arXiv:0907.5107v3 [hep-th] 6 Oct 2009

Preprint typeset in JHEP style - PAPER VERSION Cavendish–HEP–09/12

Charge and mass effects on the evaporation of higher-dimensional rotating black holes

Marco O.P. Sampaio

Cavendish Laboratory, University of Cambridge, J.J. Thomson Avenue, Cambridge CB3 0HE, U.K.

E-mail: sampaio@hep.phy.cam.ac.uk

Abstract: To study the dynamics of discharge of a brane black hole in TeV gravity scenarios, we obtain the approximate electromagnetic field due to the charged black hole, by solving Maxwell’s equations perturbatively on the brane. In addition, arguments are given for brane metric corrections due to backreaction. We couple brane scalar and brane fermion fields with non-zero mass and charge to the background, and study the Hawking radiation process using well known low energy approximations as well as a WKB approximation in the high energy limit. We argue that contrary to common claims, the initial evaporation is not dominated by fast Schwinger discharge.

Keywords: Black Holes, Hawking Radiation, Large Extra Dimensions.

Contents

1. Introduction 1

2. The background 2 2.1 Determination of the Maxwell field 4 2.2 Comments on backreaction 4

3. Systems of units and orders of magnitude 7

4. Evaporation – coupling the Maxwell field 9 4.1 Hawking radiation 10 4.2 Wave equations 12 4.2.1 The scalar field 12 4.2.2 The Dirac field 13 4.3 Transmission factors 14 4.3.1 Near horizon equation 14 4.3.2 Far field solution and low energy matching 16 4.3.3 High energy approximation based on WKB arguments 18

5. Results 19 5.1 The effect of particle mass 19 5.2 The effect of BH charge on neutral particles 21 5.3 The effect of particle charge 21

6. Conclusions 24

1. Introduction

Recent proposals for extending the Standard Model of particle physics (SM) have suggested the existence of extra spatial dimensions as a solution to the hierarchy problem [1–6]. Such scenarios lower the strong gravity scale to 1 TeV and allow for the production of black holes at high energies [7–10], such as the proton-proton collisions planned at the Large Hadron Collider (LHC). For consistency with current experimental observations [11–14], the class of allowed models is constrained. Examples are the number of extra dimensions n ≥ 3 and the fundamental Planck mass M_{4+n}. Another important constraint is the need to confine SM fields on thin branes to avoid bounds from electroweak precision observables [15] and fast proton decay [16, 17]. Then the SM fields generated by the charges trapped inside the hypothetical black holes will be confined to the brane, rather than spreading into the bulk. Thus their influence in the Hawking decay will differ from the non-confined case.

– 1 –

The study of black hole evaporation is also interesting as a theoretical arena in which to develop understanding of quantum field theory in curved space-time [18] and its possible extensions [19, 20]. For Cosmology, the evaporation of small primordial black holes could be relevant if they were produced after the Big Bang [21]. Finally in Astrophysics the tools employed to study Hawking radiation may be applied to issues such as black hole stability and scattering of waves around black holes [22–26].

Phenomenologically, the study of Black Hole (BH) events in high energy collisions has evolved through the development of event generators [8, 27–30]. The latter incorporate results from Hawking evaporation to simulate the decay phase (i.e. the evaporation) together with models for production. In this paper, we focus on the evaporation of (4 + n)- dimensional black holes on the brane. Several detailed studies appeared recently using analytical [31–37] and numerical tools [38–48]. They focused mainly on massive rotating black holes, so charge has been largely neglected. The usual motivation to start by neglecting charge relies on the claim that the black hole quickly discharges through Schwinger emission in the first stages of evaporation [7, 49–51]. We present detailed arguments to show that Schwinger emission alone does not suffice to discharge the black hole. This is due to the strengthening of the gravitational field compared to the electromagnetic field in TeV gravity scenarios which is in contrast with the weakness of gravity compared to electromagnetism in 4-dimensional Einstein-Maxwell theory. Thus the usual results in four dimensions, which favour strong Schwinger evaporation [49–51], do not hold.

The structure of the paper is the following: In Sec. 2 we construct the approximate Maxwell field of an electrically charged (4 + n)-dimensional brane black hole starting with a background projected Myers-Perry metric with one angular momentum on the brane. In Sect. 2.2, we comment on backreaction and propose an effective metric to incorporate the effect of brane charge on the metric. Sect. 3 is devoted to a detailed matching of the relevant couplings in the classical limit, taking into account the underlying assumptions of large extra dimensions models. Some remarks are made on the relative strengths of forces. In the beginning of Sect. 4 the coupling of matter fields to the background is briefly presented. In Sec. 4.1 we summarize the relevant formulas from Hawking radiation which apply to our case, as well as a direct estimate from Schwinger’s formula, indicating that Schwinger discharge is not dominant. In Sec. 4.2 we present the separated wave equations for scalars and fermions with non-zero mass and charge. In Sec. 4.3 we use some approximation methods to determine analytic expressions for transmission factors for massive charged scalars and massless charged fermions. To conclude, in Sec. 5 we plot our new results for various combinations of parameters and in Sec. 6 we discuss the main consequences for LHC phenomenological studies.

2. The background

In this study we are considering a (4 + n)-dimensional black hole space-time which is asymptotically flat. In the context of TeV gravity scenarios for the LHC such as large extra dimensions [1–4] or warped extra dimensions [5], they are expected to form due to the strong gravitational interaction between colliding partons with a centre of mass energy

– 2 – well above M_{4+n} ∼ 1 TeV [7–9]. This scale is taken to be the fundamental Planck mass in flat (4 + n)-dimensional space-time with four infinite dimensions and n compactified extra dimensions of typical size orders of magnitude larger than 1 TeV^{−1}. The four-dimensional Planck mass M_4 is an effective quantity at large distances. Its large value arises from integrating out the extra dimensions, giving a large volume factor which scales up M_{4+n} (see for example [2]).

Since all scales involved in the process are assumed to be of the order of 1 TeV it follows that the black hole so formed can effectively be treated as a (4 + n)-dimensional object. In general it will be characterized by a mass M, angular momentum J and some Standard Model charges inherited from the colliding partons. In particular, for proton-proton collisions, since quarks are electrically charged it can have a charge Q (in this paper we will not consider colour charges). Furthermore, at formation, it will have higher multipoles associated with asymmetries during the collision. Due to the no hair theorems of general relativity and some estimates in the literature [7], it is believed that such asymmetries are lost quickly. Thereafter the set {M, J, Q} should provide a good description of the black hole.

Early attempts to model black hole production [10, 52–55] and evaporation [38–48] focused on mass (M) and angular momentum (J). Here we are interested in adding charge and particle mass corrections to the evaporation. We start with the projected Myers-Perry metric with mass M and one angular momentum J on the brane, and solve for the Maxwell field keeping the background fixed. It is important to emphasize that we are not interested in a Maxwell field propagating in the bulk of the (4+n)-dimensional space-time, but rather a Maxwell field confined to a 4-dimensional brane where all the SM fields propagate^1.

The background gravitational field is given by the Myers-Perry metric [56]

ds^2 = ( 1 − μ Σr^{n−1} ) dt^2 +

2aμ sin^2 θ Σr^{n−1} dtdϕ − Σ Δ dr^2− − Σdθ^2 − ( r^2 + a^2 + a^2μ sin^2 θ Σr^{n−1} ) sin^2 θdϕ^2 − r^2 cos^2 θdΩ^2_n , (2.1)

where Δ = r^2 + a^2 − μ r^{n−1} , Σ = r^2 + a^2 cos^2 θ , (2.2)

t is a time coordinate, dΩ^2_n is the metric on an n-sphere and {r, θ, ϕ} are spatial spheroidal coordinates. The mass parameter μ and the oblateness parameter a are related to the physical mass and angular momentum respectively through M M_{4+n} = (n + 2) 2 S_{2+n}(2π)^{− n(n+1)n+2} M^{n+1}_{4+n} μ , (2.3)

J = S_{2+n}(2π)^{− n(n+1)n+2} M^{n+2}_{4+n} a μ = 2 n + 2

Ma . (2.4)

where S_{2+n} is the surface area of a (2+n)-sphere and we have adopted the PDG convention for the extra-dimensional Planck mass M_{4+n} as in [30].

By fixing the coordinates Ω_n we obtain the brane projected metric. This will suffice as an effective metric to describe the gravitational field felt by brane fields.

1For a discussion of why this is so, see for example section 3 of [30].

– 3 –

2.1 Determination of the Maxwell field

As a starting approximation, assume the Maxwell field is a perturbation on top of the background gravitational field. We want to solve Maxwell’s equations for the vector potential A_a using the metric (2.1). The combined gravitational plus electromagnetic background can then be coupled to other fields to study the Hawking effect.

