arXiv:0907.2154v1 [gr-qc] 13 Jul 2009

Gravitomagnetic effect in gravitational waves

1Lorenzo Iorio and^2Christian Corda

July 14, 2009

1INFN - Sezione di Pisa, Largo Pontecorvo 3, I - 56127 PISA, Italy; 2Associazione Scientifica Galileo Galilei, Via Pier Cironi 16 - 59100 PRATO, Italy

E-mail addresses:^1lorenzo.iorio@libero.it;^2cordac.galilei@gmail.com

Abstract After an introduction emphasizing the importance of the gravitomagnetic effect in general relativity, with a resume of some space-based applications, we discuss the so-called magnetic components of gravitational waves (GWs), which have to be taken into account in the context of the total response functions of interferometers for GWs propagating from arbitrary directions.

PACS numbers: 04.80.Nn, 04.80.-y, 04.25.Nx

In the weak-field and slow motion approximation, the Einstein field equations of general relativity, which establish how the mass-energy distribution determines the spacetime metric, get linearized resembling to the Maxwellian equations of electromagnetism. As a consequence, a “gravitomagnetic” field B_g , induced by the off-diagonal components g_{0i}, i = 1, 2, 3 of the spacetime metric tensor related to the mass-energy currents of the source of the gravitational field, arises [1]. The gravitomagnetic field affects orbiting test particles, precessing gyroscopes, moving clocks and atoms and propagating electromagnetic waves [2, 3]. Perhaps, the most famous gravitomagnetic effects are the precession of the axis of a gyroscope [4, 5] and the Lense-Thirring precessions of the orbit of a test particle [6], both occurring in the field of a central slowly rotating mass like, e.g., our planet. Direct, undisputable measurements of such fundamental predictions of general relativity are not yet available.

Some attempts to detect the Lense-Thirring effect have been more or less recently performed in the gravitational fields of the Sun [7], Earth [8, 9, 10] and Mars [11] with natural (the inner planets of the Solar System) and artificial bodies (the terrestrial LAGEOS satellites and the martian Mars Global Surveyor probe); some of them have raised debates concerning their reliability and/or realistic level of accuracy reached [12, 13, 14]. The LARES satellite, recently approved by ASI with the claimed goal of measuring the Lense-Thirring effect together with the exiting LAGEOS and LAGEOS II at a ≈ 1% level, should be launched with a VEGA rocket in 2010-2011, but doubts exist that it will effectively be able to reach the expected level of accuracy [15].

The dedicated GP-B mission [16, 17], aimed to measure the Pugh-Schiff effect with four superconducting gyroscopes carried on board a spacecraft in a polar orbit around the Earth has not (yet?) obtained the expected accuracy (1% or better) because of the occurrence of some unexpected competing systematic effects [18, 19, 20].

The gravitomagnetic field plays also a fundamental role in some astrophysical scenarios like rotating black holes and neutron stars [21, 22, 23].

Recently, starting by the analysis in [24], some papers in the literature have shown the importance of the gravitomagnetic effects in the framework of the GWs detection too [25, 26, 27]. In fact, the so-called “magnetic” components of GWs have to be taken into account in the context of the total response functions of interferometers for GWs propagating from arbitrary directions, see [27] for a review. In this proceeding paper, the interferometric response functions for the magnetic components are re-analysed following the lines of [25]. As interferometric GWs detection is performed in a laboratory environment on Earth, the coordinate system in which the space-time is locally flat is typically used [28] and the distance between any two points is given simply by the difference in their coordinates in the sense of Newtonian physics. In this frame, called the frame of the local observer, GWs manifest themselves by exerting tidal forces on the masses (the mirror and the beam-splitter in the case of an interferometer). We work with G = 1, c = 1 and ℏ = 1 and we call h_+(t_{tt} + z_{tt}) and h_×(t_{tt} + z_{tt}) the weak perturbations due to the + and the × polarizations which are expressed in terms of synchronous coordinates t_{tt}, x_{tt}, y_{tt}, z_{tt} in the transverse-traceless (TT) gauge. In this way, the most general GW propagating in the z_{tt} direction can be written in terms of plane monochromatic waves [25]

h_{μν} (t_{tt} + z_{tt}) = h_+(t_{tt} + z_{tt})e^{(+)}μν + h_×(t_{tt} + z_{tt})e^{(×)}μν =

