arXiv:0907.4678v3 [hep-th] 23 Jun 2010

arXiv: 0907.4678 [hep-th]; FIAN-TD-2009-12

Gauge invariant two-point vertices of shadow fields, AdS/CFT, and conformal fields

R.R. Metsaev^∗ Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia

In the framework of gauge invariant Stueckelberg approach, totally symmetric arbitrary spin shadow fields in flat space-time of dimension greater than or equal to four are studied. Gauge invariant two-point vertices for such shadow fields are obtained. We demonstrate that, in Stueckelberg gauge frame, these gauge invariant vertices become the standard two-point vertices of CFT. Light-cone gauge two-point vertices of the shadow fields are also obtained. AdS/CFT correspondence for the shadow fields and the non-normalizable solutions of free massless totally symmetric arbitrary spin AdS fields is studied. AdS fields are considered in a modified de Donder gauge and this simplifies considerably the study of AdS/CFT correspondence. We demonstrate that the bulk action, when it is evaluated on solution of the Dirichlet problem, leads to the two-point gauge invariant vertex of shadow field. Also we shown that the bulk action evaluated on solution of the Dirichlet problem leads to new description of conformal fields. The new description involves Stueckelberg gauge symmetries and gives simple higher-derivative Lagrangian for the conformal arbitrary spin field. In the Stueckelberg gauge frame, our Lagrangian becomes the standard Lagrangian of conformal field. Light-cone gauge Lagrangian of the arbitrary spin conformal field is also obtained.

PACS numbers: 11.25.Tq , 11.40.Dw , 11.15.Kc

I. INTRODUCTION

The present paper is a sequel to our paper [1] where gauge invariant approach to CF T was developed. Brief review of our results in Ref.[1] may be found in Sec. II D in this paper. In space-time of dimension d ≥ 4, fields of CF T can be separated into two groups: conformal currents and shadow fields. This is to say that field having Lorentz algebra spin s and conformal dimension Δ = s + d − 2, is referred to as conformal current with canonical dimension,^1 while field having Lorentz algebra spin s and dual conformal dimension Δ = 2 − s is referred to as shadow field.^2 We remind that in the framework of AdS/CF T correspondence [9], the conformal currents and shadow fields manifest themselves in two related ways at least. First, the conformal currents appear as boundary values of normalazible solutions of equations of motion for bulk fields of AdS supergravity theories, while the shadow fields appear as boundary values of non-normalazible solutions of equations of motion for bulk fields of AdS super-

∗Electronic address: metsaev@lpi.ru 1 We note that conformal currents with s = 1, Δ = d − 1 and s = 2, Δ = d, correspond to conserved vector current and conserved traceless rank-2 tensor field (energy-momentum tensor) respectively. Conserved conformal currents can be built from massless scalar, spinor and spin-1 fields (see e.g. [2]). Discussion of higher-spin conformal conserved charges bilinear in 4d massless fields of arbitrary spins may be found in [3].

2 It is the shadow fields that are used to discuss conformal invariant equations of motion and Lagrangian formulations (see e.g. Refs. [4]-[7]). Discussion of equations for mixed-symmetry conformal fields with discrete Δ may be found in [8].

gravity theories (see e.g. [10]-[14]^3). Second, the conformal currents, which are dual to string theory states, can be built in terms of fields of supersymmetric Yang-Mills (SYM) theory. In view of these relations to suprgravity/superstring in AdS background and SYM theory we think that various alternative formulations of the conformal currents and shadow fields will be useful to understand string/gauge theory dualities better.

In our approach, starting with the field content of the standard formulation of currents (and shadow fields), we introduce additional field degrees of freedom (D.o.F), i.e., we extend space of fields entering the standard conformal field theory. We note that these additional field D.o.F are similar to the ones used in the gauge invariant Stueckelberg formulation of massive fields. Therefore such additional field D.o.F are referred to as Stueckelberg fields. As is well known, the Stueckelberg approach turned out be successful for study of theories involving massive fields. This is to say that all covariant formulations of string theories are realized by using Stueckelberg gauge symmetries. Therefore we expect that use of the Stueckelberg fields in CF T might be useful for the study of various aspects of AdS/CF T dualities.

In this paper we develop further our approach initiated in Ref.[1]. As in Ref.[1], we discuss bosonic arbitrary spin conformal currents and shadow fields in space-time of dimension d ≥ 4. Our results in this paper can be summarized as follows.

i) Using shadow field gauge symmetries found in Ref.[1], we obtain the two-point gauge invariant vertex for the arbi-

3 In earlier literature, discussion of shadow field dualities may be found in [15, 16].

trary spin-s shadow field. Imposing some gauge condition, which we refer to as Stueckelberg gauge, we demonstrate that our vertex is reduced to the two-point vertex appearing in the standard approach to CF T . Imposing light-cone gauge on the shadow field, we obtain light-cone gauge fixed two-point vertex. As usually, a kernel of our shadow field vertex gives a correlation function of the conformal current.

ii) We study AdS/CF T correspondence for massless arbitrary spin-s AdS field and boundary spin-s shadow field. Namely, using the modified de Donder gauge condition for AdS field, we demonstrate that the two-point gauge invariant vertex of the shadow field does indeed emerge from massless AdS field action when it is evaluated on solution of the Dirichlet problem. AdS field action evaluated on solution of the Dirichlet problem will be referred to as effective action in this paper. We show that use of the modified de Donder gauge provides considerable simplification when computing the effective action.

iii) We show that the effective action of AdS massless field leads to new interesting description of conformal field. As compared to the standard approaches to conformal fields [4, 5], our approach involves additional field D.o.F. and the respective additional gauge symmetries which are realized as the Stueckelberg gauge symmetries. We obtain very simple higher-derivative Lagrangian for conformal arbitrary spin field. Using the Stueckelberg gauge frame, we demonstrate that our Lagrangian is reduced to the standard Lagrangian of the conformal field. We also obtain light-cone gauge fixed Lagrangian of the conformal field.

The rest of the paper is organized as follows. In Sec. II, we summarize the notation used in this paper and review the standard approach to the conformal currents and shadow fields. Also we briefly review the gauge invariant approach developed in Ref.[1].

In Sec. III, we start with the examples of low-spin, s = 1, 2, shadow fields. For these shadow fields, we obtain the gauge invariant two-point vertices. Using the Stueckelberg gauge frame, we show how our gauge invariant vertices are related to the vertices appearing in the standard approach to CF T . Light-cone gauge fixed vertices are also obtained.

Section IV is devoted to the study of the two-point vertex for the arbitrary spin-s shadow field. In this section, we generalize results obtained in Sec. III to the case of the arbitrary spin shadow field.

In Sec. V, we study AdS/CF T correspondence for lowspin AdS massless fields and boundary shadow fields. One of remarkable features of the modified de Donder gauge is that the computation of the effective action for massless arbitrary spin-s, s ≥ 1, AdS field subject to the modified de Donder gauge is similar to the computation of the effective action for a massive scalar AdS field. Therefore we begin with brief review of the computation of the effective action for the massive scalar field. After that we proceed with the discussion of the effective actions for the massless spin s = 1, 2, AdS fields. We demonstrate that these effective actions coincide with the respective gauge invariant two-point vertices for the spin s = 1, 2 shadow fields.

Section VI is devoted to the study of AdS/CF T correspondence for massless arbitrary spin-s AdS field and boundary arbitrary spin-s shadow field. In this section we generalize results obtained in Sec. V to the case of arbitrary spin fields.

In Sec. VII, we deal with conformal fields. We start with the examples of low-spin, s = 1, 2, conformal fields. For these fields, we discuss our new Lagrangian and show how this Lagrangian, taken in the Stueckelberg gauge frame, is reduced to the standard Lagrangian. Light-cone gauge fixed Lagrangian is also obtained. After that we discuss generalization of these results to the case of arbitrary spin-s conformal field.

Section VIII summarizes our conclusions and suggests directions for future research.

We collect various technical details in five appendices. In Appendix A, we study restrictions imposed on the shadow field two-point vertex by the Poincaré algebra symmetries, dilatation symmetry, and the shadow field gauge symmetries. We demonstrate that these restrictions allow us to determine the vertex uniquely. Invariance of the two-point gauge invariant vertex under the conformal boost transformations is demonstrated in Appendix B. In Appendix C, we present details of the derivation of the effective action. In Appendix D, we derive CF T adapted Lagrangian for massless spin-1 and spin-2 fields in AdS_{d+1}. In Appendix E, we discuss some details of the derivation of normalization factor in the Dirichlet problem.

II. PRELIMINARIES

A. Notation

Our conventions are as follows. x^a denotes coordinates in d-dimensional flat space-time, while ∂_a denotes derivatives with respect to x^a, ∂_a ≡ ∂/∂x^a. Vector indices of the Lorentz algebra so(d−1, 1) take the values a, b, c, e = 0, 1, . . . , d−1. We use mostly positive flat metric tensor η^{ab}. To simplify our expressions we drop η_{ab} in scalar products, i.e., we use X^aY^a ≡ η_{ab}X^aY^b.

We use a set of the creation operators α^a, α^z, and the respective set of annihilation operators ᾱ^a, ᾱ^z,

[ᾱ^a, α^b] = η^{ab} , [ᾱ^z, α^z ] = 1 , (2.1)

ᾱ^a|0⟩ = 0 , ᾱ^z|0⟩ = 0 , (2.2)

α^{a†} = ᾱ^a , α^{z†} = ᾱ^z . (2.3)

These operators will often be referred to as oscillators in what follows.^4 The oscillators α^a, ᾱ^a and α^z , ᾱ^z , transform in the respective vector and scalar representations of the so(d − 1, 1) Lorentz algebra. Throughout this paper we use operators constructed out of the derivatives and the oscillators,

□ = ∂^a∂^a , α∂ = α^a∂^a , ᾱ∂ = ᾱ^a∂^a , (2.4)

α^2 = α^aα^a , ᾱ^2 = ᾱ^aᾱ^a , (2.5)

N_α ≡ α^aᾱ^a , N_z ≡ α^zᾱ^z , (2.6)

Π^{[1,2]} ≡ 1 − α^{2 1}_{2(2Nα+d)}ᾱ^2 . (2.7)

B. Global conformal symmetries

In d-dimensional flat space-time, the conformal algebra so(d, 2) consists of translation generators P^a, dilatation generator D, conformal boost generators K^a, and generators of the so(d−1, 1) Lorentz algebra J^{ab}. We assume the following normalization for commutators of the conformal algebra:

[D, P^a] = −P^a , [P^a, J^{bc}] = η^{ab}P^c − η^{ac}P^b, (2.8) [D, K^a] = K^a , [K^a, J^{bc}] = η^{ab}K^c − η^{ac}K^b, (2.9)

[P^a, K^b] = η^{ab}D − J^{ab} , (2.10) [J^{ab}, J^{ce}] = η^{bc}J^{ae} + 3 terms . (2.11)

Let |ϕ⟩ denotes conformal current (or shadow field) in flat space-time of dimension d ≥ 4. Under conformal algebra symmetries the |ϕ⟩ transforms as δ_Ĝ|ϕ⟩ = Ĝ|ϕ⟩ , (2.12) where realization of the conformal algebra generators Ĝ in terms of differential operators takes the form

P^a = ∂^a , (2.13)

J^{ab} = x^a∂^b − x^b∂^a + M^{ab} , (2.14)

D = x∂ + Δ , (2.15)

K^a = K^a_{Δ,M} + R^a , (2.16)

4 We use oscillator formulation to handle the many indices appearing for tensor fields (for recent discussion of oscillator formulation see [17].) In a proper way, oscillators arise in the framework of world-line approach to higher-spin fields (see e.g. [18, 19]).

and we use the notation K^a_{Δ,M} ≡ − 1 2 x^2∂^a + x^aD + M^{ab}x^b , (2.17)

x∂ ≡ x^a∂^a , x^2 = x^ax^a . (2.18)

In (2.14)-(2.16), Δ is operator of conformal dimension, M^{ab} is spin operator of the Lorentz algebra,

[M^{ab}, M^{ce}] = η^{bc}M^{ae} + 3 terms . (2.19)

For arbitrary spin conformal currents and shadow field studied in this paper, oscillator representation of the M^{ab} takes the form

M^{ab} ≡ α^aᾱ^b − α^bᾱ^a . (2.20)

R^a is operator depending, in general, on derivatives with respect to space-time coordinates^5 and not depending on spacetime coordinates x^a, [P^a, R^b] = 0. In the standard formulation of the conformal currents and shadow fields, the operator R^a is equal to zero, while, in the gauge invariant approach, the operator R^a turns out be nontrivial [1].

C. Standard approach to conformal currents and shadow fields

We begin with brief review of the standard approach to conformal currents and shadow fields. To keep our presentation as simple as possible we restrict our attention to the case of arbitrary spin totally symmetric conformal currents and shadow fields which have the appropriate canonical conformal dimensions given below. In this section we recall main facts of conformal field theory about these currents and shadow fields.

Conformal current with the canonical conformal dimension. Consider totally symmetric rank-s tensor field T^{a1...as} of the Lorentz algebra so(d − 1, 1). The field is referred to as spin-s conformal current with canonical dimension if T^{a1...as} satisfies the constraints T^{aaa3...as} = 0 , ∂^aT^{aa2...as} = 0 (2.21) and has the conformal dimension^6

Δ = s + d − 2 , (2.22)

5 For the conformal currents and shadow fields studied in this paper, the operator R^a does not depend on derivatives. Dependence on derivatives of R^a appears e.g., in ordinary-derivative approach to conformal fields [20]. 6 The fact that expression in r.h.s. of (2.22) is the lowest energy value of totally symmetric spin-s massless fields propagating in AdS_{d+1} space was demonstrated in Ref.[21]. Generalization of relation (2.22) to mixedsymmetry fields in AdS may be found in Ref.[22].

which is referred to as the canonical conformal dimension of spin-s conformal current. Taking into account that the operator R^a of the conformal current T^{a1...as} is equal to zero, using the well-known spin operator M^{ab} of the totally symmetric traceless current T^{a1...as} and Δ in (2.22), one can make sure that constraints (2.21) are invariant under conformal algebra transformations (2.12).

Shadow field with the canonical conformal dimension. Consider totally symmetric rank-s tensor field Φ^{a1...as} of the Lorentz algebra so(d − 1, 1). The field Φ^{a1 ...as} is referred to as shadow field if it meets the following requirements:

i) The field Φ^{a1...as} is traceless, Φ^{aaa3...as} = 0 . (2.23) ii) The field Φ^{a1...as} transforms under the conformal algebra symmetries so that the following two point currentshadow field interaction vertex L = 1 s! Φ^{a1 ...as} T^{a1...as} (2.24) is invariant (up to total derivative) under conformal algebra transformations.

We now note that:

i) Conformal dimension of the spin-s shadow field given by

Δ = 2 − s , (2.25)

is referred to as the canonical conformal dimension of spin-s shadow field. The operator R^a of the shadow field Φ^{a1...as} is equal to zero.

ii) Divergence-free constraint (2.21) and requirement for the vertex L to be invariant imply that the shadow field is defined by module of gauge transformation

δΦ^{a1...as} = Π^{tr}∂^{(a1} ξ^{a2...as)} , (2.26)

where ξ^{a1 ...as−1} is traceless parameter of gauge transformation and the projector Π^{tr} is inserted to respect tracelessness constraint (2.23).

D. Gauge invariant approach to conformal currents and shadow fields

We now briefly review the gauge invariant approach to conformal currents and shadow fields developed in Ref.[1]. The gauge invariant approach to the conformal currents and shadow fields can be summarized as follows.

i) To discuss the arbitrary spin-s conformal current and spin-s shadow field we use the respective totally symmetric so(d − 1, 1) Lorentz algebra tensor fields ϕ^{a1 ...as′}_{cur} and ϕ^{a1 ...as′} sh , where s^′ = 0, 1, . . . , s. For s^′ ≥ 4, these fields are restricted to be double-traceless, ϕ^{aabba5 ...as′} cur = 0 , ϕ^{aabba5 ...as′} sh = 0 . (2.27)

Conformal dimension of the field ϕ^{a1 ...as′}cur is equal to s^′+d−2, while conformal dimension of the field ϕ^{a1 ...as′}_{sh} is equal to 2 − s^′.

ii) On space of the fields ϕ^{a1...as′}_{cur} (and separately on space of the fields ϕ^{a1 ...as′}_{sh} ), we introduce new differential constraints, gauge transformations, and conformal algebra transformations.

iii) The new differential constraints are invariant under the gauge transformations and the conformal algebra transformations.

iv) The gauge symmetries and the new differential constraints make it possible to match our approach and the standard one, i.e., by appropriate gauge fixing of the Stueckelberg fields and by solving some differential constraints (Stueckelberg gauge frame) we obtain standard formulation of the conformal currents and shadow fields.

For the spin-s conformal current, use of the Stueckelberg gauge frame leads to ϕ^{a1 ...as′}_{cur} = 0 for s^′ = 0, 1, . . . , s − 1 and divergence-free and tracelessness constraint for ϕ^{a1...as}_{cur} , ∂^aϕ^{aa2 ...as} cur = 0 , ϕ^{aaa3 ...as}_{cur} = 0 . (2.28)

We see that, in the Stueckelberg gauge frame, our field ϕ^{a1 ...as}_{cur} can be identified with the current T^{a1...as} (2.21), i.e. our approach reduces to the standard one.

For the spin-s shadow field, use of the Stueckelberg gauge frame leads to tracelessness constraint for the field ϕ^{a1 ...as}_{sh} , ϕ^{aaa3 ...as} sh = 0 , (2.29)

and this field is not subject to any differential constraint. Also, the Stueckelberg gauge frame makes it possible to express the fields ϕ^{a1 ...as′}_{sh} , s^′ = 0, 1, . . . , s − 1, in terms of the field ϕ^{a1 ...as} sh , i.e., we are left with one traceless field ϕ^{a1 ...as}_{sh} , which can be identified with the shadow field Φ^{a1...as} of the standard approach to CF T .

Summary of the gauge invariant approach to the low-spin, s = 1, 2 conformal currents and shadow fields is given in Table I.

Table I. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge transformations and transformations under operator R^a entering the gauge invariant approach of the low-spin, s = 1, 2 conformal currents and shadow fields. The operators R^a enter conformal boost transformations given in (2.16).

