arXiv:0907.5258v2 [hep-th] 5 Nov 2009

Finite temperature Casimir effect for scalar field with Robin boundary conditions in spacetime with extra dimensions

L.P. Teo^∗ Department of Applied Mathematics, Faculty of Engineering, University of Nottingham Malaysia Campus, Jalan Broga, 43500, Semenyih, Selangor Darul Ehsan, Malysia.

In this article, we study the finite temperature Casimir effect for scalar field with Robin boundary conditions on two parallel plates in a background spacetime that has a compact internal manifold with arbitrary geometry. The finite temperature Casimir force acting on the plates is derived using the piston approach, with which we show that the divergences of the Casimir forces from the region between the plates and the region outside the plates cancel each other. The sign and asymptotic behaviors of the Casimir force at different limits such as small and large plate separation, low and high temperature, are studied in detail. The range of Robin coefficients where the Casimir force are always attractive or always repulsive are determined. There are also some range of the Robin coefficients where the Casimir force is shown to be attractive at small plate separation and repulsive at large plate separation, or vise versa.

PACS numbers: 11.10.Kk, 11.10.Wx, 03.70.+k, 04.62.+v Keywords: Finite temperature field Theory, Casimir effect, Robin boundary conditions, extra dimensions.

I. INTRODUCTION

Although Casimir effect has attracted a lots of attention due to its important roles in various fields of physics [1], there have been relatively few works on Casimir effect for quantum fields subject to Robin boundary conditions. Robin boundary conditions arise naturally in the study of Casimir effect for electromagnetic fields in perfectly conducting spheres [2]. However, in parallel plate configuration, perfectly conducting boundary conditions only lead to Dirichlet boundary conditions and Neumann boundary conditions. Nevertheless, it was shown that in some geometries, Robin boundary conditions can be considered as extensions of perfectly conducting boundary conditions, where the Robin coefficients are related to the skin-depth parameter describing the finite penetration of the field into the boundary [3, 4, 5]. Robin type conditions are needed for conformally invariant field theories in the presence of boundaries, since Robin boundary conditions can be made conformally invariant, but ordinary Neumann boundary conditions cannot. The Casimir effect for fields with Robin boundary conditions was studied from different perspectives and under different context in [5, 6, 7, 8, 9, 10, 11, 12, 13] for parallel plate geometry, in [14] for a D-dimensional ball, in [15] for spherical shell geometry, and in [16] for the configuration of two spheres. On the other hand, quantum fields with nonlocal boundary conditions can also be reduced to one with Robin boundary conditions [17]. The importance of the Robin boundary conditions to spacetime models and quantum gravity has been emphasized in [18, 19]. For Randall-Sundrum spacetime model [20, 21], Robin boundary conditions are natural for scalar fields and fermion fields, where the Robin coefficients are related to the curvature scale and the boundary mass terms of the fields [22, 23, 24, 25]. Casimir effect in braneworld models with Robin boundary conditions on the branes was discussed extensively in [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37].

Despite the importance of the Robin boundary conditions in field theory, the research on Casimir effect with Robin boundary conditions has been limited to a small community, and very few of the works has taken into account the influence of finite temperature. The goal of this paper is to consider the thermal Casimir effect for the parallel plate configuration. Since spacetimes with extra dimensions have become prevalent in physics, we are going to discuss along this line. Our setup is the same as in [13], i.e., we consider a pair of codimension one parallel plates in the background spacetime M^{d1+1} × N^n, where M^{d1+1} is the (d_1 + 1)-dimensional Minskowski spacetime, and N^n is a compact internal space. In fact, Casimir effect on parallel plates in a background spacetime of this form has been investigated in [38, 39, 40, 41, 42, 43, 44], when the boundary conditions are either Dirichlet boundary conditions or Neumann boundary conditions in the case of scalar fields, and perfect conductor boundary conditions in the case of electromagnetic fields. In the cases considered in [38, 39, 40, 41, 42], the dimension of the macroscopic space is d_1 = 3 and the internal space is assumed to be the simplest one-dimensional compact space S^1 or the more general

∗Electronic address: LeePeng.Teo@nottingham.edu.my

FIG. 1: A movable piston inside a closed cylinder divides the cylinder into two chambers.

n-dimensional toroidal manifold T^n. In [43, 44], the internal space is generalized to arbitrary compact manifold and the parallel plates are allowed to be finite with arbitrary cross section. The temperature corrections to the Casimir effect in the scenario of [43, 44] were considered in [45, 46, 47]. It has been shown that for massless scalar field with Dirichlet boundary conditions on both plates or Neumann boundary conditions on both plates, the Casimir force is always attractive, at any temperature and for any spacetime geometry. For massless scalar field with Dirichlet boundary condition on one plate and Neumann boundary condition on another plate, the Casimir force is always repulsive. The present work can be considered as a generalization of [13] to take into account the finite temperature correction, or a generalization of [47] where the boundary conditions are the more general Robin boundary conditions instead of the Dirichlet boundary conditions or Neumann boundary conditions. We are mainly interested in studying the dependence of the Casimir force on the interplay between the spacetime geometry, temperature and boundary conditions.

As in [44, 46, 47], we first consider the Casimir force acting on a piston which moves freely inside a closed cylinder with arbitrary cross section (see FIG. 1). In Section II, the Casimir energy in the two regions divided by piston is computed using cut-off method. In Section III, the Casimir force acting on the piston is derived. The limit where one end of the cylinder is moved to infinity is equivalent to two parallel plates embedded orthogonally inside an infinitely long cylinder. Letting the cross section of the plates become infinitely large give the usual infinite parallel plate configuration. This piston scenario introduced by Cavalcanti [48] has the advantage that the contribution to the Casimir force due to the vacuum fluctuations of the quantum fields in the region between the plates and the region outside the plates are both taken into account, and the divergences of the Casimir forces from the two regions will cancel. In Section IV, we study in detail the sign of the Casimir force at small and large plate separations.

In this article, we use the units where ℏ = c = k_B = 1.

II. THE CASIMIR ENERGY

As in [13, 47], we consider a massive scalar field φ(x) in a background spacetime of the form M^{d1+1} × N^n, where M^{d1+1} is the (d_1 + 1)-dimensional Minkowski spacetime and N^n is an n-dimensional compact internal manifold. Let ds^2 =g_{μν} dx^μdx^ν = η_{αβ} dx^αdx^β − G_{ab}dy^ady^b, μ, ν =0, 1, . . . , d; α, β = 0, 1, . . . , d_1; a, b = 1, . . . , n, be the spacetime metric, where η_{αβ} = diag (1, −1, . . . , −1), y^a = x^{d1+a} for a = 1, . . . , n and G_{ab}dy^ady^b is a Riemannian metric on N^n, and d = d_1 + n. The equation of motion for a massive scalar field φ(x) is ( 1 √ |g| ∂_μ √ |g|g^{μν} ∂_ν + m^2 ) φ(x) = 0. We will first consider the Casimir force acting on a movable piston inside a closed cylinder of arbitrary cross section as shown in FIG. 1. Let the cylinder be the region [0, L_1] × Ω × N^n in R^{d1 +n}, where Ω is the cross section of the piston, which we assume to be a simply connected region in R^{d1 −1}. The position of the piston is denoted by x^1 = a. If the right chamber of the cylinder is infinitely long, i.e., L_1 → ∞, we obtain the configuration equivalent to two codimension one parallel plates located at x^1 = 0 and x^1 = a embedded in an infinitely long cylinder. For the boundary conditions, we assume that the field φ(x) satisfies Dirichlet boundary conditions on the curved surface [0, L_1] × ∂Ω × N^n of the cylinder. The interesting part is the boundary conditions on the three plates perpendicular to the x^1-direction, which we take to be Robin boundary conditions: ( α_1 − β_1 ∂ ∂x^1 ) φ(x^1) | | |_{x1=0} = 0, ( α_2 + β_2 ∂ ∂x^1 ) φ(x^1) | | |_{x1=a} = 0, ( α_3 − β_3 ∂ ∂x^1 ) φ(x^1) | | |_{x1=L1} = 0, (1)

where α_1, α_2, α_3 are nonnegative dimensionless constants, and β_1, β_2, β_3 are constants with dimension of length. For i = 1, 2, 3, α_i and β_i cannot be zero simultaneously. β_i = 0 corresponds to the Dirichlet boundary conditions, α_i = 0 corresponds to the Neumann boundary conditions, and the general Robin boundary conditions only depend on the ratio β_i/α_i. We would like to remark that our β_i/α_i is equal to the −β_i in [13].

