arXiv:0907.2773v2 [hep-th] 9 Sep 2009

Beyond the Relativistic Point Particle: A Reciprocally Invariant System and its Generalisation

Matej Pavšič Jožef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia e-mail: matej.pavsic@ijs.si

Abstract

We investigate a reciprocally invariant system proposed by Low and Govaerts et al., whose action contains both the orthogonal and the symplectic forms and is invariant under global O(2, 4) ∩ Sp(2, 4) transformations. We find that the general solution to the classical equations of motion has no linear term in the evolution parameter, τ, but only the oscillatory terms, and therefore cannot represent a particle propagating in spacetime. As a remedy, we consider a generalisation of the action by adopting a procedure similar to that of Bars et al., who introduced the concept of a τ derivative that is covariant under local Sp(2) transformations between the phase space variables x^μ(τ) and p^μ(τ). This system, in particular, is similar to a rigid particle whose action contains the extrinsic curvature of the world line, which turns out to be helical in spacetime. Another possible generalisation is the introduction of a symplectic potential proposed by Montesinos. We show how the latter approach is related to Kaluza-Klein theories and to the concept of Clifford space, a manifold whose tangent space at any point is Clifford algebra Cl(8), a promising framework for the unification of particles and forces.

Key words: Born’s reciprocity, phase space, two times, symplectic potential, Kaluza- Klein theory, Clifford space

PACS numbers: 11.25Hf, 11.101.Lm, 04.50.Cd

1 Introduction

Born’s reciprocity [1] in phase space has undergone a revival in studies of reciprocal relativity [2]. The latter theory was recently formulated in terms of an action [3] that contains a term of the form ẋ^μẋ_μ + ṗ^μṗ_μ and also a term of the form p_μẋ_μ − ṗ_μx^μ. The dot denotes the derivative with respect to the parameter τ, which increases monotonically along a particles world line. That action is invariant under global transformations of the group O(2, 6) ∩ Sp(2, 6) ∼ U(1, 3). We examine the equations of motion for such a system and find that they do not describe a propagating particle in spacetime. This is due to the fact that the general solution is a closed time-like or space-like loop in spacetime, and thus represents a sort of a classical instanton.

On the other hand, another research direction has focused on generalising the phase space action for a relativistic point particle [4]. The system so obtained, besides being Lorentz-invariant, is invariant under local Sp(2) transformations that rotate x^μ and p^μ into each other, and also under reparametrisations of the world line parameter τ.

In this paper, we unify the action of Govaerts et al. [3] and that of Bars et al. [4] in such a way that they become special cases of a single action. We study the corresponding equations of motion and their general solutions. They turn out to describe, in particular, a variant of the so called rigid particle [5], i.e., a particle whose action contains the world line’s extrinsic curvature.

Finally, we employ the concept of symplectic potential [6] and show that the resulting generalised action is related on one hand to Kaluza-Klein theories, and on the other hand to Clifford algebras and Clifford spaces [7, 8, 9], which have turned out to be promising for the unification of elementary particles and interactions [9]–[11].

2 A phase space action that contains the orthogonal and the symplectic form

Let us first consider^1 the action proposed by Govaerts et al. [3]: I = ∫ dτ [ ẋ^μẋ_μ + ṗ^μṗ_μ + (θ̇ − 1 2 ẋ^μp_μ + 1 2 x^μṗ_μ)^2 ]_{1/2} , (1)

where, besides the variables x^μ(τ), μ = 0, 1, 2, 3, denoting the position of the particle in spacetime, there are also additional variables, p^μ and θ. In order to elucidate their roles, let us consider the equations of motion derived from the action (1): δx^μ : d dτ ( ẋ^μ −^1_2 μ p^μ √ Q ) − 1 2 μ ṗ^μ √ Q = 0, (2) δp^μ : d dτ ( ṗ^μ +^1_2 μ x^μ √ Q ) + 1 2 μ ẋ^μ √ Q = 0, (3) δθ : d dτ ( μ √ Q ) = 0, (4)

where μ ≡ θ̇ −^1_2ẋ^μp_μ +^1_2 x^μṗ_μ and √ Q ≡ (ẋ^2 + ṗ^2 + μ^2)^{1/2}. From Eqs.(2)–(4) we have d dτ ( ẋ^μ √ Q ) = Cṗ^μ, (5) d dτ ( ṗ^μ √ Q ) = −Cẋ^μ, (6)

1We use units in which all the constants in front of the terms are equal to 1. Indices are raised and lowered by the Minkowsky metric, η_{μν}

where we have taken into account Eq. (4), which implies μ √ Q = C. (7)

From the first order Eqs. (5) and (6), for variables x^μand p^μ we obtain the second order equations for variables x^μ: 1 √ Q d dτ ( 1 √ Q d dτ ( ẋ^μ √ Q )) + C^2 ẋ^μ √ Q = 0. (8)

If we choose a parametrisation in which √ Q = 1, then the equations of motion (8) become: ... x^μ +C^2ẋ^μ = 0, (9)

which after the integration gives

ẍ^μ + C^2x^μ = a^μ. (10)

This is an ordinary equation for oscillatory motion whose general solution is

x^μ = A^μ cos ωτ + B^μ sinωτ + a^μ ω^2

, (11)

with ω^2 ≡ C^2.

