and we can take a frame {φ^1, φ^2, φ^3} of ∧^+ so that {φ_j } and {φ^j } are dual each other.

The Levi-Civita connection ∇ induces a connection on ∧_+ which is also denoted by ∇, and its connection form is written as

η = 0 η^1_2 η^1_3 η^2_1 0 η^2_3 η^3_1 η^3_2 0 , η^2_1 = η^1_2 = ω^1_2 − ω^0_3 , η^3_1 = η^1_3 = ω^1_3 + ω^0_2 ,

−η^3_2 = η^2_3 = ω^2_3 − ω^0_1 .

(5.9)

A tangent two plane V ⊂ T_xM is called an α-plane iff g_M (V, V) = {0} (i.e. V is contained in the null cone of g_M ) and ∧^2V ⊂ ∧_+. We put V(ζ) = Span ⟨m_1(ζ), m_2(ζ)⟩ for each ζ ∈ R ∪ {∞} = RP^1 where m_1(ζ) := −ζE_0 − E_1 + E_2 + ζE_3, m_2(ζ) := −E_0 + ζE_1 + ζE_2 − E_3. (5.10)

Then V(ζ) is an α-plane, and each α-plane is written in this form.

We define the ‘bundle of α-planes’ on M by

Z_R = { [φ] ∈ P(∧^+) | g(φ, φ) = 0 } .

Notice that for each [φ] ∈ P(∧^+_x ), the tangent plane ker φ := {v ∈ T_xX | i(v)φ = 0} is an α-plane. If we define a(ζ) ∈ ∧^+ by

a(ζ) = −(1 + ζ^2)φ^1 − (1 − ζ^2)φ^2 − 2ζφ^3, (5.11)

then we obtain V(ζ) = ker a(ζ). Hence the map U × RP^1 → Z_R|_U : (x; ζ) → [a(ζ)]_x gives a local trivialization of Z_R. Moreover, if M is space-time orientable, we can define the associated disk bundle Z_+ → M by a similar method as the case of W_+ (see also [16]).

The connection ∇ induces a connection on Z_+ which is also denoted by ∇. Let ṽ ∈ T_{(x;ζ)}Z_R be the horizontal lift of a vector v ∈ T_xM with respect to ∇, then

ṽ = v + 1 2 ( (1 + ζ^2)η^2_3 + (1 − ζ^2)η^1_3 − 2ζη^1_2 ) (v) ∂ ∂ζ . (5.12)

Let m̃_j (j = 1, 2) be the tautological lift of m_j on Z_R, i.e. (m̃_1)_{(x;ζ)} = (m_1(ζ)_x)~, where (·)~ is the horizontal lift given by (5.12). We define a 2-plane distribution on Z_R by D := Span ⟨m̃_1, m̃_2⟩ . We can extend m̃_1 and m̃_2 to complex vector fields on Z_+ so that they are holomorphic in ζ. We define a complex 3-plane distribution E on Z_+ by E := Span⟨m̃_1, m̃_2, ∂¯_ζ ⟩. Then we obtain E ∩ E = {0} on Z_+\Z_R, hence E defines an almost complex structure on Z_+ so that E gives the (0, 1)-vectors.

Proposition 5.2. The following conditions are equivalent:

• the conformal structure [g] is anti-self-dual, • the two-plane distribution D on Z_R is Frobenius integrable. • the almost complex structure on Z_+\Z_R defined by E is integrable. See [16] (Proposition 3.5 and 7.1) for the proof.

S^1-fibration Let (X, g_X ) be a pseudo-Riemannian 3-manifold of signature (− + +) and we apply the above argument for (X, [g_X ], ∇^X ) where ∇^X is the Levi-Civita connection of g_X . We put M := S^1 × X and let ϖ : M → X be the projection. We fix a solution (V, A) of the monopole equation ∗dV = dA on X where V is a positive function and A is a one-form on X. Then Θ = ds + A defines a connection on the S^1-bundle ϖ : M → X where s ∈ S^1 is the fiber coordinate. We study the following metric on M:

g_M := −V^{−2}Θ ⊗ Θ + g_X . (5.13)

Notice that g_M is conformally equivalent to the metric g_{V,A} = −V^{−1}Θ ⊗ Θ + V g_X .

Let us take a local frame {E_1, E_2, E_3} of T X on an open set U ⊂ X so that it satisfies the orthonormal condition (5.1) for g_X . We write as A = A_1E^1 + A_2E^2 + A_3E^3. We define a local frame {E_0, E_1, E_2, E_3} of T M on U := ϖ^{−1}(U) by

E_0 = V ∂ ∂s , E_1 = E_1 − A_1 ∂ ∂s , E_2 = E_2 − A_2 ∂ ∂s , E_3 = E_3 − A_3 ∂ ∂s , (5.14)

then {E_j } satisfies the orthonormal condition (5.7) for g_M . Notice that the dual frame {E^j } of {E_j } is given by

E^0 = V^{−1}Θ, E^1 = ϖ^∗E^1, E^2 = ϖ^∗E^2, E^3 = ϖ^∗E^3.

Now let us use the same notations as above: ω, ω, m_j , m_j and so on. Lemma 5.3. In the above notations, we obtain the following formulas:

ω^0_1 = −ν_1E^0 + 1 2 ν_3E^2 − 1 2 ν_2E^3,

ω^0_2 = −ν_2E^0 − 1 2 ν_3E^1 − 1 2 ν_1E^3,

ω^0_3 = −ν_3E^0 + 1 2 ν_2E^1 + 1 2 ν_1E^2, ω^1_2 = ϖ^∗ω^1_2 − 1 2 ν_3E^0,

ω^1_3 = ϖ^∗ω^1_3 + 1 2 ν_2E^0,

ω^2_3 = ϖ^∗ω^2_3 − 1 2 ν_1E^0,

(5.15)

where ν_j := V^{−1}E_j V = V^{−1}E_j V (j = 1, 2, 3).

Proof. By the equation ∗ dV = dA, we obtain

dE^0 = d(V^{−1}Θ) = −V^{−2}dV ∧ Θ + V^{−1}dA = (V^{−1}Θ) ∧ (V^{−1}dV ) + V^{−1} ∗ dV = E^0 ∧ (ν_1E^1 + ν_2E^2 + ν_3E^3) + (−ν_1 E^2 ∧ E^3 − ν_2 E^1 ∧ E^3 + ν_3 E^1 ∧ E^2) = √ 2 (ν_1φ^1 + ν_2φ^2 + ν_3φ^3).

Then the required formulas are deduced by a direct calculation so that ω satisfies the torsionfree condition dE^j + ∑ ω^j_k ∧ E^k = 0 and the symmetry (5.8).

Proposition 5.4. In the above notations, we obtain

m̃_1 = m̃_1 − (V ζ + A(m_1)) ∂ ∂s , m̃_2 = m̃_2 − (V + A(m_2)) ∂ ∂s . (5.16)

Proof. The proof is given by a direct calculation. Here we sketch the proof of the first formula. We have m_1 = −ζE_0 − E_1 + E_2 + ζE_3 = m_1 − ζE_0 − A(m_1)∂_s by definition. By the lifting formula (5.12), we obtain

m̃_1 = m_1 + 1 2 ( (1 + ζ^2)η^2_3 + (1 − ζ^2)η^1_3 − 2ζη^1_2 ) (m_1) ∂ ∂ζ Evaluating (5.9) and (5.15), and by the lifting formula (5.6), we obtain m̃_1 = m̃_1 − ζE_0 − A(m_1)∂_s = m̃_1 − (V ζ + A(m_1)) ∂_s as required.

Remark 5.5. By the result of P. E. Jones and K. P. Tod [10], it is natural to expect that, in the above situation, the distribution D = Span ⟨m̃_1, m̃_2⟩ is integrable if and only if D = Span ⟨m̃_1, m̃_2⟩ is integrable, or equivalently, g_M is anti-self-dual if and only if ([g_X ], ∇^X ) is Einstein-Weyl. To check this claim directly is, however, very hard. In the special case of (S^3_1 , g_S3_1 ), we prove the integrability of D by constructing all the integral surfaces of D (Proposition 7.4).

Finally we see that the projection ϖ : M → X induces a map Π : (Z_+, Z_R) → (W_+, W_R) if X is space-time orientable (then M = S^1 × X is also space-time orientable). For this, notice that ϖ maps each α-plane to a null plane since ϖ_∗(m_j ) = m_j for j = 1, 2. Recall that Z_R and W_R are the spaces of α-planes and null planes respectively, hence the natural map Π : Z_R → W_R is induced. By taking local trivializations as above, Π is locally described as Z_R|_U ≃ U × RP^1 −→ W_R|_U ≃ U × RP^1 : (s, x; ζ) −→ (x; ζ). Hence the map Π naturally extends to a map Z_+ → W_+. By the formula (5.16), we obtain Π_∗(m̃_i) = m̃_i, hence Π_∗D = D.

6 Standard model

In this section we study the twistor correspondence for the standard case, that is, the case obtained from the trivial monopole (V, A) = (1, 0).

Twistor correspondence for S^3_1 Recall that we identify the de Sitter space (S^3_1 , g_S3_1 ) with the space of oriented small circles on S^2. This identification is naturally arisen from the LeBrun-Mason correspondence for Einstein-Weyl 3-manifold [17, 21]. Here we describe this correspondence.