To find the Casimir force acting on the piston, one does not have to calculate the Casimir energy of the region outside the cylinder, since it is independent of the position of the piston [48]. Therefore, we only have to compute the Casimir energies inside the left chamber and the right chamber. It is easy to see that the Casimir energy inside the right chamber can be obtained from the Casimir energy inside the left chamber by replacing a with L_1 − a, α_1 with α_3 and β_1 with β_3.

Using separation of variables, one can show that the eigenmodes of the field φ(x) confined in the left chamber satisfying the boundary conditions specified above are given by φ_{k,j,l}(x) = e^{−iωt} ( A sin z_kx^1 + B cos z_kx^1 ) ϕ_{Ω,j} ( x^2, . . . , x^{d1} ) ϕ_{N ,l}(y). j ∈ N, l ∈ N_0 = N ∪ {0}. (2) For j = 1, 2, . . . ,, ϕ_{Ω,j} (x^2, . . . , x^{d1} ) is an eigenfunction with eigenvalue ω^2_{Ω,j} > 0 for the Laplace operator with Dirichlet boundary conditions on ∂Ω. For l = 0, 1, 2, . . ., ϕ_{N ,l}(y) is an eigenfunction with eigenvalue ω^2_{N ,l} for the Laplace operator on N^n. By convention, when l = 0, ϕ_{N ,0}(y) is a constant function with eigenvalue ω^2_{N ,0} = 0. The boundary conditions (1) imposed on x^1 = 0 and x^1 = a imply that

− β_1z_kA + α_1B = 0, (α_2 sin(az_k) + β_2z_k cos(az_k)) A + (α_2 cos(az_k) − β_2z_k sin(az_k)) B = 0. (3) This system gives a nontrivial solution for (A, B) if and only if z_k satisfies the following condition:

F (z) = (α_1α_2 − β_1β_2z^2) sin az + (α_2β_1 + α_1β_2)z cos az = 0. (4)

The zeros of F (z) are either real or purely imaginary. As is shown in [7], these zeros are all simple. In the following, we assume that F (z) does not have imaginary zeros. This is the case if [7]:

{α_1 = 0, β_2 ≥ 0} or {α_2 = 0, β_1 ≥ 0} or {α_1α_2 ≠ 0, β_1 ≥ 0, β_2 ≥ 0} or { α_1α_2 ≠ 0, β_1 α_1 + β_2 α_2

+ a ≤ 0, β_1β_2 ≤ 0 } . (5) Notice that z = 0 is always a solution of (4). However, it is easy to check that z_k = 0 gives to a nontrivial function A sin z_kx^1 + B cos z_kx^1 satisfying (3) if and only if α_1 = α_2 = 0, i.e., in the case of Neumann boundary conditions on both plates. We let 0 < z_1 < z_2 < z_3 < . . . be all the positive solutions of (4). Then the set of eigenfrequencies {ω_{k,j,l}} for the field φ(x) is given by ω_{k,j,l} = √ z^2_k + ω^2_{Ω,j} + ω^2_{N ,l} + m^2 = √ z^2_k + m^2_{j,l}, k, j ∈ N, l ∈ N_0 , (6) where

m^2_{j,l} = ω^2_{Ω,j} + ω^2_{N ,l} + m^2.

In the case α_1 = α_2 = 0, we have to let k starts from 0 instead of 1, and z_0 = 0.

The finite temperature Casimir energy inside the left chamber is given by

E^L_{Cas}(λ) = ∞∑ k=1 ∞∑ j=1 ∞∑ l=0 { 1 2 ω_{k,j,l}e^{−λωk,j,l} + T log ( 1 − e^{−ωk,j,l/T} )} , (7)

where λ is a cut-off parameter. As was shown in [46, 47], up to the term of order λ^0,

E^L_{Cas}(λ) = d−1∑ i=0 Γ (d + 1 − i) Γ (_{d−i} 2 ) c_{cyl,i}λ^{i−d−1} + log[λμ] − ψ(1) − log 2 + 1 2 √ π c_{cyl,d+1} − T 2 ( ζ^′_{cyl,T} (0) + log[μ^2]ζ_{cyl,T} (0) ) , (8) where μ is a normalization constant with dimension length^{−1}, ζ_{cyl,T} (s) is the finite temperature zeta function defined by ζ_{cyl,T} (s) = ∞∑ k=1 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( z^2_k + m^2_{j,l} + [2πpT ]^2 )_{−s} , and c_{cyl,i}, 0 ≤ i ≤ d + 1, are heat kernel coefficients defined by ∞∑ k=1 ∞∑ j=1 ∞∑ l=0 e^{−t}(^{z2k +m2j,l}) ∼ d+1∑ i=0 c_{cyl,i}t^{i−d2} + O (t) as t → 0^+. (9)

It can be shown that (see Appendix C) these coefficients are linear functions of a. Moreover, the coefficient of a in c_{cyl,i} is independent of the Robin coefficients α_i, β_i, i = 1, 2.

Using a more general form of the generalized Abel-Plana formula [49, 50] (see Appendix A), we compute ζ_{cyl,T} (0) and ζ^′_{cyl,T} (0) in Appendix B. The results substituted into (8) give the Casimir energy in the left chamber:

E^L_{Cas}(λ) =Ξ^L_0 (λ) + aΞ_1(λ) + T 2 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ log 1 − ( β_1 √ m^2_{j,l} + [2πpT ]^2 − α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 − α_2 ) ( β_1 √ m^2_{j,l} + [2πpT ]^2 + α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 + α_2 ) e^{−2a} √_{m2j,l+[2πpT ]2} , (10)

where Ξ^L_0 (λ) and Ξ_1(λ) are terms that are independent of a, and Ξ_1(λ) is also independent of the Robin coefficients. In fact, Ξ_1(λ) can be interpreted as the vacuum energy per unit length in the x^1 direction that would present in the region between the plates if the plates are absent.

Our assumption that F (z) does not have imaginary zeros will make each term under the logarithm in (10) nonzero. However, if β_1α_1 < 0 or β_2α_2 < 0, we may get terms that are infinite. To avoid this kind of complications, from now on we only consider the case where β_1 ≥ 0 and β_2 ≥ 0.

III. THE CASIMIR FORCE

For the piston system shown in FIG. 1, the Casimir force acting on the piston is given by

F^{piston}

Cas (a, L_1; α, β) = − ∂ ∂a ( E^L_{Cas}(λ) + E^R_{Cas}(λ) ) . Upon differentiation with respect to a, the terms Ξ^L_0 (λ) and Ξ^R_0 (λ) that are independent of a will be killed. On the other hand, for the term proportional to a in E^L_{Cas}(λ) + E^R_{Cas}(λ), we find that it is equal to aΞ_1 + (L_1 − a)Ξ_1 = L_1Ξ_1, which is independent of a. Therefore, this term will also be killed after differentiation with respect to a. Consequently, all the terms that would diverge when λ → 0^+ will not contribute to the Casimir force. Therefore, we can set λ = 0 after taking derivative with respect to a to obtain

F^{piston}

Cas (a, L_1; α, β) = − lim_{λ→0+} ∂ ∂a ( E^L_{Cas}(λ) + E^R_{Cas}(λ) ) = F^L_{Cas}(a; α_1, β_1, α_2, β_2) − F^R_{Cas}(a, L_1; α_3, β_3, α_2, β_2), (11)

where

F^L_{Cas}(a; α_1, β_1, α_2, β_2) = −T ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞

√ m^2_{j,l} + [2πpT ]^2 (β1 √_{m2j,l+[2πpT ]2 +α1} )(β2 √_{m2j,l+[2πpT ]2 +α2} ) (β1 √_{m2j,l+[2πpT ]2−α1} )(β2 √_{m2j,l+[2πpT ]2 −α2} ) e 2a √_{m2j,l+[2πpT ]2} − 1 , (12)

and F^R_{Cas}(a, L_1; α_3, β_3, α_2, β_2) = F^L_{Cas}(L_1 − a; α_3, β_3, α_2, β_2).

Notice that even though different Robin conditions are imposed on the walls x^1 = 0 and x^1 = L_1, the divergent terms of the Casimir energy will not contribute to the Casimir force acting on the piston. Therefore the Casimir force acting on the piston is independent of the regularization procedure, as in the piston system for scalar fields with Dirichlet or Neumann boundary conditions. A crucial reason why this is so is that the term Ξ_1(λ) is independent of the Robin coefficients.