Field Conf. Differential Gauge Action of cont. dim. constraint transformation operator R^a

spin-1 current ϕ^a_{cur} d − 1 δϕ^a_{cur} = ∂^aξcur R^aϕ^b_{cur} = (2 − d)η^{ab}ϕcur ∂^aϕ^a_{cur} + □ϕcur = 0 ϕcur d − 2 δϕcur = −ξcur R^aϕcur = 0

spin-1 shadow field ϕ^a_{sh} 1 δϕ^a_{sh} = ∂^aξ_{sh} R^aϕ^b_{sh} = 0 ∂^aϕ^a_{sh} + ϕ_{sh} = 0 ϕ_{sh} 2 δϕ_{sh} = −□ξ_{sh} R^aϕ_{sh} = (d − 2)ϕ^a_{sh}

spin-2 current

ϕ^{ab}_{cur} d ∂^bϕ^{ab}_{cur} −^1_2 ∂^aϕ^{bb}_{cur} + □ϕ^a_{cur} = 0 δϕ^{ab}_{cur} = ∂^aξ^b_{cur} + ∂^bξ^a_{cur} R^aϕ^{bc}_{cur} = 2η^{bc}ϕ^a_{cur} ∂^aϕ^a_{cur} +^1_2 ϕ^{aa}_{cur} + u□ϕcur = 0 +^2_{d−2} η^{ab}□ξcur −d(η^{ab}ϕ^c_{ur} + η^{ac}ϕ^b_{cur}) u ≡ √ 2 (_{d−1} d−2 )_{1/2} ϕ^a_{cur} d − 1 δϕ^a_{cur} = ∂^aξcur − ξ^a_{cur} R^aϕ^b_{cur} = − √ 2(d − 1)(d − 2)η^{ab}ϕ_{cur}

ϕcur d − 2 δϕcur = −uξcur R^aϕcur = 0

spin-2 shadow field

ϕ^{ab}_{sh} 0 ∂^bϕ^{ab}_{sh} −^1_2 ∂^aϕ^{bb}_{sh} + ϕ^a_{sh} = 0 δϕ^{ab}_{sh} = ∂^aξ^b_{sh} + ∂^bξ^a_{sh} +^2_{d−2} η^{ab}ξ_{sh} R^aϕ^{bc}_{sh} = 0

ϕ^a_{sh} 1 ∂^aϕ^a_{sh} +^1_2 □ϕ^{aa}_{sh} + uϕ_{sh} = 0 δϕ^a_{sh} = ∂^aξ_{sh} − □ξ^a_{sh} R^aϕ^b_{sh} = dϕ^{ab}_{sh} − η^{ab}ϕ^{cc}_{sh}

ϕ_{sh} 2 u ≡ ( 2^{d−1}_{d−2} )_{1/2} δϕ_{sh} = −u□ξ_{sh} R^aϕ_{sh} = √ 2(d − 1)(d − 2)ϕ^a_{sh}

Table II. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge transformations and the operators R^a entering the gauge invariant approach of arbitrary spin-s conformal currents and shadow fields. The operators R^a enter conformal boost transformations given in (2.16).

Field Conformal Differential Gauge Operator content dimension constraint transformation R^a

spin-s current

C̄_{cur}|ϕ_{cur}⟩ = 0 , δ|ϕ_{cur}⟩ = ( α∂ − e1,cur R^a = r̄ ( α^a − α^{2 1}_{2Nα +d−2} ᾱ^a

|ϕcur⟩ s + d C̄cur = ᾱ∂ −^1_2 α∂ᾱ^2 −^{α2}_{2s+d−6−2Nz} ē1,cur□ ) |ξcur⟩ , +α^{2 2} (2Nα +d−2)(2Nα+d) C̄ a ⊥ ) , −2 − Nz −ē1,curΠ^{[1,2]}□ +^1_2 e1,curᾱ^2 e1,cur = α^z ~e1 , ē1,cur = −~e1ᾱ^z r̄ ≡ − √ 2s + d − 4 − Nz × √ 2s + d − 4 − 2Nzᾱ^z

spin-s shadow field

C̄_{sh}|ϕ_{sh}⟩ = 0 , δ|ϕ_{sh}⟩ = ( α∂ − e_{1,sh}□ R^a = r ( ᾱ^a − α^{a 1}_{2Nα +d} ᾱ^2 ) , |ϕ_{sh}⟩ 2 − s + Nz C̄_{sh} = ᾱ∂ −^1_2 α∂ᾱ^2 −^{α2}_{2s+d−6−2Nz} ē_{1,sh} ) |ξ_{sh}⟩ , r ≡ α^z √ 2s + d − 4 − Nz −ē_{1,sh}Π^{[1,2]} +^1_2 e_{1,sh}ᾱ^2□ e_{1,sh} = α^z ~e1 , ē_{1,sh} = −~e1ᾱ^z × √ 2s + d − 4 − 2Nz C̄^a_⊥ ≡ ᾱ^a −^1_2 α^aᾱ^2, Π^{[1,2]} ≡ 1 − α^{2 1}_{2(2Nα +d)} ᾱ^2, ~e_1 ≡ (_{2s+d−4−Nz} 2s+d−4−2Nz )_{1/2}

To simplify presentation of the gauge invariant approach to the arbitrary spin-s conformal current and shadow field we use oscillators (2.1) and introduce the respective ket-vectors |ϕ_{cur}⟩ and |ϕ_{sh}⟩ defined by |ϕ_{cur}⟩ ≡ s∑ s^′=0 α^{s−s′}_z |ϕ_{cur, s}′ ⟩ ,

|ϕ_{cur, s}′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1 ...as′} cur |0⟩ , (2.30)

|ϕ_{sh}⟩ ≡ s∑ s^′ =0 α^{s−s′}_z |ϕ_{sh, s}′ ⟩ ,

|ϕ_{sh, s}′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1 ...as′} sh |0⟩ . (2.31)

To describe gauge symmetries of the arbitrary spin-s conformal current and spin-s shadow field we use gauge transformation parameters which are the respective totally symmetric so(d−1, 1) Lorentz algebra tensor fields ξ^{a1 ...as′}_{cur} and ξ^{a1 ...as′}_{sh} , where s^′ = 0, 1, . . . , s − 1. For s^′ ≥ 2, these gauge transformation parameters are restricted to be traceless, ξ^{aaa3...as′} cur = 0 , ξ^{aaa3...as′} sh = 0 . (2.32)

Again, to simplify presentation of result, we collect the gauge transformation parameters in the respective ket-vectors |ξ_{cur}⟩ and |ξ_{sh}⟩ defined by |ξ_{cur}⟩ ≡ s−1∑ s^′ =0 α^{s−1−s′} z |ξ_{cur, s}′ ⟩ ,

|ξ_{cur, s}′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − 1 − s^′)! ξ^{a1 ...as′} cur |0⟩ , (2.33)

|ξ_{sh}⟩ ≡ s−1∑ s^′ =0 α^{s−1−s′} z |ξ_{sh, s}′ ⟩ ,

|ξ_{sh, s}′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − 1 − s^′)! ξ^{a1...as′} sh |0⟩ . (2.34)

With these conventions for the ket-vectors, summary of our study of gauge invariant approach to the arbitrary spin-s conformal current and shadow field is given in Table II.

III. GAUGE INVARIANT TWO-POINT VERTEX FOR LOW-SPIN SHADOW FIELDS

We now discuss shadow field two-point vertex. In the gauge invariant approach, the vertex is determined by requiring the vertex to be invariant under gauge transformations of the shadow field. Also, the vertex should be invariant under conformal algebra transformations. We consider the twopoint vertices for spin-1, spin-2, and arbitrary spin-s shadow fields in turn.

A. Gauge invariant two-point vertex for spin-1 shadow field

We begin with the discussion of the two-point vertex for the spin-1 shadow field. This simplest example demonstrates all characteristic features of our approach. In the gauge invariant approach, the spin-1 shadow field is described by vector field ϕ^a_{sh} and scalar field ϕ_{sh} (see Table I). The gauge invariant twopoint vertex we find takes the form Γ = ∫ d^dx_1d^dx_2Γ_{12} , (3.1)

Γ_{12} = ϕ^a_{sh}(x_1)ϕ^a_{sh}(x_2)

2|x_{12}|^{2(d−1)} + 1 4(d − 2)^2 ϕ_{sh}(x_1)ϕ_{sh}(x_2) |x_{12}|^{2(d−2)}

, (3.2)

|x_{12}|^2 ≡ x^a_{12}x^a_{12} , x^a_{12} = x^a_1 − x^a_2 . (3.3)

One can check that this vertex is invariant under the gauge transformations of the spin-1 shadow field given in Table I. The vertex is obviously invariant with respect to the Poincaré algebra and dilatation symmetries. Also, using the operator R^a given in Table I, we check that the vertex is invariant under the conformal boost transformations.

The kernel of the vertex Γ is related to a two-point correlation function of the spin-1 conformal current. In our approach, the spin-1 conformal current is described by gauge fields ϕ^a_{cur}, ϕ_{cur} (see Table I). Therefore, in order to discuss correlation functions of the fields ϕ^a_{cur}, ϕ_{cur} in a proper way, we should impose gauge condition on the fields ϕ^a_{cur}, ϕ_{cur}.^7 The twopoint correlation functions of gauge fixed fields ϕ^a_{cur}, ϕ_{cur} are obtained from the kernel of the two-point vertex Γ taken to be in appropriate gauge frame. To explain what has just been said we discuss two gauge conditions which can be used for studying the correlations functions - Stueckelberg gauge and

7 We note that, in the gauge invariant approach, correlation functions of the conformal current can be studied without gauge fixing. To do that one needs to construct gauge invariant field strengths for the gauge potentials ϕ^a_{cur}, ϕ_{cur}. Study of field strengths for the conformal currents is beyond the scope of this paper.

light-cone gauge. We would like to discuss these gauges because of the following reasons.

i) As we have said, the Stueckelberg gauge reduces our approach to the standard formulation of CF T . Therefore the use of the Stueckelberg gauge allows us to demonstrate how the standard two-point correlation function of the spin-1 conformal current is obtained from the kernel of our gauge invariant two-point vertex Γ.

ii) Motivation for considering the light-cone gauge vertex cames from conjectured duality of the free large N conformal N = 4 SYM theory and the theory of massless higher-spin AdS fields [23].^8 On the one hand, one expects that massless higher-spin AdS fields appear in the tensionless limit of AdS string. On the other hand, by analogy with flat space, we expect that a quantization of the Green-Schwarz AdS superstring [28] will be straightforward only in the light-cone gauge [29, 30]. As we shall demonstrate in Sec. V, correlation function of the arbitrary spin-s conformal current is obtained from the effective action of massless arbitrary spins AdS field. Therefore it seems that from the stringy perspective of AdS/CF T correspondence, light-cone approach to CF T is the fruitful direction to go.

We now discuss the Stueckelberg gauge and light-cone gauge in turn.

Stueckelberg gauge frame two-point vertex. We begin with the discussion of Stueckelberg gauge fixed two-point vertex of the spin-1 shadow field, i.e. we relate our vertex with the one in the standard approach to CF T . In general, Stueckelberg gauge frame is achieved through the use of the Stueckelberg gauge and differential constraints. The gauge invariant approach to the spin-1 shadow field does not involve the Stueckelberg gauge symmetries. This implies that we should just solve the differential constraint which is given in Table I, ∂^aϕ^a_{sh} + ϕ_{sh} = 0. Solution to this constraint is obvious, ϕ_{sh} = −∂^aϕ^a_{sh}. Plugging this ϕ_{sh} into (3.2) and ignoring the total derivative, we find that two-point density Γ_{12} (3.2) takes the following form:

Γ^{Stuck.g.fram}

12 = k_1Γ^{stand}_{12} , (3.4)

Γ^{stand}_{12} = ϕ^a_{sh}(x_1)O^{ab}_{12} ϕ^b_{sh}(x_2) |x_{12}|^{2(d−1)}

, (3.5)

O^{ab}_{12} ≡ η^{ab} − 2x^a_{12}x^b_{12} |x_{12}|^2

, (3.6)

k_1 ≡ d − 1 2(d − 2)

, (3.7)

8 Discussion of this theme in the context of various limits in AdS superstring may be found in [24]-[27].

where Γ^{stand}_{12} (3.5) stands for the two-point vertex of the spin- 1 shadow field in the standard approach to CF T . From (3.4), we see that our gauge invariant vertex taken to be in the Stueckelberg gauge frame coincides, up to normalization factor k_1, with the two-point vertex in the standard approach to CF T . As is well known, Γ^{stand}_{12} (3.5) is invariant under gauge transformation appearing in the standard approach to CF T ,

δϕ^a_{sh} = ∂^aξ_{sh} . (3.8)

The kernel of vertex Γ^{stand} (3.5) defines a correlation function of the spin-1 conformal current taken to be in the Stueckelberg gauge frame. This is to say that the gauge invariant approach to the spin-1 conformal current involves the Stueckelberg gauge symmetry associated with the gauge transformation parameter ξ_{cur} (see Table I). This symmetry allows us to gauge away the scalar field ϕ_{cur} by imposing the Stueckelberg gauge ϕ_{cur} = 0. Thus, in the Stueckelberg gauge frame, we are left with divergence-free vector field ϕ^a_{cur}. Two-point correlation function of this vector field is given by the kernel of vertex Γ^{stand} (3.5),

⟨ϕ^a_{cur}(x_1), ϕ^b_{cur}(x_2)⟩ = O^{ab}_{12} |x_{12}|^{2(d−1)}

. (3.9)

Light-cone gauge two-point vertex. Light-cone gauge frame is achieved through the use of the light-cone gauge and differential constraints. Taking into account the gauge transformation of the field ϕ^a_{sh} (see Table I), we impose the lightcone gauge condition,^9

ϕ^+_{sh} = 0 . (3.10)

Plugging this gauge condition in the differential constraint for spin-1 shadow field (see Table I) we obtain solution for ϕ^−_{sh},

ϕ^−_{sh} = − ∂^j ∂^+ ϕ^j_{sh} − 1 ∂^+ ϕ_{sh} . (3.11)

We see that we are left with vector field ϕ^i_{sh} and scalar field ϕ_{sh}. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the Stueckelberg gauge frame, the scalar field ϕ_{sh} becomes an independent field D.o.F in the light-cone gauge frame.

Using (3.10) in (3.2) leads to light-cone gauge fixed vertex

Γ^{(l.c.)}_{12} = ϕ^i_{sh}(x_1)ϕ^i_{sh}(x_2)

2|x_{12}|^{2(d−1)} + 1 4(d − 2)^2 ϕ_{sh}(x_1)ϕ_{sh}(x_2) |x_{12}|^{2(d−2)} . (3.12)

9 In light-cone frame, space-time coordinates are decomposed as x^a = x^+, x^−, x^i, where light-cone coordinates in ± directions are defined as x^± = (x^{d−1} ±x^0)/ √ 2 and x^+ is taken to be a light-cone time. so(d−2) algebra vector indices take values i, j = 1, . . . , d − 2. We adopt the conventions: ∂^i = ∂_i ≡ ∂/∂x^i, ∂^± = ∂_∓ ≡ ∂/∂x^∓.

We note that, as in the case of gauge invariant vertex (3.2), light-cone vertex (3.12) is diagonal with respect to the fields ϕ^i_{sh} and ϕ_{sh}. Note however that, in contrast to the gauge invariant vertex, the light-cone vertex is constructed out of the fields which are not subject to any constraints.

The kernel of the light-cone vertex gives two-point correlation function of spin-1 conformal current taken to be in the light-cone gauge. This is to say that, using the gauge symmetry of the spin-1 conformal current (see Table I), we impose light-cone gauge on the field ϕ^a_{cur},

ϕ^+_{cur} = 0 . (3.13)

Using this gauge condition in the differential constraint for the conformal spin-1 current (see Table I), we find

ϕ^−_{cur} = − ∂^j ∂^+ ϕ^j_{cur} − □ ∂^+ ϕ_{cur} . (3.14)

We see that we are left with vector field ϕ^i_{cur} and scalar field ϕ_{cur}. These fields constitute the field content of the light-cone gauge frame. Defining two-point correlation functions of the fields ϕ^i_{cur}, ϕ_{cur} in a usual way,

⟨ϕ^i_{cur}(x_1), ϕ^j_{cur}(x_2)⟩ = δ^2Γ^{(l.c.)} δϕ^i_{sh}(x_1)δϕ^j_{sh}(x_2)

, (3.15)

⟨ϕ_{cur}(x_1), ϕ_{cur}(x_2)⟩ = δ^2Γ^{(l.c.)} δϕ_{sh}(x_1)δϕ_{sh}(x_2)

, (3.16)

and using (3.12), we obtain the two-point light-cone gauge correlation functions of the spin-1 conformal field,

⟨ϕ^i_{cur}(x_1), ϕ^j_{cur}(x_2)⟩ = δ^{ij} |x_{12}|^{−2(d−1)} , (3.17)

⟨ϕ_{cur}(x_1), ϕ_{cur}(x_2)⟩ = 1 2(d − 2)^2

|x_{12}|^{−2(d−2)} . (3.18)

B. Gauge invariant two-point vertex for spin-2 shadow field

We proceed with the discussion of two-point vertex for spin-2 shadow field. As compared to the spin-1 shadow field, this important case demonstrates some new features of our approach. In the gauge invariant approach, the spin-2 shadow field is described by rank-2 tensor field ϕ^{ab}_{sh} , vector field ϕ^a_{sh}, and scalar field ϕ_{sh}. Note that the tensor field ϕ^{ab}_{sh} is not traceless. The gauge invariant two-point vertex we find takes the form given (3.1), where the two-point density Γ_{12} is given by

Γ_{12} = 1 4|x_{12}|^{2d} ( ϕ^{ab}_{sh} (x_1)ϕ^{ab}_{sh} (x_2) − 1 2 ϕ^{aa}_{sh} (x_1)ϕ^{bb}_{sh}(x_2) )

+ 1 4d(d − 1) ϕ^a_{sh}(x_1)ϕ^a_{sh}(x_2) |x_{12}|^{2(d−1)} + 1 8d(d − 1)(d − 2)^2 ϕ_{sh}(x_1)ϕ_{sh}(x_2) |x_{12}|^{2(d−2)}

. (3.19)

One can check that this vertex is invariant under the gauge transformations of the spin-2 shadow field given in Table I. Also, using the operator R^a given in Table I, we check that the vertex is invariant under conformal boost transformations. Remarkable feature of the vertex is its diagonal form with respect to the fields ϕ^{ab}_{sh}, ϕ^a_{sh}, and ϕ_{sh}.

We now discuss Stueckelberg gauge and light-cone gauge fixed vertices in turn.