Let us define submanifolds Σ_u ⊂ S^3_1 for each u ∈ S^2 by

Σ_u := {(t, y) ∈ S^3_1 | u ∈ ∂Ω_{(t,y)}} = {(t, y) ∈ S^3_1 | u · y = tanh t}. (6.1)

Then Σ_u gives a null surface, i.e. Σ_u is tangent to a null plane at any point on Σ_u. By the correspondence Σ_u ↔ u, the sphere S^2 is identified with the space of these null surfaces on S^3_1 .

Let us introduce the affine coordinates λ, η ∈ C P^1 related with y, u ∈ S^2 by the stereographic projection λ = y_2 + iy_3 1 + y_1 , η = u_2 + iu_3 1 + u_1

. (6.2)

Then the pair (t, λ) ∈ R × C P^1 can be used as the coordinate on S^3_1 . We can check by a direct calculation that u · y > tanh t ⇐⇒ e^t < | | | λ̄η + 1 η − λ | | | , (6.3) and that the null surface (6.1) is written as

Σ_η := Σ_u = { (t, λ) ∈ R × C P^1 | | | | e^t = | | | | λ̄η + 1 η − λ | | | | } . (6.4)

To adapt the formulation in Section 5, we set the frame {E_j } of T S^3_1 on the open set U := {(t, λ) ∈ S^3_1 | λ ≠ ∞} by

E_1 = ∂ ∂t , E_2 =

1 + |λ|^2 2 cosh t ( ∂ ∂λ + ∂ ∂λ̄ ) , E_3 = i

1 + |λ|^2 2 cosh t ( ∂ ∂λ − ∂ ∂λ̄ ) . (6.5)

Notice that {E_j } satisfies the orthonormal condition (5.1) for the metric g_S3_1 . Then the dual frame {E^j } is given by

E^1 = dt, E^2 = cosh t 1 + |λ|^2 (dλ + dλ̄), E^3 = −i cosh t 1 + |λ|^2 (dλ − dλ̄). (6.6) and the trivialization (5.4) is written as U × S^{1 ∼}−→ W_R|_U : (t, λ; θ) −→ [a] = [ dt + cosh t 1 + |λ|^2 ( e^{−iθ}dλ + e^{iθ}dλ̄ ) ] . (6.7)

Recall that each point [a] ∈ W_R|_x = P(T^∗_x S^3_1 ) corresponds to the null plane (ker a) ⊂ T_xS^3_1 . Proposition 6.1. For each [a] = (t, λ; θ) ∈ U × S^1 ≃ W_R|_U , the corresponding null plane ker a is tangent to the null surface Σ_η if and only if η = −e^{iθ} + λe^t λ̄eiθ + et . (6.8) Proof. If we put F := |η − λ|^2e^{2t} − |λ̄η + 1|^2, then we can write as Σ_η = {(t, λ) ∈ S^3_1 | F = 0}. Suppose (t, λ) ∈ Σ_η, then the tangent plane T_{(t,λ)}Σ_η is given by (ker dF ) ⊂ T_{(t,λ)}S^3_1 , and by a direct calculation we obtain

dF = 2 |λ̄η + 1|^2 · [ dt − 1 + |η|^2 (η − λ)(λη̄ + 1) dλ − 1 + |η|^2 (η̄ − λ̄)(λ̄η + 1) dλ̄ ] . Comparing with (6.7), we see that the coincidence (ker a) = (ker dF ) occurs if and only if (6.8) holds.

We put D := {ω ∈ C | |ω| ≤ 1}. Since S^3_1 is space-time orientable, we can define the D -bundle W_+ associated with W_R, and (t, λ; ω) ∈ U × D gives a local coordinate on W_+|_U . We define a smooth map f : W_+ → C P^1 × C P^1 by

f : (t, λ; ω) −→ (η_1, η_2) = ( −ω + λe^t λ̄ω + et , λ + e^tω −1 + λ̄e^tω ) (6.9)

on W_+|_U . Then we obtain the double fibration

(W_+, W_R) p � � � �_f � � � �

S^3_1 (W, W_R),

(6.10) where (W, W_R) = (C P^1 ×C P^1 , C P^1 ) and W_R → W is given by η → (η, η̄^{−1}). By construction, Σ_η = p(f^{−1}(η)) for each η ∈ W_R ≃ C P^1 . Notice that if we put D_{(t,λ)} := f(p^{−1}(t, λ)) then {D_{(t,λ)}}_{(t,λ)∈S}3_1 gives a family of holomorphic disks on W with boundary on W_R. Further, by the result in [17, 21], the pair ([g_S3_1 ], ∇^{S31} ) is the unique torsion-free Einstein-Weyl structure such that {Σ_η}_{η∈WR}gives the family of totally geodesic null surfaces on S^3_1 .

As easily seen from (6.3), the domain Ω_{(t,λ)} ⊂ S^2 coincides with the image of the map D −→ C P^1 : ω −→ η_1(t, λ; ω) = −ω + λe^t λ̄ω + et under the identification S^{2 ∼}→ C P^1 via stereographic projection. In particular, the oriented small circle ∂Ω_{(t,λ)} coincides with the boundary circle ∂D_{(t,λ)} ⊂ W_R.

Quaternionic description of S^2 ×S^2 Let {e_0, e_1, e_2, e_3} be the standard orthonormal basis of the Euclidean space R^4 , and we identify R^4 with the quaternion field H by

ae_0 + be_1 + ce_2 + de_3 ←→ a + bi + cj + dk ∈ H .

Let ∧^2R^4 = ∧_+R^4 ⊕ ∧_−R^4 be the eigenspace decomposition for the Hodge’s operator on R^4 . The basis of ∧_±R^4 is given by

ψ^±_1 = 1 √ 2 (e_0 ∧ e_1 ± e_2 ∧ e_3) , ψ^±_2 = 1 √ 2 (e_0 ∧ e_2 ∓ e_1 ∧ e_3) , ψ^±_3 = 1 √ 2 (e_0 ∧ e_3 ± e_1 ∧ e_2) .

(6.11) Under the identification H ≃ R^4 , we obtain for each q ∈ R^4 √ 2 ∗ (q ∧ ψ^−_1 ) = qi, √ 2 ∗ (q ∧ ψ^−_2 ) = qj, √ 2 ∗ (q ∧ ψ^−_3 ) = qk.

√ 2 ∗ (q ∧ ψ^+_1 ) = −iq, √ 2 ∗ (q ∧ ψ^+_2 ) = −jq, √ 2 ∗ (q ∧ ψ^+_3 ) = −kq,

(6.12)

where ∗ : ∧^3R^{4 ∼}→ R^4 is the Hodge’s operator.

We define a bilinear form h on ∧^2R^4 so that it satisfies

ξ_1 ∧ ξ_2 = h(ξ_1, ξ_2) e_0 ∧ e_1 ∧ e_2 ∧ e_3 (6.13)

for any ξ_1, ξ_2 ∈ ∧^2R^4 . Then the basis {ψ^−_1 , ψ^−_2 , ψ^−_3 , ψ^+_1 , ψ^+_2 , ψ^+_3 } gives an orthonormal frame for h of signature (− − − + ++). Let us define

N := {ψ ∈ ∧^2R^4 | h(ψ, ψ) = 0 (i.e. ψ ∧ ψ = 0)},

Q_R := N /R_+ ≃ { ∑ x^lψ^−_l + ∑ y^lψ^+_l | | | x, y ∈ S^2 } , (6.14)

where the positive real numbers R_+ act on N by a scalar multiplication. Then Q_R is diffeomorphic to S^2 × S^2 and h induces an indefinite conformal structure on Q_R of signature (− − ++) which is denoted by [h]. If we define

S_q := {ψ ∈ Q_R | q ∧ ψ = 0} (6.15)

for each q ∈ S^3 ⊂ R^4 , then S_q gives an α-surface on (Q_R, [h]) with respect to the natural orientation on Q_R ≃ S^2 × S^2. Since S_q = S_{−q}, the α-surface S_q is determined only on [q] ∈ RP^3 , so we also write S_{[q]} = S_q .

By the formula (6.12), we can write

S_q = {(x, y) ∈ S(Im H ) × S(Im H ) | x = q̄yq} (6.16)

under the identification q ∈ S^3 ≃ Sp(1) and x, y ∈ S^2 ≃ S(Im H ) = {ξ ∈ Im H | ξξ̄ = 1}. If we put q = a + bi + cj + dk, then the transform Im H → Im H : y → q̄yq is represented by the matrix

A (q̄) := a^2 + b^2 − c^2 − d^2 2(ad + bc) −2(ac − bd) −2(ad − bc) a^2 − b^2 + c^2 − d^2 2(ab + cd) 2(ac + bd) −2(ab − cd) a^2 − b^2 − c^2 + d^2

(6.17) with respect to the basis {i, j, k} ∈ Im H . Then we can write as S_q = {(x, y) ∈ S^2 × S^2 | x = A (q̄)y}. We remark that A : Sp(1) → SO(3) gives a natural double cover. By this expression, we see that S_q is also an α-surface for the standard indefinite metric g_0 on S^2 × S^2, so we obtain [h] = [g_0].

The bundle of α-planes Ẑ_R → Q_R is naturally given by

Ẑ_R = {(x, y; [q]) ∈ Q_R × RP^3 | (x, y) ∈ S_{[q]} (i.e. x = A (q̄)y)}.