We want the solution to retain the symmetries of the effective four dimensional background. The latter has exactly the same symmetries as the Kerr-Newman solution so we use the same type of ansatz (see for example chapter 3.6 of [57]) A_adx^a = −Q r Σ ( dt − a sin^2 θdϕ ) . (2.5)

where A_a is the vector potential. It can be check that (2.5) solves the sourceless Maxwell equations on the brane D_aF^{ab} = 1 √ g ∂_a (√ gF^{ab} ) = 0 . (2.6)

where F_{ab} = ∂_aA_b − ∂_bA_a is the field strength. This result follows since √ g = Σ sin θ is exactly the same as for the Kerr-Newman metric^2. In addition the identities

D_{[a} F_{bc]} = 0 ,

where the brackets denote cyclic permutation of indices, are also satisfied. Note how the modified r^{1−n} term in Δ which gives a 1/r^{2+n} gravitational force law away from the black hole, does not affect the stationary brane Maxwell field. This means that a brane charged particle propagating outside the black hole, feels an electric force that scales like 1/r^2 and a gravitational force that scales like 1/r^{2+n}.

Gauss’ theorem applied to Eq. (2.6) allows us to match Q to the physical charge of the black hole ∫ D_aF^{ab}dΣ_b = 4π ∫ dΣ_c √ gJ^c ⇒ Q = ∫ d^3x √ gJ^0 . (2.7)

Here we have integrated over spatial hypersurfaces of constant t with normal hypervolume dΣ_b = d^3xδ^0_b and after applying Gauss’ theorem integrated the left hand side on a sphere at r → +∞.

2.2 Comments on backreaction

From the equivalence principle, we know that the Maxwell field should also source the right hand side of Einstein’s equations through its energy-momentum tensor. In other words the Maxwell field also gravitates and will generate a correction to the metric. Now that we have found a consistent solution of Maxwell’s equations on the background we may try to find a self-consistent correction to the gravitational field. Ideally we would have to solve the coupled Einstein-Maxwell equations in the full (4 + n)-dimensional space with the Maxwell field confined to the brane. This would involve finding a specific mechanism to confine the field.

2Note that g_{ab} is the brane projected metric. Throughout, Latin indices denote curved space-time components whereas Greek indices denote Minkowski space components.

– 4 –

In Sect. 2.1 we started with a simplified framework where the brane is a small perturbation and its geometry is correctly described by the projected Myers-Perry metric (2.1). It can be checked by direct computation that the Einstein equations on the brane for that background projected metric are not vacuum like. This is not surprising since the actual vacuum black hole solution lives in (4 + n)-dimensions. The non-zero components are

G^{(0)r} = nμr^{1−n} Σ^2

G^{(0)θ} = − G^{(0)r} 2r^2 [ (n + 1)r^2 + (n − 1)a^2 cos^2 θ ]

G^{(0)ϕ} = − G^{(0)r} 2r^2Σ [ (n + 1)r^4 + (n + 3)r^2a^2 + (n − 3)r^2a^2 cos^2 θ + (n − 1)a^4 cos^2 θ ]

G^{(0)t} = G^{(0)r} 2r^2Σ [ 2r^4 + (n + 3)r^2a^2 − (n + 1)r^2a^2 cos^2 θ + (n − 1)a^4 cos^2 θ sin^2 θ ]

G^{(0)ϕ}_t = aG^{(0)r} 2r^2Σ [ (n + 1)r^2 + (n − 1)a^2 cos^2 θ ] G^{(0)t}_ϕ = −G^{(0)ϕ}_t Σ_0 sin^2 θ , (2.8)

where Σ_0 = r^2 + a^2. So from the brane point of view, an observer performing gravitational measurements sees a black hole space-time together with an effective fluid due to the embedding into the extra dimensions.

Before trying to find the corrections to the metric it is useful to note some properties. We expect such a corrected metric to reduce to the projected metric (2.1) in the Q = 0 limit and to the Kerr-Newman solution when n = 0. Furthermore, it should exhibit the same symmetries as the Kerr-Newman metric if we want the Maxwell field to be of the same form as in Eq. (2.5).

Compared to the Kerr (Q = 0) limit, the Kerr-Newman metric is modified by a shift of the mass term μr in Δ to μr − Q^2. The term μr is related to the gravitational potential which in the chargeless (4 + n)-dimensional case is simply replaced by μr^{1−n}. Similarly, we adopt an ansatz where μr^{1−n} is shifted to μr^{1−n} − Q^2 (or equivalently Δ → Δ + Q^2). This substitution has been noted in a Randall-Sundrum context [58] where Q^2 is interpreted as a tidal charge. Then the effective brane metric ansatz is

ds^2_{(4)} = ( 1 − μr^{1−n} − Q^2 Σ ) dt^2 +

2a(μr^{1−n} − Q^2) sin^2 θ Σ dtdϕ − Σ Δ dr^2− − Σdθ^2 − ( r^2 + a^2 + a^2(μr^{1−n} − Q^2) sin^2 θ Σ ) sin^2 θdϕ^2 , (2.9) and Δ = r^2 + a^2 − μr^{1−n} + Q^2 .

Remarkably, explicit evaluation of the Einstein tensor for this metric yields

G^b_a = G^{(0)b}_a + 8πT^b_a , (2.10)

– 5 – where

8πT^b_a = − Q^2(Σ_0 + a^2 sin^2 θ) Σ^2

0 0 − 2aQ^2 Σ^3 0 − Q^2 Σ^2 0 0 0 0 Q^2 Σ^2 0 2aQ^2Σ_0a^2 sin^2 θ Σ^3 0 0 Q^2(Σ_0 + a^2 sin^2 θ) Σ^3

(2.11)

is the energy momentum tensor for the Maxwell field obtained in the previous section, as computed from the definition

T^b_a = 1 4π ( F_{ac}F^{bc} − 1 4 δ^b_aF_{cd}F^{cd} ) . (2.12)

This shows how the brane metric ansatz we have chosen reproduces exactly the gravitational field generated by the Maxwell field while keeping the extra contribution from the embedding into the bulk untouched. This indicates that we can consistently add the Maxwell field on the brane and correct the brane metric accordingly.

Even though the effective metric (2.9) can’t be the full solution we can regard it as a first approximation which is physically consistent (for a rigorous study in the second Randall-Sundrum model see [58,59]). To solve the problem of the backreaction exactly, we would have to construct a bulk energy momentum tensor for the Maxwell field, with some typical thickness, and solve the bulk Einstein equations. This would give the effect of the four dimensional brane Maxwell field on the bulk geometry as well as the brane. Keeping in mind the ansatz above it is tempting to assume that the physical metric will have the form

ds^2_{(4)} = ( 1 − μr^{1−n} − Q^2(Ω_n) Σ ) dt^2 +

2a(μr^{1−n} − Q^2(Ω_n)) sin^2 θ Σ dtdϕ − Σ Δ dr^2− − Σdθ^2 − ( r^2 + a^2 + a^2(μr^{1−n} − Q^2(Ω_n)) sin^2 θ Σ ) sin^2 θdϕ^2 + r^2 cos^2 θdΩ^2_n , (2.13)

where now Q^2 is a function of the transverse bulk coordinates Ω_n such that

Q(Ω_n) = { Q if Ω_n on the brane 0 otherwise . If we imagine a brane with thickness ϵ such that the charge function Q^2(Ω_n) drops suddenly where the brane ends, then this choice ensures the vacuum Einstein equations are obeyed in the bulk, as well as on the brane (together with the Maxwell field). The only addition is a sharp δ function like energy momentum tensor where the brane ends. This can be checked explicitly in the 5-dimensional case by using a generic function Q(χ) (χ is the fifth dimensional coordinate) and applying the Gauss-Codazzi equations to obtain brane Einstein equations at each hyperslice parallel to the χ = 0 brane. If the profile chosen is flat inside the brane (Q(χ) = Q) and drops suddenly to zero at some χ_ϵ, then we obtain terms which are proportional to derivatives of Q(χ) at χ_ϵ. These extra contributions at χ_ϵ

– 6 – spoil the construction but nevertheless we can ignore them or assume they are somehow related to the mechanism that keeps the fields confined to the 4-dimensional brane.

Regardless of these problems, note that the charge introduced in (2.9) consistently reduces the size of the black hole event horizon on the brane as we would expect for a charged black hole. Furthermore the Maxwell field, which is independent of Δ, produces terms in the geodesics which reproduce exactly the usual 4-dimensional electric force. This is certainly a feature we want to keep. Finally, for LHC black holes we will see that the Q^2 in the metric is actually a small perturbation. So the charge shouldn’t disturb the bulk geometry much and to first order this effective brane metric should be a good approximation.