Stueckelberg gauge frame two-point vertex. As we have said, the standard approach to CF T is obtained from our approach by using the Stueckelberg gauge frame. Therefore to illustrate our approach, we begin with the discussion of Stueckelberg gauge fixed two-point vertex of the spin- 2 shadow field. The Stueckelberg gauge frame is achieved through the use of the Stueckelberg gauge and differential constraints. From the gauge transformations of the spin-2 shadow field given in Table I, we see that the trace of the rank-2 tensor field ϕ^{ab}_{sh} transforms as the Stueckelberg field, i.e., ϕ^{aa}_{sh} can be gauged away via the Stueckelberg gauge fixing,

ϕ^{aa}_{sh} = 0 . (3.20)

Gauge condition (3.20) leads to traceless field ϕ^{ab}_{sh} which can be identified with the shadow field of the standard approach to CF T . Taking into account (3.20), we solve the differential constraints for the spin-2 shadow field (see Table I) to express the fields ϕ^a_{sh} and ϕ_{sh} in terms of the traceless tensor field ϕ^{ab}_{sh} ,

ϕ^a_{sh} = −∂^bϕ^{ab}_{sh} , (3.21)

ϕ_{sh} = 1 u ∂^a∂^bϕ^{ab}_{sh} , (3.22) u ≡ ( 2 d − 1 d − 2 )_{1/2} . (3.23)

Relations (3.20)-(3.22) provide complete description of the Stueckelberg gauge frame for the spin-2 shadow field. Plugging (3.20)-(3.22) in (3.19) and ignoring the total derivative, we find that our two-point density Γ_{12} (3.19) takes the following form:

Γ^{Stuck.g.fram}

12 = k_2Γ^{stand}_{12} , (3.24)

Γ^{stand}_{12} = ϕ^{a1 a2}_{sh} (x_1)

O^{a1 b1}_{12} O^{a2 b2}_{12} |x_{12}|^{2d} ϕ^{b1 b2}_{sh} (x_2) , (3.25)

k_2 ≡ d + 1 4(d − 1)

, (3.26)

where O^{ab}_{12} is defined in (3.6), while Γ^{stand}_{12} (3.25) stands for the two-point vertex of the spin-2 shadow field in the standard approach to CF T . From (3.24), we see that our gauge invariant vertex taken to be in the Stueckelberg gauge frame coincides, up to normalization factor k_2, with the two-point vertex in the standard approach to CF T . We note that Γ^{stand}_{12} (3.25) is invariant under gauge transformation appearing in the standard approach to CF T ,

δϕ^{ab}_{sh} = ∂^aξ^b_{sh} + ∂^bξ^a_{sh} − 2 d η^{ab}∂^cξ^c_{sh} . (3.27)

The kernel of vertex Γ^{stand} (3.25) defines two-point correlation function of the spin-2 conformal current taken to be in the Stueckelberg gauge frame. This is to say that the gauge invariant approach to the spin-2 conformal current involves the Stueckelberg gauge symmetries associated with the gauge transformation parameters ξ^a_{cur}, ξ_{cur} (see Table I). These symmetries allow us to gauge away the vector field ϕ^a_{cur} and the scalar field ϕ_{cur} by imposing the Stueckelberg gauge ϕ^a_{cur} = 0, ϕ_{cur} = 0. After that, the differential constraints lead to traceless divergence-free tensor field ϕ^{ab}_{cur}. Two-point correlation function of this tensor field is given by the kernel of vertex Γ^{stand} (3.25).

Light-cone gauge two-point vertex. We now consider light-cone gauge fixed vertex. In our approach, the lightcone gauge frame is achieved through the use of the lightcone gauge and differential constraints. Taking into account the gauge transformations of the fields ϕ^{ab}_{sh} , ϕ^a_{sh} (see Table I), we impose the light-cone gauge condition,

ϕ^{+a}_{sh} = 0 , ϕ^+_{sh} = 0 . (3.28)

Plugging this gauge condition in the differential constraints for the spin-2 shadow field (see Table I) we find ,

ϕ^{ii}_{sh} = 0 , (3.29)

ϕ^{−i}_{sh} = − ∂^j ∂^+ ϕ^{ij}_{sh} − 1 ∂^+ ϕ^i_{sh} , (3.30)

ϕ^−_{sh} = − ∂^j ∂^+ ϕ^j_{sh} − u ∂^+ ϕ_{sh} , (3.31)

ϕ^{−−}_{sh} = ∂^i∂^j ∂^+∂^+ ϕ^{ij}_{sh} + 2∂^i ∂^+∂^+ ϕ^i_{sh} + u ∂^+∂^+ ϕ_{sh} . (3.32)

We see that we are left with the so(d − 2) algebra traceless rank-2 tensor field ϕ^{ij}_{sh}, vector field ϕ^i_{sh}, and scalar field ϕ_{sh}. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the Stueckelberg gauge frame, the vector field ϕ^i_{sh} and the scalar field ϕ_{sh} become independent field D.o.F in the light-cone gauge frame.

Using (3.28),(3.29) in (3.19) leads to light-cone gauge fixed vertex

Γ^{(l.c.)}_{12} = 1 4|x_{12}|^{2d} ϕ^{ij}_{sh}(x_1)ϕ^{ij}_{sh}(x_2)

+ 1 4d(d − 1) ϕ^i_{sh}(x_1)ϕ^i_{sh}(x_2) |x_{12}|^{2(d−1)} + 1 8d(d − 1)(d − 2)^2 ϕ_{sh}(x_1)ϕ_{sh}(x_2) |x_{12}|^{2(d−2)}

. (3.33)

We see that, as in the case of gauge invariant vertex (3.19), light-cone vertex (3.33) is diagonal with respect to the fields ϕ^{ij}_{sh}, ϕ^i_{sh} and ϕ_{sh}. Note however that, in contrast to the gauge invariant vertex, the light-cone vertex is constructed out of the fields which are not subject to any differential constraints.

The kernel of light-cone vertex (3.33) gives two-point correlation function of the spin-2 conformal current taken to be in the light-cone gauge. This is to say that using the gauge transformations of the fields ϕ^{ab}_{cur}, ϕ^a_{cur} (see Table I), we impose the light-cone gauge condition,

ϕ^{+a}_{cur} = 0 , ϕ^+_{cur} = 0 . (3.34)

Using this gauge condition in the differential constraints for the conformal spin-2 current (see Table I), we find

ϕ^{ii}_{cur} = 0 , (3.35)

ϕ^{−i}_{cur} = − ∂^j ∂^+ ϕ^{ij}_{cur} − □ ∂^+ ϕ^i_{cur} , (3.36)

ϕ^−_{cur} = − ∂^j ∂^+ ϕ^j_{cur} − u□ ∂^+ ϕ_{cur} , (3.37)

ϕ^{−−}_{cur} = ∂^i∂^j ∂^+∂^+ ϕ^{ij}_{cur} + 2□∂^i ∂^+∂^+ ϕ^i_{cur} + u□^2 ∂^+∂^+ ϕ_{cur} . (3.38)

We see that we are left with traceless rank-2 tensor field ϕ^{ij}_{cur}, vector field ϕ^i_{cur} and scalar field ϕ_{cur}. These fields constitute the field content of the light-cone gauge frame.

Defining two-point correlation functions of the fields ϕ^{ij}_{cur}, ϕ^i_{cur}, ϕ_{cur} as the second functional derivative of Γ with respect to the fields ϕ^{ij}_{sh}, ϕ^i_{sh}, ϕ_{sh} we obtain

⟨ϕ^{ij}_{cur}(x_1), ϕ^{kl}_{cur}(x_2)⟩ = 1 2 |x_{12}|^{−2d}Π^{ij;kl} , (3.39)

⟨ϕ^i_{cur}(x_1), ϕ^j_{cur}(x_2)⟩ = |x_{12}|^{−2(d−1)} 2d(d − 1) δ^{ij} , (3.40)

⟨ϕ_{cur}(x_1), ϕ_{cur}(x_2)⟩ = |x_{12}|^{−2(d−2)} 4d(d − 1)(d − 2)^2

, (3.41)

where we use the notation Π^{ij;kl} = 1 2 ( δ^{ik}δ^{jl} + δ^{il}δ^{jk} − 2 d − 2 δ^{ij} δ^{kl} ) . (3.42)

IV. GAUGE INVARIANT TWO-POINT VERTEX FOR ARBITRARY SPIN SHADOW FIELD

We now study two-point vertex for arbitrary spin-s shadow field. In the gauge invariant approach, the spin-s shadow field is described by totally symmetric so(d − 1, 1) Lorentz algebra tensor fields ϕ^{a1 ...as′}_{sh} , where s^′ = 0, 1, . . . , s. For s^′ ≥ 4, these fields are restricted to be double-traceless (2.27). To discuss the two-point vertex it is convenient to collect the fields ϕ^{a1 ...as′} sh into ket -vector |ϕ_{sh}⟩ as in (2.31). In terms of the ket-vector |ϕ_{sh}⟩ we find concise expression for the two-point density Γ_{12},

Γ_{12} = 1 2 ⟨ϕ_{sh}(x_1)| μf_ν |x_{12}|^{2ν+d} |ϕ_{sh}(x_2)⟩ , (4.1) μ ≡ 1 − 1 4 α^2ᾱ^2 , (4.2)

f_ν =

Γ(ν +^d_2 )Γ(ν + 1) 4^{νs−ν} Γ(ν_s +^d_2 )Γ(ν_s + 1)

, (4.3)

ν = s + d − 4 2 − N_z , (4.4) ν_s ≡ s + d − 4 2 , (4.5)

where N_z is defined in (2.6). We note that vertex Γ_{12} (4.1) is invariant under gauge transformation of the shadow field |ϕ_{sh}⟩ provided the shadow field satisfies the differential constraint. The gauge transformation and the differential constraint are given in Table II. The vertex is obviously invariant under the Poincaré algebra and dilatation symmetries. Details of the derivation of vertex Γ_{12} (4.1) may be found in Appendix A. Invariance of vertex (4.1) under the conformal boost transformations is demonstrated in Appendix B.

To illustrate structure of the vertex Γ_{12} we note that, in terms of the tensor fields ϕ^{a1 ...as′}_{sh} , vertex Γ_{12}, (4.1) can be represented as

Γ_{12} = s∑ s^′ =0

Γ^{(s′ )}_{12} , (4.6)

Γ^{(s′ )}_{12} = w_s′ 2|x_{12}|^{2(s′ +d−2)} ( ϕ^{a1 ...as′} sh (x_1)ϕ^{a1 ...as′}_{sh} (x_2)

− s^′(s^′ − 1) 4 ϕ^{aaa3 ...as′} sh (x_1)ϕ^{bba3 ...as′} sh (x_2) ) , (4.7)

w_s′ = Γ(s^′ + d − 2)Γ(s^′ +^{d−2}_2 ) 4^{s−s′} s^′!Γ(s + d − 2)Γ(s +^{d−2}_2 )

. (4.8)

The kernel of the vertex Γ_{12} is related to correlation function of the spin-s conformal current which is described by gauge fields ϕ^{a1 ...as′}_{cur} , s^′ = 0, 1, . . . , s. These gauge fields are collected in the ket-vector |ϕ_{cur}⟩ (2.30). Using the Stueckelberg gauge and light-cone gauge, we now demonstrate relation of the conformal current correlation function to the gauge fixed two-point vertex Γ.

Stueckelberg gauge frame two-point vertex. As we have said, standard approach to CF T is obtained from our approach by using the Stueckelberg gauge frame. Therefore to illustrate our approach, we begin with the discussion of Stueckelberg gauge fixed two-point vertex of the spins shadow field. The Stueckelberg gauge frame is achieved through the use of the Stueckelberg gauge and differential constraints. Using the gauge transformations and differential constraint of the spin-s shadow field given in Table II, one can demonstrate that, in the Stueckelberg gauge frame, one has the following relations:

ᾱ^2|ϕ_{sh, s}′ ⟩ = 0 , (4.9) |ϕ_{sh, s}′ ⟩ = X_s′ (ᾱ∂)^{s−s′} |ϕ_{sh, s}⟩ , (4.10)

X_s′ ≡ (−)^{s−s′} (s − s^′)! × ( 2s−s^′ Γ(s + s′ + d − 3)Γ(s + d−2_2 )

Γ(2s + d − 3)Γ(s^′ +^{d−2}_2 )

) 1_2 , (4.11)

s^′ = 0, 1, . . . , s. Relation (4.9) tells us that all fields ϕ^{a1 ...as′}_{sh} are traceless, while from relation (4.10) we learn that the fields ϕ^{a1 ...as′} sh , with s^′ = 0, 1, . . . , s − 1, can be expressed in terms of the rank-s tensor field ϕ^{a1...as}_{sh} . Plugging (4.10) in (4.1) and ignoring total derivative, we get

Γ^{Stuck.g.fram}

12 = k_sΓ^{stand}_{12} (4.12)

Γ^{stand}_{12} = s!⟨ϕ_{sh, s}(x_1)|O_{12}(α, ᾱ)|ϕ_{sh, s}(x_2)⟩ , (4.13)

O_{12}(α, ᾱ) ≡ s∑ k=0 (−)^k2^k k! (αx_{12})^k(ᾱx_{12})^k |x_{12}|^{2(s+d−2+k)} , (4.14)

k_s ≡ 2s + d − 3 2s!(s + d − 3)

, (4.15)

where αx_{12} = α^ax^a_{12}, ᾱx_{12} = ᾱ^ax^a_{12} and Γ^{stand}_{12} in r.h.s. of (4.12) stands for the two-point vertex of the spin-s shadow field in the standard approach to CF T . Relation (4.13) provides oscillator representation for the Γ^{stand}_{12} . In terms of the tensor field ϕ^{a1 ...as}_{sh} , vertex Γ^{stand}_{12} (4.13) can be represented in the commonly used form,

Γ^{stand}_{12} = ϕ^{a1 ...as}_{sh} (x_1) O^{a1 b1}_{12} . . . O^{as bs}_{12} |x_{12}|^{2(s+d−2)} ϕ^{b1 ...bs} sh (x_2) , (4.16) where O^{ab}_{12} is defined in (3.6). From (4.12), we see that our gauge invariant vertex Γ_{12} taken to be in the Stueckelberg gauge frame coincides, up to normalization factor k_s, with the two-point vertex in the standard approach to CF T .

The kernel of vertex Γ^{stand} (4.16) defines two-point correlation function of the spin-s conformal current taken to be in the Stueckelberg gauge frame. This is to say that, in the Stueckelberg gauge frame, we obtain ϕ^{a1...as′}cur = 0 for s^′ = 0, 1, . . . , s − 1 and we are left with the traceless divergencefree conformal current ϕ^{a1 ...as}_{cur} . Two-point correlation function of this conformal current is given by the kernel of vertex Γ^{stand} (4.16).

As a side of remark we note that Γ^{stand}_{12} (4.16) is invariant under gauge transformation appearing in the standard approach to CF T , δϕ^{a1 ...as} sh = s!Π^{tr}∂^{(a1} ξ^{a2 ...as)}_{sh} , (4.17) where ξ^{a1 ...as−1} sh is traceless parameter of gauge transformation and the projector Π^{tr} is inserted to respect tracelessness constraint for the field ϕ^{a1 ...as}_{sh} .

Light-cone gauge two-point vertex. The light-cone gauge frame is achieved through the use of the light-cone gauge and differential constraints. We impose the conventional lightcone gauge,

ᾱ^+Π^{[1,2]}|ϕ_{sh}⟩ = 0 , (4.18)

where Π^{[1,2]} is given in (2.7), and analyze the differential constraint for the spin-s shadow field |ϕ_{sh}⟩ (see Table II). We find that solution to the differential constraint can be expressed in terms of light-cone ket-vector |ϕ^{l.c.}_{sh} ⟩,

|ϕ_{sh}⟩ = exp ( − α^+ ∂^+

(ᾱ^i∂^i − ē_{1 sh}) ) |ϕ^{l.c.}_{sh} ⟩ , (4.19)

ᾱ^iᾱ^i|ϕ^{l.c.}_{sh} ⟩ = 0 , (4.20)

where the light-cone ket-vector |ϕ^{l.c.}_{sh} ⟩ is obtained from |ϕ_{sh}⟩ (2.31) by equating α^+ = α^− = 0,

|ϕ^{l.c.}_{sh} ⟩ = |ϕ_{sh}⟩ | | α^+=α^− =0

. (4.21)

We see that we are left with fields ϕ^{i1 ...is′}_{sh} , s^′ = 0, 1, . . . , s, which are traceless so(d−2) algebra tensor fields, ϕ^{iii3 ...is′}_{sh} = 0. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the Stueckelberg gauge frame, the fields ϕ^{i1 ...is′}_{sh} , with s^′ = 0, 1, . . . , s − 1, become independent field D.o.F in the light-cone gauge frame. Also note that, in contrast to the gauge invariant approach, the fields ϕ^{i1 ...is′} sh , s^′ = 0, 1, . . . , s, are not subject to any differential constraints.

Using (4.19),(4.20) in (4.1) leads to light-cone gauge fixed vertex

Γ^{l.c.}_{12} = 1 2 ⟨ϕ^{l.c.}_{sh} (x_1)| f_ν |x_{12}|^{2ν+d} |ϕ^{l.c.}_{sh} (x_2)⟩ , (4.22)

where f_ν is defined in (4.3).

To illustrate the structure of vertex Γ^{l.c.}_{12} (4.22) we note that, in terms of the fields ϕ^{i1 ...is′}_{sh} , the vertex can be represented as

Γ^{l.c.}_{12} = s∑ s^′ =0

Γ^{(s′ ) l.c.}

12 , (4.23)

Γ^{(s′) l.c.} 12 = w_s′ 2|x_{12}|^{2(s′ +d−2)} ϕ^{i1 ...is′} sh (x_1)ϕ^{i1 ...is′}_{sh} (x_2) , (4.24)

where w_s′ is given in (4.8). We see that, as in the case of gauge invariant vertex, light-cone vertex (4.22) is diagonal with respect to the light-cone fields ϕ^{i1 ...is′}_{sh} , s^′ = 0, 1, . . . , s. Note however that, in contrast to the gauge invariant vertex, the light-cone vertex is constructed out of the light-cone fields which are not subject to any differential constraints.

As usually, the kernel of light-cone vertex (4.22) gives two-point correlation function of the spin-s conformal current taken to be in the light-cone gauge. This is to say that using gauge symmetry of the spin-s conformal current (see Table II) we impose light-cone gauge condition on the ket-vector |ϕ_{cur}⟩,

ᾱ^+Π^{[1,2]}|ϕ_{cur}⟩ = 0 , (4.25)

where Π^{[1,2]} is given in (2.7). Using this gauge condition in the differential constraint for the conformal spin-s current (see Table II), we find

|ϕ_{cur}⟩ = exp ( − α^+ ∂^+

(ᾱ^i∂^i − ē_{1 cur}□) ) |ϕ^{l.c.}_{cur}⟩ , (4.26)

ᾱ^iᾱ^i|ϕ^{l.c.}_{cur}⟩ = 0 , (4.27)

where a light-cone ket-vector |ϕ^{l.c.}_{cur}⟩ is obtained from |ϕ_{cur}⟩ (2.30) by equating α^+ = α^− = 0,

|ϕ^{l.c.}_{cur}⟩ = |ϕ_{cur}⟩ | | |_{α+=α− =0} . (4.28)

We see that we are left with light-cone fields ϕ^{i1 ...is′}_{cur} , s^′ = 0, 1, . . . , s, which are traceless tensor fields of so(d − 2) al- gebra, ϕ^{iii3 ...is′} cur = 0. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the Stueckelberg gauge frame, the fields ϕ^{i1 ...is′}_{cur} , with s^′ = 0, 1, . . . , s − 1, are not equal to zero. Also note that, in contrast to the gauge invariant approach, the fields ϕ^{i1 ...is′}cur , s^′ = 0, 1, . . . , s, are not subject to any differential constraints.

Defining two-point correlation functions of the fields ϕ^{i1 ...is′} cur , as the second functional derivative of Γ with the respect to the shadow fields ϕ^{i1 ...is′}_{sh} , we obtain the following correlation functions: ⟨ϕ^{i1 ...is′} cur (x_1), ϕ^{j1 ...js′}_{cur} (x_2)⟩ = w_s′ |x_{12}|^{2(s′ +d−2)} Π^{i1 ...is′ ;j1 ...js′} , (4.29) s^′ = 0, 1, . . . , s, where w_s′ is defined in (4.8) and Π^{i1 ...is′ ;j1 ...js′} stands for the projector on traceless spin-s^′ tensor field of the so(d−2) algebra. Explicit form of the projector may be found e.g. in Ref.[31].