= h_{+0} exp iω(t_{tt} + z_{tt})e^{(+)}_{μν} + h_{×0} exp iω(t_{tt} + z_{tt})e^{(×)}_{μν} , (1) and the correspondent line element will be

ds^2 = dt^2_{tt} − dz^2_{tt} − (1 + h_+)dx^2_{tt} − (1 − h_+)dy^2_{tt} − 2h_×dx_{tt}dx_{tt}. (2)

The wordlines x_{tt}, y_{tt}, z_{tt} = const. are timelike geodesics representing the histories of free test masses [24, 25]. The coordinate transformation x^α = x^α(x^β_{tt}) from the TT coordinates to the frame of the local observer is [25] t = t_{tt} +^1_4 (x^2_{tt} − y^2_{tt})ḣ_+ −^1_2 x_{tt}y_{tt}ḣ_×

x = x_{tt} +^1_2 x_{tt}h_+ −^1_2 y_{tt}h_× +^1_2 x_{tt}z_{tt}ḣ_+ −^1_2 y_{tt}z_{tt}ḣ_×

y = y_{tt} +^1_2 y_{tt}h_+ −^1_2 x_{tt}h_× +^1_2 y_{tt}z_{tt}ḣ_+ −^1_2 x_{tt}z_{tt}ḣ_×

z = z_{tt} −^1_4 (x^2_{tt} − y^2_{tt})ḣ_+ +^1_2 x_{tt}y_{tt}ḣ_×,

(3)

where it is ḣ_+ ≡^{∂h+}_{∂t} and ḣ_× ≡^{∂h×}_{∂t} . The coefficients of this transformation (components of the metric and its first time derivative) are taken along the central wordline of the local observer [24, 25]. It is well known from [24] that the linear and quadratic terms, as powers of x^α_{tt} , are unambiguously determined by the conditions of the frame of the local observer, while the cubic and higher-order corrections are not determined by these conditions. Thus, at high-frequencies, the expansion in terms of higher-order corrections breaks down [24, 25]. Considering a free mass riding on a timelike geodesic (x = l_1, y = l_2, z = l_3 ) [24, 25], eqs. (3) define the motion of this mass with respect to the introduced frame of the local observer. In concrete terms one gets

x(t) = l_1 +^1_2 [l_1h_+(t) − l_2h_×(t)] +^1_2 l_1l_3ḣ_+(t) +^1_2 l_2l_3ḣ_×(t)

y(t) = l_2 −^1_2 [l_2h_+(t) + l_1h_×(t)] −^1_2 l_2l_3ḣ_+(t) +^1_2 l_1l_3ḣ_×(t)

z(t) = l_3 −^1_{4[} (l^2_1 − l^2)ḣ_+(t) + 2l_1l_2ḣ_×(t). (4)

In absence of GWs the position of the mass is (l_1, l_2, l_3). The effect of the GW is to drive the mass to have oscillations. Thus, in general, from eqs. (4) all three components of motion are present [24, 25]. Neglecting the terms with ḣ_+ and ḣ_× in eqs. (4), the “traditional” equations for the mass motion are obtained [24, 25, 26, 27, 28]

x(t) = l_1 +^1_2 [l_1h_+(t) − l_2h_×(t)]

y(t) = l_2 −^1_2 [l_2h_+(t) + l_1h_×(t)]

z(t) = l_3. (5)

Clearly, this is the analogous of the electric component of motion in electrodynamics [24, 25], while equations

x(t) = l_1 +^1_2 l_1l_3ḣ_+(t) +^1_2 l_2l_3ḣ_×(t)

y(t) = l_2 −^1_2 l_2l_3ḣ_+(t) +^1_2 l_1l_3ḣ_×(t)

z(t) = l_3 −^1_{4[} (l^2_1 − l^2)ḣ_+(t) + 2l_1l_2ḣ_×(t), (6) are the analogous of the magnetic component of motion. One could think that the presence of these “magnetic” components is a “frame artefact” due to the transformation (3), but in Section 4 of [24] eqs. (4) have been directly obtained from the geodesic deviation equation too, thus the magnetic components have a real physical significance. The fundamental point of [24, 25] is that the “magnetic” components become important when the frequency of the wave increases but only in the low-frequency regime. This can be understood directly from eqs. (4). In fact, using eqs. (1) and (3), eqs. (4) become

x(t) = l_1 +^1_2 [l_1h_+(t) − l_2h_×(t)] +^1_2 l_1l_3ωh_+(t −^π_2 ) +^1_2 l_2l_3ωh_×(t −^π_2 )

y(t) = l_2 −^1_2 [l_2h_+(t) + l_1h_×(t)] −^1_2 l_2l_3ωh_+(t −^π_2 ) +^1_2 l_1l_3ωh_×(t −^π_2 )

z(t) = l_3 −^1_{4[} (l^2_1 − l^2)ωh_+(t −^π_2 ) + 2l_1l_2ωh_×(t −^π_2 ). (7)

