arXiv:0907.2037v1 [math.PR] 12 Jul 2009

REFLECTED GENERALIZED BACKWARD DOUBLY SDES DRIVEN BY LÉVY PROCESSES AND APPLICATIONS

AUGUSTE AMAN^∗ U.F.R.M.I, Université de Cocody, 582 Abidjan 22, Côte d’Ivoire

Abstract

In this paper, a class of reflected generalized backward doubly stochastic differential equations (reflected GBDSDEs in short) driven by Teugels martingales associated with Lévy process and the integral with respect to an adapted continuous increasing process is investigated. We obtain the existence and uniqueness of solutions to these equations. A probabilistic interpretation for solutions to a class of reflected stochastic partial differential integral equations (PDIEs in short) with a nonlinear Neumann boundary condition is given.

AMS Subject Classification: 60H15; 60H20

Keywords: Reflected backward doubly SDEs, stochastic partial differential integral equation; Lévy process; Teugels martingale; Neumann boundary condition.

1 Introduction

Backward stochastic differential equations (BSDEs, in short) have been first introduced by Pardoux and Peng [13] in order to give a probabilistic interpretation (Feynman-Kac formula) for the solutions of semilinear parabolic PDEs, one can see Peng [17], Pardoux and Peng [14]. Recently, a new class of BSDEs, named backward doubly stochastic differential equations (BDSDEs in short) has been introduced by Pardoux and Peng [15] in order to give a probabilistic representation for a class of quasilinear stochastic partial differential equations (SPDEs in short). Following it, Bally and Matoussi [1] gave the probabilistic representation of the weak solutions to parabolic semilinear SPDEs in Sobolev spaces by means of BDSDEs. Furthermore, Pardoux and Zhang [16] gave a probabilistic formula for the viscosity solution of a system of PDEs with a nonlinear Neumann boundary condition by introducing a generalized BSDEs (GBSDEs, in short) which involved an integral with respect to an adapted continuous increasing process. Its extension to an obstacle problem for PDEs with a nonlinear Neumann boundary condition was given in Ren and Xia [20] by reflected GBSDEs. Motivated by the above works, especially by [15] and [16], Boufoussi

∗augusteaman5@yahoo.fr, Corresponding author.

et al. [3] recommended a class of generalized BDSDEs (GBDSDEs in short) and gave the probabilistic representation for stochastic viscosity solutions of semi-linear SPDEs with a Neumann boundary condition. The main tool in the theory of BSDEs is the martingale representation theorem, which is well known for martingale which adapted to the filtration of the Brownian motion or that of Poisson point process (Pardoux and Peng [13], Tang and Li [21]) or that of a Poisson random measure ( see Ouknine [12]). Recently, Nualart and Schoutens [10] gave a martingale representation theorem associated to Lévy process. Furthermore, they showed the existence and uniqueness of solutions to BSDEs driven by Teugels martingales associated with Lévy process with moments of all orders in [11]. The results were important from a pure mathematical point of view as well as in the world of finance. It could be used for the purpose of option pricing in a Lévy market and related PDEs which provided an analogue of the famous Black-Scholes formula. Further, Hu and Yong considered respectively BDSDEs and generalized BDSDE driven by Lévy processes and its applications in [8] and [19].

Motivated by the above works, especially by [19] the purpose of the present paper is to consider reflected GBDSDEs driven by Lévy processes of the kind considered in Nualart and Schoutens [10]. Our aim is to give a probabilistic interpretation for the solutions to a class of reflected stochastic PDIEs with a nonlinear Neumann boundary condition.

The paper is organized as follows. In Section 2, we introduce some preliminaries and notations. Section 3 is devoted to GBDSDEs driven by Lévy processes and the comparison theorem related to it. In Section 4, we give existence and uniqueness result for the reflected GBDSDE. Finally Section 5 point out a probabilistic interpretation of solutions to a class of reflected stochastic PDIEs with a nonlinear Neumann boundary condition.

2 Preliminaries and Notations

The scalar product of the space R^d (d ≥ 2) will be denoted by < . > and the associated Euclidian norm by ‖.‖.

In what follows let us fix a positive real number T > 0. Let (Ω,F ,P,F_t ,B_t ,L_t : t ∈ [0,T ]) be a complete Wiener-Lévy space in R ×R\{0}, with Levy measure ν, i.e. (Ω,F ,P) is a complete probability space, {F_t : t ∈ [0,T ]} is a right-continuous increasing family of complete sub σ-algebras of F , {B_t : t ∈ [0,T ]} is a standard Wiener process in R with respect to {F_t : t ∈ [0,T ]} and {L_t : t ∈ [0,T ]} is a R-valued Lévy process independent of {B_t : t ∈ [0,T ]}, which has only m jumps size and no continuous part and corresponding to a standard Lévy measure ν satisfying the following conditions: ∫ R(1 ∧ y)ν(dy) < ∞, Let N denote the totality of P-null sets of F . For each t ∈ [0,T ], we define that

F_t = F^L_t ∨ F^B_{t,T}

where for any process {η_t }, F^η_{s,t} = σ(η_r − η_s,s ≤ r ≤ t) ∨ N , F^η_t = F^η_{0,t} .

Let us remark that the collection F = {F_t , t ∈ [0,T ]} is neither increasing nor decreasing and it does not constitute a filtration.

We denote by (H^{(i)})_{i≥1} the Teugels Martingale associated with the Lévy process {L_t : t ∈ [0,T ]}. More precisely

H^{(i)} = c_{i,i}Y^{(i)} + c_{i,i−1}Y^{(i−1)} + · · · + c_{i,1}Y^{(1)} where Y^{(i)}_t = L^i_t − E(L^i_t ) = L^i_t − tE(L^1_t ) for all i ≥ 1 and L^i_t are power-jump processes. That is L^1_t = L_t and L^i_t = ∑_{0<s<t} (ΔL_s)^i for all i ≥ 2, where X_t− = lim_{s↗t} X_s and ΔX_t = X_t − X_t− . It was shown in Nualart and Schoutens [10] that the coefficients c_{i,k} correspond to the orthonormalization of the polynomials 1,x,x^2,... with respect to the measure μ(dx) = x^2dν(x) + σ^2δ_0(dx):

q_{i−1}(x) = c_{i,i}x^{i−1} + c_{i,i−1}x^{i−2} + · · · + c_{i,1}.

We set

p_i(x) = xq_{i−1}(x) = c_{i,i}x^i + c_{i,i−1}x^{i−1} + · · · + c_{i,1}x^1.

The martingale (H^{(i)})_{i≥1} can be chosen to be pairwise strongly orthonormal martingale. Remark 2.1. 1. If μ only has mass at 1, we are in the Poisson case; here H^{(i)}_t = 0,i = 2,· · ·. This case is degenerate in this Lévy framework

2. Generally, if the Lévy process L has only m different jump sizes, then

(i)H^{(k)} = 0,∀ k ≥ m + 1, if L has no continuous part; (ii)H^{(k)} = 0,∀ k ≥ m + 2, if L has continuous part.

In the sequel, let {A_t , 0 ≤ t ≤ T } be a continuous, increasing and F-adapted real valued with bounded variation on [0,T ] such that A_0 = 0.

For any d ≥ 1, we consider the following spaces of processes:

1. M^2(R^d ) denote the space of real valued, square integrable and F_t -predictable processes φ = {φ_t ;t ∈ [0,T ]} such that

‖φ‖^2M_2 = E

∫_T 0 ‖φ_t ‖^2dt < ∞.