V. ADS/CFT CORRESPONDENCE

We now apply our results to the study of AdS/CF T correspondence for free massless arbitrary spin AdS fields and boundary shadow fields. To this end we use the gauge invariant CF T adapted description of AdS massless fields and modified (Lorentz) de Donder gauge found in Ref.[32]^{10}. Our massless fields are obtained from Fronsdal fields by the invertible transformation which is described in Sec.V in Ref.[32]. It is the use of our fields and the modified (Lorentz) de Donder gauge that leads to decoupled form of gauge fixed equations of motion and surprisingly simple Lagrangian. Owing these properties of our fields and the modified (Lorentz) de Donder gauge, it is possible to simplify significantly the computation of the effective action. We remind that the bulk action evaluated on solution of the Dirichlet problem is referred to as effective action in this paper. Note also that, from the very beginning, our CF T adapted gauge invariant Lagrangian is formulated in the Poincaré parametrization of AdS space,

ds^2 = 1 z^2 (dx^adx^a + dz dz) . (5.1) Therefore our Lagrangian is explicitly invariant with respect to boundary Poincaré symmetries, i.e., manifest symmetries of our Lagrangian are adapted to manifest symmetries of boundary CF T .

In this Section, using the modified (Lorentz) de Donder gauge, we are going to demonstrate that action of massless spin-s AdS field, when it is evaluated on solution of equations of motion with the Dirichlet problem corresponding to the boundary shadow field, is equal, up to normalization factor, to the gauge invariant two-point vertex of spin-s shadow field which was obtained in Secs. III and IV. Also we find the normalization factor.

10 Remarkable feature of our approach is that it can be generalized to the case of massive fields in a relatively straightforward way. This can be done by using CF T adapted approach to massive AdS fields developed in Ref.[33].

The modified (Lorentz) de Donder gauge is invariant under the on-shell leftover gauge symmetries of bulk AdS fields. Note however that, in our approach, we have gauge symmetries not only at AdS side, but also at the boundary CF T .^{11} These gauge symmetries are also related via AdS/CF T correspondence. Namely, in Ref.[1], we demonstrated that the on-shell leftover gauge symmetries of non-normalizable solutions of bulk AdS fields match with the gauge symmetries of shadow fields. It is this matching of on-shell leftover gauge symmetries of non-normalizable solutions and the gauge symmetries of shadow fields that explains why the effective action coincides with the gauge invariant two-point vertex of shadow field.

A. AdS/CFT correspondence for scalar field

Action of arbitrary spin AdS field taken to be in the modified (Lorentz) de Donder gauge is similar to the action for a massive scalar AdS field. In fact, this is main advantage of using the modified (Lorentz) de Donder gauge condition. Therefore we begin with brief review of the computation of the effective action for massive scalar field.

Action and Lagrangian for the massive scalar field in AdS_{d+1} background take the form^{12} S = ∫ d^dxdz L , (5.2)

L = 1 2 √ |g| ( g^{μν} ∂_μΦ∂_ν Φ + m^2Φ^2 ) . (5.3)

In terms of the canonical normalized field ϕ defined by

Φ = z^{d−12} ϕ , (5.4)

the Lagrangian takes the form (up to total derivative) L = 1 2 |dϕ|^2 + 1 2 |T_{ν−} 1_2 ϕ|^2 , (5.5)

|dϕ|^2 ≡ ∂^aϕ∂^aϕ, where we use the notation

T_ν ≡ ∂_z + ν z , (5.6)

ν = √ m^2 + d^2 4 . (5.7)

11 In the standard approach to CF T , only the shadow fields are transformed under gauge transformations, while in our gauge invariant approach both the currents and shadow fields are transformed under gauge transformations, i.e., our approach allows us to study the currents and shadow fields on an equal footing.

12 In Secs. V and VI, we use the Euclidian signature.

We note that ν is related with the conformal dimension of boundary conformal spin-0 current, ϕ_{cur} as

ν = Δ − d 2 . (5.8)

We assume that ν > 0. Also note that, for massless scalar field, m^2 = (1 − d^2)/4.

Equations of motion obtained from Lagrangian (5.5) take the form

□_ν ϕ = 0 , (5.9)

□_ν ≡ □ + ∂^2_z − 1 z^2

(ν^2 − 1 4 ) . (5.10)

It is easy to see that by using equations of motion (5.9) in bulk action (5.2) with Lagrangian (5.5) we obtain the effective action given by^{13}

− S_{eff} = ∫ d^dx L_{eff} | | |_{z→0} , (5.11)

L_{eff} = 1 2 ϕT_{ν−} 1_2 ϕ . (5.12)

Following the procedure in [34], we note that solution of equations (5.9) with the Dirichlet problem corresponding to boundary shadow scalar field ϕ_{sh} takes the form

ϕ(x, z) = σ ∫ d^dy G_ν (x − y, z)ϕ_{sh}(y) , (5.13)

G_ν (x, z) = c_ν z^{ν+ 12} (z^2 + |x|^2)^{ν+ d}2

, (5.14)

c_ν ≡ Γ(ν +^d_2 ) π^{d/2}Γ(ν) . (5.15)

To be flexible, we use normalization factor σ in (5.13). For the case of scalar field, commonly used normalization in (5.13) is achieved by setting σ = 1.

Using asymptotic behavior of the Green function

G_ν (x, z)^{z→0}−→ z^{−ν+ 12} δ^d(x) , (5.16)

we find the asymptotic behavior of our solution

ϕ(x, z)^{z→0}−→ z^{−ν+ 12} σϕ_{sh}(x) . (5.17)

From this expression, we see that our solution has indeed asymptotic behavior corresponding to the shadow scalar field.

13 Following commonly used setup, we consider solution of the Dirichlet problem which tends to zero as z → ∞. Therefore, in (5.11), we ignore contribution to S_{eff} when z = ∞.

Plugging solution of the Dirichlet problem (5.13) into (5.11), (5.12), we obtain the effective action

− S_{eff} = νc_ν σ^2 ∫ d^dx_1d^dx_2 ϕ_{sh}(x_1)ϕ_{sh}(x_2) |x_{12}|^{2ν+d} . (5.18)

Plugging the commonly used value of σ, σ = 1, in (5.18), we obtain the properly normalized effective action found in Refs.[35, 36]. Note however that our Lagrangian (5.5) differs from the one in Refs.[35, 36] by total derivative with respect to the radial coordinate z, which gives nontrivial contribution to the effective action. Coincidence of our result and the one in Refs.[35, 36] is related to the fact that we fix boundary value of the Dirichlet problem at z = 0, compute the effective action at z = ϵ and then scale ϵ → 0 (see also Ref.[34]), while authors of Refs.[35, 36] fix boundary value of the Dirichlet problem at z = ϵ and, after computation of the effective action, scale ϵ → 0. Interesting novelty of our computation, as compared to the one in [34], is that we use Fourier transform of the Green function. Details of our computation may be found in Appendix C.

B. AdS/CFT correspondence for spin-1 field

We now discuss AdS/CF T correspondence for bulk massless spin-1 AdS field and boundary spin-1 shadow field. To this end we use CF T adapted gauge invariant Lagrangian and the modified Lorentz gauge condition [12, 32, 33] (see Appendix D).^{14}

In AdS_{d+1} space, the massless spin-1 field is described by fields ϕ^a(x, z) and ϕ(x, z) which are the respective vector and scalar fields of the so(d) algebra. CF T adapted gauge invariant action and Lagrangian for these fields take the form, S = ∫ d^dxdz L , (5.19)

L = 1 2 |dϕ^a|^2 + 1 2 |dϕ|^2 + 1 2 |T_{ν1 −} 1_2 ϕ^a|^2 + 1 2 |T_{ν0 −} 1_2 ϕ|^2 − 1 2 C^2 , (5.20)

where we use the notation

C ≡ ∂^aϕ^a + T_{−ν1 +} 1_2 ϕ , (5.21)

ν_1 = d − 2 2 , ν_0 = d − 4 2 , (5.22)

14 Discussion of AdS/CF T correspondence for spin-1 Maxwell field by using the radial gauge may be found in [34].

and T_ν is given in (5.6). Lagrangian (5.20) is invariant under gauge transformations

δϕ^a = ∂^aξ , (5.23)

δϕ = T_{ν1 −} 1_2 ξ , (5.24)

where ξ is a gauge transformation parameter.

Gauge invariant equations of motion obtained from Lagrangian (5.20) take the form

□_{ν1} ϕ^a − ∂^aC = 0 , (5.25)

□_{ν0} ϕ − T_{ν1 −} 1_2 C = 0 , (5.26)

where the operator □_ν and ν’s are given in (5.10) and (5.22) respectively. We see that gauge invariant equations (5.25),(5.26) are coupled. Using equations of motion (5.25),(5.26) in bulk action (5.19), we obtain the following boundary effective action:

S_{eff} = − ∫ d^dx L_{eff} | | |_{z→0} , (5.27)

L_{eff} = 1 2 ϕ^aT_{ν1 −} 1_2 ϕ^a + 1 2 ϕT_{ν0 −} 1_2 ϕ − 1 2 ϕC . (5.28)

Now we would like to demonstrate how use of the modified Lorentz gauge condition provides considerable simplification in solving the equations of motion and computing effective action (5.27). To this end we note that it is the quantity C given in (5.21) that defines the modified Lorentz gauge condition,

C = 0 , modified Lorentz gauge . (5.29)

Using this gauge condition in equations of motion (5.25),(5.26) gives simple gauge fixed equations of motion,

□_{ν1} ϕ^a = 0 , (5.30)

□_{ν0} ϕ = 0 . (5.31)

Thus, we see that the gauge fixed equations of motions are decoupled. Using modified Lorentz gauge (5.29) in (5.28), we obtain

L_{eff} | | |_{C=0} = 1 2 ϕ^aT_{ν1 −} 1_2 ϕ^a + 1 2 ϕT_{ν0 −} 1_2 ϕ , (5.32)

i.e. we see that L_{eff} is also simplified.

In order to find S_{eff} we should solve equations of motion (5.30),(5.31) with the Dirichlet problem corresponding to the boundary shadow field and plug the solution into (5.27),(5.28). We now discuss solution of equations of motion (5.30),(5.31). Because equations of motion (5.30),(5.31) are similar to the ones for scalar AdS field (5.9) we can simply apply result in Sec. V A. This is to say that solution of equations (5.30),(5.31) with the Dirichlet problem corresponding to the spin-1 shadow field takes the form ϕ^a(x, z) = σ_{1,ν1} ∫ d^dy G_{ν1} (x − y, z)ϕ^a_{sh}(y) , (5.33) ϕ(x, z) = σ_{1,ν0} ∫ d^dy G_{ν0} (x − y, z)ϕ_{sh}(y) , (5.34)

σ_{1,ν1} = 1 , (5.35)

σ_{1,ν0} = − 1 d − 4 , (5.36)

where the Green function is given in (5.14). Note that coefficient σ_{1,ν0} (5.36) is singular when d = 4. In addition to this singularity, there are other singularities when d is even integer (see Appendix C). Therefore to keep the discussion from becoming unwieldy here and below we restrict our attention to odd d. Note however that our results for the effective action are still valid for the case of even d. This is to say that we can simply use the dimensional regularization in the intermediate formulas and scale d to even integer in final expression for the effective action. Because massless higher-spin AdS fields theory is available for arbitrary dimension d (see Ref.[37]) the dimensional regularization seems to be promising method for the study of massless higher-spin fields effective action.

Using asymptotic behavior of the Green function G_ν given in (5.16), we find the asymptotic behavior of our solution

ϕ^a(x, z)^{z→0}−→ z^{−ν1+ 12} ϕ^a_{sh}(x) , (5.37) ϕ(x, z)^{z→0}−→ − z^{−ν0+ 12} d − 4 ϕ_{sh}(x) . (5.38)

From these expressions, we see that our solution has indeed asymptotic behavior corresponding to the spin-1 shadow field. Note that because the solution has non-integrable asymptotic behavior (5.37),(5.38), such solution is referred to as the nonnormalizable solution in the literature.

We now explain the choice of the normalization factors σ_{1,ν1} , σ_{1,ν0} in (5.33)-(5.36). The choice of σ_{1,ν1} is a matter of convention. Following commonly used convention, we set this coefficient to be equal to 1. The remaining normalization factor σ_{1,ν0} is then determined uniquely by requiring that the modified Lorentz gauge condition for the spin-1 AdS field (5.29) be amount to the differential constraint for the spin-1 shadow field (see Table I). With the choice made in (5.33)- (5.36) we find the relations

∂^aϕ^a = ∫ d^dy G_{ν1} (x − y, z)∂^aϕ^a_{sh}(y) , (5.39)

T_{−ν1 +} 1_2 ϕ = ∫ d^dy G_{ν1} (x − y, z)ϕ_{sh}(y) . (5.40)

From these relations and (5.21), we see that our choice of σ_{1,ν1} , σ_{1,ν0} (5.35),(5.36), allows us to match modified Lorentz gauge for the spin-1 AdS field (5.29) and differential constraint for the spin-1 shadow field given in Table I.

All that remains to obtain S_{eff} is to plug solution of the Dirichlet problem for AdS fields, (5.33),(5.34) into (5.27), (5.32). Using general formula given in (5.18), we obtain

− S_{eff} = (d − 2)c_{ν1} Γ , (5.41)

c_{ν1} =

Γ(d − 1) π^{d/2}Γ(^{d−2}_2 )

, (5.42)

where Γ is gauge invariant two-point vertex of the spin-1 shadow field given in (3.1),(3.2).

Thus we see that imposing the modified Lorentz gauge on the massless spin-1 AdS field and computing the bulk action on the solution of equations of motion with the Dirichlet problem corresponding to the boundary shadow field we obtain the gauge invariant two-point vertex of the spin-1 shadow field.

Because in the literature S_{eff} is expressed in terms of twopoint vertex taken in the Stueckelberg gauge frame, Γ^{stand} (3.5), we use (3.4) and represent our result (5.41) as

− S_{eff} = 1 2 (d − 1)c_{ν1} Γ^{stand} . (5.43)

This relation, by using the radial gauge for AdS fields, was obtained in Ref.[34]. The normalization factor in r.h.s. of (5.43) was found in Ref.[36]. Note that we have obtained more general relation given in (5.41), while relation (5.43) is obtained from (5.43) by using the Stueckelberg gauge frame. The fact that S_{eff} is related to Γ^{stand} is expected because of conformal symmetry. What is important for the systematical study of AdS/CF T correspondence is the computation of the normalization factor in front of Γ^{stand} (5.43).

As a side of remark we note that the modified Lorentz gauge and gauge-fixed equations have left-over on-shell gauge symmetry. Namely, modified Lorentz gauge (5.29) and gaugefixed equations (5.30), (5.31) are invariant under gauge transformations given in (5.23), (5.24) provided the gauge transformation parameter satisfies the equation

□_{ν1} ξ = 0 . (5.44)

Solution to this equation is given by ξ(x, z) = ∫ d^dy G_{ν1} (x − y, z)ξ_{sh}(y) . (5.45)

Plugging this solution in (5.23),(5.24) we represent the gauge transformations of ϕ^a(x, z) and ϕ(x, z) as δϕ^a = ∫ d^dy G_{ν1} (x − y, z)∂^aξ_{sh}(y) , (5.46) δϕ = 1 d − 4 ∫ d^dy G_{ν0} (x − y, z)□ξ_{sh}(y) . (5.47)

Comparing (5.46),(5.47) with (5.33),(5.34), we see that the on-shell left-over gauge symmetries of solution of the Dirichlet problem for AdS spin-1 field amount to the gauge symmetries of the spin-1 shadow field (see Table I). It is this matching of the on-shell leftover gauge symmetries of solutions of the Dirichlet problem and the gauge symmetries of the shadow field that explains why the effective action coincides with the gauge invariant two-point vertex for the boundary shadow field.

C. AdS/CFT correspondence for spin-2 field

We now proceed with the discussion of AdS/CF T correspondence for bulk massless spin-2 AdS field and boundary spin-2 shadow field. To this end we use CF T adapted gauge invariant Lagrangian and modified de Donder gauge condition for the massless spin-2 AdS field found in Ref.[32].^{15} We begin therefore with the presentation of our result in Ref.[32]. Some helpful details of the derivation of the CF T adapted Lagrangian for the massless spin-2 AdS field may be found in Appendix D.

In AdS_{d+1} space, the massless spin-2 field is described by fields ϕ^{ab}(x, z), ϕ^a(x, z), ϕ(x, z). The field ϕ^{ab} is rank-2 tensor field of the so(d) algebra, while ϕ^a and ϕ are the respective vector and scalar fields of the so(d) algebra. The CF T adapted gauge invariant Lagrangian for these fields takes the form [32] L = 1 4 |dϕ^{ab}|^2 − 1 8 |dϕ^{aa}|^2 + 1 2 |dϕ^a|^2 + 1 2 |dϕ|^2 + 1 4 |T_{ν2 −} 1_2 ϕ^{ab}|^2 − 1 8 |T_{ν2−} 1_2 ϕ^{aa}|^2 + 1 2 |T_{ν1 −} 1_2 ϕ^a|^2 + 1 2 |T_{ν0 −} 1_2 ϕ|^2 − 1 2 C^aC^a − 1 2 C^2 , (5.48)

where T_ν is defined in (5.6) and we use the notation C^a = ∂^bϕ^{ab} − 1 2 ∂^aϕ^{bb} + T_{−ν2 +} 1_2 ϕ^a , (5.49) C = ∂^aϕ^a − 1 2 T_{ν2 −} 1_2 ϕ^{aa} + uT_{−ν1 +} 1_2 ϕ , (5.50)

ν_2 = d 2 , ν_1 = d − 2 2 , ν_0 = d − 4 2 , (5.51) u ≡ ( 2 d − 1 d − 2 )_{1/2} . (5.52)

15 Discussion of AdS/CF T correspondence for massless spin-2 field taken to be in the radial gauge may be found in [38–40].

Lagrangian (5.48) is invariant under the gauge transformations

δϕ^{ab} = ∂^aξ^b + ∂^bξ^a + 2 d − 2 η^{ab}T_{−ν2 +} 1_2 ξ , (5.53)

δϕ^a = ∂^aξ + T_{ν2 −} 1_2 ξ^a , (5.54)

δϕ = uT_{ν1 −} 1_2 ξ , (5.55)

where ξ^a, ξ are gauge transformation parameters.

Gauge invariant equations of motion obtained from Lagrangian (5.48) take the form □_{ν2} ϕ^{ab} − ∂^aC^b − ∂^bC^b − 2η^{ab} d − 2 T_{−ν2 +} 1_2 C = 0 , (5.56)

□_{ν1} ϕ^a − ∂^aC − T_{ν2 −} 1_2 C^a = 0 , (5.57)

□_{ν0} ϕ − uT_{ν1−} 1_2 C = 0 , (5.58)

where □_ν and ν’s are defined in (5.10) and (5.51) respectively. We see that the gauge invariant equations of motion are coupled.