Since (Q_R, [g_0]) is space-time orientable, we can define the disk bundle Z_+ associated with Z_R. We will see later (Proposition 6.2) that the projection f̂ : Ẑ_R → RP^3 naturally extends to a fiberwise holomorphic map f̂ : Ẑ_+ → C P^3 . Then we obtain the following double fibration (see also [16]): (Ẑ_+, Ẑ_R) p̂ � � �^{f̂} � � � �

Q_R (C P^3 , RP^3 ).

(6.18)

By construction, we have p̂(f̂^{−1}([q])) = S_{[q]} for each [q] ∈ RP^3 . In this way we obtain the LeBrun-Mason twistor space (C P^3 , RP^3 ) corresponding to the anti-self-dual 4-manifold (Q_R, [g_0]). Here, the two-plane distribution D on Ẑ_R is given by the tangent distribution of each fiber of f̂ : Ẑ_R → RP^3 .

S^1-action Next we study the S^1-action on Q_R ≃ S^2 × S^2 defined by (4.3). Recall the notations S_± := {±ε} × S^2 ⊂ S^2 × S^2, M := (S^2 × S^2)\(S_+ ⊔ S_−), and so on. We use the coordinate (s, t, y) ∈ S^1 ×R×S^2 on M as in (4.2). Notice that M/S^1 = R×S^2 ∼= S^3_1 , and the quotient map ϖ : M → S^3_1 is given by (s, t, y) → (t, y). As already mentioned, the standard metric g_0 on Q_R ≃ S^2 × S^2 is conformally equivalent to the metric g_{1,0} = −ds^2 + g_S3_1 induced from the trivial monopole (V, A) = (1, 0).

Now we define the disk bundle p : (Z_+, Z_R) → M as the restriction of p̂ : (Ẑ_+, Ẑ_R) → Q_R on M. By the argument in the previous section, ϖ : M → S^3_1 induces the natural map Π : (Z_+, Z_R) → (W_+, W_R).

Let {E_1, E_2, E_3} be the frame of T S^3_1 on U = {(t, λ) | λ ≠ ∞} defined in (6.5). We introduce a frame {E_0, E_1, E_2, E_3} of T M on U = ϖ^{−1}(U) = {(s, t, λ) | λ ≠ ∞} by (5.14), that is,

E_0 = ∂ ∂s , E_1 = E_1, E_2 = E_2, E_3 = E_3. (6.19)

If we define m_j , m_j and so on similarly as in Section 5, we obtain the trivializations U × D ∼= W_+|_U and U × D ∼= Z_+|_U . Hence we can use coordinates (t, λ; ω) on W_+|_U and (s, t, λ; ω) on Z_+|_U . In these coordinate, Π : Z_+ → W_+ is written as (s, t, λ; ω) → (t, λ; ω).

The projection ϖ induces a map between the twistor spaces in the following way. As in (6.16), each α-surface S_q is defined by the equation x = A (q̄)y for each q ∈ S^3 ⊂ R^4 . In the coordinate (s, t, y) ∈ S^1 × R × S^2 ≃ M, this equation is equivalent to the following system: e^{is} cosh t

= (1, i, 0)A (q̄) · y, (6.20)

tanh t = (0, 0, 1)A (q̄) · y. (6.21)

Comparing (6.21) with (6.1), we see that the projection ϖ maps each α-surface S_q to the null surface Σ_u where u = (0, 0, 1) · A (q̄). Hence we obtain the natural map

π : RP^3 −→ S^2 ∼= C P^1 : [q] −→ u = (0, 0, 1) · A (q̄) (6.22)

between the real twistor spaces. We will see soon later that π extends to the map between complex twistor spaces and obtain the following commutative diagram:

(Z_+, Z_R) p � � � �_f � � � � Π � M ϖ � (W_+, W_R) p � � � �_f � � � � (Z, Z_R) π � S^3_1 (W, W_R).

(6.23)

Here Z_R = RP^3 ⊂ C P^3 is the standard real submanifold, and Z ⊂ C P^3 is an open set defined later.

Explicit description of the double fibration We set an embedding H ∼= R^4 → C^4 by q = a + bi + cj + dk −→ (z_0, z_1, z_2, z_3) √ 2 z_0 = a − ib + c − id, √ 2 z_1 = ia − b − ic + d, √ 2 z_2 = −ia − b + ic + d, √ 2 z_3 = a + ib + c + id.

(6.24)

Notice that the image of above embedding is {z_3 = z̄_0, z_2 = z̄_1} and the image of Sp(1) = {q ∈ H | qq̄ = 1} is the set of (z_i) satisfying

z_3 = z̄_0, z_2 = z̄_1, |z_0|^2 + |z_1|^2 = |z_2|^2 + |z_3|^2 = 1. (6.25)

The above embedding induces the standard embedding RP^3 → C P^3 , and we denote its image by Z_R := {[z_i] ∈ C P^3 | z_3 = z̄_0, z_2 = z̄_1}. Using this notation, the map f is explicitly described in the following way.

Proposition 6.2. In the above coordinate, the map f : Z_R → Z_R : (s, t, λ, ω) → [z_i] is written as (s, t, λ; ω) −→ [z_0 : z_1 : z_2 : z_3] = [ e^{is}Φ : e^{is}Φ η : η̄ : 1 ] (ω = e^{iθ}), where η = −ω + λe^t λ̄ω + et , Φ = −i λ̄ω + et λ + e^tω . (6.26)

Moreover, the extension f : Z_+ → C P^3 is written as

(s, t, λ; ω) −→ [z_0 : z_1 : z_2 : z_3] = [ e^{is}Φ : e^{is}Φ η_1 : η^{−1}_2 : 1 ] (|ω| ≤ 1), (6.27)

where η_1 and η_2 are defined as in (6.9).

We remark that (6.27) can be also written as (s, t, λ; ω) −→ [ −ie^{is}(λ̄ω + e^t) : −ie^{is}(−ω + λe^t) : −1 + λ̄e^tω : λ + e^tω ] . (6.28)

We can check by the description (6.27) or (6.28) that the map f : Z_+ → C P^3 naturally extends to a smooth map f̂ : Ẑ_+ → C P^3 . (The explicit description of f̂ near S_± = Q_R\M is given in the proof of Proposition 6.4. )

Proof of 6.2. Recall that the map f : W_R → W_R : (t, λ; ω) → η is written as η = η(t, λ; ω) = −ω + λe^t λ̄ω + et (ω = e^{iθ}) as in Proposition 6.1. Also recall that the map π : RP^3 ∼= Z_R → W_R ∼= S^2 : [q] → u is given by u = (0, 0, 1)A (q̄). Since η ∈ C P^1 and u ∈ S^2 are related by the stereographic projection, we obtain η = u_2 + iu_3 1 + u_1 = ia − b − ic + d a − ib + c − id = z_1 z_0

, (6.29) where (z_i) ∈ C^4 is the image of q ∈ Sp(1). On the other hand, from the equation (6.20), we obtain e^{is} cosh t = i (z_0 + λ̄z_1)(λz_0 − z_1) 2(1 + |λ|^2)

. (6.30)

By conditions (6.25) and (6.29), there exists c ∈ S^1 satisfying

(z_0, z_1, z_2, z_3) = 2 √ 1 + |η|^2 ( e^{ic2} , ηe^{ic2} , η̄e^{− ic2} , e^{− ic2} ) . (6.31)

Evaluating (6.31) to (6.30), we obtain e^{ic} = e^{is}Φ. Evaluating this to (6.31) again, we obtain the required description (6.26) of f : Z_R → Z_R.

The description (6.27) is soon obtained so that the extended map f : Z_+ → Z is holomorphic in ω ∈ D .

We need the following Lemma in Section 7.

Lemma 6.3. Considering Φ = Φ(t, λ; ω) as a function on W_+ or on W_R, we obtain m̃_1Φ = iζΦ and m̃_2Φ = iΦ.

Proof. It is enough to check on W_R. Recall that the distribution D = Span ⟨m̃_1, m̃_2⟩ on Z_R is tangent to each fiber of f : Z_R → Z_R. Thus we obtain m̃_j (e^{is}Φ) = 0 for j = 1, 2 by the explicit description (6.26) of f. Then by the formula (5.16), we obtain the required equations since we are now studying the case of the trivial monopole (V, A) = (1, 0).

We remark that, since the distribution D = Span ⟨m̃_1, m̃_2⟩ on W_R is tangent to each fiber of f : W_R → W_R, we obtain m̃_j η = m̃_jη̄ = 0 for j = 1, 2 on W_R where η = η(t, λ; ω) is defined above. Extending holomorphically, we also obtain m̃_j η_k = 0 for j = 1, 2 and k = 1, 2 on W_+.

The twistor space Now let us define an open set Z ⊂ C P^3 by

Z := C P^3 \ (L_+ ⊔ L_−) where { L_+ = {[z_i] ∈ C P^3 | z_2 = z_3 = 0}, L_− = {[z_i] ∈ C P^3 | z_0 = z_1 = 0}.

Further, let us define the holomorphic map π : Z → W = C P^1 × C P^1 by

π : [z_0 : z_1 : z_2 : z_3] −→ (η_1, η_2) = ( z_1 z_0 , z_3 z_2 ) . Recall that we defined Z_R := {[z_i] ∈ C P^3 | z_3 = z̄_0, z_2 = z̄_1}. Since π(Z_R) = {(η_1, η_2) ∈ W | η_2 = η̄^{−1}_1 } = W_R, we obtain the map π : (Z, Z_R) → (W, W_R). Notice that this definition of π agrees with the above definition of π : Z_R → W_R in (6.22) or (6.29).