It is easy to see that F^R_{Cas}(a, L_1; α_3, β_3, α_2, β_2) vanishes as L_1 → ∞. In other words, F^L_{Cas}(a; α_1, β_1, α_2, β_2) can be interpreted as the Casimir force acting between two parallel plates embedded orthogonally inside an infinitely long cylinder. In the following, we will drop the superscript L when we discuss the Casimir force between parallel plates. Setting β_1 = β_2 = 0 or α_1 = α_2 = 0 or β_1 = α_2 = 0 in (12), one obtains respectively the Casimir force acting on a pair of parallel plates with Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-Neumann boundary conditions. The results coincide with the results derived in [47].

Notice that the Casimir force between parallel plates F_{Cas}(a; α_1, β_1, α_2, β_2) (12) comes from the derivative with respect to the third term

ΔE_{Cas} = T 2 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ log 1 − ( β_1 √ m^2_{j,l} + [2πpT ]^2 − α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 − α_2 ) ( β_1 √ m^2_{j,l} + [2πpT ]^2 + α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 + α_2 )e^{−2a} √_{m2j,l+[2πpT ]2}

in (10), which was called the interaction term [13]. Usually this is also regarded as the renormalized Casimir energy between the plates. It has the property that it vanishes when the plate separation a goes to infinity.

The expression for the Casimir force between parallel plates (12) shows that the Casimir force is always attractive (negative) if the same boundary conditions (i.e., β_1/α_1 = β_2/α_2) are imposed on both the plates. This is a special case of the theorem [51, 52] which states that the Casimir force between two bodies with the same property is attractive. From (12), we also find that the Casimir force decays exponentially as the separation of the plates a becomes large. As a function of the temperature T , (12) shows that the high temperature leading term of the Casimir force is linear in T , given by the sum of the terms with p = 0. On the other hand, let r = (Vol(Ω))^{1/(d1 −1)} and R = (Vol(N^n))^{1/n} be the size of the cross section Ω and the size of the internal space N^n respectively. Recall that m^2_{j,l} = ω^2_{Ω,j} + ω^2_{N ,l} + m^2. Since ω_{Ω,j} ∝ 1/r and ω_{N ,l} ∝ 1/R, (12) shows that the Casimir force F_{Cas}(a; α_1, β_1, α_2, β_2) between a pair of parallel plates goes to zero when the size r of the cross section goes to zero or the mass m goes to infinity. When the size R of the internal space goes to zero, all the terms with l ≠ 0 go to zero, and the limit of the Casimir force is the Casimir force in the (d_1 + 1)-dimensional Minkowski spacetime given by the sum of the terms with l = 0.

For the low temperature behavior, we use the Abel-Plana summation formula (A3) with

f(z) = −2T ∞∑ j=1 ∞∑ l=0

√ m^2_{j,l} + [2πT z]^2 (β1 √_{m2j,l+[2πT z]2+α1} )(β2 √_{m2j,l+[2πT z]2+α2} ) (β1 √_{m2j,l+[2πT z]2−α1} )(β2 √_{m2j,l+[2πT z]2−α2} ) e 2a √_{m2j,l+[2πT z]2} − 1 .

The term ∫_∞ 0 f(x)dx on the right-hand side of (A3) gives the zero temperature Casimir force acting on the parallel plates:

F^{T =0}_{Cas} (a; α_1, β_1, α_2, β_2) = − 1 π ∞∑ j=1 ∞∑ l=0 ∫_∞ 0 √ x^2 + m^2_{j,l} (β1 √_{x2 +m2j,l+α1} )(β2 √_{x2+m2j,l+α2} ) (β1 √_{x2+m2j,l−α1} )(β2 √_{x2+m2j,l−α2} ) e 2a √_{x2+m2j,l} − 1 dx

= − 1 π ∞∑ j=1 ∞∑ l=0 ∫_∞ m_{j,l} x^2

(β_1x+α_1)(β_2x+α_2) (β_1x−α_1)(β_2x−α_2) e 2ax − 1 dx √ x^2 − m^2_{j,l} . (13)

The term i ∫_∞ 0 f(iy) − f(−iy) e^{2πy} − 1 dy gives

− 1 π ∞∑ j=1 ∞∑ l=0 ∫_∞ m_{j,l} √ u^2 − m^2_{j,l} e^{u/T} − 1 du = − T π ∞∑ j=1 ∞∑ l=0 ∞∑ p=1 m_{j,l} p K_1 (pm_{j,l} T ) .

This term is independent of a and the Robin coefficients α_i, β_i, i = 1, 2. Finally, it is easy to check that the poles of f(z) are exactly at z = ± i 2πT √ z^2_k + m^2_{j,l}, k = 1, 2, . . . , j = 1, 2, . . . , l = 0, 1, 2, . . . , with residues

Res_{z=±} i_{2πT} √_z2_{k +m}2_{j,l} f(z) = ∓ i 2π z^2_k √ z^2_k + m^2_{j,l} ( a +^{α1 β1}

β^2_1 z^2_k +α^2_1 + α_2 β_2 β^2 z^2_k +α^2 ).

Therefore, πi ∑ y>0 Res_{z=iy} f(z) − Res_{z=−iy} f(z) e^{2πy} − 1 = ∞∑ j=1 ∞∑ l=0 ∞∑ k=1 z^2_k √ z^2_k + m^2_{j,l} ( a +^{α1β1}

β^2_1 z^2_k +α^2_1 + α_2β_2 β^2 z^2_k +α^2 ) 1 exp ( √_{z2k +m2j,l} T ) − 1 .

From these, we find that the temperature correction to the Casimir force is

Δ_T F_{Cas}(a; α_1, β_1, α_2, β_2) = − T π ∞∑ j=1 ∞∑ l=0 ∞∑ p=1 m_{j,l} p K_1 ( pm_{j,l} T )

+ ∞∑ j=1 ∞∑ l=0 ∞∑ k=1 z^2_k √ z^2_k + m^2_{j,l} ( a +^{α1β1}

β^2_1 z^2_k +α^2_1 + α_2β_2 β^2 z^2_k +α^2 ) 1 exp ( √_{z2k +m2j,l} T ) − 1 . (14)

In the case of d_1 = 3 with Dirichlet-Dirichlet boundary conditions, β_1 = β_2 = 0 and z_k = πk/a, we find that this formula agrees with the formula (3.7) we derived in [46]. From (14), it is obvious that the temperature correction goes to zero exponentially fast when the temperature T approaches zero. When a ≪ 1/T , since z_k ∝ 1/a, the leading term of the temperature correction is the first term on the right hand side of (14) that is independent of a.

The next thing we would like to investigate is the limit of the Casimir force when the cross section of the plates is infinitely large, i.e. Vol(Ω) → ∞. In this case, we have to consider the Casimir force density acting on the plates, which is defined as

F_{Cas}(a; α_1, β_1, α_2, β_2) = lim_{r→∞}

F_{Cas}(a; α_1, β_1, α_2, β_2) Vol(Ω) . This limit is given by replacing ω_{Ω,j} by ω and turning the summation over j ∈ N into an integral: 1 Vol(Ω) ∞∑ j=1 g(ω_{Ω,j} )^{Vol(Ω)→∞} −−−−−−−→ 1 2^{d1−2}π^{d1−1}2 Γ (_{d1−1} 2 ) ∫_∞ 0 ω^{d1−2}g(ω)dω. (15) After a change of variables, we find that the finite temperature Casimir force density acting on a pair of infinite parallel plates is given by

F_{Cas}(a; α_1, β_1, α_2, β_2) = − T 2^{d1−2}π^{d1 −1}2 Γ (_{d1−1} 2 ) ∞∑ l=0 ∞∑ p=−∞ ∫_∞ √_{m2l +[2πpT ]2} ( x^2 − m^2_l − [2πpT ]^2

)^d1^{−3}_2 x^2dx (β_1x+α_1)(β_2x+α_2) (β_1x−α_1)(β_2x−α_2) e 2ax − 1 , (16)

where

m_l = √ ω^2_{N ,l} + m^2.

The corresponding interaction term of the Casimir energy density is

ΔE_{Cas}(a; α_1, β_1, α_2, β_2) = T 2^{d1−1}π^{d1 −1}2 Γ (_{d1−1} 2 ) ∞∑ l=0 ∞∑ p=−∞ ∫_∞ √_{m2l +[2πpT ]2} ( x^2 − m^2_l − [2πpT ]^2

)^d1^{−3}_2 x

× log { 1 − (β_1x − α_1)(β_2x − α_2) (β_1x + α_1)(β_2x + α_2) e^{−2ax} } dx. (17)

One can check that in the case of Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-Neumann boundary conditions, (16) agrees with the results derived in [47].