2. S^2(R) is the subspace of M^2(R) formed by the F_t -adapted processes φ = {φ_t ;t ∈ [0,T ]} right continuous with left limit (rcll) such that

‖φ‖^2S 2 = E ( sup_{0≤t≤T} |φ_t |^2 +

∫_T 0 |φ_t |^2dA_t ) < ∞. 3. A^2(R) is the set of F_t -measurable, continuous, real-valued, increasing process φ = {φ_t ;t ∈ [0,T ]} such that K_0 = 0, E |K_T |^2 < ∞

Finally we denote by E^{2,m} = S^2(R) × M^2(R^m ) × A^2(R) endowed with the norm

‖(Y,Z,K)‖^2E = E ( sup_{0≤t≤T} |Y_t |^2 +

∫_T 0 |Y_t |^2dA_t +

∫_T 0 ‖Z_t ‖^2dt + |K_T |^2 ) . Then, the couple (E^{2,m},‖.‖E 2,m ) is a Banach space.

To end this section, let us give following needed assumptions

(H1) ξ is a square integrable random variable which is F_T -measurable such that for all μ > 0 E ( e^{μAT} |ξ|^2 ) < ∞.

(H2) f : Ω × [0,T ] × R × R^m → R, g : Ω × [0,T ] × R → R, and ϕ : Ω × [0,T ] × R → R, are three functions such that:

(a) There exist F_t -adapted processes { f_t , ϕ_t , g_t : 0 ≤ t ≤ T } with values in [1,+∞) and with the property that for any (t,y,z) ∈ [0,T ] × R × R^d , and μ > 0, the following hypotheses are satisfied for some strictly positive finite constant K:

f (t,y,z), ϕ(t,y), and g(t,y,z)are F_t -measurable processes,

| f (t,y,z)| ≤ f_t + K(|y| + ‖z‖), |ϕ(t,y)| ≤ ϕ_t + K|y|, |g(t,y)| ≤ g_t + K|y|, E (∫_T 0 e^{μAt} f^2_t dt +

∫_T 0 e^{μAt} g^2_t dt +

∫_T 0 e^{μAt} ϕ^2_t dA_t ) < ∞. (b) There exist constants c > 0,β < 0 and 0 < α < 1 such that for any (y_1,z_1), (y_2,z_2) ∈ R × R^m ,

(i)| f (t,y_1,z_1) − f (t,y_2,z_2)|^2 ≤ c(|y_1 − y_2|^2 + ‖z_1 − z_2‖^2),

(ii)|g(t,y_1 ) − g(t,y_2)|^2 ≤ c|y_1 − y_2|^2,

(iii) ⟨y_1 − y_2,ϕ(t,y_1) − ϕ(t,y_2)⟩ ≤ β|y_1 − y_2|^2.

(H3) The obstacle {S_t ,0 ≤ t ≤ T }, is a F_t -progressively measurable real-valued process satisfying E ( sup_{0≤t≤T} | |S^+_t | |^2 ) < ∞. We shall always assume that S_T ≤ ξ a.s.

3 Generalized backward doubly stochastic differential equations driven by Lévy processes

In this section, we present existence and uniqueness results for GBDSDEs driven by Lévy processes and we prove a comparison theorem which is an important tool in the proofs for results of Sections 4. The existence and uniqueness result is a direct consequence of Theorem 3.2 in [8].

Proposition 3.1. Given standard parameter (ξ, f ,ϕ,g), there exists (Y,Z) ∈ S^2(R)×M^2(R^m ) to the following GBDSDEs driven by the Lévy processes

Y_t = ξ +

∫_T t f (s,Y_s− ,Z_s)ds +

∫_T t ϕ(s,Y_s− )dA_s +

∫_T t g(s,Y_s− )dB_s − m ∑_{i=1}

∫_T t Z^{(i)}_s dH^{(i)}_s , 0 ≤ t ≤ T. (3.1)

Here the integral with respect to {B_t } is the classical backward Itô integral (see Kunita [7]) and the integral with respect to {H^{(i)}_t } is a standard forward Itô-type semimartingale integral.

The comparison theorem is one of the principal tools in the theories of the BSDEs. But it does not hold in general for solutions of BSDEs with jumps (see the counter-example in Barles et al. [2]). In the following we prove, with the additional property of the jumps size, the comparison theorem for solution of GBDSDEs driven by Lévy processes. Let note that in the standard BSDE case i.e g = ϕ = 0, comparison theorem has already been established by Qing Zhou [18] with this property of jumps size.

Theorem 3.2. Assume that L has only n different jump sizes and has no continuous part. Let (ξ^1, f^1,ϕ,g) and (ξ^2, f^2,ϕ,g) be two standard parameters of BSDE (4.2) and let (Y^1,Z^1) and (Y^2,Z^2) be the associated square-integrable solutions. Suppose that

1. ξ^1 ≥ ξ^2, P a.s., 2. f^1(t,y,z) ≥ f^2(t,y,z), P a.s. for all y ∈ R, z ∈ R^m ,

3. β^i_t = f (t,Y^2_t− ,Z̃^{(i−1)}_t ) − f^2(t,Y^2_t− ,Z̃^{(i)}_t ) Z^{1(i)}_t − Z^{2(i)}_t

1_{{Z}1(i)_{t −Z}2(i)_{t ≠0}}

where Z̃^i = ( Z^{2(1)},Z^{2(2)},· · ·,Z^{2(i)},Z^{1(i+1)},· · ·,Z^{1(n)} ) Z̃^{i−1} = ( Z^{2(1)},Z^{2(2)},· · ·,Z^{2(i−1)},Z^{1(i)},Z^{1(i+1)},· · ·,Z^{1(n)} ) , satisfying that m ∑_{i=1}^{βi}t^{ΔHi}t^{> −1, dt ⊗ dP a.s. Then we have that almost surely for any time}

t, Y^1_t ≥ Y^2_t and that if P(ξ^1 > ξ^2) > 0 then P(Y^1_t > Y^2_t ) > 0. Proof. Denote ξ̂ = ξ1 − ξ2, Ŷ_t = Y 1_t −Y 2_t , V̂_t = V 1_t −V 2_t , Ẑ_t = Z1_t − Z2_t f̂_t = f^1(t,Y^2_t ,Z^2_t ) − f^2(t,Y^2_t ,Z^2_t ), and a_t = [ f^1(t,Y^1_t ,Z^1_t ) − f^1(t,Y^2_t ,Z^1_t )]/(Y^1_t −Y^2_t )1_{{Y} 1_{t ≠Y} 2_{t }}, b_t = [ϕ(t,Y^1_t ) − ϕ(t,Y^2_t ,)]/(Y^1_t −Y^2_t )1_{{Y} 1_{t ≠Y} 2_{t }}, c_t = [g(t,Y^1_t ) − g(t,Y^2_t )]/(Y^1_t −Y^2_t )1_{{Y} 1_{t ≠Y} 2_{t }}.

Then Ŷ_t = ξ̂ +

∫_T t [a_sŶ_s− + m ∑_{i=1}^{βi}s^{Ẑ(i)}s^{+ f̂}s^{]ds +}

∫_T t b_sŶ_s− dA_s +

∫_T t c_sŶ_s− dB_s − m ∑_{i=1}

∫_T t Ẑ^{(i)}_s dH^{(i)}_s

is a linear GBDSDE driven the Lévy processes.