Using equations of motion (5.56)-(5.58) in bulk action (5.19) with Lagrangian (5.48), we obtain boundary effective action (5.27) with L_{eff} given by

L_{eff} = 1 4 ϕ^{ab}T_{ν2 −} 1_2 ϕ^{ab} − 1 8 ϕ^{aa}T_{ν2 −} 1_2 ϕ^{bb} + 1 2 ϕ^aT_{ν1 −} 1_2 ϕ^a + 1 2 ϕT_{ν0 −} 1_2 ϕ − 1 2 ϕ^aC^a + ( 1 4 ϕ^{aa} − u 2 ϕ)C . (5.59)

Now we would like to demonstrate how use of the modified de Donder gauge condition provides considerable simplification in solving the equations of motion and computing effective action (5.27). To this end we note that it is the quantities C^a, C given in (5.49),(5.50) that define the modified de Donder gauge condition,

C^a = 0 , C = 0 modified de Donder gauge . (5.60)

Using this gauge condition in equations of motion (5.56)- (5.58) gives the following surprisingly simple gauge fixed equations of motion:

□_{ν2} ϕ^{ab} = 0 , (5.61)

□_{ν1} ϕ^a = 0 , (5.62)

□_{ν0} ϕ = 0 . (5.63)

Thus, we see that the gauge fixed equations of motions are decoupled. Using modified de Donder gauge (5.60) in (5.59), we obtain

L_{eff} | | |_{Ca=0C=0} = 1 4 ϕ^{ab}T_{ν2 −} 1_2 ϕ^{ab} − 1 8 ϕ^{aa}T_{ν2 −} 1_2 ϕ^{bb} + 1 2 ϕ^aT_{ν1−} 1_2 ϕ^a + 1 2 ϕT_{ν0 −} 1_2 ϕ , (5.64)

i.e. we see that L_{eff} is also simplified.

In order to find S_{eff} we should solve equations of motion (5.61)-(5.63) with the Dirichlet problem corresponding to the boundary shadow field and plug the solution into L_{eff} . To this end we discuss solution of equations of motion (5.61)-(5.63). Because our equations of motion take decoupled form and similar to the equations of motion for the massive scalar AdS field we can apply the procedure described in Sec. V A. Doing so, we obtain solution of equation (5.61)-(5.63) with the Dirichlet problem corresponding to the spin-2 shadow field, ϕ^{ab}(x, z) = σ_{2,ν2} ∫ d^dy G_{ν2} (x − y, z)ϕ^{ab}_{sh}(y) , (5.65) ϕ^a(x, z) = σ_{2,ν1} ∫ d^dy G_{ν1} (x − y, z)ϕ^a_{sh}(y) , (5.66) ϕ(x, z) = σ_{2,ν0} ∫ d^dy G_{ν0} (x − y, z)ϕ_{sh}(y) , (5.67)

σ_{2,ν2} = 1 , (5.68)

σ_{2,ν1} = − 1 d − 2 , (5.69)

σ_{2,ν0} = 1 (d − 2)(d − 4)

, (5.70)

where the Green function G_ν is given in (5.14), while ν’s are defined in (5.51). Choice of normalization factor σ_{2,ν2} (5.68) is a matter of convention. The remaining normalization factors σ_{2,ν1} , σ_{2,ν0} (5.69),(5.70) are uniquely determined by requiring that modified de Donder gauge conditions (5.60) be amount to the differential constraints for the spin-2 shadow field (see Table I). The derivation of the normalization factor σ_{s,ν} for arbitrary spin-s AdS field may be found in Appendix E. Using asymptotic behavior of the Green function given in G_ν (5.16), we find the asymptotic behavior of our solution

ϕ^{ab}(x, z)^{z→0}−→ z^{−ν2+ 12} ϕ^{ab}_{sh}(x) , (5.71) ϕ^a(x, z)^{z→0}−→ − z^{−ν1+ 12} d − 2 ϕ^a_{sh}(x) , (5.72)

ϕ(x, z)^{z→0}−→ z^{−ν0+ 12} (d − 2)(d − 4) ϕ_{sh}(x) . (5.73)

From these expressions, we see that our solution (5.65)-(5.67) has indeed asymptotic behavior corresponding to the spin-2 shadow field.

Finally, to obtain the effective action we plug solution of the Dirichlet problem for AdS fields, (5.65)-(5.67) into (5.27), (5.64). Using general formula given in (5.18), we obtain

− S_{eff} = dc_{ν2} Γ , (5.74)

c_{ν2} =

Γ(d) π^{d/2}Γ(^d_2 )

, (5.75)

where Γ is gauge invariant two-point vertex of the spin-2 shadow field given in (3.1),(3.19).

To summarize, using the modified de Donder gauge for the massless spin-2 AdS field and computing the bulk action on solution of equations of motion with the Dirichlet problem corresponding to the boundary shadow field we obtain the gauge invariant two-point vertex of the spin-2 shadow field.

Because in the literature S_{eff} is expressed in terms of twopoint vertex taken in the Stueckelberg gauge frame, Γ^{stand}_{12} (3.25), we use (3.24), (3.26) to represent our result (5.74) as

− S_{eff} = d(d + 1) 4(d − 1) c_{ν2} Γ^{stand} . (5.76)

This relation, by using the radial gauge for AdS fields, was obtained in Ref.[38]. Note that we have obtained more general relation given in (5.74), while relation (5.76) is obtained from (5.74) by using the Stueckelberg gauge frame. The fact that S_{eff} is related to Γ^{stand} is expected because of the conformal symmetry. What is important for the systematical study of AdS/CF T correspondence is the computation of the normalization factor in front of Γ^{stand} (5.76). We note that our normalization factor in (5.76) coincides with the one found in Ref.[38].

VI. ADS/CFT CORRESPONDENCE FOR ARBITRARY SPIN FIELD

We proceed with the discussion of AdS/CF T correspondence for bulk massless arbitrary spin-s AdS field and boundary spin-s shadow field. To discuss the correspondence we use the CF T adapted gauge invariant Lagrangian and modified de Donder gauge condition for the massless arbitrary spin AdS field found in Ref.[32]^{16}. We begin therefore with the presentation of our result in Ref.[32]^{17}.

16 In light-cone gauge, AdS/CF T correspondence for arbitrary spin massless AdS_{d+1} fields was studied in Ref.[12, 41]. Recent interesting applications of the standard de Donder-Feynman gauge to the various problems of higher-spin fields may be found in Refs.[42–44]. We believe that our modified de Donder gauge will also be useful for better understanding of various aspects of AdS/QCD correspondence which are discussed e.g. in [45]-[47].

17 Representation for the Lagrangian, which we use in this paper, is different from the one given in Ref.[34]. Namely, in this paper, we use CF T

In AdS_{d+1} space, massless spin-s field is described by the following scalar, vector, and totally symmetric tensor fields of the so(d) algebra: ϕ^{a1 ...as′} , s^′ = 0, 1, . . . , s. (6.1) The fields ϕ^{a1...as′} with s^′ ≥ 4 are double-traceless,^{18} ϕ^{aabba5 ...as′} = 0 , s^′ = 4, 5, . . . , s. (6.2) In order to obtain the gauge invariant description in an easy–to–use form we use the oscillators and introduce a ketvector |ϕ⟩ defined by |ϕ⟩ ≡ s∑ s^′ =0 α^{s−s′}_z |ϕ_s′ ⟩ ,

|ϕ_s′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1 ...as′} |0⟩ . (6.3) From (6.3), we see that the ket-vector |ϕ⟩ is degree-s homogeneous polynomial in the oscillators α^a, α^z , while the ket-vector |ϕ_s′ ⟩ is degree-s^′ homogeneous polynomial in the oscillators α^a. In terms of the ket-vector |ϕ⟩, doubletracelessness constraint (6.2) takes the form

(ᾱ^2)^2|ϕ⟩ = 0 . (6.4)

The CF T adapted gauge invariant Lagrangian is given by L = 1 2 ⟨∂^aϕ|μ|∂^aϕ⟩ + 1 2 ⟨T_{ν−} 1_2 ϕ|μ|T_{ν−} 1_2 ϕ⟩ − 1 2 ⟨C̄ϕ||C̄ϕ⟩ , (6.5) where T_ν is defined in (5.6) and we use the notation C̄ ≡ ᾱ∂ − 1 2 α∂ᾱ^2 − ē_1Π^{[1,2]} + 1 2 e_1ᾱ^2 , (6.6)

e_1 = e_{1,1}T_{ν−} 1_2 , ē_1 = T_{−ν+} 1_2 ē_{1,1} , (6.7)

e_{1,1} = −α^z ~e_1 ē_{1,1} = −~e_1ᾱ^z , (6.8)

~e_1 = ( 2s + d − 4 − N_z 2s + d − 4 − 2N_z )_{1/2} , (6.9) μ ≡ 1 − 1 4 α^2ᾱ^2 , (6.10) ν ≡ s + d − 4 2 − N_z , (6.11)

adapted Lagrangian represented in terms of operator T_ν . This operator was introduced in Ref.[35].

18 In this paper, we adopt the formulation in terms of the double traceless gauge fields [48]. Discussion of various formulations in terms of unconstrained gauge fields may be found in [49]-[53]. For recent review, see [54]. Discussion of other formulations which seem to be most suitable for the theory of interacting fields may be found e.g. in [55].

where Π^{[1,2]} is given in (2.7). Lagrangian (6.5) is invariant under the gauge transformation δ|ϕ⟩ = (α∂ − e_1 − α^2 1 2N_α + d − 2 ē_1)|ξ⟩ . (6.12)

In terms of the so(d) algebra tensor fields, the ket-vector |ξ⟩ is represented as

|ξ⟩ ≡ s−1∑ s^′ =0 α^{s−1−s′} z |ξ_s′ ⟩ , (6.13)

|ξ_s′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − 1 − s^′)! ξ^{a1...as′} |0⟩ , (6.14) where gauge transformation parameters are traceless, ξ^{aaa3...as′} = 0 . Gauge invariant equations of motion obtained from Lagrangian (6.5) take the form μ□_ν |ϕ⟩ − CC̄|ϕ⟩ = 0 , (6.15) where C is given by C ≡ α∂ − 1 2 α^2ᾱ∂ − e_1Π^{[1,2]} + 1 2 ē_1α^2 . (6.16)

Note that for the derivation of equations of motion (6.15) we use the relations C^† = −C̄ and

T^†_{ν− 12} T_{ν−} 1_2 = −∂^2_z + 1 z^2

(ν^2 − 1 4 ) . (6.17)

Using equations of motion (6.15) in bulk action (5.19) with Lagrangian (6.5), we obtain boundary effective action (5.27) with the following L_{eff} :

L_{eff} = 1 2 ⟨ϕ|μ|T_{ν−} 1_2 ϕ⟩ + ⟨( 1 4 ē_{1,1} − 1 2 e_{1,1}ᾱ^2)ϕ||C̄ϕ⟩ . (6.18)

We now, as before, demonstrate how use of the modified de Donder gauge condition provides considerable simplification in solving equations of motion (6.15) and computing effective action (5.27)^{19}. To this end we note that it is the operator C̄ given in (6.6) that defines the modified de Donder gauge condition,

C̄|ϕ⟩ = 0 , modified de Donder gauge . (6.19)

19 Powerful methods of solving AdS field equations of motion based on star algebra products in auxiliary spinor variables are discussed in Refs.[56, 57]. One of interesting features of these methods is that they do not use any gauge conditions when solving the equations of motion.

Using this gauge condition in (6.15) gives the following surprisingly simple gauge fixed equations of motion:

□_ν |ϕ⟩ = 0 , (6.20)

where □_ν and ν are given in (5.10) and (6.11) respectively. Note that for the derivation of Eq.(6.20) we use the fact that kernel of operator μ (6.10) is trivial on space of the doubletraceless ket-vectors. Thus, we see that the modified de Donder gauge leads to the decoupled equations of motion.

Accordingly, using the modified de Donder gauge in (6.18) leads to the simplified expression for L_{eff} ,

L_{eff} | | |_{C̄|ϕ⟩=0} = 1 2 ⟨ϕ|μ|T_{ν−} 1_2 ϕ⟩ . (6.21) In order to find S_{eff} we should solve equations of motion (6.20) with the Dirichlet problem corresponding to the boundary shadow field and plug the solution into L_{eff} . To this end we discuss solution of equations of motion (6.20). Solution of equation (6.20) with the Dirichlet problem corresponding to the boundary shadow field is given by |ϕ(x, z)⟩ = σ_{s,ν} ∫ d^dy G_ν (x − y, z)|ϕ_{sh}(y)⟩ , (6.22)

σ_{s,ν} = (−)^{νs−ν} Γ(ν) 2^{νs−ν} Γ(ν_s)

, (6.23)

ν_s = s + d − 4 2 , (6.24)

where the Green function G_ν and ν are given in (5.14) and (6.11) respectively. The derivation of normalization factor σ_{s,ν} (6.23) may be found in Appendix E.

Using asymptotic behavior of the Green function given in G_ν (5.16), we find the asymptotic behavior of our solution |ϕ(x, z)⟩^{z→0}−→ σ_{s,ν} z^{−ν+ 12} |ϕ_{sh}(x)⟩ . (6.25) From this expression, we see that our solution (6.22) has indeed asymptotic behavior corresponding to the spin-s shadow field. Finally, plugging our solution (6.22) into (6.21) and using general formula given in (5.18), we obtain the effective action

− S_{eff} = (2s + d − 4)c_{νs} Γ , (6.26) c_{νs} = Γ(s + d − 2) π^{d/2}Γ(s +^{d−4}_2 )

, (6.27)

where Γ stands for two-point gauge invariant vertex (4.1) of the spin-s shadow field.

To summarize, imposing the modified de Donder gauge on the massless spin-s AdS field and computing the bulk action on solution of equations of motion with the Dirichlet problem corresponding to the boundary shadow field we obtain the gauge invariant two-point vertex of the spin-s shadow field.

Because in the literature S_{eff} is expressed in terms of twopoint vertex taken in the Stueckelberg gauge frame, Γ^{stand} (4.16), we use (4.12) and represent our result (6.26) as

− S_{eff} =

(2s + d − 3)(2s + d − 4) 2s!(s + d − 3) c_{νs} Γ^{stand} . (6.28)

For the particular values s = 1 and s = 2, our normalization factor in front of Γ^{stand} (6.28) coincides with the respective normalization factors given in (5.43),(5.76). Thus, our result agrees with the previously reported results for the particular values s = 1, 2 (see Refs.[36, 38, 40]) and gives the normalization factor for arbitrary values of s and d.^{20} Knowledge of the normalization factor for arbitrary values of s is important for the systematical study of AdS/CF T correspondence because higher-spin gauge field theories [37, 59] involve infinite tower of AdS fields with all values of s, s = 0, 1, . . . , ∞.

As a side of remark we note that the modified de Donder gauge and the gauge-fixed equations of motion have the onshell left-over gauge symmetry. Namely, modified de Donder gauge (6.19) and gauge-fixed equations of motion (6.20) are invariant under gauge transformation (6.12) provided the gauge transformation parameter satisfies the equation

□_ν |ξ⟩ = 0 , (6.29)

where □_ν and ν are given in (5.10) and (6.11) respectively. Solution to Eq.(6.29) is given by |ξ(x, z)⟩ = σ_{s,ν} ∫ d^dy G_ν (x − y, z)|ξ_{sh}(y)⟩ . (6.30)

Plugging this solution in (6.12) we find the following expression for the on-shell left-over gauge transformation of solution of the Dirichlet problem: δ|ϕ⟩ = σ_{s,ν} ∫ d^dy G_ν (x − y, z)δ|ϕ_{sh}(y)⟩ , (6.31) where δ|ϕ_{sh}⟩ is the gauge transformation of the spin-s shadow field (see Table II). From (6.31), we see that the on-shell leftover gauge symmetry of solution of the Dirichlet problem for spin-s AdS field amounts to the gauge symmetry of the spins shadow field (see Table II). It is matching of the on-shell leftover gauge symmetry of solution of the Dirichlet problem for AdS field and the gauge symmetry of the shadow field that explains why the effective action coincides with the gauge invariant two-point vertex for the boundary shadow field.

20 For massless arbitrary spin AdS_5 fields, the effective action, by using radial gauge, was studied in [58]. Normalization factor in Ref.[58] disagrees with our result and results reported in Refs.[36, 38, 40].

VII. CONFORMAL FIELDS

The kernel of two-point vertex (4.1) is not well-defined when d is even integer and ν takes integer values (see e.g. [60]). However this kernel can be regularized and after that it turns out that the leading logarithmic divergence of the twopoint vertex Γ leads to Lagrangian of conformal fields. To explain what has just been said we note that the kernel of Γ can be regularized by using dimensional regularization. This is to say that using the dimensional regularization and denoting the integer part of d by [d], we introduce the regularization parameter ϵ as

d − [d] = −2ϵ , [d] − even integer . (7.1)

With this notation we have the following behavior of the regularized expression for the kernel in (4.1): 1 |x|^{2ν+d} ϵ∼0∼^1_ϵ ϱν □^ν δ(x) , (7.2)

ϱ_ν = π^{d/2} 4^ν Γ(ν + 1)Γ(ν +^d_2 )

, (7.3)

when ν is integer. Note that, in view of (6.11), ν takes integer values when d is even integer. Using (7.2) in (3.1),(4.1), we obtain

Γ^{ϵ∼0}∼ 1 ϵ ϱ_{νs} ∫ d^dx L , (7.4)

where ν_s is defined in (6.24) and L is a higher-derivative Lagrangian for conformal spin-s field. We now discuss the Lagrangian for spin s = 1, 2 and arbitrary spin-s conformal fields in turn.