Applying the prescription (15) to the zero temperature Casimir force (13), we find that the zero temperature Casimir force density acting on a pair of infinite parallel plates is

F^{T =0}_{Cas} (a; α_1, β_1, α_2, β_2) = − 1 2^{d1−2}π^{d1+1}2 Γ (_{d1−1} 2 ) ∞∑ l=0 ∫_∞ 0 ω^{d1−2} ∫_∞ √_{ω2 +m2l} x^2

(β_1x+α_1)(β_2x+α_2) (β_1x−α_1)(β_2x−α_2) e 2ax − 1 dx √ x^2 − ω^2 − m^2_l dω

= − 1 2^{d1−1}π^{d1}2 Γ (_{d1} 2 ) ∞∑ l=0 ∫_∞ m_l x^2(x^2 − m^2_l )^{d1 −22}

(β_1 x+α_1)(β_2x+α_2) (β_1x−α_1)(β_2x−α_2) e 2ax − 1 dx. (18)

This agrees with the result of [13]. The finite temperature Casimir force density is the sum of the zero temperature Casimir force density (18) and the thermal correction Δ_T F_{Cas} given by

Δ_T F_{Cas}(a; α_1, β_1, α_2, β_2) = − T 2^{d1−2}π^{d1 +1}2 Γ (_{d1−1} 2 ) ∞∑ l=0 ∞∑ p=1 ∫_∞ 0 ω^{d1−2} √ ω^2 + m^2_l p K_1 ( p √ ω^2 + m^2_l T ) dω

+ 1 2^{d1−2}π^{d1 −1}2 Γ (_{d1−1} 2 ) ∞∑ l=0 ∞∑ k=1 ∫_∞ 0 ω^{d1−2} z^2_k √ z^2_k + ω^2 + m^2_l ( a +^{α1 β1}

β^2_1 z^2_k +α^2_1 + α_2 β_2 β^2 z^2_k +α^2 ) 1 exp ( √_{z2} k +ω^2+m^2_l T ) − 1 dω

= − T^{d1+12} 2^{d1−1}2 π^{d1+1}2 ∞∑ l=0 ∞∑ p=1 ( m_l p )^d1^{+1}_2

K d_1+1_2 ( pm_l T )

+ T^{d1−22} 2^{d1−2}2 π^{d1}2 ∞∑ l=0 ∞∑ k=1 ∞∑ p=1 z^2_k ( a +^{α1β1}

β^2_1 z^2_k +α^2_1 + α_2β_2 β^2 z^2_k +α^2 ) (√ z^2_k + m^2_l p )^d1^{−2}_2

K d_1−2_2 ( p T √ z^2_k + m^2_l ) . (19)

In the massless case, the sum of the terms with l = 0 in the first term on the right hand side of (19) has to be replaced by

lim m→0^+ − T^{d1+12} 2^{d1−1}2 π^{d1+1}2 ∞∑ p=1 ( m p )^d1^{+1}_2

K d_1+1_2 ( pm T ) = − Γ (_{d1+1} 2 ) ζ_R(d_1 + 1) π^{d1 +1}2

T^{d1+1}.

We observe that for massive case, the temperature correction term to the Casimir force density acting on a pair of infinite parallel plates is exponentially suppressed. However, for the massless case, the leading term of the thermal correction is of order T^{d1+1}, and this leading term is independent of the boundary conditions imposed on the plates.

The low temperature expansion of the interaction term of the Casimir energy density can be obtained by directly integrating (18) and (19). It is given by

ΔE_{Cas}(a; α_1, β_1, α_2, β_2) = 1 2^{d1} π^{d1}2 Γ (_{d1} 2 ) ∞∑ l=0 ∫_∞ m_l x(x^2 − m^2_l )^{d1−22} log { 1 − (β_1x − α_1)(β_2x − α_2) (β_1x + α_1)(β_2x + α_2) e^{−2ax} } dx

+ aT^{d1+12} 2^{d1−1}2 π^{d1 +1}2 ∞∑ l=0 ∞∑ p=1 ( m_l p )^d1^{+1}_2

K d_1+1_2 ( pm_l T )

− T^{d12} 2^{d1−2}2 π^{d1}2 ∞∑ l=0 ∞∑ k=1 ∞∑ p=1 ( √ z^2_k + m^2_l p )^d1_2

K d_{12} ( p T √ z^2_k + m^2_l ) .

The leading behavior of the finite temperature Casimir force acting on a pair of parallel plates when R ≪ a ≪ r (i.e., the plate separation is much larger than the size of the extra dimensions, but much smaller than the size of the cross section) can be obtained from the corresponding leading behavior of the Casimir force density acting on infinite parallel plates. We need to consider the case of high temperature and the case of low temperature separately. In the high temperature regime, aT ≫ 1. The leading term of the Casimir force when R ≪ a ≪ r and am ≪ 1 is obtained from the l = p = 0 term in (16):

F_{Cas}(a) ∼ −

T Vol(Ω)

2^{d1−2}π^{d1 −1}2 Γ (_{d1−1} 2 ) ∫_∞ m ( x^2 − m^2

)^d1^{−3}_2 x^2dx (β_1x+α_1 )(β_2x+α_2 ) (β_1x−α_1 )(β_2x−α_2 ) e 2ax − 1 ∼ − T Vol(Ω)

2^{d1−2}π^{d1 −1}2 Γ (_{d1−1} 2 ) a^{d1} ∫_∞ am ( x^2 − (am)^2

)^d1^{−3}_2 x^2dx (^{β1}_a x+α1)(^{β2}_a x+α2) (^{β1}_a x−α1)(^{β2}_a x−α2) e^{2x} − 1 .

If β_1 > 0 and β_2 > 0 (both non-Dirichlet conditions), then in the limit a ≪ β_1 and a ≪ β_2, we find that the leading term is

F_{Cas}(a) ∼ −

T Vol(Ω)

2^{d1−2}π^{d1−1}2 Γ (_{d1−1} 2 ) a^{d1} ∫_∞ 0 x^{d1 −1}dx e^{2x} − 1 = − (d_1 − 1)Γ (_{d1} 2 ) ζ_R(d_1)

2^{d1} π^{d1}2

T Vol(Ω) a^{d1} . (20)

This leading term is the same as for the case of β_1 = β_2 = 0 (Dirichlet-Dirichlet boundary conditions). If β_1 = 0 and β_2 > 0 (one Dirichlet and one non-Dirichlet), then in the limit a ≪ β_2, the leading term is

F_{Cas}(a) ∼

T Vol(Ω)

2^{d1−2}π^{d1 −1}2 Γ (_{d1−1} 2 ) a^{d1} ∫_∞ 0 x^{d1−1}dx e^{2x} + 1 = (d_1 − 1)Γ (_{d1} 2 ) ζ_R(d_1)

2^{d1} π^{d1}2 ( 1 − 2^{1−d1}

) T Vol(Ω) a^{d1} . (21)

Notice that if both plates have non-Dirichlet boundary conditions, the leading behavior is the same as both plates having Dirichlet boundary conditions. In this case, the Casimir force is attractive when R ≪ a ≪ r. On the other hand, if one plate assumes Dirichlet boundary condition and the other assumes non-Dirichlet boundary condition, then the leading behavior is the same as the Dirichlet-Neumann case, i.e., the Casimir force is repulsive in the limit R ≪ a ≪ r. In the low temperature regime, i.e. aT ≪ 1, the leading behavior of the Casimir force when R ≪ a ≪ r can be obtained analogously from (18). We find that when both plates assume non-Dirichlet boundary conditions or when both plates assume Dirichlet boundary conditions, the leading term is

F_{Cas}(a) ∼ − d_1Γ

(_{d1+1} 2 ) ζ_R(d_1 + 1)

2^{d1+1}π^{d1+1}2

Vol(Ω) a^{d1+1}

. (22)

When one plate assumes Dirichlet boundary condition and the other plate assumes non-Dirichlet boundary condition, the leading term is

F_{Cas}(a) ∼ d_1Γ

(_{d1+1} 2 ) ζ_R(d_1 + 1)

2^{d1+1}π^{d1 +1}2

(1 − 2^{−d1} )

Vol(Ω) a^{d1+1}

. (23)

These zero temperature asymptotic behaviors have been observed in [13].

The asymptotics (20), (21), (22) and (23) are derived under the assumption that R ≪ a, i.e. the size of the extra dimensions are much smaller than the plate separation. In the case R ∼ a, one has to take into account the correction terms from the l ≠ 0 terms in (16) and (18). In the other extreme where a ≪ R, the extra dimensions play the same role as the cross section in the macroscopic spacetime. Therefore, when a ≪ R, the asymptotics of the Casimir force are obtained from (20), (21), (22) and (23) by replacing d_1 with d = d_1 + n. We see that the sign of the Casimir force is not changed when we pass from R ≪ a to a ≪ R, as long as a ≪ r.