Let Γ_t = 1 +

∫_t 0 Γ_s− dX_s, where

X_t =

∫_t 0 a_sds +

∫_t 0 b_sdA_s +

∫_t 0 c_sdB_s −

∫_t 0 |c_s|^2ds + m ∑_{i=1}

∫_t 0 β^i_sdH^{(i)}_s .

Then we have ΔX_t = m ∑_{i=1}^{βi}t^{ΔH(i)}t^{> −1. Note that |a}t^{| ≤ C, |b}t^{| ≤ C, |c}t^{| ≤ C, |βi}t^{| ≤ C,}

for all 0 ≤ t ≤ T , a.s., i = 1,· · ·,m. Then by the Doléans-Dade exponential formula and the Gronwall inequality, we conclude that Γ_t > 0 and sup_{0≤t≤T} E [Γ^2_t ] ≤ C_1. Thus, E [ ∫_T 0 Γ^2_s− ds] ≤ C_1, where C_1 is a positive constant. Then applying Itô’s formula to Γ_sŶ_s from s = t to s = T , it follows that

Γ_T ξ̂ − Γ_tŶ_t =

∫_T t Γ_s−Ŷ_s− dŶ_s +

∫_T t Ŷ_{s−} Γ_{s−} dΓ_s +

∫_T t d[Γ,Ŷ ]_s = − ∫_T t Γ_s− [a_sŶ_s− + m ∑_{i=1}^{βi}s^{Ẑ(i)}s^{+ f̂}s^{]ds −}

∫_T t Γ_s− b_sŶ_s− dA_s −

∫_T t Γ_s−Ŷ_s− c_sdB_s + m ∑_{i=1}

∫_T t Γ_s−Ẑ^{(i)}_s dH^{(i)}_s +

∫_T t a_sŶ_s− Γ_s− ds +

∫_T t Ŷ_{s−} Γ_{s−} b_sdA_s +

∫_T t Ŷ_{s−} Γ_{s−} c_sdB_s + m ∑_{i=1}

∫_T t Ŷ_{s−} Γ_{s−} β^i_sdH^{(i)}_s +^m∑ i=1 m ∑_{j=1}

∫_T t Γ_s− β^i_sẐ^{( j)}_s d[H^{(i)},H^{( j)}]_s = − ∫_T t Γ_s− [ m ∑_{i=1}^{βi}s^{Ẑ(i)}s^{+ f̂}s^{]ds + m}∑_{i=1}

∫_T t Γ_s−Ẑ^{(i)}_s dH^{(i)}_s + m ∑_{i=1}

∫_T t Ŷ_{s−} Γ_{s−} β^i_sdH^{(i)}_s + m ∑_{i=1}^m∑_{j=1}

∫_T t Γ_s− β^i_sẐ^{( j)}_s d[H^{(i)},H^{( j)}]_s. (3.2)

By Davis’s inequality, we know that m ∑_{i=1}

∫_T t Γ_s−Ẑ^{(i)}_s dH^{(i)}_s and m ∑_{i=1}

∫_T t Ŷ_{s−} Γ_{s−} β^i_sdH^{(i)}_s are mar-

tingales. Since m ∑_{i=1}

∫_T t Ẑ^{(i)}_s dH^{(i)}_s and^m∑ i=1 ∫_T t Γ_s− β^i_sdH^{(i)}_s are square integrable martingales, we have E [_m

∑_{i=1}^m∑_{j=1}

∫_T t Γ_s− β^i_sẐ^{( j)}_s d[H^{(i)},H^{( j)}]_s|F_t ] = E [_m

∑_{i=1}^m∑_{j=1}

∫_T t Γ_s− β^i_sẐ^{( j)}_s d⟨H^{(i)},H^{( j)}⟩_s|F_t ]

= E [_m

∑_{i=1}

∫_T t Γ_s− β^i_sẐ^{(i)}_s ds|F_t ] . Thus, from (3.2), and taking conditional expectation w.r.t. F_t , we conclude that

Γ_tŶ_t = E [ Γ_T ξ̂ +

∫_T t Γ_s− f̂_sds|F_t ] ≥ 0. It is clear that Ŷ_t ≥ 0 and that if P(ξ̂ > 0) > 0 then P(Ŷ_t > 0) > 0. The proof of the theorem is complete.

4 Reflected generalized backward doubly stochastic differential equation driven by Lévy processes

This section is devoted to the study of reflected GBDSDEs driven by the Lévy processes (4.1), one of our main goal in this paper. First of all let us give a definition to the solution of this reflected GBDSDEs driven by Lévy processes.

Definition 4.1. By a solution of the reflected GBDSDE (ξ, f ,ϕ,g,S) driven by Lévy processes we mean a triplet of processes (Y,Z,K) ∈ E, which satisfied

Y_t = ξ +

∫_T t f (s,Y_s− ,Z_s)ds +

∫_T t ϕ(s,Y_s− )dA_s +

∫_T t g(s,Y_s− )dB_s − ∞ ∑_{i=1}

∫_T t Z^{(i)}_s dH^{(i)}_s + K_T − K_t , 0 ≤ t ≤ T. (4.1)

such that the following holds P-a.s (i) Y_t ≥ S_t , 0 ≤ t ≤ T ,

(ii)

∫_T 0 (Y_t− − S_t )dK_t = 0.

In the sequel, C denotes a finite constant which may take different values from line to line and usually is strictly positive.

Theorem 4.2. Under the hypotheses (H1), (H2) and (H3), there exists a unique solution for the reflected generalized BDSDE (ξ, f ,ϕ,g,S) driven by Lévy processes.

Our proof is based on a penalization method from El Karoui et al [6]. For each n ∈ N^∗ we set f_n(s,y,z) = f (s,y,z) + n(y − S_s)^− (4.2) and let (Y^n,Z^n) be the F_t -progressively measurable process with values in R × R^m unique solution of the GBDSDE with (ξ, f_n,g) driven by the Lévy processes. It exists according to Proposition 3.1. So E ( sup_{0≤t≤T} |Y^n_t |^2 +

∫_T 0 ‖Z^n_s ‖^2 ds ) < ∞, and Y^n_t = ξ +

∫_T t f (s,Y^n_s− ,Z^n_s )ds +

∫_T t (Y^n_s− − S_s)^−ds +

∫_T t ϕ(s,Y^n_s− )dA_s + ∫_T t g(s,Y^n_s− )dB_s − m ∑_{i=1}

∫_T t (Z^n_s )^{(i)}dH^{(i)}_s . (4.3) Set K^n_t = n

∫_t 0 (Y^n_s− − S_s)^−ds, 0 ≤ t ≤ T. (4.4) In order to prove Theorem 4.2, we state the following lemma that will be useful.