Thus, the terms with ḣ_+ and ḣ_× in eqs. (4) can be neglected only when the wavelength goes to infinity, while, at high-frequencies, the expansion in terms of ωl_il_j corrections, with i, j = 1, 2, 3, breaks down [24, 25]. Now, let us compute the total response functions of interferometers for the “magnetic” components. Equations (4), that represent the coordinates of the mirror of the interferometer in presence of a GW in the frame of the local observer, can be rewritten for the pure magnetic component of the + polarization as

x(t) = l_1 +^1_2 l_1l_3ḣ_+(t)

y(t) = l_2 −^1_2 l_2l_3ḣ_+(t)

z(t) = l_3 −^1_4 (l^2_1 − l^2)ḣ_+(t), (8)

where l_1, l_2 and l_3 are the unperturbed coordinates of the mirror. To compute the response functions for an arbitrary propagating direction of the GW, we recall that the arms of the interferometer are in general in the −→u and −→v directions, while the x, y, z frame is adapted to the propagating GW (i.e. the observer is assumed located in the position of the beam splitter) [24, 25]. Then, a spatial rotation of the coordinate system has to be performed

u = −x cos θ cos ϕ + y sin ϕ + z sin θ cos ϕ

v = −x cos θ sin ϕ − y cos ϕ + z sin θ sin ϕ

w = x sin θ + z cos θ, (9)

or, in terms of the x, y, z frame:

x = −u cos θ cos ϕ − v cos θ sin ϕ + w sin θ

y = u sin ϕ − v cos ϕ

z = u sin θ cos ϕ + v sin θ sin ϕ + w cos θ.

(10)

In this way the GW is propagating from an arbitrary direction −→r to the interferometer (see figure 2 in [25] ). As the mirror of eqs. (8) is situated in the $u$ direction, using eqs. (8), (9) and (10) the u coordinate of the mirror is given by

u = L + 1 4 L^2Aḣ_+(t), (11) where

A ≡ sin θ cos ϕ(cos^2 θ cos^2 ϕ − sin^2 ϕ) (12) and L = √ l^2_1 + l^2 + l^2_3 is the length of the interferometer arms.

The computation for the v arm is similar to the one above. Using eqs. (8), (9) and (10), the coordinate of the mirror in the v arm is

v = L + 1 4 L^2Bḣ_+(t), (13) where

B ≡ sin θ sin ϕ(cos^2 θ cos^2 ϕ − sin^2 ϕ). (14) Equations (11) and (13) represent the distance of the two mirrors of the interferometer from the beam-splitter in presence of the GW (note that only the contribution of the magnetic component of the + polarization of the GW is taken into account). A “signal” can also be defined in the time domain (T = L in our notation) δT (t) T ≡ u − v L = 1 4 L(A − B)ḣ_+(t). (15) The quantity (15) can be computed in the frequency domain using the Fourier transform of h_+, defined by

h̃_+(ω) = ∫_∞ −∞ dth_+(t) exp(iωt), (16)

obtaining δ̃T (ω) T = H^+_{magn}(ω)h̃_+(ω),

where the function

H^+_{magn}(ω) = −^1_8 iωL(A − B) =

= −^1_4 iωL sin θ[(cos^2 θ + sin 2ϕ^{1+cos2 θ}_2 )](cos ϕ − sin ϕ)

(17)

is the total response function of the interferometer for the magnetic component of the + polarization.

The analysis for the magnetic component of the × polarization is similar. At the end one gets (see [25] for details) H^×_{magn}(ω) = −iωT (C − D) = = −iωL sin 2ϕ(cos ϕ + sin ϕ) cos θ.

(18)

These response functions increase with increasing frequency. Thus, one understands why the “magnetic” components of GWs are important: because of the increasing with increasing frequency, if one neglects the “magnetic” contributions, a portion of about the 15% of the signal could be, in principle, lost in the high frequency portion of the ground based GWs interferometers.