A general solution is thus a closed curve (loop) in spacetime or a sort of instanton. There is no term associated with translational motion.

Let us now consider Eq. (7), which in the gauge √ Q = 1 reads θ̇ − 1 2 (p_μẋ^μ − x_μṗ^μ) = C. (12)

This gives θ = Cτ + ∫ dτ 1 2 (p_μẋ^μ − x^μṗ_μ) = Cτ + ∮ 1 2 (p_μdx^μ − x_μdp^μ), (13)

where the integral in the last term runs over the loop in the space of {x^μ, p^μ}. We see that variable θ is related to the phase, and is equal to the phase if the integration constant, C, is zero.

By inspecting Eq. (5) we find that ṗ^μ is acceleration. In the gauge √ Q = 1, we have ṗ^μ = C^{−1}ẍ^μ. However, Eqs. (2) and (3) tell us that p_μ is not the conjugate momentum to x^μ. The conjugate momentum is

Π^x_μ = ∂L ∂ẋ^μ = ẋ_μ √ Q − 1 2 μ √ Q p_μ, (14)

whereas the integration of (5) gives ẋ_μ √ Q = μ √ Q p_μ + C_1. (15)

Thus we have the following relation between the canonical momentum, Π^x_μ, and the variables, p_μ: Π^x_μ = 1 2 μ √ Q p_μ + C_1. (16)

Equation (15) says that p^μ up to an integration constant C_1 equal to the velocity in the subspace spanned by {x^μ}. Analogous relationships hold for the momentum Π^p_μ = ∂L/∂ṗ^μ, which is conjugate to p_μ.

3 Including local Sp(2) transformations

The solution of Eq. (11) does not represent a physical propagation of a relativistic particle in spacetime {x^μ} since a term of the form v^μτ is missing^2. In order to include such a term, we must generalise the action in Eq. (1) using the procedure found in ref. [4].

Let us first rewrite the action in Eq. (1) into a more compact notation: I = ∫ dτ [ ż^aG_{ab}ż^b + (θ̇ − 1 2 ż^aJ_{ab}z^b)^2 ]_{1/2} , (17)

where z^a ≡ (x^μ, p^μ), μ = 0, 1, 2, 3, and G_{ab} = ( η_{μν} 0 0 η_{μν} ) and J_{ab} = ( 0 η_{μν} −η_{μν} 0 ) (18)

are the orthogonal and the symplectic metrics, respectively.

The action is invariant under global transformations,

z → z^′ = Γz, (19)

that preserve both the orthogonal and the symplectic form:

z̃^′Gz^′ = z̃Gz (20) z̃^′Jż^′ = z̃Jż. (21)

This implies:

Γ̃GΓ = G (22) Γ̃JΓ = J, (23)

where the tilde denotes the transpose. The two conditions (22) and (23) are satisfied [2] by 8 × 8 matrices, Γ ∈ O(2, 6) ∩ Sp(2, 6): Γ = ( Λ −M M Λ ) (24)

2Evolution of the form (11) could correspond to a motion of relativistic particle in AdS space [12]. In that case translations have another form. For the discussion of the nonrelativistic limit of such a system see [13].

such that Λ̃ηΛ + M̃ηM = η (25) Λ̃ηM − M̃ηΛ = η. (26) Matrices Γ can be written in the form:

Γ = 1 ⊗ Λ + i ⊗ M, (27)

where 1 = ( 1 0 0 1 ) and i = ( 0 −1 1 0 ) . (28)

Here, i, which satisfies i^2 = −1, is a representation of the imaginary unit, i.

More abstractly, Γ are thus complex 4 × 4 matrices such that

Γ = Λ + iM ∈ U(1, 3), (29)

satisfying Γ^†ηΓ = (Λ̃ + iM̃)η(Λ + iM) = η, (30)

which implies Eqs. (25) and (26).

The orthogonal and the symplectic metrics have the form G = 1 ⊗ η , i.e., G_{ab} ≡ G_{(iμ)(jν)} = δ_{ij}η_{μν} (31) J = ϵ ⊗ η , i.e., J_{ab} ≡ J_{(iμ)(jν)} = ϵ_{ij} η_{μν} , (32) where i, j = 1, 2.