Lemma 4.3. Let us consider (Y^n,Z^n) ∈ S^2(R)×M^2(R^m ) solution of GBDSDE (4.3). Then there exists C > 0 such that,

sup_{n∈N∗} E ( sup_{0≤t≤T} |Y^n_t |^2 +

∫_T t |Y^n_s |^2 dA_s +

∫_T t ‖Z^n_s ‖^2 ds + |K^n_T |^2 ) < C Proof. From Itô’s formula, we have

|Y^n_t |^2 = |ξ|^2 + 2

∫_T t Y^n_s− f (s,Y^n_s− ,Z^n_s )ds + 2

∫_T t Y^n_s− ϕ(s,Y^n_s− )dA_s + ∫_T t |g(s,Y^n_s− )|^2ds + 2

∫_T t Y^n_s− dK^n_s + 2

∫_T t Y^n_s− g(s,Y^n_s− )dB_s − 2 m ∑_{i=1}

∫_T t Y^n_s− (Z^n_s )^{(i)}dH^{(i)}_s − m ∑_{i, j=1}

∫_T t (Z^n_s )^{(i)}(Z^n_s )^{( j)}d[H^{(i)}_s ,H^{( j)}_s ]. (4.5)

Note that

∫_T t Y^n_{s−} g(s,Y^n_{s−} )dB_s,

∫_T t Y^n_{s−} (Z^n_s )^{(i)}dH^{(i)}_s , for i ≥ 1 and

∫_T t (Z^n_s )^{(i)}(Z^n_s )^{( j)}d[H^{(i)}_s ,H^{( j)}_s ] for i ≠ j are uniformly integrable martingales. Taking the expectation, we get

E |Y^n_t |^2 +

∫_T t ‖Z^n_s ‖^2ds ≤ |ξ|^2 + 2E ∫_T t Y^n_s− f (s,Y^n_s− ,Z^n_s )ds + 2E

∫_T t Y^n_s− ϕ(s,Y^n_s− )dA_s + E ∫_T t |g(s,Y^n_s− )|^2ds + 2E

∫_T t Y^n_s− dK^n_s ,

where we have used

∫_T t (Y^n_s− − S_s)dK^n_s ≤ 0 and the fact that ∫_T t Y^n_s dK^n_s =

∫_T t (Y^n_s− − S_s)dK^n_s +

∫_T t S_sdK^n_s ≤

∫_T t S_sdK^n_s .

Using (H2) and the elementary inequality 2ab ≤ γa^2 +^1_γ b^2, ∀γ > 0,

2Y^n_s f (s,Y^n_s ,Z^n_s ) ≤ (cγ_1 + 1 γ_1

)|Y^n_s |^2 + 2cγ_1‖Z^n_s ‖^2 + 2γ_1 f^2_s ,

2Y^n_s ϕ(s,Y^n_s ) ≤ (γ_2 − 2|β|)|Y^n_s |^2 + 1 γ_2 ϕ^2_s , |g(s,Y^n_s )|^2 ≤ 2c|Y^n_s |^2 + 2g^2_s .

Taking expectation in both sides of the inequality (4.5) and choosing γ_1 = 1 4c , γ_2 = |β|, we obtain for all ε > 0 E |Y^n_t |^2 + |β|E

∫_T t |Y^n_s |^2 dA_s + 1 2 E ∫_T t ‖Z^n_s ‖^2 ds ≤ CE { |ξ|^2 +

∫_t 0 |Y^n_s |^2ds +

∫_t 0 f^2_s ds +

∫_t 0 ϕ^2_s dA_s +

∫_t 0 g^2_s ds }

+ 1 ε E ( sup_{0≤s≤t}(S^+_s )^2 ) + εE (K^n_T − K^n_t )^2 . (4.6)

On the other hand, we get from (4.3) that for all 0 ≤ t ≤ T ,

K^n_t = Y^n_t − ξ −

∫_t 0 f (s,Y^n_s− ,Z^n_s )ds −

∫_t 0 ϕ(s,Y^n_s− )dA_s −

∫_t 0 g(s,Y^n_s− )dB_s + m ∑_{i=1}

∫_t 0 (Z^n_s )^{(i)}dH^{(i)}_s .

(4.7) So by used standard computations, we get

E (K^n_T − K^n_t )^2 ≤ CE { |ξ|^2 +

∫_t 0 f^2_s ds +

∫_t 0 ϕ^2_s dA_s +

∫_t 0 g^2_s ds +

∫_t 0 |Y^n_s |^2 ds +E ( sup_{0≤s≤t}(S^+_s )^2 ) + ∫_t 0 |Y^n_s |^2 dA_s +

∫_t 0 ‖Z^n_s ‖^2ds } . (4.8)

Substituting Equation (4.8) to Equation (4.6) and choosing ε small enough such that εC < min(1/2,|β|), yields E { |Y^n_t |^2 +

∫_T t |Y^n_s |^2 dA_s +

∫_T t ‖Z^n_s ‖^2ds + |K^n_T |^2 }

≤ CE { |ξ|^2 +

∫_T 0 f^2_s ds +

∫_T 0 ϕ^2_s dA_s +

∫_T 0 g^2_s ds + sup_{0≤t≤T}(S^+_t )^2 } . From this, Gronwall’s inequality and the Burkholder-Davis-Gundy inequality [4], we get E { sup_{0≤t≤T} |Y^n_t |^2 +

∫_T t ‖Z^n_s ‖^2ds + |K^n_T |^2 } ≤ CE { |ξ|^2 +

∫_T 0 f^2_s ds +

∫_T 0 ϕ^2_s dA_s + ∫_T 0 g^2_s ds + sup_{0≤t≤T} (S^+_t )^2 } , which end the proof of this Lemma.

Proof of Theorem 4.2. Existence The proof of existence will be divided in two steps. Step 1. g does not dependent on (Y,Z). More precisely, we consider the following equation

Y_t = ξ +

∫_T t f (s,Y_s− ,Z_s)ds +

∫_T t ϕ(s,Y_s− )dA_s +

∫_T t g(s)dB_s − m ∑_{i=1}

∫_T t Z^{(i)}_s dH^{(i)}_s + K_T − K_t , 0 ≤ t ≤ T. (4.9)

The penalized equation is given by

Y^n_t = ξ +

∫_T t f (s,Y^n_s− ,Z^n_s )ds + n

∫_T t (Y^n_s− − S_s)^−ds +

∫_T t ϕ(s,Y^n_s− )dA_s + ∫_T t g(s)dB_s − m ∑_{i=1}

∫_T t (Z^n_s )^{(i)}_s dH^{(i)}_s , 0 ≤ t ≤ T. (4.10)

Since the sequence of functions (y → n(y − S_t )^−)_{n≥1} is nondecreasing, then thanks to the comparison theorem 3.2, the sequence (Y^n)_{n>0} is non-decreasing. Hence, Lemma 4.3 implies that there exists a F_t - progressively measurable process Y such that Y^n_t ↗ Y_t a.s. Recall that Y^n_t ↗ Y_t a.s. Then, Fatou’s lemma and Lemma 4.3 ensure E ( sup_{0≤t≤T} |Y_t |^2 ) < +∞, It then follows from Lemma 4.3 and Lebegue’s dominated convergence theorem that E (∫_T 0 |Y^n_s −Y_s|^2 ds ) −→ 0, as n → ∞. (4.11)

Next, for n ≥ p ≥ 1, by Itô’s formula and together with assumptions (H2), yields E {| |Y^n_t −Y^p_t | |^2 +

∫_T t |Y^n_s −Y^p_s |^2 dA_s +

∫_T t ‖Z^n_s − Z^p_s ‖^2 ds }

≤ CE {∫_T t |Y^n_s −Y^p_s |^2ds + sup_{0≤s≤T} (Y^n_s − S_s)^− K^p_T + sup_{0≤s≤T} (Y^p_s − S_s)^− K^n_T } , which, by Gronwall lemma, Hölder inequality and Lemma 4.3 respectively, implies E {| |Y^n_t −Y^p_t |^2 +

∫_T t ‖Z^n_s − Z^p_s ‖^2 ds } ≤ C { E ( sup 0≤s≤T |(Y^n_s − S_s)^− |^2 )}_{1/2}

+C { E ( sup 0≤s≤T |(Y^p_s − S_s)^− |^2 )}_{1/2} .(4.12)

Let us admit for the moment the following result.