The set Z is also obtained in the following way. Recall that the S^1-action on M is written as α : (s, t, λ) → (s + α, t, λ). Then by (6.26), the natural S^1-action on Z_R is induced and is written as α : [z_0 : z_1 : z_2 : z_3] → [e^{iα}z_0 : e^{iα}z_1 : z_2 : z_3]. This S^1-action naturally extends to the holomorphic C^∗ -action on C P^3 given by

μ · [z_0 : z_1 : z_2 : z_3] −→ [μz_0 : μz_1 : z_2 : z_3] (μ ∈ C^∗ ). (6.32)

Then L_+ ⊔ L_− is just the fixed point set and Z is the free part of this action. Notice that the map π : Z → W is nothing but the quotient map of the above C^∗ -action.

By the description (6.28), we find that the image of f : Z_+ → C P^3 is contained in Z. In this way we have obtained the commutative diagram (6.23).

Holomorphic disks We have already defined the holomorphic disk D_{(t,λ)} := f(p^{−1}(t, λ)) for each (t, λ) ∈ R × C P^1 ≃ S^3_1 . Similarly, on the diagram (6.18) we put

D_ξ := f̂(p̂^{−1}(ξ))

for each ξ ∈ Q_R. Then {D_ξ}_{ξ∈QR}gives a family of holomorphic disks on C P^3 with boundaries on Z_R. Recall that we defined Z := C P^3 \(L_+ ⊔ L_−).

Proposition 6.4. The point ξ ∈ Q_R is contained in M if and only if D_ξ ⊂ Z. Further, if ξ ∈ M then π(D_ξ ) = D_{ϖ(ξ)}.

Proof. We change the variable (s, t, λ) ∈ S^1 × R × C P^1 ∼= M to (α, λ) ∈ C × C P^1 by setting α = e^{t+is}. Then (α, λ) gives a coordinate on an open neighborhood O of S_− where S_± = {±ε} × S^2. Notice that S_− = {(α, λ) ∈ O | α = 0} and (α, λ) = (0, λ) corresponds to the point (−ε, λ).

Now recall that f : Z_+ → Z is explicitly written as (6.27). Let us introduce a variable ω^′ := e^{is}Φ(t, λ; ω). If e^t < |λ|, then ω → Φ(t, λ; ω) defines an automorphism on D . Hence we can assume ω^′ ∈ D on O by shrinking O if needed. Then the triple (α, λ; ω^′) gives a local coordinate on Ẑ_+|_O . We obtain that the map f̂ : Ẑ_+|_O → C P^3 is written as (α, λ; ω^′) −→ [ ω^′ : ω^′η_1 : η^{−1}_2 : 1 ] where

η_1 =

(1 + |α|^2)λω^′ + i(1 + |λ|^2)α (|α|^2 − |λ|^2)ω^′ , η_2 = |α|^2 − |λ|^2 −i(1 + |λ|^2)ᾱω^′ + (1 + |α|^2)λ̄

. (6.33)

Evaluating α = 0, we obtain that the disk D_{(−ε,λ)} is given by ω^′ −→ [ ω^′ : −ω^′λ̄^{−1} : −λ^{−1} : 1 ] (|ω^′| ≤ 1). (6.34)

By a similar argument, the disk D_{(ε,λ)} is given by ω^′ −→ [ 1 : λ : ω^′λ̄ : ω^′ ] (|ω| ≤ 1). (6.35)

Hence each disk D_{(±ε,λ)} intersects with L_+ or L_−, so we obtain D_{(±ε,λ)} ⊄ Z.

On the other hand, we have D_ξ ⊂ Z for any ξ ∈ M since the image of f : Z_+ → C P^3 is contained in Z. Hence ξ ∈ M if and only if D_ξ ⊂ Z. The rest statement is obvious by the description (6.27).

Compactification of S^3_1 To study the geometry on S^3_1 , it is convenient to consider its compactification. Such a picture is actually significant in the study of LeBrun-Mason correspondence for Einstein-Weyl 3-manifold (see [17, 21]).

Let ^S^3_1 := Q_R/S^1 be the quotient space, and ϖ̂ : Q_R → ^S^3_1 be the quotient map. Let us write ϖ̂(±ε, y) = (±∞, y) ∈ ^S^3_1 . Then ^S^3_1 ≃ [−∞, +∞] × S^2 is considered as the natural compactification of S^3_1 ≃ R × S^2 where [−∞, +∞] is the natural compactification of R with extra two points ±∞.

If we take the limit t → ±∞ for the disks D_{(t,λ)} on (W, W_R), then we obtain not a disk but a marked C P^1 . Actually by (6.9), if we put D_{(+∞,λ)} := lim_{t→+∞} D_{(t,λ)}, then D_{(+∞,λ)} is given by {λ} × C P^1 ⊂ W. In this limit, the boundaries ∂D_{(t,λ)} shrink to the point P_{(+∞,λ)} := (λ, λ̄^{−1}) ∈ W_R which is considered as the marking point of D_{(+∞,λ)}. Similarly, D_{(−∞,λ)} := lim_{t→−∞} D_{(t,λ)} is given by C P^1 × {−λ} ⊂ W equipped with the marking point at P_{(−∞,λ)} := (−λ̄^{−1}, −λ). Notice that by (6.34) or (6.35), we obtain π(D_{(±ε,λ)} ∩ Z) = P_{(±∞,λ)}.

Now let us define the maps χ_± : W_R → ∂ ^S^3_1 by χ_±(P_{(±∞,λ)}) = (±∞, λ). Then we can check that ^Σ_η = Σ_η ⊔ {χ_+(η), χ_−(η)} for each η ∈ W_R where ^Σ_η is the compactification of the null surface Σ_η in ^S^3_1 . Similarly, if we put C_{(η1,η2 )} := p(f^{−1}(η_1, η_2)) for (η_1, η_2) ∈ W \W_R, then we obtain ^C_{(η1 ,η2)} = C_{(η1,η2 )} ⊔ {χ_+(η_1), χ_−(η_2)} where ^C_{(η1,η2 )} is the compactification of C_{(η1,η2 )}. We remark that C_{(η1,η2)} ≃ R is a time-like geodesic on S^3_1 (see [21]).

Finally we remark that, in the picture of the correspondence S^3_1 ∋ (t, y) ↔ Ω_{(t,y)} ⊂ S^2, the limit lim_{t→+∞} Ω_{(t,y)} shrinks to a point y ∈ S^2 while lim_{t→−∞} Ω_{(t,y)} wraps the whole S^2 and closes at the point y ∈ S^2.

7 Twistor correspondence

Main theorem In Section 6, we put Z := C P^3 \(L_+ ⊔ L_−) and Z_R := {[z_0 : z_1 : z_2 : z_3] ∈ C P^3 | z_3 = z̄_0, z_2 = z̄_1}, and showed the correspondence between the map π : (Z, Z_R) → (W, W_R) and the S^1-bundle ϖ : M → S^3_1 equipped with the standard metrics.

We now define the deformation of the real submanifold Z_R in Z by

P_h := { [z_0 : z_1 : z_2 : z_3] ∈ Z | | z_3 = z̄_0e_{−h(z1/z0)}, z_2 = z̄_1e_{−h(z1/z0)} } (7.1)

where h is a smooth function on C P^1 ∼= S^2. Notice that P_h = Z_R if h ≡ 0, and that P_h is invariant under the U(1)-action on Z which is defined as the restriction of the C^∗ -action (6.32). For any real constant c, the holomorphic automorphism

C P^3 −→ C P^3 : [z_0 : z_1 : z_2 : z_3] −→ [z_0 : z_1 : z_2e^c : z_3e^c]

maps P_h to P_{h+c}, so P_h depends on h essentially up to constant. So we assume h ∈ C^∞_∗ (S^2). Then our goal is the following.

Theorem 7.1. Let (V, A) be an admissible monopole, and h ∈ C^∞_∗ (S^2) be the corresponding generating function. Then the self-dual metric on S^2 × S^2 induced by (V, A) is Zollfrei, and its LeBrun-Mason twistor space is given by (C P^3 , P_h).

Holomorphic disks To prove Theorem 7.1, we first construct the family of holomorphic disks, and we recover the S^1-bundle ϖ : M → S^3_1 . Recall that for each (t, λ) ∈ S^3_1 , the corresponding holomorphic disk on W with boundary on W_R is given by D_{(t,λ)} = f(p^{−1}(t, λ)).

Proposition 7.2. There is a unique family of holomorphic disks {D_{(s,t,λ)}} on Z with boundaries on P_h smoothly parametrized by (s, t, λ) ∈ S^1 × R × C P^1 and satisfying the condition: D_{(s,t,λ)} is mapped biholomorphically onto D_{(t,λ)} by π : Z → W .

If we put M := S^1 × R × C P^1 , we obtain the S^1-bundle ϖ : M → S^3_1 : (s, t, λ) → (t, λ) by the above Proposition.

Proof of 7.2. First notice that the boundary ∂D_{(t,λ)} is given by the image of the map ι : ∂D −→ W_R : ω −→ η = η(ω) = −ω + λe^t λ̄ω + et (ω = e^{iθ} ∈ ∂D ). (7.2) Then any smooth map ι : ∂D → P_h satisfying π ∘ ι = ι is written as

ι : ω −→ [z_0 : z_1 : z_2 : z_3] = [ e^{h(η(ω))}K(ω) : e^{h(η(ω))}K(ω)η(ω) : η(ω) : 1 ]

using a U(1)-valued smooth function K on ∂D .