With z^a ≡ z^{iμ} ≡ X^{iμ} = (X^μ, p^μ) the action (17) can be rewritten as I = ∫ dτ [ Ẋ^{iμ}δ_{ij} η_{μν}Ẋ^{jν} + (θ̇ − 1 2 Ẋ^{iμ}ϵ_{ij} η_{μν} X^{jν})^2 ]_{1/2} . (33)

According to ref. [4] we will consider (X^{1μ}, X^{2μ}) ≡ (x^μ, p^μ) as a doublet under local continuous Sp(2) duality symmetry:

X^{′iμ}(τ) = S^i_k(τ)X^{kμ}(τ), shortly X^{′μ} = SX^μ. (34)

The τ-derivative transforms as Ẋ^{′iμ} = S^i_kẊ^{kμ} + Ṡ^i_kX^{kμ}. This can be converted into the covariant τ-derivative by introducing the Sp(2) gauge fields: DX^{iμ} Dτ ≡^•X^{iμ}= Ẋ^{iμ} − A^i_kX^{kμ}, (35)

that transform according to A^′ = SAS^{−1} + ṠS^{−1} so that^•X^{′iμ} (τ) = S^i_k(τ)^•X^{kμ}.

Under local Sp(2) we have • X iμ δ_{ij}^•X^{jν} η_{μν} →^•X^{kμ} S^i_kδ_{ij}S^j_ℓ^•X^{ℓν} η_{μν} , (36) • X iμ ϵ_{ij} X^{jν}η_{μν} →^•X^{kμ} S^i_kϵ_{ij} S^j_ℓX^{ℓν}η_{μν} =^•X^{kμ} ϵ_{kℓ}X^{ℓν} η_{μν} . (37) Since S^i_kδ_{ij} S^j_ℓ ≠ δ_{ij} , we have to replace δ_{ij} with a general symmetric metric, g_{ij} , that along the particle’s world line depends on τ and transforms according to g_{ij} → g^′_{ij} = S^k_ig_{kℓ}S^ℓ_j.

Let us therefore consider the following action: I = ∫ dτ [_• X iμ g_{ij}η_{μν}^•X^{jν} +(θ̇ − 1 2 • X iμ ϵ_{ij} η_{μν} X^{jν})^2 ]_{1/2} , (38)

which is invariant under global transformations Γ ∈ O(2, 6) ∩ Sp(2, 6), and under local Sp(2) duality transformations that interchange x^μ and p^μ. We now include a constant M with the dimension of mass.

The general metric, G_{ab}, in the space of z^a ≡ X^{iμ} is not “flat,” and one should add a kinetic term for G_{ab} to the action. By taking a particular solution that gives a certain G_{ab}(z), we can consider it to be a background metric in which our (test) particle moves. Once G_{ab}(z) is fixed in such a way, we no longer vary it. Let us now assume that there exists a domain in the space of z^a in which the metric can be approximated as the product G_{ab} = g_{ij}η_{μν} , where i, j = 1, 2 and μ, ν = 0, 1, 2, 3. Thus, we arrive at the action (38) for a particle moving in such a background metric. For simplicity reasons we will consider the case in which g_{ij} = δ_{ij} . The latter equality, of course, no longer holds if we perform a (local) Sp(2) transformation.

Let us now consider the gauge fields, A^i_k(τ) considered in ref. [4]. Indices of those fields are lowered and raised by the Sp(2) invariant metric, ϵ_{ij} , and its inverse, ϵ^{ij} . So we have A^n_k = A_{mk}ϵ^{mn}, where A_{mk} = A_{km}. The three independent fields, A_{mk}, are associated with the three independent Sp(2) transformations. The choice of A_{mk} corresponds to the choice of the local gauge. Variation of the action (38) with respect to A_{rs} gives − X^{(sμ}ϵ^{r)}_kη_{μν}^•X^{kν} + 1 2 μ X^{rμ}η_{μν} X^{sν} = 0, (39)

where μ ≡ θ̇ − 1 2 • X iμ ϵ_{ij} η_{μν} X^{jν} (40)

and ϵ^r_k = ϵ^{rm}g_{mk} = ϵ^{rm}δ_{mk}, since we take g_{mk} = δ_{mk}.

The constraints in Eq. (39) are due to the local Sp(2) symmetry of our action (38) and they differ from the constraints obtained in refs. [4] because our action (38) is different. However, equations of motion imply a particular case which approaches that of ref. [4]. Namely, if^•X^{iμ}= Ẋ^{iμ} − A^i_kX^{kμ} = 0, then eq. (39) reduces to the constrainst of ref. [4]. Symmetrisation is defined according to a^{(r}b^{s)} ≡^1_2 (a^rb^s + a^sb^r).

Variation of (38) with respect to X^{ℓρ} gives d dτ g^{ℓk}η^{ρν} • X kν √ Q + 1√ Q A^i_ℓg_{ik}η_{ρν}^•X^{kν} + μ √ Q • X iν ϵ_{iℓ}η_{νρ} = 0, (41)

where Q ≡^•X^{iμ} g_{ij} η_{μν}^•X^{jν} +(θ̇ − 1 2 • X iμ ϵ_{ij} η_{μν} X^{jν})^2, (42)

whereas variation with respect to θ gives Eq. (4), in which Q and μ are now defined according to (42) and (40), respectively.