Lemma 4.4. If g does not dependent on (Y,Z), then for each n ∈ N^∗ , E ( sup_{0≤t≤T} | |(Y^n_t − S_t )^− | |^2 ) −→ 0, as n −→ ∞. We can now conclude. Indeed, it follows from Lemma 4.4 that, E { |Y^n_s −Y^p_s |^2 +

∫_T t ‖Z^n_s − Z^p_s ‖^2 ds } −→ 0, as n, p −→ ∞. Finally, from Burkhölder-Davis-Gundy’s inequality, we obtain E ( sup 0≤s≤T |Y^n_s −Y^p_s |^2 +

∫_T t ‖Z^n_s − Z^p_s ‖^2 ds ) −→ 0, as n, p −→ ∞, and from (4.7) we can deduce E { sup 0≤s≤T |K^n_s − K^p_s |^2 ) −→ 0, as n, p → ∞, which provides that the sequence of processes (Y^n,Z^n,K^n) is Cauchy in the Banach space E^{2,m}. Consequently, there exists a triplet (Y,Z,K) ∈ E^{2,m} such that E { sup 0≤s≤T |Y^n_s −Y_s|^2 +

∫_T t ‖Z^n_s − Z_s‖^2 ds + sup_{0≤s≤T} |K^n_s − K_s|^2 ) → 0, as n → ∞.

It remains to show that (Y,Z,K) solves the reflected GBDSDE driven by Lévy processes (ξ, f ,ϕ,g,S). In this fact, since (Y^n_t ,K^n_t )_{0≤t≤T} tends to (Y_t ,K_t )_{0≤t≤T} uniformly in t in probability, the measure dK^n converges to dK weakly in probability, so that

∫_T t (Y^n_{s−} − S_s)dK^n_s → ∫_T t (Y_s− − S_s)dK_s in probability as n → ∞. Obviously,

∫_T t (Y_s− − S_s)dK_s ≥ 0, while, on the other hand, for all n ≥ 0,

∫_T t (Y^n_{s−} − S_s)dK^n_s ≤ 0.

Hence ∫_T t (Y_s− − S_s)dK_s = 0, a.s

Finally, passing to the limit in (4.10) we proved that (Y,Z,K) verifies (4.9) and is the solution of the reflected GBDSDE (ξ, f ,g,S) driven by the Lévy processes. We finally return to the proof of Lemma 2.2.

Proof of Lemma 4.4. Since Y^n_t ≥ Y^0_t , we can w.l.o.g. replace S_t by S_t ∨Y^0_t , i.e. we may assume that E (sup_{0≤t≤T} S^2_t ) < ∞. We want to compare a.s. Y_t and S_t for all t ∈ [0,T ]. In this, let us introduce the following processes

ξ := ξ +

∫_T t g(s) dB_s

S_t := S_t +

∫_T t g(s) dB_s

Y^n_t := Y^n_t +

∫_T t g(s) dB_s.

Hence,

Y^n_t = ξ+

∫_T t f (s,Y^n_s− ,Z^n_s ) ds+n

∫_T t ( Y^n_s− − S_s )_− ds+ ∫_T t ϕ(s,Y^n_s− ) dA_s − m ∑_{i=1}

∫_T t (Z^n_s )^{(i)}dH^{(i)}_s .

(4.13) and we define Y_t := sup_n Y^n_t .

From Theorem 3.2, we have that a.s., Y^n_t ≥ ~Y^n_t , 0 ≤ t ≤ T, n ∈ N^∗ , where { (~Y_t^n, ~Z^n_t ), 0 ≤ t ≤ T } is the unique solution of the GBDSDE driven by the Lévy processes

~Y^n_t = S_T +

∫_T t f (s,Y^n_s− ,Z^n_s )ds + n

∫_T t (S_s − ~Y^n_s− )ds +

∫_T t ϕ(s,Y^n_s− ) dA_s − m ∑_{i=1}

∫_T t (~Z^n_s )^{(i)}dH^{(i)}_s .

Now let G = (G_t )_{0≤t≤T} be a filtration defined by G_t = F^L_t ∨ F^B_T and ν a G-stopping time such that 0 ≤ ν ≤ T . Then, applying It formula to ~Y^n_t e^{−n(t−ν)}, we have

~Y^n_ν = E { e^{−n(T −ν)}S_T +

∫_T ν e^{−n(ν−s)} f (s,Y^n_s− ,Z^n_s )ds + n

∫_T ν e^{−n(ν−s)}S_sds + ∫_T ν e^{−n(ν−s)}ϕ(s,Y^n_s− )dA_s | G_ν } . It is easily seen that

e^{−n(T −ν)}S_T + n

∫_T ν e^{−n(s−ν)}S_sds → S_ν1_{{ν<T }} + S_T 1_{{ν=T }} a.s., and inL^2(Ω)as n → ∞, and the conditional expectation converges also in L^2(Ω). Moreover, we get E (∫_T ν e^{−n(s−ν)} f (s,Y^n_s− ,Z^n_s )ds

)_2 ≤ C 2n E (∫_T 0 ( f^2_s + |Y^n_s |^2 + ‖Z^n_s ‖^2)ds ) , and E (∫_T ν e^{−n(s−ν)}ϕ(s,Y^n_s )dA_s

)_2 ≤ E [ |A_T | (∫_T 0 (ϕ^2_s + K^2|Y^n_s |^2)dA_s )] < C, which provide E (∫_T ν e^{−n(ν−s)} f (s,Y^n_s− ,Z^n_s )ds +

∫_T ν e^{−n(s−ν)}ϕ(s,Y^n_s )dA_s|G_ν ) −→ 0 in L^2(Ω) as n → ∞.

Consequently,

~Y^n_ν −→ S_ν1_{{ν<T }} + S_T 1_{{ν=T }} in L^2(Ω), as n → ∞.

Therefore Y_ν ≥ S_ν a.s. From this and the section theorem [4], we deduce that Y_t ≥ S_t for all t ∈ [0,T ] and then

(Y^n_t − S_t )^− ↘ 0, 0 ≤ t ≤ T, a.s.

Since (Y^n_t − S_t )^− ≤ (S_t −Y^0_t )^+ ≤ |S_t | + | |Y 0_t | |and the result follows from the dominated convergence theorem.

Step 2. The general case. In light of the above step, and for any (Ȳ ,Z̄) ∈ S^2(R) × M^2(R^m ), the reflected GBDSDE driven by Lévy processes

Y_t = ξ +

∫_T t f (s,Y_s,Z_s)ds +

∫_T t ϕ(s,Y_s)dA_s +

∫_T t g(s,Ȳ_s)dB_s − m ∑_{i=1}

∫_T t Z^{(i)}_s dH^{(i)}_s + K_T − K_t

has a unique solution (Y,Z,K). So, we can define the mapping

Ψ : S^2(R) × M^2(R^m ) −→ S^2(R) × M^2(R^m ) (Ȳ ,Z̄) −→ (Y,Z) = Ψ(Ȳ ,Z̄).