3. Systems of units and orders of magnitude

In this section we find the relation between the black hole parameters and the corresponding physical quantities in terms of well known constants, as well as the coupling of charged test particles. Note that for simplicity, we have been working in a natural system of units where all dimensionful quantities come in fact divided by the appropriate Planck unit factor. For example lengths come divided by M^{−1}_{4+n} and masses by M_{4+n}. Similarly any field comes divided by the appropriate “Planck quantity”. Then the charge Q becomes a dimensionless quantity describing the strength of the electric field with respect to some reference charge. The precise value of this parameter is found by matching to a known limit. Anticipating the result we write Q = Z √ α where √ α is the fundamental charge and Z is the charge of the black hole in units of √ α. For the purpose of matching Q, the rotation parameter can be set to zero.

Let’s start by looking at geodesics for charged particles. They are obtained from the action principle S = ∫ dλ ( 1 2 dx^a dλ dx_a dλ + q dx^a dλ A_a ) (3.1)

where q = z √ α is the charge of the test particle. The coupling √ α can be found by taking the non-relativistic limit. If we define the generalised momentum

P_a = dL dẋ^a = dx_a dλ + qA_a , (3.2)

conservation of the Hamiltonian H ≡ L − P_aẋ^a reduces to the 4-momentum constraint

p_ap^a = m^2 , (3.3)

where p^a = dx^a/dλ. The geodesic equation coupled to electromagnetism is obtained by variation of the action:

d^2x^a dλ^2 + Γ^a_{bc} dx^b dλ dx^c dλ + qF^a_b dx^b dλ = 0 , (3.4)

– 7 – where Γ^a_{bc} are the Christoffel symbols. We consider radial geodesics dθ/dλ = dϕ/dλ = 0. In four dimensions, the non-trivial equations are

d^2r dλ^2 + 1 2 m^2U^′ − αU zZ r^2

E = 0 (3.5)

d^2t dλ^2 + ( U^′E + α zZ r^2 ) 1 U dr dλ = 0 , (3.6)

with U = Δ/r^2. In the non-relativistic limit dt/dλ = E ∼ m, therefore dt ∼ m dλ and m d^2r dt^2 = − mM r^2 + α zZ r^2 + αm Z^2 r^3

+ O(r^{−4}) , (3.7)

giving respectively the Newtonian and Coulomb force laws and the first relativistic correction due to the gravitational effect of the Maxwell field. To match α in four dimensions, put back all length scales in terms of Planck units explicitly (note that l_4, and l_{4+n} are Planck lengths) m d^2r dt^2 1 M^2_4 = m M_4 ( − M M_4 l^2_4 r^2 + α M_4 m zZ l^2_4 r^2

+ αZ^2 l^3_4 r^3 + . . . ) , (3.8)

where the extra relativistic correction is suppressed by one more power of l_4/r. Rewriting the previous equation and setting the masses to electron masses and charges z, Z = 1 (i.e. the unit is the electron charge) m d^2r dt^2 1 M^2_4 = − m_e M_4 ( m_e M_4 − α M_4 m_e ) l^2_4 r^2

+ . . . . (3.9)

The ratio of electric to gravitational force between electrons gives

α = F_e F_g ( m_e M_4

)_2 = e^2 4πϵ_0 Gm^2_e ( m_e M_4

)_2 = e^2 4πϵ_0 ≃ 1 137 (3.10)

as expected. Eq. (3.10) emphasizes how the electric force F_e = αF_g (M_4/m_e)^2 in 4- dimensions is orders of magnitude stronger than the gravitational force. This is simply a statement of the hierarchy problem mentioned in the introduction. However the same cannot apply in TeV gravity scenarios where all forces are controlled by the same scale, so gravity becomes stronger at short distances. Thus it is crucial to determine the relative strength of the (4 + n)-dimensional gravitational force and the electric force.

Now let us rewrite Eq. (3.8) using M_{4+n} m d^2r dt^2 1 M^2_{4+n} = m M_{4+n} [ − ( M_{4+n} M_4

)_2 M M_{4+n} l^2_{4+n} r^2 + α M_{4+n} m zZ l^2_{4+n} r^2 + ( M_{4+n} M_4

)_2 αZ^2 l^3_{4+n} r^3 + . . . ] (3.11)

The first and third contributions, which are due to the gravitational fields of the mass M and the charge Q, are suppressed by the same power of M_{4+n}/M_4. However, as we

– 8 – approach short distances, the gravitational coupling must become higher dimensional,^3 gravity becomes strong and the suppression factors will disappear. Note however, that since the Maxwell field is confined to the brane, the r-power in the third term (which is associated with the gravitational effect of the charge) remains the same. As for the second term, it is associated with the electric force between the test particle and the charged body so it must remain the same, again because the Maxwell field is confined to the brane and the magnitude of the electric force cannot change at shorter distances.

This qualitative discussion agrees with the short distance geodesic equation obtained from Eq. (2.9) m d^2r dt^2 1 M^2_{4+n} = m M_{4+n} [ −(n + 1)μM^{n+1}_{4+n} l^{n+2}_{4+n} r^{n+2} + α M_{4+n} m zZ l^2_{4+n} r^2

+ αZ^2 l^3_{4+n} r^3 + . . . ] . (3.12)

The first term is correctly modified to a higher dimensional force law, the second term remains the same and the third term is controlled by the same power or r but without the suppression factor (M_{4+n}/M_4)^2.

It is worth noting that for LHC black holes, which can be produced with a maximum charge of |Z| = 4/3, the fine structure constant factor of 1/137 makes the Q^2 contribution to the metric small (unless the BH happens to charge up to |Z| ∼ 10 during the evaporation).

4. Evaporation – coupling the Maxwell field

Now that we have constructed a physically reasonable background we can move on to discuss the effects of charge on the evaporation. The coupling of the Einstein-Maxwell background is straightforward through covariantisation. The action principle for the scalar field is S_Φ = ∫ d^4x √ g ( 1 2 D_aΦD^bΦ − 1 2 μ^2Φ^2 ) , (4.1)

with D_a = ∇_a + iqA_a , (4.2) where ∇_a is the space-time covariant derivative and we have anticipated the matching of the coupling q to the one introduced before. Note that from now on we use μ for the mass of the field^4 and will eliminate the explicit dependence on the μ parameter of Eq. (2.9) by changing units – see Eq. (4.9) below. Variation of (4.1) gives the wave equation ( D^bD_b + μ^2 ) Φ = 0 . (4.3)

To check the coupling is correct we take the classical limit. In flat space-time consider a slowly varying vector potential A_a, set

Φ ∼ e^{iS} (4.4)

3This can be checked explicitly by using the brane metric (2.9).

4This is to avoid confusion with the azimuthal quantum number m introduced later on.

– 9 – and identify the mechanical 4-momentum of the classical particle with p_a = −∇_aS − qA_a. Then to leading order, Eq. (4.3) gives the mass-shell condition

p_ap^a = μ^2 .

Conversely, P_a = −∇_aS is the usual canonical momentum of the classical particle so we match q to z √ α as in Eq. (3.2). This coupling agrees with well studied cases (see for example [49, 51, 60, 61]).

For fields with higher spin the procedure is exactly the same. For a Dirac field we write the action S_Ψ = ∫ d^4x √ gΨ̄ ( /D − μ) Ψ , (4.5)

where /D = γ^a (∇_a + iqA_a) , (4.6)

with γ^aγ^b + γ^bγ^a = 2g^{ab} . (4.7) Ψ̄ = Ψ†γ0 and the spinor covariant derivative is

∇_a = ∂_a + 1 8 ω_{μνa} [γ^μ, γ^ν ] , (4.8)

where the gamma matrices γ^μ are in flat space-time and ω_{μνa} is the spin connection.

4.1 Hawking radiation

Since the pioneering work of Hawking [62] several studies in the literature have examined the quantisation of various fields in black hole backgrounds which are analytically similar to the one we are using [49, 63–66]. In particular the metric (2.9) and the Maxwell field (2.5) are similar in form to Kerr-Newman, so the quantisation procedure is formally the same and we will not repeat it referring the interest reader to [49, 63–66].

Before presenting a summary of the physical quantities which are relevant to our study, it is convenient to adopt horizon radius units where r_H = 1 (r_H is defined as the largest positive root of Δ = 0). The mapping of parameters is^5 r r_H → r a r_H → a ωr_H → ω μr_H → μ qr_H → q Q r_H → Q (4.9)

so Δ becomes Δ = r^2 + a^2 + Q^2 − (1 + a^2 + Q^2)r^{1−n} . (4.10)

5Note that μ here is the mass of the particle. The μ in Δ has been eliminated through this change of system of units.