Next we deduce the condition for K so that the map ι extends to a holomorphic map on the disk D = {|ω| ≤ 1}. Let us put H(t, λ; ω) := h(η(ω)) and let H(t, λ; ω) = ∞∑ k=−∞ H_k(t, λ)ω^k be the Fourier expansion. We put

H_+(t, λ; ω) := ∑ k>0 H_k(t, λ)ω^k, H_−(t, λ; ω) := ∑ k<0 H_k(t, λ)ω^k.

If ι extends to a holomorphic map on D , K must be the form K(ω) = e^{(H+(ω)−H− (ω))}K̃(ω) where K̃(ω) is a holomorphic function on D such that K̃(e^{iθ}) ∈ U(1). Then ι is written as

ι : ω −→ [z_0 : z_1 : z_2 : z_3] = [ e^{2H++H0}K̃(ω) : e^{2H++H0}K̃(ω)η_1(ω) : (η_2(ω))^{−1} : 1 ] , where η_1 = −ω + λe^t λ̄ω + et , η^2 = λ + e^tω −1 + λ̄e^tω . If the image of ι is contained in Z, then (i) K̃(ω) has unique zero on D exactly at the pole of η_1(ω), and (ii) K̃(ω) has unique pole on D exactly at the pole of η_2(ω). Hence K̃(ω) is written as, using a constant s ∈ S^1,

K̃(ω) = e^{is}Φ(ω) where Φ(ω) = −i λ̄ω + et λ + e^tω . Thus ι is written as

ι : ω −→ [z_0 : z_1 : z_2 : z_3] = [ e^{2H++H0 +is}Φ : e^{2H++H0+is}Φη_1 : η^{−1}_2 : 1 ] . (7.3)

Let us define D_{(s,t,λ)} to be the holomorphic disk obtained by (7.3). Then the statement follows since H_+, H_0 and Φ depends smoothly on (t, λ), and are independent of s.

Recall that the boundary ∂D_{(t,λ)} ⊂ W_R ≃ C P^1 corresponds to the oriented small circle ∂Ω_{(t,y)}. Hence, in the above proof, the Fourier coefficient H_0(t, λ) is written as

H_0(t, λ) = 1 2π ∫_{2π} 0 H(t, λ; e^{iθ})dθ = 1 2π ∫_{2π} 0 h(η(e^{iθ}))dθ = Rh(t, λ) (7.4) using the transform R defined in (2.6). Here we abused the notations as Rh(t, y) = Rh(t, λ).

Non-admissible deformations Let {D_ξ}_{ξ∈M} be the family of holomorphic disks obtained in Proposition 7.2. Let us denote the interior of the disk D_ξ by D^∘_ξ . We will see later (Proposition 7.7) that the family {D^∘_ξ }_{ξ∈M} foliates π^{−1}(W \W_R) ⊂ Z if the corresponding monopole (V, A) is admissible, that is, if the generating function h ∈ C^∞_∗ (S^2) satisfies |∂_tRh(t, λ)| < 1. On the other hand, in the non-admissible case, we obtain the following.

Proposition 7.3. If |∂_tRh(t, λ)| > 1 for some (t, λ) ∈ S^3_1 , then the family {D^∘_ξ }_{ξ∈M} does not give a foliation.

Proof. Suppose that there exists a point (t_0, λ_0) ∈ S^3_1 such that |∂_tRh(t_0, λ_0)| > 1. Since Rh(t, λ) is an even function on S^3_1 , we can assume ∂_tRh(t_0, λ_0) + 1 < 0 by changing (t_0, λ_0) with (−t_0, −λ_0) if needed.

Now if we evaluate ω = 0 to the description (7.3) of the disk D_{(s,t,λ)}, we find that the disk D_{(s,t,λ)} contains the point [ −ie^{H0+t+is} : −ie^{H0+t+is}λ : −1 : λ ] ∈ Z\P_h. We claim that the map S^1 × R → Z\P_h given by (s, t) −→ [ −ie^{H0(t,λ0)+t+is} : −ie^{H0(t,λ0 )+t+is}λ_0 : −1 : λ_0 ] (7.5)

is not injective. If this map is injective, then the function H_0(t, λ_0) + t must be monotonic in t ∈ R. We have, however,

∂_tRh(t_0, λ_0) + 1 < 0 and lim_{t→∞}(∂_tRh(t, λ_0) + 1) = 1 > 0,

hence the function H_0(t, λ_0) + t = Rh(t, λ_0) + t is not monotonic. So the map (7.5) is not injective. This means that some members in {D_{(s,t,λ0 )}}_{(s,t)∈S}1_{×R} intersect with each other at their interior points, hence {D^∘_ξ }_{ξ∈M} does not give a foliation.

Double fibration Next we construct the double fibration. Let (V, A) be the monopole corresponding to h ∈ C^∞_∗ (S^2), and suppose that (V, A) is admissible. By Proposition 4.9, we obtain an indefinite metric ḡ_{V,A} on M̄ = S^2 × S^2. Here we show that this metric is anti-self-dual with respect to the natural orientation on M = S^1 × R × C P^1 .

Let (Ẑ_+, Ẑ_R) be the disk bundle on S^2 × S^2 induced from ḡ_{V,A} by the method explained in Section 5. Recall that Ẑ_R is equipped with the two-plane distribution D which is locally written as D = Span ⟨m̃_1, m̃_2⟩, and that ḡ_{V,A} is anti-self-dual if and only if D is integrable.

Let (Z_+, Z_R) := (Ẑ_+|_M, Ẑ_R|_M) be the restriction on M. We take a local trivialization of (Z_+, Z_R) on the open set U := {(t, λ) ∈ S^3_1 | λ ≠ ∞} in the following way. We fix a frame {E_j }_{j=1,2,3} of T S^3_1 on U in the same way as (6.5). We define the frame {E_j }_{j=0,1,2,3} of T M on the open set U := ϖ^{−1}(U) = {(s, t, λ) ∈ M | λ ≠ ∞} of M by (5.14) so that we can apply the argument in Section 5. Then we obtain the trivialization U × D ∼= Z_+|_U , and we can use (s, t, λ; ω) ∈ U × D as a local coordinate on Z_+|_U .

Now let {D_{(s,t,λ)}} be the holomorphic disks obtained in Proposition 7.2. Noticing the explicit description (7.3) of the disk D_{(s,t,λ)}, we define the map (Z_+|_U , Z_R|_U ) → (Z, P_h) by

(s, t, λ; ω) −→ [z_0 : z_1 : z_2 : z_3] = [ e^{2H++H0+is}Φ : e^{2H++H0 +is}Φ η_1 : η^{−1}_2 : 1 ] . (7.6)

It is checked that this map uniquely extends to a smooth map f : (Z_+, Z_R) → (Z, P_h). In this way, we obtain the similar diagram as (6.23). By construction, this diagram commutes.

Proposition 7.4. In the above notations, each fiber of the map f : Z_R → P_h is tangent to the distribution D|_{ZR}.

Proof. By the explicit description (7.6) of the map f : Z_R → P_h, it is enough to check that the following formulas hold for j = 1, 2:

m̃_j ( e^{2H++H0 +is}Φ ) = 0, (7.7)

m̃_j η_1 = m̃_j η_2 = 0, (7.8)

on Z_R|_U . The equation (7.8) is, however, obvious since the vectors Π_∗(m_j ) = m̃_j (j = 1, 2) and the functions η_k (k = 1, 2) are not deformed from the standard case, so m̃_j η_k = m̃_j η_k = 0 for each j, k. On the other hand, by Proposition 5.4, the equations (7.7) is equivalent to the following equations: { m̃_1(e^{2H++H0} Φ) = i(V ζ + A(m_1)) · e^{2H++H0} Φ,

m̃_2(e^{2H++H0} Φ) = i(V + A(m_2)) · e^{2H++H0} Φ,

where ζ = i^{1−ω}_{1+ω} . If we apply Lemma 6.3, the wanted equation (7.7) is equivalent to { m̃_1(2H_+ + H_0) = i((V − 1)ζ + A(m_1)), m̃_2(2H_+ + H_0) = i((V − 1) + A(m_2)).

(7.9)

Now notice that for |ω| = 1 we have

m_j H(t, λ; ω) = m_j h(η(ω)) = ∂h ∂η · m_j η_1 + ∂h ∂η̄ · m_j η_2 = 0. (7.10)

If we use the formula (B.4) in Appendix B, we obtain the following equations

l_j H_k + l̄_j H_{k−1} + kδ_j H_k − (k − 1)δ̄_j H_{k−1} = 0 (k ∈ Z) (7.11)

where H(t, λ; ω) = ∑ k H_k(t, λ)ω^k . Thus we obtain for j = 1

(1 + ω)m̃_1(2H_+ + H_0) = 2(l_1H_1 + δ_1H_1)ω + (l_1H_0 + ω l̄_1H_0) = l_1H_0 − ω l̄_1H_0. = −(1 − ω)E_1H_0 + (1 − ω)E_2H_0 + i(1 + ω)E_3H_0.

(7.12)

On the other hand, we have H_0(t, λ) = Rh(t, λ) and by the hypothesis

V = 1 + ∂_tRh = 1 + E_1H_0,

A = −ˇ∗ ď Rh = (E_3H_0)E^2 − (E_2H_0)E^3.