Now, let (Y,Z), (Y^′,Z^′) in S^2(R) × M^2(R^m ) and (Ȳ ,Z̄),(Ȳ^′,Z̄^′) in S^2(R) × M^2(R^m ) such that (Y,Z) = Ψ(Ȳ ,Z̄) and (Y^′,Z^′) = Ψ(Ȳ^′,Z̄^′). Putting Δη = η − η^′ for any process η, and by virtue of Itô’s formula, we have

E e^{−μt} |ΔY_t |^2 + E

∫_T t e^{−μs}‖ΔZ_s‖^2ds

= 2E

∫_T t e^{−μs}ΔY_s { f (s,Y_s− ,Z_s) − f (s,Y^′_s− ,Z^′_s) } ds + 2E

∫_T t e^{−μs}ΔY_s { ϕ(s,Y_s− ) − ϕ(s,Y^′_s− ) } dA_s +2E ∫_T t e^{−μs}ΔY_sd(ΔK_s) +

∫_T t e^{−μs} | |g(s,Ȳ_{s−} ) − g(s,Ȳ ′_{s−} ) | |^2 ds − μE

∫_T t e^{−μs} |ΔY_s|^2 ds.

But since E

∫_T t e^{−μs}ΔY_sd(K_s − K^′_s) ≤ 0, then from (H2) there exists constant γ such that,

(μ − γ)E ∫_T t e^{−μs} |ΔY_s|^2 ds + 1 2 E ∫_T t e^{−μs}‖ΔZ_s‖^2ds ≤ cE (∫_T t e^{−μs} |ΔȲ_s|^2 ds )

Now choose μ = γ + 2c and define c̄ = 2c, we obtain c̄E ∫_t 0 e^{−μs} |ΔY_s|^2 ds + 1 2 E ∫_t 0 e^{−μs}‖ΔZ_s‖^2ds ≤ 1 2 ( c̄E ∫_t 0 e^{−μs} |ΔȲ_s|^2 ds + 1 2 E ∫_t 0 e^{−μs} |ΔZ̄_s|^2 ds ) . Consequently, Ψ is a strict contraction on S^2(R) × M^2(R^m ) equipped with the norm

‖Y,Z)‖^2 = c̄E

∫_t 0 e^{−μs} |Y_s|^2 ds + 1 2 E ∫_t 0 e^{−μs}‖Z_s‖^2ds

and it has a unique fixed point, which is the unique solution our BDSDE.

Uniqueness Assume (Y_t ,Z_t ,K_t )_{0≤t≤T} and (Y^′_t ,Z^′_t ,K^′_t )_{0≤t≤T} are two solutions of the reflected GBDSDE (ξ, f ,g,ϕ,S) driven by Lévy processes. Set ΔY_t = Y_t −Y^′_t , ΔZ_t = Z_t − Z^′_t and ΔK_t = K_t − K^′_t . Applying It’s formula to (ΔY )^2 on the interval [t,T ] and taking expectation on both sides, it follows that

E |ΔY_t |^2 + E

∫_T t ‖ΔZ_s‖^2ds

= 2E

∫_T t ΔY_s( f (s,Y_s− ,Z_s) − f (s,Y^′_s− ,Z^′_s))ds + 2E

∫_T t |g(s,Y_s− ) − g(s,Y^′_s− )|^2ds +2E ∫_T t ΔY_s(ϕ(s,Y_s− ) − ϕ(s,Y^′_s− ))dA_s + 2E

∫_T t ΔY_sd(ΔK_s)

≤ 4c^2E

∫_T t |ΔY_s|^2ds + 1 4c^2 E ∫_T t | f (s,Y_s− ,Z_s) − f (s,Y^′_s− ,Z^′_s)|^2ds +βE ∫_T t |ΔY_s|^2ds + cE

∫_T t |ΔY_s|^2ds

≤ 4c^2E

∫_T t |ΔY_s|^2ds +

2c^2 4c^2 E ∫_T t |ΔY_s|^2ds +

2c^2 4c^2 E ∫_T t ‖ΔZ_s‖^2ds +βE ∫_T t |ΔY_s|^2ds + cE

∫_T t |ΔY_s|^2ds

≤ (4c^2 + c + 1 2 )E ∫_T t |ΔY_s|^2ds + 1 2 E ∫_T t ‖ΔZ_s‖^2ds,

here we have used the assumption (H2), the inequality 2ab ≤^{a2}_γ + γb^2 (∀ γ > 0) and the fact that ∫_T 0 ΔY_sd(ΔK_s) ≤ 0.

So, we have

E|ΔY_t |^2 ≤ (4c^2 + c + 1 2 )E ∫_T t |ΔY_s|^2ds.

Henceforth, from Gronwall’s inequality, it follows that E|ΔY_t |^2 = E |Y_t −Y^′_t |^2 = 0,0 ≤ t ≤ T , that is, Y_t = Y^′_t a.s. Then, we also have E

∫_T t ‖ΔZ_s‖^2ds = E

∫_T t ‖Z_s − Z^′‖^2ds = 0 and Z_t = Z^′_t , K_t = K^′_t follows. The proof is complete now.

5 Connection to reflected stochastic PDIEs with nonlinear Neumann boundary condition

In this section, we study the link between reflected GBDSDEs driven by Lévy processes and the solution of a class of reflected stochastic PDIEs with a nonlinear Neumann boundary condition. Suppose that our Lévy processes L has bounded jump and has the following Lévy decomposition:

L_t = bt + ∫ |z|≤1 z(N_t (.,dz) − tν(dz))

where N_t (ω,dz) denotes the random measure such that ∫ Λ N_t (.,dz) is a Poisson process with parameter ν(Λ) for all set Λ (0 /∈ Λ).

Let Θ = (−θ,θ) and e : [−θ,θ] → R such that e(−θ) = 1 and e(θ) = −1. Consider the following reflected SDE:

X_t = x +

∫_T t σ(X_s− )dL_s + η_t , (5.1) and η_t =

∫_t 0 e(X_s)d|η|_s, with |η|_t =

∫_t 0 1_{{Xs∈∂Θ}}d|η|_s. (5.2)

Under adequate conditions (see [5] or [9]), there exists a unique pair of progressively measurable processes (X,η) that satisfies (5.1) and (5.2), and for any progressively measurable process V which is right continuous having left-hand limits and take its values in Θ̄, we have ∫_T 0 (X_s −V_s)d|η|_s ≥ 0.

In order to attain our main result in this section, we give a Lemma appeared in [11].

Lemma 5.1. let c : Ω × [0,T ] × R → R be a measurable function such that

|c(s,y)| ≤ a_s(y^2 ∧ |y|) a.s.,

where {a_s,s ∈ [0,T ]} is a non-negative predictable process such that E

∫_T 0 a^2_s ds < ∞. Then, for each 0 ≤ t ≤ T , we have

∑_{t≤s≤T}^{c(s,ΔL}s^{) = m}∑_{i=1}

∫_T t ⟨c(s,.), p_i ⟩_L2_{(ν)}dH^{(i)}_s +

∫_T t ∫ R c(s,y)dν(y)ds

Let l : R → R, h : [0,T ] × R → R be continuous functions such that (i) E ( |l(X_T )|^2 + sup_{0≤t≤T} |h(t,X_t )|^2 ) < ∞, (ii) l(x) ≥ h(T,x), for all x ∈ R.