– 10 –

The main result of Hawking’s original paper is that black holes emit a continuous flux of particles. In our system of units the fluxes of particle number, energy, angular momentum and charge are respectively [62]

d^2N_q dtdω = 1 2π ∞∑ j=|s| j∑ m=−j 1 exp(ω̃/T_H ) ± 1

T^{(4+n)} k (ω, μ, a, q, Q) , (4.11) d^2E_q dtdω = 1 2π ∞∑ j=|s| j∑ m=−j ω exp(ω̃/T_H ) ± 1

T^{(4+n)} k (ω, μ, a, q, Q) , (4.12) d^2J_q dtdω = 1 2π ∞∑ j=|s| j∑ m=−j m exp(ω̃/T_H ) ± 1

T^{(4+n)} k (ω, μ, a, q, Q) , (4.13) d^2Q_q dtdω = 1 2π ∞∑ j=|s| j∑ m=−j q exp(ω̃/T_H ) ± 1

T^{(4+n)} k (ω, μ, a, q, Q) , (4.14)

where ω̃ = ω − mΩ_H − qΦ_H , k = {j, m} are the angular momentum quantum numbers, s is the helicity of the particle

T_H =

(n + 1) + (n − 1)(a^2 + Q^2) 4π(1 + a^2)r_H

, (4.15)

and the signs ± are for fermions and bosons respectively. Ω_H = a/(1 + a^2) and Φ_H = Q/(1 + a^2) are the angular velocity and electric potential of the horizon respectively. Φ_H can be defined using the timelike Killing vector at the horizon. For metric (2.9), we can pick a Killing vector field which is timelike at a given point, using the two Killing vector fields k_t = e_t and k_ϕ = e_ϕ. We denote such a vector

k_p = e_t + Ω_pe_ϕ , (4.16)

where the subscript p labels a space-time point. Then if k_p is timelike at p, Ω_− < Ω_p < Ω_+ where

Ω_± = −g_{tϕ} ± √ g^2_{tϕ} − g_{tt}g_{ϕϕ} g_{ϕϕ} . (4.17)

At the horizon Ω_+ = Ω_− = Ω_H , so in some sense there is a natural vector field which defines the timelike direction close to the horizon. The electric potential at the horizon Φ_H is defined as the projection of the A_a field along k^a_H . It can also be shown that Ω_H corresponds to the angular velocity of a physical observer close to the horizon whose frame is dragged by the gravitational field of the rotating black hole [67].

Finally T^{(4+n)}_k are the so called transmission factors defined as the fraction of an incident wave from infinity which is absorbed by the black hole. The boundary conditions are such that close to the horizon the wave is purely ingoing for the above physical observers [67].

– 11 –

Before going into the details of calculating fluxes, it is instructive to look at an estimate from the Schwinger formula for fermions [68]: dN dV dt = q^2E^2 π^2 +∞∑ n=1 e^{− nπμ} 2 qE n^2 ≃ q^2E^2 6 , (4.18)

where we took the small mass limit and E is the electric field. Eq. (4.18) is valid in flat space for a uniform electric field, and it gives the rate of production of opposite charge pairs due to the electric field only. For (2.5), we know that the electric field drops like 1/r^2 so strictly speaking this formula is not valid. Nevertheless we can still use (4.18) to estimate the contribution of the background electric field to particle production and compare it with the contribution from the gravitational field alone (i.e. the typical Hawking flux for a neutral black hole). A rough estimate is obtained by considering the electric field at the horizon and a volume of order (2r_H )^3 around the black hole. Using our system of units and noting that the electric field at the horizon is E_H ∼ Q/r^2_H we get dN dt r_H ∼ q^2Q^2 = z^2Z^2α^2 ≃ z^2Z^210^{−5} . (4.19)

So for order ∼ 1 charges we get a very small rate when compared to the typical Hawking fluxes for a neutral black hole (which are of order ∼ 1). This indicates that pair production due to the gravitational field is much stronger than pair production due to the electric field. So the common claim that TeV-scale black holes lose their charges earlier in their lifetime, is not necessarily true on the basis of Schwinger discharge alone. Below we confirm this result with a more detailed calculation.

4.2 Wave equations In this section we present the separated scalar and fermion wave equations. Then we solve them with appropriate boundary conditions to obtain transmission coefficients, using an approximate method which is valid for low energies [31–34] and a WKB approximation in the high energy limit. Our new results for charged and massive fields reduce in some limits, to the ones in [31–34, 49] which can be used as a check.

4.2.1 The scalar field Using Eq. (2.9) and the separation ansatz Φ = e^{−iωt+imϕ}R(r)S(θ) we obtain the radial equation Δ d dr ( Δ dR dr ) + ( K^2 − ΔU ) R = 0 , (4.20)

where

K = ωΣ_0 − am − qQr (4.21) U = μ^2r^2 + Λ_{c,j,m} + ω^2a^2 − 2aωm . (4.22)

The angular equation has the same form as in the chargeless case 1 sin θ d dθ ( sin θ dS dθ ) + ( c^2 cos^2 θ − m^2 sin^2 θ + Λ_{c,j,m} ) S = 0 , (4.23)

– 12 – where c^2 = a^2(ω^2 − μ^2) and Λ_{c,j,m} is the angular eigenvalue. In particular when evaluating our analytic results for transmission factors, we will use well known expansions for the angular eigenvalue [69].

Equation (4.20), is similar to the chargeless case with the additional terms:

1. Q^2 in Δ, which changes the location of the horizon and therefore the Hawking temperature of the black hole.

2. qQr in K which is related to the electric potential.

In K, ω is shifted by − am r^2 + a^2 − qQr r^2 + a^2

. (4.24)

Evaluated at the horizon, both quantities are associated with the well known phenomenon of superradiance [23, 24, 67, 70, 71], i.e. for ω̃ < 0 an incident wave from infinity will be scattered back with a larger amplitude. This factor is also present in the expressions for the fluxes such as (4.11) where the Boltzmann suppression factor in the denominator becomes smaller for supperradiant modes.

4.2.2 The Dirac field

For a fermion field the standard procedure to separate the wave equation is to use the Newman-Penrose formalism. The method has been developed for the Kerr metric by Chandrasekhar [72] and applied to the Kerr-Newman background by Page [60]. Page points out how a simple substitution of some of Chandrasekhar’s quantities suffices to obtain separated equations for the fermion field with charge. Below we state the final result and refer the technical details to references [60, 72, 73].

The separated wave equation for a massive charged Dirac field relies on the ansatz Ψ = e^{−i(ωt−mϕ)}χ(r, θ) where

χ = (r − ia cos θ)^{−1}P_{−1/2}(r)S_{−1/2}(θ) √ 2Δ^{−1/2}P_{+1/2}(r)S_{+1/2}(θ) √ 2Δ^{−1/2}P_{+1/2}(r)S_{−1/2}(θ) −(r + ia cos θ)^{−1}P_{−1/2}(r)S_{+1/2}(θ)

. (4.25)

The radial and angular equations are

Δ^{12} ( d dr − 2si K Δ ) P_{−s} = (λ + 2isμr) P_s (4.26)

and [ d dθ + 2s ( aω sin θ − m sin θ ) + 1 2 cot θ ] S_{−s} = (2sλ + aμ cos θ) S_s (4.27)

where λ is the angular eigenvalue. To make contact with well know limits, it is useful to obtain second order radial and angular equations by elimination (note that the prime ′

– 13 – denotes d/dr):

d^2P_s dr^2 + ( (1 − |s|) Δ^′ Δ + 2isμ λ − 2isμr ) dP_s dr + + [ K^2 Δ^2 − is K Δ Δ^′ Δ − 4s^2μ λ − 2isμr K Δ + 2isK^′ − λ^2 − μ^2r^2 Δ ] P_s = 0 (4.28) and 1 sin θ d dθ ( sin θ dS_s dθ ) + aμ sin θ −2sλ + aμ cos θ ( d dθ − 2s ( aω sin θ − m sin θ ) + cot θ 2 ) S_s+ + [ a^2(ω^2 − μ^2) cos^2 θ − 2saω cos θ −

(m + s cos θ)^2 sin^2θ + λ^2 − a^2ω^2 + 2aωm − |s| ] S_s = 0 .

(4.29)

Here s = ±1/2. In the zero mass limit we recover a radial equation with the same analytic form as in references [46, 47] except for the extra term in K^′. Similarly the angular equation is exactly the same as for the spin-half spheroidal functions. Again we can use the expansions in [69] for the angular eigenvalues.

Finally setting the rotation parameter a to zero, note that the angular equation is the same with or without mass and charge. Then the angular eigenvalue takes a closed form and we don’t need to integrate the angular equation to study the effects of both mass and charge. This simplification was explored for example in Page’s paper in four dimensions [51].