Hence

−(1 − ω)(V − 1) + iA((1 + ω)m_1) = −(1 − ω)E_1H_0 + iA(l_1 + ωl̄_1) = −(1 − ω)E_1H_0 + (1 − ω)E_2H_0 + i(1 + ω)E_3H_0. (7.13) By (7.12) and (7.13), we obtain

(1 + ω)m̃_1(2H_+ + H_0) = −(1 − ω)(V − 1) + iA((1 + ω)m_1)

which is equivalent to the first equation of (7.9). The second equation of (7.9) is proved in a similar way.

Corollary 7.5. Let (V, A) be an admissible monopole. Then the metric ḡ_{V,A} on S^2 × S^2 induced from (V, A) is anti-self-dual with respect to the natural orientation on M = S^1 × R × C P^1 .

Proof. Notice that the map f : Z_R → P_h is surjective by construction. Hence each fiber of f : Z_R → P_h is two-dimensional, and is an integral surface of D by Proposition 7.4. Thus D is Frobenius integrable. Hence ḡ_{V,A} is anti-self-dual on M by Proposition 5.2. Since M is dense in S^2 × S^2, g is anti-self-dual on the whole of S^2 × S^2.

By Proposition 5.2, the complex 3-plane distribution E = Span⟨m̃_1, m̃_2, ∂_{ω̄}⟩ defines the complex structure on Z_+\Z_R. Since e^{2H++H0 +is}Φ is holomorphic in ω ∈ D , the equations (7.7) and (7.8) hold on Z_+. Hence the map f : Z_+ → Z is holomorphic on Z_+\Z_R. In this way, we have obtained the following result.

Proposition 7.6. In the above notations, f : (Z_+\Z_R) → (Z\P_h) is holomorphic.

Compactification Recall that the compactification M → S^2 ×S^2 is given by (s, t, λ) → (x, y) where y^∼→ λ is the stereographic projection and (s, t) → x is given by (4.2). We have (S^2 × S^2)\M = S_+ ⊔ S_− where S_± = {±ε} × S^2. Similar as the proof of Proposition 6.4, let us introduce the variables α = e^{t+is} and ω^′ = e^{is}Φ(t, λ, ω), then (α, λ) gives a coordinate on the small open neighborhood O ⊂ S^2 × S^2 of S_− and (α, λ; ω^′) gives a local coordinate on Ẑ_+|_O. The map f : Z_+ → Z defined in (7.6) is written as f : (α, λ; ω^′) −→ [ e^{2H++H0} ω^′ : e^{2H++H0} ω^′η_1 : η^{−1}_2 : 1 ] (7.14)

where η_1 and η_2 are given by (6.33). Since the function H(t, λ; e^{iθ}) = h(η_1(t, λ; e^{iθ})) extends to a smooth function on (α, λ; ω^′) ∈ Ẑ_R|_O , its Fourier coefficient H_k extends to a smooth function on (α, λ) ∈ O for each k ∈ Z. Hence (7.14) extends to the smooth map f̂ : Ẑ_+|_O → C P^3 . By a similar argument for S_+, we obtain the smooth map f̂ : Ẑ_+ → C P^3 as an extension of f. So we get the double fibration

(Ẑ_+, Ẑ_R) p̂ � � � �_{f̂} � � � �

S^2 × S^2 (C P^3 , Ph).

(7.15)

Let us define the holomorphic disks {D_ξ}_{ξ∈S}2_{×S}2 by D_ξ := f̂(p̂^{−1}(ξ)). Of course, this notation agrees with the previous notation of D_ξ for ξ ∈ M. Since we have

H_+(α, λ; ω^′)|_{α=0} = lim_{t→−∞} H_+(t, λ, ω) = 0, H_0(α, λ; ω^′)|_{α=0} = lim_{t→−∞} H_0(t, λ, ω) = h(−λ̄^{−1}), the disk D_{(−ε,y)} is given by the map ω^′ −→ [ e^{h(−λ̄−1)}ω^′ : −e^{h(−λ̄−1)}ω^′λ̄^{−1} : −λ : 1 ] . Similarly, we can check that D_{(ε,y)} is given by the map ω^′ −→ [ e^{h(λ)} : e^{h(λ)}λ : ω^′λ̄ : ω^′ ] . The family of holomorphic disks {D_ξ} on (C P^3 , P_h) has the following properties.

Proposition 7.7. The family {D_ξ}_{ξ∈S}2_{×S}2 satisfies the following conditions:

1. ξ ∈ M if and only if D_ξ ⊂ Z, 2. for each disk D_ξ , the class [D_ξ ] ∈ H_2(C P^3 , P ; Z) gives a generator, and 3. {D^∘_ξ }_{ξ∈S}2_{×S}2 foliates C P^3 \P_h where D^∘_ξ is the interior of D_ξ ,

Proof. The statement 1 is easily deduced by the above descriptions of D_ξ . To check 2, it is enough to check the case ξ = (±ε, y) ∈ S_± since all the disks of {D_ξ} are homotopic in (C P^3 , P_h) each other, and this is obvious by the above descriptions of D_{(±ε,y)}.

To prove 3, we show

(1^∘) the family {D^∘_ξ }_{ξ∈M} foliates Z^∘ := π^{−1}(W \W_R), and

(2^∘) the family {D^∘_ξ }_{ξ∈(S+⊔S−)} foliates (C P^3 \Z^∘)\P_h.

Here 2^∘ is obviously deduced by the descriptions of D_{(±ε,y)} since

(C P^3 \Z^∘)\P_h = { [ ce^{h(η)} : ce^{h(η)}η : η̄ : 1 ] ∈ C P^3 | | η, c ∈ C P_1 , |c| ≠ 1} . To check 1^∘, it is enough to show that f : (Z_+\Z_R) → Z^∘ is bijective. For this, we only need to show that the restriction f^{−1}(π^{−1}(η_1, η_2))^f→ π^{−1}(η_1, η_2) is bijective for each point (η_1, η_2) ∈ W \ W_R. We put C := f^{−1}(π^{−1}(η_1, η_2)) ⊂ Z_+ and C := f^{−1}(η_1, η_2) ⊂ W_+. The set C is diffeomorphic to R. (In fact this is a canonical lift of the time-like geodesic C_{(η1 ,η2)}. See [21].) The map Π|_C : C → C is an S^1-bundle with fiber coordinate s ∈ S^1. Notice that C is a complex submanifold of Z_+\Z_R since f and π are holomorphic.

Now we suppose η_1 ≠ ∞ and η_2 ≠ 0. First we check that f|_C : C → π^{−1}(η_1, η_2) is injective. In this case we can take a coordinate C^∗ ∼= π^{−1}(η_1, η_2) by μ → [μ : μη_1 : η^{−1}_2 : 1]. Then f|_C is written as F : (s, t, λ; ω) → e^{2H++H0 +is}Φ by (7.6). Notice that ∂_sF = iF. If we denote the complex structure on C by J, then (∂_s + iJ(∂_s))F = 0 since (∂_s + iJ(∂_s)) is a (0,1)-vector field. Hence J(∂_s)F = −F. Here by η_1 ≠ ∞ and η_2 ≠ 0, we obtain F ≠ 0, ∞. So J(∂_s)F = −F means that any two fiber-circles of C → C are mapped by f to different U(1)-orbits in π^{−1}(η_1, η_2) ∼= C^∗ . Hence F is injective.

Next we check the surjectivity of F. For this, it is enough to show that lim_{t→−∞} F = 0 and lim_{t→+∞} F = ∞. As explained in the last part of Section 6, C_{(η1,η2 )} = p(f^{−1}(η_1, η_2)) is a time-like geodesic connecting χ_+(η_1) and χ_−(η_2) in the compactification ^S^3_1 of S^3_1 . Recall that ϖ : M → S^3_1 is naturally compactified to the quotient map ϖ̂ : S^2 × S^2 → ^S^3_1 . So the set ϖ^{−1}(C_{(η1 ,η2)}) ≃ R × S^1 is compactified to ϖ̂^{−1}(^C_{(η1,η2 )}) ≃ S^2 in S^2 × S^2 with extra two points (+ε, η_1) and (−ε, η_2). Notice that C is homeomorphically mapped onto ϖ^{−1}(C_{(η1 ,η2)}) by p. For any path γ(τ) in C with parameter τ ∈ [0, ∞) such that lim_{τ →∞} p(γ(τ)) = (+ε, η_1), we obtain lim_{τ →∞} f(γ(τ)) is, if exist, contained in the disk D_{(+ε,η1)}. On the other hand, lim_{τ →∞} f(γ(τ)) is, if exist, contained in the closure π^{−1}(η_1, η_2). Since the intersection π^{−1}(η_1, η_2) ∩ D_{(+ε,η1)} is one point z = [1 : η_1 : 0 : 0], the limit lim_{τ →∞} f(γ(τ)) actually exist independently with the path γ(τ) and the limit is above z. Hence we obtain lim_{t→∞} F = ∞. Similarly we can check lim_{t→−∞} F = 0.

In this way, we have proved that f|_C is bijective if η_1 ≠ ∞ and η_2 ≠ 0. in the case η_1 = ∞ or η_2 = 0, we can check the bijectivity of f|_C similarly by taking a suitable coordinate C^∗ ∼= π^{−1}(η_1, η_2). Thus the statement 3 is proved.

Zollfrei condition On the double fibration (7.15), we set

S_z := p̂(f̂^{−1}(z)) = {ξ ∈ S^2 × S^2 | z ∈ D_ξ }

for each point z ∈ P_h.