At first sight, it might be quite surprising to find that when the plate separation is small, the leading behavior of the Casimir force when non-Dirichlet boundary conditions are imposed on both plates is the same as when Dirichlet boundary conditions are imposed on both plates; but the leading behavior of the Casimir force when Dirichlet boundary condition is imposed on one plate and non-Dirichlet boundary condition is imposed on the other plate is the same as when Dirichlet boundary condition is imposed on one plate and Neumann boundary condition is imposed on the other. In fact, this can be explained as follows. The behavior of the Casimir force with respect to a is governed by the solutions z_k of the function F (z) (4), i.e., z_k satisfies e^{2iazk} = (α_1 − iβ_1z_k)(α_2 − iβ_2z_k) (α_1 + iβ_1z_k)(α_2 + iβ_2z_k) .

When k → ∞, z_k → ∞. Therefore if β_1 > 0 and β_2 > 0, e^{2iazk} ∼ 1 as k → ∞. Consequently, we find that when k is large enough, z_k ∼ πk a is close to the corresponding z_k for the case where β_1 = β_2 = 0. On the other hand, if β_1 = 0 and β_2 > 0, then when k is large enough, e^{2iazk} ∼ −1 as k → ∞. This implies that z_k ∼ π (k − 1/2) a is close to the corresponding z_k for the case of Dirichlet-Neumann boundary conditions.

IV. ANALYSIS OF THE SIGN OF THE CASIMIR FORCE AND ITS APPLICATIONS

In this section, we analyze in more detail the sign of the Casimir force. The cases of Dirichlet-Dirichlet (β_1 = β_2 = 0), Neumann-Neumann (α_1 = α_2 = 0) or Dirichlet-Neumann (β_1 = 0, α_2 = 0) boundary conditions have been studied in [47], where it was proved that for Dirichlet-Dirichlet or Neumann-Neumann case, the Casimir force is always attractive. For Dirichlet-Neumann case, the Casimir force is always repulsive. In the following, we will not consider these cases.

First we consider the case β_1 = 0, α_2 ≠ 0 and β_2 > 0 where Dirichlet boundary condition is imposed on one of the plates, and generic Robin boundary conditions on the other. In this case, the finite temperature Casimir force between the plates is

F_{Cas}(a; D; α_2, β_2) = T ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞

√ m^2_{j,l} + [2πpT ]^2

β_2 √_{m2j,l+[2πpT ]2+α2} β_2 √_{m2j,l+[2πpT ]2 −α2} e^{2a} √_{m2j,l+[2πpT ]2} + 1 , (24)

and the zero temperature Casimir force is

F^{T =0}_{Cas} (a; D; α_2, β_2) = 1 π ∞∑ j=1 ∞∑ l=0 ∫_∞ m_{j,l} x^2

(β_2x+α_2) (β_2x−α_2) e

2ax + 1 dx √ x^2 − m^2_{j,l} . (25)

If 0 < α_2 β_2 ≤ min_{j,l,p} {√ m^2_{j,l} + [2πpT ]^2 } = √ ω^2_{Ω,1} + m^2, (26)

then each term in the sum of (24) and (25) is positive. We find that the Casimir force between the plates is always repulsive and the Casimir force is a monotonically decreasing function of a. Moreover, the presence of the extra dimensions enhances the Casimir force. The condition (26) means that the ratio α_2/β_2 cannot be too large. In other words, this is a close-to-Neumann condition. Therefore, it is reasonable that the Casimir force is repulsive as in the Dirichlet-Neumann case. In general, we have shown in Section III that for any β_2 > 0, the Casimir force is repulsive when a ≪ r. When aT ≫ 1, the leading term of the Casimir force is determined by the p = l = 0, j = 1 term in (24), which is repulsive if (26) is satisfied, and attractive if (26) is not satisfied. At zero temperature, (25) also shows that if (26) is not satisfied, then when am ≫ 1 or a/r ≫ 1, the Casimir force will eventually become attractive. Therefore we see that if (26) is not satisfied, the Casimir force will change from repulsive to attractive at any temperature. In the massless case, the right hand side of (26) goes to zero when the size of the cross section r goes to infinity. Therefore, for a pair of infinite parallel plates with Dirichlet boundary condition on one plate and non-Dirichlet and non-Neumann boundary condition on the other plate, the Casimir force always change from repulsive to attractive when a increases from 0 to ∞.

FIG. 2: The Casimir energy ΔECas(a) and Casimir force FCas(a) due to a massless (m = 0) scalar field when the macroscopic space is three dimension, i.e., d1 = 3, in the presence of the internal manifold S^1 (T^1) with radius R. Here the cross section of the plates is a square [0, L2] × [0, L3] with L2 = L3 = 1m. In this figure, β1/α1 = 0μm, β2/α2 = 0.3μm and T = 0.

FIG. 3: Same as FIG. 2 but with T = 1 TeV.

An example of the first case is shown in FIG. 2 and FIG. 3, where the graphs for the Casimir energy and Casimir force acting on a pair of parallel plates embedded in an infinitely long rectangular cylinder with cross section 1m × 1m due to massless scalar field is shown. The internal manifold is a circle with radius R. In these figures, we show the variation of the Casimir force with respect to the plate separation a at T = 0 and T = 1 TeV (1.16 × 10^{16} K), in the case that the internal manifold has radius R = 0.2μm, R = 0.5μm and R = 1μm and in the case without internal manifold (R = 0). One of the plates assumes Dirichlet boundary condition, i.e., β_1 = 0, and the other assumes Robin boundary condition with β_2/α_2 = 0.3μm. Notice that α_2/β_2 = 3.33 × 10^6m^{−1} ≥ ω_{Ω,1} = πm^{−1}. These graphs show that the Casimir force is repulsive at small a and becomes attractive for a > a_c. The critical point a = a_c is a minimum point of the energy. Therefore, it is a stable equilibrium point. The position of the minimum point can be affected by the size of the extra dimension and temperature. The temperature dependence of the Casimir force when a = 0.5μm and a = 1μm are shown in FIG. 4. They verify the linear dependence of the Casimir force when aT > 0.5. Notice that with plate separation a = 1μm, the energy between the plates is of order 10^{−3} TeV at T = 0 and of order 10^{10} TeV at T = 1 TeV. The Casimir energy increases by a factor of 10^{13} from T = 0 to T = 1 TeV. Therefore the temperature correction is important in the high temperature regime. Experiments on Casimir effect have not been able to reach this high energy regime. However, with the advent of technology, one can expect that future experiments will be able to explore the high temperature regime which might bring forward some new applications of Casimir

FIG. 4: The dependence of the Casimir force on temperature when a = 0.5μm and a = 1μm. The other parameters are the same as in FIG. 2.

FIG. 5: Same as FIG. 3, but now the internal manifold is T^1, T^2, T^3, T^4, T^n is a direct product of n circles each with radius R = 0.2μm. The other parameters are the same as in FIG. 2.

effect in technology. Return to FIG. 4, we also notice that when the size of the extra dimension change from 0.2μm to 1μm, the Casimir force change from attractive to repulsive. As we have discussed in the previous section, this cannot happen for Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-Neumann boundary conditions. In FIG. 5, we show the dependence of the Casimir force on plate separation when the internal manifold is T^1 = S^1, T^2, T^3 and T^4 respectively, where T^n is the product of n-circles each with radius R = 0.2μm. This figure shows that contrary to the Dirichlet-Dirichlet, Neumann-Neumann or Dirichlet-Neumann cases, the increase in the number of extra dimensions can reduce the magnitude of the Casimir force.

The second case where α_1 = 0, α_2 ≠ 0 and β_2 > 0, i.e., Neumann boundary condition is imposed on one of the plates, and generic Robin boundary condition on the other is exactly the opposite of the first case. More precisely, in this case the finite temperature Casimir force and the zero temperature Casimir force are given respectively by

F_{Cas}(a; N; α_2, β_2) = −T ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞

√ m^2_{j,l} + [2πpT ]^2

β_2 √_{m2j,l+[2πpT ]2 +α2} β_2 √_{m2j,l+[2πpT ]2−α2} e^{2a} √_{m2j,l+[2πpT ]2} − 1 , (27) and F^{T =0}_{Cas} (a; N; α_2, β_2) = − 1 π ∞∑ j=1 ∞∑ l=0 ∫_∞ m_{j,l} x^2

(β_2x+α_2) (β_2x−α_2) e 2ax − 1 dx √ x^2 − m^2_{j,l} . (28)

Therefore, we conclude immediately that when α_2/β_2 is small enough to satisfy (26), the Casimir force is always attractive as in the Neumann-Neumann case. However, if α_2/β_2 does not satisfy (26), the Casimir force is attractive at small plate separation, but will eventually turn to repulsive when aT or a/r or am is large enough. In the case (26) is satisfied, we can say more. As in the Dirichlet-Dirichlet or Neumann-Neumann case, (26) implies that the magnitude of the Casimir force is a monotonically decreasing function of the plate separation. Moreover, since each term in the sum of (27) and (28) is positive, and the sum of the l = 0 terms in (27) and (28) corresponds to the Casimir forces without extra dimensions, we find that when (26) is satisfied, the presence of extra dimensions enhances the magnitude of the Casimir force.