4.3 Transmission factors

In this section we present analytic approximations for the transmission factors. We are interested in obtaining the main qualitative features of including particle mass and charge using approximations which are valid at low and high energies. In particular the low energy approximation has been shown to give good results even in the intermediate energy regime for spins up to one [32] so we will obtain a good overall qualitative picture of how the transmission factors behave. Below we present the main steps of the calculation adapted to our problem and refer to details in [32]. The method consists of writing down approximations for the radial equation in two regions: one near the horizon (Near Horizon solution) and the other one far from it (Far Field solution). This provides two analytic approximations which hold exactly close to the horizon and far from it respectively. The final step is to extrapolate them into a common intermediate region to be matched. Below we summarize the solutions and keep track of the conditions of validity. A more detailed numerical analysis, which will be useful for improving black hole event generators, is currently in progress [74].

4.3.1 Near horizon equation Equations (4.28) and (4.29) are valid for both spin-zero and spin-half fields. The analytic approximations we use are valid for the massive charged scalar field, but however it turns

– 14 – out they only work for the massless limit of charged fermions. Therefore we work with the radial equation (4.28) but set μ = 0 for fermions.

Following [32] close to the horizon define the quantities f ≡ Δ r^2 + a^2 + Q^2

A ≡ n + 1 + (n − 1) a^2 + Q^2

r^2 ≃ A|_{r=1} ≡ A_∗ B ≡ 1 − |s| + 2|s| + n(r^2 + a^2 + Q^2) r^2A − 4(a^2 + Q^2)

r^2A^2 ≃ B|_{r=1} ≡ B_∗ P ≡ K^2 r^2A^2 ≃ ω(1 + a^2) − am − qQ A_∗ ≡ p D ≡ r^2 + a^2 + Q^2

r^2A^2 [ λ^2 + μ^2r^2δ_{s,0} + 2isqQ − 4isωr ] ≃ D|_{r=1} ≡ D_∗ . (4.30)

Then Eq. (4.28) is equivalent to f(1 − f) d^2R df^2 + (1 − Bf) dR df + [ P^2 − isP f + P^2 − isP − D 1 − f ] R = 0 (4.31)

using the approximations on the right hand side of each line of (4.30). The latter are equivalent to the condition r − 1 ≪ 1. Eq. (4.31) can be solved in terms of hypergeometric functions. The general solution is a combination of two linearly independent hypergeometric functions. According to the general treatment in [23, 49, 67], at the horizon, the wave must be purely ingoing. This implies R ∼ e^{−ipr∗} with r_∗ the tortoise coordinate defined as dr_∗ = dr/f. Then, it can be shown that the convergent solution with this boundary condition is R_{NH} = f^α(1 − f)^βF (a, b, c; f) , (4.32) where α = |s| − s 2 − ip β = 1 − |s| + B_∗ 2 − √( 1 − |s| + B_∗ 2 )_2 − p^2 + isp + D_∗ a = α + β − 1 + B_∗ b = α + β c = 1 − |s| + 2α . (4.33)

In the next section an extrapolation of this solution away from the horizon will be needed, i.e. around f → 1 ⇒ 1 − f ≃ (1 + a^2 + Q^2)/r^{n+1}. Note that the larger the value of n, the more consistent this condition is with r − 1 ≪ 1 so the terms neglected in approximations (4.30) become less important^6. Using some identities that relate hypergeometric functions with argument f to argument 1 − f and expanding around f = 1 we obtain [75] (up to an overall normalisation constant)

R → A_1r^{−(n+1)β} + A_2r^{−(n+1)(2−β−B∗)} , (4.34)

6This improvement of the approximation for large n has been noted in [32].

– 15 – with

A_1 =

(1 + a^2 + Q^2)^βΓ(c − a − b) Γ(c − a)Γ(c − b) A_2 =

(1 + a^2 + Q^2)^{2−|s|−β−B∗} Γ(a + b − c) Γ(a)Γ(b)

. (4.35)

When matching powers of r in the next section we will have to make the approximations ω, a, Q, μ ≪ 1. Then − (n + 1)β ≃ − 1 2 + √ 1 4 + λ^2

−(n + 1)(2 − β − B_∗) ≃ − 1 2 − √ 1 4 + λ^2 . (4.36)

For a ≪ 1 the neglected terms are of order ω^2 or μ^2. So taking into account the leading behaviour of λ^2 when s = |s| the approximation is equivalent to ω, μ ≪ √ ℓ(ℓ + 1) + 2|s| . (4.37)

So the larger the ℓ and |s| the wider the energy range where the approximations work.

4.3.2 Far field solution and low energy matching Away from the black hole r → +∞ we approximate Δ ≃ r^2 and K Δ ≃ ω − qQ r + ω(1 + a^2 + Q^2) r δ_{n,0} . (4.38)

Eq. (4.38) contains: the energy, a long range electric potential and a long range gravitational potential in four dimensions. Keeping terms up to order 1/r^2 in Eq. (4.20)

d^2R dy^2 + 2 y dR dy + [ 1 + ϵ y − γ y^2 ] R = 0 (4.39)

with y = kr k^2 = ω^2 − μ^2δ_{s,0} ϵ = 2isω − 2ωqQ + ( 2ω^2 − μ^2 ) (1 + a^2 + Q^2)δ_{n,0} k (4.40)

γ = λ^2 − q^2Q^2 − ω(1 + a^2 + Q^2) [ 2qQ − ω(1 + a^2 + Q^2) + 2is ] δ_{n,0} . Note again that we are not studying the massive case for fermions. The δ_{s,0} factor in k is emphasizing this – it does not mean the μ^2 term is absent for s = 1/2. The general solution of Eq. (4.39) is given in terms of Kummer functions R_{F F} = e^{−iy}y^σ [B_1M(u, v, 2iy) + B_2U(u, v, 2iy)] , (4.41)

– 16 – where σ = |s| − 1 2 + √( |s| − 1 2 )_2 + γ u = σ + 1 − |s| + i ϵ 2 v = 2(σ + 1 − |s|) . (4.42)

Eq. (4.41) can be matched to the near horizon solution in the limit y ≪ 1. This conditions implies r ≪ 1/k, so for consistency with the limit r ≫ 1 we need k small. The stretched form is R_{F F} → k^σ ( B_1r^σ + B_2

Γ(v − 1)

Γ(u) (2ik)^{1−v} r^{σ+1−v} ) . (4.43)

It can be easily shown that within the same approximations as in Eq. (4.36) the r-powers match with those in Eq. (4.43). Then, up to an overall common constant

B_1 = A_1

B_2 = A_2 Γ(u)(2ik)^{v−1} Γ(v − 1)

. (4.44)

Finally we expand in the far field limit y → +∞ to obtain (up to an overall common constant) R_{F F} → Y^{(in)}_s e^{−ikr} r^{1−|s|−s−iφ} + Y^{(out)}_s e^{ikr} r^{1−|s|+s+iφ} , (4.45)

where φ = ωqQ k − ( ω^2 −^{μ2}_2 ) (1 + a^2 + Q^2) k δ_{n,0} , (4.46) and Y^{(in)}_s = (2ik)^{−u} ( B_1Γ(v)e^{iπu} Γ(v − u) + B_2 )

Y^{(out)}_s = (2ik)^{u−v} B_1Γ(v) Γ(u)

. (4.47)

Eq. (4.45) contains a combination of incoming and outgoing waves. However for the spinhalf case the incoming/outgoing wave is dominant for s = ±1/2 respectively. Using the conserved number current it is possible to show [32] that the transmission factor is

T^{(4+n)} s,j,m = 1 − | | | | Y^{(out)}_{−|s|} Y^{(in)}_{|s|} | | | | 2 . (4.48)

For fermions, to find out the relative normalisation between P_{1/2} and P_{−1/2} we plug back the expansion (4.45) in the first order system (4.26), equate order by order and obtain the relation Y^{(out)}_{−1/2} = 2iω λ Y^{(out)}_{1/2} . (4.49)

Since the relative normalisation between incoming and outgoing coefficients for the same s is fixed, now we can insert Eq. (4.49) in (4.48) to obtain the transmission factor. For scalars, Eq. (4.48) is also valid if we set |s| = 0.

– 17 –

4.3.3 High energy approximation based on WKB arguments To complete the analytic picture, we present some arguments for a useful approximation in the high energy limit for scalars. This will give the leading asymptotic form for the transmission factors.

The matching procedure in the previous section doesn’t work in the high energy limit for two reasons. On one hand the powers in (4.34) and (4.43) no longer match at high energy, rotation, charges and masses. Secondly we are stretching the near horizon solution into r ≫ 1 and the far field solution into r ≪ 1/k. If k is large, then these conditions are incompatible and we are effectively stretching the far field solution too close to the horizon.