Proposition 7.8. The set S_z is a smoothly embedded S^2 ⊂ S^2 × S^2 for each point z ∈ P_h.

Proof. We notice to the null surface Σ_{π(z)} := p(f^{−1}(π(z))) on S^3_1 . By definition, for each (t, λ) ∈ Σ_{π(z)} we have π(z) ∈ ∂D_{(t,λ)}. Recall that {D_{(s,t,λ)}}_{s∈S}1 gives the family of disks satisfying π(D_{(s,t,λ)}) = D_{(t,λ)}. Notice that for each (t, λ) ∈ Σ_{π(z)} there is a unique s = s(t, λ) ∈ S^1 such that z ∈ ∂D_{(s,t,λ)}. Actually if we write z = [ce^{h(η)} : ce^{h(η)}η : η̄ : 1] using η ∈ C P^1 and c ∈ U(1), then such s ∈ S^1 is characterized by the equation e^{2H++H0 +is}Φ = ce^{h(η)}, so s is unique, and s = s(t, λ) is smooth. Hence we obtain a smooth section Σ_{π(z)} → M : (t, λ) → (s(t, λ), t, λ) of which the image is S_z ∩ M. Hence S_z ∩ M is diffeomorphic to Σ_{π(z)} ∼= R × S^1.

Now we notice the disks {D_ξ}_{ξ∈(S+⊔S−)}. Obviously, there are just two disks in this family satisfying z ∈ ∂D_ξ. Hence S_z is the natural compactification of R×S^1 with extra two points, so S_z is homeomorphic to S^2.

Finally we check the smoothness of S_z. Let us put ~S_z := f̂^{−1}(z). By the similar argument as above, ~S_z ∩ Z_R is an embedded R × S^1 in Z_R, and ~S_z is the natural compactification of ~S_z ∩ Z_R with extra two points. Recall that ~S_z ∩ Z_R = f^{−1}(z) is an integral surface of the distribution D|_{ZR}by Proposition 7.6. Then, the whole of ~S_z is an integral surface of D by the continuity. Since the distribution D is smooth, ~S_z is smoothly embedded S^2. Hence S_z = p( ~S_z) is also a smoothly embedded S^2.

Proposition 7.9. The map f̂ : (Ẑ_+, Ẑ_R) → (C P^3 , P_h) satisfies the following conditions:

1. each fiber of f̂ : Ẑ_R → P_h is an integral surface of the distribution D, 2. f̂ : (Ẑ_+\Ẑ_R) → (C P^3 \P_h) is biholomorphic,

Proof. We already showed the statement 1 in the proof of Proposition 7.8. The holomorphicity of f̂ : (Ẑ_+\Ẑ_R) → (C P^3 \P_h) is deduced from 1 and the fiberwise holomorphicity of f̂. Further, f̂ : (Ẑ_+\Ẑ_R) → (C P^3 \P_h) is bijective by 3 of Proposition 7.7, hence 2 follows.

Corollary 7.10. Let (V, A) be an admissible monopole. Then the anti-self-dual metric on S^2 × S^2 induced by (V, A) is Zollfrei.

Proof. As proved in [16] (Theorem 5.14), an anti-self-dual 4-manifold (S^2 ×S^2, [g]) is Zollfrei if and only if every α-surface is an embedded S^2 ⊂ S^2 ×S^2. (Here we are taking the opposite orientation to [16].) In our situation, every α-surface is given as the image of an integral surface of D by p : Ẑ_R → S^2 × S^2. Hence every α-surface is written as S_z = p̂(f̂^{−1}(z)) for some z ∈ P_h by Proposition 7.9. Since S_z is an embedded S^2 ⊂ S^2 × S^2 by Proposition 7.8, the statement follows.

The proof of the main theorem (Theorem 7.1) is already finished. Actually, the Zollfrei condition of the considering metric is proved in Corollary 7.10, and Proposition 7.7 and 7.9 mean that the pair (C P^3 , P_h) is the very LeBrun-Mason twistor space.

8 Concluding remarks

Regularity In this article, we assumed the smoothness of functions, embeddings and so on. In the previous articles [15, 16, 21], however, we can construct the twistor correspondences of low regularities. Similar to these previous works, the argument in this article should be strengthened to that of low regularities. Actually the integral transforms R and Q are defined even for non-differentiable functions, and hyperbolic partial differential equations admit solutions of low regularities or distribution solutions in general. Thus the notion of a self-dual Zollfrei metric might be generalized to, for example, non-differentiable class.

In fact, infinitely many examples of ‘self-dual Zollfrei metrics with singularity’ are already obtained [19].

Degeneration We introduced the notion of admissible monopoles in Section 4, and showed that the corresponding admissible deformations RP^3 in C P^3 has nice properties and the LeBrun-Mason correspondence works well (Theorem 7.1). On the other hand, in the non-admissible case, the deformation of RP^3 in C P^3 has an unexpected property (Proposition 7.3). Even in the non-admissible case, however, we can get the family of holomorphic disks parametrized by S^2 × S^2 (Proposition 7.2). Then the natural question is:

• Is there any natural structure on the parameter space of the holomorphic disks for the non-admissible case?

In particular, it would be interesting to study the process of the degeneration which occurs in the deformation from an admissible case to a non-admissible case.

Deformation of S^3_1 The argument in this article is based on the identification between the de Sitter space S^3_1 and the space of oriented small circles on the two sphere S^2, which is arisen from the LeBrun-Mason correspondence for Einstein-Weyl structures [17, 21]. By the result in [17, 21], if we deform the twistor space from (W, W_R) = (C P^1 ×C P^1 , C P^1 ) to (W, P ), we obtain an Einstein-Weyl structure on R × S^2 of indefinite signature. In this construction, R × S^2 is identified with the space of oriented circles embedded in P ≃ C P^1 . So it is natural to expect the generalization of our story to such deformed situations. If it is successful, we will obtain various significant objects: general solutions of the wave equations on R × S^2, descriptions of more general self-dual Zollfrei metrics, its LeBrun-Mason twistor spaces, and so on.

Appendix

A The bijectivity of Q

We give a proof of the bijectivity of the transform Q : C^∞_{odd}(S^2) → C^∞_{odd}(S^2) by a similar method as Guillemin’s [6]. Let Ĥ^k be the space of homogeneous harmonic polynomials of degree k on R^3 and let H^k = {P |_S2 ∈ L^2(S^2) | P ∈ Ĥ }. We notice the following fact.

Theorem A.1. The group SO(3) acts irreducibly on H^k and the representations on H^k and H^l are inequivalent if k ≠ l . Moreover, we have the decomposition

L^2(S^2) ∼= ⊕_kH^k (A.1)

as a direct sum of Hilbert spaces.

Since Q maps L^2(S^2) to itself and commutes with the SO(3)-action, so Q is diagonalized with respect to the decomposition (A.1). Let us denote the eigenvalues of Q on H^k by c(k) ∈ R, that is, Qh = c(k) · h for h ∈ H^k. Proposition A.2.

c(k) = 1 k = 0, 0 k = 2m (m = 1, 2, · · · ), (−1)^{m 4π}_{2m+1} ·^{1·3·5···(2m+1)} 2·4·6···(2m+2) k = 2m + 1 (m = 0, 1, · · · ). Proof. Since Q(1) = 1 by definition, we obtain c(0) = 1. On the other hand, since C^∞_{even ∗}(S^2) is annihilated by Q, we obtain c(2m) = 0 for m > 0.

Suppose k = 2m + 1. Let us choose a harmonic polynomial P (x, y, z) ∈ Ĥ^k so that it does not depend on the z variable. Then P is written as

P (x, y, z) = a_{2m+1}x^{2m+1} + a_{2m}x^{2m}y + · · · + a_0y^{2m+1}.

Since P is harmonic, the equation (∂^2_x + ∂^2_y )P = 0 holds. Hence we obtain

a_{2j+1} = −

(2m − 2j + 2)(2m − 2j + 1) (2j + 1) · 2j a_{2j−1} (j = 1, 2, · · · , m) (A.2)

or a_{2m+1} = (−1)^m

2m · (2m − 1) · · · 2 · 1 (2m + 1) · 2m · · · 3 · 2 a_1 =

(−1)^m 2m + 1 a_1. (A.3)

Now we have (QP )(1, 0, 0) = c(2m + 1)P (1, 0, 0) = c(2m + 1)a_{2m+1}. On the other hand, by definition,

(QP )(1, 0, 0) = ∫ Ω P (x, y)ω_S2 where Ω = {(x, y, z) ∈ S^2 | x > 0}. Let us use the coordinate (θ, φ) so that

(x, y, z) = (sin θ cos φ, sin θ sin φ, cos θ), Ω = { 0 ≤ θ ≤ π, − π 2 ≤ φ ≤ π 2 } . Then, by ω_S2 = sin θ dθdφ,

(QP )(1, 0, 0) = ∫ Ω P (sin θ cos φ, sin θ sin φ) sin θ dθdφ

= 2m+1∑

l=0 a_l (∫_π 0 (sin θ)^{2m+2}dθ ) (∫ π_2 −^π_2

(cos φ)^l(sin φ)^{2m−l+1}dφ )

= 2 (∫_π 0 (sin θ)^{2m+2}dθ )_m∑ j=0 a_{2j+1} (∫_{π2} 0 (cos φ)^{2j+1}(sin φ)^{2m−2j} dφ ) . By a usual trick, which is also explained in [6], we obtain ∫_π 0 (sin θ)^{2m+2}dθ = 2π

1 · 3 · 5 · · · (2m + 1) 2 · 4 · 6 · · · (2m + 2)

. (A.4)

On the other hand, if we put B(j) = ∫ π_2 0 (cos φ)^{2j+1}(sin φ)^{2m−2j} dφ, (A.5)

then for j > 0 B(j) = [ (cos φ)^{2j} ·

(sin φ)^{2m−2j+1} 2m − 2j + 1 ] π_2 0 − ∫ π_2 0 ∂ ∂φ ((cos φ)^{2j} ) ·

(sin φ)^{2m−2j+1} 2m − 2j + 1 dφ = 2j 2m − 2j + 1 B(j − 1). Hence, combining with (A.2), we obtain

a_{2j+1}B(j) = −

2m − 2j + 2 2j + 1 a_{2j−1}B(j − 1) or a_{2j+1}B(j) = 2m − 2j 2m + 1 a_{2j+1}B(j) − 2m − 2j − 2 2m + 1 a_{2j−1}B(j − 1). (A.6)

If we take a sum of (A.6) for j = 1, 2, · · · , m, then we obtain m∑ j=1 a_{2j+1}B(j) = − 2m 2m + 1 a_1B(0).