Next, consider the following reflected GBDSDE:

Y_t = l(X_T ) +

∫_T t f (s,X_s−Y_s− ,Z_s)ds +

∫_T t ϕ(s,X_s− ,Y_s− )d|η|_s +

∫_T t g(s,X_s− ,Y_s− )dB_s − ∞ ∑_{i=1}

∫_T t Z^{(i)}_s dH^{(i)}_s + K_T − K_t , 0 ≤ t ≤ T, (5.3)

such that the following holds P-a.s (i) Y_t ≥ h(t,X_t ), 0 ≤ t ≤ T ,

(ii)

∫_T 0 (Y_t− − h(t,X_t ))dK_t = 0.

Define u^1(t,x,y) = u(t,x + y) − u(t,x) −^{∂u}_{∂x} (t,x)y, where u is the solution of the following reflected stochastic PDIE with a nonlinear Neumann boundary condition:

min { u(t,x) − h(t,x), ∂u ∂t (t,x) + a^′σ(x) ∂u ∂x (t,x) + f (t,x,u(t,x),(u^i (t,x))^m_i ) + ∫ R u^1(t,x,y)dν(y) + g(t,x,u(t,x))dB_t } = 0, (t,x) ∈ [0,T ] × Θ

e(x) ∂u ∂x (t,x) + ϕ(t,x,u(t,x)) = 0, (t,x) ∈ [0,T ] × {−θ,θ}, u(T,x) = l(x), x ∈ Θ,

(5.4)

where a^′ = a + ∫ {|y|≥1} yν(dy), dBt = Ḃt denotes a white noise and

u^{(1)}(t,x) = ∫ R u^1(t,x,y)p_1(y)ν(dy) +^{∂u}_{∂x} (t,x)( ∫ R y^2ν(dy))^{1/2} and for 2 ≤ i ≤ m, u^{(i)}(t,x) = ∫ R u^1(t,x,y)p_i(y)ν(dy).

Suppose that u is C^{1,2} function such that^{∂u}_{∂t} and^{∂2u}_{∂x2} is bounded by polynomial function of x, uniformly in t. Then we have the following Theorem 5.2. The unique adapted solution of (5.9) is given by Y_t = u(t,X_t ), Z^{(1)}_t = ∫ R u^1(t,X_t− ,y)p_1(y)ν(dy) + ∂u ∂x σ(X_t− ) (∫ R y^2ν(dy) )_{1/2}

Z^{(i)}_t = ∫ R u^1(t,X_t− ,y)p_i(y)ν(dy), 2 ≤ i ≤ m,

Proof. For each n ≥ 1, let {^nY_s,^nZ_s, 0 ≤ s ≤ T } denote the solution of the GBDSDE

nY_s = l(X_T ) +

∫_T s f (r,X_r− ,^nY_r− ,^nZ_r)dr + n

∫_T s (^nY_r− − h(r,X_r))^−dr + ∫_T s ϕ(r,X_r− ,^n Y_r− )d|η|_r

∫_T s g(r,X_r− ,^n Y_r− )dB_r − m ∑_{i=1}

∫_T s nZ^{(i)}_r dH^{(i)}_r .

It is know from Hu and Yong [8] that nY_t = u_n(t,X_t ), nZ^{(1)}_t = ∫ R u^1_n(t,X_t− ,y)p_1(y)ν(dy) +

∂u_n ∂x σ(X_t− ) (∫ R y^2ν(dy) )_{1/2}

nZ^{(i)}_t = ∫ R u^1_n(t,X_t− ,y)p_i(y)ν(dy), 2 ≤ i ≤ m, where u_n is the classical solution of stochastic PDIE:

∂u_n ∂t (t,x) + a^′σ(x)

∂u_n ∂x (t,x) + f_n(t,x,u_n(t,x),(u^i_n(t,x))^m_i ) + ∫ R u^1_n(t,x,y)dν(y) + g(t,x,u_n (t,x))dB_t = 0, (t,x) ∈ [0,T ] × Θ

e(x)

∂u_n ∂x (t,x) + ϕ(t,x,u_n(t,x)) = 0, (t,x) ∈ [0,T ] × {−θ,θ},

u_n(T,x) = l(x), x ∈ Θ,

(5.5)

where f_n(t,x,y,z) = f (t,x,y,z) + n(y − h(t,x))^− .

Applying Itô’s formula to u_n(s,X_s), we obtain

u_n(T,X_T ) − u_n(t,X_t ) =

∫_T t ∂u_n ∂s (s,X_s− )ds +

∫_T t e(X_s)

∂u_n ∂x (s,X_s)d|η|_s + ∫_T t σ(X_s− )

∂u_n ∂x (s,X_s− )dL_s

+ ∑_{t≤s≤T}^{[u}n^{(s,X}s^{) − u}n^{(s,X}s^{− ) − ∂un}_{∂x}^{(s,X}s^{− )ΔX}s^{]. (5.6)}

Lemma 4.1 applied to u_n(s,X_s− + y) − u_n(s,X_s− ) −^{∂un}_{∂x} (s,X_s− )y shows

∑_{t≤s≤T}^{[u}n^{(s,X}s^{) − u}n^{(s,X}s^{− ) − ∂un}_{∂x}^{(s,X}s^{− )ΔX}s^{] = m}∑_{i=1}

∫_T t (∫ R u^1_n(s,X_s− ,y)p_i(y)ν(dy) ) dH^{(i)} + ∫_T t (∫ R u^1_n(s,X_s− ,y)ν(dy) ) ds. (5.7)

Note that

L_t = Y^{(1)}_t + tEL_1 = (∫ R y^2ν(dy) )_{1/2} H^{(1)} + tEL_1 , (5.8) where E L_1 = a + ∫ {|y|≥1} yν(dy). Hence, substituting (5.2), (5.7) and (5.8) into (5.6) to-

gether with (5.5) yields

l(X_T ) − u_n(t,X_t ) = ∫_T t [ ∂u_n ∂s (s,X_s− ) + (a + ∫ |y|≥1 yν(dy))σ(X_s− )

∂u_n ∂x (s,X_s− ) + ∫ R u^1_n(s,X_s− ,y)ν(dy) ] ds + ∫_T t e(X_s)

∂u_n ∂x (s,X_s)1_{{Xs∈∂Θ}}d|η|_s + ∫_T t [∫ R u^1_n(s,X_s− ,y)p_1(y)ν(dy) + σ(X_s− )

∂u_n ∂x (s,X_s− ) (∫ R y^2ν(dy) )_{1/2}] dH^{(1)}_s + m ∑_{i=2}

∫_T t (∫ R u^1_n(s,X_s− ,y)p_i(y)ν(dy) ) dH^{(i)}_s . = − ∫_T t f (s,X_s− ,u_n(s,X_s),(u_n(s,X_s))^m_{i=1})ds + n

∫_T t (u_n(s,X_s) − h(s,X_s))^−ds − ∫_T t g(s,X_s− ,u_n(s,X_s))dB_s −

∫_T t φ(s,X_s− ,u_n(s,X_s))d|η|_s + ∫_T t [∫ R u^1_n(s,X_s− ,y)p_1(y)ν(dy) + σ(X_s− )

∂u_n ∂x (s,X_s− ) (∫ R y^2ν(dy) )_{1/2}] dH^{(1)}_s + m ∑_{i=2}

∫_T t (∫ R u^1_n(s,X_s− ,y)p_i(y)ν(dy) ) dH^{(i)}_s .