Conclusions

After an introduction in which the importance of the gravitomagnetic field in general relativity has been emphasized, with a resume of some astronomical and astrophysics applications, the so-called “magnetic” components of GWs, which have to be taken into account in the context of the total response functions of interferometers for GWs propagating from arbitrary directions, have been discussed. We have shown that the magnetic contributions turn out to be important for the total interferometric response functions of both of the polarizations. In fact, if one neglects such contributions, a portion of about the 15% of the signal could be lost in the high frequency portion of interferometers.

References

[1] Mashhoon B - Gravitoelectromagnetism: A Brief Review in The Measurement of Gravitomagnetism: A Challenging Enterprise, Ed. L. Iorio, pp. 29-39 Nova Science Publishers Inc., NY (2007)

[2] Ruggiero ML and Tartaglia A - Nuovo Cim. B 117, 743-768 (2002)

[3] Schaefer G - Gen. Relativ. Gravit. 36, 2223-2235 (2004)

[4] Pugh GE - WSEG Research Memorandum No. 11 (1959)

[5] Schiff L - Phys. Rev. Lett. 4, 215-217 (1960)

[6] Lense J and Thirring H - Phys. Z. 19, 156-163 (1918)

[7] Iorio L - Schol. Res. Exch. 2008 105235 (2008)

[8] Cugusi L and Proverbio E - Astron. Astrophys. 69, 321-325 (1978) [9] Ciufolini I and Pavlis EC - Nature 431, 958-960 (2004); Ciufolini I, Pavlis EC, Peron R - New Astron. 11, 527-550 (2006) [10] Ries JC, Eanes RJ, Watkins MM, Confirming the Frame-Dragging Effect with Satellite Laser Ranging 16th Int. Laser Ranging Workshop, (Poznań (PL) 13-17 October 2008); Ries JC, Relativity in Satellite Laser Ranging, American Astronomical Society, IAU Symposium #261. Relativity in Fundamental Astronomy: Dynamics, Reference Frames, and Data Analysis (Virginia Beach, VA, USA, 27 April - 1 May 2009) [11] Iorio L - Class. Quantum Gravit. 23, 5451-5454 (2006) [12] Iorio L - Space Sci. Rev. doi:10.1007/s11214-008-9478-1 (2009) [13] Krogh K - Class. Quantum Gravit. 24, 5709-5715 (2007 [14] Iorio L - Centr. Eur. J. Phys., at press, arXiv:gr-qc/0701146v6 (2009) [15] Iorio L - Adv. Space Res. 43, 1148-1157 (2009) [16] Everitt CWF - The Gyroscope Experiment I. General Description and Analysis of Gyroscope Performance in Proc. Int. School Phys. “Enrico Fermi” Course LVI, Ed. B. Bertotti, pp. 331-360 New Academic Press, New York (1974) [17] Everitt CWF et al. - Gravity Probe B: Countdown to Launch in \Gyros, Clocks, Interferometers...: Testing Relativistic Gravity in Space, Ed C. Laemmerzahl, C.W.F. Everitt, F.W. Hehl, pp. 52-82 Springer, Berlin (2001) [18] Everitt CWF et al. - Space Sci. Rev. doi:10.1007/s11214-009-9524-7 (2009) [19] Silbergleit A et al. - Space Sci. Rev. doi:10.1007/s11214-009-9548-z (2009) [20] Heifetz M et al. - Space Sci. Rev. doi:10.1007/s11214-009-9525-6 (2009) [21] Merloni A, Vietri M, Stella L and Bini D - Mon. Not. Roy. Astron. Soc.

304, 1, 155-159 (1999) [22] Morsink SM and Stella L - Astrophys. J., 513, 2, 827-844 (1999) [23] Stella L and Vietri M - Nucl. Phys. B Proc. Supp., 69, 1-3, 135-140 (1999) [24] Baskaran D and Grishchuk LP - Class. Quant. Grav. 21, 4041-4061 [25] C. Corda - Int. J. Mod. Phys. D 16, 9, 1497-1517 (2007) [26] C. Corda - Proceedings of the XLIInd Rencontres de Moriond, Gravitational Waves and Experimental Gravity, p. 95, Ed. J. Dumarchez and J. T. Tran, Than Van, THE GIOI Publishers (2007)

[27] C. Corda - “Magnetic” components of gravitational waves and response functions of interferometers - in Handbook of Interferometers; Research, Technology and Applications, Second Chapter, Editors: David Halsey and William Raynor, Nova Science Publishers (2009)

[28] Misner CW, Thorne KS and Wheeler JA - “Gravitation” - W.H.Feeman and Company - 1973