FIG. 6: Same as FIG. 2, but with β1/α1 = 0.4m, β2/α2 = 0.3μm and T = 1TeV.

FIG. 7: Same as FIG. 6, but now the internal manifold is T^1, T^2, T^3, T^4, T^n is a direct product of n circles each with radius R = 0.2μm. The other parameters are the same as in FIG. 6.

Finally, we consider the generic case where α_1 > 0, β_1 > 0 and α_2 > 0, β_2 > 0. Without loss of generality, assume that β_2/α_2 ≤ β_1/α_1. As is already observed in Section III, when the Robin conditions on the two plates are the same, i.e., β_1/α_1 = β_2/α_2, then the Casimir force is always attractive. If α_2/β_2 satisfies (26), so does α_1/β_1. The Casimir force is then always attractive and its magnitude is enhanced by the presence of extra dimensions. For any β_1/α_1 > 0 and β_2/α_2 > 0, we have shown in Section III that the Casimir force is always attractive when the plate separation is small enough. In the other extreme where a/r ≫ 1, if the temperature T is not zero, the dominating term of the Casimir force is given by the term with p = l = 0 and j = 1 in (12). We conclude that when a is large enough, then the Casimir force is repulsive if

α_1 β_1 < √ ω^2_{Ω,1} + m^2 < α_2 β_2 , and is attractive otherwise. If the temperature T is zero, the same conclusion can be derived from (13).

FIG. 6 and FIG. 7 show the dependence of the Casimir force on plate separation when T = 1 TeV. In FIG. 6, the internal manifold is S^1 with different radius R. In FIG. 7, the internal manifold is T^1, T^2, T^3, T^4 respectively. The Robin coefficients in these graphs are β_1/α_1 = 0.4m and β_2/α_2 = 0.3μm. Notice that α_1/β_1 = 2.5m^{−1} < πm^{−1} < 3.33 × 10^6m^{−1} = α_2/β_2m^{−1}. The graphs show that the Casimir force is attractive at small a and becomes repulsive at large a. There is only one equilibrium point which is unstable.

Another interesting case is shown in FIG. 8, with β_1/α_1 = 0.08μm and β_2/α_2 = 0.3μm. In this case, ω_{Ω,1} < α_1/β_1 < α_2/β_2. The graph shows that the Casimir force is attractive at small and at large a as dictated by our analysis above. However, the Casimir force can become repulsive at some intermediate values of a. This implies that there are two equilibrium points a_1 and a_2, one unstable and one stable. If the initial separation of the two plates is in the range of the two equilibrium points, i.e. a_1 < a < a_2, then the two plates would tend to repulse each other until they settle at the distance a = a_2.

FIG. 8: Same as FIG. 2, but with β1/α1 = 0.08μm, β2/α2 = 0.4μm and T = 1eV.

In the figures shown in this section, the size of the internal manifold is chosen to be between 0.2μm to 1μm so as to demonstrate significant difference with the Casimir force without extra dimensions. Extra dimensions of this size is not physically interesting. One can show that if the size of the internal manifold R is ten times smaller than the plate separation, there is no significant difference between the Casimir force with or without the internal manifold. Therefore for physically interesting size of extra dimensions of order 10^{−12}nm, it will not be detectable by the present experiments in Casimir effect which measures Casimir force between objects that are 10nm ∼ 1000nm apart.

Before ending this section, we would like to remark on the original setup we consider – a piston moving freely inside a closed cylinder. As is shown by (11), in this case, the Casimir force is the difference of the Casimir force between the left end of the cylinder and the piston, and the Casimir force between the right end of the cylinder and the piston. Since the magnitude of the Casimir force is very large when the plate separation is very small, and is very small when the plate separation is very large, we can deduce that when the piston is close to one end, whether it is attracted to or pushed away from that end only depends on the Robin coefficients on the piston and on that end. However, when the piston is away from both ends, then which side it will move to depends on the Robin coefficients on the piston and on the two ends. There are some combinations of Robin coefficients that will make the piston stay in the middle region.

V. CONCLUSION

In this article, we studied the interplay between geometry, temperature and boundary conditions on the sign and magnitude of the Casimir force acting on parallel plates. We first derived the finite temperature Casimir force acting on a piston moving freely inside a closed cylinder due to a scalar field with Robin boundary conditions. It is shown that even the Robin coefficients on the two ends of the cylinder are different, the Casimir force acting on the piston is independent of the regularization procedure, since the divergent terms of the Casimir forces from the two chambers of the cylinder divided by the piston are independent of the Robin coefficients and cancel each other. By moving one end of the cylinder to infinity, we obtain the Casimir force acting on a pair of parallel plates. In the high temperature regime, the leading term of the Casimir force is linear in temperature, which shows that the Casimir force has a classical limit. A modified Abel-Plana summation formula is used to rewrite the Casimir force which is suitable for the analysis of its low temperature behavior. When the parallel plates has finite size, the Casimir force decays exponentially when the temperature tends to zero. In case of infinite parallel plates, the temperature correction is of order T^{d1+1}, where d_1 is the dimension of the macroscopic space. Interestingly, these behaviors are independent of the values of the Robin parameters. The sign of the Casimir force when the plate separation is small and when the plate separation is large is analyzed in detail. It is found that if Dirichlet condition is imposed on one plate and non-Dirichlet condition is imposed on the other plate, then the Casimir force is repulsive when the plate separation is small enough. If non-Dirichlet conditions are imposed on both plates, the Casimir force is attractive for small enough plate separations. We give an explanation for these behaviors by the asymptotics of the frequencies. When the separation between the plates becomes sufficiently large, the sign of the Casimir force depends not only on the boundary conditions, but also on the geometry of the transversal dimensions. We show that for a wide range of Robin coefficients, the Casimir force can change from attractive to repulsive or repulsive to attractive, giving rise to unstable equilibrium and stable equilibrium respectively. This can be applied in nanotechnology if Robin conditions is used to model the skin depths of real materials.

As mentioned in the introduction, Robin boundary conditions arise naturally in Randall-Sundrum spacetime model. The results in this article is not readily transferred to the Randall-Sundrum model except for massless scalar field that couples conformally to scalar curvature. There is a brief discussion of this in the zero temperature case in [13]. It will be interesting to consider the finite temperature Casimir effect due to a bulk massive scalar field with general curvature coupling, and with general Robin boundary conditions on the branes. A special case has been considered in [24] where the thermodynamic energy was shown to have a minimum that might give rise to brane stabilization mechanism.

APPENDIX A: THE GENERALIZED ABEL-PLANA FORMULA

Here we present a more general Abel-Plana summation formula, which is a direct generalization of those presented in [49, 50]. If f_0(z), f_1(z) and f_2(z) are meromorphic functions, and lim_{Y →∞} ∫_c b { f_0(x + iY ) − f_1(x + iY ) } dx = 0, lim_{Y →∞} ∫_c b { f_0(x − iY ) − f_2(x − iY ) } dx = 0, (A1)

then ∑ b≤Re z≤c w_0(z)Res_zf_0(z) − ∑ b≤Re z≤c Im z≥0 w_1(z)Res_zf_1(z) − ∑ b≤Re z≤c Im z≤0 w_2(z)Res_zf_2(z)

= 1 2π ∫_∞ 0 { f_0(u + iy) − f_1(u + iy) }| |^{u=c}_{u=b} dy + 1 2π ∫_∞ 0 { f_0(u − iy) − f_2(u − iy) }| |^{u=c}_{u=b} dy − 1 2πi ∫_c b { f_1(x) − f_2(x) } dx. (A2)

Here w_0(z), w_1(z) and w_2(z) are weight functions defined by

w_0(z) = { 1, if z ∈ D_0, 1/2, if z ∈ ∂D_0,

, D_0 = {z : b < Re z < c} ,

w_1(z) =

1, if z ∈ D_1, 1/2, if z ∈ ∂D_1 \ {b, c}, 1/4, if z = b or c,

D_1 = {z : b < Re z < c, Imz > 0} ,

w_2(z) =

1, if z ∈ D_2, 1/2, if z ∈ ∂D_2 \ {b, c}, 1/4, if z = b or c,

D_2 = {z : b < Re z < c, Imz < 0} .