Multiplying (41) by η^{ρσ}g^{ℓj}, and taking into account^3 that A^i_kg_{iℓ} = B_{kℓ}, B_{kℓ}g^{ℓj} = A_k^j = −A^i_k we have: d dτ • X jσ √ Q − A^j_k • X kσ √ Q + μ √ Q • X iσ ϵ_i^j = 0. (43)

In the first two terms we recognise the covariant derivative that is analogous to (35) and, therefore, Eq. (43) can be condensed to D Dτ • X jσ √ Q + μ√ Q • X iσ ϵ_i^j = 0. (44)

In the limit μ/ √ Q ≫ 1, Eq. (44) becomes^•X^{iσ} ϵ_i^j = 0, which are the equations of motion considered in ref. [4].

As an example, let us now choose a gauge in which A^1_1 = −A_{12} = −A^2_2 = 0, A^2_1 = A_{11} = 0, whereas A^1_2 = −A_{22} ≠ 0, and does not change with τ. Then the equations of motion become d dτ • X 1σ √ Q + (A_{22} − μ) • X 2σ √ Q = 0, (45)

d dτ • X 2σ √ Q + μ • X 1σ √ Q = 0. (46)

Using now the notation X^{1σ} ≡ x^μ, X^{2σ} ≡ p^σ, and the relations^•X^{1σ}= Ẋ^{1σ} + A_{22}X^{2σ} and^•X^{2σ}= Ẋ^{2σ}, that hold in the above gauge, we have d dτ ( ẋ^σ + A_{22}p^σ √ Q ) + 1 √ Q (A_{22} − μ)ṗ^σ = 0, (47)

3The same symbol A has already been reserved if indices are lowered and raised with ϵ_{ij} and ϵ^{ij} , respectively, therefore we now use a different symbol.

d dτ ( ṗ^σ √ Q ) + μ √ Q (ẋ^σ + A_{22}p^σ) = 0. (48)

Recall that due to the equation of motion (4), μ/ √ Q = C, where C is an integration constant.

Let us choose a reparametrisation of τ such that √ Q = 1, so that μ = C. Equations (47) and (48) then read

ẍ^μ + (2A_{22} − C)ṗ^μ = 0, (49) p̈^μ + Cẋ^μ + CA_{22}p^μ = 0. (50)

Differentiating (50) and inserting

ṗ^μ = −ẍ^μ 2A_{22} − C

(51)

we obtain_{....} x^μ +ω^2ẍ^μ = 0, (52)

where ω^2 = C(C − A_{22}). A general solution is

x^μ = − a^μ ω^2 cos ωτ − b^μ ω^2 sin ωτ + v^μτ + x^μ_0 (53)

Integrating (51) gives p^μ = −ẋ^μ 2A_{22} − C

+ k^μ. (54)

If we insert this into the second equation of motion (50), then after some straightforward computation we obtain the following relation between A_{22} and the integration constants v^μ, k^μ, and C:

v^μ = −CA_{22}k^μ. (55)

If A_{22} = 0, then the 4-velocity v^μ vanishes and we arrive at the case described in Section 2. Non vanishing A_{22} is thus necessary in order to have a propagating particle in 4-dimensional spacetime.

If we insert the solution (53),(54) into the constraints (39), we obtain the following conditions on the integration constants

a^μa_μ = b^μb_μ = v^μv_μ = a^μb_μ = a^μv_μ = b^μv_μ = 0 (56)

This can be satisfied if the spacetime has at least two time-like dimensions.

We have arrived at the solution (53),(54) by choosing Q =^•X^{iμ} g_{ij}η_{μν}^•X^{jν} +μ^2 = 1 (choice of gauge). But, using (56), we find that the first term in the latter equation vanishes. Therefore, the integration constant C = μ/ √ Q = μ cannot be arbitrary, but must be equal to 1. This should not depend on choice of gauge. Indeed, if we choose an arbitrary gauge Q =^•X^{iμ} g_{ij} η_{μν}^•X^{jν} +μ^2 = f(X^{iμ}), we still have C = 1.

A special treatment is necessary, if the quadratic form Q, entering the action (38), is light-light, Q = 0. Then the solution still has the form (53),(54), together with the condition (56), but with the vanishing integration constant C = 0.