A. Spin-1 conformal filed

Using two-point vertex for spin-1 shadow field (3.2) and adopting relation (7.2) to the case of s = 1, we obtain the following gauge invariant Lagrangian for the spin-1 conformal field: L = 1 2 ϕ^a□^{k+1}ϕ^a + 1 2 ϕ□^kϕ , k = d − 4 2 , (7.5)

where we have made the identification

ϕ^a = ϕ^a_{sh} , ϕ = ϕ_{sh} . (7.6)

Using this identification, we note that the differential constraint for spin-1 shadow field (see Table I) implies the same differential constraint for ϕ^a and ϕ,

∂^aϕ^a + ϕ = 0 . (7.7)

Lagrangian (7.5) and constraint (7.7) are invariant under gauge transformations

δϕ^a = ∂^aξ , (7.8) δϕ = −□ξ . (7.9) To check gauge invariance of the Lagrangian we use the notation C for the left hand side of (7.7) and note that gauge variation of Lagrangian (7.5) takes the form

δL = −ξ□^{k+1}C , (7.10)

i.e. we see that Lagrangian (7.5) is indeed invariant when C = 0. Interrelation between our approach and standard approach. Standard formulation of the spin-1 conformal field is obtained from our approach by solving the differential constraint. This is to say that using differential constraint (7.7) we express the scalar field in terms of the vector field,

ϕ = −∂^aϕ^a , (7.11)

and plug ϕ (7.11) in Lagrangian (7.5). By doing so, we obtain the standard Lagrangian for the spin-1 conformal field, L = − 1 4 F^{ab}□^kF^{ab} , F^{ab} = ∂^aϕ^b − ∂^bϕ^a . (7.12)

Light-cone gauge Lagrangian. We now consider lightcone gauge Lagrangian for the spin-1 conformal field. As usually, the light-cone gauge frame is achieved through the use of the light-cone gauge and differential constraints. Gauge transformations (7.8),(7.9) and differential constraint (7.7) of the spin-1 conformal field take the same form as the ones for spin-1 shadow field (see Table I). Therefore to discuss the light-cone gauge for the spin-1 conformal field we can use results obtained for the spin-1 shadow field in Sec. III A. This is to say that light-cone gauge and solution for differential constraint for the spin-1 conformal field are obtained from the respective expressions (3.10) and (3.11) by using identification (7.6). Doing so, we are left with so(d − 2) algebra vector field ϕ^i and scalar field ϕ. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the standard approach, the scalar field ϕ becomes an independent field D.o.F in the light-cone gauge frame. Making use of the light-cone gauge in gauge invariant Lagrangian (7.5), we obtain the light-cone gauge Lagrangian

L^{l.c.} = 1 2 ϕ^i□^{k+1}ϕ^i + 1 2 ϕ□^k ϕ , k = d − 4 2 . (7.13)

B. Spin-2 conformal filed

We proceed with the discussion of spin-2 conformal field. Using two-point vertex for the spin-2 shadow field (3.19) and adopting relation (7.2) to the case of s = 2, we obtain the gauge invariant Lagrangian for the spin-2 conformal field, L = 1 4 ϕ^{ab}□^{k+1}ϕ^{ab} − 1 8 ϕ^{aa}□^{k+1}ϕ^{bb} + 1 2 ϕ^a□^kϕ^a + 1 2 ϕ□^{k−1}ϕ , k = d − 2 2 , (7.14)

where we have made the identification

ϕ^{ab} = ϕ^{ab}_{sh} , ϕ^a = ϕ^a_{sh} , ϕ = ϕ_{sh} . (7.15)

Using this identification, we note that the differential constraints for the spin-2 shadow field (see Table I) imply the same differential constraints for the fields ϕ^{ab}, ϕ^a, and ϕ, ∂^bϕ^{ab} − 1 2 ∂^aϕ^{bb} + ϕ^a = 0 , (7.16)

∂^aϕ^a + 1 2 □ϕ^{aa} + uϕ = 0 , (7.17)

u = ( 2 d − 1 d − 2 )_{1/2} . (7.18)

The Lagrangian and the constraints are invariant under the gauge transformations

δϕ^{ab} = ∂^aξ^b + ∂^bξ^a + 2 d − 2 η^{ab}ξ , (7.19)

δϕ^a = ∂^aξ − □ξ^a , (7.20) δϕ = −u□ξ . (7.21) To demonstrate gauge invariance of the Lagrangian we use the notation C^a and C for the respective left hand sides of (7.16) and (7.17) and find that gauge variation of Lagrangian (7.14) takes the form

δL = −ξ^a□^{k+1}C^a − ξ□^kC , (7.22)

i.e. we see that Lagrangian (7.14) is indeed invariant when C^a = 0, C = 0.

Interrelation between our approach and standard approach. Standard formulation of the spin-2 conformal field is obtained from our approach as follows. First, we use differential constraints (7.16), (7.17) and express the vector field and scalar field in terms of the field ϕ^{ab},

ϕ^a = −∂^bϕ^{ab} + 1 2 ∂^aϕ^{bb} , (7.23) ϕ = 1 u (∂^a∂^bϕ^{ab} − □ϕ^{aa}) . (7.24)

Second, we plug ϕ^a, ϕ (7.23), (7.24) in Lagrangian (7.14) and obtain the standard Lagrangian for the spin-2 conformal field, L = 1 4 ϕ^{ab}□^{k+1}ϕ^{ab} − 1 4(d − 1) ϕ^{aa}□^{k+1}ϕ^{bb} + 1 2 (∂ϕ)^a□^k(∂ϕ)^a + 1 2(d − 1) ϕ^{aa}□^k(∂∂ϕ)

+ d − 2 4(d − 1) (∂∂ϕ)□^{k−1}(∂∂ϕ) , (7.25)

k = d − 2 2 , (7.26)

(∂ϕ)^a ≡ ∂^bϕ^{ab} , (∂∂ϕ) = ∂^a∂^bϕ^{ab} . (7.27)

Lagrangian (7.25) is invariant under gauge transformation of ϕ^{ab} given in (7.19).

As is well known, Lagrangian (7.25) can be represented in terms of the linearized Ricci tensor and Ricci scalar L = R^{ab}□^{k−1}R^{ab} − d 4(d − 1)

R□^{k−1}R , (7.28)

or equivalently in terms of the Weyl tensor L = 1 q^2 C^{abce}□^{k−1}C^{abce} , q^2 ≡ 4 d − 3 d − 2 . (7.29)

For the derivation of relation (7.28), we use the following expressions for the linearized Ricci tensor and Ricci scalar: R^{ab} = 1 2 (−□ϕ^{ab} + ∂^a(∂ϕ)^b + ∂^b(∂ϕ)^a − ∂^a∂^bϕ^{cc}), (7.30) R = (∂∂ϕ) − □ϕ^{aa} , (7.31) while for the derivation of relation (7.29) we use the fact that the Gauss-Bonnet combination taken at second order in the field ϕ^{ab} is a total derivative,

R^{abce}R^{abce} − 4R^{ab}R^{ab} + R^2 = 0 (up to total deriv.) . (7.32) Light-cone gauge Lagrangian. As before, the light-cone gauge frame is achieved through the use of light-cone gauge and differential constraints. Gauge transformations (7.19)- (7.21) and differential constraints (7.16),(7.17) for the spin-2 conformal field take the same form as the ones for the spin-2 shadow field (see Table I). Therefore to discuss the light-cone gauge for the spin-2 conformal field we can use results obtained for the spin-2 shadow field in Sec. III B. This is to say that the light-cone gauge fixing and solution for differential constraints for the spin-2 conformal field are obtained from the respective expressions (3.28) and (3.29)-(3.32) by using identification (7.15). Doing so, we are left with traceless tensor field ϕ^{ij} , vector field ϕ^i and scalar field ϕ_{sh}. These fields constitute the field content of the light-cone gauge frame. Note that, in contrast to the standard approach, the vector field ϕ^i and scalar field ϕ become independent field D.o.F in the light-cone gauge frame. Making use of the light-cone gauge in gauge invariant Lagrangian (7.14), we obtain the light-cone gauge Lagrangian for the spin-2 conformal field,

L^{l.c.} = 1 4 ϕ^{ij} □^{k+1}ϕ^{ij} + 1 2 ϕ^i□^kϕ^i + 1 2 ϕ□^{k−1}ϕ , (7.33)

where k =^{d−2}_2 .

C. Arbitrary spin-s conformal filed

We now discuss arbitrary spin-s conformal field. Using two-point vertex for spin-s shadow field (4.1) and relation (7.2), we obtain the Lagrangian for the spin-s conformal field, L = 1 2 ⟨ϕ|μ□^ν |ϕ⟩ , (7.34) μ ≡ 1 − 1 4 α^2ᾱ^2 , (7.35) ν ≡ s + d − 4 2 − N_z , (7.36)

where we have made the identification

|ϕ⟩ = |ϕ_{sh}⟩ . (7.37)

Using this identification, we note that the differential constraint for the spin-s shadow field (see Table II) implies the same differential constraint for the ket-vector |ϕ⟩,

C̄|ϕ⟩ = 0 , (7.38)

C̄ = C̄_⊥ − ē_1Π^{[1,2]} + 1 2 e_1ᾱ^2□ , (7.39)

C̄_⊥ = ᾱ∂ − 1 2 α∂ᾱ^2 , (7.40)

Π^{[1,2]} = 1 − α^2 1 2(2N_α + d) ᾱ^2 , (7.41)

e_1 = α^z ~e_1 , ē_1 = −~e_1ᾱ^z , (7.42)

~e_1 = ( 2s + d − 4 − N_z 2s + d − 4 − 2N_z )_{1/2} . (7.43)

Lagrangian (7.34) and constraint (7.38) are invariant under the gauge transformation δ|ϕ⟩ = (α∂ − e_1□ − α^2 1 2N_α + d − 2 ē_1)|ξ⟩ , (7.44)

where ket-vector |ξ⟩ takes the same form as the ket-vector |ξ_{sh}⟩ given in (2.34).

To demonstrate gauge invariance of Lagrangian (7.34) we find that variation of the Lagrangian under gauge transformation (7.44) takes the form

δL = −⟨ξ|□^νC̄|ϕ⟩ , (7.45)

i.e. we see that L is indeed gauge invariant provided the ketvector |ϕ⟩ satisfies differential constraint (7.38).

To illustrate the structure of the Lagrangian we note that, in terms of tensor fields ϕ^{a1 ...as′} defined as

|ϕ⟩ ≡ s∑ s^′ =0 α^{s−s′}_z |ϕ_s′ ⟩ ,

|ϕ_s′ ⟩ ≡ α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1 ...as′} |0⟩ , (7.46)

Lagrangian (7.34) takes the form

L = s∑ s^′=0

L_s′ , (7.47)

L_s′ = 1 2s^′! ( ϕ^{a1 ...as′} □^{νs′} ϕ^{a1 ...as′}

− s^′(s^′ − 1) 4 ϕ^{aaa3 ...as′} □^{νs′} ϕ^{bba3 ...as′} ) , (7.48)

ν_s′ = s^′ + d − 4 2 . (7.49)

Stueckelberg gauge frame. Standard formulation of the conformal field is obtained from our approach by using the Stueckelberg gauge frame. Therefore to illustrate our approach, we now present Stueckelberg gauge fixed Lagrangian of the spin-s conformal field. The Stueckelberg gauge frame is achieved through the use of the Stueckelberg gauge and differential constraints. Gauge transformation (7.44) and differential constraint (7.38) for the spin-s conformal field take the same form as the ones for the spin-s shadow field (see Table II). Therefore to discuss the Stueckelberg gauge frame for the spin-s conformal field we can use results obtained for the spins shadow field in Sec. IV. This is to say that, by imposing the Stueckelberg gauge, solution to differential constraint for the spin-s conformal field is obtained from (4.9)-(4.11) by using identification (7.37) and |ϕ_{sh,s}′ ⟩ = |ϕ_s′ ⟩, s^′ = 0, 1, . . . , s. After that, plugging |ϕ⟩ in (7.34) we obtain the Stueckelberg gauge frame Lagrangian,^{21} L = 1 2 s∑ s^′=0

2^{s−s′} (s^′ +^{d−2}_2 )_{s−s}′ (s − s^′)!(s + s^′ + d − 3)_{s−s}′ × ⟨(ᾱ∂)^{s−s′} ϕ_s|□^{νs′} |(ᾱ∂)^{s−s′} ϕ_s⟩ , (7.50) where ν_s′ is defined in (7.49) and we use the notation (p)_q to indicate the Pochhammer symbol, (p)_q ≡^{Γ(p+q)}_{Γ(p)} . To illustrate the structure of Lagrangian (7.50) we note that, in terms of tensor fields ϕ^{a1 ...as′} defined in (7.46), Lagrangian (7.50) takes the form L = 1 2 s∑ s^′ =0

2^{s−s′} (s^′ +^{d−2}_2 )_{s−s}′ s^′!(s − s^′)!(s + s^′ + d − 3)_{s−s}′ × (∂^{s−s′} ϕ)^{a1 ...as′} □^{νs′} (∂^{s−s′} ϕ)^{a1 ...as′} , (7.51)

(∂^{s−s′} ϕ)^{a1 ...as′} ≡ ∂^{b1} . . . ∂^{bs−s′} ϕ^{b1 ...bs−s′ a1 ...as′} . (7.52) For the readers convenience, we write down leading terms in Lagrangian (7.51). L = 1 2s! ϕ^{a1 ...as} □^{νs} ϕ^{a1 ...as} (7.53) + 1 2(s − 1)! (∂ϕ)^{a1 ...as−1} □^{νs−1} (∂ϕ)^{a1 ...as−1}

+ 1 4(s − 2)!

2s + d − 6 2s + d − 5 × (∂^2ϕ)^{a1 ...as−2} □^{νs−2} (∂^2ϕ)^{a1 ...as−2} + . . . . Light-cone gauge Lagrangian. The light-cone gauge frame is achieved through the use of the light-cone gauge and differential constraints. Because the gauge transformation and differential constraint of the spin-s conformal field take the same form as the ones for the spin-s shadow field we can use the results obtained for the spin-s shadow field. This is to say that the light-cone gauge condition and solution for the differential constraint for the spin-s conformal field are obtained from the respective expressions (4.18) and (4.19), (4.20) by using identification (7.37). Doing so, we are left with traceless so(d − 2) algebra fields ϕ^{i1 ...is′} , s^′ = 0, 1, . . . , s. These fields constitute the field content of light-cone gauge frame. Note that, in contrast to the standard approach, the fields ϕ^{i1 ...is′} ,

21 In the Stueckelberg gauge frame, Lagrangian of the arbitrary spin conformal field for d = 4 and d ≥ 4 was discussed in Ref.[4] and Ref.[5] respectively. Our expression (7.50) provides the explicit representation for Lagrangian of the conformal arbitrary spin field. Note that Lagrangian in [4, 5] and the one given in (7.50) involve the higher derivatives. Discussion of ordinary-derivative Lagrangian of the conformal arbitrary spin field may be found in [20].

with s^′ = 0, 1, . . . , s − 1, become independent field D.o.F in the light-cone gauge frame. Making use of the light-cone gauge in gauge invariant Lagrangian (7.34), we obtain the light-cone gauge Lagrangian for the spin-s conformal field

L^{l.c.} = 1 2 ⟨ϕ^{l.c.}|□^ν |ϕ^{l.c.}⟩ . (7.54) To illustrate structure of the light-cone gauge Lagrangian we note that, in terms of the tensor fields ϕ^{i1 ...is′} , Lagrangian (7.54) takes the form

L^{l.c.} = s∑ s^′ =0 1 2s^′! ϕ^{i1 ...is′} □^{νs′} ϕ^{i1 ...is′} , (7.55) where ν_s′ is given in (7.49).

VIII. CONCLUSIONS

In this paper, we have further developed the gauge invariant Stueckelberg approach to CF T initiated in Ref.[1]. The Stueckelberg approach turned out to be efficient for the study of massive fields and therefore we believe that this approach might also be useful for the study of CF T . In this paper, we studied the two-point gauge invariant vertices of the shadow fields and applied our approach to the discussion of AdS/CF T correspondence. In our opinion, use of the Stueckelberg approach to conformal currents and shadow fields turns out to be efficient for the study of AdS/CF T correspondence and therefore this approach seems to be very promising. The results obtained should have a number of the following interesting applications and generalizations.

(i) In this paper we considered the gauge invariant approach for the conformal currents and shadow fields which, in the framework of AdS/CF T correspondence, are related to the respective normalizable and non-normalizable solutions of massless AdS fields. It would be interesting to generalize our approach to the case of anomalous conformal currents and shadow fields. In the framework of AdS/CF T correspondence, the anomalous conformal currents and shadow fields are related to solution of equations of motion for massive AdS fields. Therefore such generalization might be interesting for the study of AdS/CF T duality between string massive states and the boundary conformal currents and shadow fields.

(ii) We studied the bosonic conformal currents and shadow fields. Generalization of our approach to the case of fermionic conformal currents and shadow fields will make it possible to involve the supersymmetry and apply our approach to the type IIB supergravity in AdS_5 × S^5 background and then to the string in this background;

(iii) This paper was devoted to the study of the two-point gauge invariant vertices. Generalization of our approach to the case of 3-point and 4-point gauge invariant vertices will give us the possibility to the study of various applications of our approach along the lines of Refs.[61, 62]

(iv) In recent years, mixed symmetry fields have attracted a considerable interest (see e.g. Refs.[63]-[68]). We think that generalization of our approach to the case of mixed symmetry conformal currents and shadow fields might be useful for the study of AdS/CF T correspondence because the mixed symmetry fields appear in string theory and higher-spin gauge fields theory.

(v) In this paper, we have discussed AdS/CF T correspondence between the massless arbitrary spin AdS fields and the boundary shadow fields. By now it is known that to construct self-consistent interaction of massless higher spin fields it is necessary to introduce, among other things, a infinite chain of massless AdS fields which consists of every spin just once [37, 59]. This implies that to maintain AdS/CF T correspondence for such interaction equations of motion we should also introduce an infinite chain of the boundary shadow fields. We have demonstrated that use of the modified de Donder gauge provides considerably simplifications in the analysis of free equations of motion of AdS fields. In this respect it would be interesting to apply the modified de Donder gauge to the study of the consistent equations for interacting gauge fields of all spins [59] and extend the analysis of this paper to the case of infinite chain of interacting massless fields and the corresponding boundary shadow fields.

Acknowledgments

This work was supported by the RFBR Grant No.08-02- 01118, RFBR Grant for Leading Scientific Schools, Grant No. 1615.2008.2, by the Dynasty Foundation and by the Alexander von Humboldt Foundation Grant PHYS0167.