To understand this problem we look into the WKB approximation for the scalar radial equation^7. Some earlier works which have used the WKB approximation to compute transmission factors are [76–80]. First note that the radial equation can be written in a Schrödinger-like form through a change of independent variable. Start by choosing dy = dr Δ , (4.50)

to obtain ( d^2 dy^2 − V ) R = 0 , (4.51)

where V := ΔU − K^2 contains a leading term −k^2r^4 corresponding to the highest power of r (all the other terms are suppressed). In the high energy limit, this term dominates the solution. In fact, we can formally write an infinite WKB series [81]

R ∼ A_+ exp ( k ∞∑ n=0 S^+_n (y(r)) k^n ) + A_− exp ( k ∞∑ n=0 S^−_n (y(r)) k^n ) . (4.52)

It is easy to check [81] that the leading correction reproduces the asymptotic form at infinity consistent with (4.45). A necessary condition for this approximation to be valid is | |dV dy | | ≪ | |V^3_2 | | ⇔ | | dV dr Δ | | ≪ | |V^3_2 | | , (4.53)

which (to leading order in r) is just r ≫ 1/k. This condition indicates that for large k the field will start to take a WKB form not far from the horizon. Such result is not surprising if we note that these modes have very short wavelength, so the potential is almost constant along many wavelengths (except very close to the horizon). Furthermore, the WKB corrections obey

S^+_n = { −S^−_n , n even

S^−_n , n odd

(4.54)

so the odd terms (which are purely real [81]) only contribute with an overall common factor. As for the even terms, they are products of √ V times polynomial terms in V . In general

7Here we focus on the scalar case because the potential is real. A similar treatment can be applied to fermions using the method in Chandrasekhar’s book [73] to reduce the complex potential to a real one.

– 18 – there is an imaginary and a real part for each even order correction, but since our potential is real then it will either be real or imaginary. If √ V is real we get a relative change in amplitude between incoming and outgoing waves, whereas if it is imaginary the relative amplitude is fixed. But in the limit of k large, the dominant term in the potential is −k^2r^4 which is negative so the square root is purely imaginary and the even order corrections only introduce a phase between incoming and outgoing waves. This means that in the region where the WKB solution is valid^8, the relative amplitude between incoming and outgoing modes stays fixed. The transmission coefficient can then be calculated at any point in such a region provided we have a suitable analytic expansion in terms of incoming and outgoing waves. Thus, in the high energy limit, the propagation of the field along a thin region outside the horizon, determines the behaviour of the greybody factors.

This behaviour can be seen explicitly in (4.34). There the scalar r-powers have a common factor r^{−(n+1)(1−B∗ /2)} multiplied by r^± √_{(1−B∗)2/4−p2+D∗} . (4.55)

In the high energy limit the argument of the square root in Eq. (4.55) becomes negative and we obtain a relative phase between the two modes which are respectively outgoing and incoming. The transmission coefficient follows under the single approximation k ≫ 1 T^{4+n}_{0,j,m} = 1 − | | | A_+ A_− | | | 2 = 1 − | | | A_1 A_2 | | | 2 . (4.56)

5. Results

In this section we plot various quantities, using the approximations developed in Sect. 4. The physically most relevant are those in (4.11), (4.12), (4.13) and (4.14). When integrated over ω and summed over particle type they give the rates of emission of particle number, energy, angular momentum and charge. Nevertheless we still plot the transmission factors to keep track of where the new effects enter. We discuss scalars and fermions in parallel whenever possible and present the effects of particle mass and charge separately. We do not present plots with rotation to avoid repetition of results which have been studied (without mass and charge) in previous publications [38,41–43,46,47]. However we have checked that within our approximations, our general result agrees with those special cases.

5.1 The effect of particle mass

Current modelling of black hole evaporation in (4 + n)-dimensional TeV gravity scenarios does not take into account the dynamical consequences of non-zero mass for the emitted particles. This effect is important if the energy of the particle emitted during the evaporation is close to its mass. For Standard Model heavy particles, the top quark (m_t ∼ 170 GeV) the Z (m_Z ∼ 91 GeV), the W (m_W ∼ 80 GeV) and the Higgs boson, the effect will not be negligible.

8This is the region connected to infinity such that V < 0.

– 19 –

Figure 1: Scalar transmission factors and fluxes for n = 6 (left) and variable n (right). The left plots show variation with particle mass μ in natural units r^{−1}_H for n = 6 and the right plots show variation with n for μ fixed. The top plots show the transmission factors T^{(4+n)}_k and the bottom plots show number fluxes, for a range of j modes. The curves are naturally grouped by j, rotation is off and the line colour/type is the same for top and bottom plots.

In Fig. 1 we present some representative curves for the transmission factor and the number flux. As mentioned before the approximation becomes better with larger n so most of our plots will be for n = 6, except for when we focus on the n dependence where we use n ≥ 3.

The most prominent property of the left-hand-side plots is a smooth drop close to the mass μ. The higher the partial wave the less steep this is but however there is always a horizontal shift (see for example the j = 1 mode). This effect is quite important close to the mass threshold where the probability of emission is suppressed. This is in contrast with the simplified approach in current BH event generators where the spectrum is cut off sharply at ω = μ.

Furthermore, for example the number flux for the j = 1 mode shows how increasing the mass of the particle not only suppresses the flux around ω ∼ μ but also the total area under the curve. Massive particles are therefore less likely to be produced. This effect was previously studied in four dimensions, for example numerically, in Page’s paper for leptons [51].

The right hand side plots show how the transmission factor is very mildly dependent on n (at least in the limit of small μ). However the flux plot displays a strong variation with n which is due to the strong dependence of the Hawking temperature appearing in the thermal factor.

– 20 –

Figure 2: Transmission factors and fluxes for neutral scalars and fermions. The left plots show spin 0 and the right plots show spin 1/2. The top plots show transmission factors T_k and the bottom plots show number fluxes, for a range of j modes and different black hole charges Q. Rotation is off, μ = 0 and the line colour/type is the same for top and bottom plots.

5.2 The effect of BH charge on neutral particles

The next effect we consider is black hole charge. Neutral particles simply feel a different gravitational field around the black hole. So by studying neutral particles we disentangle the gravitational effect from the electromagnetic effect (since q = 0).

In Fig. 2 we present plots for transmission factors and fluxes. Here we focus on n = 6 for scalars and fermions. We should note that some of the plots for fermions will display extrapolated results beyond the small energy limit. This turns out to be quite well behaved, which is due to the better matching of r-powers as pointed out in Eq. (4.37).

From the gravitational point of view, the main effect of Q is to decrease the horizon radius and consequently increase the Hawking temperature. This is clearly seen in the transmission factors of Fig. 2, where all the curves are pushed up with increasing Q. The same happens with the fluxes where the effect is even larger, due to the strong dependence of the thermal factor on Q through the Hawking temperature – see Eq. (4.11).

5.3 The effect of particle charge

For particles with non-zero charge, in addition, we have a Coulomb repulsion/attraction according to whether the particle has same/opposite sign charge compared to the black hole. For definiteness we take the black hole charge to be positive.

In Fig. 3 we plot transmission factors and fluxes for scalars and fermions, for various charges, n = 6 and Q = 0.6. It is important to note here that the Coulomb type coupling

– 21 –

Figure 3: Transmission factors and fluxes for charged scalars and fermions. The left plots show spin 0 and the right plots show spin 1/2. The top plots show transmission factors T_k and the bottom plots show number fluxes, for a range of j modes and different particle charge q with Q = 0.6. Rotation is off, μ = 0 and the line colour/type is the same for top and bottom plots.

Figure 4: Asymptotic high energy transmission factors and fluxes for charged scalars. The left plot shows transmission factors T^{(4+n)}_k and the right plot shows fluxes for a range of j modes. Rotation is off, μ = 0 and the line colour/type is the same for both plots.

appearing in the radial equation is qQ = ( √ αz)( √ αZ) ≃ (0.1z)(0.1Z) . For an LHC black hole, at production, |Z| ≤ 4/3 and |z| ≤ 1. So the figures we have chosen are above their typical values. However it is easier to see the differences in the curves. Furthermore there may be stages during the evaporation where the black hole charges up so this region of parameters is not completely unphysical.