Thus_m ∑ j=0 a_{2j+1}B(j) = 1 2m + 1 a_1B(0) =

(−1)^m 2m + 1 a_{2m+1}. (A.7)

By (A.4) and (A.7),

(QP )(1, 0, 0) = c(2m + 1)a_{2m+1} = (−1)^m 4π 2m + 1 · 1 · 3 · 5 · · · (2m + 1) 2 · 4 · 6 · · · (2m + 2) a_{2m+1}.

Since a_{2m+1} ≠ 0, we obtain the required formula.

We denote the degree s Sobolev space over S^2 by H^s, and put H^s_{odd} := H^s ∩ L^2_{odd}(S^2). Let us define a norm on H^s by |h|_s = k^s|h|_L2 for h ∈ H^k, then, as explained in [6], this norm is equivalent to the usual H^s norm. Proposition A.3. There exists a constant c > 1 independent of s such that 1 c |h|_s ≤ |Qh|_{s+} 3_2 ≤ c|h|_s for all s and h ∈ H^s_{odd}. Hence Q defines a bijection H^s_{odd} → H^{s+ 32}_{odd} .

Proof. Similarly to [6], we notice the formula

π^{12} = lim_{k→∞} k^{− 12} 2 · 4 · 6 · · · 2m 1 · 3 · 5 · · · (2m − 1) . By Proposition A.2, we get c(2m − 1) ∼ (−1)^k2π^{12} k^{− 32} .

So the statement follows.

By Proposition A.3 and the Sobolev’s embedding theorem, we obtain the following. Theorem A.4. The transform Q : C^∞_{odd}(S^2) → C^∞_{odd}(S^2) is bijective.

B Formulas on S^3_1

In Section 6 equation (6.5), we introduced a local orthonormal frame {E_1, E_2, E_3} of the tangent bundle T S^3_1 on the open set U = {(t, λ) | λ ≠ ∞} ⊂ S^3_1 . Here we show several formulas concerning this frame. All these formulas are deduced by direct calculations.

The connection form ω of the Levi-Civita connection for g_S3_1 and its curvature form K is ω = 0 ω^1_2 ω^1_3 ω^1_2 0 ω^2_3 ω^1_3 −ω^2_3 0 ω^1_2 = tanh t E^2, ω^1_3 = tanh t E^3,

ω^2_3 = 1 cosh t ( − Im λ E^2 + Re λ E^3 ) , (B.1)

K = 0 E^1 ∧ E^2 E^1 ∧ E^3 E^1 ∧ E^2 0 E^2 ∧ E^3 E^1 ∧ E^3 E^3 ∧ E^2 0

. (B.2)

Let m_1(ζ) and m_2(ζ) be the vector fields on U defined by (5.3). By the lifting formula (5.6), the tautological lifts m̃_1 and m̃_2 on W_R (or on W_+) are written as { m̃_1 = m_1 + γ_1∂_ζ , m̃_2 = m_2 + γ_2∂_ζ , γ_1 = Ψ · (− Im λ + ζ Re λ − ζ sinh t), γ_2 = Ψ · (−ζ Im λ − Re λ − sinh t),

Ψ :=

1 + ζ^2 2 cosh t

. (B.3)

If we change the fiber coordinate by ζ = i^{1−ω}_{1+ω} , we obtain { (1 + ω)m̃_1 = l_1 + ω l̄_1 + (δ_1 − ω δ̄_1) ω∂_ω, (1 + ω)m̃_2 = l_2 + ω l̄_2 + (δ_2 − ω δ̄_2) ω∂_ω,

(B.4)

where l_1 = −E_1 + E_2 + iE_3, δ_1 = − λ cosh t

+ tanh t,

l_2 = iE_1 + iE_2 − E_3, δ_2 = − iλ cosh t − i tanh t.

Acknowledgement. The author would like to thank Hiroyuki Kamada for helpful conversations and for providing many useful references. He would also like to thank Mikio Furuta for helpful discussions.

References

[1] M. F. Atiyah, N. Hitchin, I. M. Singer: Self-duality in Four-dimensional Riemannian Geometry, Proc. R. Soc. Lond. A.362 (1978) 425-461 [2] D. M. J. Calderbank: Selfdual 4-manifolds, projective surfaces, and the Dunajski-West construction, e-print math.DG/0606754 (2006) [3] R. Courant, D. Hilbert: Metods of Mathematical physics, vol. 2, Intersciences, New York (1962) [4] M. Dunajski, S. West: Anti-self-dual conformal structures with null Killing vectors from projective structures, Comm. Math. Phys. 272, no.1 (2007) 85-118.

[5] P. Funk: Über eine geometrische Anwendung der Abelshen Integral-gleichnung, Math.

Ann. 77 (1916) 129-135.

[6] V. Guillemin: The Radon Transform on Zoll Surfaces, Advances in Math. 22 (1976) 85-119.

[7] V. Guillemin: Cosmology in (2+1)-dimensions, cyclic models, and deformations of M_{2,1}, Annals of Mathematics Studies, 121, Princeton University Press, Princeton (1989).

[8] S. Helgason: The Radon Transform (Second Edition), Progress in Mathematics vol.5, Birkhäusar (1999).

[9] N. J. Hitchin: Complex manifolds and Einstein’s equations, Twistor Geometry and Non-Linear Systems, Lecture Notes in Mathematics vol. 970 (1982).

[10] P. E. Jones, K. P. Tod: Minitwistor spaces and Einstein-Weyl spaces, Class. Quantum Grav. 2 (1985) 565-577.

[11] H. Kamada: Self-dual Kähler metrics of neutral signature on complex surfaces, Tohoku Mathematical Publications 24, Sendai: Tohoku University (2002).

[12] H. Kamada: Compact Scalar-flat Indefinite Kähler Surfaces with Hamiltonian S^1- Symmetry, Comm. Math. Phys. 254 (2005) 23-44.

[13] C. LeBrun: Explicit self-dual metrics on C P_2 ♯ · · · ♯C P_2 , J. Diff. Geom. 34 (1991) 223- 253.

[14] C. LeBrun: Twistors, Holomorphic Disks, and Riemann Surfaces with Boundary, Perspectives in Riemannian geometry, CRM Proc. Lecture Notes, 40, Amer. Math. Soc. Providence, RI, (2006) pp. 209-221.

[15] C. LeBrun, L. J. Mason: Zoll Manifolds and complex surfaces, J. Diff. Geom. 61, (2002) 453-535.

[16] C. LeBrun, L. J. Mason: Nonlinear Gravitons, Null Geodesics, and Holomorphic Disks, Duke Math. J. 136, no.2 (2007) 205-273.

[17] C. LeBrun, L. J. Mason: The Einstein-Weyl Equations, Scattering Maps, and Holomorphic Disks, Math. Res. Lett. 16 (2009) 291-301.

[18] Z. Li, F. Song: Inversion Formulas for the Spherical Radon-Dunkl Transform, Smymetry, Integrability and Geometry: Metods and Applications 5 (2009) 25-40.

[19] F. Nakata: Singular self-dual Zollfrei metrics and twistor correspondence, J. Geom.

Phys. 57, no.6 (2007) 1477-1498.

[20] F. Nakata: Self-dual Zollfrei conformal structures with α-surface foliation, J. Geom.

Phys. 57, no.10 (2007) 2077-2097.

[21] F. Nakata: A construction of Einstein-Weyl spaces via LeBrun-Mason type twistor correspondence, Comm. Math. Phys. 289 (2009) 663-699.

[22] R. Penrose: Nonlinear gravitons and curved twistor theory, Gen. Rel. Grav. 7 (1976) 31-52.

[23] B. Rubin: Inversion formulas for the spherical Radon transform and the generalized cosine transform, Adv. in Appl. Anal. 3 (2002) 177-203.

[24] K. P. Tod: Indefinite conformally-ASD metric on S^2 × S^2: Further advances in twistor theory. Vol.III. Chapman & Hall/CRC (2001) pp.61-63, reprinted from Twistor Newsletter 36 (1993).

Department of Mathematics Graduate School of Science and Engineering Tokyo Institute of Technology 2-12-1, O-okayama, Meguro, 152-8551, JAPAN

nakata@math.titech.ac.jp