Appendix A: Derivation of two-point vertex

In this Appendix, we demonstrate that two-point vertex (4.1) is uniquely determined by requiring the vertex to be invariant under the shadow field gauge symmetries, Poincaré algebra symmetries, and dilatation symmetry. We proceed in the following way.

i). Taking into account double-tracelessness constraint, the shadow field differential constraint, and Poincaré algebra symmetries, we note that the general form of two-point vertex is given by Γ = ∫ d^dx_1d^dx_2Γ_{12} , (A1)

Γ_{12} = 1 2 ⟨ϕ_1|H_{12}|ϕ_2⟩ , (A2)

H_{12} = h_1 + α^2h_2 + h_3ᾱ^2 + α^2h_4ᾱ^2 , (A3)

h_1 = h_1(|x_{12}|, N_z) , (A4) h_2 = h_2(|x_{12}|, αx_{12}, α^z , ᾱ^z) , (A5)

h_3 = h_3(|x_{12}|, ᾱx_{12}, α^z , ᾱ^z) , (A6)

h_4 = h_4(|x_{12}|, αx_{12}, ᾱx_{12}, α^z , ᾱ^z) , (A7)

where N_z = α^zᾱ^z , αx_{12} = α^ax^a_{12} ᾱx_{12} = ᾱ^ax^a_{12} and we use the shortcuts ⟨ϕ_1| and |ϕ_2⟩ for the respective ket-vectors ⟨ϕ_{sh}(x_1)| and |ϕ_{sh}(x_2)⟩. All that is required is to find the functions h_a, a = 1, 2, 3, 4. To this end we note that variation of Γ_{12} under gauge transformation δ|ϕ_{sh}⟩ = α∂|ξ_{sh}⟩ + . . . , (A8) takes the form (up to total derivative)

δΓ_{12} = 1 2 ⟨ϕ_1|h_1α^2ᾱ∂|ξ_2⟩ + ⟨ϕ_1|h_2α^2α∂|ξ_2⟩

+ ⟨ϕ_1|h_3ᾱ∂|ξ_2⟩ + 2⟨ϕ_1|h_4α^2ᾱ∂|ξ_2⟩ + . . . (A9)

where dots in (A8) and (A9) stand for the contributions that are independent of the derivative ∂^a and we use the shortcut |ξ_2⟩ for ket-vector |ξ_{sh}(x_2)⟩. Note that to derive (A9) we use the differential constraint for the shadow field |ϕ_{sh}⟩ (see Table II),

C̄_⊥|ϕ_{sh}⟩ + . . . = 0 , (A10)

where dots stand for contributions that are independent of the derivative ∂^a. From (A9), we see that requiring the variation δΓ_{12} to vanish gives constraints

h_4 = − 1 4 α^2ᾱ^2h_1 , h_2 = h_3 = 0 . (A11)

Plugging (A11) in (A3) we obtain

H_{12} = μh_1 , (A12)

where μ is given in (4.2). We now note that requiring invariance of the vertex under shadow field dilatation symmetry (see Table II) we are led to the following solution to h_1:

h_1 = f_ν ρ , ρ ≡ |x_{12}|^{−(2ν+d)} , (A13)

where f_ν depends only on the operator N_z. Taking into account (6.11) we consider f_ν as function of ν. Thus, restrictions imposed by Poincaré symmetries, dilatation symmetry and some restrictions imposed by gauge symmetries lead to the following expression for H_{12}:

H_{12} = μf_ν ρ . (A14)

ii) We now consider all restrictions on f_ν imposed by gauge symmetries. In other words, taking into account the gauge transformation of the shadow field,

δ|ϕ_{sh}⟩ = G_{sh}|ξ_{sh}⟩ , (A15)

G_{sh} = α∂ − e_{1 sh}□ − α^2 1 2N_α + d − 2 ē_{1 sh} , (A16)

we consider restrictions imposed on f_ν by equation (up to total derivative)

⟨G_{sh}ξ_1|μf_ν ρ|ϕ_2⟩ = 0 . (A17)

To this end we note the following helpful relation (up to total derivative): −⟨G_{sh}ξ_1|μf_ν ρ|ϕ_2⟩ = ⟨ξ_1|C̄_⊥ − ē_{1 sh}□ + 1 2 e_{1 sh}ᾱ^2 ) f_ν ρ|ϕ_2⟩ . (A18)

Using differential constraint for the shadow field (see Table II), we transform C̄_⊥-term in (A18) as ⟨ξ_1|C̄_⊥f_ν ρ|ϕ_2⟩ = ⟨ξ_1|f_ν ρC̄_⊥|ϕ_2⟩ = ⟨ξ_1|f_ν ρ ( ē_{1 sh} − 1 2 e_{1 sh}ᾱ^2□ ) |ϕ_2⟩ = ⟨ξ_1|f_ν ρē_{1 sh}|ϕ_2⟩ −⟨ξ_1| (ν + 1)(2ν + d)f_ν |x_{12}|^{2ν+d+2} e_{1 sh}ᾱ^2|ϕ_2⟩ . (A19)

The ē_{1 sh}- and e_{1 sh}-terms in (A18) can be transformed as ⟨ξ_1| ( − ē_{1 sh}□ + 1 2 e_{1 sh}ᾱ^2 ) f_ν ρ|ϕ_2⟩ = −⟨ξ_1|f_{ν−1}ρ2ν(2ν + d − 2)ē_{1 sh}|ϕ_2⟩ +⟨ξ_1| f_{ν+1} 2|x_{12}|^{2ν+d+2} e_{1 sh}ᾱ^2|ϕ_2⟩ . (A20)

Taking into account (A19),(A20) we see that requiring the contribution of ē_{1 sh}-terms in (A18) to vanish we find the following equation for f_ν : f_ν f_{ν−1} = 2ν(2ν + d − 2) . (A21)

Using (A19),(A20), we see that that requiring the contribution of e_{1 sh}-terms in (A18) to vanish also leads to (A21). Thus, equations (A21) amount to requiring that gauge variation of two-point vertex vanishes (A17). Solution to Eq. (A21) with initial condition f_{νs} = 1 is given in (4.3).

Appendix B: Invariance of two-point vertex under conformal boost transformations

We now demonstrate invariance of the shadow field twopoint vertex (4.1) under conformal boost transformations (K^a transformations). We start with expression for two-point vertex (A1) with Γ_{12} given by

Γ_{12} = 1 2 ⟨ϕ_1|H_{12}|ϕ_2⟩ , H_{12} = μf_ν ρ , (B1)

where μ, f_ν and ρ are defined in (4.2), (4.3) and (A13) respectively. In (B1), we use the shortcuts ⟨ϕ_1| and |ϕ_2⟩ for the respective shadow field ket-vectors ⟨ϕ_{sh}(x_1)| and |ϕ_{sh}(x_2)⟩. We proceed in the following way.

i) Before analyzing restrictions imposed on the two-point vertex by the conformal boost symmetries we find explicit form of the restrictions imposed on the two-point vertex by the Poincaré algebra and dilatation symmetries. Invariance with respect to the Poincaré translations implies that H_{12} depends on x^a_{12} ≡ x^a_1 − x^a_2 . Requiring the vertex Γ to be invariant under dilatation and Lorentz algebra symmetries

δ_DΓ = 0 , δ_J ab Γ = 0 , (B2)

amounts to the following respective equations for H_{12}:

(x^a_{12}∂^a_{x12} + 2d − Δ_{sh})H_{12} − H_{12}Δ_{sh} = 0 , (B3)

(l^{ab}_{12} + M^{ab})H_{12} − H_{12}M^{ab} = 0 , (B4)

l^{ab}_{12} ≡ x^a_{12}∂^b_{x12} − x^b_{12}∂^a_{x12} , (B5)

Δ_{sh} ≡ 2 − s + N_z , (B6)

where M^{ab} is given in (2.20). It easy to see that H_{12} given in (A14) satisfies Eqs.(B3), (B4).

ii) We now prove invariance of Γ under the K^a transformations. To this end we analyze variation of the Γ under the K^a transformations. Taking into account (2.16), we see that variation of Γ can be represented as

δ_Ka Γ = δ_Ka_{Δ,M} Γ + δ_Ra Γ . (B7)

Taking into account Eqs.(B3),(B4), one can make sure that the variation of Γ_{12} under K^a_{Δ,M} transformations takes the form (up to total derivative)

δ_Ka_{Δ,M} Γ_{12} = 1 2 ⟨ϕ_1| (1 2 |x_{12}|P^a_{x12} − M^{ab}x^b_{12})H_{12} + 1 2 x^a_{12}[Δ_{sh}, H_{12}] ) |ϕ_2⟩ , (B8)

P^a_x ≡ |x|∂^a − x^a |x| x^b∂^b . (B9)

Using the notation R^a_{sh} for the shadow field operator R^a given in Table II, it is easy to see that variation of the vertex Γ under action of the operator R^a is given by

δ_Ra Γ = ∫ d^dx_1d^dx_2 ⟨R^a_{sh}ϕ_1|H_{12}|ϕ_2⟩ . (B10)

We note that relations (B8) and (B10) are valid for arbitrary H_{12} which satisfies Eqs.(B3),(B4). Making use of expression for H_{12} in (B1), it is easy to see that requiring the vertex Γ to be invariant under K^a transformations,

δ_Ka Γ = 0 , (B11)

amounts to the following equation (up to total derivative):

− 1 2 ⟨ϕ_1|M^{ab}x^b_{12}H_{12}|ϕ_2⟩ + ⟨R^a_{sh}ϕ_1|H_{12}|ϕ_2⟩ = 0 . (B12)

Note that for the derivation of this equation we use the relations [P^a_x , |x|] = 0 and [H_{12}, Δ_{sh}] = 0.

Thus, all that remains to be done is to prove Eq.(B12) with H_{12} given in (B1). To this end we note the relations

x^a_{12}H_{12} = − 1 2ν + d − 2

∂^a_{x12} (|x_{12}|^2H_{12}) , (B13)

M^{ab}∂^b + G_{sh}C̄^a_⊥

= α^aC̄_{sh} − e_{1 sh}□ᾱ^a + ~I^aē_{1 sh} , (B14)

~I^a ≡ α^a − α^2 1 2N_α + d − 2 ᾱ^a , (B15)

C̄^a_⊥ ≡ ᾱ^a − 1 2 α^aᾱ^2 , (B16)

where ν and G_{sh} are given in (4.4) and (A16) respectively, while C̄_{sh}, e_{1 sh}, ē_{1 sh} are given in Table II. Using (B13), (B14), the constraint C̄_{sh}|ϕ_{sh}⟩ = 0, and the relation M^{ab†} = −M^{ab}, we obtain (up to total derivative)

−⟨ϕ_1|M^{ab}x^b_{12}H_{12}|ϕ_2⟩ = ⟨ 1 2ν + d − 2

M^{ab}∂^b_{x1} ϕ_1||x_{12}|^2H_{12}|ϕ_2⟩ = ⟨ ( −G_{sh}C̄^a_⊥ − e_{1 sh}□ᾱ^a + ~I^aē_{1 sh} ) ϕ_1| × |x_{12}|^2H_{12} 2ν + d − 2

|ϕ_2⟩ . (B17)

We now consider expressions appearing in (B17) in turn. G_{sh}- term can be transformed as (up to total derivative)

−⟨G_{sh}C̄^a_⊥ϕ_1|

|x_{12}|^2H_{12} 2ν + d − 2 |ϕ_2⟩ = ⟨C̄^a_⊥ϕ_1|C̄_{cur}

|x_{12}|^2f_ν ρ 2ν + d − 2 |ϕ_2⟩ = ⟨C̄^a_⊥ϕ_1|

|x_{12}|^2f_ν ρ 2ν + d − 2

C̄_{sh}|ϕ_2⟩

+⟨C̄^a_⊥ϕ_1| ( 2ē_{1 sh}f_ν ρ + f_ν ρe_{1 sh}ᾱ^2 ) |ϕ_2⟩ = ⟨(−2ᾱ^a + 2α^aᾱ^2)e_{1 sh}ϕ_1|H_{12}|ϕ_2⟩ , (B18)

where the operator C̄_{cur} is given in Table II. Also, note that we use the differential constraint C̄_{sh}|ϕ_{sh}⟩ = 0. The e_{1 sh}- and ē_{1 sh}- terms in (B17) can be transformed as

−⟨e_{1 sh}□ᾱ^aϕ_1|

|x_{12}|^2H_{12} 2ν + d − 2 |ϕ_2⟩ = −⟨2νe_{1 sh}ᾱ^aϕ_1|H_{12}|ϕ_2⟩ , (B19)

⟨~I^aē_{1 sh}ϕ_1|

|x_{12}|^2H_{12} 2ν + d − 2 |ϕ_2⟩ = −⟨2(ν + 1)e_{1 sh}ᾱ^aϕ_2|H_{12}|ϕ_1⟩ . (B20)

Plugging (B18), (B19) and (B20) in (B17) and taking into account R^a_{sh} given in Table II we make sure that relation (B12) holds true.

Appendix C: Derivation of effective action

We now discuss details of the derivation of effective action (5.18). We are going to prove the following relations: ∫ d^dxϕ(x, z)∂_z ϕ(x, z)^{z→0}−→ ~c^2_ν c_ν ∫ d^dx_1d^dx_2 ϕ_1ϕ_2 |x_{12}|^{2ν+d} , (C1) ∫ d^dx 1 z ϕ(x, z)ϕ(x, z)^{z→ 0}−→ 2~c^2_ν c_ν ∫ d^dx_1d^dx_2 ϕ_1ϕ_2 |x_{12}|^{2ν+d} , (C2) ~c_ν ≡ σc_ν , (C3) where ϕ(x, z) is solution of the Dirichlet problem given in (5.13) and we use the shortcuts ϕ_1 and ϕ_2 for the respective boundary shadow fields ϕ_{sh}(x_1) and ϕ_{sh}(x_2). The |x_{12}| is given in (3.3). Taking into account expressions for the effective action given in (5.11), (5.12) it is easy to see that relations (C1), (C2) do indeed lead to effective action (5.18). Note that in r.h.s. of (C1),(C2) we keep, as usually, only non-local contributions.

We now prove relations (C1), (C2). To this end we use expression for solution ϕ(x, z) in (5.13) to find the relations ∫ d^dx ϕ(x, z)∂_z ϕ(x, z) = ~c^2_ν ((ν + 1 2 )X_1 − (2ν + d)X_2) , (C4) ∫ d^dx 1 z ϕ(x, z)ϕ(x, z) = ~c^2_ν X_1 , (C5)

where we use the notation

X_1 ≡ ∫ d^dx_1d^dx_2d^dx_3ϕ_1ϕ_2 z^{2ν} f^{ν+ d2}_{13} f^{ν+ d2}_{23}

, (C6)

X_2 ≡ ∫ d^dx_1d^dx_2d^dx_3ϕ_1ϕ_2 z^{2ν+2} f^{ν+ d2}_{13} f^{ν+ d2 +1} 23 , (C7)

f_{mn} ≡ z^2 + |x_{mn}|^2 , x^a_{mn} ≡ x^a_m − x^a_n . (C8)

Using the Fourier transform of the kernels in (C6), (C7) z^ν (z^2 + |x|^2)^{ν+ d}2 = ω_ν ∫ d^dk e^{ik·x}k^ν K_ν (kz) , (C9)

ω^{−1}_ν ≡ π^{d/2}2^{ν+d−1}Γ(ν + d 2 ) , (C10)

where K_ν is the modified Bessel, and integrating over x_3, we cast X_1 and X_2 into the form

X_1 = (2π)^d ∫ d^dx_1d^dx_2d^dk ϕ_1ϕ_2e^{ik·x12}

× ω^2_ν k^{2ν} (K_ν (kz))^2 , (C11)

X_2 = (2π)^d ∫ d^dx_1d^dx_2d^dk ϕ_1ϕ_2e^{ik·x12}

× ω_ν ω_{ν+1}zk^{2ν+1}K_ν (kz)K_{ν+1}(kz) . (C12)

We now consider the asymptotic behavior, as z → 0, of X_1 and X_2. As usually, we are interested in non-local contributions to (C11),(C12). To this end we use the definition of K_ν ,

K_ν (z) = π 2 sin πν

(I_{−ν} (z) − I_ν (z)) , (C13)

I_ν (z) = ∞∑ k=0 1 k!Γ(k + ν + 1) (z 2 )_{ν+2k} , (C14)

to obtain the following well-known formula: K_ν (kz)^{z→0}−→ 2^{ν−1}Γ(ν) (kz)^ν + (kz)^ν Γ(−ν) 2^{ν+1}

+ . . . , (C15)

where dots stand for the terms which are not relevant for the analysis of non-local contributions to (C11),(C12). Making use of (C15), we obtain

X_1^{z→0}−→ (2π)^d ∫ d^dx_1d^dx_2d^dk ϕ_1ϕ_2k^{2ν} e^{ik·x12}

× 1 2 ω^2_ν Γ(ν)Γ(−ν) = 2 c_ν ∫ d^dx_1d^dx_2 ϕ_1ϕ_2 |x_{12}|^{2ν+d} , (C16)

X_2^{z→0}−→ (2π)^d ∫ d^dx_1d^dx_2d^dk ϕ_1ϕ_2k^{2ν} e^{ik·x12} × 1 2 ω_ν ω_{ν+1}Γ(−ν)Γ(ν + 1)

= 2ν c_ν (2ν + d) ∫ d^dx_1d^dx_2 ϕ_1ϕ_2 |x_{12}|^{2ν+d} . (C17)

For the derivation of relations (C16),(C17), we use the formu- las ∫ d^dkk^{2ν} e^{ik·x} = 2^{2ν+d}π^{d/2}Γ(ν +^d_2 ) Γ(−ν) |x|^{2ν+d} , (C18)

ω_{ν+1} ω_ν = 1 2ν + d , (C19)

where (C19) is simply obtained by using (C10). Making use of (C16),(C17) in (C4),(C5), we arrive at desired relations (C1),(C2).

Appendix D: CFT adapted Lagrangian for massless spin-1 and spin-2 fields in AdS_{d+1}

In this Appendix, we explain some details of the derivation of the CF T adapted gauge invariant Lagrangian for massless spin-1 and spin-2 fields given in (5.20) and (5.48). Presentation in this Appendix is given by using Lorentzian signature. Euclidean signature Lagrangian in Sec. V, is obtained from the Lorentzian signature Lagrangian by simple substitu- tion L → −L. Spin-1 massless field. We use field Φ^A carrying flat Lorentz algebra so(d, 1) vector indices A, B = 0, 1, . . . , d − 1, d. The field Φ^A is related with field carrying the base manifold indices Φ^μ, μ = 0, 1, . . . , d, in a standard way Φ^A = e^A_μ Φ^μ, where e^A_μ is vielbein of AdS_{d+1} space. For the Poincaré parametrization of AdS_{d+1} space (5.1), vielbein e^A = e^A_μ dx^μ and Lorentz connection, de^A + ω^{AB} ∧ e^B = 0, are given by

e^A_μ = 1 z δ^A_μ , ω^{AB}_μ = 1 z (δ^A_z δ^B_μ − δ^B_z δ^A_μ ) , (D1) where δ^A_μ is Kronecker delta symbol. We use a covariant derivative with the flat indices D^A,

D_A ≡ e^μ_AD_μ , D^A = η^{AB} D_B , (D2)

where e^μ_A is inverse of AdS vielbein, e^A_μ e^μ_B = δ^A_B and η^{AB} is flat metric tensor. With choice made in (D1), the covariant derivative takes the form

D^AΦ^B = ^∂^AΦ^B + δ^B_z Φ^A − η^{AB} Φ^z , ^∂^A ≡ z∂^A , (D3)

where we adopt the following conventions for the derivatives and coordinates: ∂^A = η^{AB} ∂_B , ∂_A = ∂/∂x^A, x^A ≡ δ^A_μ x^μ, x^A = x^a, x^d, x^d ≡ z.

In arbitrary parametrization of AdS, Lagrangian of the massless spin-1 field takes the standard form e^{−1}L = − 1 4 F^{AB} F^{AB} , F^{AB} = D^AΦ^B − D^B Φ^A , (D4) where e ≡ det e^A_μ . Using the notation

C_{st} = D^AΦ^A , (D5)

we note that it is the relation C_{st} = 0 that defines the standard Lorentz gauge. Lagrangian (D4) can be represented as

e^{−1}L = 1 2 Φ^A(D^2 + d)Φ^A + 1 2 C^2_{st} . (D6)

We now use the Poincaré parametrization of AdS and introduce the following quantity:

C = D^AΦ^A + 2Φ^z . (D7)

We note that it is the relation C = 0 that defines the modified Lorentz gauge. Using the relations (up to total derivative)

eΦ^AD^2Φ^A = e ( Φ^A(□_{0 AdS} − 1)Φ^A

+ 4Φ^zC + (d − 7)Φ^zΦ^z ) , (D8)

C^2_{st} = C^2 − 4Φ^zC + 4Φ^zΦ^z , (D9)

□_{0 AdS} ≡ z^2(□ + ∂^2_z ) + (1 − d)z∂_z , (D10)

we represent Lagrangian (D6) and C (D7) as

e^{−1}L = 1 2 Φ^A(□_{0 AdS} + d − 1)Φ^A + d − 3 2 Φ^zΦ^z + 1 2 C^2 , (D11)

C = ^∂^AΦ^A + (2 − d)Φ^z . (D12)

In terms of so(d − 1, 1) tensorial components of the field Φ^A given by Φ^a, Φ^z, Lagrangian (D11) takes the form

e^{−1}L = 1 2 Φ^a(□_{0 AdS} + d − 1)Φ^a + 1 2 Φ^z(□_{0 AdS} + 2d − 4)Φ^z + 1 2 C^2 , (D13)

C = z∂^aΦ^a + zT_{2−d}Φ^z . (D14)

Introducing the canonically normalized field ϕ^A,

Φ^A = z^{d−12} ϕ^A , (D15)

and using the identification ϕ^z = ϕ we make sure that Lagrangian (D13) takes the form L = 1 2 ϕ^a□_{ν1} ϕ^a + 1 2 ϕ□_{ν0} ϕ + 1 2 C^2 , (D16)

where □_ν , C, and ν’s are defined in (5.10), (5.21), and (5.22) respectively. Note that C = z^{(d+1)/2}C. Finally, taking into account expression for operator □_ν (5.10) and relation (6.17), we see that Lagrangian (D16) is equal, up to total derivative and overall sign, to the one given in (5.20).