The main features of Fig. 3 are as follows. For scalars we can see clearly the phenomenon of superradiance in the top plot for particles with the same charge as the black

– 22 –

Figure 5: Transmission factors and fluxes for charged scalars and fermions. The left plots show spin 0 and the right plots show spin 1/2. The top plots show transmission factors T_k and the bottom plots show number fluxes, for a range of charges q and various numbers of extra dimensions n with Q = 0.6 and j = 1 for scalar and j = 1/2 for fermions. Rotation is off, μ = 0 and the line colour/type is the same for top and bottom plots.

hole, where T^{(10)}_k < 0. However, this does not favour the emission of positively charged particles because the negative charge transmission factors are greatly enhanced. This is clear in the flux plot where all the curves at low energies are higher for negative charge. This can be understood physically by recalling that the transmission factor describes the probability of a wave incident from infinity to be transmitted down the black hole. Since negatively charged particles are attracted by the Coulomb potential and positively charged particles are repelled, we would expect negative charges to have higher transmission factors. This is confirmed for fermions in a wider range of energies. The other main feature is that at higher energies, the thermal factor (which favours discharge) dominates and the tendency is inverted, i.e. positively charged particles are favoured. This is confirmed for the scalar case in the high energy limit in Fig. 4, where the transmissions factors are still larger for negatively charged particles, but however, since they are close to their asymptotic value T^{(10)}_k = 1 the thermal factor dominates.

Finally, Fig. 5 shows the variation with n. Here the transmission factors for scalars are weakly dependent on n whereas for fermions we have a stronger effect. This is due to extra n dependent factors in the wave equation as for example the term 2|s|/A ∼ 1/(n + 1) in B – Eq. (4.30). For the fluxes the separation is larger due to their stronger n dependence through the Hawking temperature. In general, similarly to neutral black holes, the effect of n is to increase the total fluxes.

– 23 –

6. Conclusions

We have presented a calculation of transmission factors for brane-charged massive scalars and charged massless fermions on a (4 + n)-dimensional brane-charged rotating black hole in the low and high energy limits. Our main theoretical results are:

1. The construction of an approximate background with a stationary axisymmetric gravitational field and brane-electromagnetic field – Eq. (2.5) and (2.9).

2. The derivation of separated scalar and fermion wave equations for particles with non-zero mass μ and charge q – Eqs. (4.20),(4.23), (4.26) and (4.27). The radial and angular equations we obtained can be integrated for arbitrary parameters given suitable boundary conditions.

3. The application of a well known procedure in the low energy limit to obtain transmission factors (and consequently Hawking fluxes), for the new cases of: brane charged massive scalar field; and massless charged fermion field – Eq. (4.48) and (4.47). Furthermore we used the WKB approximation to find the asymptotic behaviour for the scalar case – Eq. (4.56).

Finally the numerical evaluation of the approximate transmission factors showed important new features which are relevant for LHC phenomenology and the development of BH event generators. The two central results are:

• For massive particles, our scalar analysis shows a damping of the spectrum close to the threshold ω ≃ μ as well as an overall reduction of the area under the flux curves – Fig. 1. The main consequence for LHC phenomenology is that production of massive particles such as the top, W, Z and Higgs boson (which have masses of the same order of magnitude as the typical 1/r_H ∼ 100 GeV^{−1}) is highly suppressed at low energies.

• Black hole discharge is subdominant – Eq. (4.18), Figs. 3 and 4. This is another important point for LHC phenomenology and the development of event generators which tend to enforce quick discharge. Nevertheless, black hole events at the LHC will have non-zero charge, so statistically we would expect a fraction of them to charge up. For charged black holes our plots show that the flux spectra for positive and negative charges are split. Thus negatively charged particles are biased towards low energies whereas positively charged particles are biased towards higher energies. So the dynamical model of discharge should still be incorporated since it will produce an asymmetry in the energy spectrum of positive/negative charged particles.

To summarize, the effects of mass and charge are important for improving the modelling of black hole events from high energy collisions in large extra dimensions scenarios, and may provide further signatures of black hole events such as charge asymmetries. Two points we haven’t discussed which deserve further attention are those of QCD charges and the possible restoration of electroweak symmetry close to the black hole. Both can be treated using an improved model based on the ideas we have discussed.

– 24 –

Acknowledgements

MS thanks colleagues in the Cambridge SUSY Working Group for helpful discussions. This work was supported by the FCT grant SFRH/BD/23052/2005.

References

[1] I. Antoniadis, A possible new dimension at a few TeV, Phys. Lett. B246 (1990) 377–384.

[2] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B429 (1998) 263–272, [hep-ph/9803315].

[3] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, New dimensions at a millimeter to a Fermi and superstrings at a TeV, Phys. Lett. B436 (1998) 257–263, [hep-ph/9804398].

[4] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity, Phys. Rev. D59 (1999) 086004, [hep-ph/9807344].

[5] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690–4693, [hep-th/9906064].

[6] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370–3373, [hep-ph/9905221].

[7] S. B. Giddings and S. D. Thomas, High energy colliders as black hole factories: The end of short distance physics, Phys. Rev. D65 (2002) 056010, [hep-ph/0106219].

[8] S. Dimopoulos and G. L. Landsberg, Black holes at the LHC, Phys. Rev. Lett. 87 (2001) 161602, [hep-ph/0106295].

[9] P. C. Argyres, S. Dimopoulos, and J. March-Russell, Black holes and sub-millimeter dimensions, Phys. Lett. B441 (1998) 96–104, [hep-th/9808138].

[10] D. M. Eardley and S. B. Giddings, Classical black hole production in high-energy collisions, Phys. Rev. D66 (2002) 044011, [gr-qc/0201034].

[11] D. J. Kapner, T. S. Cook, E. G. Adelberger, J. H. Gundlach, B. R. Heckel, C. D. Hoyle, and H. E. Swanson, Tests of the gravitational inverse-square law below the dark-energy length scale, Physical Review Letters 98 (2007), no. 2 021101.

[12] L.-C. Tu, S.-G. Guan, J. Luo, C.-G. Shao, and L.-X. Liu, Null test of newtonian inverse-square law at submillimeter range with a dual-modulation torsion pendulum, Physical Review Letters 98 (2007), no. 20 201101.

[13] V. H. Satheeshkumar and P. K. Suresh, Bounds on large extra dimensions from photon fusion process in SN1987A, JCAP 0806 (2008) 011, [arXiv:0805.3429].

[14] S. Hannestad and G. G. Raffelt, Supernova and neutron-star limits on large extra dimensions reexamined, Phys. Rev. D67 (2003) 125008, [hep-ph/0304029].

[15] T. Flacke, D. Hooper, and J. March-Russell, Improved bounds on universal extra dimensions and consequences for LKP dark matter, Phys. Rev. D73 (2006) 095002, [hep-ph/0509352].

[16] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions, Phys. Rev. D61 (2000) 033005, [hep-ph/9903417].

– 25 –

[17] N. Arkani-Hamed, Y. Grossman, and M. Schmaltz, Split fermions in extra dimensions and exponentially small cross-sections at future colliders, Phys. Rev. D61 (2000) 115004, [hep-ph/9909411].

[18] S. W. Hawking, Information loss in black holes, Phys. Rev. D72 (2005) 084013, [hep-th/0507171].

[19] C. Rovelli, Loop quantum gravity, Living Rev. Rel. 11 (2008) 5.

[20] M. B. Green, J. H. Schwarz, and E. Witten, Superstring theory. vol. 1: Introduction, .

Cambridge, Uk: Univ. Pr. ( 1987) 469 P. (Cambridge Monographs On Mathematical Physics).

[21] D. N. Page and S. W. Hawking, Gamma rays from primordial black holes, Astrophys. J. 206 (1976) 1–7.

[22] T. Regge and J. A. Wheeler, Stability of a Schwarzschild singularity, Phys. Rev. 108 (1957) 1063–1069.

[23] S. A. Teukolsky, Perturbations of a rotating black hole. 1. Fundamental equations for gravitational electromagnetic and neutrino field perturbations, Astrophys. J. 185 (1973) 635–647.

[24] W. H. Press and S. A. Teukolsky, Perturbations of a rotating black hole. II. Dynamical stability of the Kerr metric, Astrophys. J. 185 (1973) 649–674.

[25] S. A. Teukolsky and W. H. Press, Perturbations of a rotating black hole. III - Interaction of the hole with gravitational and electromagnetic radiation, Astrophys. J. 193 (1974) 443–461.

[26] S. R. Dolan, Scattering and absorption of gravitational plane waves by rotating black holes, Class. Quant. Grav. 25 (2008) 235002, [arXiv:0801.3805].

[27] C. M. Harris, P. Richardson, and B. R. Webber, CHARYBDIS: A black hole event generator, JHEP 08 (2003) 033, [hep-ph/0307305].

[28] M. Cavaglia, R. Godang, L. Cremaldi, and D. Summers, Catfish: A Monte Carlo simulator for black holes at the LHC, Comput. Phys. Commun. 177 (2007) 506–517, [hep-ph/0609001].

[29] D.-C. Dai et al., BlackMax: A black-hole event generator with rotation, recoil, split branes and brane tension, Phys. Rev. D77 (2008) 076007, [arXiv:0711.3012].

[30] J. A. Frost et al., Phenomenology of production and decay of spinning extra-dimensional black holes at hadron colliders, arXiv:0904.0979.