A general solution, Eq. (53), is a helix. If the integration constants a^μ, b^μ vanish, then the oscillating term in (53) disappears, so that x^μ = v^μτ + x^μ_0 , which is a rectilinear motion of the ordinary relativistic particle. This can also be seen by putting^•X^{iμ}= 0 into the equations of motion, (47) and (48), which then reduce to the phase space equations for a relativistic point particle:

ṗ^μ = 0 and ẋ^μ + A_{22} p^μ = 0 (57)

Here the index μ runs not only over the four dimensions of spacetime with signature (+ − −−), but also over one extra time like dimension, and—following ref. [4]—also over one extra space like dimension. Dimensions and signatures occurring in eqs. (17)–(32) should then be modified accordingly. Ghosts can be eliminated by using the Sp(2) gauge symmetry as in ref. [4], which brings us then to an effective system with one time. In ref. [4] it is shown how various gauge choices lead to various 1-time systems with different physical interpretation. It would be interesting to explore this for the case of the generalised action (38) – a project which is beyond the scope of the present letter.

The precursors of 2-time physics for a single particle were models describing two interacting particles (or a particle and string) [14]. Instead of interpreting coordinates X^{1μ}, X^{2μ} in eq. (38) as describing a single particle in higher dimensions, we could alternatively interpret them as describing two interacting particles in lower dimensions. According to such interpretation, our model would be a variant of the class of models discussed in refs. [14].

The theory considered here goes beyond the relativistic point particle. The fourth order equations of motion (52) can be derived from the second order action:

I[x^μ, ẋ^μ] = ∫ dτ(ẍ^μẍ_μ − ω^2ẋ^μẋ_μ), (58)

which is a functional of variables x^μ(τ) and velocities ẋ^μ(τ). The second order derivative term in (58) is a gauge fixed extrinsic curvature of the world line. Thus, we have a variant of the “rigid particle” [5], and the variables (x^μ(τ), ẋ^μ(τ)) correspond to the variables (x^μ(τ), p^μ(τ)) of the original action (38). The latter action leads to the relation (54), which says that p^μ are proportional to ẋ^μ apart from the integration constants, k^μ. Fourth order differential equations of the form similar to eq. (52) appear in the model of the massless particle with rigidity (curvature) [15].

4 Further considerations

4.1 Symplectic potential

Let us now again consider the action (17) and rewrite it in terms of the symplectic potential, θ_a(z), as is suggested in ref. [6]: I = M ∫ dτ [ ż^aG_{ab}ż^b + (θ̇ − θ_aż^a)^2 ]_{1/2} . (59)

The symplectic 2-form is defined according to

ω_{ab} = ∂_aθ_b − ∂_bθ_a. (60)

In particular, if θ_a = 1 2 J_{ab}z^b = 1 2 (p_μ, −x_μ) (61)

then ω_{ab} = J_{ab}. In general, θ_a need not be a field determined by Eq. (61), but can be an arbitrary background field. Introduction of the vector field θ_a renders the action (59) invariant under general coordinate transformations, z^a → z^{′a} = z^{′a}(z).

The canonical variables are (z^a, θ) and the conjugate momenta are

Π^z_a = ∂L ∂ż^a = M G_{ac}ż^c √ Q − Π^θθ_a, (62)

Π^θ = ∂L ∂θ = M θ̇ − θ_aża √ Q , (63)

where √ Q ≡ √ ż^aG_{ab}ż^b + (θ̇ − θ_az^a)^2.

From the identity 1 ( √ Q)^2 [ ż^aG_{ab}ż^b + (θ̇ − θ_az^a)^2 ] − 1 = 0 (64)

and using (62) and (63), we find the following constraint amongst the momenta:

Φ = (Π^z_a + Π^θθ_a)G^{ab}(Π^z_b + Π^θθ_b) + (Π^θ)^2 − M^2 = 0. (65)

Upon quantisation this becomes a Klein-Gordon like equation:

ΦΨ = 0, (66)

where momenta are replaced by the operators: Π^z_a → Π̂^z_a = −i∂/∂z^a and Π^θ → Π̂^θ = −i∂/∂θ. Taking the square root, we obtain a generalised Dirac equation: [ γ^a(Π̂_a + Π̂_θθ_a) + γ_ΠθΠ̂^θ + γ_M M ] Ψ = 0. (67)

Here γ^a are Clifford numbers, satisfying γ^a · γ^b ≡^1_2 (γ^aγ^b + γ^bγ^a) = G^{ab}, whereas γ_Πθ and γ_M are Clifford numbers that satisfy γ^2_{Πθ} = 1, γ^2_M = 1, γ_Πθ · γ_M = 0, γ^a · γ_Πθ = 0, and γ^a · γ_M = 0.

Solutions to the Klein-Gordon like equation (66), for a particular θ_a given in (61), were considered by Govaerts et al. [3]. They obtained a continuous mass spectrum of bosonic states. By tuning the value of a constant parameter in the action, namely the cosmological constant^4 term M^2, it is possible to project out negative norm states, whilst tachyonic states^5 cannot be avoided. It is beyond the scope of the present letter to go into an investigation of the spectrum of fermionic states satisfying the generalised Dirac equation (67).