Lagrangian (D4) is invariant under the gauge transformations δΦ^A = ^∂^AΞ. Making the rescaling Ξ = z^{(d−3)/2}ξ, we check that these gauge transformations lead to the ones given in (5.23), (5.24).

Spin-2 massless field. We use a tensor field Φ^{AB} with flat indices. This field is related with the tensor field carrying the base manifold indices in a standard way Φ^{AB} = e^A_μ e^B_ν Φ^{μν} . In arbitrary parametrization of AdS, Lagrangian of massless spin-2 field takes the standard form

e^{−1}L = 1 4 Φ^{AB} (E_{EH} Φ)^{AB} + 1 2 Φ^{AB} Φ^{AB} + d − 2 4 Φ^2 , (D17)

(E_{EH} Φ)^{AB} = D^2Φ^{AB} − D^A(DΦ)^B − D^B (DΦ)^A

+ D^AD^B Φ + η^{AB} (D^C D^E Φ^{CE} − D^2Φ) ,

Φ ≡ Φ^{AA} , (DΦ)^A ≡ D^B Φ^{AB} . (D18)

Using the notation

C^A_{st} ≡ D^B Φ^{AB} − 1 2 D^AΦ , (D19)

we note that it is the relation C^A_{st} = 0 that defines the standard de Donder gauge condition. Using C^A_{st} , Lagrangian (D17) can be represented as

e^{−1}L = 1 4 Φ^{AB} (D^2 + 2)Φ^{AB} − 1 8 Φ(D^2 − 2d + 4)Φ + 1 2 C^A_{st} C^A_{st} . (D20)

We now use the Poincaré parametrization of AdS, introduce the notation

C^A ≡ C^A_{st} + 2Φ^{zA} − δ^A_z Φ , (D21)

and note that it is the relation C^A = 0 that defines the modified de Donder gauge condition. Using the relations (up to total derivative) 1 4 eΦ^{AB} D^2Φ^{AB} = e (1 4 Φ^{AB} (□_{0 AdS} − 2)Φ^{AB} + d − 5 2 Φ^{zA}Φ^{zA} + 2Φ^{zz}Φ − d 4 Φ^2

+2Φ^{zA}C^A − ΦC^z ) , (D22) 1 2 C^A_{st} C^A_{st} = 1 2 C^AC^A − 2Φ^{zA}C^A + ΦC^z

+2Φ^{zA}Φ^{zA} − 2Φ^{zz}Φ + 1 2 Φ^2 , (D23)

we represent Lagrangian (D20) and C^A as

e^{−1}L = 1 4 Φ^{AB} □_{0 AdS} Φ^{AB} − 1 8 Φ□_{0 AdS} Φ + d − 1 2 Φ^{zA}Φ^{zA} + 1 2 C^AC^A , (D24)

C^A = ^∂^B Φ^{AB} − 1 2 ^∂^AΦ + (1 − d)Φ^{zA} , (D25)

where □_{0 AdS} is given in (D10). In terms of canonically normalized fields ~Φ^{AB} , defined by

Φ^{AB} = z^{d−12} ~Φ^{AB} , (D26)

Lagrangian (D24) takes the form L = 1 4 ~Φ^{AB} □_{ν2} ~Φ^{AB} − 1 8 ~Φ^{AA}□_{ν2} ~Φ^{BB}

+ d − 1 2z^2

~Φ^{zA} ~Φ^{zA} + 1 2 ~C^a ~C^a + 1 2 ~C^z ~C^z , (D27)

~C^a = ∂^b ~Φ^{ab} − 1 2 ∂^a ~Φ + T_− d−1_2 ~Φ^{za} , (D28)

~C^z = ∂^a ~Φ^{za} − 1 2 T d−1_2 ~Φ + T_− d−1_2 ~Φ^{zz} , (D29)

where □_ν and ν’s are defined in (5.10) and (5.51) respectively. We note the relation C^A = z^{(d+1)/2} ~C^A.

Introducing new fields ϕ^{ab}, ϕ^a, ϕ by the relations ~Φ^{ab} = ϕ^{ab} − u d − 1 η^{ab}ϕ , (D30)

~Φ^{za} = ϕ^a , (D31)

~Φ^{zz} = 2 u ϕ , (D32) where u is given in (5.52), we represent Lagrangian (D27) as L = 1 4 ϕ^{ab}□_{ν2} ϕ^{ab} − 1 8 ϕ^{aa}□_{ν2} ϕ^{bb} + 1 2 ϕ^a□_{ν1} ϕ^a + 1 2 ϕ□_{ν0} ϕ + 1 2 C^aC^a + 1 2 C^2 , (D33)

where C^a and C are defined in (5.49),(5.50). We note the relations C^a = ~C^a, C = ~C^z. Taking into account (6.17), we see that Lagrangian (D33) is equal, up to total derivative and overall sign, to the one given in (5.48).

Lagrangian (D17) is invariant under gauge transformations

δΦ^{AB} = D^AΞ^B + D^B Ξ^A . (D34)

Introducing gauge transformation parameter ξ^A by the relation Ξ^A = z^{(d−3)/2}ξ^A, and making the identification for the so(d − 1, 1) algebra scalar mode ξ ≡ ξ^z we check that gauge transformations (D34) lead to the ones given in (5.53)-(5.55).

Appendix E: Derivation of normalization factor σs,ν

In this Appendix, we outline the derivation of the normalization factor σ_{s,ν} given in (6.22),(6.23). To this end we note that (6.22) can be represented as |ϕ(x, z)⟩ = ∫ d^dy p_ν F (x − y)|ϕ_{sh}(y)⟩ , (E1)

F (x) ≡ z^{ν+ 12} (z^2 + |x|^2)^{ν+ d}2

, (E2)

where p_ν depends on operator ν (6.11). Comparing (E1) and (6.22), we see that p_ν and σ_{s,ν} are related as

p_ν = σ_{s,ν} c_ν , (E3)

where c_ν is defined in (5.15), i.e. we see that if we find p_ν then we fix the coefficient σ_{s,ν} .

The coefficient p_ν is uniquely determined by the following two requirements:

i) Modified de Donder gauge condition for AdS field |ϕ⟩ (6.19) should lead to the differential constraint for the shadow field |ϕ_{sh}⟩ (see Table II).

ii) For ν = ν_s (see (4.5)), the p_{νs} is normalized to be

p_{νs} = c_{νs} , (E4)

where c_{νs} is given in (6.27).

We note that the choice of normalization condition (E4) is a matter of convenience. This condition implies that solution (E1) leads to the following asymptotic behavior for the leading rank-s tensor field ϕ^{a1...as} (see (6.3)): ϕ^{a1...as} (x, z)^{z→0}−→ z^{−νs+ 12} ϕ^{a1 ...as}_{sh} (x) , (E5) where ϕ^{a1 ...as}_{sh} is the leading rank-s tensor field in |ϕ_{sh}⟩ (see (2.31)).

We now analyze restrictions imposed by the first requirement. To this end we note the relation C̄|ϕ(x, z)⟩ = ∫ d^dy p_ν F (x − y)W |ϕ_{sh}(y)⟩ , (E6) W ≡ C̄_⊥ − p_{ν+1} 2p_ν (2ν + d) e_{1,sh}ᾱ^2□ + p_{ν−1} p_ν (2ν + d − 2)ē_{1,sh}Π^{[1,2]} , (E7)

where C̄ is modified de Donder operator (6.6). Matching of modified de Donder gauge condition for AdS field |ϕ⟩ and the differential constraint for the shadow field |ϕ_{sh}⟩ implies the relation C̄|ϕ(x, z)⟩ = ∫ d^dy p_ν F (x − y)C̄_{sh}|ϕ_{sh}(y)⟩ . (E8)

Comparison of (E6) and (E8) gives the equation

C̄_{sh} = W . (E9)

Comparing C̄_{sh} given in Table II and W given in (E7) we see that Eq.(E9) amounts to the following equation for p_ν :

p_{ν−1}(2ν + d − 2) = −p_ν . (E10)

Solution to this equation is given by

p_ν = (−2)^ν Γ(ν + d 2 )p_0 , (E11)

where p_0 does not depend on ν. Requiring normalization condition (E4), we find p_0 = c_{νs} (−2)^{νs} Γ(ν_s +^d_2 )

. (E12)

Plugging this p_0 in (E11) we get

p_ν =

(−)^{νs−ν} Γ(ν +^d_2 ) 2^{νs−ν} Γ(ν_s +^d_2 ) c_{νs} . (E13)

Taking into account (E3), (E13) and c_ν (5.15), we obtain solution for σ_{s,ν} given in (6.23).

For the readers convenience, we note the formulas which are helpful for the derivation of relation (E6), e_1|ϕ(x, z)⟩ = − ∫ d^dy F (x − y) p_{ν+1} 2ν + d e_{1sh}□|ϕ_{sh}(y)⟩ , (E14) ē_1|ϕ(x, z)⟩ = − ∫ d^dy F (x − y) × p_{ν−1}(2ν + d − 2)ē_{1sh}|ϕ_{sh}(y)⟩ , (E15)

e_1F (x) = − 1 2ν + d □F (x)e_{1,sh} , (E16)

ē_1F (x) = −F (x)(2ν + d − 2)ē_{1,sh} , (E17)

where the operators e_1 and ē_1 are defined in (6.7).

[1] R. R. Metsaev, Phys. Rev. D 78, 106010 (2008) [arXiv:0805.3472 [hep-th]].

[2] S.E.Konstein, M.A.Vasiliev and V.N.Zaikin, JHEP 0012, 018 (2000) arXiv:hep-th/0010239 [3] O. A. Gelfond, E. D. Skvortsov and M. A. Vasiliev, Theor.

Math. Phys. 154, 294 (2008) [arXiv:hep-th/0601106]. [4] E. S. Fradkin and A. A. Tseytlin, Phys. Rept. 119, 233 (1985). [5] A. Y. Segal, Nucl. Phys. B 664, 59 (2003) [arXiv:hep-th/0207212].

[6] J. Erdmenger, Class. Quant. Grav. 14, 2061 (1997) [arXiv:hep-th/9704108].

[7] N. Boulanger and M. Henneaux, Annalen Phys. 10, 935 (2001) [arXiv:hep-th/0106065].

[8] O. V. Shaynkman, I. Y. Tipunin and M. A. Vasiliev, Rev. Math.

Phys. 18, 823 (2006) hep-th/0401086 [9] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J.

Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[10] V. Balasubramanian, P. Kraus and A. E. Lawrence, Phys.Rev.D 59, 046003 (1999) hep-th/9805171 [11] V. K. Dobrev, Nucl. Phys. B 553, 559 (1999) [arXiv:hep-th/9812194].

[12] R. R. Metsaev, Nucl. Phys. B 563, 295 (1999) [arXiv:hep-th/9906217].

[13] V. Balasubramanian, E. G. Gimon, D. Minic and J. Rahmfeld, Phys. Rev. D 63, 104009 (2001) [arXiv:hep-th/0007211].

[14] R. R. Metsaev, Phys. Lett. B 636, 227 (2006) [arXiv:hep-th/0512330].

[15] A. Petkou, Annals Phys. 249, 180 (1996) [arXiv:hep-th/9410093].

[16] A. C. Petkou, Phys.Lett. B 389, 18 (1996) [arXiv:hep-th/9602054].

[17] N. Boulanger, C. Iazeolla and P. Sundell, JHEP 0907, 013 (2009) [arXiv:0812.3615 [hep-th]]. JHEP 0907, 014 (2009) [arXiv:0812.4438 [hep-th]].

[18] F. Bastianelli, O. Corradini and E. Latini, JHEP 0702, 072 (2007) [arXiv:hep-th/0701055]. JHEP 0811, 054 (2008) [arXiv:0810.0188 [hep-th]].

[19] D. Cherney, E. Latini and A. Waldron, arXiv:0906.4814 [hepth].

[20] R. R. Metsaev, “Ordinary-derivative formulation of conformal low spin fields,” arXiv:0707.4437 [hep-th]. “Ordinaryderivative formulation of conformal totally symmetric arbitrary spin bosonic fields,” arXiv:0709.4392 [hep-th].

[21] R. R. Metsaev, Class. Quant. Grav. 11, L141 (1994). [22] R. R. Metsaev, Phys. Lett. B 354, 78 (1995). “Arbitrary spin massless bosonic fields in d-dimensional anti-de Sitter space,” arXiv:hep-th/9810231.

[23] P. Haggi-Mani and B. Sundborg, JHEP 0004, 031 (2000) [arXiv:hep-th/0002189].

[24] A. A. Tseytlin, Theor. Math. Phys. 133, 1376 (2002) [Teor. Mat.

Fiz. 133, 69 (2002)] [arXiv:hep-th/0201112].

[25] E. Sezgin and P. Sundell, JHEP 0109, 036 (2001) [arXiv:hep-th/0105001].

[26] A. Sagnotti and M. Tsulaia, Nucl. Phys. B 682, 83 (2004) [arXiv:hep-th/0311257].

[27] G. Bonelli, Nucl. Phys. B 669, 159 (2003) [arXiv:hep-th/0305155].

[28] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 533, 109 (1998) [arXiv:hep-th/9805028].

[29] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 63, 046002 (2001) [arXiv:hep-th/0007036].

[30] R. R. Metsaev, C. B. Thorn and A. A. Tseytlin, Nucl. Phys. B 596, 151 (2001) [arXiv:hep-th/0009171].

[31] J. Erdmenger and H. Osborn, Class. Quant. Grav. 15, 273 (1998) [arXiv:gr-qc/9708040].

[32] R. R. Metsaev, Phys. Lett. B 671, 128 (2009) [arXiv:0808.3945 [hep-th]].

[33] R. R. Metsaev, Phys. Lett. B 682, 455 (2010) [arXiv:0907.2207 [hep-th]].

[34] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[35] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[36] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Nucl.

Phys. B 546, 96 (1999) [arXiv:hep-th/9804058].

[37] M. A. Vasiliev, Phys. Lett. B 567, 139 (2003) [arXiv:hep-th/0304049].

[38] H. Liu and A. A. Tseytlin, Nucl. Phys. B 533, 88 (1998) [arXiv:hep-th/9804083].

[39] G. E. Arutyunov and S. A. Frolov, Nucl. Phys. B 544, 576 (1999) [arXiv:hep-th/9806216].

[40] W. Mueck and K. S. Viswanathan, arXiv:hep-th/9810151. [41] R. R. Metsaev, Phys. Lett. B 531, 152 (2002) [arXiv:hep-th/0201226].

[42] S. Guttenberg and G. Savvidy, SIGMA 4, 061 (2008) arXiv:0804.0522 [hep-th].

[43] R. Manvelyan, K. Mkrtchyan and W. Ruhl, Nucl. Phys. B 803, 405 (2008) [arXiv:0804.1211 [hep-th]].

[44] A. Fotopoulos and M. Tsulaia, JHEP 0910, 050 (2009)

[arXiv:0907.4061 [hep-th]].

[45] O. Andreev, Phys. Rev. D 67, 046001 (2003) [arXiv:hep-th/0209256].

[46] S. J. Brodsky and G. F. de Teramond, “AdS/CFT and Light- Front QCD,” arXiv:0802.0514 [hep-ph].

[47] Z. Abidin and C. E. Carlson, Phys. Rev. D 77, 095007 (2008) [arXiv:0801.3839 [hep-ph]].

[48] C. Fronsdal, Phys. Rev. D 20, 848 (1979).

[49] D. Francia and A. Sagnotti, Phys. Lett. B 543, 303 (2002) [arXiv:hep-th/0207002].

[50] I. L. Buchbinder and V. A. Krykhtin, Nucl. Phys. B 727, 537 (2005) [arXiv:hep-th/0505092].

[51] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, Nucl. Phys.

B 762, 344 (2007) hep-th/0608005 [52] I. L. Buchbinder, A. V. Galajinsky and V. A. Krykhtin, Nucl.

Phys. B 779, 155 (2007) [arXiv:hep-th/0702161].

[53] A. Fotopoulos, K. L. Panigrahi and M. Tsulaia, Phys. Rev. D 74, 085029 (2006) [arXiv:hep-th/0607248].

[54] A. Fotopoulos and M. Tsulaia, Int. J. Mod. Phys. A 24, 1 (2009) [arXiv:0805.1346 [hep-th]].

[55] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B 692, 363 (2004) [arXiv:hep-th/0311164]. arXiv:hep-th/0601225.

[56] K. I. Bolotin and M. A. Vasiliev, Phys. Lett. B 479, 421 (2000) [arXiv:hep-th/0001031].

[57] V. E. Didenko and M. A. Vasiliev, Phys. Lett. B 682, 305 (2009) [arXiv:0906.3898 [hep-th]].

[58] C. Germani and A. Kehagias, Nucl. Phys. B 725, 15 (2005) [arXiv:hep-th/0411269].

[59] M. A. Vasiliev, Phys. Lett. B 243, 378 (1990). [60] I. Y. Aref’eva and I. V. Volovich, arXiv:hep-th/9803028. [61] H. Liu and A. A. Tseytlin, Phys. Rev. D 59, 086002 (1999) [arXiv:hep-th/9807097].

[62] T. Leonhardt and W. Ruhl, J. Phys. A 36, 1159 (2003) [arXiv:hep-th/0210195].

[63] X. Bekaert and N. Boulanger, Commun. Math. Phys. 245, 27 (2004) [arXiv:hep-th/0208058]. Commun. Math. Phys. 271, 723 (2007) [arXiv:hep-th/0606198].

[64] P. Y. Moshin and A. A. Reshetnyak, JHEP 0710, 040 (2007) [arXiv:0707.0386 [hep-th]].

[65] E. D. Skvortsov, JHEP 0807, 004 (2008) [arXiv:0801.2268 [hep-th]]; Nucl. Phys. B 808, 569 (2009) [arXiv:0807.0903 [hep-th]]; J. Phys. A 42, 385401 (2009) [arXiv:0904.2919 [hepth]].

[66] Yu. M. Zinoviev, Nucl. Phys. B 812, 46 (2009) [arXiv:0809.3287 [hep-th]]; Nucl. Phys. B 821, 21 (2009) [arXiv:0904.0549 [hep-th]]. Nucl. Phys. B 826, 490 (2010) [arXiv:0907.2140 [hep-th]].

[67] A. Campoleoni, D. Francia, J. Mourad and A. Sagnotti, Nucl.

Phys. B 815, 289 (2009) [arXiv:0810.4350 [hep-th]]; Nucl. Phys. B 828, 405 (2010) [arXiv:0904.4447 [hep-th]].

[68] K. B. Alkalaev, M. Grigoriev and I. Y. Tipunin, Nucl. Phys. B 823, 509 (2009) [arXiv:0811.3999 [hep-th]].