This formula can be proved in the same way as in [49, 50]. It is a direct consequence of the residue theorem.

To recover the original Abel-Plana summation formula, let f(z) be a meromorphic function, and define

f_0(z) =f(z) d dz log ( e^{πiz} − e^{−iπz} ) = iπf(z) ( 1 + 2 e^{2πiz} − 1 ) , f_1(z) =f(z) d dz log ( e^{−πiz} ) = −iπf(z), f_2(z) =f(z) d dz log(e^{πiz} ) = iπf(z). If for all x ≥ 0, lim Y →∞ f(x ± iY )e^{−2πY} = 0, we can apply the formula (A2), which gives 1 2 f(0) + ∞∑ p=1 f(p) = ∫_∞ 0 f(x)dx + i ∫_∞ 0 f(iy) − f(−iy) e^{2πy} − 1 dy + πi ∑ y>0 Res_{z=iy}f(z) − Res_{z=−iy}f(z) e^{2πy} − 1 + 2πi ∑ Re z>0, Im z>0 Res_zf(z) e^{−2πiz} − 1 − 2πi ∑ Re z>0, Im z<0 Res_zf(z) e^{2πiz} − 1 . (A3)

Here we assume that f(z) does not have poles at z = n, n = 0, 1, 2, . . .. If f(z) is analytic in the right-half plane, then the last three terms that contain the residues of f in the right-half plane are identically zero. In this case, we obtain the original Abel-Plana summation formula.

APPENDIX B: THE ZETA FUNCTION ζ_{cyl,T} (s)

In this section, we want to compute the zeta function

ζ_{cyl,T} (s) = ∞∑ k=1 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( z^2_k + m^2_{j,l} + [2πpT ]^2 )_{−s} , and its derivative at s = 0. By definition, z_k, k = 1, 2, . . . are the zeros of

F (z) = (α_1α_2 − β_1β_2z^2) sin az + (α_2β_1 + α_1β_2)z cos az

on the right half-plane. We can rewrite F (z) as

F (z) = 1 2i { (α_1 + iβ_1z)(α_2 + iβ_2z)e^{iaz} − (α_1 − iβ_1z)(α_2 − iβ_2z)e^{−iaz} } . Let F_0(z) = F (z),

F_1(z) = − 1 2i (α_1 − iβ_1z)(α_2 − iβ_2z)e^{−iaz}, F_2(z) = 1 2i (α_1 + iβ_1z)(α_2 + iβ_2z)e^{iaz}.

and define

f_i(z) = ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( z^2 + m^2_{j,l} + [2πpT ]^2 )_{−s} d dz log F_i(z), i = 0, 1, 2.

It is easy to verify that the conditions (A1) are satisfied. Notice that F_1(z) has zeros at z = −iα_j /β_j , j = 1, 2, and F_2(z) has zeros at z = iα_j /β_j , j = 1, 2. For i = 0, 1, 2, since F_i(z) is a holomorphic function with simple zeros, the poles of f_i(z) coincide with the zeros of F_i(z). Applying the generalized Abel-Plana summation formula (A2), we find that ζ_{cyl,T} (s) can be written as a sum of three terms:

ζ_{cyl,T} (s) = ζ^1_{cyl,T} (s) + ζ^2_{cyl,T} (s) + ζ^3_{cyl,T} (s). (B1)

The term ζ^1_{cyl,T} (s) is independent of a:

ζ^1_{cyl,T} (s) = − 1 2 ζ_{Ω×N ,T} (s) + 2∑ i=1 w_i ∑ k,j∈N,l∈N_0,p∈Z m^2_{j,l}+[2πpT ]^2≥ [_{αi} βi ]_2

( − [ α_i β_i ]_2

+ m^2_{j,l} + [2πpT ]^2 )_{−s}

+ 2∑ i=1 w_i ∑ k,j∈N,l∈N_0,p∈Z m^2_{j,l}+[2πpT ]^2≤ [_{αi} βi ]_2

cos(πs) ([ α_i β_i ]_2 − m^2_{j,l} − [2πpT ]^2 )_{−s}

+ 1 π ∫_∞ 0 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( x^2 + m^2_{j,l} + [2πpT ]^2 )_{−s}^2∑ i=1 α_iβ_i α^2_i + β^2_i x^2 dx.

(B2)

The first term − 1 2 ζ_{Ω×N ,T} (s) = − 1 2 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( m^2_{j,l} + [2πpT ]^2 )_{−s}

comes from the zero of F_0(z) at z = 0. If α_1 = α_2 = 0, we have to change the sign of this term to positive. The second and third terms in (B2) come from the zeros of F_1(z) and F_2(z). The weights w_i are defined so that if α_i = 0, then w_i = 1/2; if α_i > 0, β_i ≥ 0, then w_i = 0 and if α_i > 0, β_i < 0, then w_i = 1. The last term in (B2) comes from the a-independent part of − 1 2πi ∫_∞ 0 (f_1(x) − f_2(x))dx. (B3)

The term ζ^2_{cyl,T} (s) is proportional to a, coming from the a-dependent part of (B3):

ζ^2_{cyl,T} (s) = a π ∫_∞ 0 ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ( x^2 + m^2_{j,l} + [2πpT ]^2 )_{−s} dx

= a 2 √ π Γ ( s −^1_2 ) Γ(s) ζ_{Ω×N ,T} ( s − 1 2 ) . It is interesting to note that this term is independent of the Robin coefficients α_i, β_i, i = 1, 2. Finally the first two terms on the right hand side of (A2) give ζ^3_{cyl,T} (s):

ζ^3_{cyl,T} (s) = 1 π ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ ∫_∞ √_{m2j,l+[2πpT ]2} sin(πs) ( z^2 − m^2_{j,l} − [2πpT ]^2 )_{−s} d dz log ( 1 − (β_1z − α_1)(β_2z − α_2) (β_1z + α_1)(β_2z + α_2) e^{−2az} ) dz. (B4)

This term goes to zero as a → ∞. From (B4), we find that ζ^3_{cyl,T} (0) = 0. Therefore ζ_{cyl,T} (0) = ζ^1_{cyl,T} (0) + ζ^2_{cyl,T} (0) is linear in a. Moreover, the coefficient of a is independent of the Robin coefficients. The derivative of ζ^3_{cyl,T} (s) at s = 0 can be easily computed from (B4) and we find that

ζ^′_{cyl,T} (0) = ( ζ^1_{cyl,T} )_′ (0) + ( ζ^2_{cyl,T} )_′ (0) − ∞∑ j=1 ∞∑ l=0 ∞∑ p=−∞ log 1 − ( β_1 √ m^2_{j,l} + [2πpT ]^2 − α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 − α_2 ) ( β_1 √ m^2_{j,l} + [2πpT ]^2 + α_1 ) ( β_2 √ m^2_{j,l} + [2πpT ]^2 + α_2 )e^{−2a} √_{m2j,l+[2πpT ]2} . (B5)

APPENDIX C: THE HEAT KERNEL COEFFICIENTS c_{cyl,i}

In this section, we show that the heat kernel coefficients c_{cyl,i}, 0 ≤ i ≤ d + 1, (9) are linear functions of a. Moreover, the coefficients of a is independent of the Robin coefficients α_i, β_i, i = 1, 2.

From the theory of elliptic operators, we have ∞∑ j=1 ∞∑ l=0 e^{−t(ω2Ω,j +ω2N ,l)} = d+1∑ i=0 c_{Ω×N ,i}t^{i− d−12} + O ( t^{32} ) , as t → 0^+.