4.2 Maxwell-like equations for the symplectic potential

A next possible step is to include a kinetic term for the field θ_a. The total classical action is then I[Z^a, θ^a] = M ∫ dτ [ Ż^aG_{ab}Ż^b + (θ̇ − θ_aŻ^a)^2 ]_{1/2} + κ ∫ d^8z ω_{ab} ω^{ab}. (68)

The equations of motion for variables^6 Z^a are just like the Lorentz force law: 1 √ Q d dτ ( G_{cb}Ż^b √ Q ) + Π^θ M ω_{cb}Ż^b √ Q = 0. (69)

If we vary (68) with respect to θ_c we obtain: ∫ dτ Π_θ Ż_c √ Q δ^8(z − Z(τ)) = κ ∂_aω^a_c. (70)

These are just like Maxwell equations with a point particle source, where θ_a(z) corresponds to the electromagnetic potential, ω^a_c corresponds to the field strength, and Π^θ corresponds to the electric charge. The difference is that we now have an 8-dimensional space with coordinates z^a.

Eight dimensional^7 action (68) and the equations of motion, (69) and (70), contain the ordinary 4-dimensional Maxwell equations as a particular case if ż^a = (ẋ^μ, 0), i.e., if ṗ^μ = 0.

Another particular case is a possible solution to (69) and (70) such that θ_a(z) is given by Eq. (61). This is expected to be the case if the variables z^a(τ) satisfy Eqs. (5)–(7), whose

4Our M^2 corresponds to Λ of ref. [3].

5Tachyons occur already at the classical level since the world lines are loops in spacetime (see solution (11))._6

We now use a capital symbol in order to distinguish the variables Z^a(τ), which describe the motion of a particle, from the coordinates z^a of the embedding space.

7A modification of the spacetime dimensioinality and signature is necessary, if we consider the action (38) with the local Sp(2) gauge symmetry. The action (68) does not have such symmetry.

solution (11) is a helix^8 in the 5-dimensional space {x^μ, θ}. Since p^μ(τ) also satisfies an equation analogous to (13), we have in fact a helix in 9-dimensional space {x^μ, p^μ, θ}. Such helical motion of a point particle can in turn be considered as a “source” for the symplectic potential (61), considered as a solution to Eq. (70). And vice versa: in the presence of the potential (61), the particle’s world line is a helix. However, it is important to check whether such a self-consistent helical solution of Eqs. (69),(70) for a single particle indeed takes place. In other words, it remains to be explored whether the symplectic potential (61) can only be due to the presence of other sources, excluding our “test particle” moving in such a background, or perhaps it can also be due to a self-consistent helical motion of a single particle.

However, if we take another possible interpretation, discussed at the end of Sec. 3, namely that the action (68) describes two interacting particles with coordinates X^{1μ}, X^{2μ}, which altogether form eight coordinates X^{iμ} ≡ Z^a, i = 1, 2, μ = 0, 1, 2, 3, then it is clear that the trajectories are not straight lines.

4.3 Invoking Kaluza-Klein theory

The form Q = Ż^aG_{ab}Ż^b + (θ̇ − θ_aŻ^a)^2 (71)

in the action (68) is known in Kaluza-Klein theories. Instead of four dimensions, x^μ plus an extra dimension, x^5, we now have eight dimensions, z^a plus an extra dimension, θ. The potential, θ_a, is proportional to a mixed component of the metric tensor in 9-dimensions, analogous to g_{μ5}. Thus, Q is just a 9-dimensional “quadratic” form:

Q = Ż^Aq_{AB}Ż^B , (72)

where Z^A = (Z^a, θ) and q_{AB} is a generic metric in 9-dimensions. We arrive at the form (71) by taking the well known Kaluza-Klein ansatz [18] for metric q_{AB}.

We see that the point-particle action, based on the simple quadratic form Q in 9- dimensions, contains the action (1) of Govaerts et al. [3] as a particular case.

4.4 Invoking Clifford space

Instead of considering θ as an extra dimension, we can consider it as a scalar coordinate of the Clifford space. The concept of the Clifford space, C, has been investigated in refs. [7, 8] (See also [17]). This is a manifold whose tangent space at any point of C is Clifford algebra. Now, instead of starting from the 4-dimensional Minkowski space, we can start from the 8-dimensional space whose points are described by coordinates z^a = (x^μ, p^μ), and build

8It is a loop in Minkowski space {x^μ}, but there is another dimension corresponding to θ(τ) that satisfies Eq. (13).

up the corresponding 256-dimensional Clifford space (2^8 = 256). The basis of its tangent space is given by γ^A = {1, γ^a, γ^{a1} ∧ γ^{a2} , ..., γ^{a1} ∧ γ^{a2} ∧ ... ∧ γ^{a8} }. (73) While z^a are coordinates associated with vectors γ^a, the extra quantity, θ, can be considered as a coordinate associated with the scalar unit 1. We now take z^A as coordinates, q_{AB} as the metric tensor, and Q of Eq. (72) as the quadratic form of the full 256-dimensional space, C. A generic quadratic form is given by expression (72). As a special case, for a suitable choice of metric q_{AB}, we obtain the Kaluza-Klein like quadratic form (71). The latter form, in turn, for a particular choice of θ_a given in Eq. (61), becomes the form entering the action (17) of Govaerts et al. [3].