[31] S. Creek, O. Efthimiou, P. Kanti, and K. Tamvakis, Greybody factors for brane scalar fields in a rotating black-hole background, Phys. Rev. D75 (2007) 084043, [hep-th/0701288].

[32] S. Creek, O. Efthimiou, P. Kanti, and K. Tamvakis, Greybody factors in a rotating black-hole background-ii : fermions and gauge bosons, Phys. Rev. D76 (2007) 104013, [arXiv:0707.1768].

[33] S. Creek, O. Efthimiou, P. Kanti, and K. Tamvakis, Scalar emission in the bulk in a rotating black hole background, Phys. Lett. B656 (2007) 102–111, [arXiv:0709.0241].

[34] S. Creek, O. Efthimiou, P. Kanti, and K. Tamvakis, Graviton emission in the bulk from a higher-dimensional Schwarzschild black hole, Phys. Lett. B635 (2006) 39–49, [hep-th/0601126].

– 26 –

[35] P. Kanti and J. March-Russell, Calculable corrections to brane black hole decay. i: The scalar case, Phys. Rev. D66 (2002) 024023, [hep-ph/0203223].

[36] P. Kanti and J. March-Russell, Calculable corrections to brane black hole decay. ii: Greybody factors for spin 1/2 and 1, Phys. Rev. D67 (2003) 104019, [hep-ph/0212199].

[37] V. P. Frolov and D. Stojkovic, Quantum radiation from a 5-dimensional rotating black hole, Phys. Rev. D67 (2003) 084004, [gr-qc/0211055].

[38] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders: Greybody factors for brane fields, Phys. Rev. D67 (2003) 064025, [hep-th/0212108].

[39] C. M. Harris and P. Kanti, Hawking radiation from a (4+n)-dimensional black hole: Exact results for the Schwarzschild phase, JHEP 10 (2003) 014, [hep-ph/0309054].

[40] C. M. Harris and P. Kanti, Hawking radiation from a (4+n)-dimensional rotating black hole, Phys. Lett. B633 (2006) 106–110, [hep-th/0503010].

[41] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders. II: Anisotropic scalar field emission, Phys. Rev. D71 (2005) 124039, [hep-th/0503052].

[42] G. Duffy, C. Harris, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole: Spin-0 particles, JHEP 09 (2005) 049, [hep-th/0507274].

[43] M. Casals, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole. II: Spin-1 particles, JHEP 02 (2006) 051, [hep-th/0511163].

[44] V. Cardoso, M. Cavaglia, and L. Gualtieri, Black hole particle emission in higher-dimensional spacetimes, Phys. Rev. Lett. 96 (2006) 071301, [hep-th/0512002].

[45] V. Cardoso, M. Cavaglia, and L. Gualtieri, Hawking emission of gravitons in higher dimensions: Non- rotating black holes, JHEP 02 (2006) 021, [hep-th/0512116].

[46] D. Ida, K.-y. Oda, and S. C. Park, Rotating black holes at future colliders. III: Determination of black hole evolution, Phys. Rev. D73 (2006) 124022, [hep-th/0602188].

[47] M. Casals, S. R. Dolan, P. Kanti, and E. Winstanley, Brane decay of a (4+n)-dimensional rotating black hole. III: Spin-1/2 particles, JHEP 03 (2007) 019, [hep-th/0608193].

[48] M. Casals, S. R. Dolan, P. Kanti, and E. Winstanley, Bulk emission of scalars by a rotating black hole, JHEP 06 (2008) 071, [arXiv:0801.4910].

[49] G. W. Gibbons, Vacuum polarization and the spontaneous loss of charge by black holes, Commun. Math. Phys. 44 (1975) 245–264.

[50] B. Carter, Charge and particle conservation in black hole decay, Phys. Rev. Lett. 33 (1974) 558–561.

[51] D. N. Page, Particle emission rates from a black hole. 3. charged leptons from a nonrotating hole, Phys. Rev. D16 (1977) 2402–2411.

[52] E. Kohlprath and G. Veneziano, Black holes from high-energy beam-beam collisions, JHEP 06 (2002) 057, [gr-qc/0203093].

[53] H. Yoshino and Y. Nambu, High-energy head-on collisions of particles and hoop conjecture, Phys. Rev. D66 (2002) 065004, [gr-qc/0204060].

[54] H. Yoshino and Y. Nambu, Black hole formation in the grazing collision of high-energy particles, Phys. Rev. D67 (2003) 024009, [gr-qc/0209003].

– 27 –

[55] H. Yoshino and V. S. Rychkov, Improved analysis of black hole formation in high-energy particle collisions, Phys. Rev. D71 (2005) 104028, [hep-th/0503171].

[56] R. C. Myers and M. J. Perry, Black holes in higher dimensional space-times, Ann. Phys. 172 (1986) 304.

[57] V. P. Frolov and I. D. Novikov, Black hole physics: Basic concepts and new developments, .

Dordrecht, Netherlands: Kluwer Academic (1998) 770 p.

[58] A. N. Aliev and A. E. Gumrukcuoglu, Charged rotating black holes on a 3-brane, Phys. Rev.

D71 (2005) 104027, [hep-th/0502223].

[59] A. Chamblin, H. S. Reall, H.-a. Shinkai, and T. Shiromizu, Charged brane-world black holes, Phys. Rev. D63 (2001) 064015, [hep-th/0008177].

[60] D. N. Page, Dirac equation around a charged, rotating black hole, Phys. Rev. D14 (1976) 1509–1510.

[61] T. Nakamura and H. Sato, Absorption of massive scalar field by a charged black hole, Phys.

Lett. B61 (1976) 371–374.

[62] S. W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199–220. [63] W. G. Unruh, Second quantization in the Kerr metric, Phys. Rev. D10 (1974) 3194–3205. [64] P. Candelas, P. Chrzanowski, and K. W. Howard, Quantization of electromagnetic and gravitational perturbations of a Kerr black hole, Phys. Rev. D24 (1981) 297–304.

[65] A. C. Ottewill and E. Winstanley, The renormalized stress tensor in Kerr space-time:

General results, Phys. Rev. D62 (2000) 084018, [gr-qc/0004022].

[66] M. Casals and A. C. Ottewill, Canonical quantization of the electromagnetic field on the Kerr background, Phys. Rev. D71 (2005) 124016, [gr-qc/0501005].

[67] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, Rotating black holes: Locally nonrotating frames, energy extraction, and scalar synchrotron radiation, Astrophys. J. 178 (1972) 347.

[68] J. S. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82 (1951) 664–679. [69] E. Berti, V. Cardoso, and M. Casals, Eigenvalues and eigenfunctions of spin-weighted spheroidal harmonics in four and higher dimensions, Phys. Rev. D73 (2006) 024013, [gr-qc/0511111].

[70] A. A. Starobinskiǐ, Amplification of waves during reflection from a rotating black hole, Zh.

Eksp. Theor. Fiz. 64 (1973) 48.

[71] A. A. Starobinskiǐ and C. S. M., Amplification of electromagnetic and gravitational waves scattered by a rotating black hole, Zh. Eksp. Theor. Fiz. 65 (1973) 3.

[72] S. Chandrasekhar, The solution of Dirac’s equation in Kerr geometry, Proc. Roy. Soc. Lond.

A349 (1976) 571–575.

[73] S. Chandrasekhar, The mathematical theory of black holes, . Oxford, UK: Clarendon (1992) 646 p.

[74] M. O. P. Sampaio,, “Distributions for charged massive scalars and fermions in evaporating higher-dimensional black holes.” in preparation.

[75] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions. Dover Publications, Inc., 1965.

– 28 –

[76] S. Iyer and C. M. Will, Black hole normal modes: A WKB approach. 1. Foundations and application of a higher order WKB analysis of potential barrier scattering, Phys. Rev. D35 (1987) 3621.

[77] H. T. Cho and Y. C. Lin, WKB analysis of the scattering of massive Dirac fields in Schwarzschild black hole spacetimes, Class. Quant. Grav. 22 (2005) 775–790, [gr-qc/0411090].

[78] A. S. Cornell, W. Naylor, and M. Sasaki, Graviton emission from a higher-dimensional black hole, JHEP 02 (2006) 012, [hep-th/0510009].

[79] J. Grain and A. Barrau, A WKB approach to scalar fields dynamics in curved space- time, Nucl. Phys. B742 (2006) 253–274, [hep-th/0603042].

[80] H. T. Cho, A. S. Cornell, J. Doukas, and W. Naylor, Bulk dominated fermion emission on a Schwarzschild background, Phys. Rev. D77 (2008) 016004, [arXiv:0709.1661].

[81] C. M. Bender and S. A. Orszag, Advanced mathematical methods for Scientists and Engineers. McGraw-Hill, Inc., 1978. page 487.

– 29 –