Using inverse Mellin transform, we find that ∞∑ k=1 e^{−t(z2k +m2)} = 1 2πi ∫_{c+i∞} c−i∞ Γ(s)t^{−s}ζ_I (s)ds, (C1) where

ζ_I (s) = ∞∑ k=1 ( z^2_k + m^2 )_{−s} . As in Appendix B, we find that

ζ_I (s) = ζ^1_I (s) + ζ^2_I (s) + ζ^3_I (s),

where

ζ^1_I (s) = − 1 2 m^{−2s} + 2∑ i=1 w_i ( − [ α_i β_i ]_2

+ m^2 )_{−s} δ ( m^2 − [ α_i β_i ]_2) + 2∑ i=1 w_i cos(πs) ([ α_i β_i ]_2 − m^2 )_{−s} δ ([ α_i β_i ]_2 − m^2 )

+ 1 π ∫_∞ 0 ( x^2 + m^2 )_{−s}^2∑ i=1 α_iβ_i α^2_i + β^2_i x^2 dx. (C2)

is independent of a,

ζ^2_I (s) = a 2 √ π Γ ( s −^1_2 ) Γ(s) m^{−2s+1} is proportional to a and independent of the Robin coefficients, and

ζ^3_I (s) = 1 π ∫_∞ m sin(πs) ( z^2 − m^2 )_{−s} d dz log ( 1 − (β_1z − α_1)(β_2z − α_2) (β_1z + α_1)(β_2z + α_2) e^{−2az} ) dz is an analytic function of s on the complex plane. Therefore, all the poles of the function ζ_I (s) come from ζ^1_I (s)+ζ^2_I (s). It is easy to see that the poles of Γ(s)ζ^2_I (s) are at s = 1/2, −1/2, −3/2, −5/2, . . . and all of them are simple poles. For ζ^1_I (s), the poles can only comes from the term 1 π ∫_∞ 0 ( x^2 + m^2 )_{−s}^2∑ i=1 α_iβ_i α^2_i + β^2_i x^2 dx = β_i α_i 1 πΓ(s) ∫_∞ 0 t^{s−1}e^{−tm2} ∫_∞ 0 e^{−tx2} 1 + (_{βi} α_i )_2

x^2 dxdt.

Now, ∫_∞ 0 e^{−tx2} 1 + κx^2 dx = ∫_∞ 0 e^{−u} ∫_∞ 0 e^{−(t+uκ)x2} dxdu = √ π 2 ∫_∞ 0 e^{−u} √ t + uκ du = √ π κ ∫_∞ √ t e^{− v2 −tκ} dv

= √ π κ e^{tκ} √ πκ 2 − ∞∑ j=0 (−1)^j j!(2j + 1) t^{j+ 12} κ^j .

This shows that e^{−tm2} ∫_∞ 0 e^{−tx2} 1 + κx^2 dx has an asymptotic expansion of the form ∑_∞ j=0 c_j t^{j2} as t → 0^+. It is then standard to show that the function

Γ(s) π ∫_∞ 0 ( x^2 + m^2 )_{−s}^2∑ i=1 α_iβ_i α^2_i + β^2_i x^2 dx has simple poles at s = 0, −1/2, −1, −3/2, −2, −5/2, . . .. It follows that the function Γ(s)ζ_I (s) only has simple poles at s = 1/2, 0, −1/2, −1, −3/2, . . .. Applying residue theorem to (C1), we find that ∞∑ k=1 e^{−t(z2k+m2 )} = ∞∑ i=0 t^{i− 12} Res_{s=} 1_{2 −i} (Γ(s)ζ_I (s)) = ∞∑ i=0 t^{i− 12} Res_{s=} 1_{2 −i} ( Γ(s)ζ^1_I (s) ) + ∞∑ i=0 t^{i− 12} Res_{s=} 1_{2 −i} ( Γ(s)ζ^2_I (s) ) . (C3) Using the fact that ∞∑ k=1 ∞∑ j=1 ∞∑ l=0 e^{−t}(^{z2k +m2j,l}) = ∞∑ k=1 e^{−t(z2k +m2)} ∞∑ j=1 ∞∑ l=0 e^{−t(ω2Ω,j +ω2N ,l)},

we conclude from (C3) that the heat kernel coefficients c_{cyl,i} are linear functions of a. Moreover, the coefficient of a in c_{cyl,i} does not depend on the Robin coefficients α_i, β_i, i = 1, 2 since ζ^2_I (s) does not.

ACKNOWLEDGMENTS

This project is funded by Ministry of Science, Technology and Innovation, Malaysia under e-Science fund 06-02-01- SF0080. We are grateful to A. Flachi and the anonymous referee for the helpful comments and suggestions.

[1] M. Bordag, U. Mohideen and V.M. Mostepanenko, Phys. Rep. 353 (2001), 1. [2] T.H. Boyer, Phys. Rev. 174 (1968), 1764.

[3] V.M. Mostepanenko and N.N. Trunov, Sov. J. Nucl. Phys. 42 (1985), 812. [4] S.L. Lebedev, Sov. Phys. JETP 83 (1996), 423. [5] S.L. Lebedev, Phys. Atom. Nucl. 64 (2001), 1337.

[6] M.R. Setare and R. Monsouri, Class. Quantum Grav. 18 (2001), 2659. [7] A. Romeo and A.A. Saharian, J. Phys. A 35 (2002), 1297. [8] S.A. Fulling, J. Phys. A 36 (2003), 6857.

[9] L.C. de Albuquerque and R. M. Cavalcanti, J. Phys. A 37 (2004), 7039. [10] Z. Bajnok, L. Palla and G. Takács, Phys. Rev. D 73 (2006), 065001. [11] M.R. Setare, Int. J. Mod. Phys. A 22 (2007), 1771. [12] D. Dean, Phys. Rev. E 79 (2008), 011108.

[13] E. Elizalde, S.D. Odintsov and A. A. Saharian, Phys. Rev. D 79 (2009), 065023. [14] M. Bordag, E. Elizalde and K. Kirsten, J. Math. Phys. 37 (1996), 895. [15] A.A. Saharian and M.R. Setare, Class. Quantum Grav. 20 (2003), 3765. [16] T. Emig, N. Graham, R. L. Jaffe, and M. Kardar, Phys. Rev. D 77 (2008), 025005. [17] A.A. Saharian and G. Esposito, J. Phys. A 39 (2006), 5233.

[18] I.G. Moss, Class. Quantum Grav. 6 (1989), 759.

[19] G. Esposito and A.Yu Kamenshchik, Class. Quantum Grav. 12 (1995), 2715. [20] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999), 3370. [21] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999), 4690. [22] T. Gherghetta and A. Pomarol, Nucl. Phys. B 586 (2000), 141. [23] A. Flachi and D.J. Toms, Nucl. Phys. B 610 (2001), 144.

[24] I. Brevik, K. A. Milton, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 599 (2001), 305. [25] A.A. Saharian, Nucl. Phys. B 712 (2005), 196. [26] A.A. Saharian, Phys. Rev. D 70 (2004), 064026. [27] A.A. Saharian and M.R. Setare, Nucl. Phys. B 724 (2005), 406. [28] A.A. Saharian and M.R. Setare, Phys. Lett. B 552 (2003), 119. [29] A.A. Saharian and M.R. Setare, Phys. Lett. B 584 (2004), 306. [30] A.A. Saharian, Phys. Rev. D 73 (2006), 044012. [31] A.A. Saharian, Phys. Rev. D 73 (2006), 064019. [32] M.R. Setare, Phys. Lett. B 637 (2006), 1.

[33] A.A. Saharian and M.R. Setare, Phys. Lett. B 637 (2006), 5. [34] A.A. Saharian, Phys. Rev. D 74 (2006), 124009. [35] A.A. Saharian and M.R. Setare, JHEP 0702 (2007), 089. [36] A.A. Saharian and T.A. Vardanyan, Class. Quant. Grav. 26 (2009), 195004. [37] A. Flachi and T. Tanaka, arXiv:0906.2898. [38] L. Perivolaropoulos, Phys. Rev. D 77 (2008), 107301.

[39] K. Poppenhaeger, S. Hossenfelder, S. Hofmann and M. Bleicher, Phys. Lett. B 582 (2004), 1. [40] F. Pascoal, L.F.A. Oliveira, F.S.S. Rosa and C. Farina, Braz. J. Phys. 38 (2008), 581. [41] A. Edery and V.N. Marachevsky, JHEP 0812 (2008), 035. [42] H.B. Cheng, Phys. Lett. B 668 (2008), 72.

[43] S.A. Fulling and K. Kirsten, Phys. Lett. B 671 (2009), 179. [44] K. Kirsten and S.A. Fulling, Phys. Rev. D 79 (2009), 065019. [45] L.P. Teo, Phys. Lett. B. 672 (2009), 190. [46] L.P. Teo, Nucl. Phys. B 819 (2009), 431. [47] L.P. Teo, JHEP 0906 (2009), 076.

[48] R. M. Cavalcanti, Phys. Rev. D 69 (2004), 065015. [49] A.A. Saharian, arXiv:hep-th/0002239. [50] A.A. Saharian, arXiv:0708.1187.

[51] O. Kenneth and I. Klich, Phys. Rev. Lett. 97 (2006), 160401. [52] C.P. Bachas, J. Phys. A 40 (2007), 9089. [53] S. Bellucci and A.A. Saharian, arXiv:0907.4942. [54] E.M. Lifshitz, Zh. Eksp. Teor. Fiz. 29 (1956), 94.