5 Conclusion

Born’s reciprocity principle between coordinates and momenta has led investigators to the theory of Govaerts et al. [3] on the one hand, and to the theory of Bars et al. [4] on the other hand. The former theory is based on an action that contains an orthogonal and a symplectic form, whilst the latter theory contains a symplectic form only, the action being invariant under local Sp(2) transformations, besides being Lorentz invariant. We have shown how these two theories can be unified by means of a single action (38). The constraints (39) that arise from varying the action with respect to the Sp(2) gauge fields, A_{ij}, contain, besides the term considered by Bars et al. [4], an addition term. We have found that the generalised constraints also require at least two time like dimensions, just as in refs. [4]. Their important result that in 2-time physics ghosts can be eliminated by using the Sp(2) gauge symmetry holds for this generalised case as well. What remains to be explored is how various gauge choices—in analogy to the results of refs. [4]—lead to various 1-time systems with different physical interpretations.

One possible generalisation of the action by Govaerts et al. [3] is to put it into a form invariant under local Sp(2) transformations that transform x^μ and p^μ into each other, as discussed above. Another possible generalisation is in introducing the symplectic potential, θ_a. By doing so, we obtain an action that is invariant under general coordinate transformations of coordinates z^a = (x^μ, p^μ). Such action can be considered, à la Kaluza-Klein, as coming from an action that is just a line element in 9-dimensions, θ being the ninth dimension—besides the eight dimensions, z^a; the symplectic potential is then related to certain components of the 9-dimensional metric. Moreover, we can go even further by invoking the concept of Clifford space, C, and consider θ as one of the dimensions of C. Instead of a 16-dimensional Clifford space whose tangent space at any point is Clifford algebra Cl(4), we have now a 256-dimensional Clifford space with Cl(8) as a tangent space. Unification of fundamental interaction within the framework of Clifford algebras has been investigated by many authors [10, 11, 9], and there exist strong arguments that Cl(8) is more suitable for such purpose than Cl(4). However, if starting from 8-dimensional vector space, a question arises as to what is a physical meaning of the extra four dimensions. In this paper we have pointed out that those ”extra dimensions” come from phase space: a particle is described not only by its position, x^μ, in 4-dimensional spacetime, but also by its momentum, p^μ. That physics has to be formulated in phase space has been proposed in a number of works [2, 16, 19]. In this letter we have looked at such concepts from a broader perspective, found connections amongst various directions of research known from the literature, and pointed out how they are related to the unification of particles and forces within the framework of Cl(8).

Acknowledgement This work was supported by the Ministry of High Education, Science, and Technology of Slovenia.

References

[1] M. Born, Rev. Mod. Phys. 21 (1949) 463.

[2] S.G. Low, Nuovo Cim. B 108 (1993) 841; S.G. Low, Found. Phys. 36 (2006) 1036; S.G. Low, J. Phys. A: Math.Theor. 35 (2002) 571; S.G. Low, J. Phys. A: Math.Theor. 40 (2007) 3999; S.G. Low, J. Math. Phys. 48 (2007) 102901.

[3] J. Govaerts, P.D Jarvis, S.O. Morgan and S.G. Low, J. Phys. A: Math.Theor. 40 (2007) 12095

[4] I. Bars, C. Deliduman, and O. Andreev, Phys. Rev. D 58 (1998) 066004; I. Bars, Phys. Rev.

D 58 (1998) 066006; I. Bars, Class. Quant. Grav. 18 (2001) 3113; I. Bars, Phys. Rev. D 74 (2006) 085019.

[5] R.D. Pisarski, Phys. Rev. D 34 (1986) 670; V. V. Nesterenko, J. Phys. A 22 (1989) 1673;

M.S. Plyuschay, Mod. Phys. Lett. A 3 (1988) 1299; M. S. Plyushchay, Phys. Lett. B 235 (1990) 47; M. S. Plyushchay, Phys. Lett. B 262 (1991) 71; M. S. Plyushchay, Nucl. Phys. B 362 (1991) 54; M. Pavšič, Phys. Lett. B 205 (1988) 231; J. Govaerts, Phys. Lett. B 293 (1992) 327; M. Pavšič, E. Recami, W. A. . Rodrigues, G. D. Maccarrone, F. Raciti and G. Salesi, Phys. Lett. B 318 (1993) 481; E. Recami, Phys. Rev. A 57 1998 98; G. Salesi, Mod. Phys. Lett. A 11 (1996) 1815; B. P. Kosyakov, Phys. Part. Nucl. 34 (2003) 808.