From which passing in the limit on n, and using the previous section we get the desired result of the Theorem.

Next, we give a example of reflected stochastic PDIEs with a nonlinear Neumann boundary condition.

Example 5.3. Suppose the Lévy process L has the form of L_t = at +∑^∞_{i=1}(N^{(i)} −α_it), where (N^{(i)})^∞_{i=0} is a sequence of independent Poisson processes with parameters (α^i)^∞_{i=0},(α_i > 0). Its Lévy measure is ν(dx) = ∑^∞_{i=1} α_iδ_{βi} (dx), where δ_{βi} denotes the positive point mass measure at β_i ∈ R of size 1. Furthermore, we assume that ∑^∞_{i=1} α_i|β_i|^2 < ∞. Recall that this Lévy process has only one jumps size and no continuous parts so that H^{(1)}_t = ∑^∞_{i=1}^{βi√}_{αi} (N^{(i)}_t −α_it) and H^{(i)}_t = 0,i ≥ 2 (see [11]). Let (Y,Z,K) be the unique solution of the following reflected GBDSDEs

Y_t = l(X_T ) +

∫_T t f (s,X_s−Y_s− ,Z_s)ds +

∫_T t ϕ(s,X_s− ,Y_s− )d|η|_s +

∫_T t g(s,X_s− ,Y_s− )dB_s − ∞ ∑_{i=1}

∫_T t Z^{(i)}_s d(N^{(i)}_s − α_is) + K_T − K_t , 0 ≤ t ≤ T

such that the following holds P-a.s (i) Y_t ≥ h(t,X_t ), 0 ≤ t ≤ T ,

(ii)

∫_T 0 (Y_t− − h(t,X_t ))dK_t = 0.

Then

Y_t = u(t,X_t ),

Z^{(1)}_t = α_1u^1(t,X_t− ,β_1)p_1(β_1) + σ(X_t− ) ∂u ∂x (t,X_t− ) (_∞ ∑_{i=1}^αi^{|β}i^{|2} )_{1/2}

Z^{(i)}_t = α_iu^1(t,X_t− ,β_i)p_i(β), i ≥ 2,

where u is the solution of the following reflected stochastic PDIEs with a nonlinear Neumann boundary condition: min { u(t,x) − h(t,x), ∂u ∂t (t,x) + a^′σ(x) ∂u ∂x (t,x) + f (t,x,u(t,x), ∂u ∂x (t,x))

+∑^∞_{i=1} α_iu^1(t,x,β_i) + g(t,x,u(t,x))dB_t } = 0, (t,x) ∈ [0,T ] × Θ

e(x) ∂u ∂x (t,x) + ϕ(t,x,u(t,x)) = 0, (t,x) ∈ [0,T ] × {−θ,θ}, u(T,x) = l(x), x ∈ Θ.

References

[1] Bally, V.; Matoussi, A. Weak solutions for SPDEs and backward doubly stochastic differential equations. J. Theoret. Probab. 14 (2001), no. 1, 125-164.

[2] Barles, G.; Buckdahn, R.; Pardoux, E. Backward stochastic differential equations and integral-partial differential equations. Stochastics Stochastics Rep. 60 (1997), no. 1-2, 57-83.

[3] Boufoussi, B.; Van Casteren, J.; Mrhardy, N. Generalized backward doubly stochastic differential equations and SPDEs with nonlinear Neumann boundary conditions. Bernoulli 13 (2007), no. 2, 423-446.

[4] Dellacherie, C.; Meyer, P. Probabilities and Potential. North-Holland Mathematics Studies, 29. North-Holland Publishing Co., Amsterdam-New York; North-Holland Publishing Co., Amsterdam-New York, 1978. viii+189 pp. North Holland, (1978)

[5] El Otmani, M. Generalized BSDE driven by a Lévy process. J. Appl. Math. Stoch.

Anal. 2006, Art. ID 85407, 25 pp.

[6] El Karoui, N.; Kapoudjian, C.; Pardoux, E.; Peng, S.; Quenz, M. C. Reflected solution of backward SDE’s, and related obstacle problem for PDE’s, Ann. Probab. 25 (1997), no.2, 702 − 737.

[7] Kunita, H. Stochastic flows and stochastic differential equations. Cambridge Studies in Advanced Mathematics, 24. Cambridge University Press, Cambridge, 1990.

[8] Lanying H., Yong R. Stochastic PDIEs with nonlinear Neumann boundary conditions and generalized backward doubly stochastic differential equations driven by Lévy processes. J. Comput.Appl.ied Math. (2008), doi:10.1016/j.cam.2008.10.027

[9] Menaldi, J.; Robin, M. Reflected diffusion processes with jumps. Ann. Probab. 13 (1985), no. 2, 319-341.

[10] Nualart, D.; Schoutens, W. Chaotic and predictable representations for Lévy processes. Stochastic Process. Appl. 90 (2000), no. 1, 109-122.

[11] Nualart, D.; Schoutens, W. Backward stochastic differential equations and Feynman- Kac formula for Lévy processes, with applications in finance. Bernoulli 7 (2001), no. 5, 761-776.

[12] Ouknine, Y. Reflected backward stochastic differential equations with jumps. Stochastics Stochastics Rep. 65 (1998), no. 1-2, 111-125.

[13] Pardoux E. and Peng S. Adapted solution of backward stochastic differential equation, Systems Control Lett. 4 (1990), no.1, 55 − 61.

[14] Pardoux, E.; Peng, S. Backward stochastic differential equations and quasilinear parabolic partial differential equations. Stochastic partial differential equations and their applications (Charlotte, NC, 1991), 200–217, Lecture Notes in Control and Inform. Sci., 176, Springer, Berlin, 1992.

[15] Pardoux, E.; Peng, S. Backward doubly stochastic differential equations and systems of quasilinear SPDEs. Probab. Theory Related Fields 98, (1994), no.2, 209 − 227.

[16] Pardoux, E; Zhang, S. Generalized BSDEs and nonlinear Neumann boundary value problems, Probab. Theory Related Fields 110 (1998), no.4, 535 − 558.

[17] Peng, Shi Ge. Probabilistic interpretation for systems of quasilinear parabolic partial differential equations. Stochastics Stochastics Rep. 37 (1991), no. 1-2, 61-74.

[18] Qing Zhou. On Comparison Theorem and Solutions of BSDEs for Lévy Processes.

Acta Mathematicae Applicatae Sinica, English Series 23, no. 3 (2007) 513522

[19] Ren ,Y., Lin, A.; Hu, L. Stochastic PDIEs and backward doubly stochastic differential equations driven by Lévy processes. J. Comput.Appl. Math., doi:10.1016/j.cam.2008.03.008.

[20] Ren, Y., Xia, N. Generalized reflected BSDE and obstacle problem for PDE with nonlinear Neumann boundary condition. Stoch. Anal. Appl. 24 (2006), no.5, 1013 − 1033, .

[21] Tang, S. J.; Li, X.J. Necessary conditions for optimal control of stochastic systems with random jumps. SIAM J. Control Optim. 32 (1994), no. 5, 1447-1475.