[6] M. Montesinos, Genuine covariant description of Hamiltonian dynamics, in: M. Alcubiere, J.L. Cervantes-Cota, M. Montesinos (Eds.), Proceedings of the Vi Mexiacn School on Gravitation and Mathematical Physics “Approaches to Quantum Gravity”, Playa del Carmen, Mexico, 2004; A.A. Martínez-Merino, M. Montesinos, Ann. Phys. 321 (2006) 318.

[7] C. Castro, Chaos Solitons Fractals 11 (2000) 1721, hep-th/9912113; C. Castro and M. Pavšič, Prog. Phys. 1 (2005) 31. C. Castro and M. Pavšič, Phys. Lett. B 539 (2002)

133, hep-th/0110079; C. Castro and M. Pavšič, Int. J. Theor. Phys. 42 (2003) 1693, hep-th/0203194.

[8] M. Pavšič, Found. Phys. 31 (2001) 1185, hep-th/0011216; M.Pavšič, The Landscape of Theoretical Physics: A Global View; From Point Particle to the Brane World and Beyond, in Search of Unifying Principle, Kluwer, Dordrecht, 2001); M. Pavšič, Found. Phys. 33 (2003) 1277, gr-qc/0211085;

[9] M. Pavšič, Phys. Lett. B 614 (2005) 85, hep-th/0412255; M. Pavšič, Int. J. Mod. Phys. A 21 (2006) 5905, gr-qc/0507053; M. Pavšič, J. Phys. A 41 (2008) 332001, 0806.4365 [hep-th].

[10] D. Hestenes, Found. Phys. 12 (1982) 153; F.D. Smith, From sets to quarks: Deriving the standard model plus gravitation from simple operations on finite sets, hep-ph/9708379; F.D. Smith, Jr, Intern. J. Theor. Phys. 24 (1985) 155; G. Trayling and W.E. Baylis, J. Phys. A: Math. Gen. 34 (2001) 3309; G. Roepstorff, “Extra dimensions: Will their spinors play a role in the standard model?,” arXiv:hep-th/0310092; J.S.R. Chisholm and R.S. Farwell, J. Phys. A: Math. Gen. 20 (1987) 6561;33 (1999) 2805; 22 (1989) 1059; J.S.R. Chisholm, J. Phys. A: Math. Gen. 35 (2002) 7359; Nuov. Cim. A 82 (1984) 145; 185; 210; J.P. Crawford, J. Math. Phys. 35 (1994) 2701; in Clifford (Geometric) Algebras, W. Baylis ed., Birkhauser (1996), Chapters 21–26, pp. 297–364.

[11] C. Castro, Int. J. Geom. Meth. Mod. Phys. 6 (2009) 385; C. Castro, Int. J. Geom. Meth.

Mod. Phys. 4 (2007) 1239; C.Castro, J. Math. Phys. 47 (2006) 112301.

[12] M.S. Plyushchay, private communication.

[13] P. D. Alvarez, J. Gomis, K. Kamimura and M. S. Plyushchay, Annals Phys. 322 (2007) 1556, hep-th/0702014.

[14] I. Bars, C. Kounnas, Phys. Lett. B 402 (1997) 25; I. Bars, C. Kounnas, Phys. Rev. D 56 (1997) 3664; I. Bars, C. Deliduman, Phys. Rev. D 56 (1997) 6579; I. Bars, C. Deliduman, Phys. Lett. B 417 (1998) 240.

[15] M.S. Plyushchay, Mod.Phys.Lett. A 4 (1989) 837.

[16] C. Castro, Found. Phys. 35 (2005) 971; C. Castro, Phys. Lett. B 668 (2008) 442; C. Castro, Int. J. Mod. Phys. A 23 (2008) 1487;

[17] W.M. Pezzaglia, Polydimensional relativity, a classical generalization of the automorphism invariance principle, in. V. Dietrich, et al. (Eds), Clifford Algebras and Their Applications in Mathematical Physics, Kluwer-Dordrecht, 1998, pp 305–317, gr-qc/9608052.

[18] See e.g., F Luciani, Nucl. Phys. B 135 (1978) 111; E. Witten, Nucl. Phys. B 186 (1981) 412.

[19] P. Zenczykowski, Acta Phys.Polon.B 38 (2007) 2053; P. Zenczykowski, J. Phys. A 42 (2009) 045204, 0806.1823 [hep-th]; Y. Friedman, The relativistic phase space and Newman-Penrose basis, 0901.1040 [math-ph]; M. A. de Gosson, J. Phys. A: Math. Gen. 38 (2005) 9263; R. Delbourgo and D. Lashmar, Found. Phys. 38 ((2008) 995.